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SUMMARY 

Hansen's method of partial  anomalies is described and 
his application of the method to Encke's comet is discussed. 
The principle innovation of the method is to divide the el- 
lipse of the perturbed body into a small  number of seg- 
ments. In each segment an independent variable closely 
related to the conventional anomalies is selected in order  
that the ser ies  representing the perturbations is strongly 
convergent within the segment but is invalid outside of it. 
A different s e t  of se r ies  is obtained for  each segment of the 
ellipse. In the case of high eccentricity, these ser ies  can be 
made much more convergent than the conventional series.  

This method may be applied to the determination of the 
perturbations of artificial satellites and space probes with 
highly eccentric orbits. The "IMP and AIMP" type satellites 
and probes to Venus, Mars, o r  Jupiter could be handled by 
this theory. In fact, any celestial object, natural or  arti- 
ficial, with an eccentricity greater than about 0.50 may be 
very efficientlydealt with by means of the method of partial 
anomalies. This method has the great advantage of being 
rapidly convergent for all eccentricities and of being 
semianalytic. 
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AN EXPOSITION ON 
HANSEN'S METHOD OF PARTIAL ANOMALIES 

by 
George E. McCluskey, Jr. 

Goddnrd Space F l i g h t  C'eiiteY 

INTRODUCTION 

The perturbations which one planet produces on another or  on a comet depend on the mean 
anomalies of the two bodies. The perturbations may be expressed in the form: 

where p,,  ,, and P , , ~ ,  a r e  functions of the elliptic orbital elements of the two bodies and of I and 1 ' 
which a r e  integers, i extending from 1 to 
turbed body is g while that of the perturbing body is g ' .  

and 1 ' from - I to 7 I . The mean anomaly of the per- 

If one of the bodies has  an orbit of high eccentricity and is highly inclined with respect to the 
other, the above se r i e s  wil l  converge very slowly,if at all. In the case of a comet the radius vector 
may at one t ime be much smaller than that of the perturbing planet and at another time much 
larger.  Thus, a se r i e s  using one of the conventional anomalies as i t s  argument may converge in 
one par t  of the orbit but wi l l  fail to do so in another part. 

In an effort to correct  this situation, Hansen (Reference 1) has chosen a new variable to rep- 
resent the motion of the perturbed body in place of the mean anomaly. This new variable is called 
the partial  anomaly. The partial anomaly, when applied properly, will lead to very rapidly con- 
verging series with respect to the perturbed body for any value of the eccentricity less  than unity. 
The method may even be applied to parabolic and hyberbolic motion. 

Hansen introduces two partial anomalies, one known as the inferior anomaly and the other as 
the superior anomaly, and also an intermediate anomaly. By means of these anomalies the ellipse 
is divided into two, three, or  any number of segments. Each segment is represented by one par- 
t icular par t ia l  anomaly. The equations of the ellipse and the equations of elliptic motion a r e  ex- 
pressed in  t e r m s  of the partial anomalies, as are the perturbations. Each segment has its own set 
of series for the perturbations. A given set  of series cannot be used outside of its particular seg- 
ment but will converge rapidly within i ts  segment. 
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I. THE PARTIAL ANOMALIES 

Let: 

f = Trueanomaly 

u = Eccentric anomaly 

k = Inferior partial anomaly 

k, = Superior partial  anomaly 

3 = Semimajor axis 

e = Eccentricity 

r = Radius vector 

n = Mean motion (Kepler's third law) 

t = Time 

Define k and k ,  by: 

1 
sin 7 u t ( c o s X s i n k +  s i n X )  

1 t 1  ( c o s X 1  s i n k l  - s i n X 1 )  
cos  f ~ 

where: 

a ( 1  t e )  - r '  r "  

a ( l t e ) - r "  r '  
t a n  ( 4 5 - x 1 )  = [ 

r '  and r "  being any two radius vectors of the ellipse. 

Equations (2) show that: 

0 - c  t 5 1 

O ' C , S l  
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n 77 - - < x  < 
4 -  1-+a  

The equations of the ellipse are: 

I r '  = a ( 1 - e c o s u ' )  

r "  = a ( l  - e  C O S U " )  
, 

r '  = a ( 1 -  e ' )  
1 + e c o s f '  

" = a ( 1 -  e ' )  
1 + e cos  f "  

Using Equations (3) and (4), we may write Equations (2) in the following forms: 

1 
s i n 2  3 u" + s i n 2  . = [  2 

2 T2  rcos2 1 f u  + c o s 2  - 

J 1- 2 

1 
s i n  2 u"  

s i n  2 u '  
t a n ( 4 5 - X )  1 

or: 

, 

1 
cos  2 f '  

cos  2 f "  
t a n ( 4 5 - X 1 j  = - 1 

1 1 
s i n  2 u" + s i n  T u '  

2 F c o s x  = 

1 1 
s i n  2 u '  - s i n  2 u"  

2 E s i n X  = 

3 



1 1 
cos 2 f ’  -cos 3 f ”  

E l  C 0 S X l  = 2 

1 1 

2 
cos f ‘  +cos T f “  

t 1  s i n X 1  = - 

or:  

1 1 
( r l  - r ” ) ( l - e Z ) a  cos2 2 f ” - c o s ’  f ’  

~~ . 
2 s i n 2 X 1  ~ = 

4er’ r ”  t lZ  

The equations of elliptic motion are:  

r a ( 1 - e c o s u )  

r c o s f  a ( c o s u - e )  

r s i n f  z a v  s i n u  

n d t  = I du 

Since, by Equation (1): 

1 
s i n  2 u = t [cos X s i n  k + s inX1 

we write Equations (8) in terms of k .  

r a ( l - e + e i ‘ + c t ’ s i n ’ X ) +  2 a e t z s i n 2 X s i n k  - a c ~ t ’ c o s ‘ X c o s 2 k  

r c o s f  = a ( l - e - t ’ - e 2 s i n 2 X ) -  2 a e 2 s i n 2 X s i n k  + a i 2 c o s Z X c o s 2 k  

r s i n  f = 2at m ( c o s  X s i n  k + s i n X )  A 

A (1  - c ’ s i n ’  X - ’ sin 2X s i n  k - t cos’ X s in’  k )  ”’ (9) 
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On the other hand, the elliptic equations may be written as: 

- a ( 1 - e ’ )  
1 + e cos f r -  

r’ 

a‘w 
n d t  = df 

and by Equations (1): 

COS 2 1 f E ,  ( C O S X ,  s i n k ,  - s i n X 1 )  

we write Equations (8) in t e rms  of k ,  . 

( l - e - e ~ ; + e ~ :  sin’X,) -2ee:sin 2 X , s i n k , - e ~ ;  cos2X1  c o s 2 k l  
- -  1 -  .- 
r a ( 1 -  e‘) 

c o s f  = ( e ; t E : s i n ’ X , - l )  - 2 ~ , ’ s ~ n 2 X , s i n k ,  - e ~ c o s 2 X 1 ~ ~ ~ 2 k l  

s i n f  26, ( C O S X ,  s i n k ,  - s i n X , ) B  

2 t ,  cos X ,  cos k ,  dk, 
B 

r’ 
n d t  = - 

a ’ m  

B (1  - €12 s in ’  X ,  f €12 s i n  2X, s i n k ,  - E,’ COS’ X ,  s in ’  k,)”’ (11) 

The equations of elliptic motion a r e  now expressed in t e rms  of the partial anomalies. When a 

and e a r e  known, we can calculate E ,  E , ,  x, and X, for any pair of values of r ’  and r ” .  

The first of Equations (9) gives: 

r = a ( l  - e  +e,’ f e e ’  s i n 2 X )  + 2aee2 s i n 2 X s i n k  - aee’ c o s 2 X c o s 2 k  

Consequently : 

d r  
;11; = 2aee’ ( s i n  2Xcos k + cos’ X s i n  2k)  

The maxima of r are at: 
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which gives: 

and 

These values give: 

The minimum value of r is at: 

which gives: 

k = 90" 

k 270" 

r = r '  at k 90" 

r = r "  at k = 270" 

s i n k  ~ - tanX 

r a ( 1 - e )  

Similarly, using the f i rs t  of Equations (11): 

k, = 90" at r - r '  

k ,  = 270" at r r "  

where r '  and r "  a r e  now minima of r.  The maximum of r is at: 

r a ( 1  + e )  

The ellipse has been broken into two parts.  The partial  anomaly k represents the portion Of 

the ellipse from perihelion to r = r '  on one side of the major axis and from perihelion to r 

the other side. The partial anomaly k ,  represents the ellipse f rom aphelion to r = r '  on one side 
of the major axis and from aphelion to r 1 r "  on the other side. At r - r " ,  k = 270". AS r de- 
creases,  k increases. At perihelion, k = 0". For 270"'k 'c 360", we have the t rue anomaly, f ,  

greater than 180 '. After passing perihelion, r increases  as does k until at r 

For 0 k 

of the ellipse in the reverse order. 

r "on  

r '  we have k = 90'. 
180". If we allow k to increase beyond 90" we re t race the same portion 90, w e  have f 
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At r = r '  we have k ,  = 90". As r increases, so does k,. At aphelion we have k, = 180" and 
finally at r = r "  , k ,  = 270". If k, increases beyond 270", the same portion of the ellipse is retraced 
in the reverse order. 

We see that k ,  the inferior anomaly, represents the portion of the ellipse containing perihelion 
and cannot represent the portion containing aphelion unless r '  = r "  = a(  1 t e )  , in which case we 
have not really divided the ellipse at all and k is equivalent to the eccentric anomaly. Similarly, 
k , represents the portion of the ellipse containing aphelion. 

By selecting one of the points of separation, r '  o r  r " ,  at perihelion or  aphelion, we  may divide 
the ellipse into three or  four segments. Consider how we divide the ellipse into four parts. 

Let: 

" = a(1 - e )  

k 2K, - 90 

Equations (9) become: 

3 1 
r = a ( 1  - e + 7 eE2) - aeEZ cos  2K, + aeE2 cos 4K, 

3 1 
r cos f = a ( 1  - e + q EZ)  + aEZ cos 2K, - 7 aE2 cos 4K, 

r s i n f  = a E p  ( 1 - c o s 2 K l ) ~ ~  

2E s i n  2K, dK, 
n d t  = - .  

a 4- 
Equations (12) show that at perihelion K ,  = 0". As K ,  increases,  r increases. At K ,  = go", 

we have r = r '  . Thus, these equations represent the portion of the ellipse from perihelion to r = r ' .  

The quadrant is defined by noting that Equations (12) give f < 180". For values of K ,  greater than 
90" the same segment of the ellipse is retraced. 

Let: 

r "  = a ( l  + e )  

k ,  = 2K, - 90" 
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Equations (1 1) become: 

3 1 
(1 - e t 4 eE:) - eE? cos 2K, + 4 eEf cos 4K, 

_ _ _ _ _  ~~~ 
-~ 1 -  
r a ( l - e Z )  

3 1 
cos f = (a E: - 1) - E: cos 2K, + 7 E: cos 4K, 

s i n f  E, ( 1 - c o s 2 K z ) i =  

Equations (13) show that at r = r '  , K, = 90". As K ,  increases, so does r until a t  aphelion, 
r = a(  1 t e ) ,  we have K, = 180". For  values of K ,  outside of the range 90"s K ,  5 180', the same 
segment of the ellipse is represented. We also see that f 2 180". 

Let: 

r '  a ( 1  + e )  

k, 2K, + 90" 

E, = fi e l  

Equations (1 1) become: 

3 1 
cos f (4 E: - 1) - E: cos 2K, f 7 E: cos 4K, 

s i n  f E, (cos 2K, - 1) d v i  

r 2  2E, s i n  2K, dK, 

a z m  i m  
- - ~ . _ _ ~  n d t  

Equations (14) show that at aphelion, K ,  = 180". As K, increases,  r decreases.  At K ,  = 27OU, 
we have r r " .  We also have f 2 180". 



Finally; 

r '  z a ( 1 - e )  

k = 2K, f 90" 

E = e f i  

Equations (9) become: 

3 1 
r = a (1 - e + 4 eE') - aeEZ cos 2K, + 7 aeE2 cos 4K, 

3 1 
r cos f = a(1  - e - 7 E') + aEZ cos 2K, - 7 aE2 cos 4K, 

r s i n  f = a E m  ( c o s  2K, : 1) i F  

When K, = 270", r = r "  and as K, increases r decreases until at perihelion we have K, = 360". 
Also, f > 180". 

Table I summarizes the results. 

Table I 

Partial Anomaly Range 

0" - 90" 

90" - 180" 

180" - 270" 

270" - 360" 

Range of r 

perihelion to r ' 

r ' to aphelion 

aphelion to r ' I  

r " to perihelion 

The ellipse has  been divided into four par ts  with the points of separation at r 

r = a ( 1  + e ) ,  and r = r " .  

a ( 1 - e ) ,  r r ' ,  

Suppose we omit the point of separation at  perihelion and take the three points of separation 
at r = r '  , r = a ( 1  t e ) ,  and r = r " .  Then Equations (9) using the inferior partial anomaly k 
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represent the portion of the ellipse from r "  to r ' containing perihelion. W e  have: 

k = 270" at r = r "  

k 90" at r r '  

The portion of the ellipse from r ' to r = a( 1 + e )  is represented by Equations (13) using K,. 

We have: 

K, 90" at r = r '  

K,  = 180" at r a ( l  + e )  

The portion of the ellipse from a( 1 + e )  to r "  is represented by Equations (14) using K , .  We 
have: 

K, 180" at r a ( 1  4 e )  

K, = 270" at r = r "  . 

Thus, the ellipse has  been divided into three sections. 

The partial  anomalies k and k, and the related anomalies K ,  , K 2 ,  K,,  and K ,  require that the 
points of separation be on opposite sides of the major axis or  at the end points of the major axis. 
We cannot take two points of separation on the same side of the major axis. Since it may be nec- 
essary to select two o r  more points of separation on the same side of the major axis, we define the 
intermediate anomalies which permit the number and position of the points of separation to be 
completely arbitrary. 

Let r l  and r z  be any two radius vectors of the ellipse on the same side of the major axis. For  
definiteness, let r 2  2 r , .  Define the intermediate anomalies L,  and L, by: 

cosK, = 4 cosL1 

cosK, 8 cosL, 

and define E by: 



The modulus 8 will be defined later.  Equations (12) become: 

3 1 
r = a [l - e + eE2 ( 2  - 24' t 7 .e4)] - aeE2 (24' - 4,) cos 2L1 + 7 aeE2 cos 4L1 

1 
+ aEZ (24' - 8,) - F aE2 8, cos 4L1 

11 
r s i n  f = B' a E p  [( 2 - 4 ' )  -8' C O S  2L 

where: 

1/ 2 3 1 1 
B' = [l - E 2  (1 - t 2  + s 4,) +E2 ( .e2-  3 8,) cos 2L, - 8 E 2 x 4  cos ,Ll] 

Equations (15) become: 

3 1 
- e  + eE2 ( 2  - 28' + q t4)] - aeE2 (28' - 8,) cos 2L, + aeE2 t4 cos 4L, 

t a E 2 ( 2 8 2 - ~ 4 ) c o s 2 L 4 - ~ a E 2 8 4 c o s 4 L 4  1 

r s i n  f = aE)/=[t2 cos 2L, - (2 -4')] C '  

2 a S 2  s i n  2 ~ ,  a, 
C' 

n d t  = - -  . 

where: 

1/ 2 3 1 1 c' = [I - E ~  (1 - .e2 t g .e4) t E2 ( 4 ' -  2 4,) cos 2L, - g E2 .e4 cos 4L2] 

The expressions fo r  L ,  are used if the values of f and f , corresponding to r and r 2 ,  a r e  
less than 180". If f and f are greater than 180°, the expressions for L ,  are used. Equations (18) 
give r = r 2  at L ,  = 90" while Equations (19) give r = r at L, = 270". Since r 2  is the maximum 
value of r to  which Equations (18) and (19) apply, other values of L must pertain to values of r l ess  
than r 2 .  Since the equation for  r s i n  f in (18) and (19) shows that s i n  f cannot change sign, all of 
the values of r represented must lie on the same side of the major axis whatever L may be. 

11 



Obviously, we wish r = r to be the minimum value of r represented. We thus define the 
modulus 4 of Equations (16) such that at r = r ,  we have L = 0"; thzt is -:;e hm,;.e i = 0" or i, - - c)uv 9cn  . 
If L = 0" the first  of Equations (18) or (19) gives: I 

This gives: 

Define k~ by: 

Then: 

This definition of 4. gives r ~ r ,  for  L l  = 0" or L ,  = 360". The value r = r 2  occurs for L l  = 90 
or L, = 270". Values of L ,  outside of the range O"5 L ,  5 90" or values of L, outside of the range 
270" r , . Con- 
sequently, L l  represents the segment of the ellipse from r r l  to r - r 2  i f  f < 180" and L, rep- 
resents the segment of the ellipse from r - r ] to r ~ r , if f > 180". Both r ] and r , must be on the 
same side of the major axis if we are to apply the intermediate anomalies. If they a re  not, of 
course, we would apply the partial anomalies k and k 

L, 5 360" simply retrace the same segment of the ellipse between r = r and r 

We may also define L,  and L, . 

cos K, 4j cos L, 

cos K, 4 cos L, 

Define: 

12 



We could then write Equations (13) and (14) in terms of L, and L,, respectively. We then 
define t 1  as: 

s i n  m l  
412 = cos (45" - w l )  fi 

where: 

We would then find that r = r l  for L,  = 90" o r  L, = 270". The value r = r z  occurs for L, = 180" 
o r  L, = 180". Values of L, outside of the range 9 0 ' 1 ~ ~  5 180" o r  values of L, outside of the range 
180"L L,' 270" will retrace the same segment of the ellipse between r = r 

quently, L represents the segment of the ellipse from r = r ,  to r = r 2  i f  f < 180" and L, represents 
this segment if  f > 180". 

and r = r . Conse- 

AS an example, consider six points of separation at r a( 1 - e )  , r = r , r = r , , r = a( 1 + e ) ,  

r = r 1' , and r = r; . Figure I shows the situation. The application of the various partial anomalies 
is given in  Table II. 

We could divide the ellipse into more than six parts by defining more intermediate anomalies 
and moduli in the same manner. 

L4 

Figure I-Division of the ellipse into six sections. 
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Table I1 

0" - 90" 

0" - 90" 

90" - 180" 

180" - 270" 

270" - 360" 

270" - 360" 

perihelion to r 

r l  to r 2  

r to aphelion 

aphelion to r 2' 

r;  t o r , '  

r to perihelion 

In applying the partial anomalies to the calculation of perturbations, the various radicals 
appearing must be developed in a Fourier se r ies  of multiples of the partial anomaly. This devel- 
opement will be made so that very convergent se r ies  for  the perturbations a r e  obtained. The 
manner in which we select the number and position of the points of separation will  depend on the 
specific problem. They will  always be selected to make the various moduli, t, t 1, E ,  E ~ ,  4, o r  4 
as small  as possible since the smaller  the modulus the more convergent the series obtained will be. 

Consequently, by dividing the ellipse properly, the se r i e s  representing the perturbations may 
be made to converge rapidly. A different se r ies  is used in each segment of the ellipse. If the el- 
lipse is divided into n parts, we will  have n se t s  of se r ies  for  the perturbations. But the convergence 
will  be much more rapid than that of the ser ies  which would represent the whole ellipse using the 
mean anomaly or  one of the other conventional anomalies. 

14 



11. DEVELOPMENT OF THE RADICALS 

In Equations (9), ( l l ) ,  (12), and (18), radicals of the following form appear: 

(1 -E’  s in2k)””  ( 2 7 4  

(1 - E’ s in4  K )  ”/’ (27b) 

(1 t s in’  K )  (27c) 

( A t B s i n k  + C s i n ’ k ) * ’ / ’  (274  

W e )  (A‘ + B‘ cos 2L f C’ cos 4L) * ’/* 

We shall be able to write all of these in a form involving only factors of the form of Equation 
(27a). Consequently, consider the expansion of Equation (27a). Let: 

(1 - E‘ s i n ’  k ) - ’ / *  = a. - 2a2 cos 2k + 2a4 cos 4k - 

where: 

cos 2 i k  dk 

a ~ i  (1 - E ’  s i n ’ k )  1’2 

The plus sign is for i even and the minus sign for  i odd. 

The following recursion formula may be obtained by integrating by parts o r  by developing the 
integrand as a power ser ies  in k and comparing terms for three successive values of i .  

0 ( 2 i  - 1 )  ~ ~ a ~ ~ - ~  - 4 i ( 2 -  E’) a Z i  + ( 2 i  + 1) ~ ~ a ~ ~ + ~  (30) 

If: 

I 

then: 1 



except: 

Equation (32) may be obtained by recognizing that: 

The calculation of a4 ,  a 6 ,  etc. f rom a. and a 2  by means of Equation (30) is inaccurate as e r -  
rors in the las t  significant f igures of a. and n 2  cause larger  and larger  e r r o r s  in a z i  as i in- 
creases.  To circumvent this problem, the following scheme is provided. 

Define: 

Equation (30) becomes: 

Equation (33) show that as i increases, the quantity - y 2 ,  decreases.  A t  i ~ u, 

y 2 ,  - Y ~ , + ~  = Y~ also: 

Equation (34) becomes: 

16 



or: 

The (-) sign in front of the radical must be used as the (+) sign leads to divergent results.  

De fine: 

E E s i n &  

Equations (2) lead to: 

Equation (35) becomes: 

1 
y, = sec2  7 x 

Equation (38) is exact for i = XJ. The definition of IL allows us to write Equation (33) as: 

2 i  - 1  7 s i n  X y2 i  p2, = 

(37) 

(38) 

I 

We proceed as follows. Select some large value of i = i f .  Compute A z i  for i = 2, 3, 4, . . . i 
by Equations (39). Then, assume y z i f  = Y,. We calculate Y, by Equation (38). Then, Equation (34) 
is written as: 

F o r i  = i f ,  use  yZi = Y, and calculate y2i-2. Then calculate y2 i -4 ,  y2i-6, 

Equations (39) is used to calculate p 2 ,  p4, 

- , y2. The f i r s t  of 
. - p Z i .  By Equation (33): 

In this manner we compute all of the a 's  from ao .  The equation yZi = y, is only approximate 
for  finite i .  The accuracy of a given calculation can be estimated by recalculating the y ' s  for  a 
la rger  value of i f  and noting the effect on the values of the a's. 
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We may improve the approximation to y Z i  in the following manner. Recall that: 

0 = 1 - Y , i  f Y2i Y 2 i t 2 ‘ 2 1 t ’  

and: 

( 2 i  - 1)‘  
‘2i = 1 6 i ( i  - 1 )  s i n ’  x 

or: 

Using this expression fo r  h 2 , t 2  and sec’ 1/2X for yZit2 ,  we have: 

Developing this expression and dropping powers of s i n  1/2 X higher than the second, we have: 

Since X C  45”, the second te rm is always l e s s  than 1/1000 of the f i rs t  t e rm for i = 10. Conse- 
quently, this approximation is sufficient for all cases of interest  for moderate values of i .  

It remains to calculate a,,. Equation (29) gives: 

dk 
(1 - E’ s i n 2  k )  ’” 

or: 

f (i, rr/2) is the complete elliptic integral of the iirst kind. It has been extensively tabulated. It 
may be calculated f rom the following se r i e s  if  c‘  is sufficiently small. 

7r 2 f ( e - *  ;) [-:)TI ( 211 ) ! 
c 2 ”  

I, = 0 

(43) 



This ser ies  is easily obtained by expanding (1 - E~ s i n 2  k)- ' I 2  by the binominal theorem and in- 
tegrating the ser ies  t e rm by term. The ser ies  given by Equation (43) wi l l  converge fairly rapidly 
i f  ~ ~ 5 ~ 2 .  

Consider now the form of the radical given by Equation (27b). We may write: 

(1 - E 2  s i n 4  K ) -  ' I 2  = (1 t E2 s i n '  K ) -  "* (1 - E' s i n 2  K )  1'2 

= A, t U 2 c o s 2 K  + 2 h 4 c o s 4 K  + ... 

and : 

(1 + E s i n 2  K ) -  ' I 2  

(1 - E  s i n 2 K ) -  '" 

= 8, + 28, cos 2K + 28, C O S  4 K  t 

= q o  - 2q2 cos 2K f 2 7 ~ ~  cos 4K - 

By multiplication of ser ies :  

A, = T o e ,  - 277,H2 + 2q4Q4 - . . .  

A 4  = 774 8, - ( T 2  + 77J 8, ( 7 7 ,  f T S )  e4 - * .  * 

(44) 

Equation (45b) is in the same form as Equation (28) and may be handled in exactly the same 
manner i f  we put: 

We also have: 

- 2 Jon'' dK 
7 0  - T I  (1 - E  s i n 2  ~ ) " 2  

so that: I 

Thus, we  may calculate the 77's. 
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Now consider Equation’ (45a). Define: 

K 90”  - P 

Then: 

1 t E s i n 2 K  ( 1  + E )  (1 - 1- E s i n 2 p )  (49) 

This is now of the same form as Equation (28) and is dealt with accordingly. We may now calcu- 
late the 8 ’s  and by Equations (46), the A’s. 

Equation (27c) may be changed to the form: 

(1 + s i n ’  K ) -  1 / 2  [L>, + L~ COS 2 K  + ( A 4  COS 4K t . . 

Define: 

K 90” - P 

This is again of the same form as Equation (28) and we may calculate the L I S .  

Consider the form of Equation (27d). Write: 

( A + B s i n k - C s i n 2 k ) - 1 ’ 2  = A, t 2 A l s i n k  t 2 A z c o s 2 k  t * * e  

( A + B s i n k - C s i n 2 k ) ’ ” ’  p, + 2p1 s i n k  + 2 p 2 c o s  2k + 

we wi l l  have: 

- cos ik  dk 
\ I  - n ( A + B s i n k - C s i n 2 k ) 1  ’ 
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for i even. For i odd: 

s i n  ik dk 
(A + B s i n k  - C s i n ’  k )  1/2 

h i  

Since: 

(A + B  s i n  k -C s i n 2 k ) -  1/2 (A + B  s i n k  - C  s i n 2  k ) ’  = 1 

we have: 

and: 

for i even and odd, respectively. The exception is: 

The coefficients A, B,  and C will be given by: 

A = 1 - s i n 2 X  

B = ~ ’ s i n 2 ~  

c = E 2 C O S 2 X  

Then: 

( A + B  s i n k  - c  s i n 2 k ) - ’ / ’  = (1 - E’ s i n 2  X +  € ’ s i n  2 X s i n k -  E ’ C O S ’  X s i n 2  k ) - ’ / ’  

(1 - E s i n  X + E cos X s i n  k ) -  1’2 (1 + E s i n  X - E c o s  X s i n  k )  - ‘I2 (57) 
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k = 2 4  f 90" 

and to determine v i  let: 

k 24 '  - 90" 

Then: 

1 - e s i n  X + t cos X s i n  k ~ (1 - t s i n  X t E cos X) (1 - f s i n 2  t )  

and 

1 1 t sin X - cos  X s i n  k z (1 t e sin X - f cos X) (1 - f " s i n 2  f I )  
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where: 

2 E  cos x f '  G 

Thus, we have again obtained the form of Equation (28) and may compute B i  and q i  . The A'S 

follow from Equation (59). 

Equations (58) give: 

Define: 

dk 
= ' [" [( 1 - E s i n  X >  f E cos X s i n  k] ''* 

dk 
= ' I [( 1 f E s i n  X) - E cos X sin k] "' 

a = 1 - ~ s i n X  

b E C O S X  

a '  1 f E sinX 

Since -45'5x5 +45', a ,  b, and b '  are always greater than zero. Then: 

dk 

( a '  - b s i n k ) ' / '  

Equation 288.00 of Byrd and Friedman (Reference 2 )  gives for a > b > 0: 



where: 

2 
g - - -  rn 

2b __ 
q2 a t b  

t s i n -  I & (67) 

and f (  5 ,  9) is the incomplete elliptic integral of the first kind. If 1) 

ence 2 gives: 
a > 0, Equation 288.50 of Refer- 

where: 

De fine : 

then: 

[IT 
( a '  - b cos T)"' 

= ; - 
TO 

By the last of Equations (64), a '  > b .  For a '  > b > 0, Equation 291.00 of Reference 2 gives: 

71 - 2 ~ n f ( A ,  4) 

24 
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a t b  
~ 

q 2  2b 

k 90" - T 



where: 

2b 
a' + b  

q 2  - 

The incomplete elliptic integral of the first kind is extensively tabulated. 

Finally, the form in Equation (27e) was:  

A '  + B' cos 2L + C '  cos 4L 

In our particular case: 

we may write: 

( A '  +B' cos 2L + C '  C O S ~ L ) - ' / ~  = (1 + E  -4' E c o s 2  L)-"'2 (1 - E + l 2  E c o s 2  L) -  1/'2 

= k" + 2 x 2 c 0 s  2L + 2x4 c o s 4 L  + * e .  

write: 

(1 + E - 8' E c o s 2  L ) -  'I2 = qo - 27, COS 2L + 271, COS 4L - . . * 

( 1 - E t 8 2 E c o s 2 L ) - 1 / 2  = 0, + 2 d 2 c o s 2 L  + 2 8 4 c o s 4 L  + . * *  

(74) 

(75) 

The q's and 8's a r e  related to the A'S as in Equation (46). The second factor of Equation (74) may 
be written as: 

[ 1 - E + t 2 E c o s 2 L )  = ( 1 - E + t 2 E  (76 1 
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which is in the form of Equation (28). The f i r s t  factor of Equation (74) is: 

( 1 + E - d 2 E c o s 2 L )  = ( 1 + E )  

Define: 

Then: 

( 1 + E - x 2 E c o s 2 L )  = ( 1 t E )  

and this is in the proper form. 

From Equations (75): 

p dL 
(1 - E + 4’ E cos’ L )  ”’ 6 0  = (79) 

Equation (78) is transformed to the form of Equation (28) by the substitution, L = 90 - T .  Equation 
(79) is transformed by simply writing c o s 2  L = 1 - s i n 2 L .  

We have seen how the partial anomalies a r e  defined and how the various radicals can be ex- 
panded in a form convenient for integration, The partial anomalies wi l l  permit us to obtain highly 
convergent ser ies  by means of which the perturbations of a body may be expressed. The require- 
ment that the ser ies  be highly convergent w i l l  determine how w e  must select  the points of separa- 
tion in dividing the ellipse. 

The ser ies  for computing perturbations, when expressed in the conventional anomalies, may 
become very slowly convergent o r  divergent i f  the radius vector of the perturbed body is at one time 
much larger  and at another time much smaller  than the radius vector of the perturbing body. Con- 
sequently, the points of separation must be selected such that in each segment of the perturbed 
ellipse, the radius vector of the perturbed body is always la rger  o r  a lways smaller than that of the 
perturbing body. If the two bodies approach each other closely, the small  segment of the perturbed 

.orbit  near this minimum of distance should be represented by the intermediate anomaly. If the 
segment represented by the intermediate anomlay is small ,  the value of the modulus, f,, will be 
very small  and this wi l l  lead to highly convergent se r ies .  
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III. DETERMINATION OF CONSTANTS O F  INTEGRATION 

We now consider the types of integrations we w i l l  be performing and the determination of the 
constants of integration. As  we have seen in Section II, the radicals involved in the various partial  
anomalies may be expressed in the general form: 

In certain cases  the coefficients of the sine t e rms  are  zero. The expressions for the polar coor- 
dinates of a body in an eliiptic orbit have been given in Section I in t e rms  of the partial xiiomalies 
and these coordinates may also be expressed in the form of Equation (80). Since the perturbation 
function and its derivatives involve these coordinates, they may also be expressed in this form. 

Assume that the perturbed body is a comet and the perturbing body a planet. Let g '  be the 
mean anomaly of the planet. If y is any elliptic element, we may write: 

m 
s i n  

dy = d t z ( a o  t a l  s i n k + a 2  c o s 2 k  + - * * )  cos i g '  
1 =  0 

s i n  The symbol cos i g '  implies that a ser ies  in s i n  i g '  applies when y is a particular elliptic element 
representable by a sine ser ies ,  n o r  W, for example, and a ser ies  in COS i g '  applies when y is a par-  
ticular elliptic element representable by a cosine series,  a, e ,  i ,  for  example. 

The results of Sections I and 11 show that n dt may be written as: 

where n is the mean motion of the comet defined by Kepler's third law. Eliminating dt between 
Equations (81) and (82): 

cos 
dy = d k c ( K l  cos k + K 2  s i n  2k + . * - )  sin i g '  

If n '  is the mean motion of the planet and C' is its mean anomaly at t = 0, we have: 

g '  = n '  t t c' 

Define: 

(83) 

(84) 

~ n '  
n u - -  (85) 
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Integrating Equation (82) and using Equation (85), we have: 

1 1 
n '  t = uh,  + uX1 s i n k -  uhz cos  2k + 3 uh,  s i n  3 k -  . .  

where A ,  is the constant of integration. We now eliminate g '  from Equation (83) by means of 
Equation (86) and obtain: 

s i n  1 
dy = dk f: ( x l  cos k + K 2  s i n  2k + K~ cos 3k + . . * )  cos ( i c '  t i ;  X, t ivh ,  s i n k  - T iuX,  c o s  2k + . .) (87) 

t.0 

By known trigonometric identities: 

s i n  ( i c '  f iuXo + * a * )  
= s i n i c '  ( H o t O 1 s i n k t O 2 c o s 2 k +  * * . ) t  c o s i c ' ( i ' d  t O , ' s i n k + O ;  c o s 2 k + * * . )  

Equation (8 7) becomes : 

s i n  
cos i c '  dy d k t ( w l  c o s  k + oi2  sin 2k + cos 3k + . . . 

Since C' is independent of the time and hence of the partial anomaly, we have: 

1 1 s i n  
y = c o n s t  +x( o l s i n k -  ~ ~ ~ ~ c o s 2 k t  7; ~ 3 s i n 3 k - . . . ) c o , i c '  

Let us  select a particular perihelion passage of the comet as the epoch of time. Then, g '  = c '  

at t = 0, and c,,' is the mean anomaly of the planet at the instant of this particular perihelion pas- 
sage of the comet. Let T be the time of the closest perihelion passage of the comet, past or  future, 
from the time t .  Then, C '  will  be the mean anomaly of the planet at time T .  Thus, C '  is fixed 
during each revolution of the comet but changes from revolution to revolution. 

In order to proceed, we must select the points of separation. To i l lustrate a fairly complex 
example, we  select six points of separation. 

These points are:  

r a ( 1 - r )  

r r '  
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- 
r l  r -  

r = a ( 1 t e )  

r = r "  

r -  - r l "  

This is illustrated in Figure I. W e  have selected f '  and f ; l ess  than 180" and f " and f 1" greater 
than 180". The following partial anomalies a r e  required. 

Segment of Ellipse 

Perihelion to r ' 

r '  to r l '  

r 1' to Aphelion 

Aphelion to r "  

r "  to r l "  

r 1" to Perihelion 

We write Equation (89) for  each segment. 

Partial Anomaly 

K l  

L l  

K2 

K 3  

L4 

K4 

y = K ( O )  + C(K~(~ )  cos 2K2 t K 2 ( 4 )  cos 4K2 + * .  - )  s in  cos i c '  
2 

y = K:') t L(~3(2) cos 2K, + K i 4 )  cos4K3 t * . * )  cos s in  i c '  

y = ~ 2 ' )  t Z(K~(.) COS 2K4 + K l 4 )  COS 4K4 t . . .) cos . i c '  
s i n  



(O), h,(O), K ~ ( O ) ,  K : ' ) ,  Aq(O), and K ~ O )  a re  constants of integration. We can see from the results of 
1 

Section I that for this division of the ellipse no sine te rms  a r e  present. 

Define: 

(911) 

Let us  select a particular value of c', say: 

c'  co' 

At the epoch corresponding to co ' ,  K, = 0" since we a r e  at perihelion. Equation (91a) permits  u s  
to write Equation (90a) as: 
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In this manner, (y) is defined as the value of y at t = T, . Thus: 

At r = r' , K, = 90" and Equation (90a) by means of Equation (91g) becomes: 

But at r = r ' ,  L, = 0" and Equations (90b) and (91e) give: 

A,(,) t 

Since these expressions must be identical, we have: 

Combining this with Equation (92): 

cos A,(,) = (y) - x(M, +N, f p , )  s i n i c <  
(93) 

We proceed in this manner at the other points of separation and obtain the following equations 
for  the constants of integration. 

A (O) = (y) - Z ( M l  + N ,  +PI) cos sin ic,,' 
1 

( 9 4 4  
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(9 4f) 



where we have recognized that at aphelion, K,  = 180". But, at aphelion K ,  = 180" and we may con- 
sider this to be the beginning of the revolution with c t  = c l '  . Equation (95d) gives ~ 2 ' )  with x = 1 
and using this value in Equation (god), we have: 

Since these two expressions for y must be identical, we have: 

cos - 2 x ( q  +T, - R 3 )  sin ic,' 

In general, for any two consecutive values, (y),-, and (Y),, we have: 

We use Equations (96) to relate (y), to ( y )  and find: 

+ 2 x ( R 4  + T 4  - R 3 )  [:;: ic;  t s i n  cos ic; + * * -  +:;: i c i ]  

Let A be the mean motion of the planet during a mean revolution of the comet. Then: 

cl' = c; t 8 

c2' - c; ? A = co' + 28 

(97) 

' = c ; + X a  
CX (98) 
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Two trigonometric identities are useful. 

1 1 cos (x - k) i n  
s i n  in  + s i n 2 i A  t t s i n  (x- 1 ) i A  = cot  ;a - 1 

2 s i n  3 iA 

Multiplying the first identity by cos ic,,' and the second by s i n  ic,,' and subtracting, we have: 

1 1 1 1 1 1 
- cos ic,' - 2 cot 2 A s i n  ic,' t 2 cot 2 A s i n  icx'  - 2 cos icx' 2 

~ cos ic,,' + cos ic,' + + COS icx'-l - 

Multiplying the first identity by s i n  ic,,' and the second by COS ic,,' and adding: 

1 1 i 1 i 1 9 s i n  ic,' t - cot - A cos ic,' - 2 cot 2- Acos icx'  - 2 s i n  icx' t s i n  icxLl s i n  ic,,' + s i n  ic,' + * . .  = 
2 2 

These expressions a r e  to be substituted in Equation (97). We must separate the sine and cosine 
terms. The quantities with subscript c are to be used when y is given by a cosine ser ies  and the 
quantities with subscript s a re  to be used when y is given by a sine series.  Equation (97) becomes: 

i 
+ z(Rlc +Tic - R 2 c  - R , =  -T,c + R 3 c )  cot 3 Asin  ic,,' 



As c9' is a constant depending on the initial conditions, its effect is included in ( y ) which must 
be found from astronomical observations. We omit all te rms  dependent on c0' . The subscript x 
on c' is dropped and C '  is the mean anomaly of the planet at the perihelion passage of the comet 
closest to the time at which we are determining the perturbed orbital elements. 

Taking account of the above remarks and using Equation (99) for (y),, Equations (95) become: 

t c(-sl, t T l s - R Z g + R 4 S + T 4 s - R 3 s - X c ) s i n i c '  (100a) 

(1 OOb) + x(- R l s  - Uls - RZs + R,s  + T,s  - R,s - X , )  s i n  i c '  

+ T'(- R l s  - T I S  - s z s  + R , ~  + T , ~  - R , ~  - xC) s i n  i c '  (10Oc) L 

+ C ( R l s  + T I S  - R Z s  - S , s  + T 4 s  - R , s  - X c )  s i n i c '  

+ C ( R l s  + T l s  -R,s - R , s  - T , s  -SSs -Xc) s i n i c '  

(100d) 

(100e) 

(1 OOf) 

35 



where: 

In general then: 

(101a) 

(101b) 

If for some value of i ,  say i = i f ,  we have: 

i f A  m . 360" (103) 

where m is an integer, cot ( i / 2 )  n becomes infinite and the above expressions a r e  useless. Accord- 
ing to Equation (98) together with Equation (103): 

m x  
360 I -  c x  - c o  t - . 

1 f  

This may be written as: 

i f  cx' i f  c d  + mx . 360" 

Since mx = 0, 1, 2 . . ., we have: 

cos cos s in  1,  cl' ... 1 cos . , 
s i n  l f  c x  

sin i f  c,,' 

Equation (97) becomes: 
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Equations (95) become: 

K1(0) = (y) - ( R ~ ,  +sic) cos i f  c '  - x z c c o s  i f  c '  

- ( R ~ ,  + s l S ) s i n i , c '  - x z s s i n i , c '  

I where: 

K z ( 0 )  = ( y )  - (2Rlc + 2 T I c  - R z c  t S z c )  cos i f  c '  - x z c c o s  i f  c '  

- ( 2 ~ ~ ~  t 2 T l s  - R , ~  + s z s )  s i n i f  c '  - xzs s i n  i f  c '  

K ( o )  = (y) - ( 2 ~ ~ ~  t 2 ~ ~ ~ - ~ , . ~ t s , ~ ) c o s i ~ c '  - x z c c o s i f c '  

- ( 2 ~ ~ ~  t 2 T 4 E - ~ 3 s t ~ 3 s ) s i n i , c '  - x z s s i n i f c '  

3 

K J O )  = ( y )  - ( R ~ ,  t ~ , ~ ) c o s i ~ c '  - x z c c o s  i , c '  

- ( R ~ ,  t ~ , ~ )  s i n  i f  c '  - x z s  s i n  i f  c '  

(106a) 

(106b) 

(106c) 

(106d) 

(106e) 

(106f) 

(107a) 

This special case will always ar ise  for i f  = 0. 

In o rde r  to calculate the perturbations of the elliptic elements involving the mean motion, we 
must integrate again. If y represents the first integral obtained above, the integral, I y d t  is re- 
quired. Let us  call  this integral z. 
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The general form of y is : 

The sine terms may be absent in some cases  as they a r e  for our division of the ellipse into s ix  
segments. The form of d t  is given by Equation (82) and hence y d t  is of the form: 

cos 
d k c ( q b l  cos k + q b 2  s i n  2k t . - . )  sin ic '  

The integral is: 

This is exactly the form of the first integral, Equation (89). The constants of integration can be 
found in the same manner as for the first integral. The special case, i f  A 

consideration with regard to the te rms  multiplied by X .  The te rms  independent of x are dealt with 
as in the f i r s t  integration. The te rms  in x are of the form const 

tion (82). Since x is independent of the partial anomaly, we will have the form: 

a r m ,  requires separate 

X, and d t  is of the form of Equa- 

z = y d t  const + x[/il cos 2 K t  

where we are considering only the t e rms  involving x and, since in our case sine t e rms  do not ap- 
pear, only cosine t e rms  a r e  included. We will have an integral of this form for  each segment of 
the ellipse. Thus: 

z = j1(') + x(j1c2)  cos 2K1 + j1(4) cos4K1 + . * * )  (110a) 

z j;') + x(j2(') cos 2K2 cos4K2 + * * . )  (110c) 

z j io) t x (  j $ 2 )  cos 2K3 + j i4) cos 4K3 -t * .  . ) (110d) 
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I '  
~ 

As in Equations (91), define; 

Let ( z ) ,  be the value of z at the xth passage of the perturbed body through its perihelion after 
the epoch. A calculation analogous to that which led to Equations (94) gives: 

Also: 

which gives: 

(112a) 

(112b) 

(112c) 

(112d) 

(112e) 

(112f) 

(z), = ( 2 )  - 2[ (x  - 1 )  t ( x  - 2 )  -t + 2  + 1](R,' + T,' - R 2 ' )  t 2 [ x t ( x - l ) + . . . t 2 + 1 ] ( R 4 '  +T4'-R;)(113) 

But: 

1 1 
1 t 2 t . . .  t ( x - 1 )  = 7 x 2  - - 

2 x  
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and: 

t x  = 2 X 2 t T X  1 1 
1 t 2 t . * .  

Equation (113) becomes: 

( z ) ,  ( z )  - x 2 ( R ;  tT , ' -R ; -R , ' -Ty  tR,') t x(R,'+T,'-R; + R , ' + T i - R , ' )  

Define: 

w R,' + T,' -Rz' - Ri -T4' + R; 

Equations (11 2) become: 

j / ' )  ( z )  + x(-S;  t T , ' - R ;  tR, ' tT, ' -R, ')  - X ' W  

X1(') = ( z )  t x(-R,'-U,'-R; tR , '+Tq( -R3 ' )  - X ' W  

j p  = ( z )  t x(-R, ' -T, ' -S;  t R , ' t T i  -R3') - x 2 w  

j:') = ( z )  t X ( R , '  t T; -R,'  - R ;  -T,' - s;) - x z  w 

{J') ( z )  t x(R1' t T,' -R,' - RY - U 4 '  - R;) - X' w 

j p  = ( z )  t x ( R , ' t T , ' - R , ' - S i  +T,'-R;) - x 2 w  

(114) 

(115) 

(116a) 

(116b) 

(116c) 

(116d) 

(116e) 

(116f) 

The determination of the constants of integration has  been carr ied out for a division of the 
ellipse into six sections using the partial anomalies K,, K,, K,, K,, L , ,  and L,. It is of interest  to 
determine what changes occur for  different divisions of the ellipse and for the use of different 
anomalies. 

If we use L, and L ,  rather than L ,  and L,, we must replace: 

p, Q, P, Q,, T I ,  T, U, U, 

by: 

respectively . 
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If we used L ,  and L, instead of L, and L,, we would make the above changes only for  those 
constants relating to L,. If we used more intermediate anomalies to divide the ellipse into more 
than s ix  parts o r  more than two parts  using these anomalies, we simply increase the number of 
P'S, Q'S, etC. 

If we omit certain points of separation, we simply omit the corresponding constants unless we 
omit the point of separation at perihelion o r  aphelion. If we use the same partial anomaly on both 
sides of perihelion o r  aphelion, Le., if we have no point of separation at perihelion o r  aphelion, the 
equation representing the element Y will  be of the form of Equation (108), that is, sine t e rms  will  
be present. This will change the form of the equations. 

Suppose, in our example, we omit the point of separation at perihelion. In all of the equations 
we wi l l  haveM, = M, . In addition, Equations (90a) and (90f) wi l l  combine and take the form: 

Define : 

Let us  omit Equation (9Of) and all quantities dependent on it. Equation (90a) in the form of 
Equation (117) describes this segment. We see that in all of the equations for the constants of 
integration, we drop all t e rms  with subscript 4 and change: 

to: 
~1( ' ) .  M ,, N,, R ,, S, 

K " ) ,  - E ,  -F,  - G ,  - H  

Now, omit the point of separation at aphelion. Equations (9Oc) and (90d) wil l  combine and take 
the form: 

Define: 

(1 20a) 

(120b) 
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Let us  omit Equation (god), and consequently, drop all te rms  with subscript 3. Then we must 
change: K ; ' ) ,  M2, N 2 ,  R , ,  S, to: 
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K : ' ) ,  - E  1 3  - F l ,  - G l ,  - H l  

In this case, we must take x to be equal to the number of complete revolutions of the comet since 
the epoch i f  the time we are considering corresponds to the anomalies K 1, L 1, or k 1 ,  and must take 

to be equal to this number plus one i f  the time we are considering pertains to L, o r  K,.  

We could also omit Equation (9Oc) and write Equation (90d) as: 

Define: 

consequently, we drop all te rms  with subscript 2 and change: K ; ' ) ,  M,, N,, R,, S, to: 

In this case, x has its usual definition when using K ,  and L, , but must be increased by unity when 
using k l ,  L,, andK,. 

In the method of partial anomalies, the integrations have not led to the divisors ( i n  - i '  n ' )  and 
( i n  - i '  n ' ) 2  which appear in other methods. Instead, we obtain the multipliers cot ( i / 2 ) A  and 
cot ( i / 2 )  A. In the case of near commensurability, these multipliers become large and lead to 
large perturbations of long period. When i n  - i ' n '  is small, it may be that both i and i '  have large 
values and, consequently, by ordinary methods we must develope many t e rms  of the ser ies  in both 
i and i '  . In the method of mean anomalies, this is necessary for only one of the indices because 
of the rapid convergence of the ser ies  involving the partial  anomalies. 



IV. THE PERTURBATION EQUATIONS 

In the following, the variables y , E ,  Y, P,  and q,  first introduced by Hansen (Reference 3), w i i i  
be used to designate the elliptic elements. 

The perturbation equations are:  

In addition: 

an 
cos  i s i n  I s i n  f s i n  ( f '  + v -  i&? 

an dR d s = -  c o s i s i n I c o s f  s i n ( f ' + v - k )  d~ 
dt ii-T7 

d6z 
dt 

~ 

n n 
s i n  f - Y 2 G - F  cos f + e )  d w -  

dt - 2- 

(123a) 

(123b) 

(123c) 

(1 23d) 

(123e) 

(124a) 

(124b) 

6 s  6 q s i n f  - 6pcosf (124c) 

In these equations, n6z is the perturbation in the mean anomaly or  mean longitude, w is the per- 
turbation in the natural logarithm of the radius vector, and 6s  is the perturbation in the sine of 
the latitude. The elements y, l, and E a re  obtained by integrating Equations (123a), (123b) and 
(123c), and 6p and 6q a r e  the integrals of Equations (123d) and (123e). Also, I designates the in- 
clination of the orbit of the comet 
orbit  of the comet with respect to 
The quantity Q is the perturbation 

with respect to the orbit of the planet, i is the inclination of the 
the ecliptic, and 6s  is measured with respect to the ecliptic. 
function defined by: 



rn' and r ' being the mass  an.d radius vector, respectively, of the perturbing body, H the cosine of 
the angle between the radius vector r and r ' , and 0 is the distance between the planet and the comet. 
In addition, v + k is the angle measured in the plane of the orbit of the comet, and measured from 
the ascending node of the orbit of the comet on the orbit of the planet to the perihelion of the comet, 
while u - k is the angle measured in the plane of the orbit of the planet, and measured f rom the as- 
cending node of the orbit of the comet on the orbit of the planet to the perihelion of the planet. 
Consequently: 

H c o s ( f + u + k ) c o s ( f ' + v - k )  + cos1 s i n ( f  + u + k ) s i n ( f ' t u - k )  (126) 

Also: 

We also have: 

0 3r cos f dy t 3 r  s i n  f dv + 4a dz 

- - 1 r  1 r  2 
w - -  2 y ; c o s f  - ~ V ; s i n f  -3f 

write: 

Then: 
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By Equation (126): 

CDI - -  d f  - - s i n ( f + v + k ) c o S ( f ' + v - k )  + c o s I c o s ( f + v + k ) s i n ( f ' + v - k )  

Equations (131) become: 

Define: 

_ _ -  an 1 
r r '  [ s i n ( f + v + k ) c o s ( f ' + v - k )  - c o s I c o s ( f  + v + k ) s i n ( f ' + v - k ) ]  a f  - -m' - 
A3 

r z =  an1 m '  TTI [ c o s ( f + v + k ) c o s ( f ' + v - k )  + c o s I s i n ( f  + v + k ) s i n ( f + v - k )  - m ' -  r 2  
A3 1 A3 

c o s ( v - k )  E y s i n G  

cos I s i n  ( v  - k )  E ycos G 

v + k + G  = r 

and: 

- s i n ( v - k )  y ' s i n C '  

c o s I c o s ( v - k )  Y ' C O S C '  

Let U '  be the eccentric anomaly of the planet. The elliptic equations give: 

r ' c o s f '  = a ' c o s u '  - e ' a '  

Equations (134), and (135) allow Equations (133) to be written as: 

- 
y ~ ~ ~ ( f + r ) c o s u ' - e ' y c o ~ ( f + r )  

ty' iGT c o s ( f + r ' )  s i n u '  - 1 

(134a) 

(134b) 

(136a) 
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(136b) 

(136c) 

Also: 

r '  s i n ( f ' t v - k )  = - a ' y ' s i n G ' c o s u '  t e ' a ' - y ' s i n G '  t a ' y  fi- s i n C s i n u '  (137) 

Equations (123) may then be written: 

= m' - r 3  [ p ,  c o s u '  f 24, s i n u '  + R l ]  
dk A3 

r 3  
A3 

$ = m '  - [2P3 c o s u '  + 24, s i n u '  +R3] cos i 

where: 

(138a) 

(138b) 

(138c) 

(138d) 

(138e) 

(139a) 

(139b) 

(139c) 

(139d) 
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I .  

L J - - 
r s i n  f cos ( f  + 1.)) + -iJ 2a'  a 2 y  

a '  Y 
R ,  = 

3 a '  a y '  K - e "  ndt . -  cos ( f  t r') 
2 -  r 2  dk 

Q, = - 

3a '  a y e '  ndt 
COS ( f + r) . -  

r 2 d k  
R, = 

a '  a y '  s i n G I 2  ndt 

2 -  r 2  dk 
s in  f . -  P, 

a ' a y I l - e ' ' s i n G s i n 1  n d t  

2 m  r 2  dk 
s i n  f . -  Q, - 

e '  a '  ay '  s i n G '  s i n 1  ndt 
s i n  f . -  

67 r 2  dk 
R, = - 

a '  ay '  s i n G '  s i n  I ndt  
2 m  r 'dk 

cos f . -  
p4 = 

a '  a y  I"2 s i n G  s i n  I nd t  
2 6 . 7  r 2  dk 

cos f . -  Q, - 

e '  a ' a y '  s i n G '  s i n 1  . 2 
m r 'dk  

cos f R, = - 

Expressions for  nd t  in te rms  of the various partial anomalies were given in section I. 

We must now take account of R, given by Equation (130). Recall: 

(139e) 

(139f) 

(139d 

(139h) 

(139i) 

(139j 1 

(139k) 

(1391) 

(139m) 

(139n) 

(1390) 

R, = -m' H 
r I 2  
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Then: 

I If, in Equations (131), w e  change n3 to - r I 3  and omit the t e rm - m '  r Z / A 3 ,  these equations a r e  iden- 
tical to Equations (140). The results for the second part of the perturbing function a r e  the same 
as for the first part i f  in Equations (139c) and (139f) we omit the te rm r s i n  f 'a'  y and r cos f / a '  y , 
respectively, and if, in all equations, we replace A 3  by - r 1 3 .  Consequently, Equations (138) and 
(139) show that the expressions for dV/dk, dy'dk,  etc., arising from the second part of the perturb- 
ing function, contain te rms  of the form: 

(140a) 

(140b) 

(140c) 

cos u '  - e '  s i n  u ' 
and - 

r t 3  r I 3  

These expressions may be developed in a Fourier se r ies  in cos i u '  o r  s i n  i u ' .  The coefficients of 
these ser ies  w i l l  be given by: 

s i n u '  s i n  i u '  d u '  
( 1 - s i n  4 '  cos  u ' ) 

(141a) 

(141b) 

where: 

and the elliptic equation relating r '  to a ' ,  e '  , and U '  has  been taken into account. Integration by 
par ts  gives: 

(143a) 
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I 

Differentiating this with respect to 4 '  : 

1 
tan' T +' s i n  4 '  1 

c o s u '  cos i u '  d u '  - i tan'- '  T 4' 
~- cos @ I  

t 
1 cos2 4' 2 cos2 T @ '  cos 4 '  

But, multiplying Equation (143a) by: 

1 - s i n  +' cos u '  
1 - s i n  0' cos u '  

gives: 

1 
tan'  yf#J' cos u '  cos i u '  d u '  

( 1 - s i n  4 '  cos u ' ) 2  

__ ~ - - 
cos 4' 

cos i u '  du ' 'I (1 - s i n $ '  C O S U ' ) ~  

, Equations (143b) and (143c) give: 

1 
t an '  T 4 '  

( 1  + i cos@' )  ~- cos i u '  d u '  

c o s 3  4 1  

Applying this procedure a second time: 

1 

1 
tan' 3 4'  [2 t s i n 2  4 '  t 3i cos $ 8  + i 2 cos2 4 '  

cos i u '  d u '  

n 2 cos5 6' 

Applying the above results to Equations (141), w e  have: 

(143b) 

(143c) 

(143d) 

(144) 

(145a) 

(145b) 

Consequently, the perturbation equations for the second part  of the perturbation function, may 
be written as: 

AL = r3Ppo + r 3 P p l  c o s u '  + r3ppz cos h' + . . *  dk 

+ r 3 Q 1 u 1  s i n u '  + r 3 Q v 2 s i n 2 u '  t ... (146a) 
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dB ~ - r 3 p 2 p 0  + r 3 ~ , p 1 c o s u '  + r 3 ~ , p 2 c o s 2 u '  t 

+ r 3  Q, u 1  s i n u '  t r 3  Q, v 2  s i n  ai' t 

. . .  

... 

c o s  i 

(146b) 

(146c) 

(146d) 

P, po + r 3  P, p l  cos u' t r 3  P, p 2  cos 2u'  + . . 
cos i 

+ r 3  Q, v ,  s i n u '  + r 3  Q, v, s i n 2 u '  + 
(146e) 

where: 

m' 
Pi -4 aJ Pi '  

V i  - 4 p  m' U . '  I 

(147) 

except : 

The quantities P, Q,  P , ,  Q , ,  etc., a r e  given by Equations (139). The total value of dy/dk, dWY/dk, 

etc., is given by the sum of Equations (138) and (146). 

The series given by Equations (146) may not converge when r > a unless only a very small  
segment of the ellipse near aphelion is represented by the superior anomaly. This results Since 
r 3  is a factor and if it is large,  the convergence is weak at best. To overcome this difficulty, We 
divide the perturbation function as follows: 
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The first te rm has already been considered. The third t e r m  may be integrated in finite t e rms  and 
wi l l  be considered later. 

- dy = - dk 

I Consider the second term: 

6 m ' a '  a 2 y  n d t  
r r 2 d k  

. -  s i n  f s i n ( f  +I-) m ' R + e '  

Then: 

- 

an r '  m '  r r '  r 2  
H + m ' -  

a r  r 2  r 3  r 3  
r -  2m' - H + y  z 2 m '  - 

6 m ' a '  a 2 y  n d t  
s i n  f s i n  ( f + r) c o s  u '  . -  

r m  r 2 d k  
2rn'P- 

(148a) 

6m' a '  a 2 y '  fl n d t  
s i n  f s i n  ( f + r') . -  

(148b) 

s i n  u '  

(148c) 

I 
Equations (148) wi l l  be identical with Equations (131) i f ,  in Equations (131), O3 is replaced by 

- r 3 ,  and -3m' r r ' / r 2  is added to the second Equation (131). Proceeding as w e  did in deriving 
Equations (138), we find: 

~ 

I 

L J 

r 1 

c o s  f s i n  ( f  fr) 1 6m' a '  a 2 y  ndt 
r 1'1-e2 r 'dk 

. -  d l  _ _  

r 1 

c o s  f s i n  ( f  + r) cos  u '  1 6m' a ' a 2 y  ndt 
r m  r 'dk 

. -  - 2m'P1 + 1 

(149a) 

c o s f  s i n ( f  +r') s i n u '  (149b) 1 6m' a '  a 2 y '  n d t  . -  
r iF2 r 2  dk 
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R ,  -t 2 m '  P 2  casu' + 2m' Q2 s i n  u (149c) 

- [m' R ,  + 2m' P, COS u '  t 2 m '  Q, sin u cos i (149d) dk 

Equations (149) wi l l  be very convergent when the superior anomaly is used but wi l l  not be 
convergent with the inferior anomaly. Consequently, Equations (146) are used with the inferior 
anomaly and Equations (149) with the superior anomaly. 

Consider the third t e rm of Equation (148) 

Proceeding as in Equations (131), (132), (133), (134), (135), (136), and (137), the perturbation equa- 
tions for R, are: 

a r  
t 7 ' -  c o s f c o s ( f + r ' ) s i n f '  - Y '  - a c o s ~ l '  s i n  f '  

r 3  r r 2  

1 
(150a) 
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a r '  a 

r r 
+ 2 y 7  c o s f s i n ( f + r ) c o s f '  + y y s i n r c o s f '  

ar 
r 3  s i n f c o s ( f + r ' ) s i n f '  t y' a r I 2  s i n  r" s i n  f ' t y '  - 

1 

(150b) 

s i n G I  s i n  f cos f '  (5 - 5) 

- y sine s i n  f s i n  f '  (5 - 51 (150d) 

522 = an 
dt l'l-ez 

The perturbation equations have now been written in a form proper for integration in all cases.  
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V. SEFUES EXPANSION O F  0-" 

Consider a general periodic function. 

x = a. + a l c o s x  + a z c o s 2 x  + . . .  + an c o s "  x 

+ s i n  x (P, + p i  cos x + p, ( 3 0 8 2  x + - + cosn-'  x) (151) 

We wi l l  show that this can always be written in the form: 

X c c l - q l c o s ( x - Q 1 ) ]  [ l - q 2 c o s ( x - Q 2 ) ]  [ l - q n c o s ( x - Q n ) ]  

Define : 

1 
t a n i j x  = y 

Then: 

Equation (151) may be written as: 

t -  Po (1 t y 2 ) " - 1  + p ,  (1 - y 2 )  (1 + Y 2 ) " - 2  
(1 + y2)" 

+ P,,-1 (1 - y2)"-  1 + . . .  

Suppose: 

x (1 t y 2 ) "  = 0 

Equation (156) is of degree 2n  and may be written: 

(153) 



Let the roots be: 

Then: 

or:  

where: 

a ,  t b ,  = s ,  a l b l  = p, 

We can always select  s i  and pi  to be real. Since: 

Consequently: 

1 X = cZn cosZn 2 x - s , t a n  T x + P, 

If we multiply each factor by cos' 1/2 x, it will  take the form: 

1 1 1 1 
s i n '  3 x - s s i n  x cos 2 x + p cos2 x 
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Define: 

and : 

1 
2" 

~ 

- C 2 "  (1 f P 1 )  ( l + P , )  . . *  ('+P,) c. 

o r  

c o  (1 + P,) (1 + P2) (1 + P3) . * * 
(1 + P") c z  _. 

2 " a l a 2 a 3  anb lb2b3  0 . .  bn 

Equation (155) becomes: 

X c 1 - q, c o s  (x-  Q,)] . * *  [I - q,, c o s  (x - Q,)] [ 

that is, we have proved Equation (152). 

The case n = 2 w i l l  of some interest. Comparing t e r m s  in Equations (155) and (157), w e  have: 

( U o - a 1 t a 2 ) Y 4  + 2 ( P o - P 1 ) y 3  + 2 ( a o - a 2 )  Y 2  + 2 ( P 0 + P 1 )  Y ( a o + " , + a 2 )  = 0 .  (164) 

Equation (151) is: 

X - a. - ", COS x + a2 c o s 2 x  - p0 s i n  x t 8, s i n  x COS x 
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Write: 

Comparing terms,  we have: 

qq 1 
a. = c f s i n  Q s i n  Q ,  

Po = q s i n Q  + q, s i n Q l  

Hence: 

Define: 

Pl 
t a n ( ~ + ~ , )  = a2 - 

Q f Q, = 2 8  

Q - Q ,  E 2w 

Then: 

Pl 
t a n 2 8  = - 

a2 

Q 8 f w  

Q, e - w  



Eliminating Q and Q,  f rom Equations (166), we have: 

qq, 
a,, c t c ( s i n 2 &  s i n ' , )  

qq 1 
- 7 cos 2b a2 ~ 

( I 1  ~ (q f ql)  cos" cos ' - ( q -  q , )  S l l l  ' I  S l l l  ? I 
P o  ~ ( q t q , )  s l n t , c o s ~ ,  t ( q - q l )  cos S l l l  I 

Define: 

a,' - i i  cos ti t Po s ~ n  

11 i 2  cos 20 + / j l  s in 2 f '  

Po' = Po C O S ( '  - a 1  S l l l h l  

The quantity t, is determined by Equation (169). With the aid of Equations (171), Equations (170) 
become: 

, -  
( I l  - (q t q,)  cos i L  

W c  a r c  going to require that the qrS always be positive. In this particular case, this requires 
,' bc positive. Consequently, w e  select  the value of o satisfying Equation (169) SO that ( i 2 '  is th;it 
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positive. Define: 

Using Equation (174), we have: 

Equations (172) and (173) give: 

q c o s u  = a1 ' - 7 1  q,  c o s w  = 7 )  

(ao' + i) i = (Bo' + 6) 6 

"2( bo' + i) = (a,' 7) 7)  + (Po' + 6) 6 

(Q1' 7) 6 = (RO,  + e ) .  

(1744 

(174b) 

(174c) 

Equations (174) must be solved to obtain i, T, and 6. Equations (174a) and (174b) give, by 
subtraction: 

(ao' + i) b; - i) (a1' - 7)) T (175) 

Equation (174a) may be written: 

1 Now, Equations (174a)and(175) may be written as: 
I 
I 

(a0' f 5 )  i 
P o + 6  = - F 
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Inserting these into Equation (174c) gives: 

Eliminating - 2 ,  q 2  between Equations (178) and (179) gives: 

Equation (180) determines the possible values of r . .  Equations (174a) and (175) may be written in 
the following form. 

For each value of <, we can determine values of = and q. To determine which roots of Equations 
(181) and (182) a r e  to be taken together, the following condition must be satisfied. 

Which pair of roots satisfying Equation (183) is taken is unimportant as this simply results in a 
permutation of the factors in X .  

We may have some use of the particular case, d l  = 0, and , 1 2  very small. If fi, = 0, Equa- 
tion (169) gives ‘I = 0. Equations (171) become: 

Also, from Equation (169): 

Define: 
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1 Equations (180), (181), and (182) become: 

("0 + d i 1 
Po - p 0 e 2  f =  

- b o  N o  - d 1 
n T T 2  7 -  
- 1  

If a 2  is small, these equations may be quickly solved by iteration. Let u s  now return to the gen- 
e ra l  case. 

Recall Equation (155). 

Let: 

f ,  = c - q ,  c o s @ ,  

a, x - Q, 

In problems of interest  to us ,  q i  < 1 .  Define: 

d, E 180" - 2qbi' 

I Then: 
~ 

I 
t 

c 

I We may write: 
1 

x c . f ,  . f ,  1 . .  f "  

We W i l l  be required to determine X-"'* where n is an integer. Now: 

x - n / 2  C - n / 2  f l - n / 2  . f ; n / 2  . . .  f , ; n / 2  
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I 

But, f i  is given by Equation (185) and this is of the form of Equation (27a) which we have developed 
in detail for n = 1. In the general case, the equations of section II hec~rne: 

I 
(1 - e 2  s i n 2  k)-"" = a. - 2 a 2  cos 2k + * -  

cos 2 ik  dk 
(1 - e 2  s i n 2  k)"12 a 2  i 

o = ( 2 i  + n  - 2) E' a2i -2  - 4 i  (2-  E 2 )  a Z i  + ( 2 i  - n  + 2) E 2 a z i + z  

( 2 i  - n )  ( 2 i  + n -  2) 
16i( i - 1) 

h Z i  = 

The approximation for y Z i  is: 

I ' I  n(n - 2)  
- 4 i ( i  + 1) s i n 2 ?  x 

where: 

E s i n +  

c o s $  = t a n  45 - - X  ( i )  
We wi l l  be somewhat interested in the case n = 3. We have: 

Since: 

dk 
(1 - e Z  s i n Z k ) ' / *  

and: 
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But, the definition of p Z i  gives: 

and 

ad') 

1 1 
a0(3) = 

1 - E 2  f - E 2 p ( 3 )  
2 2  

Returning to the expansion of f-""', i f  we  define: 

s i n X  c q 

we write: 

where: 

Pi = Po . p 2  . p4 . . .  
P Z  i 

For n = 1: 

I Forn  = 3: 
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Hence: 

[I - q,  c o s  (x - Q,)] - I d 2  p i z )  + 2 p J 2 )  cos  Q, cos  x + 2 ~ 2 , )  cos  24, c o s  2 x  + . . . 

+ 2 ~ : ~ )  s i n  Q, s i n  x t 2 ~ 2 ’ )  s i n  24, s i n  2x + e t c .  ,(192) 

write: 

[m, 01 + 2[m, 11 cos  x + 2[m, 21 cos  2X t . . .  x - ” / 2  : 

+ 2 [ m ,  11 E s i n  x + 2[m, 23, s i n  2x + (193) 

where, m is the number of factors in X .  Then: 

and: 

where: 

.y = i ’  + i ”  + . . .  + i ( I l 1 )  

The sum is over all values of combinations of i ’ , i ‘ I ,  - - , i(”’) , which sum to 1 . .  
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Recall the elliptic equations. 

r '  a ' ( 1 - e ' c o s u ' )  

r '  cos f '  = a '  ( c o s u '  - e ' )  

r l  s i n f '  a '  fFP s i n u '  

Equiztions (126) and (127) were: 

H = c o s ( f + u + k ) c o s ( f ' + v - k )  f cos1 s i n ( f  + u + k ) s i n ( f ' t u - k )  

If, in this series, we neglect powers higher than the nth, we will  have A 2  as a periodic function of 
s i n  g '  and C O S  g '  of the n th degree and the results of this section may be applied. The actual appli- 
cation will  be discussed in Section VI. 

1 

and: 

A2 = r 2  f r ' 2  - 2 r r  H 

Combining these with Equations (134) for y, G ,  r, and y', G '  , I-', w e  have: 

r ' H  A a '  c o s u '  + Ba' s i n u '  - Ae' a '  (196) 

where: 
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VI. A DISCUSSION OF THE APPLICATION 

OF THE METHOD OF PARTIAL ANOMALIES 

Sections I- V of this report  provide most of the theory of the method of partial anomalies neces- 
sary to be able to apply it to problems of interest. This section w i l l  summarize the ear l ier  results 
and fill in the few gaps left in the previous sections. 

The method of partial anomalies as developed by Hansen (Reference 1) applies directly to the 
perturbations produced by a body, considered as a point mass,  on the unperturbed two body elliptic 
motion. The generalization to more than one perturbing body is obvious, since the perturbations 
may be considered as additive in all cases  likely to occur. An important application of this method 
may be to high eccentricity art if icial  Earth satellites as well as to interplanetary probes. In fact, 
this method w i l l  converge fo r  any value of r ,  the eccentricity. The only difficulty occurs if the 
perturbation is s o  large that the orbital character of the motion is completely changed so as to 
reverse  the direction of motion. Needless to say ,  this causes difficulty in any  known method. 

Consequently, in order to apply the method to artificial satellites, the method must be adapted 
to the perturbing force due to the departure of the Earth 's  shape f rom sphericity. The author of 
this report  is currently beginning an attack on this problem in order  to determine the quantitative 
value of this method as applied to high eccentricity satellites and probes. Let us  now return to 
the problem at hand. 

Hansen was interested in applying this method to comets, most of which have high eccentrici- 
t ies,  and partially determined the perturbations on Encke's comet produced by the Earth. In what 
follows, I shall refer to the comet and the Earth, rather than the perturbed body and the perturbing 
body, respectively. It is clear  that this "specialization" does not cause a loss  of generality while 
it may maintain Hansen's line of thought in a clearer  fashion. 

The problem niay be divided into three major parts.  Firs t ,  the definition of the inferior and 
superior anomalies ana their auxiliaries, K , ,  K 2 ,  K,,  K,, and the intermediate anomalies. The 
equations of elliptic motion are then expressed in te rms  of the appropriate partial anomaly. This 
part of the problem is dealt with in Section I. We have seen that the comet's ellipse may be divided 
into any  number of segments in an arbi t rary manner. Exactly how this is done wi l l  be determined 
by the specific problem and by the choice between rapid convergence and the number of s e r i e s  
which must be developed. Since a new se t  of se r ies  is required for  each segment of the ellipse, 
it is obvious that we will reach the point where the work required by n se t s  of se r ies  is not worth 
the greater convergence obtained by dividing the ellipse into n segments rather than n - 1 segments. 

Once we have expressed the motion of the comet in t e rms  of the partial anomalies, We turn to 
the second part of the problem. This is the development of various functions, such as the perturb- 
ing function, in  trigonometric se r ies  of multiples of s ines  and cosines of the partial anomalies. 
Once expressed in this form, integrations a r e  readily performed. This development in trigonometric 
se r ies  has been discussed in Sections 11, IV, and V. 
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I The expressions for s i n  f and ndt in te rms  of the partial anomalies in Section I contain radicals 
I 

such as (1 - e 2  s i n 2  k)-'" In Section 11, these radicals a r e  developed into trigonometric s e r i e s  con- 
venient for integration. The end result  of Section I1 is that the elliptic motion of the comet has been 
expressed in te rms  of the partial anomalies in a readily integrable form. 

In Section IV, the perturbation equations are developed into trigonometric se r ies  involving the 
eccentric anomaly of the Earth. The sines and cosines of this eccentric anomaly may be converted 
to sines and cosines of the mean anomaly of the Earth by means of the elliptic equations and is 
generally performed by means of Bessel functions. This is discussed in standard texts on celestial 
mecb~nics .  Finally, by means of Equation (84): 

g '  n '  t t c '  

we express the perturbation equations in te rms  of sines and cosines of c ' .  Since c '  is independent 
of the partial anomalies, integrations a r e  readily performed. 

In Section V, A-" is developed into trigonometric se r ies  involving the Earth's eccentric anomaly. 
Again, these may be converted to a trigonometric ser ies  in c '  and again we have a form convenient 
for integration. 

The second par t  of the problem having been completed, we turn to the third and final problem. 
This is the determination of the constants of integration, which was discussed in Section 111. Since 
each segment of the ellipse is represented by a different se t  of ser ies ,  each segment w i l l  have i ts  
own constants of integration. These a r e  determined by initial conditions, such as the initial values 
of the orbital elements of the comet, and by the condition that we have continuity at the points of 
separation which divide the various segments of the ellipse. 
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