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TECHNICAL MEMORANDUM X-53642 

WAKE AND INTERREFLECTION EFFECTS I N  THE CALCULATION OF 

FREE MOLECULAR FLOW DRAG COEFFICIENTS 

James 0. Ballance 

George 6. Marshall  Space F l i g h t  Center 

Huntsv i l le ,  Alabama 

ABSTRACT 

A Monte Carlo technique has been appl ied  t o  the  problem of ca lcu la-  
t i n g  drag c o e f f i c i e n t s  i n  f r e e  molecule flow where one body s h i e l d s  a 
second body from the incoming flow and where mul t ip l e  c o l l i s i o n s  wi th  
the  bodies a r e  allowed. F i r s t ,  the  a p p l i c a b i l i t y  of the  Monte Carlo 
approach is demonstrated showing t h a t  i t  produces compatible r e s u l t s  wi th  
o ther  t heo r i e s  consider ing var ious  parameters such as the  accommodation 
c o e f f i c i e n t ,  the  mode of r e f l e c t i o n ,  the angle  of a t t a c k ,  e t c .  Then, a 
system of two coaxial  c i r c u l a r  d i s c s  are s tudied  showing the e f f e c t s  of 
sh i e ld ing  of one body by another ,  and the e f f e c t s  of mu l t ip l e  c o l l i s i o n .  
Although the  i n t e r a c t i o n  e f f e c t s  of the system always tended t o  decrease 
the  drag c o e f f i c i e n t s ,  f o r  p r a c t i c a l  purposes, they could be ignored. 
It was  a l s o  shown (1) t h a t  hyperthermal flow-type ca l cu la t ions  can be 
modified s l i g h t l y  t o  assume some small divergence i n  the flow which is 
dependent on the speed r a t i o  and (2)  t h a t  modif icat ions w i l l  provide 
very  good agreement t o  the wake e f f e c t s  observed i n  the  Monte Carlo 
s o l u t  ion. 
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TECHNICAL MEMORANDUM X-53642 

WAKE AND INTERREFLECTION EFFECTS I N  THE CALCULATION OF 

FREE MOLECULAR FLOW DRAG COEFFICIENTS 

SUMMARY 

A Monte Carlo technique has been app l i ed  t o  the problem of ca l cu la -  
t i n g  drag c o e f f i c i e n t s  i n  f r e e  molecule flow where one body s h i e l d s  a 
second body from the incoming flow and where m u l t i p l e  c o l l i s i o n s  w i t h  
t h e  bodies a r e  allowed. F i r s t ,  the a p p l i c a b i l i t y  of the Monte Carlo 
approach is demonstrated showing that it  produces compatible r e s u l t s  
w i t h  o t h e r  t h e o r i e s  consider ing va r ious  parameters such as the  accom- 
modation c o e f f i c i e n t ,  the  mode of r e f l e c t i o n ,  t he  angle  of a t t a c k ,  e t c .  
Then, a system of two coax ia l  c i r c u l a r  d i s c s  a r e  s tud ied  showing the 
e f f e c t s  of the above parameters on t h e  drag c o e f f i c i e n t s ,  t he  e f f e c t s  
of s h i e l d i n g  of one body by ano the r ,  and the  e f f e c t s  of m u l t i p l e  col-  
l i s i o n .  Although the  i n t e r a c t i o n  e f f e c t s  of t h e  system always tended 
t o  decrease the drag c o e f f i c i e n t s  f o r  pract ical  purposes ~ they could 
be ignored. It w a s  a l s o  shown (1) t h a t  hyperthermal flow-type ca l cu la -  
t i o n s  can be modified s l i g h t l y  t o  assume some small divergence i n  t h e  
flow which is  dependent on the  speed r a t i o  and (2)  t h a t  modif icat ions 
w i l l  provide ve ry  good agreement t o  the wake e f f e c t s  observed i n  t he  
Monte Carlo s o l u t i o n .  

I. INTRODUCTION 

The c a l c u l a t i o n  of aerodynamic fo rces  i n  f r e e  molecule flow has 
only r e c e n t l y  been extended t o  bodies where the incoming molecules could 
be re-emitted f o r  the body and c o l l i d e  w i t h  t h e  body a g a i n  [ 1 , 2 , 3 , 4 ] .  
These s o l u t i o n s ,  derived i n i t i a l l y  by M. T. Chahine, however, are 
l imi t ed  t o  r a t h e r  special  geometries ( i . e . ,  concave hemispheres, concave 
semi-cylinders, e t c . ) .  Another problem i n  f r e e  molecule flow c a l c u l a t i o n s  
which has n o t  been solved e x p l i c i t l y  i s  t h e  determinat ion of t he  e f f e c t  
of the one body i n  the  flow f i e l d  on another  downstream. I n  hyperthermal 
flow ( i . e . ,  flow where the r e l a t i v e  motion of t he  body t o  the molecule 
is  much g r e a t e r  than t h e  most probable thermal v e l o c i t y  of the molecules),  
t h e  c u r r e n t l y  accepted procedure i s  t o  p r o j e c t  downstream the  f r o n t a l  
o u t l i n e  presented t o  the flow by the  leading body paral le l  t o  the  flow 
vec to r  (see f i g u r e  l), thus removing any of  the "shadowed" a r e a  from 
considerat ion.  The a d d i t i o n a l  problem of i n t e r r e f l e c t i o n s  of one body 
w i t h  a second body ( s i m i l a r  t o  concave body problems) has no t  been 



considered, The p r i n c i p a l  reason f o r  neglect ing these a r e a s  i n  f r e e  
molecule flow c a l c u l a t i o n s  is t h a t  the mathematical formulation is q u i t e  
complicated and, even i n  the most simple cases ,  is r a t h e r  d i f f i c u l t  t o  
so lve .  

For s e v e r a l  years the author  has been analyzing f r e e  molecule flow 
i n  ducts where there  w a s  r e l a t i v e  motion between the  duc t  and the s t ream 
i n  order t o  determine the  molecular k i n e t i c  c h a r a c t e r i s t i c s  and the  over- 
a l l  response of var ious geometries used t o  couple d e n s i t y  and mass 
spectrometer gauges t o  the atmosphere when used on sounding rockets  and 
s a t e l l i t e s .  The apparent  success of the techniques f o r  these problems 
and the r e l a t i v e  ease i n  the formulation of the a n a l y s i s  suggested a 
general  approach t o  the family of problems out l ined above. 
presents  the  r e s u l t s  of a po r t ion  of the s tudy.  S p e c i f i c a l l y ,  t h i s  
r e p o r t  p resents  the f r e e  molecule drag c o e f f i c i e n t s  f o r  a system cons is t -  
ing of two coaxia l ,  c i r c u l a r ,  f l a t  d i sc s  which can be separated from each 
o ther .  The parameters considered a r e  (1) the speed r a t i o  ( r a t i o  of the 
speed of the system r e l a t i v e  t o  the gas t o  the most probable thermal speed 
of the molecules),  (2) the energy accommodation c o e f f i c i e n t ,  (3 )  the r a t i o  
of the temperature of the  sur face  t o  the temperature of the gas ,  ( 4 )  the 
r a t i o  of the a r e a  of the  forward d i s c  t o  the  a r e a  of the t r a i l i n g  d i s c ,  
(5) the angle  of a t t a c k ,  ( 6 )  the  type of r e f l e c t i o n ,  ( 7 )  the s e p a r a t i o n  
d is tance  between the d i s c s ,  and (8) the i n t e r r e f l e c t i o n  of the molecules 
be tween the  d i sc s  . 

% 

This r e p o r t  

11. APPROACH 

The a p p l i c a t i o n  of the Monte Carlo method t o  f r e e  molecule flow has 
been demonstrated i n  s e v e r a l  s t u d i e s .  This approach can be e a s i l y  
extended t o  aerodynamic c o e f f i c i e n t  c a l c u l a t i o n ,  which is u s u a l l y  defined 
as 

L 

1 7 P,U2A 
c =  , 

where 

F~ = force  

p, = mass d e n s i t y  of the  freestream 

U = v e l o c i t y  of the body r e l a t i v e  to  the f r e e  stream 

A = projected a r e a  of the  body. 

‘h 
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The force from a single molecule is determined from the velocity 
exchange 

Fm = m QVm, 

when 

m = molecule mdss 

QV = change in velocity. m 

Thetotal force FT is given by summing over all the molecules. Thus, 

F~ = N F ~ = ~  IW nvm 

when 

N = number of molecules. 

The number of molecules striking a unit area in free molecule flow is 
given by [6] 

where 

n = number density of the freestream 

V = average velocity of the molecule 

= [8kT/n1n]~/~ 

i 

s = vm/u 

v = most probable velocity of the molecules m 

= (2kT/m) 2. 
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Normally, X(S) i s  def ined as 

X(S) = e-S2 + S &? [l + ERF(S)] 

s o  that 

- 
V 

N = ni X ( S ) .  

From re fe rence  7 , 
- 

n V = - -  1 P a V  

2 f i m  m y  
i 4  

so t h a t ,  when t h e  above equations are combined, 

f o r  a u n i t  area. The computer program ca lcu la t e s  a s p e e d  &&.ich i s  given 
by 

where y i s  determined randomly from the v e l o c i t y  d i s t r i b u t i o n  func t ion  
such that 
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where Nsam i s  the number of molecules followed. 
then c a l c u l a t e s  a drag c o e f f i c i e n t  g iven  by 

The computer program 

-. .e- 

The t r a i l i n g  p l a t e  ( d i s c  2) i n  t h e  system was  used a t  t h e  s t a r t i n g  
point .  After choosing (1) a random l o c a t i o n  ( f r o m  a uniform d i s t r i b u -  
t i o n )  on d i s c  2, (2) t he  t o t a l  v e l o c i t y  of t he  molecule including the 
thermal motion and the r e l a t i v e  motion, and (3)  t h e  d i r e c t i o n  cosines  
of the molecule 's  t r a j e c t o r y ,  the incoming pa th  w a s  projected back 
toward the  leading d i s c  ( d i s c  1) t o  s e e  i f  i t  would have been i n t e r -  
cepted by that d i s c .  I f  the discs  had equal r a d i i  o r  d i s c  1 had the  
l a r g e r  r ad ius  and they were not  s epa ra t ed ,  a l l  the  molecules would 
s t r i k e  d i s c  1. I f  the  r ad ius  of d i s c  1 were less than d i s c  2 and the 
d i s c s  were n o t  s epa ra t ed ,  the number of molecules s t r i k i n g  d i s c  1 and 
d i s c  2 were p ropor t iona l  t o  the  r a t i o  of the a r e a  of d i s c  1 and exposed 
area of d i s c  2. When the  d i s c s  were sepa ra t ed ,  t h e  f l u x  of each d i s c  
w a s  dependent on the d i s t a n c e  of s epa ra t ion ,  the speed r a t i o  and the 
angle  of a t t a c k .  Using this f l u x  information, t he  wake e f f e c t s  can be 
inves t iga t ed .  

When the  molecule co l l i ded  w i t h  the  s u r f a c e ,  the amount of energy 
l o s t  t o  o r  gained from t h e  s u r f a c e  w a s  determined by t h e  energy accom- 
modation c o e f f i c i e n t  being used. For t h i s  s tudy t h e r e  was  no considera- 
t i o n  given t o  any angle-of-incidence dependence of t he  accommodation 
c o e f f i c i e n t s .  The energy accommodation c o e f f i c i e n t  is defined as 

Ei - Er 
a =  Ei - E, ' 

where 

E .  is the average k i n e t i c  energy of the incoming molecule, 
1 

E, is the  average k i n e t i c  energy of the r e f l e c t e d  molecules,  

E, is the  average k i n e t i c  energy of t he  molecules leaving a t  
the  s u r f a c e  temperature. 

5 



The speed of the  r e f l e c t e d  molecule can then be r e l a t e d  t o  the speed of 
the incoming molecule as 

[E, / Ei 1 lf 
’r 

i 
- =  
V 

E 1/2 

= [ l - a ( l - & J ]  . 

In  the Monte Carlo c a l c u l a t i o n ,  the thermal motion of the f r e e  stream 
molecule is a r b i t r a r y  s o  that the sur face  temperature (and thus Es) i s  
expressed i n  terms of the f r e e  stream molecules. This expression then 
allows one t o  examine the  e f f e c t s  of the accommodation c o e f f i c i e n t  and 
the  temperature r a t i o  on the aerodynamic c o e f f i c i e n t s .  Next, the r e f l e c -  
t i o n  parameters, which could be e i t h e r  d i f f u s e  or  specular ,  were d e t e r -  
mined. The cosines of the new d i r e c t i o n  were ca lcu la ted  and the molecule 
emitted from the sur face .  The t r a j e c t o r y  of the molecule was t e s t ed  t o  
see  i f  i t  would s t r i k e  the r e a r  of d i s c  1. I f  i t  d i d ,  the  c o l l i s i o n  
procedure was  again followed, the molecule re-emit ted,  and the t r a j e c t o r y  
followed, Any number of i n t e r r e f l e c t i o n s  between the d i s c  could be 
followed; however, except f o r  very small s e p a r a t i o n  d is tances  ( i . e . ,  
l e s s  than the r a d i u s  of d i s c  2), few molecules would make more than 
30 c o l l i s i o n s  wi th  the  d i s c s .  

I 
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111. RESULTS 

A. Monte Carlo Ca lcu la t ion  of Drag Coef f i c i en t s  on a F l a t  P l a t e  

6 

P 

To i l l u s t r a t e  the usefulness  of the method t o  c a l c u l a t e  drag coef- 
f i c i e n t s ,  f i g u r e s  2 through 5 show t y p i c a l  r e s u l t s  f o r  a f l a t  p l a t e ,  
Figure 2 p re sen t s  t h e  drag c o e f f i c i e n t  of a f l a t  p l a t e  f o r  va r ious  speed 
r a t i o s ,  consider ing d i f f u s e  r e f l e c t i o n s ,  accommodation c o e f f i c i e n t s  of 0, 
0.25, 0.5, 0.75, and 1.0 and a wall-temperature-to-gas temperature r a t i o  
of 0.25. The ang le  of a t t a c k  i n  t h i s  r e p o r t  i s  def ined as t h e  angle  
between the incoming flow v e c t o r  and the normal t o  t h e  p l a t e .  I n  f i g u r e  
2 the ang le  of a t t a c k  is 0" and the flow is normal t o  the  su r face .  Also 
shown is the  hyperthermal va lue  f o r  t hese  condi t ions as ca l cu la t ed  by 
Schamberg [5 I .  

Figures 3 and 4 presen t  the drag c o e f f i c i e n t s  based on the  area 
p ro jec t ed  normal t o  the flow v e c t o r  f o r  a speed r a t i o  of 10, Tw/T 
of 0.25, and va r ious  accommodation c o e f f i c i e n t s  as a func t ion  of f h e  
aqgle  of a t t a c k  f o r  d i f f u s e  and specu la r  r e f l e c t i o n s .  
curve i s  the  va lue  from Schamberg's model. 

r a t i o  

Again, t he  s o l i d  

Figure 5 shows the  drag c o e f f i c i e n t  f o r  a speed r a t i o  of 10, ang le  
of a t t a c k  of O " ,  and var ious accommodation c o e f f i c i e n t s  as a func t ion  of 
t he  w a l l  temperature-to-gas-temperature r a t i o ,  Tw/Tg. 
q u i t e  c o n s i s t e n t  w i t h  o the r  approaches, showing t h a t  the w a l l  temperature 
con t r ibu te s  l i t t l e  t o  the drag c o e f f i c i e n t  va lues  where the  accommodation 
c o e f f i c i e n t  is  l e s s  than 1. When a = 1.0,  t he  dependence on the  r a t i o  is 
obvious. 

The r e s u l t s  are 

From these  r e s u l t s ,  then, i t  is seen t h a t  the Monte Carlo approach 
works q u i t e  w e l l  and provides information c o n s i s t e n t  w i t h  o the r  s o l u t i o n s .  

B. Wake E f f e c t s  

A s  s t a t e d  e a r l i e r ,  t he  s tandard method of c a l c u l a t i n g  drag coef- 
f i c i e n t s  f o r  bodies i n  f r e e  molecular flow where one p o r t i o n  of t he  body 
s h i e l d s  another  po r t ion  from the incoming stream of molecules is t o  pro- 
j e c t  the leading p r o f i l e  normal t o  the flow onto the  t r a i l i n g  body. Any 
con t r ibu t ion  t o  the  drag due t o  molecules from the  t r a i l i n g  body s t r i k i n g  
the  back of t he  leading body i s  ignored. A convenient way t o  express 
t h i s  f o r  a system might be 

7 



where 

= t o t a l  drag c o e f f i c i e n t  f o r  the system 

= area projected normal t o  the flow f o r  the leading 

‘D t o ta 1 

AR,  At 
body and t h e  t r a i l i n g  body, r e s p e c t i v e l y  c 

C D ~ , C D ~  = drag c o e f f i c i e n t  f o r  t h e  l ead ing  body and t r a i l i n g  
body, r e s p e c t i v e l y  

G(X,S,a,y) = c o r r e c t i o n  f a c t o r  t o  re la te  r e fe rence  area At t o  
t h a t  p red ic t ed  by hyperthermal flow (equals 1 i n  
hyperthermal flow) 

(X,S,a, y) = drag c o n t r i b u t i o n  due t o  molecules rebounding 
between the  leading and t r a i l i n g  bodies ‘Dint 

X = s e p a r a t i o n  d i s t a n c e  of t he  bodies ,  d/Rz 

S = speed r a t i o  

a = ang le  of a t t a c k  

Y = v a r i a b l e  t o  i n d i c a t e  the  dependence of the param- 
e t e r s  on the  geometry of t he  bodies.  

I n  t h i s  s e c t i o n  only the  f i r s t  two terms of t he  above equat ion w i l l  be 
examined. 

For the s i m p l e  geometry under s tudy,  t he  leading body is d i s c  1 and 
the  t r a i l i n g  body is d i s c  2.  The area A t  can e a s i l y  be  determined f o r  
the s tandard method of c a l c u l a t i o n .  Table I shows the  values f o r  the 
case when A1/A2 = 1.0,  a t  va r ious  angles  of a t t a c k  as a func t ion  of the 
s e p a r a t i o n  d i s t a n c e  X. With these area c a l c u l a t i o n s  the  drag c o e f f i c i e n t s  
are e a s i l y  determined i n  hyperthermal flow from the  f i r s t  two terms of 
equat ion (1). 

In  the  Monte Carlo c a l c u l a t i o n s ,  t he  wake e f f e c t s  a r e  observable 
through t h e  percentage of p a r t i c l e s  which c o l l i d e  wi th  the  t r a i l i n g  d i s c .  
Since the  d i s c  is uniformly covered with molecules, the percentage of 
molecules which s t r i k e  the  t r a i l i n g  d i s c  should be p ropor t iona l  t o  the 
a reas  exposed. Thus, t h i s  percentage is the va lue  of the t e r m  6 i n  the  
above equation. 

Q 

Figures 6 and 7 compare the area, A t ,  as determined by using hyper- 
thermal approach t o  t h a t  determined by the  Monte Carlo method f o r  va r ious  
angles  of a t t a c k  and speed r a t i o s  of 5 and 10, r e s p e c t i v e l y .  

8 



C. I n t e r a c t i o n s  

The t h i r d  term i n  equat ion (1) r e s u l t s  from the molecules r e f l e c t -  
ing from the  t r a i l i n g  d i s c  and s t r i k i n g  the  r e a r  of the  leading d i s c .  
I n  t h i s  s tudy ,  any number of r e f l e c t i o n s  between t h e  d i s c  could be per-  
mi t ted .  It w a s  found, however, that except  f o r  t he  ve ry  small separa-  
t i o n  d i s t ance ,  i . e . ,  X = 0.25, o r  t o t a l  specu la r  r e f l e c t i o n ,  few 
molecules made more than 30 r e f l e c t i o n s  between the  d i s c s ,  Also, l i t t l e  
con t r ibu t ion  t o  the  magnitude of the c o e f f i c i e n t s  a f t e r  s e v e r a l  (- 5)  
r e f l e c t i o n s  was  not iced as long as the  accommodation c o e f f i c i e n t  was 
f a i r l y  l a rge .  

While, i n  p r i n c i p l e ,  t h e  r e f l e c t i o n  mode is h ighly  dependent on 
the energy t r a n s f e r  as expressed by energy accommodation c o e f f i c i e n t ,  
i t  is convenient t o  consider  t h i s  mode t o  be independent and t o  be 
purely d i f f u s e ,  purely specular  o r  some l i n e a r  combination of these  two. 
The i n t e r a c t i o n  e f f e c t s  f o r  d i f f u s e  r e f l e c t i o n s  were examined f o r  d i f -  
f e r e n t  speed r a t i o s .  To b e t t e r  present  t h i s  information,  the  r e s u l t s  
a r e  expressed i n  the  following convention. The con t r ibu t ion  t o  the 
t o t a l  drag c o e f f i c i e n t  as expressed i n  equat ion (1) above has been 
determined from the Monte Carlo r e s u l t s  and is expressed i n  terms of 
f r a c t i o n  of the t o t a l  drag c o e f f i c i e n t  when the  d i s c s  a r e  not  separated 
(X = 0) .  This f r a c t i o n  is g r a p h i c a l l y  shown i n  f i g u r e s  8 through 14 f o r  
d i f f u s e  r e f l e c t i o n s .  Figures  8 through 11 show the  con t r ibu t ion  as a 
func t ion  of t he  sepa ra t ion  d i s t a n c e  f o r  flow inc iden t  on the d i s c s  a t  
zero angle  of a t t a c k  a t  speed r a t i o s  of 3, 5 ,  and 10, f o r  a r e a  r a t i o s  
(area of the leading d i s c  t o  the  a r e a  of the  t r a i l i n g  d i s c )  of 0.25, 
0.5, 0.75, and 1.0. Figures 1 2  through 14 present  the con t r ibu t ion  as 
a func t ion  of the  sepa ra t ion  d i s t ance  f o r  an  a r e a  r a t i o  of 1.0, a speed 
r a t i o  of 10, temperature r a t i o  of 0.25, and accommodation c o e f f i c i e n t s  
of 0.75, a t  d i f f e r e n t  angles  of a t t a c k .  I n  a l l  cases  it is seen tha t  
the con t r ibu t ion  a s  s o  expressed is negat ive.  

The assumption of d i f f u s e  r e f l e c t i o n  may no t  be phys ica l ly  c o r r e c t  
fo r  a c t u a l  i n t e r a c t i o n s  of gas molecules wi th  su r face  molecules a t  high 
v e l o c i t y  impact. 
accommodation c o e f f i c i e n t s  has been shown by seve ra l  i n v e s t i g a t o r s  
(e .g . ,  Schamberg), bu t  some i n s i g h t  i n t o  the  e f f e c t s  of varying r e f l e c -  
t i o n  c o e f f i c i e n t s  can be obtained i n  a r a t h e r  simple manner wi th  the  
Monte Carlo program. This is  done by a simple procedure of randomly 
choosing a c e r t a i n  f r a c t i o n  of t he  molecules t o  have a specular  r e f l e c -  
t i o n  r a t h e r  than a d i f f u s e  one. This was  done f o r  d i s c s  wi th  an a r e a  
r a t i o  of 1.0, speed r a t i o  of 10, accommodation c o e f f i c i e n t  of 0.75, and 
an angle  of a t t a c k  of 15". The molecules were allowed t o  undergo t o t a l  
specular  r e f l e c t i o n s  f o r  some a r b i t r a r y  number of c o l l i s i o n s  wi th  a l l  
subsequent r e f l e c t i o n s  being d i f f u s e .  It was a l s o  poss ib l e  t o  choose 
only a f r a c t i o n  of t he  molecules t o  have a specular  r e f l e c t i o n .  
r e s u l t s  of these  ca l cu la t ions  are s b m n  i n  f i g u r e  15. Here the  t o t a l  

The dependence of the  r e f l e c t i o n  c o e f f i c i e n t s  on the  

The 
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drag c o e f f i c i e n t  f o r  t he  system is shown as a func t ion  of t he  specu la r  
r e f l e c t i o n s  undergone. 

D. To ta l  Drag C o e f f i c i e n t  

The t o t a l  drag c o e f f i c i e n t s  f o r  t he  system of two d i s c s  as expressed 
by equat ion (1) are shown i n  f i g u r e s  1 6  through 22 and have been normal- 
ized t o  t h e  va lue  f o r  no s e p a r a t i o n  of d i s c .  The f i r s t  s e r i e s  of d a t a ,  
f i g u r e s  1 6  through 1 9 ,  showsthe r e l a t i o n s h i p  of the r a t i o  of the area of 
t h e  leading d i s c  t o  the  a r e a  of t he  t r a i l i n g  d i s c  and of t he  speed r a t i o  
a t  a f ixed  angle  of a t t a c k ,  Tw/Tg r a t i o ,  and energy accommodation coef- 
f i c i e n t .  The second s e r i e s  of d a t a  ( f igu res  20 through 22) shows the  
e f f e c t s  of ang le  of a t t a c k  and of energy accommodation c o e f f i c i e n t  on 
the  system w i t h  a f ixed  area r a t i o  and temperature r a t i o .  I n  a l l  cases 
the t o t a l  drag c o e f f i c i e n t  is normalized t o  the drag c o e f f i c i e n t s  f o r  t he  
system when the  s e p a r a t i o n  d i s t a n c e  is zero. The r e fe rence  area is  nRZ 
where R2 ( t he  r ad ius  of the t r a i l i n g  d i s c )  was  1.0 f o r  t h i s  study. Since 
the  f i g u r e s  show only the drag c o e f f i c i e n t  normalized t o  the  zero separa-  
t i o n  va lue ,  t a b l e s  11 through VI1 con ta in  the a c t u a l  c o e f f i c i e n t  as cal- 
culated f o r  equat ion (1). 

E. Discussion of Resul ts  

From t h i s  s tudy,  s e v e r a l  obvious conclusions may be drawn. F i r s t ,  
the  Monte Carlo method can be app l i ed  t o  the c a l c u l a t i o n  of aerodynamic 
c h a r a c t e r i s t i c s  of bodies i n  f r e e  molecular flow and g ives  e x c e l l e n t  
agreement ( i .e . ,  1 t o  2 percent)  with more conventional s o l u t i o n s .  
Second, t he  Monte Carlo method, because of i t s  inhe ren t  c h a r a c t e r i s t i c s ,  
can be used t o  s tudy conveniently some aspec t s  of f r e e  molecular flow 
which cannot be s tud ied  o r  a r e  q u i t e  d i f f i c u l t  t o  s tudy  with more con- 
ven t iona l  methods. These a spec t s  include the problems of wake e f f e c t s ,  
mu l t ip l e  r e f l e c t i o n ,  varying geometrical  shapes, e t c .  

To examine the wake e f f e c t s  and i n t e r r e f l e c t i o n  e f f e c t s  i n  f r e e  

By r e s t r a i n i n g  the  system t o  the  conf igu ra t ion  where the d i s c s  
molecular flow, a system cons i s t ing  of two coaxial  c i r c u l a r  d i s c s  was  
s t u d i e d ,  
were not  s epa ra t ed ,  t h e  problem of c a l c u l a t i n g  drag on a f l a t  p l a t e  could 
be examined, along w i t h  parameters such as the energy accommodation coef- 
f i c i e n t ,  the  angle  of a t t a c k ,  t he  mode of r e f l e c t i o n ,  and the r a t i o  of 
t h e  w a l l  temperature t o  the gas temperature. These r e s u l t s ,  shown i n  
f i g u r e s  2 through 5,  demonstrate s e v e r a l  i n t e r e s t i n g  f e a t u r e s .  Figure 2 
shows t h a t  the concept of hyperthermal flow is e a s i l y  s a t i s f i e d  by speed 
r a t i o s  of approximately 5 o r  l a r g e r  when the energy accommodation coef- 
f i c i e n t  is l e s s  than 1.0. For a =  1.0,  a t en  percent  e r r o r  i n  drag coef- 
f i c i e n t  is evident  a t  S = 5. Figure 5 shows t h a t ,  unless  a = 1.0,  t he  
temperature r a t i o ,  T, /T~,  has l i t t l e  e f f e c t  on the  drag c o e f f i c i e n t  a t  
high speed r a t i o s .  
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By s e p a r a t i n g  the  d i s c s ,  the wake e f f e c t s  from t h e  leading d i s c  on 
t h e  t r a i l i n g  d i s c  and the  i n t e r r e f l e c t i o n  between the d i s c s  could be 
examined (see f i g u r e s  6-15). Consider f i r s t  t he  wake e f f e c t s  as shown 
i n  f i g u r e s  6 and 7 .  
case of t he  ang le  of a t t a c k  equals  zero,  bo th  the S = 5 and S = 10 
r e s u l t s  ag ree  q u i t e  we l l  w i t h  the hyperthermal p r e d i c t i o n  f o r  shading. 
For ang le  of a t t a c k  equals zero,  however, ve ry  s i g n i f i c a n t  d i f f e r e n c e s  
a p p e a r  even a t  small sepa ra t ions  (e.g. ,  5 r a d i i ) .  Of course,  the hyper- 
thermal flow approach does n o t  a l low any f l u x  on the t r a i l i n g  d i s c  a t  
t h i s  a n g l e  of a t t a c k  while ,  f o r  X = 5, the S = 5 case shows about 37 
pe rcen t  of t he  d i s c  a c t u a l l y  being h i t  by molecules, and the  S = 10 case, 
19 pe rcen t ,  I n  these  in s t ances ,  t hese  percentages both i n d i c a t e  an 
e r r o r  of t h a t  amount t o  the  t o t a l  drag of t he  system as ca l cu la t ed  by 
hyperthermal theory.  It is i n t e r e s t i n g  t o  consider why these e f f e c t s  
a r e  s o  no t i ceab le  f o r  zero ang le  of a t t a c k  and n o t  o the r  angles  of  
a t t a c k .  The reason is the symmetry of t he  system being s tud ied .  The 
t r u e  t r a j e c t o r y  of t h e  molecules i n  f r e e  molecular flow is no t  a beam 
where each molecular path is paral le l  t o  t h e  o the r s  b u t  where each path 
diverges  s l i g h t l y  from the p a r a l l e l  path due t o  i t s  thermal energy. For 
t h e  case where the two coax ia l  discs  are separated from each o t h e r  a t  
zero ang le  of a t t a c k ,  t h i s  s l i g h t  divergence r e s u l t s  i n  the t r a i l i n g  
d i s c  being s t r u c k  along i t s  e n t i r e  ou te r  edge ( f o r  A1/A, = 1 .0 ) .  A t  
angles  of a t t a c k ,  however, only a s m a l l  po r t ion  i s  a f f e c t e d .  Thus, f o r  
t h i s  p a r t i c u l a r  system, ve ry  good agreement t o  hyperthermal theory is 
not iced a t  ang le s  of a t t a c k ,  b u t  i n  gene ra l ,  t h i s  may not  be t r u e  f o r  
o the r  configurat ions ( i . e . ,  a long r ec t angu la r  p l a t e  s h i e l d i n g  another  
long p l a t e ) .  

I n  each f i g u r e  we can s e e  t h a t ,  except f o r  t he  

b The e f f e c t s  of i n t e r r e f l e c t i o n s  a r e  shown i n  f i g u r e s  8 through 15. 
I n  general ,  the  i n t e r r e f l e c t i o n  e f f e c t s  a r e  of l i t t l e  consequence ( i . e . ,  
l e s s  than 10 percent)  t o  t h e  drag c o e f f i c i e n t  f o r  both d i f f u s e  o r  
specu la r  r e f l e c t i o n s .  The l a r g e r  e f f e c t s  were observed wi th  the sma l l e r  
values  of the accommodation c o e f f i c i e n t .  I n  a l l  cases ,  though, t he  
i n t e r r e f l e c t i o n  r e s u l t e d  i n  a decrease i n  the  t o t a l  drag on the system. 

Using the  Monte Carlo d a t a ,  it is  poss ib l e  t o  s e e  how the  hyper- 
thermal flow approach can be modified t o  consider the small divergence 
from p a r a l l e l  beams of molecules. Figure 23 presen t s  the t o t a l  f l u x  
which would be in t e rcep ted  by the system of two d i s c s  i f  t he  flow were 
no t  purely hyperthermal and normal t o  the  d i s c  b u t  had a small  diverg- 
ence ang le  due t o  t h e  thermal motion of t he  molecules. This f i g u r e  
shows t h a t  a good approximation f o r  flow S = 3 is a divergence ang le  
of 4 " ,  f o r  S = 5, 2" ,  and f o r  S = 10, 1". 

The Monte Carlo approach t o  the i n v e s t i g a t i o n  of wake and i n t e r -  
r e f l e c t i o n  e f f e c t s  f o r  aerodynamic fo rce  c o e f f i c i e n t  c a l c u l a t i o n s  has 
been demonstrated. The continuing program of s tudy  has been extended 
t o  concave bodies such as spheres ,  cones, cy l inde r s ,  wedges, and t o  
skewed and p a r a l l e l  p l a t e s .  Although only drag c o e f f i c i e n t s  have been 
presented i n  t h i s  r e p o r t ,  o the r  c o e f f i c i e n t s  are e a s i l y  obtained. 
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TABLE I 

Rat io  of t he  F lux  on the  T r a i l i n g  Disc t o  the  F l u x  on the  
Leading Disc Using Hyperthermal Theory 

A1/A2 = 1.0,  X = d / R 2  

X Angle of 
Attack .25 .5 .75 1 . 0  1.5 2 3 4 5 

0 0 0 0 0 0 0 0 0 0 

1 5  .043 .085 .128 .170 .254 .337 .498 .648 .784 

30 ,092 .183 .273 .362 .533 .692 .942 1 .oo 1.00 

45 .159 .315 .466 ,609 .856 1.00 1.00 1.00 1.00 

60 ,274 .533 .764 .942 1 .00  1.00 1.00 1.00 1.00 
6 

7 5  .571 .979 1.00 1.00 1.00 1.00 1.00 1 .00  1.00 

90 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

1 2  



TABLE I1 

Drag Coef f i c i en t s  f o r  a System of Two Coaxial C i r c u l a r  Discs 

A1/A2 = 0 .25 ,  

X 

0 

.25 

.5 

.75 

1 

1.5 

2 

3 

4 

5 

10 

20 

30 

4 0  

50 

60  

7 0  

80  

90 

100 

140 

200 

s = 3  

3.06 

3 .02  

3 .00  

3.00 

2.98 

3.05 

3 .10  

3 .24  

3.35 

3 .42  

3.59 

3.68 

3.74 

3.76 

3 .78  

3.76 

3.81 

3.80 

3 .80  

3.81 

3.81 

3.82 

Tw/Tg = 0 . 5 ,  a = 0 . 5 ,  Angle of Attack = 0" 

s = 5  

2.99 

2.94 

2.91 

2.92 

2.89 

2.92 

2.98 

3.04 

3.11 

3.17 

3.36 

3 .52  

3.58 

3.62 

3.66 

3.63 

3.68 

3.68 

3.69 

3.68 

3.71 

3.71 

s = 10 Diffuse Ref l ec t  ion 

2.96 

2.90 

2.87 

2.88 

2.86 

2.89 

2.92 

2.95 

2.95 

2.97 

3.12 

3 .34  

3.43 

3 .48  

3 .54  

3 .54  

3.58 

3.59 

3 .60  

3 .61  

3 .64  

3.65 
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TABLE 111 

Drag Coef f i c i en t s  f o r  a System of Two Coaxial Ci rcu lar  Discs 

ALIA2 = 0.5, TWITg = 0.5, a = 0.5, 

X s = 3  s = 5  

0 

.25 

.5 
75 
1 

1.5 
2 

3 
4 

5 
10 

20 

30  

40 

50 

60 

70 
80 

90 
100 

140 
200 

3.05 
2.96 
2.96 

2.98 
2.99 
3.11 

3.24 

3.50 

3.67 
3.78 
4.13 
4.32 
4.42 
4.46 
4.50 
4.48 
4.54 

4.55 
4.54 
4.55 
4.56 

4.57 

2.98 

2.87 
2.88 
2.87 

2.92 

2.91 
3.00 

3.16 

3.27 
3.36 
3.78 
4.07 
4.19 
4.26 
4.32 
4.31 
4.36 

4.37 
4.39 
4.40 
4.42 
4.43 

Angle of Attack = 0" 

Diffuse 
s = 10 Ref lec t ion  

2.95 
2.88 
2.85 
2.83 
2.85 
2.87 
2.88 
2.98 
3.00 

3.04 

3 .35  
3 * 73 
3.93 
4.03 
4.12 
4.15 
4.21 
4.23 
4.27 
4.28 
4.32 

4.35 

r 
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TABLE IV 

Drag Coef f i c i en t  f o r  a System of Two Coaxial C i rcu la r  Discs 

ALIA;? = 0.75, T,/T = 0.5, a = 0.5, Angle of a t t a c k  = 0" 
g 

X 

0 

25 

.5 
75 
1 

1.5 
2 

3 
4 

5 
10 

29 
30 

40 

50 

60 

70 
80 

90 
100 

140 
2 00 

s = 3  

3.07 
3.00 

3.00 

3.09 
3.15 
3.29 
3.52 

3.79 
4.00 
4.20 

4.68 
5.00 

5.13 
5.19 
5.23 
5.22 

5.28 
5.28 

5.29 
5.30 

5.30 

5.32 

s = 5  

3.00 

2.92 

2.90 

3.01 

3 .15  
3.33 
3 .51  
3.66 

2.91 

2.94 

4.21 
4.63 
4.86 
4.94 
5.00 

5.03 

5.07 
5.05 

5.10 
5.10 

5.13 
5.16 

s = 10 Diffuse 

2.99 
2.88 

Re f 1 e c t ion 

2.87 

2.86 
2.89 

2.86 

2.95 
3 03 
3 . 1 2  

3.19 
3.61 
4.19 
4.47 
4.63 

4.73 
4.79 
4.85 
4.86 
4.91 

4.93 
4.99 
5.04 
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TABLE V 

Drag Coef f i c i en t  f o r  a System of Two Coaxial C i rcu la r  Discs 

A1/A2 = 1.0, T / T  = 0.5, Angle of a t t a c k  = O " ,  a = 0.5 
w g  

x 

X 

0 

.25 

.5  
* 75 

1 

1.5 
2 

3 
4 

5 
10 

20 

30 

40 

50 
60 

70 
80 

90 
100 

140 
200 

s = 3  

3.07 
3.18 

3.25 
3.35 
3.45 
3.63 
3.87 

4.47 
4.69 
5.26 
5.68 

5.83 
5.90 
5.96 
5.95 
6.02 
6.02 
6.04 
6.05 
6.08 
6.09 

4.22 

s = 5  

2.98 

3.10 

3.04 

3.14 
3.18 
3.2% 

3.44 
3.66 

3.85 
4.07 
4.69 
5.26 
5.48 

5.59 
5.68 

5.70 
5.77 
5.78 
5.81 

5.83 
5.88 

5.89 

Diffuse  
l o  Ref lec t ion  

2.95 
2.97 
3.00 
3.02 
3.04 
3.12 

3.17 
3-27 
3.39 
3.48 
4.00 
4.65 
4.50 
5.21 

5.34 
5.42 

5.50 

5.54 
5.60 
5.62 
5.68 

5.76 
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TABLE VI 

Drag Coef f i c i en t s  f o r  a System of Two Coaxial C i r c u l a r  Discs 

ALIA2 = 1.0, 

X 

0 

.25 

.5 

.75 

1 

1.5 

2 

3 

4 

5 

10 

20 

30 

40 

50 

60 

7 0  

80  

90 

100 

1 4 0  

200 

a = 0" 

2.95 

2.97 

3 .01  

3.01 

3.04 

3.05 

3.16 

3.28 

3.40 

3.49 

4 . 0 0  

4.64 

4.99 

5.20 

5.34 

5.41 

5.48 

5 .54  

5.57 

5.62 

5 .69  

5 .74  

Tw/Tg = 0.25,  

a = 15" 

2 . 9 1  

3.03 

3.14 

3.26 

3.37 

3.56 

3.84 

4.31 

4.73 

5.10 

5 .74  

5.81 

5 .82  

5.83 

5.83 

5.83 

5.83 

5 .83  

5 .83  

5.83 

5.83 

5 .83  

a = 30" 

2.82 

3.03 

3.28 

3.49 

3 .74  

4.32 

4.66 

5 .30  

5 .54  

5.58 

5 .62  

5.63 

5.63 

5.63 

5.63 

5.63 

5 .63  

5.63 

5.63 

5.63 

5.63 

5 . 6 3  

a = 0 . 5 ,  s = 10 

a = 45" a = 60" 

2.66 

3.07 

3.43 

3.80 

4.15 

4.72 

5.08 

5.24 

5.28 

5 . 2 9  

5.32 

5 . 3 4  

5.33 

5 . 3 3  

5.34 

5.34 

5 . 3 4  

5.34 

5 .34  

5 . 3 4  

5 . 3 4  

5.34 

2.47 

3 .11  

3.72 

4.18 

4 .50  

4.75 

4 .81  

4.87 

4.90 

4 .91  

4.93 

4.93 

4.94 

4.95 

4.94 

4.94 

4.94 

4.94 

4 .94  

4.94 

4.94 

4 .94  

Diffuse  
a = 75"  Ref lec t ion  

2 . 2 4  

3.11 

4.12 

4.31 

4.35 

4.39 

4.42 

4.45 

4.46 

4.46 

4.47 

4.48 

4.48 

4.49 

4.48 

4.48 

4.48 

4.48 

4.48 

4.48 

4.48 

4 .48  
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TABLE VI1 
Drag Coef f i c i en t s  f o r  a System of Two Coaxial C i rcu la r  Discs 

a = 0" 

2.67 

2.69 

2.72 

2.74 

2.77 

2.82 

2.87 

2.95 

3.06 

3.17 

3.64 

4.23 

4.53 

4.71 

4.85 

4.94 

4.99 

5 .03  

5.05 

5.07 

5.17 

5 . 2 1  

a = 1 5 "  

2.65 

2.75 

2.86 

2.96 

3.06 

3.27 

3.50 

3 .94  

4.34 

4.63 

5 .22  

5.29 

5.30 

5.30 

5 . 3 1  

5.31 

5.31 

5.31 

5.31 

5.31 

5.31 

5.31 

a = 30" 

2.58 

2.80 

3.01 

3.23 

3.46 

3.88 

4.29 

4.88 

5 . 1 0  

5 .13  

5 .16  

5 .16  

5.17 

5.17 

5.17 

5.17 

5.17 

5.17 

5.17 

5.17 

5.17 

5.17 

A l I A z  = 1, TWITg = 0.25,  a =  0.75,  S = 10 

a = 45" a = 60" 

2.48 

2.85 

3.21 

3.55 

3.83 

4 .46  

4.77 

4.91 

4.93 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

2 .34  

3.53 

4 . 0 1  

4.30 

4.55 

4.59 

4.64 

4 . 6 4  

4.66 

4.67 

4.67 

4.67 

4.67 

4.67 

4.67 

4.67 

4.67 

4.67 

4.67 

4.67 

4.67 

4.67 

Diffuse 
a = 75" Ref lec t ion  

2.18 

3.46 

4.04 

4.22 

4.26 

4.29 

4 .31  

4.33 

4.33 

4 . 3 4  

4 .35  

4 .35  

4.35 

4.35 

4.35 

4.35 

4.35 

4.35 

4.35 

4.35 

4.35 

4.35 
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TABLE VI11 

i 

x, 

X 

0 

.25 

.5 

7 5  

1 

1.5 

2 

3 

4 

5 

LO 

20 

30 

40 

50 

60 

70 

80 

90 

100 

140 

200 

Drag Coefficients for a System of Two Coaxial Circular Discs 

= 0.25, a =  1.0, S 10 
Tw'Tg A J A ~  = 1.0, 

a = 0" 

2.10 

2.12 

2.14 

2.16 

2.18 

2.21 

2.27 

2.35 

2.41 

2.51 

2.85 

3.32 

3.58 

3.72 

3.81 

3.87 

3.91 

3.94 

3.97 

3.99 

4.05 

4.09 

a = 1 5 "  a = 30" 

2.10 2.09 

2.19 2.28 

2.27 2.46 

2.37 2.66 

2.45 2.84 

2.63 3.19 

2.80 3.52 

3.15 3.98 

3.43 4.14 

3.68 4.16 

4.12 4.17 

4.19 4.17 

4.19 4.17 

4.19 4.17 

4.19 4.17 

4.19 4.17 

4.19 4.17 

4.19 4.17 

4.19 4.17 

4.19 4.17 

4.19 4.17 

4.19 4.17 

a = 45" 

2.07 

2.40 

2.73 

3.01 

3.32 

3.82 

4.07 

4.13 

4.13 

4.13 

4.14 

4.14 

4.14 

4.14 

4.14 

4.14 

4.14 

4.14 

4.14 

4.14 

4.14 

4.14 

Diffuse 
a = 60" a = 75" Reflection 

2.05 2.02 

2.62 3.27 

3.40 3.84 

3.61 4.01 

3.91 4.03 

4.07 4.04 

4.08 4.04 

4.09 4.05 

4.09 4.05 

4.09 4.05 

4.09 4.04 

4.10 4.05 

4.10 4.05 

4.10 4.05 

4.10 4.05 

4.10 4.05 

4.10 4.05 

4.10 4.05 

4.10 4.05 

4.10 4.05 

4.10 4.05 

4.10 4.05 

1 9  
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