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ANALYSIS OF THE AEROELASTIC DIVERGENCE OF TWO 

EXPERIMENTAL UNGUIDED LAUNCH VEHICLES 

By Clarence P. Young, Jr. 

Langley Research Center 

SUMMARY 

A theoretical analysis of two experimental launch vehicles which are known to have 

failed because of aeroelastic divergence is presented. Data for the analysis and the cal­

culated aeroelastic divergence characteristics are provided. The analytical results and 

the flight results of the two divergent vehicles are compared. The correlation of the 

analytical predictions with the actual flight behavior is used for evaluating the method of 

analysis and to explore further the aeroelastic divergence phenomenon in unguided launch 

vehicles. 

INTRODUCTION 

The phenomenon of aeroelastic divergence is recognized to be of primary impor­

tance in the design of high perfor:mance, highly flexible launch vehicles. It is character­

ized by an unstable flight condition arising from the adverse interaction of aerodynamic 

forces and elastic deformation of the vehicle structure. The evaluation of the launch­

vehicle design in view of its aeroelastic divergence characteristics requires a theoretical 

analysiS which must be adequate for predicting this divergence behavior. Thus, investi­

gations which correlate theoretical predictions of aeroelastic divergence with that 

observed from experiment or actual flight are important to the development of acceptable 

theories. 

The amount of available documented data on aeroelastic divergence failures of 

launch vehicles is limited. Most aeroelastic investigations in the past have been con­

cerned with the experimental and analytical investigations of low-aspect-ratio wings and 

control surfaces. However, experimental and analytical research on the slender-launch­

vehicle divergence phenomena is needed to evaluate existing and newly developed theories 

and to explore the dynamic aspects of divergence behavior. 

Correlations of theoretical predictions of aeroelastic divergence with aeroelastic 

divergence failures observed during flight are documented in references 1 and 2. In 

reference 1, theoretical and experimental correlations were obtained from flights of 



several small model-booster rocket configurations. The investigations of reference 1 

showed that a successful flight was usually obtained if the analysis predicted the simpli­

fied model-booster combinations to be "safe." However, the method of reference 1 does 
not directly yield stability roots and does not conveniently lend itself to the analysis of 

larger, more complex, multistage vehicle structures; thus, predictions of divergence by 
this method would, in all likelihood, be less accurate. 

The aeroelastic divergence failures of two experimental two-stage launch vehicles 

are documented in reference 2 along with a theoretical analysis of the failures. The 

theory presented in reference 2 gave conservative results (that is, early divergence is 

predicted) when compared with the two flight failures. However, the analytical technique 

of reference 2 was found to be useful in explaining the mode of failure of the two launch 
vehicles. 

The documentation of the aeroelastic divergence failures in reference 2 provided 

an opportunity to analyze the failures by the method of reference 3, which is currently 

used at the Langley Research Center for the aeroelastic design evaluation of unguided 

slender-body launch vehicles. The additional data necessary for the present analysis 

were obtained from the Weapons Research Establishment of the Australian Department 

of Supply. These data provided a source of information on flight divergence and subse­

quent failures that could then be used to evaluate the theory of reference 3. 

This paper presents a correlation of the analytical predictions of aeroelastic diver­
gence behavior with the actual flight behavior of two experimental launch vehicles known 

to have failed because of aeroelastic divergence. The objectives of the investigation are 

to evaluate the adequacy of the method of reference 3 to predict aeroelastic divergence 

and to gain further inSight into the divergence phenomenon. 

The NASA Langley Research Center is indebted to the Weapons Research 
Establishment for their cooperation in supplying the information necessary to this 

study. 

SYMBOLS 

The units of measure used in the applied analysis are in the U.S. Customary System. 

However, alternate values are provided in the International System (SI) to increase the 

usefulness of the paper. Details of the SI system and necessary conversion factors are 

available in reference 4. 

b semispan of exposed fin, in. (m) 

2 



n 

E 

EI 

I 

KW(B) 

L 

m 

q 

R 

s 

den 
s­

dx 

deL 
s-_Q! 

dx 

t 

product of fin-body-combination lift-force-coefficient slope and fin ref­

erence area, in2/rad (m2/rad) 

chord of fin at fin-body juncture, in. (m) 

tip chord of fin, in. (m) 

mean body diameter of first stage of two-stage configuration, in. (m) 

modulus of elasticity of vehicle in bending, lbf/in2 (N/m2) 

flexural stiffness, lbf-in2 (N-m2) 

area moment of inertia of a cross section, in4 (m4) 

ratio of lift of body (of fin-body combination) to lift of an isolated fin 

ratio of lift of fin (of fin-body combination) to lift of an isolated fin 

total length of vehiCle, in. (m) 

distributed mass of vehicle, lbf-sec2/in2 (N-sec2/m2) 

flight dynamic pressure, ~pu2, lbf/in2 (N/m2) 

dynamic pressure of divergence, lbf/in2 (N/m2) 

radius of curvature of flight path at x = 0, in. (m) 

characteristic reference area, in2 (m2) 

product of associated reference area and distributed forebody drag-force­
coefficient slope, in. (m) 

product of associated reference area and distributed lift-force-coefficient 

slope, in./rad (m/rad) 

flight time, sec 
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u velocity of vehicle, tangent to flight path at x =0, in./sec (m/sec) 

x, Y system axes 

x independent coordinate along length of vehicle, taken tangent to flight path at 

x = 0, in. (m) 

Xcg coordinate to center of gravity, in. (m) 

xcp coordinate to aerodynamic center of pressure of rigid vehicle, in. (m) 

generalized static margin (see eq. (23), ref. 5), in. (m) 

Xsm,rig rigid-vehicle static margin, Xcg - xcp, in. (m) 

y elastic deformation of vehicle measured relative to X-axis, in. (m) 

local angle of attack, rad 

angle of attack at x = 0, rad 

KU estimated local rotational increment at x = Xu due to joint flexibility, 
rad/in-Ibf (rad/m-N) 

p air density, Ibf-sec2/in4 (N-sec2/m4) 

Ale sweep angle of fin leading edge, deg (rad) 

Subscripts: 

ref reference value 

u coordinate of uth joint 

METHOD OF ANALYSIS 

The theoretical method of analysis used in the present investigation is described 

in reference 3. The analysiS is a rigorous mathematical approac~ to the problem of 
launch-vehicle divergence and has been used extensively at the Langley Research Center 

(LRC) for expediting and evaluating launch-vehicle design. 
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The method utilizes a matrix recurrence solution to the system differential equa­
tions, which describe static aeroelastic behavior, and it yields the stability boundary at 
which aeroelastic divergence will occur. It is directly applicable to a continuous system 
representation and accurately accommodates axial discontinuities in both input and out­

put characteristics. Secondary influences of thrust and aerodynamic cross flow are 

incorporated. 

Measures of Aeroelastic Stability 

The principal measure of stability for the flexible vehicle that is used in the pres­

ent paper is the ratio of the vehicle flight dynamic pressure to the theoretical dynamic 

pressure of divergence q/qdiv. The divergence dynamic pressure is defined as the 
dynamiC pressure beyond which divergent flight behavior will occur because of aeroelas­

tic instability. 

Another measure of aeroelastic stability used herein is the generalized static 

margin, which approximately accounts for the departure from the rigid-vehicle static 

margin because of aeroelastic effects. The generalized static margin is computed by 
the method given in reference 5. 

A discussion of these measures of aeroelastic stability and their significance when 

employed in the design and evaluation of unguided launch vehicles can be found in refer­
ences 3 and 5. 

Theoretical Considerations 

This section is devoted to a description of the procedure for establishing the theo­
retical condition of divergence, along with some comments on transient behavior. 

Theoretical prediction of aeroelastic divergence. - The theoretically predicted 
divergence condition occurs at the point on the trajectory beyond which the vehicle 
becomes unstable because of aeroelastic effects. This condition is defined in the analy­
sis as the point at which the actual flight dynamic pressure is equal to the calculated 
dynamic pressure of divergence. 

The stability boundary or divergence dynamic pressure qd" that is computed in 
lV 

the analysis identifies the state of neutral stability for the flexible vehicle at a particular 
condition associated with a particular combination of system parameters. Since the pri­

mary purpose of the present paper is to show correlation between computed and observed 
results of aeroelastic divergence, a rigorous iterative procedure, which is desc.ribed in 

detail in references 3 and 5, was used to determine the point on the actual trajectory at 
which the condition of theoretical aeroelastic divergence is predicted. 

5 



Transient behavior.- The static methods of analysis cannot account for the tran­

sient behavior of the vehicle in the divergent mode. The analysis assumes an instanta­

neous aeroelastic response of the system, which is assumed to be characterized by a 
nonoscillatory equilibrium condition at a particular time along the trajectory. 

The complete timewise response of the elastic vehicle would have to be examined 
by a dynamic program. However, for the nons pinning vehicle in the absence of large 

atmospheric disturbances, the steady-state divergence prediction should agree very 

closely with dynamic predictions. In most cases, the excitation frequencies for the 
elastic, nonrolling vehicle that would bring into play the dynamiC oscillatory inertial 

loadings are well removed from the low-frequency disturbances normally encountered 
in flight. Thus, static methods are considered to be appropriate and are, in fact, widely 

used in the aeroelastic analysis of launch vehicles. 

VEHICLES DESCRIPTION AND FLIGHT BEHAVIOR 

Configurations 

Two launch vehicles (designated A and B) are analyzed. A configuration sketch 

applicable to both vehicles is given in figure 1. The principal difference between vehi­

cles A and B was that the second stage of vehicle B was stiffened by the addition of a 

steel sleeve over the entire length of the second-stage motor. 

Fi n geometry 

c
t 
= 12.0 in. (0.339 m) 

c = 24.0 in. (0.678 m) r . 
b = 12.0 in. (0.339 m) 

Ale'= 450 (0.785 rad) 

10.0 in. (0.254 m) 6.2 in. (0.132 m) 6.9 in. (0.18 m) 
diam diam diam 

~3-~"lfL","~m.:t I £ ~ E I~~r 
First stage " Second stage 

Overall length = 248.0 in. (6.299 m) 

Vehicle configuration 

Figure 1.- Configuration and fih geometry of vehicles A and B. 

Vehicles A and B were unguided two-stage experimental launch vehicles deSigned 

for a no-roll flight. Both vehicles were stabilized during first-stage flight by identical 
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three-panel fin arrangements, and the second stage was flare stabilized. A sketch of the 

fin-panel geometry is also given in figure 1. More detailed information on the vehicle 
configurations can be found in references 2 and 6. The vehicle designations used in this 

investigation correspond to those used in reference 2. 

Flight Divergence Behavior 

The aeroelastic divergence failures of launch vehicles A and B are described in 
reference 2. Both vehicles failed prior to first-stage burnout. Camera and telemetry 
records verified that the vehicles flew satisfactorily during the first few seconds of 
flight. The divergence behavior of both vehicles was characterized by a sudden, rapid 

buildup in lateral accelerations followed by structural failure in which, as stated in ref­
erence 2, the instrumentation head of each vehicle broke off. Vehicle A failed at 2.5 sec­

onds after launch (Mach 3.05) at a dynamic pressure of approximately 12 750 lb/ft2 

(610473 N/m2). Vehicle B failed at 3.15 seconds after'launch (Mach 4.04) at a dynamiC 
pressure of approximately 21 980 lb/ft2 (1 052 408 N/m2). 

Normal and lateral accelerometer data indicate a rapid aeroelastic response. For 

vehicle A, telemetry records indicate a time lapse of approximately 0.08 second from 

onset of divergence to actual failure. The telemetry data for vehicle B indicate a time 
lapse of approximately 0.14 second from the onset of divergence to actual failure. The 

divergence behavior is assumed to begin when the lateral accelerations observed from 

the flight records began to diverge from the undisturbed flight condition. These data are 
useful to identify the onset of aeroelastic divergence; however, theoretical predictions 

are correlated with the actual aforementioned failure times. 

RESULTS AND DISCUSSION 

This section begins with a discussion of the input data used in the applied analysis. 
The input data include the mass and stiffness characteristics and data that were used to 

verify structural stiffness computations. Other input data include the trajectory param­

eters and the aerodynamic lift and drag characteristics. Another topic discussed in this 
section is the correlation of computed aeroelastic divergence characteristics with flight 
results. The computed divergence characteristics include the divergence boundaries, 

aeroelastic stability measures, and the divergence mode shapes. In addition, the static 

stability data based upon a rigid-body assumption are discussed and the method of analy­
sis is evaluated in view of the present correlations as well as past experience with appli­

cation of the method. 
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Input Data 

The aeroelastic analyses input data provided by the Weapons Research 

Establishment (WRE) include mass distributions, detailed drawings, trajectory data, and 

supplementary aerodynamic data. 

Mass data.- The mass distributions furnished for vehicles A and B for the pre­

launch configurations are given in table 1. These data (along with the distributions 
at failure) are illustrated graphically in figure 2. The axial discontinuities observed 

in the mass per inch curves of figure 2 are accounted for in table I by recording both 

quantities for their common x/L value. 

.016
0 

~~INC 0 
~ .- .016 

E-

.008 

x, m 
2 3 

I : L Failure; t=2.5 sec 
L __________ J 

-l 
I :£ Failure; t=3.15 sec 
I I 
L ___________ ~ 

4 5 6 

100 

Vehicle A 
50 

Vehicle B 50 

0L---~4LO----~80----~1~20~---IL60~--~2~00----~0 

Figure 2.- Mass distributions prior to launch and at failur~ for vehicles A and B. 

The mass distributions in figure 2 are adjusted in the analysis at times during 
first-stage boost to account for the loss of expen<ied fuel. The timewise variations in 

the computed weights and centers of gravity obtained for the adjusted mass distributions 

for both vehicles agree closely with those given in references 2 and 6. 

Stiffness data. - The flexural stiffness distributions were computed from the vehi­
cle drawings provided by WRE. These data are presented in table II and are shown 

graphically in figure 3 for both vehicles. The discontinuities in the curves of figure 3 

are accounted for in table II in the manner previously mentioned for the mass quantities 

in table I. 
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0 

x/L 

.0300 

.0300 

.0472 

.0536 

.0536 

.0681 

.0681 

.5181 

.5242 

.5250 

.5250 

.5371 

.5371 

.5375 

.5536 

.5649 

.5649 

.5681 

.5681 

.5697 

.5697 

.5826 

.5846 

.5863 

.5988 

.6045 

TABLE 1.- MASS DISTRIBUTION PRIOR TO LAUNCH FOR 

VEHICLES A AND B 

~ref = 1.0 Ibf-sec2/in2 (6894.76 N_sec2/m2); L = 248.0 in. (6.299 m~ 

m/mref m/mref 

x/L (a) x/L (a) 

Vehicle A Vehicle B Vehicle A Vehicle B 

0 0.0041 0.0041 0.8515 0.0033 0.0037 
.0395 .0041 .0041 .8717 .0038 .0041 
.0395 .0109 .0109 .8810 .0039 .0043 
.0605 .0109 .0109 .8810 .0052 .0056 
.0605 .0172 .0172 .8850 .0052 .0052 
.1169 .0172 .0172 .8850 .0042 .0042 
.1169 .0113 .0113 .8891 .0042 .0042 
.5242 .0113 .0113 .8891 .0037 .0037 
.5242 .0060 .0060 .8899 .0037 .0037 
.5604 .0060 .0060 .8919 .0036 .0036 
.5604 .0018 .0018 .8935 .0036 .0036 
.5629 .0016 .0016 .8955 .0036 .0036 
.5649 .0018 .0018 .9157 .0033 .0033 
.5669 .0014 .0014 .9435 .0033 .0033 
.5681 .0015 .0015 .9435 .0039 .0039 
.5697 .0016 .0016 .9536 .0039 .0039 
.5826 .0014 .0014 .9536 .0032 .0032 
.5863 .0017 .0017 .9778 .0032 .0032 
.5988 .0016 .0016 .9778 .0012 .0012 
.6045 .0018 .0018 .9818 .0012 .0012 
.6086 .0020 .0020 .9818 .0029 .0029 
.6113 .0021 .0021 .9868 .0016 .0016 
.6229 .0025 .0029 .9878 .0011 .0011 
.6235 .0028 .0032 .9890 .0010 .0010 
.6310 .0031 .0035 .9925 .0007 .0007 
.8508 .0031 .0035 .9961 .0002 .0002 
.8508 .0033 .0035 1.0000 0 0 

aPoints of discontinuity in the m/mref function are recorded for 

their common x/L values. 

TABLE 11.- FLExURAL STIFFNESS DISTRIBUTION FOR LAUNCH VEHICLES A AND'B 

~EI)ref = 10 x 109 Ibf-in2 (0.0287 x 109 N-m 2); L = 248.0 in. (6.299 m~ 

EIjEIref EI/EIref EIjElref 

(a) x/L (a) x/L (a) 

'Vehicle A Vehicle B Vehicle A Vehicle B Vehicle A Vehicle B 

0.1527 0.1527 0.6086 0.0218 0.0218 0.9309 0.0042 0.0103 
.0626 .0626 .6113 .0290 .0290 .9326 .0043 .0103 
.2851 .2851 .6113 .0302 .0383 .9407 .0044 .0101 
.3120 .3120 .6229 .0157 .0248 .9435 .0046 .0099 
.3346 .3346 .6235 .0.152 .0244 .9501 .0047 .0098 
.0338 .0338 .6310 .0151 .0242 .9501 .0011 .0011 
.0338 .0338 .6333 .0150 .0241 .9548 .0011 .0011 
.0746 .0746 .6352 .0224 .0315 .9548 .1920 .1924 
.0746 .0746 .6352 .0051 .0053 .9568 .1920 .1924 
.1040 .1040 .6376 .0051 .0053 .9568 .0279 .0338 
.1040 .1040 .6376 .0273 .0364 .9608 .0279 .0338 
.0029 .0029 .6380 .0298 .0389 .9608 .0052 .0111 
.0029 .0029 .6398 .0177 .0268 .9632 .0051 .0111 
.3926 .3926 .6414 .0201 .0292 .9754 .0046 .0111 
.3926 .3926 .6428 .0066 .0159 .9778 .0045 .0111 
.0659 .0659 .8838 .0066 .0159 .9810 .0033 .0111 
.0659 .0659 .8838 .0105 .0105 .9818 .0031 .0104 
.0016 .0016 .8850 .0175 .0175 .9868 .0018 .0044 
.0016 .0016 .8873 .0296 .0296 .9868 .0026 .0056 
.5313 .5313 .8873 .0035 .0035 .9878 .0020 .0044 
.3625 .3625 .8899 .0035 .0035 .9878 .0017 .0042 
.2369 .2369 .8899 .0251 .0251 .9890 .0006 .0031 
.0840 .0840 .8935 .0251 .0251 .9925 .0010 .0035 
.0760 .0760 .8935 .0004 .0011 .9925 .0005 .0013 
.0480 .0480 .8955 .0004 .0011 .9941 .0004 .0007 
.0311 .0311 .8955 .0052 .0111 .9961 .0002 .0004 
.0258 .0258 .9157 .0035 .0106 1.0000 0 0 

aPoints of discontinuity in the EI/Elref function are recorded for their common x/L values. 
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Figure 3.- Flexural-stiffness-coefficient distribution for vehicles A and B, including 

corrected distributions across structural joints. See table II for maximum value 
of EI at station 140.9 in. (3.579 m). 
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The stiffness data of table II and figure 3 include the equivalent stiffness distribu­

tions across structural jOints. The estimated joint rotation constants used for computing 
the equivalent stiffness function are provided in table III. The structural joints descrip­

tion, classification, and approximate location on the vehicle are given in the table along 
with the estimated joint-rotation constants. The joint classifications and joint rotation 

constants were chosen from the joint data given in reference 7. The equivalent stiffness 

distributions across joints were approximated by the equivalent-stiffness formula given 

in reference 3. 

TABLE m.- ESTIMATED JOINT ROTATION CONSTANTS 

[Kuref = 100 x 10-9 rad/in-lbf (885.1 rad!m-N); L = 248.0 in. (6.299 mB 

Joint Classification 
xu/L 

Ku/Kuref 
Joint description number Vehicle A Vehicle B Vehicle A Vehicle B 

1 Nozzle-motor juncture, threaded Good Good 0.0609 0.08 0.08 
2 Threaded transition section without butt Moderate Moderate .5307 1.0 1.0 
3 Threaded diaphragm Good Good .5662 .5 .5 
4 Nozzle-motor juncture, threaded Good Good .6361 .3 .3 
5 Threaded on inner sleeve Good Good .8891 .3 .3 
6 Lapped, screwed to inner ring Moderate Good .8941 1.0 .4 
7 Screwed to inner ring Moderate Moderate .9519 1.0 1.0 
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The increase in flexural stiffness for vehicle B in comparison with vehicle A over 

the span x/L = 0.6113 to x/L = 0.8838 is due to the addition of a steel sleeve over the 

entire length of the second-stage motor. Also, improved joint construction provided a 

lower rotation constant and increased the stiffness over the span x/L = 0.8935 to 
x/L = 0.8955 for vehicle B. In addition, the use of better quality graphite over the span 
x/L = 0.9548 to x/L = 1.0 provided a further increase in stiffness values for vehicle B. 

Verification of computed stiffness data.- In order to confirm that the computed stiff­

ness distributions used in this investigation were representative for vehicles A and B, the 

following correlations were made: 

(1) Correlation of computed undamped natural frequencies with those frequencies 

observed from flight telemetry records: It was felt that a comparison of computed natural 

frequencies in bending for vehicles A and B with the frequencies of lateral oscillations 
observed from flight telemetry records would provide a good check on the computation of 

the stiffness distributions of the vehicles if the mass distributions are assumed to be 

correct. 

In reference 6 it was reported that the frequencies of oscillations observed just 

subsequent to launch for vehicles A and B were approximately 10 cps and 14 cps, respec­

tively, and corresponded to the fundamental frequencies of the respective vehicles. A 
comparison of the calculated undamped first-mode frequencies, based upon the computed 

stiffness distributions, with those frequencies estimated from the telemetry records 
given in reference 6 show good agreement. Summarized results of these data compari­

sons are given in table IV. 

Vehicle 

A 

B 

TABLE IV.- A COMPARISON OF IN-FLIGHT FREQUENCIES OF OSCILLATION OBTAINED 

FROM TELEMETRY DATA WITH COMPUTED FIRST-MODE UNDAMPED 

NATURAL FREQUENCIES OF FREE-FREE VEHICLES 

Flight data (ref. 6) Computed data (method of ref. 8) 

Time from launch, sec Averaged frequency, cps Time from launch, sec Natural frequency, cps 

0.25 to 0.75 ""10.5 o to 1.0 10.5 to 10.9 

0.36 to 0.90 ""13.9 o to 1.0 12.3 to 13.0 

The in-flight frequencies listed in table IV were obtained by averaging the frequen­

cies measured from the accelerometer data over the indicated flight-observation period. 

The fundamental frequency of oscillation is not well defined from the telemetry data until 

a finite time after leaving the launcher (about 0.25 second) because of the presence of 
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launching disturbances. Also, the lateral accelerations are well decayed after approxi­

mately 1 second into the flight for both vehicles. 

The natural frequencies were computed by the method of reference 8 by using the 

ma::;;s and stiffness data given in tables I and II, respectively. Secondary effects of shear 
deformation and rotary inertia iWere ignored; however, the effects on the first-mode fre­
quency for the particular configurations are thought to be negligible. The acceptable fre­
quency correlations support the applicability and confidence in the computed EI distribu­
tions for the full-length configurations. 

(2) Correlation of measured and computed effective stiffness for the second stages 
of the two-stage A and B vehicle configurations: References 2 and 6 document results of 
static load tests which were used to estimate the structural stiffness of the second-stage 
motor and transition section for vehicles A and B. In these tests the configurations were 
loaded as a cantilevered structur¢ in the approximate manner illustrated by the sketch in 
table V. The statie-load tests reported in the references were made subsequent to the 
unsuccessful flight of vehicle A. Tests were performed on a second-stage structure, 
which was similar to vehicle A. This structure was stiffened in subsequent tests to 
obtain second-stage stiffness estimates for vehicle B. 

The measurements obtained from the WRE static loads tests were used to estimate 

the elastic stiffnesses of the second-stage configurations through the application of simple 

beam theory. These stiffness values are defined as the load required to produce one 
degree of rotation at the aerodynamic center-of-pressure position of the nose cone­
cylinder which is located ahead of the applied load point. (See sketch in table V.) The 
WRE stiffness values are given in table V. 

12 

TABLE V.- CORRELATION OF MEASURED AND COMPUTED EFFECTIVE 

STIFFNESS VALUES FOR SECOND STAGES OF TWO-STAGE A 

AND B VEHICLE CONFIGURATIONS 

Sketch of static load test of second-stage motor and transition section 

Applied load 

Transition section,€l- a - =ti ~- Effective stiffness 
:: ::. _ ~ > load point 

b .-~ 

a" 87 in. (2.21 m) 

b "102 in. (2.59 m) 
(Not to scale) 

Vehicle Measured stiffness 
Computed stiffness valuesa 

(values from ref. 2) 

A 2001bf/deg (5.1 x 104 N/rad) 235 Ibf/deg (5.99 x 104 N/rad) 

B 4001bf/deg (1.02 x 105 N/rad) 418 Ibf/deg (1.07 x 105 N/rad) 

aComputed by method of generating slope influence coefficients for a cantilever 
beam as given in reference 9. The stiffness values are valid for a load applied at the 
effective load point shown in the sketch, that is, approximately 102 in. (2.59 m) from the 
support. 



An analysis was made for the purpose of computing slope influence coefficients for 

the cantilevered structures by using the calculated stiffness distributions for the second­

stage structure and by comparing them with the estimated stiffness values. The slope 

influence coefficients were computed from a program applicable to cantilevered struc­

tures. (See ref. 9.) A comparison of the stiffness values given in table V shows that the 
computed stiffness values are only slightly larger than those estimated from the static 

tests. However, part of the disagreement may be related to the method of support. It is 

conceivable that a rotation could occur at the support, and thus give inaccurate stiffness 

measurements since an exact fixed-end boundary is often difficult to simulate. It is fur­

ther evident that the stiffness analysiS of the cantilevered structure requires an accurate 
definition of joint effects. For example, the test data of reference 6 indicate large reduc­

tions in structural stiffness in the joints at the forward end of the first-stage motor and 
at the separation diaphragm. These are the joints numbered 2 and 3 in table III. The 

behavior across the structural interfaces is difficult to predict but is approximated by 

joint rotation constants. The joint behavior is thought to contribute to the slight disagree­
ment. However, the agreement between estimated (based on the WRE static load tests) 

and the computed stiffness values is considered to be very good in view of the many vari­

ables involved and tends to support the validity of the computed second-stage stiffness 

distributions. 

Trajectory data.- The measured trajectory data provided by the Weapons Research 

Establishment include thrust, velocity, dynamiC pressure, and Mach number. Their 
time-wise variation during first-stage boost are given in figures 4 for vehicles A and B. 

Aerodynamic lift data. - The aerodynamic lift data used in the present analysis 

include the fin-body-combination lift data of figure 5 and the body-lift data given in fig­

ures 6 and 7. 

The aerodynamic lift data presented in this paper includes that which was computed 

at the Langley Research Center for use in the analysis, and the supplementary data pro­

vided by the Weapons Research Establishment. The computed data are hereinafter 

referred to as LRC data, and the supplementary data are hereinafter designated as WRE 
data. 

The total lift-force coefficients for the rigid fin-body combination as a function of 

Mach number are given in figure 5. The LRC data were computed by the methods of ref­
erences 10 and 11. The carryover factors used in computing the LRC fin data are 

KW(B) = 1.25 and KB(W) = 0.31; the reference area is the effective planform area 
S = 324 in2 (0.189 m2). The lower dashed curve represents the fin data provided by 

WRE. The WRE data were calculated by the method of reference 2. The differences 

between the two curves in figure 5 are attributed to different estimates of the carryover 
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factors. The WRE data, unlike the LRC data, account for the variation in the carryover 

factors (primarily :KB(W») with Mach number. 
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Figure 5.- Aerodynamic lift data applicable to vehicles A and B for the 
rigid fin-body combination. Data are given for effective lift of two 
panels in one plane, with respect to the three-panel fin arrangement. 
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Figure 7.- LRC and WRE estimated body aerodynamic lift-foree-coefficient slope 

distributions applicable to vehicles A and B. 

The computed body aerodynamic lift-force-coefficient slope distributions for various 

Mach numbers between 0.8 and 4.5 are given in figures 6 and 7. These distributions were 

calculated through the use of the digital computer program described in reference 13, 

which was used in conjunction with reference 14. The body aerodynamic lift-force­
coefficient slopes furnished by the WRE for various Mach numbers between 2 and 4 are 

illustrated by the dashed curves in figures 7. The WRE data were derived from the 
methods of reference 15. 
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Comparisons between the LRC and the WRE body distributions show generally good 

agreement. The principal differences observed from the comparisons occur over the 
second-stage flare and first- to second-stage transition section at Mach numbers of 3 and 

greater. (See figs. 7(b) and 7(c).) 

Aerodynamic drag data.- The distribution over the fore body of the drag-force­

coefficient slopes that are used in the analysis are provided in figures 8 for various Mach 
numbers. These distributions were obtained from the data given in references 16 and 17 

and are due to nonviscous aerodynamic loading only, exclusive of static pressures. Base 

drag influences are accounted for by corrections in the thrust levels. 

Theoretical Aeroelastic Divergence Characteristics 

Compared With Flight Results 

The pertinent divergence characteristics obtained from the applied analysis include 

the divergence dynamic pressure, generalized static margin for the flexible vehicle, and 

modal characteristics at divergence. Calculations were made at 12 points along the tra­
jectory through first-stage burnout in order to obtain a good definition of the timewise 

variations in the computed divergence characteristics. The computations utilizing the 

WRE aerodynamic data, which were provided in the Mach number range 2 to 4 only, are 

restricted to flight times beyond 1. 75 seconds. 
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Figure 8.- Estimated fore body drag-force-coefficient distributions applicable to 
vehicles A and B. 

Computed divergence boundary, qdiv' - The timewise variations in the computed 

dynamic pressure of divergence (based upon LRC aerodynamic data) and the actual flight 

dynamic pressure for vehicles A and B, respectively, are illustrated in figures 9. The 
data of figure 9(a) show the vehicle A penetrating the theoretical divergence boundary at 

very near the actual time of failure. An iteration procedure, which is discussed under 
the section entitled "Method of AnalYSiS, n was used to compute the divergence condition 
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Figure 9.- Computed divergence boundary (based on LRC aerodynamic 
data) and actual flight dynamic pressure profile. 

compatible with the actual trajectory and LRC input data. This procedure established 

the theoretical divergence condition at t ~ 2.44 seconds. After this time, the vehicle is 

operating beyond the theoretical divergence boundary, as illustrated in the figure. 

The data of figure 9(b) applies to the stiffened vehicle B and also shows the diver­
gence boundary penetration to occur near the actual time of failure. The iterated condi­

tion of aeroelastic divergence that is compatible with the actual flight trajectory is com­
puted to occur at t ~ 3.01 seconds which is the first intercept of the q-curves with the 

boundary in figure 9(b). The curves in figure 9(b) show the vehicle B to be operating 

within the region of divergence for only a short period of time (approximately 0.20 sec­

ond); however, it did not recover and structural failure coincided with the time of maxi.­

mum dynamic pressure. 
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The results given in figures 9 reveal good agreement between the theoretical con­
dition of aeroelastic divergence and actual failure times for both vehicles. These com­
parisons are made on the assumption that failure will occur upon penetration of the diver­
gence boundary. In both cases the method gives only slightly conservative results; that 
is, structural failure occurs just subsequent to predicted divergence. On a timewise 
basis, the time lapses are only 0.06 second and 0.14 second for vehicles A and B, 
respectively. 

A comparison of the theoretical divergence times with the observed times at which 
divergence began to occur, as was discussed under "Vehicles Description and Flight 
Behavior" shows the agreement in time to be 0.02 second (later) for vehicle A and 
0.00 second for vehicle B. This comparison indicates a highly accurate agreement on 

the onset of divergence, structure failure occurring just subsequently. 

Computed aeroelastic stability measures. - The aeroelastic divergence correlations 
can also be observed in terms of the aeroelastic stability measures discussed under 
"Method of AnalysiS." The computed aeroelastic stability measures in terms of the 
dynamiC pressure ratio q/~iv and the generalized static margin parameter variations 
with flight time based on both LRC and WRE aerodynamic data are given in figure 10. 
The solid curves pertain to the results obtained by using LRC aerodynamiC data whereas 
the dashed curves are based upon the use of the WRE aerodynamiC data. 
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I + h ~/'.L./'LLLL -.~'If-U--'-4'1'~ 
Vehicle A 

4.01---======b---=---lf----f------If-----j 

Xgsm 
D 2.0f----f----M--~-t__--t__-__I 

O~~~~~~~~~~~~~~~~ 

-1.0 Aeroelastically unstable region, 
o 1.0 2.0 3.0 4.0 5.0 

Flight time, sec 

Figure 10.- Computed' aeroelastic stability characteristics 
for vehicles A and B. D = 10 in. (0.254 mI. 
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The solid curves in the upper graph of figure 10 are derived from the data of fig­

ures 9 from the ratio of the actual flight dynamic pressure q to the theoretical divergence 

boundary qdiv. The computed stability indices q/qdiv at actual failure, respectively, 
for vehicles A and B are computed to be 1.03 and 1.04. The computed stability indices 

greater than unity reflect the aforementioned results on divergence predictions in terms 

of the percentage of flight q above the computed divergence boundary qdiv at the time 
of failures. Also, it is interesting to note that stability indices at failure for the LRC 
cases are almost identical. However, this is not true for the results obtained when the 

WRE aerodynamic data are used. 

The analYSis using the WRE aerodynamic data gave interesting results. For the 

WRE data, the computed q/qdiv ratios at times of failure were found to be 1.08 and 0.78 

for vehicles A and B, respectively. The results for vehicle A at divergence are seen to 

be only slightly more conservative than the LRC result but are much less conservative 

for vehicle B. The stability index of q/qdiv = 0.78 at the condition of maximum dynamic 
pressure for vehicle B suggests the possibility ofa successful flight. However, it should 

be apparent that the vehicle was operating too near the divergence boundary and far above 
the criterion suggested in reference 5, namely, that the maximum operating dynamic pres­

~ure should not be greater than one-half the boundary value, that is q ~ 0.5qdiv. The 

reason for the slightly more conservative predictions for vehicle A when WRE data are 

used is attributed to differences in fin-lift estimates and the less conservative predictions 
for vehicle B can be traced to considerable differences in the fore body aerodynamic lift 
distributions at the high Mach number, particularly over the first- to second-stage transi­
tion section. The differences in the LRC and WRE body-lift distributions at Mach 4 may 

be seen by comparing the distributions in the upper graph in figure 7(c). 

The variations in the calculated generalized static margin parameter xgsm/D with 
flight time are illustrated in the lower graph in figure 10 .. The generalized static margin 

curves reflect the same aeroelastic behavior that is illustrated in the upper graph. For 

example, the generalized static margin parameter curves give the same boundary pene­

tration time as the q/qdiv curves, that is Xgsm/D = 0, when q/qdiv = 1.0 which is the 
theoretical condition of ·aeroelastic instability. The use of the generalized static margin 
parameter provides a theoretical shift in the aerodynamic center of pressure due to aero­

elastic effects and is sometimes preferred when stability evaluations are desired from a 

static margin viewpoint. 

Computed aeroelastic divergence mode shapes.- The computed divergence mode 

shapes at times of predicted failure for vehicles A and B are given in figure 11. The 
vehicle shapes in the divergence mode are illustrated in the figure by superimposing the 

deformed configuration outline onto the computed mode shape and are shown in relation 

to the rigid vehicle outline having the same normalized angle of attack at x == O. The 
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mode s~apes are shown with respect to the velocity-axis system and the vertical scale is 
exaggerated for the purpose of illustration. 
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Figure 11.- Illustration of elastically deformed vehicle configurations at 
times of predicted aeroelastic divergence. Normalized for a chosen value 
of R = 1.0 x 106 in. (2.54 x 104 mL 

The aeroelastic bending of both vehicles A and B is characterized by appreciable 

deformation beginning near the forward end of the first-stage motor and increasing 
toward the forward end of the vehicle, relatively large changes in the local slope occurring 

over the transition section and the second-stage motor. 

The characteristic divergence mode shapes reveal that the aeroelastic instabilities 
resulting in structural failure for both vehicles were due largely, but not entirely, to the 
second-stage configuration flexibility. A close comparison of the mode shapes with 

respect to the rigid configurations indicate only slightly less bending over the second 

stage of vehicle B; otherwise, the mode shapes are almost identical. The effect of stiff­

ening the second stage of vehicle B is apparent in that the mode shape at divergence, 

which has the same characteristics as that of vehicle A, is associated with a much higher 

dynamic pressure. However, the comparisons are not exact since the loads distribution 
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and trajectory characteristics are different at the separate conditions of predicted 

divergence. 

Rigid-Vehicle Stability Characteristics 

The static margin, aerodynamic center-of-pressure and center-of-gravity data for 

the assumed rigid vehicle are essential to a complete stability evaluation. These data 

are graphically displayed in figure 12 for both vehicles . 
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Figure 12.- Computed center-of-gravity, aerodynamic center­
of-pressure, and static margin characteristics for the rigid 
vehicles. L = 248 in. (6.299 m); D = 10.0 in. (0.254 m). 

In the upper graph of figure 12 the timewise variations in the computed center of 
gravity and static aerodynamic center of pressure are illustrated. The difference in the 

center-of-gravity locations for vehicles A and B is primarily due to the previously men­
tioned addition of a steel stiffening sleeve over the second stage of vehicle B, which shifts 

the mass center slightly forward. The differences observed between the LRC and WRE 

static aerodynamic centers of pressures are primarily due to the difference in fin-lift 
estimates and secondarily due tc, differences in body-lift estimates. 

The computed rigid-vehicle static margin variations with flight time are given in 

the lower graph of figure 12. Note that the minimum rigid-vehicle static margin for 

either of the two vehicles utilizing both sets of aerodynamic data is greater than two body 
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diameters throughout first-stage flight. This observation emphasizes a very important 

point, namely, that the stability of slender launch vehicles cannot be evaluated by the 

rigid-body static margin parameter alone. For example, the controlling rigid-body static 
margin criterion for these vehicles is 1 maximum body diameter, based upon the criterion 

suggested in reference 5. If the static stability for these vehicles were evaluated on the 
basis of this criterion alone, the design would seem to be adequate. Rigid-body static 
margins, based on LRC data, are computed to be 3.3 and 2.5 body diameters for vehicles 
A and B, respectively, at the times of failure; however, at these times the aerodynamic 
centers of pressures have shifted forward because of aeroelastic deformation, and insta­

bility and structural failures result. 

Method Evaluation 

In the foregoing discussion, data have been presented which reveal good correlation 

between the theoretical divergence predictions and the actual flight results. 

Although the investigation is limited to the analysis of only two flight failures, the 
results provide good support to the adequacy of the the<;>retical technique of reference 3. 

Also, the fact that the method has predicted freedom from aeroelastic instabilities for 

approximately seven different launch vehicles which have been flown successfully lends 
further support to the adequacy of the method. 

This investigation verifies the previous conclusions by WRE that vehicles A and B 
failed because of aeroelastic divergence. The present analysis also indicates the impor­

tance of strict adherence to accepted aeroelastic stability criteria in the aeroelastic 
design evaluation of unguided launch vehicles. 

CONCLUDING REMARKS 

An analysis is presented for two experimental launch vehicles which are known to 

have failed because of aeroelastic divergence. The input data for the analysis are pro­
vided along with the computed aeroelastic divergence data. The correlation and verifica­

tion of the stiffness levels of the vehicles are presented along with the results of the 
theoretical analysis utilizing two different sets of aerodynamic data. 

The correlation of theoretical aeroelastic divergence characteristics with flight 

data gives very good agreement between the actual and predicted conditions of aeroelastic 

divergence leading to structural failure. 

Static-margin data based on rigid-vehicle considerations are included to illustrate 

the fallacy of basing the stability evaluation of unguided slender, launch vehicles upon the 
rigid-vehicle static margin parameter alone. 
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Based upon results of this investigation, the theoretical method of NASA Technical 
Note D-3893 appears to be adequate for predicting aeroelastic divergence and for evalu­
ating the design of unguided, flexible launch vehicles in view of their aeroelastic diver­
gence characteristics. 

Langley Research Center, 

National Aeronautics and Space Administration, 
Langley Station, Hampton, Va., February 7, 1968, 

124-08-05-25-23. 
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