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Abstract

This report presents the results of an analysis of the effects of sinusoidal and
gaussian interference on the performance of the maximum-likelihood receiver for
extracting binary data from a sequence of messages in white gaussian noise when
each signal has duration T and is chosen with equal a priori probability from a
dictionary of two messages. The report presents equations for the receiver error
probability and the receiver degradation as a function of the parameters A and
n or £ Graphs are included which show the behavior of the receiver error proba-
bility and the receiver degradation as a function of 10 log A and 10 log 4 or
10 log ¢ Equations are presented which relate the parameters A, %, and £ to the
basic parameters of the signal, interference, and noise. Finally, a comparison is
made of the effect of a sinusoidal interfering signal with that of a gaussian inter-
fering signal. The comparison shows that for small values of A and 4 or £ the
degradation produced by sinusoidal interference is close to that produced by
gaussian interference. However, the approximation is not valid for large A or
large 5 or &
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Effect of Interference on a Binary Communication Channel
Using Known Signals

l. Introduction

Many communication systems are the aggregate of one
or more communication channels multiplexed to operate
over the same radio link. The receivers for these com-
munication channels are usually designed to extract in-
formation from a signal observed in white gaussian noise.
In such systems, interfering signals may seriously degrade
the performance of these receivers. In some cases, the
interfering signal may be generated within the communi-
cation system itself. The distortion signals generated in
frequency-multiplexed, PM communication systems are
of this type. In other cases, the interfering signal may be
generated by a second communication system operating
on an adjacent frequency band. The problem common to
both cases is one of evaluating the effect of the inter-
fering signal on the performance of a receiver.

This report examines the effect of sinusoidal or gaussian
interfering signals on the probability of error for a
maximum-likelihood receiver for extracting binary data
from a sequence of messages in white gaussian noise
when each signal has duration T and is chosen randomly,
with equal a priori probability, from a dictionary of two
messages. The report first derives equations for the form
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of the receiver and the probability of error for the re-
ceiver when no interfering signal is present. The effect
of sinusoidal and gaussian interference on the probability
of error for the receiver is then evaluated.

. Summary
A. Maximum Likelihood Receiver

Figure 1 shows a block diagram of the maximum-
likelihood receiver for extracting binary data from a
sequence of signals in white gaussian noise when each
signal has duration T' and is chosen randomly, with equal
a priori probability, from a dictionary of two signals.

DECISION &

P z
SAMPLER ELEMENT

y(#)——w{ FILTER

SYNC P

Fig. 1. Maximum-iikelihood receiver functional
block diagram



If s(0;¢) and s (1;¢%) are the two signals which can be
received and @ is the one-sided power spectral density of
the white gaussian noise, the filter F has impulse response.

20 -s@Lal,  0<<T

e ) = (1)

0, +>T

At the end of each received signal, the output of the
filter F is sampled and a bias of (E, — E,)/® is removed.

r
E. :/ §* (a; t) dt, a=0,1 (2)
0

is the received signal energy. A decision element deter-
mines whether the resulting statistic z is positive or nega-
tive and sets &, the maximum-likelihood receiver output,
to zero or one. If 2> 0,48 =0, and if 2 < 0,2 = 1.

When no interfering signal is present, the bit error
probability for this receiver is

Py =p(\) = % {1 — Erf (A%)] (3)

N

_3 \
-5 \\
2 7 \
Q
[
o
)
_'l \
-13 \
-15
0 25 50 75 100 125 15.0
10 LOG X
Fig. 2. Log p {A) as a function of 10 log A
2

where
Exf (x) = —= [ “exp (—#) dt (4)
Ve o
and
Ey+ E; — 2p (EE,)*
A= - ®)

The parameter p in Eq. (5) is the crosscorrelation be-
tween s (0; £) and s (1;¢t). In Fig. 2, log p (1) is plotted
as a function of 10 log A.

B. Receiver Error Probability as a Function of the
Interference-to-Signal Ratio

When either a sinusoidal or a gaussian interfering sig-
nal is present in addition to the white gaussian receiver
noise, the receiver performance will be degraded. When
a sinusoidal interfering signal having power P; and angu-
lar frequency «; is present, the bit error probability for
the receiver is

Py = ps (A7)

w2z
1
T
=w/2

where, if Ap( 0) is the amplitude response of the filter F,
the interference-to-signal ratio at the input to the deci-
sion element is

LI

[L— Erf (A" [1 + (29)* sinu]}]du

(6)

P; A%(w;)
" T@my o

The function log ps(r;5) is plotted as a function of
10 log A for selected values of 10 log 4 in Fig. 3 and as a
function of 10 log 4 for selected values of 10 log A in Fig. 4.

When a gaussian interfering signal having two-sided
power spectral density G; (f) is present

Pp = pe(A;n)
= 2 {1~ Exf 2 (1 + 20)™]) ®)
where
7= (4 f Gu( A3 (o) df ©)
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Fig. 3. Log ps (A; 7] as a function of 10 log A for
selected values of 10 log 5

selected values of 10 log

Fig. 5. Log p¢ (A; 4} as a function of 10 log A for

: —— =
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=] T
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10 LOG 7

Fig. 4. Log ps (Aiy) as a function of 10 log 4 for
selected values of 10 log A

The function log pe (A;%) is plotted as a function of
10 log A for selected values of 10 log 4 in Fig. 5 and as
a function of 10 log 4 for selected values of 10 log A in
Fig. 6.
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10 LOG 7

selected values of 10 log A

Fig. 6. Log p: (; 7} as a function of 10 log 5 for

C. Interference-To-Signal and Interference-To-Noise Ratios

In evaluating the effect of an interfering signal on the
performance of this receiver, one finds that change in

(7]



receiver bit error probability is an inconvenient measure
of the receiver degradation caused by the interfering
signal. Hence, we shall introduce the parameter 3, the
factor by which A must be increased to make the receiver
bit error probability, when an interfering signal is pres-
ent, equal to what it would be were the interfering signal
absent. In most cases, § will be a2 more convenient mea-
sure of receiver degradation than the change in receiver
bit error probability.

Using 8§ as a measure of receiver degradation has the
disadvantage that the value of § depends not only on the
initial values of A and 4, but also on the relationship
between 5 and A as the latter parameter is increased to
compensate for the presence of the interfering signal.
To illustrate this point let us examine the special case
where s(0;%) and s(1;t) are antipodal, binary-valued
signals. In this case

s(ot) = (—1)2P% (10)
E,=E,=P,T (11)

where P; is the received signal power, and

P, T
==z (12)
Then, for a sinusoidal interfering signal
. sin? (o
__ P, sin?(«f;T) (13)

(=f: T)

while, for a gaussian interfering signal

n

_ P [ Gi(f) sin(fT)
okl B e = L A
sin? (=f;T)

In Fig. 7 the function 10 log @RI

is plotted as a
function of f;T.

Examining Eqgs. (12) through (14), one notes that 4 may
either remain constant or vary as A is increased, depend-
ing on the source of the interfering signal and which
parameters of the communication system are changed to
compensate for the degradation produced by the inter-
fering signal. In frequency-multiplexed PM communi-
cation systems, interfering signals are generated in the
process of phase-modulating an RF carrier. In this case
the ratio of P; to P, is fixed and 5 will remain constant.

1
s ]

X
5

10 LOG sin?(w;7) /(£ 7)2

b
7

-20

s} 05 1.0 1.5 2.0
128

Fig. 7. 10 log sin? {zf;T)/{(zf;T)? as a function of f;T

When signals are received from the transmitters for two
communication systems operating on adjacent frequency
bands, a portion of the signal from one transmitter may
fall into the frequency band used by the other com-
munication system. If one compensates for the degrada-
tion caused by this interfering signal by changing the
receiving system parameters of the communication sys-
tem, P;/P;, and therefore », will remain constant. How-
ever, if one compensates for the degradation caused by
this interfering signal by changing the transmitting sys-
tem parameters of this communication system, P;/P,,
and therefore », will decrease as A is increased. In the
latter case the parameter remaining constant is & the
interference-to-noise ratio at the input of the decision
element. In a communication system using antipodal,
binary-valued signals,

PiT sin? (wf,T)

§= 22—~y

(15)
for sinusoidal interfering signals, while for gaussian inter-

fering signals

_ P@T * Gi (f) sin? (')TfT)
€=2 =3 / A

daf  (16)

-0

Hence, in evaluating 8, we must consider both the case
where » remains constant and the case where ¢ remains
constant.
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For arbitrary signal waveforms

é::PiA?p(wi)

Ty a7
for sinusoidal interfering signals, and
P, [~ G; 2
t= g [ a o (18)

for gaussian interfering signals. Examining Egs. (7), (9),
(17), and (18), as well as Eqgs. (13) through (16), one notes
that

£= 2\ (19)

D. Receiver Error Probability as a Function of the
Interference-to-Noise Ratio

Expressing the receiver bit error probability as a func-
tion of A and & for sinusoidal interfering signals the
bit error probability is

PE:P.Q(A;%>

1 /2 1 . s .
_ __/ [1 — Erf (\% + £ sin u)] du

/2 2

(20)

The function log ps (A; £/2)) is plotted as a function of
10 log A for selected values of 10 log £ in Fig. 8 and as a
function of 10 log ¢ for selected values of 10 log A in
Fig. 9.

For gaussian interfering signals
P = £
- n o)
= _;_ (1 — Exf [2* (1 + &) (1)

The function log pe (A; £/2)) is plotted as a function of
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Fig. 8. Log ps I); £/(20)] as a function of 10 log A
for selected values of 10 log ¢
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Fig. 9. Log ps [A; £/(2M)]1 as o function of 10 log £
for selected values of 10 log A

10 log A for selected values of 10 log ¢ in Fig. 10 and as
a function of 10 log ¢ for selected values of 10 log A in
Fig. 11.
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E. Receiver Degradation

1. Sinusoidal interference, constant interference-to-
signal ratio. Since the factor 8 is the amount A must be

increased to compensate for the presence of the inter-
fering signal, when 5 is fixed and the interference is
sinusoidal, 8 is the solution of the equation

Ps (8% 9) = p(A) (22)

or, using Eqgs. (3) and (6),

%/’t% [1— Exf (8% A% [1 + (29)* sinu]} ] du

ro| —

[1— Exf (\%)] (23)

for sinusoidal signals. 10 log 8 is plotted as a function
of 10 log A for selected values of 10 log 4 in Fig. 12 and
as a function of 10 log 4 for selected values of 10 log A
in Fig. 13. Since

IA

1
o rsb
o P85 ? T TS @) a> 4
k4
(24)
10
8
|
-5 /
6
© -7.5
O
S —
Q /
4 -1Q
/
|
/ ~-12.8 /
/
2 -15
0 4] 25 5.0 7.5 10.0 12.5 15.0

10 LOG A

Fig. 12. 10 log 3 for sinusoiddil interference and
constant  as a function of 10 log A for
selected values of 10 log %
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Fig. 13. 10 log & for sinusoidal interference and
constant 5 as a function of 10 log 4 for
selected values of 10 log A

a finite solution of Eq. (23) for § will exist for all values
of A when » < 1/2 and for A < A, where

Erf (\%) = % sin™ [(29)7*] (25)

when 4 > 1/2. For cases where a solution of Eq. (23) does
not exist (y > 1/2, A > A), 8 is infinite. In Fig. 14, 10 log A,
is plotted as a function of 10 log .

2. Gaussian interference, constant interference-to-
signal ratio. When 4 is fixed and a gaussian interfering
signal is present, § is the solution of the equation

Po (3% 4) = p (A) (26)

Since

lim p, () = 5 (1 - EF[@)%]) (@)

A0
for A > X = (2)7, 8 is infinite, while
8= (1~ 29\)7, A< Ao = (29)7 (28)
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Fig. 14. 10 log X, for sinusoidal interference and
constant 5 as a function of 10 log 4

10 log & is plotted as a function of 10 log A for selected
values of 10 log 5 in Fig. 15 and as a function of 10 log 4
for selected values of 10 log A in Fig. 16.

3. Sinusoidal interference, constant interference-to-
notse ratio. When ¢ is fixed, for sinusoidal interfering
signals § is the solution of the equation

R
Ps (b‘A, 23)\> =p) (29)
or, using Egs (3) and (20),

1 7r/21
.. 2

[1 — Erf (8"A™ + &% sin u)]du

= 5 [1 — Exf (1] (30)
10 log & is plotted as a function of 10 log A for selected
values of 10 log ¢ in Fig. 17 and as a function of 10 log ¢
for selected values of 10 log A in Fig. 18.

4. Gaussian interference, constant interference-to-
noise ratio. When ¢ is fixed, for gaussian interfering sig-
nals, § is the solution of the equation .

pe (3% 585) = 90 @
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or, using Egs. (3) and (21),
§=1+¢ (32)

In Fig. 19, 10 log 8 is plotted as a function of 10 log &
One should note that in this case § is not dependent on A.

10 LOG &

4 /
2 e
e

-0 -5 0 5 10
10 LOG ¢

Fig. 19. 101og § for gaussian interference and
constant £ as a function of 10 log ¢

Since

lim ps (x; —2‘%—> — Tim pe (M —257) =0 (33

A~>00 A0

where £ is fixed, § is finite for all values of A.

F. Comparison of the Effect of Sinusoidal and Gaussian
Interference

A convenient approximation often used to evaluate the
effect of a nongaussian interfering signal on the perform-
ance of a receiver is to assume that the effect of the
interfering signal is the same as that of a gaussian pro-
cess which produces equal power at the receiver output.
In Figs. 20 through 26, we compare the behavior of the
receiver error probability for sinusoidal and gaussian
interference as a function of 10 log 5 and 10 log ¢ for
values of 10 log A in the 0.0 to 15.0-dB range. The obvious
conclusion is that for sinusoidal interference the gaussian
approximation is satisfactory for small A and » or ¢ but
breaks down for large A and large 4 or &

JPL TECHNICAL REPORT 32-1281
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Fig. 20. Comparison of receiver error probability for
sinusoidal and gaussian interference as a function
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Fig. 21. Comparison of receiver error probability for
sinusoidal and gaussian interference as a function
of 10 log » and 10 log £ for 10 log A = 2.5
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Fig. 22. Comparison of receiver error probability for
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Fig. 24. Comparison of receiver error probability for
sinusoidal and gaussian interference as a function
of 10 log » and 10 log £ for 10 log A =10.0
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Fig. 25. Comparison of receiver error probability for
sinusoidal and gaussian interference as a function
of 10 log ) and 10 log £ for 10 log A = 12.5
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ll. Analysis
A. The Maximum-Likelihood Receiver

If each of the two messages has duration T, during the
time interval (0, T) the receiver input is

y(8) = s(ast) + n(f) (34)

where either a = 0 or a = 1 and where n(t) is gaussian
noise with mean

w = E[n(t)] =0 (35)
autocorrelation function
Ro(s) = Eln(t) n(t + 7)] = - 8(r) (36)
and power spectral density
Glf) = [ ") exp (o) dr
= %, —o<f<w (37

where §(+) is the Dirac delta function.

JPL TECHNICAL REPORT 32-1281

The function of the maximum-likelihood receiver is to
determine the most probable value of a, after observing
y(t) for 0 < ¢t < T, and set an estimate & equal to this
value. From Refs. 1 and 2 the a posteriori probability of
a, giveny(£), 0 <t < T, is

plafy) = f(“) o {_ %IT [y(®) — s{a;t)]? dt}

S p0 e 5 [ 1) - e}
(39)

As we have assumed the messages are chosen randomly
with equal a priori probabilities,

p(0) = p() = (39)

and
exp {5 [ 1ot — st al

Sew{ -5 [ 1o - swode}
(40)

ploafy) =

Expanding and cancelling factors common to both the
numerator and the denominator of Eq. (40),

exp [% / ' y(t) s(ost) dt — —;—)— ﬁ ! 52(o;t) dt:l
> exp [+ 2 / () sst) dt — ~ / et dt]

(41)

pla]y) =

Since
T
/ s*(ost) dt = E, (42)
[1]

the received signal energy when the ath message is trans-

mifted,
exp[— — -+ ——/ y(t) s(ost) dt:]

lizoexp[———l—-—/ y(8) s(l;t) d ]

(43)

plajy) =

11



Thus

pO0|y) =
1
1+ exp {% -2 / " y(6) [5(0s8) — s(L#)] dt}
(44)
and
Py =

1

1+ exp {— BB, 2 / " y(#) [s(038) — s(1:0)] dt}

(45)

Introducing

0
=i 2] =mip 0w ~ln[p(1] )

(46)
or, using Eq. (43)
ae E_o_;_Ex_ + % / " y(0) [s(058) — s(1;0)] dt
)
pO[) =M +ep(-A1 @)
and
P9 = [+ exp (] (49)

Since z is positive when p(0|y)>p(1|y) and negative
when p(0]y) < p(1|y), the maximum-likelihood receiver
requires only the equipment to compute z and a decision
element which sets G, the receiver output, to zero when z
is positive and to 1 when z is negative. The required

12

equipment is shown in Fig. 1. Substituting t =T — r in

Eq. (47),

_Eo"‘E;

2= )

+/T-2— [5(0;T—1) — s(LT—7)] (T—r)dr  (50)

The sampler in Fig. 1 samples the output of the filter F
at time T. Hence, if hy(r) is the impulse response of F,

2= —EB—%—EiJr/th(T)y(T—T)dt (51)

and for a maximum-likelihood receiver F must have im-
pulse response

2
hF(T) - @
0, 1< 0,r>T

[$(0,T — ) — s(L,T — 7],

B. Probability of Error for the Maximum-Likelihood
Receiver

Since the receiver output will be

n
o=

(33)

0, z2>0
1, z2<0

the receiver error probability is

PEzp(m/_:p(z

where p(z | a) is the conditional probability density of z
given a.

10) dz + p(l)/owp(zll) dz (54)

Using Eq. (34) in Eq. (47),

z= — E; 2 / s(ost) [s(0s8) — s(L:8)] d

/ n(#) [s(0:6) — s(L;8)] dt (55)
or

2 =25 + 2y (56)
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where

= — _E_;_E, = [ " s(ost) [s(0:8) — s(L;8)] de
(57)

and
o= [ 00 — 01 de (59

are the signal and noise components of z.

Ifa=0,
_E —E, 2 " . — 2 (* . .
2 = + = ]0 s2(0;¢) dt s £ s(0t) s(1;t) dt
(59)
Introducing
T
/ 5(0:8) s(1;2) dt
p= o o (60)

[ ﬁ " 52(050) dt] ” [ ﬁ "so(L:t) dt]%

the crosscorrelation between s(0;¢) and s(1;t), or using
Eq. (42),

p = (EoEy)™ / " 5(0:2) s(1:8) dt (61)

0

_ Ey+ E, — 2p(E.E,)*
s )

(62)

Ifo=1,

——_E"_El _2_T . . _2 Tz.
2 = 2+ 2 [D s(15t) (058) s — = ﬁ (L) d

(63)
or, using Eqgs. (42) and (61),
2= — Eo T Ey — 2p(EE,)" (64)
i
Combining (62) and (64)
zo = (1) Ey + E, — 2p(E.E{)* (65)

P
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or, introducing the positive-valued parameter

A= e f " 15005 — s(1;8)]° dt

= % [ ﬁ ' s2(0;¢) dt — 2 [) ' s(05¢) s(1;t) dt

+ / "5 (1) dt:l

— Eo + El - 2‘)(.E4-).E1)1/2
4®

(66)
25 = (—1)* 4\ (67)

Examining Eq. (58), we note that z, is a gaussian
random variable with mean

P, = ;_2; ﬁ " Eln(t)] [5(08) — (1)) dt

=0 (68)

and variance

ot = () [ ke e 150:8) — s1:e)1 0
— s(1;t,)] dt, dt, (69)

Using Eq. (36),

ot = (3)[ [ 5 e 0 10 — o] [0
— s(Li,)] i, dts

- / " [5(05t) — s(L;)]2 d (70)

°

|-9<|I.\'> SIS

{ﬁfs"’(o;t) dt — 2ﬁ7, $(058) s(L;t) de

+ ﬁ " s(L:8) dt} |

Using Eqgs. (42) and (61)
oi =2 E, + E, ~q>2p(EoE1)"* (71)
or, using Eq. (66),
ol =8\ (72)

13



Thus, given o, z is a gaussian random variable with
mean (—1) 41 and variance 8A. The probability that a
gaussian random variable x with mean p and variance ¢*
is negative is

[ " p) de = / " (@rot) exp [ (2097 (x — )]

-u/ V2o
= g / exp (—1#?) dt

0

ApemE)] o

Exf (x) =

where
\/_ exp (—t2) dt (74)

Similarly, the probability that x is positive is

/ * () dx = / * (Omo®) exp [ — (209 (x — p)°] dx

_ 1 [1 + Erf( W)] (75)

Therefore

/ " p(2]0)dz = — [1 — Exf (3%)] (76)

=1
- 8
/pr(zll)dz:%

and, using Eqs. (76) and (77) in Eq. (54), in the absence
of any interfering signal,

[1 — Exf (\%)] (77)

Py = p(a)

= [p(0) + p(1)] 5 [1 — Exf (1))

1
2

[1 — Exf (\*)] (78)

C. Interference-to-Signal and Interference-to-Noise Ratios

The first step in evaluating the effect of sinusoidal and
gaussian interfering signals on the performance of the
receiver is calculation of 4, the interference-to-signal ratio,

14

and ¢, the interference-to-noise ratio,for the random vari-
able z. Assuming that an interfering signal i(¢) is present
at the receiver input in addition to the message and
white gaussian noise for which the receiver was designed,

y() = s(est) + i(8) + n(t) (79)
and
e —f s(ost) [s(0:£) — s(L:8)] dt

7{2)—/ i(#) [s(058) — s(1:8)] dt

% n(#) [s(0:t) — s(L:8)] dt (80)
or

z2=2s + 2; + 2 (81)

where

t) [s(0;t) — s(1;8)] dt (82)

=

is the component of z produced by the interfering signal.

Using Egs. (39) and (67)

pe, = (4N) p(0) + (—41) p(1)
=0 (83)

and therefore

[

of, = (4 p(0) + (—4r)* p(1)
= (40 (84)
If we restrict ourselves to interfering signals with mean
p = E[i(t)] = 0 (85)
by, = E(zi)
2 T ‘
= | B [500s) = o(150) de
0
=0 (86)
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and
= (3) [ Bt 1 150: ) — st )
X [8(0; ts) — s(1; £,)] dt.dt, (87)
Then, if i(t) has autocorrelation function
Ri(r) = E[i(t)i (¢t + )] (88)

and power spectral density G;(f), where

R() = [ "Gl exp i) df (59)
= (3) [ [ Rt o) = st 02
— s(Lit,)] dt, dt (90)

Using Eq. (89),

o = / wGi(f) / % [s(0st:) — s(15t,)] exp (iot,) dé,

o0

X / -i— [s(0st,) — s(Lit,)] exp (—iots) dt, df
' (91)

or substituting ¢, =T —rand t, = T — =,

(T:,i :/ G@(f)/ —(25 [S(O;T—‘r) - S(I;T—'r)] exp(—im) d'r

X / % [S(,T —7) — s(L;T—)] exp (i) dr df
° (92)
Since

Hy (i) = f " he(r) exp (—ior) dr  (93)

or, using Eq. (52),

Hy ('Lw) - [)T % [S(O;T’—"'r) - S(l;T""r)] exp (—iU)T) dr
(94)

: = / "Gy (f) He (i) Hy (—i0) df  (95)

o2l

(e
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Introducing polar representation for Hp (iv),
Hp (iw) = A (o) exp [i¢s(o)] (96)

where both Ax{w) and ¢p(w) are real-valued functions of w.
Since

Hy (—iv) = Hp [i(— )] (97)
and, therefore,

Ar (o) exp [—igr(0)] = Ar (—o) exp [igr(—0)]

(98)
the functions As(0) and ¢»(w) have the properties
Ar (—0) = Ap (o) (99)
and
br (—0) = — ¢r (o) (100)
Then
o'zi = f Gi (f) Af, (w) df (101)
Hence, the interference-to-signal ratio for z is
7= —L
C"zR
=@ 7 G 43 ) (109
and the interference-to-noise ratio for z is
0,2
§=—=
U'z”
=60 [ G AL of (103)
Examining Eqgs. (102) and (103) we note that.
& =2 (104)

Thus for any particular value of A, the principal inde-
pendent variable in this problem, specification of a value
for » determines ¢ or specification of ¢ determines ». In
the subsequent analysis we shall find that either A and 4
or A and ¢ are sufficient to define the receiver error
probability. However, the factor § by which A must be

15



increased to compensate for the presence of the interfer-
ing signal will depend on whether 5 or £ remains fixed.
Usually the interference-to-signal ratio 4 is fixed in sys-
tems where the interfering signal is internally generated,
while the interference-to-noise ratio ¢ is fixed in systems
where the interfering signal is externally generated.

The case of antipodal, binary-valued signals is of par-
ticular interest. In this case, if P, is the average received
signal power

s{o;t) = (—1)* P¥ (105)
Using (105) in Eqgs. (42) and (61),
E,=E, = P,T (106)
and
p=-1 (107)
Using Egs. (106) and (107) in Eq. (66)
_P,T
A= (108)
Moreover, using Eq. (105) in Eq. (52)
Ve
4P, 0<+<T
hy () = ®
0, r <0, +>T  (109)
Thus, using Eq. (93)
Yz
Hy (i) = 2Ps /T exp (—iaf) dr
® Jo
sin (wT>
_4P*T ~iuT
5 oT exp (—5— ) (110)
2
and
A} (0) = Hr(iw) Hr(—io)
(T
16P,T2 (—2_)
= 7y (111)
2
16

or, using (108),

. (5)

Az (w) = (402 P ( ) (112)

Therefore, in this case
D4 sin? (=fT)

=2 [Tep T e
and

_ o sin? («fT)

= 2x Ps /: Gi (f) ( fT) df

- %” Can s“g ;;;‘P df (114)

D. Effect of Sinusoidal Interference

1, Interference-to-signal and interference-to-noise
ratios. If the interfering signal is a sine wave of power P;
and frequency w;,

i(t) = (2Pi)1/2 sin (w,,t + ¢:,,) (115)

where the phase is a time-invariant, random variable
with probability density

@)%, e <

ple:) = 0, l¢i|>"

(116)
Then

Ri(r)= P, E [2 sin (w;t + ¢;) sin (0t + i + ¢3)]
= Pw{E [COS (wi‘l‘)] + E[COS (2«x)¢t -+ T -+ 2¢,)]}
= P; cos (wi'r) (117)

and

Gi(f) P cos (wir) exp (—ior) dr

i fw{exp [#{w; — w)r] + exp [ —i(w; + w)'r]} dr

I

il
wl"tﬂ ml"ﬂ 'M

3(0) + o) + 3(03 — mi)] (118)
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Using Eq. (118) in Eq. (102)

= (40) [” Pi 1500 + o) + 80 — 0i)] A2 (o) df

o 2
Pi 4, 2
= (4A)‘2~2-— [AZ (—w;i) + AZ ()] (119)
or, using Eq. (99),
— PiAj () (120)
(4
Similarly
— PiAf (w) 121

Using Eq. (112), for the case of antipodal, binary-
valued message signals,

P; sin® («fT)

P, @fiT)?

7 (122)

and

PiT sin? («f.T)

I S

(123)

2. Receiver error probability. Having simplified the
expressions for 5 and ¢, the next step is to evaluate the
receiver error probability. Using Eq. (115) in Eq. (82),

2 = % A " (@Po) sin (wit + ) [5(0s8) — s(Lst)] de
(124)

or setting ¢ = T — r and using Eq. (52)

2 = / ’ é- [5(0;T — ) — (LT — =]
X (2P,)V’ sin [w,(T — ‘r) - ¢,] dr

— / " ha(r) (2P3)* sin [wi(T — =) + ¢s] dr
(125)
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Using Re(z) and Im(z) to denote the real and imaginary
parts of a complex variable z,

2 = Im { / “he(r) (2P.)* exp [i(wiT — wir + ¢1)] df}

{exp o + 1)) [ ) exp (— o) i}
(126)

Using Eqgs. (93) and (96),
z; = (2P;)" Im {exp [i(o:T + ¢:)] Hp (+iwi)}

= (2P;)" Ap(ws) Im {exp [i (T + ¢i + ¢r ()]}

= (2P;)* Ap(wi) sin [oiT + ¢ + dr(wi)] (127)
Using Eq. (120) and defining
u=oT + ¢ + prlw:) (128)
z; = 4\ (29)* sin (u) (129)
where
p(u) =

(2#)'1, ;T — o« + ¢vp(w1;) ¢ LT + o+ ¢p (wz)

0,¢0; < o;T —a+ ¢p(wi), ¢ > oiT + o+ d)p(m@)
(130)
Thus, using Egs. (130) and (67) in Eq. (81),
z =4\ [(—1)* + (29)% sinu] + 2, (131)

Since z, is a gaussian random variable with mean zero
and variance 8),

p(z|o,u) = (16zr)" exp [ —(16\) {z — 4r [(—1)*

+ (29)* sin u]}?] (132)
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Then
p(z1a>=[_°° Pz | o, 4) plu) du

o, T+ridpr(w;)
= (2o} [ (1672)* exp [ —(160) {z — 4

iT-mror(wi)

X [(—1)* + (29)* sin u] }*] du

(133)
or
p(z|a) =(2m) 1236”)\)“"’ exp [—(16A)" {z — 4x[(—1)*
sy d
+ (2n) f M(lg,::))v exp [ —(162) {z — 4
X [(—1) :L (2)* sin u]}?] du (134)
Observing that
sin (4 +=2r) = sin u (135)

and substituting 4 — 2r for u in the second integral of
Eq. (101) yields

p(x|@) = (2n)* [ (16m) " exp[—(161)* (= — 42 [(~1)

+ (29)* sinu]}?] du (136)

Expanding again

p (x| a) = (2n)*[ (16n)* exp[ — (168)*(z — 4 [(~1)*
+ (29)* sinu]}?] du

+ @) (16m) exp[ —(160) {z — A[(~1)°

—-m/2
+ (24)* sin u] }?] du

+ @[ (16mA)* exp[ — (160 (z — 4 [(— 1)

/2

+ (29)* sinu]}*] du (137)
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Observing that

sin (~ = — #) = sin (—=) cos 4 — cos (—=) sinu = sinu
(138)
and
sin (r — %) = sin (x) cos 4 — cos (=) sinu = sinu
(139)

and substituting —z — u for « in the first integral of
Eq. (137) and = ~ u for u in the third integral of Eq. (137),

p(z|a)= r'lj:W/z(l&rA)'vz exp [ —(16A)* {z — M[(—1)*

/2

+ (29)* sinu]}?] du (140)
Then
0 /2 [0
0) dz = (=) 16x0)
./:mp(ZI ) “ <) ~/—7r/2 [w( A)
exp [ —(16A)" {z — 4 [1 + (29)* sinu]}?] dz du
(141)
or, setting
PR 1 ZA’/(}V)% sin u] (142)
[ ’ p(z|0)dz =
INELE] AY2 {14 (2) V2 sin 4] 2
;[ﬂ/gﬁ B .exp( t)dt
(143).
Comparing Eq. (143) with Eq. (73),
0 1 w2 1
[w p(z|0)dz =-1—r—/:m —g«[l — Erf {A*
X [1+ (29)*sinu]}] du
(144)

Similarly,

/ “pa|Dda=— / /’ 0°° (16mA)* exp [ —(16A)

X {z — 4A [—1 + (29)* sin u]}] dz du
(145)
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or setting

g= —3+ A [—1+ (29)” sinu]

o (146)

[”p(z[l)dz:

e [1- (27])1/2 sin %]
/ / exp (—?) dit du
-n/2 w0

. 1
== _5[1

™ J-mr2

X [1 = (2)% sinu]}] du

— Erf (A
(147)

Substituting —u for u in Eq. (147) and observing that

sin (—u) = — sinu (148)
A p(z|1)dz = /
[1— Ecf{\* [1 + (2)* sinu]}] du (149)

Therefore, substituting Eqs. (144) and (149) into
Eq. (54),

Pg = ps(Asm)

ot

+ p(l)%/:tlz S [1— Exf (% [1+ (20)* sinul}] du

[l — Erf {a* [1 4 (29)* sin u]}] du

(150)
Thus, for sinusoidal interfering signals,
Py = ps(Asm)
1 [z ] e v s
=— - 5 [1 — Exf (A" [1 + (29)** sinu]}] du
(151)

and using Eq. (104),

/2
=1 5 [1 — Exf 0\ + ¢”sinu)] du

I

(152)
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3. Asymptotic results. Examining Eq. (151), we note
that

lim {0 [1 4 (29)" sin (u)]} =

P
o< L
0,7 2 —;— ,u > — sin™ [(2)%]
—o,n > g < — sinct [(20)]
(153)
Since
Erf(+ow) = =+1 (154)

for sinusoidal interfering signals, when 4 is constant,

lim Py = lim ps(iin) = 0,0 < —  (155)
A0 A0 2
and
1 ~sin-1[(2m)~"2]
lim Py = lim ps(r;y) = — du
A->0 Ao -
~m/2
=4~ Lsn (@) %] 925 (156)
ks
Examining Eq. (152), we note that
lim (A" 4 &% sinu) = o (157)

Ao

Thus, for sinusoidal interfering signals, when £ is constant

A0 A->00

(158)

4. Receiver degradation. The effect of an interfering
signal on the receiver may be measured in terms of the
factor § by which the parameter A must be increased to
compensate for the presence of the interfering signal.

For sinusoidal mterfermg signals, when # is constant,
provided

lim ps (8A;7) = Hm ps (A7) < p(A) (159)

§->00 A>o00
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or, using Eqgs. (78) and (151)

3 it ()] < - [1 - B )], 7> 5

(160)

the receiver degradation is finite and the solution of the
equation

Ps(3X;9) = p(d) (161)
Thus for 5 > %, if A, is the solution of
Erf (0) = 2 sint [(2) %], 7>+ (162)
or, asymptotically,
Ao = (2, 7»1 (163)

8 is finite for A < A, and infinite for A > A,. For < 1/2,
§ is finite for all values of A. Using Egs. (78) and (151) in
Eq. (161), the receiver degradation § is the sclution of

-7—1;/: - [1— Exf (5% [1 + () sinu]}] du
= 511 Ext ()] (164)

whenever 7 < 1/2 or 4 > 1/2, A < X,.
For sinusoidal interfering signals, when ¢ is constant,

lim py (SA; 2—;—) = lim ps (A; —25)?') =0<p(n)

8->00 Ao
(165)

for all values of A. Hence § is finite for all values of A.
Thus, § is the solution of

pa (335 557) = P (166)
or, using Egs. (78) and (152),
1 /2 1
— 5 [1 — Erf (8% + &= sinu)] du
T J-ns2
= - [1 — Exf (1)) (167)
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5. Bounds on receiver degradation. For sinusoidal
interfering signals, when 5 is constant, the receiver
degradation 3 is the solution of Eq. (164). By introducing
the function

Ay(3) =
/ "//Z[Erf (\%) — Exf (8%3% [1 + (20)* sin u]}] du
- (168)
we may write Eq. (164) in the form
A(8)=0 (169)

Then

AD) = [ [Exf (%) — Exf (V% [1+ (29)* sinu]}] du

~/2
+/"’j:2Erf ()\1/2) — Erf (A% [1 + (2,7)1/2 sin u]}] du
(170)

Substituting —u for u in the first integral of Eq. (170)
and using Eq. (148),

A(l) = f "[2 Exf (%) — Exf (A% [1 — (2)* sinu]}

— Erf (A" [1 + (2)” sinu]}] du (171)
or, using Eq.(74),
w2 )‘1/2
A1) = f [/ exp (—1t?) dt
0 A2 01— (29) Y2sin u]
Very . Y2ginu
_ fA [1+(2) ]exp(—t2)] du
)‘1/2
(172)
Since A and 4 are positive,
A d
€ —12) dt
va[l—(zm%sin wl *P ( )
Mers . Yeginu
— /A fis(om ]exp (=) dt >0,
AV
0<u< ~2”- (173)
and hence
A1) >0 (174)
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For 4 < —;— ,
AL~ (@)*T) = f RS

— Exf [xfz }—J“(—z’”-/-si‘—’f]} du

=
(175)
Since
14+ 2p)"sinu > 1 — (29)%,
7 < ";‘ > _ % é u S %
(176)
; w1+ (2n)*sinu
15 __ Ve
Erf (A\*) — Exf [A T ] <0,
1 T a
1< 5> — 5 <u< 5
(177)
and therefore
1
AL @19 <0, n<o  (78)

Since A.(8) is positive for § = 1 and negative for
8 = [1 — (29)*]12, for » < 1/2, Eq.(169) must have a solu-
tion for 8 on the interval {1, [1 — (29)*]-*}. Thus, for
sinusoidal interfering signals, when 4 is constant,

1

1<8 <1 — (29”1, 1< 5 (179)

For sinusoidal interfering signals, when ¢ is constant,
the receiver degradation & is the solution of Eq. (167). By
introducing the function

w/2
Ay(8) = [Exf (A*%) — Erf (8"\" + % sinu)] du

—w/2
(180)
we may write Eq. (167) in the form
Ay(8) =0 (181)

However,

A1) = [ [Erf(2%) — Exf (W +&% sinu)] du
~/2

+ f ”/Z[Erf (A*%) — Erf (\* + £%sinu)] du
' (182)
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Substituting —u for u in the first integral of Eq. (182)
and using Eq. (148),

A1) = / " [2 Exf (%) — Exf (\* — £ sinw)
0

— Erf (A" + £%sinu)] du (183)
or, using Eq. (74),
Al /2 AVe
— 42
(1) / [/M e (-yar
Ve e¥25in u
- /)‘ £ exp (—1?) dt:ldu
'\1/2
(184)
Since A and ¢ are positive,
Al/z
/ exp (—t?) dt
A —-E% sinu
Y2 L £V ginu
- ‘/A ¢ exp (—t?) dt > 0,
}\1/2
0<u< % (185)
and hence
A1) >0 (186)
Moreover,

@) [
— Bk {x/z [1 + (%/] + £ sin u}:] du

- / " (Exf (\*%) — Exf [\*

/2

+ &% (1 + sinu)]} du
(187)

Since

1+ sinu >0, —”gug-—"é—,
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Exf (\%) — Erf [\% + £ (1 + sin u)] <0,

m

—gsus

% (189)

and hence

NEONE

Since A,(8) is positive for 8 = 1 and negative for
§ = [1 + (&/A)*”]% Eq. (181) has a solution for § on the

interval {1, [1 + (¢/A)*]?}. Thus, for sinusoidal inter-
fering signals, when ¢ is constant,

f 1272
1£8£[1+(T> ]

E. Effect of Gaussian Interference

(190)

(191)

1. Receiver error probability. If i(t) is a gaussian ran-
dom process, z; is a gaussian random variable with zero
mean and, from Eqgs. (101) and (102), variance

o2, = 5 (4 (192)
Since z, is a gaussian random variable with mean zero
and variance 82, if i(t) and n(t) are statistically inde-
pendent,

z = (—1)4r + z;, + z, (193)
is, given o, a gaussian random variable with mean (—1)*4\
and variance
o -+ a'zn = 77(4/\)2 + 8A

&

= 8\(1 + 2n) (194)
Thus
p(z| @) = (16mA)"(L + 2q2) ™
exp { — [16M1 + 2p0)] 7 [z — (=1)*a]*}  (195)

Thus, using Eq. (74),

/_:p<z|0)dz= L {1 —Erf[mﬂ}

2
1
7

ll

{1 — Erf [A"(1 + 290) ]}
(196)

22

and, using Eq. (75)
/pr(z 1) dz = {1 + Exf [mﬁw]}

{1 — Erf [A%(1 + 2p0) %1}

| po| =

(197)

Thus, using Eqs. (196) and (197) in Eq. (54) for internally
generated, gaussian interfering signals,

Py = pe(rsn)
= o (L— Ef V(L + 20 ]} (198)
and using Eq. (104),
_ ¢
Py = Pe ()\; 2—)\)
=5 Q-EdDA1+9™)  (19)

2. Asymptotic results. Having written Eq. (198) in the
form

Pz = pe(rsn)

= & (1 Erf [(* + 29)™])

&

(200)

it is clear that, for gaussian interfering signals, when  is
constant,

lim Py = Um pe(r;n)
Ao

A0

= 2 (1 Exf [(20)]) (201)

Examining Eq. (199), we note that for gaussian inter-
fering signals, when ¢ is constant,

(202)

A0 A>m 2)\

3. Receiver degradation. For gaussian interfering
signals, when 4 is constant, provided

lim pa(8r9) = lim pa(rsy) < p(r) (203)
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or, using Eqgs. (78) and (201),

(1 — Exf [(20)]) < 5 [1— Brf (1))
(204)

the receiver degradation § is finite and the solution of
the equation

Pe(8Asn) = p(2) (205)

Thus, if
Ao = (2m) (206)

the receiver degradation is finite for A < A, and infinite
for A > A

Using Eqs. (78) and (198) in Eq. (205), for A < A,, 8 is
the solution of the equation

Thus, provided A < Ao, for gaussian interfering signals,
when + is constant,

8= (1 — 2p) (209)

For gaussian interfering signals, when ¢ is constant,

1 . é = [i . .__é =
lim po (“’ ‘m) = lim ps (A’ 2A) 0 < p(a)
(210)

for all values of A, and thus § is finite and the solution of
the equation

po (23 5) = P (211)

for all values of A. Using Egs. (78) and (199), we may
write Eq. (211) in the form

1 1
{1 — Erf [(80)" (1 + 2mdr) "]} = - [1 — Exf (A**)]
? 2 5 (L= B [5(1 + 71) = 5 [1 = Exf ()]
(207) (212)
or, equivalently, the equation
Thus, for gaussian interfering signals, when £ is constant,
8 _
1+ 280 1 (208) §=1+¢ (213)
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