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STATISTICAL ESTIM:':TION OF TROPOSPHERIC

TEMPERATURES AND RELATIVE HUMIDITIES

FROM REMOTE RADIOMETRIC MEASUREMENTS

Barney J. Conrath

ABSTRACT

A formulation is given for making statistical estimations of tropospheric

temperatures, relative humidities, and total water vapor content from remote

spectral measurements of the infrared radiation emitted by the earth and at-

mosphere. Simultaneous measurements in the 6.3µ water vapor band, the at-

mospheric "window" near 11 4 , and in the 15A carbon dioxide band are required.

The formulation can serve as a framework for analyzing the expected informa-

tion content of measurements ( f the type to be obtained from forthcoming sat-

ellite experiments such as the infrared interferometer spectrometer (IRIS).

Examples are given of applications to five ensembles of atmospheric soundings

chosen to be representative rather than exhaustive. The fractions of the vari-

ance of temperature and relative humidity accounted for by the radiation meas-

urements are found to vary considerably from one type of ensemble to another,

and in all cases are strong functions of instrumental noise. For realistic in-

strumental noise levels, the standard errors of estimate for temperature are

for the most part less than 2°K at levels below 200 mb, and the fraction of the

variance in total water vapor content accounted for ranges from .65 to .83, de-

pending on the ensemble.
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3

STATISTICAL ESTIMATION OF TROPOSPHERIC

TEMPERATURES AND RELATIVE HUMIDITIES

FROM REMOTE RADIOMETRIC MEASUREMENTS

INTRODUCTION

Measurements of thermally emitted infrared radiation from the earth and

atmosphere obtained with satellite-borne instruments contain information on the

vertical temperature profile and the vertical distribution of optically active

gases in the lower atmosphez . Since this was first pointed out (King, 1958;

Kaplan, 19.59), considerable effort has been expended in the development of com-

putational techniques for extracting the desired information from the data. Much

of the early work was concerned with directly solving the integrr.1 equation re-

iating the spectral intensity of the upwelling radiation to the temperature profile

(Wank, 1961; Yamamoto, 1961). The principal difficulty encountered was the

extreme sensitivity of the desired solutions to noise in the measurements, and

methods of obtaining smoothed solutions were developed by King (1964) and by

Twomey (1963; 1965) who employed a technique suggested by Phillips (1962).

Quite generally, the temperature profile at a given location can be regarded

as consisting of a mean over some specified time interval plus a fluctuating

component. Now since the mean can be specified from data covering the past

history of the location when such data exist, the "new" information to be ex-

tracted from the satellite measurements consists of the departure from the

I
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mean at any given time, and it is the effect of this fluctuation on the upwelling

radiation that constitutes the "signal" to be detected. In addition to defining

mean values, the a priori data permit statistical parameters for the fluctuating

component to be estimated (e.g., covariance matricies for the temperatures at

various levels). An early effort to incorporate this a priori information into

the formulation of the problem by Wark and Fleming (1966) involved the ex-

pansion of the indicial function of the integral equation in terms of empirical

orthogonal functions (also called characteristic patterns) constructed using in

situ measurements (Holmstrom, 1963; Alishouse, et al, 1967; Lorenz, 1956;

Obukhov, 1960).

Recently, formulations using linear statistical estimation techniques have

shown considerable promise for determining atmospheric temperature profiles

(Rodgers, 1966; Strand and Westwater, 1968a; 1968b; Westwater and Strand,

1968). It is the purpose of the present paper to attempt to utilize estimation

theory in the formulation of a technique for inferring relative humidities as

well as temperatures at selected pressure levels, and to use the formulation

In an analysis of the information content of medium resolution infrared spectral

measurements of the type obtainable from instrumentation to be flown in forth-

coming meteorological satellites such as the infrared interferometer spectrom-

eter (IRIS) experiment (Hanel and Chaney, 1966). The consideration of tropo-

spheric relative humidities is motivated by earlier studies of the distribution

of tropospheric relative humidity on a quasiglobal basis, using measurements
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In the 6 to 6.5 micron water vapor absorption band and the 8 to 12 micron

"window" obtained with satellite-borne radiometers (Moller, 1961; 1962; Moller

and Raschke, 1964; Raschke and Bandeen, 1967). In these studies, an equivalent

constant tropospheric relative humidity consistant with the observed radiances

was derived. With the prospect of obtaining more refineri measurements with

spectral resolution elements small compared to the total width of an absorption

band, the possibility of obtaining information on the vertical distribution of rela-

tive humidity can be considered. In a previous study (Conrath, 1969), the problem

was examined using a direct estimation with a parametric representation of the

relative humidity profile. In addition, a statistical estimation formulation was

given, but only the variance in the relative humidities was considered. In the

present paper, an attempt is made to consider the variance of both temperature

and relative humidity simultaneously.

In the following sections, the application of statistical estimation theory to

the remote radiometric inference of atmospheric parameters is considered, and

a formulation is given for estimating relative humidities and temperatures at

selected pressure levels in the troposphere along with total water vapor con-

tent in an atmospheric column. Criteria are introduced for defining the informa-

tion content of measurements in a set of spectral intervals for a given ensemble

of atmospheres. These techniques are then applied to selected ensembles of

atmospheric soundings in an effort to gain some feeling for the information

which might be extracted from forthcoming satellite measurements.

3
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FORMULATION OF THE PROBLEM

For a non-scattering atmosphere in local thermodynamic equilibrium, the

spectral intensity of upwelling thermal radiation at the top of the atmosphere

can be written in the form

xI(v) = B[v, T(x.)] 7+, x,' - 	 B[v, T(x)] aT(z/,x) 
dx	 (1)	

-

x„

where the independent variable x is an arbitrary function of pressure, xm and x.

refer to the top of the atmosphere and the surface respectively, B(v, T) is the

Planck intensity at wave number v and temperature T, and r(v, x) is the at-

mospheric transmittance at wave number v from level x to the top of the at-

mosphere. The intensity I (v) depends on the temperature profile T(x) through

the Planck intensity and on the amount and vertical distribution of the optically

active gases through the transmissivity. Thus, if the distribution of gases which

are optically active in the spectral region is known, measurements of I (v) in

that region will provide information on the temperature profile. If, however,

the temperature profile is known, we can use the measurements to deduce in-

formation on the distribution and total amount of the optically active gases; this

problem has been treated formally by King (1963). Recently Smith (1967; 1968a)

has suggested the use of a multi-channel radiometer to infer water vapor mixing

ratios as well as temperatures, and Prabhakara (1969) has examined the problem

4



of obtaining information on the vertical ozone distribution from measurements

in the 9.6 micron band.

The present study is concerned with the information on tropospheric rela-

tive humidities and temperatures obtainable from measurements in the 6.3

micron water vapor absorption band, the atmospheric "window" near 11 microns,

•	 and the 15 micron carbon dioxide band. The uniform mixing of carbon dioxide

permits information on the atmospheric temperatures to be obtained from the

15 micron band; information on the relative humidity can be obtained from the

6.3 micron band and the "window" region provides information on the surface

temperature. Since it is necessary to have information on the temperature to

estimate the relative humidity and there is absorption due to water vapor in the

"window" region and also in the 15 micron region, measurements from all

three spectral regions will be employed in estimating both relative humidity andl

temperature.

We shall consider the information content of measurements in these spectral

regions within the framework of a linear statistical estimation formulation. Let

us define a vector of parameters to be estimated b  = [T 1 - • • Tn , r 1 • • • rn)

where T 1 • • • Tn and r 1 • • • r n are temperatures and humidities respectively at

selected levels in the troposphere. The superscript T denotes matrix trans-

position. Let us also define a vector B T = r8 1 • • • 9.) where 8, • • • B m are the

brightness temperatures associated with the intensities I (u) in selected spectral

intervals covering the three general spectral regions described above. The
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brightness temperature 6 1 for the ith spectral interval is defined by

1: %d P B i /	 I (" J -	 (2)

Treating the components of b and 6 as random variables, a linear unbiased esti-

mate for b which we shall call b can be written

	

_ (bj + H(6 - (9))	 (3)

where His a 2n X in matrix to be determined, and the angular brackets denote an

ensemble mean; i.e., for an arbitrary vector •

(V) - E{o}	 (4)

where E{ } is the expectation value operator. The matrix H can be determined

by requiring that the quadratic risk function

R = E {(6-b)T(6-b)}	 (5)

be a minimum. It can be shown ( Deutsch, 1965; p. 66) that the minimum value

of R is obtained when

i
H - Abe BBB (6)
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In the notation used here, the covariance matrix of two arbitrary vectors u and

• is written as

- W)	 T1 -VUV	 E f(U

If we have available a joint ensemble of measurements of corresponding

values of b and 8, we can estimate the covariances required in (6). This pos-

sibility, which has been considered by Rodgers ( 1966) and by Smith (1968b), is

attractive because it avoids the use of the physics of the radiative transfer

process, and a knowledge of the atmospheric transmissivities is not required.

However, since adequate sets of such data do not presently exist, we shall use

ensembles of radiosonde data along with the theoretical relation for the intensi-

ties (1) to investigate the potential usefulness of forthcoming satellite data for

estimating tropospheric temperatures and relative humidities.

In general, a measurement of 9 will consist of a "true" value 8 0 and a

noise component e, i.e.,

s = 9 0 + E .	 (8)

Under the assumptions that E is uncorralated with B o and has a zero mean value,

(6) becomes

(H = ^Ybeo Veoeo +fee) 1	 9)

(7)
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In previous work on the temperature inversion problem (Rodgers, 1966; Strand

and Westwater, 1968a; 1968b), the integral on the right hand side of a linearized

version of (1) was expressed in terms of numerical quadrature with the param-

eters to be estimated taken as the values of the indicial function at the quadra-

ture points. In this way, it is possible to express the covariance matricies

occurring in (9) directly in terms of the covariance matrix of the estimated

parameter. The resulting formulation is similar to one given by Foster (1961).

(See also Deutsch, 1965, p. 88.) In an earlier formulation of the statistical

estimation of relative humidity, a linearization was used to express H in terms

of the relative humidity covariance matrix (Conrath, 1969). However, in the

present work we shall estimate the covariance matricies occurring in (9) di-

rectly by calculating the intensities, using (1), for each member of the ensemble

of radiosonde data employed. Instead of estimating the unknown parameters at

the integration quadrature points, we shall use the following levels: 100 mb,

150 mb, 200 mb, 300 mb, 400 mb, 500 mb, 700 mb; 850 mb, and surface. 	 I /
Several authors have considered the problem of defining the information

content of measurements used in remote sensing problems. Twomey (1966) has

given a non-statistical formulation which considers the behavior of the kernel

of the integral equation, and Mateer (1965) and Rodgers (1966) have defined the

information content in terms of "number of independent pieces of information"

based on a factor analysis of the measurements using characteristic patterns.

Westwater and Strand (1968) have analyzed information content in terms of the

8
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new information provided by the measurements beyond that already known from

a priori statistics alone. They suggest the use of three possible parameters for

judging the information content: the reduction in total variance, the fractional

reduction in total variance, and the standard deviation of the estimate error per

atmospheric level. Similar concepts will be used here, only we shall be in-

terested in displaying the measures of information at each level explicitly rather

than using single parameter sums over all levels.

The covariance matrix of the estimate error V = E {(^ - b) (6 - b) T cor-

responding to the use of (9) for H can be written

V = Vbb — V (V BDB^ 
+V66)- 1 VT o	

(10)

The standard deviation of the estimate error at a given atmospheric level is

S i = Vii where Vi i is the ith diagonal element of V. In analogy with regres-

sion analysis we shall refer to this parameter as the standard error of estimate

(Ezekiel and Fox. 1959). The fraction of the variance of an atmospheric param-

eter at a given level which can be accounted for by the radiation measurements

can be written

c i = 1 — (Si/Orb )2
	

(11)

where v b is the standard deviation of the atmospheric parameter at the level

considered. Again in ana logy with regression analysis, we shall refer to this

9
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parameter as the coefficient of multiple correlation (Ezekiel and Fox, 1959).

It provides a convenient measure of the information at each level, being zero in

the case where no information is provided by the radiation measurements and

unity in the case of perfect information retrieval.

APPLICATIONS TO SELECTED ENSEMBLES

The techniques discussed in the preceding section will now be applied in

analyses of the information obtainable from radiation measurements from

selected ensembles of atmospheres. The study is not exhaustive, but is con-

fined to a few representative ensembles in an effort to obtain a rough idea of

the information derivable on tropospheric water vapor and temperatures from

forthcoming satellite-borne experiments.

The spectral intervals used in this study are listed in Table 1, and are all

within the 5-20 micron range of the first of the IRIS experiments to be flown in

the near future. The spectral intervals were chosen as representative and are

not necessarily optimum in the sense of maximizing any of the measures of

information content. The required spectral intensities were calculated from

model atmospheres using (1). In the 6.3 micron water vapor band, a random

band atmospheric transmissivity model was used (Goody, 1952), incorporating

the parameters given by Williamson and Houghton (1965). The water vapor

transndssivity for the "window" interval near 11 microns was taken from

Moller and Raschke (1964) as were the water vapor transmissivities for the

10
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region overlapping the 15 micron CO z absorption. The 15 micron carbon dioxide

trans miss ivities were based on r irect line-by-line integration technique and

were provided by V. Kunde (persona? communication) . In the overlapping region,

it was assumed that the total transmissivity is given by the product of the separate

water vapor and carbon dioxide trans missivities.

The model atmospheres incorporated in the various ensembles are based on

collections of radiosonde data. These do not contain usable data on the relative

humidity profiles in the uppermost tropospheric layers and stratosphere. Since

the radiation measurements, especially in the mo: c opaque parts of the 6.3

micron band, are sensitive to water vapor in the upper troposphere, the ex-

trapolation of the relative humidity soundings into this region is problematic.

We have elected to extrapolate the relative humidity up to 100 mb at a constant

value equal to the value at the highest level for which a measurement exists.

This should be borne in mind when considering the results presented below,

especially with regard to the parameters calculated for the relative humidity

in the upper troposphere.

The effects of instrumental errors enter into the calculations through the

error covariance matrix IF EE . It can be seen that the estimation is stable against

instrumental errors in the sense that S i approaches ab as an upper bound as

wee - co in which case C  - 0 indicating a complete lack of information recovery

from the radiation measurements. In the present study we assume no correla-

tion in the errors for the various spectral intervals so V., is diagonal. For the

11
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instrumentation being considered, the rms error a i in the spectral intensities

is very nearly the same in all the spectral intervals so the diagonal elements of

the brightness temperature noise covariance matrix can be approximated by

aB(vi, eil -2	
.

-	
aBi	

x.12	 (12)

where the factors aBl/a9 i in each case are evaluated at the ensemble mean values

of 9 i . Calculations have been made in each case for a range of instrumental

errors cy 0, 0.2, 0.5, 1.0, and 2.0 erg cm - 2 sec -1 ster 1 cm.	 The value

expected in the first of the IRIS satellite experiments is about 0.5 erg cm 2 sec-1

ster 1 cm.

The ensembles employed are based on radiosonde ascents and were con-

structed as follows:

Low Latitude Ensemble—based on 200 ascents at Ascension Island sampled

over the 1962-1966 interval with a distribution essentially uniform over all

seasons. The mean total wa' ar vapor content is 2.67 g cm-2.

Mid Latitude Summer Ensemble—based on 117 ascents at Wallops Island,

Virginia, sampled between April 15 and October 14 for the years 1962-1966.

The mean total water vapor content is 2.86 g cm-2.

Mid Latitude Winter Ensemble—based on 124 ascents at Wallops Island,

Virginia, between October 15 and April 14 for the years 1962-1967. The mean

total water vapor content is 1.26 g cm -2.

12
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High Latitude Summer Ensemble—based on 101 ascents at Fort Churchill,

Canada, between April 15 and October 14 for the years 1964-1967. The mean

total water vapor content is 1.22 g cm 2.

High Latitude Winter Ensemble—based on 104 ascents at Fort Churchill be-

tween October 15 and April 14 for the years 1964-1967. The mean tote water

vapor content is .30 g cm- 2.

Mean temperatures and humidities along with their standard deviations for

the various ensembles are listed in Tables 2-6.

As examples of the results obtained, coefficients of multiple correlation

and standard errors of estimate for each of the five ensembles are given In

Figures 1 and 2. Only the values calculated using an instrumental noise of

0.5 erg cm" Y sec 1 ster-1 cm are given. To illustrate the reaction of the

statistical parameters to instrumental noise, the coefficients of multiple cor-

relation and standard errors of estimate for the Mid Latitude Winter Ensemble

are shown in Figures 3 and 4 for the entire set of instrumental noise values

employed in the calculations. The results for the remaining ensembles are

qualitatively similar.

A statistical estimation method was formulated for total water vapor similar

to that employed for relative humidities and temperatures, using the same spec-

tral intervals. The resulting standard errors of estimate S„ and coefficients of

multiple correlation C„ are shown as functions of instrumental noise in Figure 5.

13
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Up to this point, a perfect knowledge of the covariance matricies has been

assumed in the analysis. However, in practical applications to satellite data it

will generally be necessary to estimate these quantities from samples of in situ

measurements from previous times and in many instances from different geo-

graphic locations. Thus, it is important to get some feeling for the effects of

applying an estimation relation derived for one ensemble to data from a different

ensemble. The H matrix of (9) along with the mean values (b) and (e) were de-

rived using an ensemble based on 77 ascents taken during the summer months of

1965 at Columbia, Missouri, and were applied to the Mid Latitude Summer en-

semble considered above. The resulting rms errors can be expressed in terms

of the statistical parameters of both ensembles. Using the relation derived in

the Appendix, the rms errors for temperatures, relative humidities, and total

water vapor content were calculated for the case of an instrumental noise of

0.5 erg cm" 2 sec 1 ster-1 cm. Results for the temperatures and relative

humidities are shown in Figure 6 along with the standard errors of estimate

incurred using the exact estimation relations for the ensemble (from Figure 2).

The rms error in the total water vapor content using the Columbia parameters

is 0.51 g cm - 2 or 18% of the ensemble mean while the standard error of esti-

mate using the exact estimation relations is .44 g em- 2 or 15% of the ensemble

mean.

Columbia and Wallops Island are at similar latitudes, but the two ensembles

are somewhat different with the Columbia ensemble having a mean total water

14
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vapor content of 3.15 g cm" 2 and a greater variance in both relative humidities

and temperatures at most levels. However, the rms errors are only slightly

larger than the standard errors of estimate for both relative humidities and

temperatures.

SUMMARY AND DISCUSSION

A linear statistical estimation formulation has been developed for obtaining

information on tropospheric temperatures, relative humidities, and total water

vapor content from remote radiometric measurements. The information de-

rivable from spectral measurements of the type obtainable from forthcoming

satellite experiments was analyzed within the framework of the formulation.

The construction of the ensembles was quite arbitrary and does not necessarily

represent in any sense an optimum sampling for the calculation of parameters

required in the statistical estimation relations. Rather, the ensembles were

chosen as representative in order to provide some idea of the results which

might be expected from the satellite measurements.

It has been found that the coefficients of multiple correlation vary con-

siderably among the ensembles, being largest for those ensembles possessing

the greatest variance. In the case of the Low Latitude Ensemble, the coefficients

of multiple correlation (Figure 1) are considerably lower than for the other

cases considered, but the temperature and humidity standard deviations reveal

the ensemble is quite homogeneous (Table 2). In all of the ensembles, the coef-

ficients of multiple correlation are strong functions of the instrumental noise

15
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variance. The resulting standard errors of estimate for temperature for the

typical instrumental noise standard deviation of 0.5 erg sec - ' cm 2 ster -1 em

are for the most part less than 2°K at the levels below 200 mb. The informa-

tion obtainable on the surface temperature is found to be higher in all cases

than that for any other single parameter. This reflects the fact that intensities

in spectral intervals both in the "window" region and the wings of the absorption

bands are strong functions of the surface temperature through the boundary term

in (1).

For all ensembles, with the exception of that for high latitude winter, the

coefficient of multiple correlation for relative humidity is greatest at the 400 mb

level. This reflects the fact that for all of the spectral intervals used in the 6AU

band the intensity of the upwelling radiation contains at least some contribution

from atmospheric layers near the 400 mb level; therefore, measurements in all

of these spectral intervals provide some information on the relative humidity

near 400 mb. The other levels considered tend to be weighted less heavily.

The high latitude winter ensemble shows low coefficients of multiple correla-

tion for relative humidity and strong sensitivity to instrumental noise, which

can be traced to the small temperature lapse rates for this ensemble. The

fraction of the variance in total water vapor content which can be accounted for

by the radiation measurements for the cases considered here varies from .65

to .83 for an instrumental noise of .5 erg cm 2 sec-1 ster -1 cm.
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Application of statistical estimation relations derived for one ensemble to

a second ensemble ( Figure 6) results in rms errors in temperature a maximum

of 0.8% greater than the standard errors of estimate obtained using the estima-

tion relations derived from the second ensemble itself. At several levels the rms

errors exceed the stwidard errors of estimate by only 0.3°K or less. Similarly,

the rms errors in fractional relative humidity are less than .03 larger than the

standard errors of estimate at 911 levels. While for similar latitudes and sea-

sons, the two ensembles differ somewhat in detailed behavior.

The analyses have assumed cloud-free conditions in all cases. unless one

is content to utilize only those data from cloud-free situations, it will be neces-

sary to cope with cases in which the instrumental field-of-view is partially

cloud filled. Suggestions have been made for treating the problem by using

additional information in the form of higher resolution spatial scans within the

principal field-of-view (Smith, 1967; 1968a) or by using part of the spectral in-

formation (Smith, 1968b). Information on the clouds could also be incorporated

directly into the statistical estimation formulation, at least in principle. In 	 /

most cases, the satellite experiments considered here will be accompanied by

otl 3r instrumentation such as television cameras and infrared radiometers

which will provide cloud data. Any complete estimation formulation should

utilize all of the available information.

The formulation considered provides one possible approach to the problem

of estimating tropospheric temperature and moisture and serves as a framework

17
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for analyzing the information on these parameters contained in remote infrared

measurements. Applications to representative ensembles, such as those given

here, should provide a basis for the planning of research projects and applica-

tions using the satellite data.

A'XNO%'LEDGMENTS

The author is indebted to Mr. W. R. Bandeen. Dr. R. A. Hanel, Dr. C.

Prabhakara, Dr. V. Salomonson, and Mr. W. Shenk for reading the manuscript

and providing valuable comments. Discussions of the subject matter with Dr.

E. J. Williamson were of great value. Much of the extensive computer program-

wing effort was carried out by Messers H. W. Powell and D. D. Tiusk.

18



REFERENCES

Alishouse, J. C., L. J. Crone, H. E. Fleming, F. L. Van Cleef, and D. Q. Wark,

A Discussion of Empirical Orthogonal Functions and Their Application to

Vertical Temperature Profiles, Tellus, 19 ; 477-481 (1967).

•	 Conrath, B. J., On the Estimation of Relative Humidity Profiles from Medium

Resolution Infrared Spectra Obtained from a Satellite, to be published in

J. Geophys. Res. (1969).

Deutsch, R., Estimation Theory, Prentice-hall, Inc., Englewood Cliffs, N. J.,

267 pp. (1965).

Ezekiel, M., and K. A. Fox, Methods of Correlation and Regression Analysis,

Third Edition, John Wiley & Sons, Inc., New York, 548 pp. (1959).

Foster, M., An Application of the Wiener-Kolmogorov Smoothing Theory to

Matrix Inversion, J;Soc. Indust. Appl. Math., 9, 387-392 (1961).

Goody, R. M., A Statistical Model for Water-vapour Absorption, Quart. J. R.

Met. Soc., 78, 165-169 (1952).

Hanel, R. A., and L. Chaney, The Merits and Shortcoming of a Michelson Type

Interferometer to Obtain the Vertical Temperature and Humidity Profile,

in Proceedings of the XVII International Astronautical Congress, Madrid,

9-15 October 1966, Vol. II (1966).

Holmstr6m, I., On a Method for Parametric Representation of the State of the

Atmosphere, Tellus, 15, 127-149 (1963).

21

19



22

Kaplan, L. D., Inference of Atmospheric Structure from Remote Radiation

Measurements, J. O. S. A., 49, 1004-1007 (1959).

King, J. I. F., The Radiative Heat Transfer of Planet Earth, Scientific Uses of

Earth Satellites, 2nd Edition, ed. by J. A. Var. Allen, University of Mich-

igan Press, Ann Arbor, 316 pp. (1958).

King, J. I. F., Meteorological Inferences from Satellite Radiometry. I, J. of

Atmos. Sci., 20, 245-250 (1963).

King, J. I. F., Inversion by Slabs of Varying Thickness, J. of Atmos. Sci., 21,

324-326 (1964).

Lorenz, E. N., Empirical Orthogonal Functions and Statistical Weather Pre-

diction, Scientific Report No. 1 Statistical Forecasting Project, Depart-

meat of Meteorology, Massachusetts Institute of Technology, Cambridge

(1956).

Mateer, C. L., On the Information Content of Umkehr Observations, J. of

Atmos. Sci., 22, 370-381 (1965).

M61ler, F., Atmospheric Water Vapor Measurements at 6-7 Microns from a

Satellite, Planet. Space Sci., 5, 202-206 (1961).

M61ler, F., Einige Vorlanfige Answertungen der Strahlungsmessungen von

Tiros H, Arch. Meteorol. Geophys. Bioklimatol. Ser. B., 12(1), 78-94 (1962).

M51ler, F., and E. Raschke, Evaluation of Tiros III Radiation Data, Contractor

Report CR-112, National Aeronautics and Space Administration, Washington

(1964).

20



23

Obukhov, A. M., The Statistically Orthogonal Expansion of Empirical Functions,

Izvestiya, Seriya Geofizicheskaya, Akademiya Nauk, SSSR, No. 3, 432-439

(1960). (English translation by the American Geophysical Union, 288-291,

Nov. 1960.)

Phillips, D. L., A Technique for the Numerical Solution of Certain Integral

Equations of the First Kind, J. Association for Computing Machinery, 9,

84-97 (1962).

Prabhakara, C., Feasibility of Determining Atmospheric Ozone from Outgoing

Infrared Energy, to be published in Monthly Weather Review (1969).

Raschke, E., and W. R. Bandeen, A Quasi-Global Analysis of Tropospheric

Water Vapor Content from Tiros IV Radiation Data, J. of Appl. Meteor., 6,

468-481 (1967) .

Rodgers, C. D., Satellite Infrared Radiometer; A Discussion of Inversion

Methods, University of Oxford Clarendon Laboratory Memorandum No.

66.13, 25 pp. (1966).

Smith, William L., An Iterative Method for Deducing Tropospheric Tempera-

ture and Moisture Profiles from Satellite Radiation Measurements, Monthly

Weather Review, 95, 363-369 (1967).

Smith, William L., An Improved Method for Calculating Tropospheric Tempera-

ture and Moisture from Satellite Radiometer Measurements, Monthly

Weather Review, 96, 387-396 (1968a).

21



24

Smith, William L., Statistical Estimation of the Atmosphere's Pressure-Height

Distribution from Satellite Radiation Measurements, paper presented at the

IUGG/WMO Symposium on Radiation, Including Satellite Techniques, Bergen,

Norway, 22-28 August (1968b).

Strand, O. N., and E. R. Westwater, Statistical Estimation of the Numerical

Solution of a Fredholm Integral Equation of the First Kind, Journal of the

Association for Computing Machinery, 15, 100-114 (1968a).

Strand, O. N., and E. R. Westwater, Minimum-rms Estimation of the Numerical

Solution of a Fredholm Integral Equation of the First Kind, SIAM Journal

of Numerical Analysis, 5, 287-295 (1968b).

Twomey, S., On the Numerical Solution of Fredholm Integral Equations of the

First Kind by Inversion of the Linear System Produced by Quadrature,

Journal of the Association for Computing Machinery, 10, 97-101 (1963).

Twomey, S., The Application of Numerical Filtering to the Solution of Integral

Equations Encountered in Indirect Sensing Measurements, Journal of the

Franklin Institute, 279, 95-109 (1965).

Twomey, S., Indirect Measurements of Atmospheric Temperature Profiles from

Satellites: II. Mathematical Aspects A the Inversion Problem, Monthly

Weather Review, 94, 363-366 (1966).

Wark, D. Q., On Indirect Temperature Soundings of the Stratosphere from

Satellites, J. Geophys. Res., 66, 77 -82 (1961).

22



25

Wark, D. Q., and H. E. Fleming, Indirect Measurements of Atmospheric Tem-

perature Profiles from Satellites: I. Introduction, Monthly Weather Review,

94, 351-362 (1966).

West%ater, E. R., and O. N. Strand, Statistical Information Content of Radiation

Measurements Used in Indirect Sensing, J. Atmos. Sci., 25, 750-758 (1968).

Williamson, E. J., and J. T. Houghton, Radiometric Measurements of Emission

from Stratospheric Water Vapor, Quart. J. R. Met. Soc., 91, 330-338 (1965).

Yamamoto, G., Numerical Method for Estimating the Stratospheric Tempera-

ture Distribution from Satellite Measurements in the CO 2 Band, J. of

Meteorology, 18, 581-588 (1961).

23



26

APPENDIX

Let us consider the application of a linear estimation relation to radiation

data for a given ensemble. Instead of the statistical parameters H, (h), and

(B) of the ensemble, assume we employ another set of parameters K, c and %6

in our estimation formula which have been derived for a different enaemble.

The estimation relation is then given by

6 = C + K.(9 -j6)	 (Al)

We would like to express the resulting rms error in terms of mean values and

covariance matricies for the enaemble.

The rms error for each atmospheric parameter resulting from the estima-

tion is given by the square root of the diagonal elements of the matrix

U = E{(L -b) (6- b) T}	 (A2)

Substitution of (Al) into (A2) gives

U = E{bb T) + E j lc + K(9 - 0)] Ic + K(9 - q6) I Tj
ttt

- E{bC T + b(B -0) T KT } - E {cbT +K(9 -¢) b T }	 (A3)
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Rearranging and introducing the covariance matricies for the ensemble, we

obtain

U	 Vbb + ((b) - C) 
( `b) - c )T + K [IF 8 + e^ -^/

 ((19) 	 )T] KT

- K lip 
T + B^ - ^/ b> - e) T]	 [Vb,9 + ((b^ - c) ((0) - 46) T] KT . (A4)

Defining the matricies I' _ ((b> - c, ((b> - c) T , A ((e) - 	 ((0) - ^)T , and

c) ((e) - qb) T , (A4) becomes

U	 Vbb + F + K (1PBB + A) - K (VbO + '^S )	 ('Fb9 + 
A)T 

KT .	 (A5)

The required rms errors are given by rU;; . The matricies r, A, and n^ appear

because the estimate will not in general be unbiased 
(
Le.,(fi)^(h >) . Note that

In the special case when K = H, c = (b), and 0 = (B), U reduces to V (Equation

(10), but in all other cases U i i will be larger than the standard error of

estimate V i i .
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T able 1

Spectral Intervals Employed in the Analysis

28

Absorption Bands

154 CO2

and

Rotational H20

"Window," H2O

6.34 H2O

Central Frequency

(cm-1 )

Bandwidth

(cm 1)

690 5

700 5

723 5

747 5

920 40

1225 50

1275 50

1325 50

1375 50

1425 50

1475 50
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Table 2

Mean Temperatures (T), Mean Relative Humidities (r), Tempirature

Standard Deviations or and Relative Humidity Standard

Deviations o t for Low Latitude Ensemble

Pressure

(mb)
(T) (OF.)

aT M ^_)
Or

100 196.0 2.42 .22 .06

150 205.8 1.36 .22 .06

200 218.1 1.09 .22 .06

300 238.7 1.90 .19 .OE;

400 253.6 1.75 .18 .06

500 266.4 2.02 .17 .09

700 281.6 1.50 .30 .13

850 289.9 1.33 .47 .08

Surface 298.5 1.54 .67 .06
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Table 3

Mean Temperatures (T), Mean Relative Humidities (r), Temperature

Standard Deviations Q T, and Relative Humidity Standard

Deviations Q r for Mid Latitude Summer Ensemble

30

Pressure

(mb)

100

150

200

300

400

500

700

850

Surface

(T) ( *K)	 7T (°lid	 (r)	 01 r

210.1 3.58 .30 .13

212.0 3.60 .30 .13

218.0 3.21 .30 .13

237.3 2.60 .30 .13

251.7 2.89 .31 J

263.7 2.59 .32 .1,i

278.6 3.10 .45 .25

286.6 3.22 .60 .16

294.2 3.93 .81 .15
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Table 4

Mean Temperatures (T), Mean Relattve Humidities (r), Temperature

Standard Deviations crr , and Relative Humidity Standard

Deviations o f for Mid Latitude Winter Ensemble

Pressure '/ \

\T/ Cam)
QT (^ \

^r/
or

(^)

100 211.6 6.18 .32 .13

150 214.8 6.55 .32 .13

200 217.2 7.14 .32 .13

300 228.9 5.63 .32 .13

400 242.8 5.68 .34 .15

500 254.3 5.64 .34 .20

700 269.2 5.80 .38 .22

850 275.4 6.64 .50 .22

Surface 281.2 7.03 .70 .19
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Table 5

Mean Temperatures (T), Mean Relative Humid:Itics (r), Temperature

Standard Deviations Q T, and Relative Humidity Standard

Deviations 0 r for High Latitude Summer Ensemble

Pressure

(T) (°K) orT (°^  a r

100 223.8 4.86 .28 .12

150 223.9 4.47 .28 .12

200 223.7 4.75 .28 .11

300 226.2 3.87 .33 .12

400 238.4 5.19 .38 .14

500 250.0 6.69 .40 .19

700 265.2 7.10 .52 .24

850 271.4 7.80 .63 .15

Surface 278.0 9.14 .75 .13
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Table 6

Mean Temperatures (T>, Mean Relative Humidities (r), Temperature

Standard Deviations aT , and Relative Humidity Standard

Deviations o f for High Latitude Winter Ensemble

Pressure ^
\T { ( *K)	 aT( eK)(mb)

100 218.6	 5.11 .28 .12

150 219.3	 4.35 .28 .12

200 219.2	 4.12 .30 .12

300 219.8	 3.54 .37 .12

400 228.6	 5.04 .41 .14

500 237.6	 6.01 .45 .19

700 250.6	 6.88 .52 .25

850 251.0	 7.83 .59 .15

Surface 251 .3	 9.87 .67 .12
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LIST OF FIGURES

Figure 1. Coefficients of multiple correlation as functions of atmospheric pres-

sure level for (a) temperature -and (b) relative humidity. The results

were obtained from an application of the statistical estimation formula-

tion to selected ensembles of atmospheric soundings, assuming an

instrumental noise level of 0.5 erg cm -2 sec- 1 stet 1 cm.

Figure 2. Standard errors of estimate as functions of atmospheric pressure

level for (a) temperature and (b) relative humidity. The results per-

tain to the same conditions as those of Figure 1.

Figure 3. Effects of instrumental noise on the coefficients of multiple correla-

tion for (a) temperature and (b) relative humidity. A mid latitude

winter ensemble of atmospheric soundings was employed. The values

of instrumental noise al are expressed in erg cm 2 sec' stet 1 cm,

and the curves labeled a l = oo are the ensemble standard deviations.

Figure 4. Effects of the instrumental noise on the standard errors of estimate

for (a) temperature and (b) relative humidity. The results pertain

to the same conditions as those of Figure 3.

Figure 5. Statistical parameters as functions of instrumental noise a l obtained

using the estimation formulation for total atmospheric water vapor

content. The upper set of curves represents coefficients of multiple

correlati.•-	 and the lower set represents standard errors of esti-

mate S'.
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Figure 6. Standard errors of estimate S T and S r resulting from an application

of self-consistant estimation relations to the Mid Latitude Summer

Ensemble (Wallops Island) compared with rms errors IT and 2,

resulting from an application of estimation, relations derived from a

Columbia, Mo. ensemble. The results for both (a) temperature and

(b) relative humidity are shown along with the a priori standard devia-

tions aT and o,,. An instrumental error of 0.5 erg cm 2 sec-1 ster-1

cm was employed.
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