View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by NASA Technical Reports Server

General Disclaimer

One or more of the Following Statements may affect this Document

e This document has been reproduced from the best copy furnished by the
organizational source. It is being released in the interest of making available as
much information as possible.

e This document may contain data, which exceeds the sheet parameters. It was
furnished in this condition by the organizational source and is the best copy
available.

e This document may contain tone-on-tone or color graphs, charts and/or pictures,
which have been reproduced in black and white.

e This document is paginated as submitted by the original source.

e Portions of this document are not fully legible due to the historical nature of some
of the material. However, it is the best reproduction available from the original
submission.

Produced by the NASA Center for Aerospace Information (CASI)


https://core.ac.uk/display/80656771?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

X-641-70-206
FREPRINT

NASATM X- 6393/

VIBRO-ROTATIONAL EXCITATIONS
OF H," BY e* IMPACT

A SEMI-CLASSICAL APPROACH

F. H. M. FAISAL

JUNE 1970

GODDARD SPACE FLIGHT cz\mgn &L
o GREENBELT MARYLAND =~ ™ 573 V ,

m_zu

N (U——'a 30388

§ (ACCESSION NUMBER) (THRU)

s

0 (PAGES) (cﬁ)

: ooy - L3431 2

2 {NASA CROR TMX OR AD NUMBER) (CATEGORY)




Vibro-Rotational Excitations of Ho' by e’ Impact

A Semi-Classical Approach

F. H. M. Paisal*
Laboratory for Space Physics
Goddard Space Flight Center

Greenbelt, Maryland

*Presently a National Academy of Science-National Research Council
Research Associate.

T TP




Vibro-Rotational Excitations of Ho' by e’ Impact

A Semi-Classical Approach
F. H. M. Faisal

Abstract
Analogies between Coulomb excitations of nuclei and ionic molecules
by charged projectiles is utilized to calculate vibro-rotational

excitations of H2+ molecular ions by e+ impact by a semi-classical method

developed in the nuclear case.




1. Introduction

Recently there has been a considerable upsurge of interest in the study .
of rotational and vibrational energy loss processes in diatomic molecules
by electron impact. They are of much importance not only for understanding :
the fundamental energy exchange processes involved, but also for their
applications in such allied fields as Astrophysics and Atmospheric Physics.

In the present work we shall investigate the coupled excitation of
vibro-rotational states of hydrogen molecular ions, Hé+, by collieion with
positrons, e+. The study of such excitations with e+ is not only important
for its intrinsic significance but also for the mathematical simplicity
it introduces in the formulation of the complex excitation process itself.
This 1s due to the fact that the Paull exchange does not enter directly
into the problen.

In this work we shall adopt a semi~-classical view and make use of the
analogy of Coulomb excitations of nuclei, which has been studied extensively
in the past (Alder et al., 1965). The present method is semi-classical
in that we shall treat the target system quantum mechanically while the motiom
of the projectile would be assumed to be along a classical Coulomb trajectory.
In the end, however, we shall attempt to modify the classical nature of the
projJectile motion, which does not distinguish between the initial and final
states, by demanding that the principle of nedipnoitbybe satisfied by the

cross-sectional expressions and invoking the Correspondence Principle to be

applied to such cuantities as the classical velocity of the projectile.




2. Theory
Let N, n and J denote, respectively, the electric, the vibrational and

the rotational quantum numbers of the target molecule. In this paper we
shall confine ourselves to the ground electvronic state of the target and
mostly disregard the quantum number N. One of the basic assumptions of

our semiclassical approximation 1s that in the first approximation the
incident positron moves essentially along a Rutherford traJjectory around

the effective positive charge of H2+, situated at the gm. of the molecule.
Thus, while the positron moves along its trajectory it 1s allowed to induce
transitions in the molecular motion through the electric coupling with the
various molecular charges. The transition probability, bif’ for the initial
state 1 going to the final state f mey then be given by the first order

time dependent scattering theory of Dirac (1926). Thus we write
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where w = E; - Ep 1s the energy difference between the states 1 and f and
Vint (t) is the interaction potential between the incident.positron and the

H2+ target. It can eacily be seen (Fig. 1) that
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where T = §(t) is thg trajectory of the positron and 51 is the position
vector of the target electron, measured from the c.m. of the molecule. The
vector R stands for the separation between the two nuclei of the target.

We shall describe the target molecule in terms of simple product of

normalized wave-functions & (ry), Xn(R) and Y,™J (R) corresponding to the

J
electronic, the vibrational and the rotational motions. Thus the total

target wave function becomes

INni> = ¢ (R X, (®) Y (R) (3)

In view of the fact that the incident positron repels itself from the
positvely charged target, we may for sufficiently low energies, simplify
the potential interaction (2) by expanding it for essentially non-penetrating

projectile orbits. Thus we find
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Taking the matrix elements between the initial state |Nj ny J; > and

the final state lN ne Jp > we find from (3) and (4),
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We find that in the present approximation, the above equation(5) controlls -
the entire process of transitions among the various states and the various
modes of motion of the target molecule. It can easily be seen that the
perturbaticn of the electronic motion, represented by the first sum in (5)

is independent of the nuclear perturbation, represented by the second sum

in (5). This is, of course, a consequence of the BorneOppenheimer separation
already assumed 1n the product wave function (3). We note however that the
transitions among any two vibrationsl states |n, > and ng> (n, # 'nf) or

any two rotational states l,ji> and IJf> (Ji # Jf) or both lead to a vanishing

of the first sum in (5). Thus the vibrational-rotational trensition probab-

1lities in the ground electronic state is found to be given by
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We note that all informations regarding the trajectory of the incident

positron is contained in the orbit integrals JMI-' Evaluation of these
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integrals is extensively discussed in the literature (e.g. Alder et al., 1965)
and we shall note here that the Coulomb trajectory of e+ can most conveniently

be given by the parametric equations

r(t) = r, (Z cosh T + 1)
x(t) = r_ (cosh T +E)
y(t) = r (2% - 1% sinh v
z2(t) = 0

t = 50 (Z sinh T + 7)

o

where £ 1s the eccentricity, T is the eccentric anomaly, T, is half the
distance of closest approach, v, is the projectile velocity and t is the
time parameter. Substituting (7) in (6) and choosing the quantization
axis along the angular momentum of the molecular rotation, it can be

shown (Alder et al., 1965)
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We have defined E_ to be the incident energy in a.u. and © as the
scattering angle. To calculate the cross-sections we need the number of incident
particles in a plane wave of unit flux with impact parameters between b

and b + db. This is given by

_ ke
'ancn’ T e b 4)( dn , where dQ is an elementary
4(5"" /*) solid angle ;
b = R. Gt 6a

The differentlal cross-section for the Xth multipole transition averaged

over the initial subtstates m, and summed over the final substates my, may

therefore be written as
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The total cross-section is obtained by integrating (11) over all scattering

o angles. Thus
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In (11) and (13) the quantity B, 1s the reduced transition probebility which

we have defined to be
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with the vibrational matrix elements

Py
Rolne2ng)= S Mn+(") R% X, (R) JK (17)

and the reduced matrix element

Sl = (- “"{ I Lo ) eigan( e “4)} 18)

(de-Shalit and Talmi, 1963) .




3. The Symmetrization of Classical Cross-Sections

In the present approach, the projJectile orbit has been described
classically and consequently the cross-sectional expressions (11) and (13)
do not distinguish between the initial and final states of the trajectories.
One of the most successful ways of latroducing the initial and final parameters
for the orbits is to impose the principle of reciprocity on the cross-
sectional expressions and replace various classical parameterc by their
corresponding quantal analogues via the correspcndence principle. To satisfy

the reciprocity relation between the cross-section ¢, _, for the direct process

if

and Oey for its inverse, we must have

where w,, v, and wf and uf are respectively the statistical weights and

i
velocities {in a.u.) for the initial and final states of the system. For the

present problem we have

W =@-\5L*|) and W = (24, 1)

From (19) and (20) we conclude that 0, must have the form

o =
‘§ X X (C:uss=sectional expression
symmetric in i and £) (21)
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Extending Kramers type prescriptions for the principal quantum number
n—n+ 1 to the positive energy continuum where n is replaced by ifl, '

Pisdenharn and Brussard (1965) obtain the correspondence

V\ - U‘lﬂ)z (22)

#or the so-called Sommerfeld number N where

Te s et @)
= (2,%;é‘)L
Hr o)
is given in terms of half the distance of closest approach T,y Or the
incident velocity vo. In (23) M and z; are the mass and charge of the projectile
and zp stands for the effective charge of the target. From the fundamental
correspondence between the quantum mechanical matrix elements and the classical
Fourier components.and from the relation (22), it can be shown (for a concise
derivation and an elegent discussion see, Biedenharn and Brussard, 1965) -

that the classical T yields the final correspondence

Y\ — ll(q::')(ﬂ;“z 3 (2h)
(et +(nrn)* '

We note that in terms of the initial and final parameter ﬂi and ﬂf the quantity

§ defined in (10) reduces to
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For the cross-sectional expression to be inserted in equation (21) we shall
adopt the classical expression (13) and symmetrise it through the use of

equations (22), (23) and (24) as follows:

pi-
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Finally, substituting (26) and (27) in (13) and combining the result with
(21) we obtain ; L @ " 4 -42
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Ln expression similar to (28) is obtained for the differential cross-section
NI N

Lo
We shall emphasize the fact that the symmetrization procedure adopted here

with fk(g) replaced by

for the classical cross-sections is by no means unique in character.
Nevertheless it has been found that an essentislly similar procedure adopted
by Biedenharn and Brusseard (1965) in nuclear excitation problems, produced
excellent agreement with the corresponding quantal calculations. We note,
however, that our symmetrizatlon procedure has the advantage over that of the

-2
previous authors in that it ylelds the correct threshold law: OF Q M}"

oy = i
(Wigner, 1968) for the repulsive Coulomb scattering while the other expression yields
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-
9. 4= _'_—.’ r]* near the threshold. The two procedures, however, differ

&
little numerically somewhat away from the threshold. : ~

4. Numerical Calculations
The vibrational matrix elements are calculated by using Morse functions

{Morse, 1929) for the target H2+ molecular ions:

Y ® = N, itk g
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where Xq = 1s the spectroscopic parameter, M, is the r€duced mass,

—
. 8MD,
Do is the dissociation energy and Eol is the energy difference of the first-
excited state from the ground state.
For Ho" molecular ions we choose
D, = 0.2053 RyA.
Ve = 0.02%2 Ryd. ~
M, = 918.334 a.u.
The energy difference Eol is calculated by Cohen et al. (1960) and is very

nearly equal to 0.02 Ryd.
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Following Heaps and Herzberg (1952) the vibrational matrix elements are

found to be

| . g Yy, W0 R* Y, (R dR
= OB 2 Cpn Hinw
CRLY 11— (n_;-n)Xe._S

where
‘ : ng-ng L
. 11— G_.V\‘-t\)XQ-gi\- Euney Xe  wn ! \?*
C n+“\'_ = e

f1 = e+ 1= (n +2)%e3 S g 1-ngxed !

and H is the polynomial the first few of which are

nely

Moo = (=)l An (1= @y 2)%) + oo,
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5. Results and Discussions

We present here both the differential as well as the total cross-sections
for vibro-rotational transitions between the ground state and the first few
excited vibrational-rotational states. In figures 2 and 3 we compare the
difference between different rotational excitations and a fixed vibrational
transition n,= 0o- ng = l. We find that the cross-sections for
Ji =0 Jf = 2 is by far the lairgest compared to the rest and those between
g =2, 4, 6~ 3¢ = 4, 6, 8 respectively are comparable with each other.
In figures 4 and 5 we have similar results between the same set of rotational
states but with a different vibrational transition: ny = 0= ny = 2.
Comparing Fig. 4 and 5 with Fig, 2 and 3 we find that the magnitude of all

the O # 2 cross scctions are an order of magnitude or more larger than those

for the O = 1 transitions. Finally in Fig. 6 we compare the total cross-

sections for a fixed rotational excitation J; = 0 = Jp = 2, with various

vibrational excitations: n, = O-ng=1,n =0~-n,=2, and
0y =0~ ne = 3.

This result again shows that the ny = 0 = ngy = 2 vibrational transition
is much larger than those for ng =0~ np =1and ny =0~ np =3; while

the last two cross-sections are comparsble in magnitude. Although we have not

plotted the cross sections for ny = 0 = np = L, we noted that it was somevhat

smaller than that for ny = 0 = ne = 3 in the energy range under comsideration.
We believe that the present method is particularly suitable for the

energy range Ey = 0.0 to Ey s 0.5 Ryd. for the following reasons.

(1) In this energy range the distance of closest approach is 2 2 a, end 1is

expected to be large enough to allow essentially non-penetrating orbits

for the projectiles.




41 -

(11) The threshold for positronium formation being at 0.5 Ryd., we may neglect
such channels for positron energies below 0.5 Ryd.
We conclude by noting that the calculated absolute transition probabilities
are all very small so that the application of a first order theory is generally

satisfactory.
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