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Abstract

In a perturbed periodic classical motion the angle variable may
be eliminated either by Kruskal's transformation to "nice variables"
or — if the system is canonical = by the Poincare-Von Zeipel
method. For systems that possess a Hamiltonian, the present work
(1) shows that Kruskel's transformation may be made canonical order
by order, (2) derives a practical formula for achieving this result
and (3) shows that the two methods are equivaleat and may be matched

order by order,



INTRODUCTION

A basic perturbation problem in celestial mechanice and in guiding center
motion involves a set of n first-order differential equations which can be

represented vectorially as

dg/at = Kz (1)
and which has the follcwing properties:

(1) F(z) depends on a small parameter (<< 1 and may be expanded

in it:
o = £ + ey ... (2)

(2) 1In the limit £ — O ("unperturbed case") the system may be

solved and its solution is then periodic in time,

The problem is then to find ar approximate solution valid for small but finite €

and useful for time intervals of the order of ¢ -1 periods,

Kruskal(l) devised a method for achieving thias, which in many ways resembles
the method of Bogoliubov and Zubarev and of Krylov and Bogoliu-
bov(z) « The calculation in this case proceeds in two steps. First, a transformation
to "intermediate variables” y(xz) is performed, such that in the limit £ —» O,
Yo is an angle variable linear in time, while the remaining (n-1) ocomponents
of y (which we shall collectively denote by 'ZV ) are constant. The equations

according to which y evolves, derived from eq. (1), then have the form

afar = 2 €k )y (3)
2 €5 g



(k)

In these equations, Y, appears in the [ 1 only as the angle argument of

periodical functions and _q(o) has only one non~zero components, the last ono“)

8(0) = (oo Oy v O 1) (4)

—

The second step involves a near-identity transformation to "nice variables" gz

P f e* s (5)

such that in the new equations of evolution the transformed angle variable sz,

no longer appears on the right-hand side

dg/dt = Z_, eX @ (6)
k=0
where as before
g = Z ’ By )
and
2. ¢ (1)

A general recursion scheme for deriving g order by oxder haa been described
in an artic.s by Stam“) (henceforth referred to a8 I ) and we shall follow
the notation introduced there, which differs slightly from Kruskal's (a similar
ocheme for the related Krylov-Bogoliubov expansion has been given by Musen'>)).
After equations (6) have been derived in this fashion,their first (n-1) components
constitute an autonomous system for deriving the components of Z , which can then

be independently solved. The problem is thus reduced to one with (n-1) variables.



If the system furthermore possesses a Hamiltinian, an additional variable
may be eliminated by deriving a constant J of the motion which Kruskal terms
the adiabatic invarient. It is defined as

1
;o §P.dg - [ rodon) g (®)
‘ 0
with the integration performed using an arbitrary canonical set | P g) ,
over a group of points ("ring") all of which evolve according to (6) and
possess the same 2z but with values of 2z, that cover the full range for
that variable (this property, if once established, is maintained throughout
the ring's evolution in time).
If z itself forms a canonical set, with 2; the momentum conjugate to

2, » then one may use this set in (&), leading to
1
J = S‘ zl dzn = Zl (9)
0

which is a great siaplification (if this is not the case, one is forced to
retrace the transformations x -»y-»z until some canonical set, with which
(8) can be evaluated, is reached). Kruskal did not derive nice canonical
variables, but he showed them to be possible. Specifically, he proved that irn

any "nice" set, the following Poisson bracket relations are always satisfied
(o/?zp) [z, 85] = o (10)

o] = 5, ()

Following Nordheim and Puos(G), Kruskal then shows that J and 2z; may be

augnented by (n-2) functions of the 2j to form a complete canonical set.



In vhat follows we shall assume that the intermediate variables vy form
a canonical set, in which case a near-identity transformation like (5) can,
in principle, lead to nice canonical variables. This assunﬁtion is not unreason-
able since, if a Hamiltonian for the system is known, such y; can in general be

derived by solving the unperturbed motion via the Hamilton-Jacobi method.

Weo then

(1) Show that the freedom allowed by Kruskal's method in the derivation
of each order of eq. (5) 1is sufficient to assure the canonical

character of the "nice variables" 2y
(2) Derive a method for obtaining such =; .

(3) Show that the result is equivalent to what is obtained by conventional

perturbation methods based on the Hamilton-Jacobi equation.

THE POSSIBILITY OF STEP-BY-STEP DERIVATION

If y is canonical

then from (10)

(0/28y) {[zi, 5] - [yi, yd]} - 0 (12)

If (5) 4is substituted here, the zero-order part cancels identically and the

expression remaining inside the curly brackets separates into orders of & and



glves

1 )
(?/22,) Z ﬁm{[§§m)' AR [5‘3“‘" AR ZR:ES)’ ggm)‘-‘} " °
s=1

m=1 (13)

This condition is satisfied for any "nice" set 2z . If 2z is not merely nice
but also canonical, then the expressions in the curly brackets of both (12) and
(13) are not only independent of 2z but actually vanish.

Let us now assume that the expansion (5) has already been derived and brought
to canonical form, up to and. including order (k-1). Then the first (k-1) orders

of (13) do, in fact, vanish, leaving (after division by &k )

k-1

n/mg{[_s?‘). v] - [3% ) Z_‘i[éi”.ggk'“’]} £ OoE) = o
(14)

As the next step, one may derive S(k) and thus extend the calculation of 2z

one more order. The equation satisfied hy S(k) is (1, eq. 15 )
QS(R)/'E Y, _ n(k)(?) - é(k) (15)

where A(k) depends only on lower orders of s(m) and Lx_(m) , assumed to
be known at this stage. If < A(k) > denotes the result of averaging over the

angle variable Yy

l
<> - gg“‘)(g) ay, (26)
0]

one gets (see I, eq. 19)



n
E(k) - S ( a(k) - <a(k)> )dy!'l + /.ﬁ‘.(k)(i)
0
- g(k) * /g(k)(gr) (7)

Here /g(k) is an arbitrary additive vector independent of Yn o allowed

by the fact that the derivative of 'g(k) which enters (15) is unaffected by
such an addition. The question now arises whether /g(k) may be selected so
as to make the expansion (5) canonical to order k .

If this occurs, then the 0(1) part of (14) must vanish. It helps here

to introduce the concept of the conjugate vectors § (I, eq. 4)

i = (a,-p) (18)

Then
k& 5 - Bl - 2PRy, -l

(19)
This has the form of a component ¢f a curl dyadic in z space, which one

may call the conjugate curl, with component- l~noted by

(7 x g%, (20)

An an article, ()
Now it has been shown'by Stern ) (nenceforth referred to as II ) that the

general condition for an expansion (5) to be canonical is

g(m) = £(m)(§ ) + 'ﬁx(m) (21)

(m=1, 2, ... )
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where V is a gradient operator in i apace, 7(_(m) is an arbitrary scalar

and _f_(m)(g) are vectors of a certain form, depending on orders of E lower
than the m-th and on their derivatives. Various choices of g(m) are derived

in II , all of which satisfy the identity (for canonical g(") )

n-1
S (m) _ s (8) >(m-s)
(Vox g% = - 218808 (22)
8=]
Because the S(s) in this case are known to be canonical up to and including
order (k-1), eq. (22) will hold for the lowest (k-1) values of m ; however,
it will also hold for m =k , for even then the orders of g appearing in

the equation are all lower than the k~th. Substitution in (14) then yields
/> zn){ﬁx[g(k) - _t:(k)(z_)]} + 0o&) = o0 (23)

Now let the transformatinn inverse to (5) be

y = z + Z e’ "[(s)(g) (24)
s=1 -

Given the expansion (5), the vl(k) may easily be derived (see appendix).

Alternatively, they may be directly obtained from expanding the relation
between (3) and (6), in a manner similar to what has been done for the
expansion (5) in I . This is essentially the method of Krylov and Bogoliubov(2),

as expanded by Musen(S)

. Indeed, the elimination of the angle variable by
Kruskal's method so resembles the Krylov-Bogoliubov approach that the two

ought perhaps to be regarded as one method (which could be called the Krylov-
Bogoliubov-Kruskel method; however, Kruskal's work proceeds past the elimination

to the derivation of adiabatic invariants).



Since the inner part of (23) is a function of y , one must transform

Nz = Z: (Vy/0z) 0oy
= Z'{Sm + Ze“(’bﬁ”)/a zn)} 2y (25)
or
Ve = /Dy, + 0of€) (26)

Eqation (23) thus becomes

n{e 3 - M) . oo - 0

One may now assume that all variables in (27) are expressed in terms of y ;

=

in that case, each ourder in £ vanishes separately, including the zeroth.

Because differential operators commute, this means

v x{( 2/35,) [§- ;“‘)(55]} - o (28)
This integrates to

3w [3%- M) - vy (29)

W M) - T s w® 0

where T is the indefinite integral of Y and u 4s an additive function
independent of 1z, , allowed by the integration.

The above condition is satisfied by any S(k) belonging to a nice set
of variables which is canonical to order (k-1). For instance, g(k) defined
in (17) will correspond to a certain T and to a certain additive function,

which may be denoted by ﬁ :

(S S R A R ¢ (31)
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If one now chooses in {17)

then

= ) . T (32)

and by (21), g(k) satisfies the condition for canonical variables, making 2z

canonical to order k , Thus the requirement can be met.

PRACTICAL CANONIZATION

In order to actually derive the "canonizing" /: (k) , one must first

investigate the amount of arbitrariness inherent in that vector. lLet

I L (33)

——

-— —~ -

extend the canonical properties to O(E,k). i.e. let it satisfy
2™ . ¥ . S . ™ e

Then if one replaces ,kj(k) with
/

/_A'(“’ - /5‘%) + 9@ (35)

vith ¢ an arbitrary function independent of y, » One finds
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§9 . @ - ) . FxX® ) e

which still has the required form (21). The canonizing choice of M (k) is
thus arbitrary within the addition of a conjugate gradient of some scalar i

which does not contain y, o

In order to isolate /;4(1‘) one operates on (34) with the averaging
(k)

operator of {16); since M is independent of the angle variable, it

equals its own average, giving

The last term on the right is a conjugate gradient of sowe function of 'i R

and it has already been established that such vaectors, when added to /«i(k),

do not affect canonization. One may thus drop this part end obtain

To evaluate this, ’g(k) must be derived from (17) vhile £iE) nay be

obtained by methods given in II . The most general canonizing additive function

is then

/:‘(k) = <£(k)(§) _ g(k)> + v%(’i) 7 (39)

with @ arbitrary.
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BQUIVALENCE TO CANONICAL PERTURBATION THEORY

A videly used method for solving perturbed periodic canonical systems is
due to Poincare and Von zgipel(S) ,(8)-(11) and operates in the following

manner, First, one expresses the Hamiltonian in terms of the solution

y = (pa)

of the unperturbed Hamilton-Jacobi equation, with ¥y, an angle variable and
Y the conjugate action variable. In the absence of "slowly varying" quantities

the Hamiltonian then assumes the form
B o= oy o+ > e5a¥y) (40)
k=1
Next a near-identity transformation to new variables

z = (24)

is sought, produced by the generating function
a (g, ‘_1) = Z; Pi y o+ Z gk cr(k)(g. g) (41)
k=1

and having the property that the nev Hamiltonian H'(z) is independent of the
transformed angle variable 1z, , making its conjugate 5 @ constant of the
motion. Since the transformation is a near-identity one, the lowest order of

H* has the same form as that of H , giving

@ = 2 o+ Z X g") g (42)
k=l



13

*
Methods then exist for deriving { (k) and H (k) order by order

Suppose now that two near-identity canonical transformations are given

(43)

1=
[}
~«
+
™
®
e
@
S
Pt
o«
A
C

either of which eliminates the angle variable from the Hamiltonian. Let

furthermore

By - @) (44)

for

S = 1, 2, s (k"l)

Then it will be showv\that g(k) differs from \f’(k) at most by a conjugate

gradient of a function & (3) independent of y, .
Clearly such a property would allow the two methods discussed in this

work to be matched order by order. If w , for instance, represents a solution

of a given problem by the Poincaré-Von Zeipel method and 2z represents a solution
by the Kruskal method, then 2z can be made equal to w to any desired order.
To achieve this one must first choose (k) s0 as to make 2z canonical and

then add to each order the appropriate ¢ (S_'r) which makes the
corresponding ‘S(k) and \‘f‘(k) equal to each other, Actually, one could
also work in the opposite dire-ction, since the Poincaré-Von Zeipel method also
contains a certain amount of arbitrariness in each order, but we shall not

consider this possibility here.
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Let

fO - e

8=0

H“(il) = ZE_' H**(B)(i)
80

be the two alternative forms of the Hamiltonian. Since the transformation

is time-independent
Bz = HE (® = &y (45)

Also, since it is a near-identity transformation, the 0(1) parts of the above

equations must be equal, which leads to

n’(o) @ = =

1
(46)
H"(O)(i) = v
Ve shall furthermore assume (and later justify)
K""(B) = H"'(B) (47)

(8 = l' 2’ oo k"l )
Substituting the expansions in (45)

ZE‘B B’(s)( 'i +Z£IS—(I)) - Zé‘ l..(.)( i‘_zélr(l)) (48)

By means of expansion operators r(‘) and s(') (see I ) this may be
broken up into a series of equations, one for each oxder in £ . The equation
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for O(gk) then is
k

k
n=0

(49)
m=0

where a marks "operates on" and where

7(0) (0)

= 8 = 1
(1) _ Suzv
s o Wy

and in general

(@) (n.l) v

i
1y

« @)
- glm)

\7 (50)
J

with N(m) an operator depending only on orders of ite argument that are lower

= \i)(-,)v + N(m)(‘g )

than the m~th. Substitution and use of (46) give

k-1
B0, Koy {u(k)(g). y, + Zl (=), H*(k"")}
2 n=
k-1
g () ()

+ \t’ VY ot N(k)(g) * ¥ + Z_‘ S(n)i H"(k-m)}
mal

(51)
The two expressions in curly brackets depend only on lower orders; they are

therefore equal to each other and may be dropped, leaving

F®g S g . (¢® o Whgr 2
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(k)

Now by (24), scalars "X and T,(K) must exist such that

@ _ Wy . 5y

1wy
1

(53)
" k) _ _f_(k)(%) + g
o (k)
Since lower orders of the)\expansions are equal, the two f vectors are equal
too, leaving
g(k) _ Y(k) - v( X(k) - ‘E(k)) = ‘ﬁé (54)°

To prove our assertion we must show that § is independent of y, . Substituting

in (52)

f®g - WG - 28 hy - DAy, (D)

Now © is allowel to depend on y, only in a periodic manner, from which it
follows that O §/ O ¥n also depends periodically on y, . However, the
left-hand side is independent of that variable , so that § must be independent

of yn . This proves the main assertion. Incidentally, one also finds

H’(k) - H“(k) (56)

which justifies equation (47).



APPENDIX ¢ THE INVERSE TRANSFORMATION

Adding (5) and (24) and cancelling zeroth order terms gives

Z;&k *‘(k)(z_) - Z‘:&;k S(k)(y)

-Z;g‘k S(k)<£ . Zam 'y’(l)(a) ) (A-1)

[}

[}

If V is in g-space and % defidtes operation

MNes et ") - exp(Ze'“q‘m)(y-V)»g“"@

n=1 -
= Z £® 5@, ‘S’(k)(g) (A-2)
=0 X
where
s _ (1) 1‘1)47
| (a-3)
R ST O OR

and so forth. If this is substituted in (A-1), orders of £ may be individually
equated since everything is now expressed in z . Separating the m =0 temm
from the rest then brings the O(Ek) relation to the form

k-1
YI(k) . - ;(k) _ 2:'ls(m)‘b I(k-n) (Ad)
> — 2

If all lower orders of g(m) are known, those of "L(m) may be derived and

used for constructing the S(m) .
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