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SUMMARY

A physical analog of steady-state sodium and potassium transport
in a two-membrane, three-compartment system was studied utilizing the
principles of nonequilibrium thermodynemics. This physical system is
analogous to physioldgical systems where one compartment consisting of
a cell monolayer separates two other compartments, such as the inter-
stitial fluid and the renal tubule lumen in the kidney. The membranes
in the model system serve only to localize the chemical potential
gradients between compartments. The phenomenological equations rélating
thg leéws‘ through the membranes to the chemical potential gradients
were developed from the equa'bi;)n for ‘energy dissipation within each
membra.ne.  The flovws défined both the nounsteady-state rates of change
:of concentratlons within -each compartment and the steady-sta‘te transport
acros; eacl ’mem'h-r'ane.

Ion transport "due to chemical convection was studied by 2dding
water to ’qhe "cell" compartment and removing it from the "interstitial
comp‘e&rtmen’s'. The ‘flumen"l compartument was left as a strictly passive
compartment. The ,Na+, K+, and Cl~ concentrations were measured
periodically until a steady-state was reached.

Ix;‘further experiments the concentrations of components in the
"Tumen" compartment were held constant by a constant flow of
NaCl-KCl-—H20 solution through the compartment. The constant flow of
water into the "eell" compartment distributed itself among both the

Ylumen" and “interstitial" compartments according to the- mechanical



filtration properties of each membrane. In initial experiments, the
flows were unidirectional into the “interstitial" compartment. In later
experiments the flow was distributed to both the "interstitial” and
".’l‘umen“ compartments. After the system had reached a steady-state, the
concentra:bi‘.gps of components, the flows of solubion in and out of the
."lumen"': (;;ompaf,tment, and the flow of water into the "cell" compartment
w'gre nieasﬁréd’. "AThe magnitudes and directions of the steady-state
trarfsl;g;ort 01" é(:;mp'onents were determined.

5. )The nonsteady-state experiments demonstrated a transient transport
of Na+‘z K+,,4and 0l ions from the "lumen™ compartment to the
"3 nterstitial” compartment against a concentration gradient. At low
solvent fj_uxes the ion transpox't.~occurs with the concentration gradient.
At intermediate solvent fluxes, K:‘" and Na¥ are fransported in opposite
directions; K+ is transported down a concentration gradient while Na+
is transported against an equal or larger gradient.

Steady-state transport of Nat and k' from the "lumen" compartment
to the Minterstitial" compartment may be maimtained by a solvent flux
in the direction of transport. The magnitude of this transport is
greatest when the concentrations of components in the two compartments
are equal, and decreases as the concentration ratio of components in
the "intestitial compartment to those in the “lumen" increases. For
the coml;inations of solvent fluxes and component concentrations
investigated, the transport of Kt was usually greater then the transport

of Nat.



INTRODUCTION

An important problem in the field of biology concerns the ability
of living cells to maintain stationary nc;nequilibrium distributions of
molecular components across their membranes and the associated ability
of a layer of such cells to maintain a constant flow of molecular
components from one side to the other against concentration gradients
of the compenents.

Classical approaches dealing with this phenomenon are summarized
in general physiology texts (2, 1(»,' 5, 11, 12). The system generally
considered is one of two compartments, cellular and interstitial,
«separa’éed by a cell membrane. Transport is considered to be at
steady-state. TIf the component is such that it is neither produced
nor consumed within the cell, the net transport is zero. If the
. material transported is produced or consumed at a certain rate, then
the trgnspo:t'b :mus“b proceed at a rate equal to production or consumption.
The effe.ct"of ‘the transport is to maintain a constant concen‘tfation of

materials within the cell, a factor vital to the viability of the cell.

4 . .
A more complicated situation exists when the cell compartment

separates two ‘different extracellular compartments, such as occurs in

the kidney tub}:.lé , intestinal mucosa, and capillary endothelium. In
tﬁis'ca‘se s a .sjceady-sﬁate transport of a material, which is neither
consumed nor produced within the cell, can exist across the cell
membrane Witho{rt altering the concentration of the material within the

cell. The material entexrs the cell at a certain rate from one



compartment and leaves the cell at the same rate into the other
compartment. Such a system maintains constent concentrations of
components within an organ and within the organism as a whole.

Classical descriptions of biological transport generally categorize
transport as passive or active. Passive transport is defined as that
which occurs without the utilization of metabolic energy produced at the
locel site of tramsport. It is a process spontaneously driven by an
electrochemical gradient negative in the direction of Fransport and
with a simultaneous decrease in the free energy of the system.

Active transport is defined as transport phenomena that require
utilization of metabolic energy a1‘; the site of transfer. In this
rase, material may be transported against an electrochemical gradient,
and the change in free energy in the local system becomeés positive.

]?y ‘this mechanism a living cell may maintain coneentration differences
in‘thg face of passive gradients, or, in the case of a tissue layer,
this mechanism provides a means for sustaining a constant, steady-state
trlanspor't ©of ‘material against an electrochemical potential gradient.
The' above definitions hold true when the mechanism observed is purely -
passive or pureiy active. However, in most situations these mechanisms
oceur simul’taneou:'s]:y., Various classical criterie have been developed

for determining whether -active transport is taking place. The most

+

ndteﬁ are the Nerns:b eq;.zation and the Ussing criterion.



The Nernst equation (2) for zero net ion flux is generally written

as

1) Bp - By = 1:—; in(Cy /Co)

vhere E denotes electrical potential, C denotes ion co§centration 5, F
is the Faraday counstant, R is the universal gas constant, Tl is absolute
temperature, and z denotes the charge of 'l-:he ion. The mn'nbers 1l and 2
denote the intra and extracellular compartm‘ents.' "Whel.n thé transport

thenomenon is strictly passive, a concentration gradient is balanced

by an electrical gradient, and the Wernst equation is followed. When
the Nernst equation is not Pollowed, the concentration and giectrical
gradients are out of balance, resulting in a concentration gradient
component unaccounted for by the passive forces defined in the Nernst
eqguation. This requires the addition of an active transport component.
The Ussing criterion (2, 39) relates the ratio of the unidirection
fluxes of a component, i.e., fluxes of the same material in opposing

directions, to the concentration ratio and electrieal potential

difference across the membrane:

zf

—(BE» - E
Mp1| G g2 1)

2) :
M2l G



M2,l is the flux of the material from side 2 to side 1, whijle

Mp,2 is the flux from side 1 to side 2. Co and Cl are .the ;:onpentré.tions
on sides 2 and sides 1 of the menﬂ)rane.‘ Eo ‘—V'E]_ is the-electrical
potential difference. If the ratio of qnit'ii;"ectional fluxes relates to
the concentrations and electrical potentials és‘ defined by the [}Is‘si'ng
equation, passive mechanisms are sufficient -to éccoun‘b for {the‘ tliansport
phenomena. If, however, the Ussing equation is not followed,‘active
mechanisms are hypothesized to account for the unbalance. .The unidi-
rectional fluxes mey be experimentally determined by utilizing a radio-
active isotope of the material on one side of the membrane.

Since it is difficult to investigate the molecular processes
occurring ;Jn the membrane surface and within the membrane, the specific
mechanisms of active transport are not kmnown. However, several
hypotheses. have been proposed. The twp hypotheses that are currently
most popular relate -active transport to carrier-mediated movement and
directional binding sites within the membrane (2, 20, 41). In the
first hypothesis, the ion to be transported is bound to a carrier
moleéule on one side of the membrane, diffuses through the membrane as
a complex, and is dissociated from the carrier at the other side. The
energy for the dissociation is derived from the breakdown of a high
energy compound. In the case of sodium transport out of a cell and
potassium transport into a cell, the carrier molecule is thought to be
sodium-potassium-activated adenosine triphosphatase and the energy for
dissociation 1s provided by the breakdown of ATP to the lower energy

compound ADP.
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The directional binding site hypothésis contends that'the membrane
pore is lined with binding sites with SPeclI1CLTy TOr ©The 101 transporve
and with directional characteristics such tha’; the sites bind the ion
more strongly in one direction than in the opposing direction.
Utilizing energy from the breakdown of high energy compounds, the bond
configuration of the binding site is bthought to change and release the
bound ion.

One problem of the classical approach to ion transport is that it
treats each component as a separate entity, thus creating a miltitude
of one-component systems. This requires that the free energy for each
process decrease in order for the transport of that component to oceur
spontaneously and therefore be of a passive nature. If a change in
free energir is positive, the transport needs an active mechanism in
order to oceur. What is neglected 1ls the irveversible frictional

interaction or coupling between component processes. If this coupling

factor is included in a multicomponent treatment, the only reguirement
for transport to occur passively is that the total change in free
energy for all components be negative. If the changes in free energy
for the transport of all but one component are positive, the total
change in free energy for the entire process may still be negative,
and the entire process is essentially passive.

Biological ion transport is .a nonequilibrium phenomenon that
cannot be explained in classical equilibrium terminology. A better
approach to this pr.oblem may be found in the realm of nonequilibrium

thermodynamics.



The grt;undwork for the theoretical approach to the thermodynamics
of irreversible processes or nonequilibrium thermodynamics was laid
by Onsager (28) in 1931, for which he received the Nobel Prize in
Chemistry in 1968. Onsager employed Lord Rayleigh's original treatise
on the theory of sound which presented a set of equations expressing
the linear dependence of mechanical flows on mechanical forces. Onsager
extended these equations to include thermodynamic flows and forces.

The resulting equations are known as phenomenological equations:

Jl=Llle+L12X2‘ .« .

Iz = Iop¥p + IpgXp - - -

3) -
Jo = ImXy + IpgXp - o+ -
or
ke’ 4
i) J; =z L1 Xy (i=1,2, ... n)
k=1

J; are specific flows or processes and Xy are forces. L;Li are the
"straight" coefficients relating the flows to their conjugate f.orces.‘ -
Examples of the relationship of flows to conjugate forces include

the flow of heat as a result of a temperature gradient, the flow of
electric current as a result of an electrical potential gradient, and

the diffusion of an ion as a result of its own chemical potential



gradient (17). Ly (k # i) are the "cross" coefficients. These
relate flows to nonconjugabed forces. Examples of this relationship
include flow -of current as a result of a bemperabture gradient and

the flow of volume as a result of an electrical potential gradient
(17). The cross coefficients also relate the flow of an ion to the
nonconjugated force consisting of a pressure gradient or a chemical
potential gradient of a different ion species. The phenomenological -
equations in the application to multicomponent systems become an
extension of Fick's first law.

The thermodynamics of irreversible processes ba;;ed on Onsager's
original, work has since been developed more fully by Meixner, de Groot,
Casimir, and Prigogine, end summarized in texts by Denjb;'.gli (6),
de Groot (14), de Groot and Mazur (15), Fitts (9), Prigogine (31),

Van Rysselberghe (40), and Haase (16). Katchalsky and Cﬁrr‘an:(l9)
conbined the various approaches to mske the theory more aﬁenabie T
biological preblems.

The concept basic to the theory of nonequilibrium,ﬁhermociynami-cs? X
is that of entropy. According to the second law of the"rmodyﬁamicé , the
change in entropy for a quasi-static, reversible process is equal to

the change in heat divided by the absolute temperature:

aQ
ds = &=
5) S

This relationship does not hold for irreversible processes where
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6) as >3
T

For example, in a reversible adiabatic process where the heat exchanged,
dq, is zero, the entropy remains constant (dS = 0). However, in an
irreversible. adiabatic process, the entropy of the sys*t.:em increases.
This mekes the entropy ideal for a qualitative differentiation between
reversible and irreversible processes. Egquation 6 does not give any
information other than the di‘rection‘ in which a process will go. The
approach to quantitative formulation of the nonequilibrium thermodynamics
is to replace the inequality in equation 6 with an equality in order
to be able to precisely specify what the entropy change: actuélly is.
The assumpbion is made> that the entropy of a sysbtem at any point éf
the irreversible process is. only a function of the parameters that
totally chéracterize the system at that point rega;:'dless of how that
point was reached. TIf this is so, then the entropy at a specific point
in the irreversible process would be equal to the entropy of the system
if the nonequi:librium distribution of internal parameters were maintained
at equilibrivm by an external reversible process. Since the entropy
of the resulting equilibrium system ;and of the external reversible
processes can now be defined by equilibrium thermodynamics, the total
entropy of the corresponding nonequilibrium system may be debermined.
The next importa.rfc step in the development of nonequ:ijlibrium
thermodynamic theory is the postulation thet the total entropy change

in an irreversible process is equal to the sum of the entropy exchanged
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by the system with its surroundings, or external entropy, and the

entropy created within the system, or internal entropy:
T a8 = dSgyy + ASipg

The internal entropy production is greater than zero for all irreversible
processes and equal to zero for all reversible processes. Now, the
internal entropy, dsint’ is related to the local entropy production, o,

as follows:

as,_, -
8) int =f oav
v

Thus, the local entropy production is the entropy produced in a unit .
volume per unit time. The local entropy production is a highly
sophisticated concept that relates all flows and their conjugate forces:
n
9) o =Z J4Xs
i=1L
Derived from and very often used instead of the local entropy

production is the dissipation function, ¢:

n
lO) ¢=T0‘=TZ JiXi
i=l

The dissipation function always relates the flows and forces such
that it is equal to the rate of conversion of free energy into thermal

energy.
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Both the locel enbtropy productioh and the dissipation function

define a set of phenomenblogical‘ equations:’

11) I3 fZ “Lyny

k=1

o .
Ligeo the phenomenological coefficients, are ggneraliz'ed mobilities or
conductances. The phenomenological equations may also be written in

terms of generalized frictions or resistances, Rixe.

e}
12) x; =z Ry Ty

onsager (28) in his original work demonstrated that if the flows
and forces are so related as to define the local entropy production,
g, or the dissipation function, ¢, then the following relationship

Por the cross-coefficients hold:

Lig =L (f£K)

Rix = Bri (i # k)

13)

These relationshipg e;re known as the Onsager law of reciproecal
relations. This law is very important in terms of practicael applica-
tion of 'Ehe phenomenological equations.since it reduces’ significantly .
the number of unknown coefficients. The law has been proven experi-

mentally for multicomponent diffusion by Dunlop and Gosting 0.
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Based on his earliér work, Onsager (29) applied nonequilibrium
thermodynamics to the problem of diffusion. First, he developed a
generalization of Fick's law for multicomponent systems:

n

3
1k} J‘i = -Z D430y,

k=1
. J3 is the diffusion flow of component i, Djx is the diffusion coefficlent
relating the ith flow to the kth concentration gradient, VCy. ‘Then,
ubilizing the dissipation function for multicomponent diffusion,
Onsager related the diffusion flows, Jx, to the thermodynamic pi'operbies

of ‘the solution:

15) : -V, =) R
k=1

50k

where Wpj is the chemical potential gradient of cg)mponent i, and Rix
is the resistance coefficient relating the ith force to the kth fiow.

Hearon (18) applied Onsager's theoretical work to the problem of
cellular diffﬁsion. He related the distributions. of metabolic solute ‘
andinert solutes, yecilflt (where Cf;n t is the concenbration of the .
component ins;‘.de the cell) to t]:;e rates of production s.nd/or

consumpbion of the various metabolic solufes » 91, within the cells
L} i

16) qu:;nt ‘= 3 quRkl
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Ryq is the resistance coefficient relating the ith flow, g;, to the
kth force. Solutions to equation 16 demonstrate that metabolic solutes
may flow continually against their concentration gradients and inert
solutes may esteblish noﬁequili’brium, stationary concentration gradient
across the membrane. As a consequence of this frictional coupling, or
coupling with diffusion, the rates of production or consumption of one
metabolic solute may influence the metabolism of another metabolically
unrelated substrate. Furthermore, a chanlage in Ithe metabolic rates may
result in the flow of metabélically inert solute from a region of low
concentzlatidn to a region of high concenbration.

S'bavermaﬁn (37) applied nonequilibrium thermodynemic theory
directly %:o membrane processes. Specifically, he related molecular
transport; ﬁi, across a membrane to three forces: elec;cri'cal potential
difference across the membrane, AE, pressure difference, AP, and

chemical potential difference, Aug:

. By =2Lik(zkAE'+ TP + A
k
vzk is the charge a:qd x‘rk is the partial molar volume of the kth iom.
He also related thé ﬁhenomenolo:gical ‘coefficients, Ljk, which cannot
be measured direc’ply, to experimental_‘l;.r measurable guantities.
Keden and Katchalsfk&' (21) modified and extended Staverman's work
to the permeabili:ty of ‘;l')iological méwbranes. They demonstrated the

unaccei)ta‘bili'by of the conventional eguations for osmotic -and pressure



5

induced flows across the membrane. The conventional equations involve
two coefficients: 'l;he pemeability coefficient of the solute and the
permeability coefficient of the solvent. However, in order to totally
describe the mem't;rane transport process, three coefficients are
required: +the diffusion coefficient of the solute relative to the
solvent, a coefficient related to the friction between membrane and
solvent, and a coefficient related to the friction between solute and
membrane. The _eq_ua'bions for volume flow, Jy, and diffusion fiow,, 3D

in terins of these three coefficients are: '

Ty = LpAP + Ly REAC,
18)

A . .
Ip = IpphP + LRI AC,
Ip is the mechanical filtra'bion‘.cbe;t’fic‘ient related to the friction
B S .
between membrane, and 'x;solven'.t s Lﬁisa thé aiffusion coefficient related
to the. ;friction between solvetn'?; 'a.nd salute} .and LDP(= I’PD) is the
coefficiént, ;eiéte& ’t:ol theA friction betwegrf solute and menbrane.
Eq_uatior;s El:8 not oniy de;ci:ibe bulk-flow é.qd diffusion flow, but as
-a result of> ,the_ cross-couf)l,ing cogfﬁicieﬁts N LPD’ describe osmosis
(the flow of 'solvent resﬁting from‘a concentration differential) and
vltrafiltration (the flow of solute resulting from a pressure differ-
ential). Kedem and Xatchalsky developed methematical criteria

for quantifying the selectivity of membranes, and derived -equations

analogous to equations 18, for a multicomponent system with
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a single permeable solute é.s a‘functionl 9f reflection coefficieﬁts s Oy
and solute permeabilities, w.

Mayning (211-), to charac.terize the menbrane more precisely, extended
Kedem and Katchalsky's equations by assuming thet the diffusion and
bulk flow occurred through specific potential energy profiles within
.an idealized membrane. He derived expressions for reflection coeffi-
cients and solute permesbilities as functions of -the potential energy
profiles. A

spiegler (%), Nims (25), and Kedem and Ketchalsky (22) have
developed mechanical approz.iches to describe irreversible ion tramsport
and membrane processes. The approach is based on the law of friction
which relates the frictional force between two objects linearly to the
relative vélocity of their moj:ic;n. A multicomponent system is
characterized by the relative velocities and the friction coefficignts
between the various components aud between the components and the
membrane. ‘The resulting equations demonstrate the following relation-
ships between the mechanical Priction coefficients, fy;, and the

thermodynamic coefficients ) Rki , and Dkl

Pl
Rki = CsA
B N *
19) o
. p,, =-BL
TRy

Nx is the thickness and A is the area of the membrane, R is the

universal gas constant ,' and T is the a,bsolu'bé temperature.
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Wims (25) showed that the noneqailibfium stationary distribution
of Na+, K'*', and C1” ions produced by a consbant water flux across a
porous membrane is defined by the diffusion coefficients of the ions

relative to water:

g B B B

- Cna*Co1-"Nat?0L-
QL . 05} o rd
Ca*CCL-TNa*701-  D(xci)w,

CK+CCl-7I%+781- D(Nacl)w

CK+C TR g

20) ~ 1.2

.o and B are the two compartments on either side of the membrane, and ¥
is the activity coefficlent of the specific ion in the respective 4
compartment. ‘ ‘

The premise that é. statioﬁary nonequilibrium distribution of ions
across thé membrane may be mainbtained by a flow -of other components
has been tested by a number of experiments. WNims end Thurber (26)~
used a two compartwent plastic, apparatus with a Millipore filter
membrane separatlng the compa,rtments ‘co determine the distribution of
it 3 Nat B K"' and Cl" ion$ across the membra.ne. A constant flow of
water was added 0 one’ ‘comparbme,nt', and -removed by evaporation from
the second comparbment. After the ss;stem h;ad réached a stationary

v

state, e 5 K a.nd at concentra'blons wgre de'berm:.ned. The distributions

according to eq_uatlon 20 were ‘calculated a:t varlous flows of water.

Experimental values compa.red well w:Lth the theoretlca_‘l. value of 1.2.
Salminen (33) dev:Lsed an exper:.ment to test theoretlcal data

developed by Ekma.n, Rastas ) angifSalmlnen (8).. The theoretical system,
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based on nonequilibrium thermodynamics, involved two compartments
connected by a capillary pore. Stationary noneguilibrium ion aistri-
butions within the capillary were calculated as a function of a flow

of hydrochloric acid and water. The experimental apparatus was very
similar to that of Nims and Thurber (26). A constant flow of water
and hydrochloric acid was maintained. across the membrane. Hydz:'ochloric
acid, added to one compartment, reacted in the other compartment with
sodium hydroxide. The experimental and theoretical results demonstrated
that Nat and x* may be transi)orted in oppesite directions across a
mermbrane against their concentration gradients by ubilizing constant
flows of acid and water.

In, experiments similar to those of Nﬁs and Thurber (26), Rapoport
(32) demonstrated nonequilibrium sta.tiz;nary distribution of k*, ',
and .Cl~ across a porous membrane using a constant flow of water.

Nims. and Butera (éY) demonstrated a nonequilibrium stationary
distribution of ions across a membrane resulbting from a constant flux
of urea, ammonium, and carbon dloxide. TUrea was added at a constant |
rate to one compartmen-i: ‘and hydrolyzed by urease in the-second
compartment. The ions moved both against {heir concentration and
electrochemical gradienté

Thurber and Thompson (38), expermentally tested ‘the predlct:.on
based on nonequ:.llbra.um themodynam:.cs that 'bhe stat:.ona.ry ion
distributions across a membrane are e:monent:.s.’l.ly related to the steady-

state metabolic Plows across the membrane.' The :.pvest:.gators utilized
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human erythrocytes under anaerobic- conditions. In this case “the total
flow of metabol:.tes was approx:.ma‘bed 'by the lactic acid production, nL,

and the ion d:.str:.butlon was: expressed as

- NapK ' MnL

in —

Na CKP T

where p and ¢ refer'to the plasma} and’ cell compartments, M is &
summation of membrane parameters and fr:.ct:.onal coefficients, a.nd T
is the abso]tu:te ‘temperature. The erythrocytes were incubated at
various temperatures. Stationary state lactic acid production and
ceilular and plasma concentrations of Nat and k¥ were determined, The
experimentai data correlated with equation 21 with;i.n experimental
error, and the invesbigators coxrcluded that the equation was. a valid
description of noneguilibrium ieh distribution in the human erythrocyte.

The thennodynamic al}d mechanical treatment of transport across
membranes as reviewed above generally describe macroscoplc phenomena.
In a biological membrane, however, the pores and associated transport
phenomena are on the microscopic level, i.e., of the order of magnitﬁde
of the molecular components. Thurber and Thompson's work (38) is
particularly significant in that it demonstrates the validity of the
macroscopic equations as applied to a biological system.

The objective of my investigation was to extend the above described
work .to a two—mezrlbrane » three-compartment system, which is open to all

components, and o detemine‘ vhether a flow of one of the components

-can maintain a nonequilibrium stationary distribution of ions, and


http:flow'.of

20

whether such a flow can sustain s‘beady-s‘bate transport of ions against
their concentration gradients.

The two-membrane, three-compartment system is a simple model of
cell layers, such as exist in the kidney tubule, the intestinal mucosa,
and the capillary endothelium. The cell layer, compartment B, separate:
two other compartments:; the lumen, compartment «; and ti:me interstitial
space, compartment y. There are two membranes separating the compart-
‘ments. Metabolic substrates are consumed or produced Withiﬁ the cell
compartment, producing material flows across the membranes. These
flows may be different across each membrane if the physical propertiés
of the membranes are different or if the chemical potential of the
substrates are differépt in the external compartments. The flows are
a source of free energy, and may, by :(?rictional cross-coupling, produce
Plows of metabolically inert components.

This model despite the simplifying gssumptions » can throw l:'gght
on the question of how a cell layer can maintain nonequilibrium
distributions of iomns to which it is permea't?le , and how it can sustain
steady-state transport of these ions against their concentration
gradients.

A wathematical. modél of this system was developed from non-
equilibrium ‘thermodynamic theory for iég‘bhermal conditions and,
continuous phases. It vas g.ssumed that no gradients existed within
the compa‘r%ments. Componént s pbnsisted of NaCl and KCl in agueous

' N
solution. The: “metabolic! productioh of water within the cellular

compartment; 8, was. the only metabolic' substrate or product flow
. K 3
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“considered in this model. The water flow distributed itself between
the external compartments, o and y, according to the pressure
difi.:erentials across the membranes and the mechanical filtration
properties of the membranes. The menbranes localized the chemical
potential .or concentration gradients betwegn the solutions in the
compartments. The membranes were assumed not to differentiate
between ion components. Consequently, no flow of current through and
no séparation of charge écro‘ss +the menbrane were considered. The A
membranes were assu;u;ed to be hon;dgéneous at every elemental thickness
and the effeétilve“pore area waé assumed constant throughout the
mewbrane. Although jb}}esé assumpbions are s'évere , they poi*tray a
limiting case, and any ‘obser\(ed phénomena may differ from the real
case. only in qagr;itudg:

It;ilt,'i"ally » ‘the sy.st.ém,', as in Flgure 1 was studied under conditions
where tﬁg’ sjs%em is o;pgﬁ only t‘o a un:"Ld'ire,ct'iona_'L flow of water from
‘the "cellulérf"comparﬂbmentv s B, to' ‘the "i,r;-éersti‘&iai' compartment, y. The
concentrations of ioﬁ’s: ?:".'n b4 were held ‘?co‘nstan'b by virtue of the
relatively large size of that compartment. The intent was to cbserve
the direction of transient ion tramsport as a function of the water
flow. In the limiting case, where time approaches infinity, this
system becomesv a stationary two-compartment system of the first order,
and ion distributions may be calculated according to Nims (25).

Next, the system shown in Figure 2 was studied under conditions
where the system was open to NaCl and KCl, as well as to a unidirectional

flow of water from the "eellularcompartment, B, to the "interstitial’
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comparbment, %. The ion eoncentrations in compartment 7y and in the
"Lumen" compartment, [« 2% were held constant. The latter was achieved
by a consts.nt flow of fixed concentrat:.on solution into and out of
compartment o The rate ©of this flow ,.and the differences in ion
concentrat:.ons go:.ng into and out’ of that compartment were a measure
of the steady-state ion transport across the menbranes for a given
unidireéti‘ona{L flow of water from compartments B to 7. Since ion
concentratlons 1n compartments o and 7, whe’re experimentally controlled,
determ:.natlon of- don’ concen‘trat:.ons ln the cellular compartment s By
completely defined the nonequ:.llbrlq:g ion distribution for a given
flow of water.

‘This system was also studied under conditions where the flow of -

water from compartment ‘B could distribute itself into both compartments

7 and .
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ANATYTICAL MODEL

The .nonequilibrium approaches to ion transport through mewbranes
include thermodynemic as well as mechanical btreatments. The former
offers the greatest generality, while the latter offers -a clearer
physical picture of the processes teking place. However, in 'bhe: case
where the membrane is essentially nonselective with regard to the
components, one gpproach hﬂa.s little advantage over the obther.

In this investigation, a thermodynamic approach is used. i‘t is
an adaptation of 'Ka'bolialslqr and’ Curran's (19) derivations to include
both pre‘ssu;ce and concentration gradient forces across a membrane m
a multiple ;olute sys’cem‘. .The dissipation functbion is first written
to relate the” flows of components and’ ’bhe local chemical potential

gradlents w:.th:.n the membrane of a two-comparbment system. The

&

gradien'bg a:ro tl}en rela'f:ed to the’ pnessures a.nd ,ooncentratlons within
each compa.rl‘:u;ofvrt.. F:.na.llyJ :the equations are applied to a two-membra._ne 3
three-complai'tmen'b system.v

Consider the two dcompartment ,systex.n diagramed in Figure 3 in which
the compartments, o and ;3,> are separated by a physical barrier con-
sisting of a mewbrane of unit area and of thickness ix. Fach
compartment contains n solutes and a solvent for a total of n + 1
components. At the oboewation plane, 0, & volume element of unit area
and of thickness, dx, can be isolated. We can assume homogeneity and
may apply the dissipation function for isothermsl diffusion in a

continuous phase with n + 1 components:
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8

3
SOLVENT = w SOLVENT = w
- SOLUTES SOLUTES
n=1,2,3... n=1,2,3....

BOUNDARY.

ighre'3.-‘T&o-compaftment system
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n+l

22). ¢ =Z Iy - grad (-u)
i=1

¢ is the dissipation per unit area at plane 0, Jj is the £low per unit
area of component i at plane 0, and pj is the chemical potential of
component i at plé.ne 0. A

As derived in_ Appendix D, equation 22 may be written in terms of
the volume flow, Jy, the pressure gradient, grad (-P)., the diffus‘ion
flow of component i relative to the solvent flow, J‘%, and the concen~

'bré.tion dependént chemical potential gradients, grad (—uﬁ)

n
25) § =y eras (-B) +) o gred (i)
1=l

In deriving equation 23, vector notations are dropped since the
one-dimensional case is considered, i.e., the flows and forces are only
a function of x.

In a s{:ationary stateé, the flows in equation 23 are constgn_t , end
the equation may be integrate:d across the membrane. The pressure and
the chemical potentialv,gradient:s across the mewmbrane are linear.
However, 'bhg :ppénome;xological equa‘i:ions' dgfi’ned by the resulting
dissipation- :uﬁgtign‘involve the p];:lenomenological coefficients, L.
These coe;@f:z.cie;r,ts" are strong lfr‘u;lctﬁ.oqs of concentration and generally
are not é.xzrailabuite whic;h xqakgs an actual ;1umerical analysis of the

o ‘
theoretical model difficult.
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An alternate approach is to write the local phenomenological
equations at plane 0 as defined by the dissipation function in

equation 23.

n
JV =_L§grad P —z LPDk grad pf’;

k=1
ok)
n
d_ ap aus
J = - Lpp, grad P - ) Ly erad iy
k=L

LPDk and LDPi are related to the friction between the menbrane and the
solutes; that is, they are cross coefficients coupling hydrodynamic
flow with diffusional forces and diffusion flows with hydrodynamic -
forces. They are functions of the permeability and refiection of ‘the
membrane to a specific éolute. For a very porous membreune, these terms

may be neglected; that is,

2 Tep = Tpp ~ 0

Equations 2L now become the equations for volume flow and dif-
fusional flow, xjespectively, at plane O in an isothérmal con'll:i&;uoqs; )

system:

Jv - LS grad P
26) n
_ c
Ji = -Z L:‘.-k grad bye

k=1

=9
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]';g is the mechanical Piltration coefficient for the merbrane element
and Ljy is the coefficient that relates the frictional forces of
component i to those of component k at the :observational plane, O.

In the case of a statioﬁary state the volume flow, Jy is' constant

and equation 26 may be integrated across,they nmembrane:

7). Jy = - Lp AP
where
-28) © e =P - PP

I’P is an average filtration coefficient for the membrane.
E(iuation 26 may be Wri‘bten‘in terms of diffusion coefficients
and concentration gradients:
n
29) A 5 - —ZDik grad Gy
k=1
Equation 29 is similar to the equation for isothermal diffusion
in a cc?ntinuous system derived by Onsager ‘(:2.9)..

The diffusional flow, J%, may be written'ss:

Q

N - a i
30) ‘Ti = Jj: 'v'c;*‘]tw
where Cy is the Acnnnp'n"l;'r‘a'h'i on nf waker at nlané 0 and T.. is the flow

of water.
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The volume flow, Jy, may ‘be ’vqri'i:ténx in terms o,f"the séluﬁe -flows,
. A co
the water flows, and the parti,ai: molar véll;mes ,‘ V; and Vg
N . K

31) Iy =Z‘ Tyap e ijw_i
i=1 .
Derivations of equations 29, 30, and “BIA‘are given id ’Appendix D.
The solutions may be made sufficiently dilute to mske the volume
contribution of the solven‘i; s nwvw, ‘to .the total volume of the solution ;

V, overwhelmingly larger than that of the other components such that

32) T o~
LA

Substituting equations 30, 31, and 32 into equations 29 and 27,

and multiplying the flows by the total area of the membrane, A, the

equations for the flow of component i'and the flow of water relative

to the membrane at the observational plane are:

33)

Equation 33 étates that the flow of solvent is equal to the differeénce
between total flow é.nd solute flow. In the.case of bulk flow, the
solute flows are negligible relative to the total volume flows. Hence,
we may consider the solvent flows being appro:éima‘bely equal to the

total volume fl,owE
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3h) Ty = - Cyhlp AP

Combining equations 33, and 3 gives the general equation for the

flow of a specific solute as a function of tﬁe. igre’ésurev differential
across the membrane, the local concentration érdg;ent§ ;and th’;
concentrations of componenf:gﬁ :
- , S dg
) 3y = Oypty'ew - k) Dy S

k=1
The first term in the equation is the flow of solute 1 dl{le'to the
friectional drag effect of the solvent. Th:l.s p;:Le'nomenon is sometimes
referred to as the frictional cross-coupling effect or solvent drag.
It is essentialls; analogous to the thermal convection phenomenon and
may suita‘bly be referred to as the flow of solute due to chemi’cal
convection. The last texrm is the flow of solute i due to diffusional
forces. It includes the straight diffusion as described by Fick's
law as well as diffusion due to frictional cross-coupling between
different solu'beA co;nponents. The former flows are related to the
forces dck/d.x by the straight coefficients, Dyy (i = k), and the latter
flows are related to the forces d(‘:k/dx by the cross-coupling diffusion
coefficients, Dik (i £ k). These coefficients are only weak functions
of cé)ncentration at low concentrations and, therefore, are useful in
the practical application of equation 35. Values for the coefficients
have been given by Dunlop and Gosting (7) by Fujite and Gosting (10)

for a ternary system of NaCl - KCl - HoO. These are listed in Teble 1.
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As can be seen, the Onsager reciprocal relation for the phenomenological

‘coefficients, L does not apply to the diffusion coefficlents.

3k = Do
TABLE 1.- DIFFUSION COEFFICIENTS AT 25° C FOR VARTOUS

CONCENTRATTONS OF A NaCl - KCL - EoO SYSTEM (7)

NaCl =1, KC1L = 2

Cy (M) - 0.25 | 0.5 0.25 1 0.5 | 1.5
Co (M) -0.25 1 0.25 0.5 1 0.5 | 1.5

Dyy x 107 |1.380 |1.433 [L1.36% [1.405 | 1.h6k
‘D12X165 0.011 |0.021 |0.015 |0.026 |0.199

Dy X 107 ‘0.150 10.099° | 0.207 :';0.175 0,387

Dpp x 105 |1.8% .|1.851 |1.863 |[1.859 |1.901]

[N

In order to apply eqpa%ion 35 itfis_necessary 0 défiﬁe the local
concentrations and concentratlon gradlents for all.components at the
observational plane in - terﬁs of the concentratlons in the comparﬁments
on either side of the meﬂbrane . ThlS is dlfflcult'to do 51nce both the
concentration and concentratlon gradlent at any p01nt in; tlme vary as
a function of pore size, pore dlstglbgtxon, and solut;o?hagltatlon.

The concentrations within the menmbrane are &ifficult to measure. It

is necessary to assume a gradient, calculate the resulting concentrations
within the compartments and compare this to experimental data. This

has been done by Ekman, Rastas, and Salminen (8, 33) on a system of

NaCl - KCl - HCL - H)0 for two compartments connected by a capillary

pore.
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A concentration gradient term may be developed from equation 35,
if we assume the gradient results Prom two conditions: f£irst, no
pressure gradients exisj: throughout the system, i.e., - ALp AP = Fy = 03
second, the system is in a stationary state of the first order whereA
only the flow of water ex;i_sts , i.e., Ji =0, Fw 74 0. The concentrations
of components at the surface of the membrane are assumed equal to the

'

concentrations within the compartments bordering that menbrane surface,

ie., Ci(x=0) = CE, C(x =nx) = Cg'. For the stationary state we

may integrate equation 35 for_"bhe listed conditions:

Cy(F, =0) =cf + ;(cg - c‘;)(AXA; )

& V ) *
0, (3% = 0) = c%e (. = o) /ADg

The asterisked diffusion coéfficiepts denote that an average value was
taken-over the concentration range int'e;g:rate&. ’ di-os;;-c;oupling terms
have been neglected for deriving egquation 36. The va.l&dity of dropping
the cross-coefficients is demonstrated in Appendix D.

'Combining equations 36 gives a generalized equation for the con-
centration of component i as a function of distance x within the

menbrane:



. (x-Ax) /ADr -F A% /AD; ¢
a = e (e (A
37) ( / %
: -, /AT
ac;(x) F,of er(x—Ax)‘/AD;fi e
ax  AD}; ] A
Let
%
AD
3 b, = ik
) = =

When x = Ax/2 , the eguations for concentration and concentration

gradients become: -

_wabii]

: . os B .
ci( =§) = C;-’_“e W/gbll+ [Zi - cge

39) * | :

" Bquations 35 and 39 may be applied to the two-membrane, three-
compartment system shown in Figure 1. Tﬁe}éoﬁli)oneq,ts are Jefined
as follows: NaCl =1, K(}l = é, }3[20 =w. A p::re;sure differential, AP,
between compartment f and 7”'is .established by lbhe cogstanf addition
of water to compartment B and the cc;nste;n'b‘ removal. of veter from

compartment y at a rate FZ, = ~ (Alp OP) 78
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The specific volumes of the compartments remain approximately
constant. Cowmpartment o is essentially closed to vo:!.ume flow. The
volumes of compartments B and 7 likewise remain constant in that the
amount of solvent entering is equal to the amount leaving. Consequently,
the changes in concentrations of components within the compartments is
due only to solute flow leaving and entering. For compartment o, a
ﬁositive rate of change in the amount of component i is equal to the

.flow of i into «, or

Ca® ad
3 L= L = goB
)-I»O) dt e dt J(i

J; is constant throughout the membrane.
For compaz;tment 7, a positive rate of change in the amount of
component i is. equal to the flow of i into 7, or in the negative x

direction:

. ]
h1) dﬂ: 7dci_—._J‘.37 '
a Tase A1

For compartment B, a pos::.‘blve rate of change :Ln ‘the s.mount of

component i i:s equal to the difference of 'bhe Flow. of i out of 7 end

out of o

anfy ach » el add acy
ko) ko yB kL gBY geB e -y Loy =2
) at v ag i L : at’ dt
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Combining equations 35, 39, 40, 41, and 42, and teking into con-
sideration that Fg‘ = - (ALP AP)B = 0 for the nonsteady~state model,
we obtain a system of differential -equations defining the concentration

of. each component in each compartment at every point in time.

[e 1)
ac
o TVL |y 7Be | %Be® BB 08P
o huc - byaCp + b1C] + B0
ac%
o Y2 aBag aB. o aff aB.B
V5 ¢ - Palll - bosCo + bojCy + bl

2

o acf  ad) Lol
vB b =" v at

QG , 7
yoacg  ack g ack

FETwmTpE O
43) t
4 Ve V4 ol By
N . v W S I TN A W/PLL
at A\~ 2 " Tm)i T 2T\ T 1L (1
bB 4 F%/ngg AEA
7 A2 o - v c?
W . 12 2
B')’
22
- ac? 7 ; opf
7 22 By s (D B\ 4 (22 b21 /e
at el 2 e v 137

/b Fy w/b
y B W B
- pEle el + (2 - by . )2‘

+ A

The abové equations are a system of linear, first—ordgr equations.

. - oo \
Solutions of these equations are of the type (35):
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. L
L 7\j‘t
. ; =

Time histories of the concentrations using specific coefficients and
initial conditions in equations 4% have been produced by computer
program and are presented under Results. The program also produced

the specific eigenvalues, ), and eigenvectors, Kj 4, for equation k.

The concentra.‘tit;ns in all three compartments 'change with time

u.njbil a stationary condit:':on is reached. This occurs.when ccj’_' = cg >
at which point the system effectively becomes a“bwo—comparbment systenm.
In order‘to investigate a steady-state in a three-compartment system,
it is.necessary to hold constant the concentration of components in )
two of the three compartments.

- The concentrations of components in éompartm‘en’c o are now held
constant by a constant ??iow gf s'olu‘i:ion with fixed component concen-
tration into and oub. ofv c:'dmpanqtment'u.. The g;mcentra‘bions of components

B

. in compartment ¥ are maintained app‘rqx:'i.-mately co;a,sta:a'b :by making the

compartment volume ex;treme‘l‘y largé compared 1Q conipar‘bmentsja, and B.
N O ¢
This system is shown in ‘Eghgure 2..

In this system, the'éo'ﬁlcen“brations of components in compartment o
1 . e 4
will reach steady-state \faiues different.from those in compartment (.

4

At steady-state, the rate of change o:f‘,coympo'nent‘i in compartment o

is zero, or from equation L0
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(e dcg aout oin o
V —= = -J - J, =0
at - i i
- 15)
+ N .
NP b o

AJ% is the s:teady-state tra.psport of component i into and out of
ct;mpartment [+

In the steady-state case, the rate of change of components in e:wch
compartment is zero and, consequently, all \ilows are constant througkout

the systém:
L b6) J[:W = J‘.LB = AJ".!';_

Substituting equation (46) in’co equation (35), and ‘utilizing the
concentration gradient from equations 59, we can develop the equations’
defining the steady state ’cransport of compenents 1 and 2 between

compartments o and y:

< afl i & Ay

o Ty 228 /bll G | Fybi2 'Fw/ 2035 B ’Fw/bag] o

e Y L -\~ & - +‘b1,2€ B )
bob

FG:
+ l:?w + b‘f;ﬂcf + [b‘i’é] cg

a4 O . a.p af
bal S A 7 4 O ~Fy/b22
AT = + %P . 0% LI ZY g 3B
2 ba& 21 1-17 TP

+ EDZE:]CE + [-2— + bgg]c
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beg 2
w7 72087 77 /2087
4 W
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B')' w/ bll y [ ¥ By Fw/beg 7
+ boje Cci + -?+b22 Co

The sbove four simultaneous equations have four unknowns: the transport

of NaCl and of KCl, and the concentrations of NaCl and of KCl in

compartment B. Solutions cbtained by computer program for specific

conditions and coefficients are given under Resulbs.
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The basic experimental appare:tus uséd consisted of three liquid
compartments separated by porous membranes as shown in Flgure k., The
compartments were formed by clamping two hollow Lucite ‘b]‘.ocks to a
large Lucite box with four threaded rods. The blocks were 2 in.
by 2 in. by 2.25 in., and were b'ored with a center hole of 5/4 in.
diameter. The small compaxrtments, o and B, were cylindrical.
Compartment ‘8 had a porous membrene on either end and compartment o
had a porous menbrane only on one end. The volumes of compartments a
and B. were 14 cc each. The Imcite box, .compartment 7, was 7 in. by
7 in. by 6 in. Tts volume was approximately U liters. On one side,
the box bad a 3/4 in. diameter hole and an adapter for clamping
compartments «. and B. On two other sides, the box had 5 in. diameter
openings and bolt holes for clemping membranes and. attaching salt
compartments for the osmotic removal of water from conrpart;uent 7 as
shown in Figure 5. A more detailed description of the apparatus may
be found in Appendix A.

The entire apparatus x;vas submerged in a Lucite water bath.. All
;cubes from the apparatus extended through the surface of the water
bath. Two sempling ports to compartments « and B extended through
the front of the water bath. ‘The temperature of the water bath was
maintained at 250 C by a constant temperature -circulating system

(Precision Instrument Co., model 66600).
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The solutions were agi‘ba%ed at.a consta.n"q' rate by vtwo magnetic
stirrers (Thomas Co., model 15). One stirrer agitated compartments o
and B by means of two 1/2 in. diameter Teflon-cpa.ted» stirring balls.
The other stirrer agitated compartment y by means of a 1-1/2 in. Teflor
coated stirring bar.

Pressures within compartments o and B were de’berminéd by capillary
manometer tubes extending from the rear of the compartments.
Hydrostatic pressure within compartment 7 was determined by the liquid
level within a £ill tube extending from the top of the compartment.

Water feed into compartment B and NaCl - KCl solution feed into
compartment o was accomplished by bydrostatic feed from reservoirs.
The hydrostatic heads of the reservoirs were 1.1e1d constant by
permitting makeup air at atmospheric pressure to ”.Dleed into the
regervoirs through tubes abt the bobttoms of the reservoirs. The air
bleed tubes consisted of glass tubeé -with hypodermic needles bent
horizontally to wmaintain an even, small-bubble flow of air into the
reservoir. The heights of the reservoirs were adjustable. The liquid
flowed through rotameter-type flowmeters (Manostat, model 56-5)4-1-05)‘
into the top sides of compartments « and B (Figure 4).

The constant outflow of solution from compartment o in the steady
state experiments was accompliéhe&‘ by means of a hypodermic needle
plerced through a rubber sep%um on 'bhé f"i‘ont side of the compartment.
Polyethylene capil‘lary tubing connected the hypodermic needle %o a

rotameter. Flow was. controlled by adjusting the total head from
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regervoir air-bleed level to collect::_né point and by the back pressure
sustained by'a hypodermic needle at the solubtion collecting point.
Flow of water into compartment B and across the By membrane was
controlled by the difference in pressure between the total hydrostatic
head to the membrane and the liquid levtel in compartment- 7. The latt’er
was controlled by the rate of osmotic outflow of water from that
compé.rtment. Thus the water flow pzioceeded at the demand rate
dictated by the osmotic water outflow from compartment y. The osmobic
water outflow was agcomplislged by nonwé-bta‘ble. vinyl fluoride membranes
(Gelman, VF type) .separs:bing cqmpartmenfs rf;com adjacent compartments
filled with saturated salt solutio'ns,' CFigure 5); 'Water removal rates
were varied by 'changing the total membran; arez;. and by employing
" different salts inh the saturated s;llt' cémpartmen’cs. l\faCl, CaCly, and
CLiclL produceé. ﬁat?r flows ,:::'11 respectj:vely increasing Vma.gnitudes for

the same meu;brané :are"a. T}:.Le“ sa-by.ratedl salt solutions %ex:e permitted

to overflow into a collecting conj:aéi.ner. ' Sat;lratic;n was maintained

by keeping an sbundance of’ 'und:Esgolved sal?‘wj.thin the .osmotic chambers.
The utilization of the nonwetts-ibie membrane; for creating osmotic flows”
of water is discussed in Appendix A.

Sampling of solutions from compartments o and B was accomplished
by using 100 pL syringes to withdraw semples through a rubber séptum
Pitted into the front side of each of these compartuents (Figure 6).
Sampling from c;mpartment v was done through a 1/2 in. diameter £illing

tube extending from the top of that compartment.
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The porous membranes used in this investigation were commercially
available membrane filters. They consisted of Millipore types GS and
VG, and Gelman type GA-9. The manufacturers' specifications for these
menbranes are given in Table 2. The filters were cut to a diameter of

1—1/8 in. The actual area exposed to the liquid phases was k.57 cm2.






Type

Gelman
GA-9

Millipore
Ve

Millipore
GS -

TABLE ‘2.~ SPECIFICATIONS FOR MEMBRANE FILTERS (2, 42)

Composition

Cellulose
tiiacetate

Mixed esters

of cellulose-

Mixed esters
of cellulose

Water flow rate at

Pore size Thickness Porosity AP = 700 mm of Hg
0.10u. 197 - 1524 85 percent  4(ml/min)/em®
0.10 +0.008p 1350 * lop Tk percent  2(ml/min)/cr
0.22 £ 002, 135 £ 100 75 percent 2L * 3 (wl/min)/cm®

Ly
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PROCEDURES

Nonsteady-State Experiments

Either Millipor'e‘G’S or Gelman GA~-9Q typé m?mbraﬁes were used in the
By position. Gelman GA-9 ﬁype -me’mbrar;ets y‘e’re usé}i in the of position.
The latter membranes have :a Low J;xech‘él;icgi;filtratj:on'-coefficient‘
which reduced tﬁe amotmt o‘f ;olution mixil:lg beﬁeen 'the @ and B
comparbments dur:‘:n'é £illing. 'I‘hls‘réalnta:.ned the 1ni't1al compartment
o ion concentrarblons close t6 the {11t1mate s’ceady state vs_'l_ues and

reduced the time tofreach stat:.onaxy state condlt:.ons

Compartment y was filled w:n.th ~1\IaCl - KCL solut:.on ranging from
98 to 160 mM - Compartment o was f£illed Wirbh NaCl - XC1, solutiong
ranging from 5 to & mM. l]l‘he initial solution in compartment B
consisted of solutior from compartment y flowing through the By menmbz
during £illing plus an addition of distilled water to Pill the
‘compartment. No atbempt was. made to control the ini:biel concentrations
in compartment B.

The apparatus was "brought to life" by filling the osmotic chambers °
with saturated salt solution and opening a valve in the reservoir-to-
compartment B waber line. The water flow rate adjusted itse:if a}rbo—
matically as the water inflow and osmotic outflow equilibrated. Various
flovw rates, ranging from 0.67 to 0.300 ml/min, were establiéhed by a
combinati‘én of one or two osmotic chambers, and saturated NaCl, CaClp,

or LiCl solutions.
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The water bath temperature was adjusted to 250 C and maintained
within 0. 5° C. Constant stirring was maintained. A 100 plL sample
was taken out of each compartment immediately. Samples ‘were ‘then
taken hourly for the ?irst few hours and then every 2 to 3 hours for
the remainder of the experiment. No samples were teken for a period
of 6 to 8 hours during each Q;Lght‘o:.t" the experiment. Bach experiment
requilred 2 to 3 days 'i:o reach s>tationar,;>r state. "Flow rates and
temperature ;'eadings were taken at .eech sampling.

Samples were dilute;'i to .a range of @.025 £0. 0.2 mMa This was
the linear range of Na a.nd K concentratlons as a ﬁmct:.on of optical
density for the i3eckman Atomic Absorpt:u.on system employed. C17
activity was first measured w:.th an Ag/AgCl electrode and a Beckman
research pH meter. Na"' and Xt concentrations were determined by atomic
gbsorption spectrophotometry and standardlzatlon curves. These curves
were obtained periodically frem a series of-gra:\r;_metrically derived

NaCl and KC1 standard solutions.

Steady-State Experiments

The membrane in the By position consisted of the M:j.ll'ipore GS type
membrane. In the initial experiments water flow into compartment B '
was ﬁermifted -only across the By membrane into coz.upartment 7. 'Mis was
accomplished by using the Millipore VC type menmbrane which Iias a low
mechanical filtration coefficient and maintaining a near zero pressure
differential across the af membrane. The water bath was maintained at

25.0 + 0.1° ¢.
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In Yater experiments, Millipore GS 'byg.)e merbranes were used in
both the af and By positions. In these experiments the flow of water
into compartme;lt B partially distributed into the o compartment depending
on the magnitude of the pressure differential across the of membrane

The apparatus was filled as in the nonsteady=state experiments.
'The NaCl and KCL concentrations of the f£illing solutions for
compartment 7 were maintained at approximately 100 mM throughout
these experiments. A sfe’t of experiments was run over a réngeA of water
flows into 8 from 0 to 0.7 ml/min, for each of the fol’low'ing WaCl - KCL
concentrations of Asolutiqn flowing into «: 3.00 M, 50 mM, 25 mM,
and 5 mM, Each solution brought about an increas.ing cohéentration
gradient in comparitment o relative to compartmeny B

In initial experiments water flows into B -a.nd‘.out of 7 were
co._ntrolled as in the nonsteady~state expe.zjiments » that is, by hydro-

‘ static feed into B and osmotic remova]f fro;n'y. In 1a‘tér ‘e;cperiments'
tobal water flow into con;partment B also dépénded oiz t.he ‘pi-essure
differential across the af menbrane.

Solution flow rate through compartment o was controlled by the °
hydrostabtic head and back pressure from the collecting needle. This
flow wag 80 conbrolled as 1o maintain a constant measurable con-
centration differential between the in and oubtflow for a solution of
given concentration flowing into «. The intent was to maiptain a
constant concentration gradient from o to 7 for a given solution

flowing into o over the entive water flow range into the B compartment.
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This then permitted a plot of ion transport against a constant
concentration gradient versus water flow. ‘

The system reached a steady‘-state by running overnight. Timed
samples of compartment o outflow were collected in 10 ml volumetric
flasks and 100 uL ‘sample's were taken from beth B and y. ¥Flows Oyt
Goyuts. Bins and the temperature were recorded. Samples were taken
until three coﬁsecutive samples had the same ion cc;ncentrations which
-indicated, that the system had reached a steady-state.

Sampling, dilutions, and analyses were performed as in the nonsteady-
s:tate experiments. In addition, gravimetric determinations of total
salt. content in the aip and ag,t samples were made. The ion transport

rates were calculated as given in Appendix C.
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RESULTS AND DISCUSSION

Initial comparisons of theoretical and experimental resulis made it
immediately apparent that correlation of the data with the theoretical
predictions depended highly on the assumed values of thev effective mem-
brane pore areas and gradient boundary thickness. Thererar‘e a number of
reasons for this. First, in the theoretical derivations, phenomena '

related to the actual existence of pbres within the membranes and to thé

¢
tortuosity would have the effect of decreasing the effective pore area

and increasing the boundary thickness. Sec'ond; soiﬁtiqn é‘birring has a
significant effect on boundary thickness. Bécaﬁse of “bhév apparatus
design, the stirring for these experiments was only,moderé.tely: controlled.
The geometry of the apparatus and the use o%"a water ba‘bﬁ .for tempéra‘bure
Ve
cont:fol necessitated the use of magnetic s‘blir:c;érs and .rel'atively smail
stirring bars or balls, which proved to be only a moderately effective
method of solution agitation. Also, the apparatus desigr»l:was such.that
there existed a poorly s:tirredl region on the 7 compartment side of the
BY membrane. All this had the effect of increasing the boundary thick-
ness. Finally; each experiment was conducted over a period of days during
which time the membrenes became partialiy clogged. Although the 1:1yd-ro-
static head was increased to maintain constant water flow, the effect of
the clogging was to decrease effective membrane pore area. Sixpilz;.r
membrane clogging was observed by Nims and ’.['iqurber (26). The problem of

not being able to precisely specify the membrane effective pore areas

and boundary thicknesses, necessitated the introduction of an empirical
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parameter, 7, correlating theoretical values to the mahufacturer's

membrane specifications:

2)
18) q = (Ax theoretical .

=)
<AX manufacturers' specs

A comparison of the experimental data for the time rate of change of Na™
and K+ concentrations in compartments -,cn and B, shown in Figure 10 and
Table ll-, with the theoretical results, showﬁ in Figure 9‘, for the same
water flow rate across the BY membrene indicates that the ratios of mem-
brane ares to boundary thickness were less than the menbrane menufac-
turer's values.

An additional problem in correlating eicperimental data to theoret-
' ical calculations was the difficulty of specifying the velocity of water
molecules within the membrane. The analy'ti&:a»l model neglected viscous
effects near the pore walls and assumed a constant water velocity equal
+0 the water flow across the membrane per unit pore area. The assumptio
of a velocity was difficult because of the difficulty in specifying the
pore area. A decrease in pore area has the effect of increaéing the
water velocity. Furthermore, in the case of viscous flow through a
cylindrical pore, the flow is of the Hagen-Poiseuille type (1) in which
redatively static layer of fluid, existing along the pore wall, decrease
the effective pore area and therefore increases the average water
velocity. Pore btortuosity increases this effect still further. This

difficulty made it necessary to introduce another empirical parameter,

8, correlating the theoretical average water velocity within the
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membrane to the experimental water flux:

49) T e = (vw)theoretical ]

(#)
A experimental

7 and 6 are.functions of the membrane pore area. 1 is a fu.nctz:.on of the
area through which diffusion occurs and 6 is a function of the area
through which bulk flow occurs. These areas need not necessarily be
. the same.
Three nonsteady-state cases of ion concentration variation with

'bjl.me in compartments o and B are given below. . In each case the imitial
concentration of each ilon in compartment § is greater than that in
compartment a. In the first ca‘se‘a low water flow rate, 'FWZ, is utilized.
The concentrations of both Na' and X in compartment o increase with
time until a stationary state is reached. This increase is due to “bhel
transient transport of the ions down. concentration gradients from
compartment ¥y to vcompar'bment &. The theoretical and experimental results
are given in Higure 7 and Table 3. In the second case, a higher water
flow rate, F;, was used. The concentration of K+_ in compartment o again
increases with time. However, the Na' concentration in compaxrtment o
behaves differently.. After a time equal to tl_(\?a"' , when the Na©
concentrations in compartments o and B are equal, the Na* concentration
in compartment « decreases until a stationary state is reached. Since
the Na* concentration in compartment B is decreasing simultaneously, the
wa© leaving compartment o enters compartment 7, which has a-Nat concen-

tration an order of megnitude greaber than that of a. The net effect is
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Figure 7.- Theoretical va.rie'.tioqkof Wt ‘and K concentrations in
compartments o and B with time.’ Fﬁ,: -0.100 ml/min,
B = o217, 87 = 0.217, c}\}a;, = o md, Ly = 150 mM.
Note increase of 4. and C‘;"{_,. with timé indicabing
transport of these ions ‘From ¥ to a dowmn concentration .
gradients. Stationary state K* concentrations are greater
than Na* concentrations. '



TABLE 3.- NONSTEADY-STATE EXPERIMENT (NO. 10); B and By

MEMBRANES = GELMAN GA-9,

56

Chat = 123 mM,  CFF = 99 mM, Cly- = 222 M

Time ¥,  Temp. c§;+ S cgi-
hr ml/min  °C  mM mM mM mt - mM va

0 -0.068 22.0 2,50 22.3 2.80 1u.9“‘ 5.30  37.2

1 -0.072  25.3 k.70 17.5  5.70, 16.8 11 104  3h.3

2 ~0.075 25.6 6.70 1.2 7.70 ,‘16~.5 . vy 39.7‘

b -0.075 266 830 131 106 17.0 18.9 30.1

6  -0.075 28.1 - 134 - " 18 - 31.5

8 -0.076 28.0 10.2 1h0 15.0 18.6 25.2. 32.6
11 -0.075 28.0 11.8 1.3 17.2 19.7 29.0‘ 3k.0
. 0075 28.00 12,8 1h9 184 206 312 35.5 ]
17  -0.015 28.0 13.8 15.0 19.2 19.9 33.0 3L.9
25  -0.075 28.0 15.2 . 17.0 21.0 21.6 36.2  38.6
26  -0.073 28,0 15.3 16.5 21.0 2L.6 36.3 39.1
29  -=0.075 28.0 15.8 16.6 21.2 22.0 37.00 38.6
33 -0.075 28.0 16.8 17.7 21.6 21.6 38k  39.3
48 -0.080 28.0 18.1 15.9 25.3 25k hlk  39.3 '
50  -0.077 28.0 16.8 16.9 21.6 22.9 38.%  39.8
sh -0.080 28.0 17.6 1Tk 23.0 50.6  40.3

22.9
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a transient tfansport of X" down a concentration gradient and a simul-’
taneous transient movement of Nat in the opposite direction against a
much greater concentration gradient. Attempts to demonstrate this case
experimentally were unsuccessful because the necessary water flow rates
and initial concentrations were in a difficult to conbrol narrow i‘ange.
The theoretical results are shown in Figure 8. 1In the third ,cas’e (Figs.
9, 10, and Table 4) even larger water flow rates ,'F% s were used. The:
concentrations of 1\Ia,+ and K+ in -compartment o decrease g.ft;er time equal -
to tio'. Both Na' and X" now demonstrate a transient movement from
compartment o to compartment ¥ against a concen’pra‘bion gré,dient. H
Additional experimental data demonstrating the th‘ird case are given,

Appendix B.

Results of the nonsteady-state experiments ‘demonstrafbed ‘the :t‘endenc:y

PN

for the concentration of X' to be higher than ﬁhaﬂ; of Na* in compar'[:ment
B, the "cellular" compaertment. Values of the Nims' distribution function
are shown in Teble 5. Values calculated from the experimentai conditions
at stationary state compare reasonably well with the expected value

of 1.2. Values of the function calculasted from the theoretical data
were almost in all cases precisely 1.2.

‘ Results of the steady-state experiments in which the water flow
rate across the of membrane was zero are given in Table 6 and in Fig-
ures 11-16. Bach pair of figures represents data for transport against
consecutively increasing concentration gradients from compartment o to
compartment 7: C]/Cy = 1.11 to 1.17, ¢/c§ = 2.11 to 2.k1, and

¢l /g = k.00 to 5.15.
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Figure 8.- Theoretical variation of Nat and XK© coricentrations in’
compartments o and B with bime. F;r, = «0.167. ml/min,

™ = o0.217, 9 = 0.217, cga,L = 140 mM, . CTK,. = 150 mM.
Note that C%. is increasing with time indicating K™
transport from ¥ to o déwn a concentration gradient
while C«‘i\la."' is decreasing after tlga."' indicating _Na.+
transport from o to Tt sagainst a concentration gradient
Stationary state K* concentrations are greater than Nat

concentrations.’
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Figure 9.~ Theoretical varistion of Na.’l' ‘and. 'K" conceﬁtrations i
compartments o and B with time. F < ~0,198 m)/min,

1P = o.217, o = 0.7, CE&* = Bomt, cfy =150 me.

Note that both f. eand % increase afber t) indicating

transport from o to 7y egainst concentration gradients.
Stationary state K* concentrations are greater than Nat
concentrations.
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TABLE k4.~ NONSTEADY~STATE EXPERIMENT (NO. T);f MEMERAWE = GEIMAN GA-9;

g7 MEMBRANE = MILLIPORE GS

et = 130 mM, Ch+ = 120 mM, G} - = 250 mM
Time By, Temp. Cffar OB+ ot o - b
e ce/min °¢ wM - mM oM - omM . mMd
0. 0 25.7 7.00 k5.3 7.00 145.0 140  90.3

§

0.75 -0.187 248 9.50  17.5 9.60 19.5  19.0- 37.0
1.75 -0.187 25.% 9.80 8.70 9.90 16.3 - 19.7 25.0 |
3.25 -0.187 25.1 - .90 - 8.20 - 13.1
‘,4_75 -0.192 2.9 9.00  5.50 0.0 7.50" 19.0 '1350
6.75 -0.195 25.0 7.30  3.70 8.80 7.20 16.1 109
9.25 -0.199 25.0 6.20  3.40 9.50 8.10 15.6 1L.5 )
"12.25 -0.199 25.0 %.80- 3.10 8.80 8.90 13.6‘ 12.0
15.25  -0.192  25.0 %50  2.80 7.20 6.80 11.7  9.60
22,75 -0.185 25.0 %.00  3.70 7.00 7.70 11.0  11.k
|23.75 -0.187 25.0 3.80  3.80 6.90 7.10 10.7  10.9
{25.25 -0.187 25.0 3.90 370 T7.00 T7.50 10.9  11.2
27.25 -0.187 25.0 3.90  3.80 7.50 7.80 1lL.k  11.6
29.25 -0.187 25.1 - 370 —= T30 -=  11.0
30.25 -0.187 25.0 3.60  3.70 7.70 8.50 11.3  12.2
51.25 -0.187 25.0 3.60  3.60 8.000 8.10 11.6  1L.7
¥7.50 -0.183 25.0 3.70  3.80 8.20 8.60 11.9 12.h
lx0.25 -0.185 25.0 3.80 k.20 840 9.20 12.2 134

sh.25  .0.185 25.0 .80 3.80 8.20 8.10 12.0 11.9
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Figure 10.~- Experimentel variation of Na¥ and K' concentrations in

compartments « and B with time. F,E = -0.183 to -0.199 ml/min,

o)
decreasing CF . and %y after tg indicating Na* and ¥+

transport against concentration gradients. Stationary state KV
concentrations are greater than Na* concentrations.

‘temperature = 25.00‘ C, 1 + = 0.129 mM, o, = 0.123 mM. Note
il
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TABLE 5.- VALUES OF DISTRIBUTION FUNCTION
Cira*Ce1~
n
Ch#+Ch ~
Case Fz;, _ml/min Ne” C1
07+C7 -
K™Cl
n T
Cg+Co1~
Theoretical ~0.,050 1.20
Theoretical -0.100 1.20
(Fig. T)
Experiment 10 =0.075 . 1.17
(Table 3)
Theoretical -0.159 l.21
Théoretical -0.167 1.20:
(rig. 8)
Experiment T -0.190 .15
(Fig. 10)
Theoretical -0.198 1.20
(Fig. 9)
Experiment 9 -0.230 1.19

(Appendix B)




TABLE 6.- STEADY-STATE EXPERIMENTS; F%, = - (AL, AP)*® = 0; ap MEMBRANE = MILLIPORE VC;

87 MEMBRANE = MILLTPORE GS; TEMP. = 25.0° C

Folcdn o7, B oAy [P B AT
Exp. No. f— ] 2 Yo | ch+/c+f o Mo | X K | /cir & K

ce/min | mM oM M wM/HER jmM M mM mM/HR
1 0 85.0 102 1.17  92.3 +0.02k| 85.0 100  1.15 92.0  +0.028
2 -0.073 100 1oL 1.12 b7k -0.107 [100 100 .1.11 54.8  -0.107
3 -0.16k | 100 101 111  25.0 -0.163 |100 99.0 'L.11 32.0  -0.215
i -0.263 [ 100 101 1.12  12.1 -0.285 [100 100  1.15 17.8  -0.279
5 -0.620| 100 103 1.4 6.30 -0.225 |100 100 1.1k  7.70 ~0.290
% -0.660 | 100 103 1.4 5.50 -0.225 |100 100 1.1k  6.60 -0.288
7 -0.670 100 101 1.12 5.0 —0.222 |100 100  1.15 6.50 -0.28k
8 -0.690 100 101 1.12 5,40 -0.222 {100 100  1.15  6.60 -0.28h
9 0 40.0 102 2.2k 76.7 +0.078] %0.0 100 2.1l T7T.%  +0.108
10 -0.073| k9.0 101 2.25  27.5 -0.051| 50.8 102  2.18 37.5  -0.0%h
11 -0.16k | 50.0 102 2.25  15.% -0.073| 50.7 102  2.27 21.0  -0.095
12 -0.263]| 50.0 102 2.32 7.04 -0.090 | 50.5 101 2.kl 1Lk -0.120
13 ~0.46k | 50.0 99.3  2.23 3.66 -0.115 | 50.0 98.0 2.27 k.90 -0.1k3
1k -0.560| 50.0 100 2.25 3.20 -0.106 | 50.0 100  2.30 4.00 -0.1k2
15 -0.570| 50.0 100 2.25 3.20 -0.103 | 50.0 100  2.32  %.00 -0.1k2
16 -0.578| 50.0 100 2.25 3.20 -0.102 | 50.0 100  2.33  L4.00 -0.1k2
17 0 4.5 985 438 68.3 +0.127| 13.8  99.0 4.08 68.8  +0.165
18 -0.118| 25.0 99.0 %.23  15.5 -0.015| 25.0 98.0 4.00 22.h  -0.005
19 -0.265| 25.0 101 5.0% i.Bo -0.0M1 | 25.0 101  5.15 8.00 -0.0k5
20 -0.390 | 25.0 100 i 2.10 -0.037 | 25.0 100 k.92  2.80 -0.04%
21 -0.k10| 25.0 Ioo .65 2.10 -0.035 | 25.0 100  k.B5  2.80 -0.045
22 -0.720| 10.0 99.0 12.5 0.60 -0.020 | 10.0  99.0 13.7  0.70 -0.026
23 -0.600| k.95 99.0 2k.B 0.56 -0.009 | 5.00 99.0 25.7  0.6L -0.0il

€9
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The gradients are given as ranges rather than as specific values because
to have experimentally set them to specific values would have required
a priori knowledge of the data to be determined. The concentrations of
ions in compartment 7 were between 98.0 and 102 mM. The membranes
cbnsisted of the Millipore VC type at the af position and the Millipore
GS type at the B posii:ioh. The dashed lines in the figures represent
analogous theoretical data. Calculations were performed for values of
the empirical parameters 'qoqs = 0.217, 7 = 0.585, and & = 1.6. These
' values were -obtained by matching two specific theoretical points to the
corresponding experimental points in Figures 11 and 12. These points
were AJ;a}- at F% = 0.7 and C§a+ at FZJ = -0.3. Both the steady sté.te
analytical and experimental results in Figures 11, 13, and 15 produced
similar plots of ion tran;port versus water flow across the B memb:-r'ane
in all cases. Since in all cases studied the concentrations in compart-
ment ¥ were higher than those in compartment a, ions diffused from
compartment 7 to compartment o at zero water flow rate, i.e., AJ(;' was
positive. Bince the concentrations in « and ¥ were maintained constant,
diffusion proceeded at a stead;y—sta‘te rate, with K" diffusing at a
greater rate than Wat. The effect of a low water flow across the BY
membrane, that is, opposing the direction of diffusionm, has the effect,
of decreasing the rate of diffusion. At a highc_ar ’FZ,, the diffusion is”
blocked, i.e., Mg'becomes 'eq_ual to zero. Nat diffusion,; since it

proceeds at & lower rate for the same gradient, 'is blocked &t & lowe'i' '

"

water flow rate than is K" diffusion. At water flows greater than those

i

causing diffusion blockage of an ion the 'trahsport direction of  that ion
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Figure 1l.~ Variation of Na¥ and K* transport-with water flow across

" Br membrane; =05 CT/CCc 1.11 4o 1.17; temperature = 25. o°
Theoretical: nu«B = 0,217, nBY 0.585, 0'= 1.6, c’r/cpb = 1.1
Note that the greater part of the curves -are in the negative AJq’

region indicating Na* and K* transport from o to Tt - aga:.nst
concentration gradients.
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SYMBOL

O Na

o Kt

—— THEORETICAL

20

c?f(mM)

10 -0.1  -0.2 -0.3 ;-0.47 -0.5 -0.6 -0.7

Y (mlfmimg
Fw(mllmln).

tigure 12.- Variation of Na* and X' concentrations in compartment B
with water flow across @y membrane; F?r = 03 C;f./c,"L = 1.11 to 1.1’7;
temperature = 25° C. Theoretical: B = 0.217, T = 0.585, o = 1.6,
CI/C‘:{' = 1.14. Nobe that the concentration of K" is greater than that
of Na* within compartment B, the "cellular" combartment. .
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Figure 13.- Variation of Na® and x* transport with water flow across
gy membrane; Fd’ = 0; CY/C“ 2.11 o 2.41; temperature = 25.0° ¢.
Theoretical: naﬁ 0. 217? nﬁY 0.585, © = 1.6, cT/o“ 2,2,
Note that the grea:l:er part of the curves are in the negatlve AJ°.°

region indicating Na¥ and x* transport from o to ¥y against
concentration gradients. Also, note that the transport is less
than that against the smaller gradient ‘in Figure 11.
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Figure 1h.- Variation of mat and KY concentrations in comparbme‘z;t B
with water flow across By, membrane; Fy = 03 or/feg = 2.11 to 2.41;
temperature = 25.0° C. Theoretical: 7B = 0.217, 1BV = 0.585,

= 1.6, cl/ci 2.2. Note that. the coricentration of Kt is greater
than that of Net within compartment B, the "cellular" compartment.
Also note that both Nat and X* concentrations are lower ‘than
those for a smaller ratio C/6¢ in Figure 12.
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'SYMBOLS

@] Na*

s k*
- THEORY

0.20 1 1 | 1L [ ]
0 -0.1 -0.2 -0.3 0.4 .05 -0.6

F(N-(mumin)

Figure 15.- Varia'bion.of Nat and K¥ transport with water flow across

Br membrane; ¥y =0; c1/0¥ = 4.00 to 5.15; temperature = 25.0° C.
) W 1/%1

Theoretical: 7%F =0.217, 98V =0.585, o =1.6, c’i‘/cg = 4.5,
Jote that ion transport down concentration gradients » positive AI%,

are greater and the transport against concentration gradients,

legative AJY, are smaller than transport for smaller gradients
in Figures 11 and 13.
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SYMBOLS
O Na+

a gt
—— THEORY
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Y -
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Figure 16.- Variation of Nat and k¥ concentrationg in compartment 8
with water flow across By menbrane; F%‘ =0; J c}:/c% = 4,00 to 5.15;

-, .

temperature = 25.0° C. Theoretical: n%f = 0.217, nB7 =0.585, -

8 =1.6, C{/Cg' = 4.5, Note that the ion concentrations are lower
than those for smaller ratios C{/Cg' in Figures 12 and 14. :
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reverses, i.e., A.Jg‘ becomes negative, and proceeds against its concen-
tration gradient. In the region IFZ,I( Nat = 0)I< |F‘7;,I<I:5’3r l(AJ?'{+ = 0),
Net and-K% move in opposite directions evenAthbugE fhe concentration
gradient for each is of the seame magnitude .a.nd sign. At water flow
rates greater than those causing X" diffusion blocka'ge , the transport c;f
both Wat and K+ occurs agé.inst their x"espect:"_w}re ‘gonéeritration gradie;rbsv..
This tyansport increases with increasing Waterfflow: ‘Thisfiﬁcrease in
transport with water flow, however, is at a decre§sing rate wntil at
very high water flow rates the ionic transport is essentially constgnh.
This. constant value is greater for K" than for Na+ because the trar;éport
is proportional to. the rate of diffusion across the off membrane. Since
Kt diffusion is greater than that of Ne© for the same gradient, the
transport of K* is greater. The steady state plots shown in Figures 12,
14, and 16 relate the ion concentrations in compartment B to the water
flow rates. These figures show the continuously decreasing values of
ion concentration with increz;.sing water flow. The concentration of XK*
is higher than that .of Na+, again demonstrating the tendency for K+‘ to
remain high within the "celluler" compartment. The results given in
Figures 11-16 also show that s the gradient, CZ/C?; is increased, the
'bransporj; down this gradient increases and the transport aéainsrb this
gradient decreases for the same water flow rate, ¥%. The ion concentra-
tions in compartment B'aiso decrease with an increase in this gradient.
Table T giyes experimental transport data for a range of water flows
across both the of and the By membranes. The results are difficult to

interpret. The experimental errors for these experiments were quite
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TABLE 7.~ STEADY-STATE EXPERIMENTS, af and By MEMBRANES = MILLIPORE GS;
TEMPERATURE = 25.0° ¢
Exp. No: FZ’ T cﬁé CKI&-J' c% +/05 & C§a+ AJ;;: .Czln 017{+ 74 /0% C%L— M%

cofmin | cofmin [mt  mi | & ¥ |y M/ER | M mM ETR ] o wM/HR
2 -0.135| © 100 100‘ 1.12 N 52.§ -0.145| 100 100 1.15 uo.i -0.157
25 -0.252] 0 100 100 1.13 18.5 -0.185| 100 100 1.18 22.8 -0.251
26 0 +0.091 | 120 100 1.0h k2,5  40.156| 120 100 1.03  51L.0 . +0.175
27 ~0.135 | +0.100 | 140 100 1.10 14+.6 . =0.040[ 140 100 1.10 23.3 ~0.040
28 -0.252 | +0.103 | 140 - 100 .1:68 " 8.05 " -0.049“‘140 100 1.10 9.90 -0.08k
29 -0.437 | +0.150 | 140 lO-O' :-1'.'09 e Ll "-:“05015 140 100 1.10 2.6k -0.038

.

el
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large due to difficulties in controlling and measuring three different
flows simultaneously: sz E‘g', and F:aifi.lne' However, the data do
indicate that the ion transport in the positive direction increases and
ion transport in the negative direction decreases with increasing water
flow across the of membrane, i.e., when F:_’ > 0. This was also demon-
strated with theoretical data as shown in Figure 18. These data also
demonstrate that the relative values of T]a*3 and: nw are very useful :i:n
determining the degree to which the transport is increased or cieereased.
As shown in Figure 18, for a.' r:atio of nm /T]O"B equal to 2.7, transport in
the negative direction is almost totally blocked for all values of water
flow across the BY membrane by a flow across the of membrane equal to .
+.1 ml/m;'.n. Furthermore, in comparing F;igui'es 12 and 17 it may be seen
that for the same total water flow into the system, IFngF;’rl, the ior
concentrations in compartment § are lower if part of the "wa‘ber flow
occurs across the off membrane. An increase in water flow, F’g’, ‘across
the aff membrane causes an increased differentiation 'betwéen N@"’ énd il
transport over most of the water flow range, F7. Tiieég theoretical data
are shown in Table 8,

In view of the significance of the membrane parameters n“ﬁ and T]B%
on the theoretical results, an analysis was performed to determine the
effects of variation of these parameters for the af and By membranes g;n
transport rates and on ;che ion concentrations in compartment B. At zero
water flow across the of membrane, the transport proceeds at the rate of

diffusion across that membrane. A decrease in T]GB, which means a

decrease in diffusion area or decrease in gradient, produces a decrease
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Flgure 17.- Variation of Nat end X concentrations in compartment | 8
with water flow across mem'l_)ra.nes aff and Br; F% = 0-091'1;0"
0.150 ml/min; ¢f/c$ = 1.03 to 1.16; temperature = 25.0° C.
Theoretical: 78 =0.217, 7PF =0.585, 6 = 1.6, cl/c$i= 1.1k,

¥y = 0.1 ml/min. Note that the ion concentrations in compartment B
are much lower than those for the same ratio CJ/CY and same total
water flow in Figure 1k. This is due to diffusion blockage by the
water flow across the af membrane.



[l

a -
Py =0
-0
0.1F :
F‘(;’ = 0.1 mimin

AJ:I +mMhr) 0
a 0.2 m/min

0.1

0.2

] 1 ! . .
0. 0.1 -0.2 -0.3° -0.4 -0.5 006 - -0.7

Fw‘(mllmm)

Figure 18.- Theoretical variation of Na+ transport with water flow
across By menmbrene and water flow across of wmenbrane.

clT\Ta‘P/dNa-l. =1.1% 1% =0.217, 1Y = 0.585. mNote that for the

values of 17 employed transport against the concentration
gradient, negative ATJD, is almost tobtally blocked for all values
of F;f, by a water flow across the of membrane equal to

0l ml/min.



TABIE 8.- THEORETICAL VARIATION OF RATIO OF K* TO Na® TRANSPORT WITH TOTAL WATER
FLOW FOR THREE RATES OF FLOW ACROSS THE af MEMBRANE

Fff;c Fy AN AN S I AN 5/ i I v AJ§+/4J§ +
0 o o0 1.05 [0.10  -- - lo.20 - a-
0.05| 0  -0.05 1.0 |0.10 - -~ lo.20 - -
0.10] 0 -0.10 111 [0.10  © 1.16 |0.20 - -
0,15 o -0.15 1.16 |0.10 -0.05 1.5 [0.20  -- -
0.20| 0o -0.20 122 }0.10 -0.10 -1.35 |0.20 © 1.2h
0.25| o -0.25 1.25 010  -0.15  1.49 [0.20  -0.05  1.35
0.30 | 0  -0.30 .29 [0.10 -0.20  1.62 |0.20 -0.10  1.h7
0.35| 0 -0.35 — o0 w025 - 192 o020 0.5  1.60
ok0| 0  -0.k0 1.35 |o0.10" ‘-o.5c} "0.938 ]0.20  -0.20  1.76
o451 0o <045 — 0.10  -0.35 — 0.20  -0.25 1.95
0.50] 0  -0.50 1.38 |0.10  -0.k0°  1.76 lo.e0  -0.30  2.12
060 o -0.60 141 |o0.10 -0.50 1.92  |0.20  -0.40 2.52
0.70| o  -0.70 1.4 |o.z0  -0.60  2.0% lo.20 050 .21
0.80 | 0 -0.80 -~ |o10 -0.70  2.13 |o.20 -0.60  2.55
0.90] 0  -0.90 -~  lo.10  -0.80 —  lo.20 070 323

9L
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in transport for all values of water flow across the By membrane. This

is shown in Figures 19 and 20. bécreasing naﬁ, and thereby' decreasing
diffusion into compartment B, has the effect of Ydecreasing‘ ion concen~
trations in B for the same water flow. This is shown in Figure 21. A
decrease in T]B7, or, in effect, a decrease in effective pore area or in
gradient for the By membrane, results in an incrgase in ion transport in
the direction of water flow. This occurs because of an increase 'in wabter
flux, a reduced gradient against which transport takes place, and decreasel
back diffusion. This case is shown in Figures 22 and 23. As shown in
Figure 24, a decrease in nB7 reduces ion concentrations in compartment B.
Again, this occurs because of a reduced back diffusion across the By
membrane.

The actual blological problem is much more complex than the model
presented in this study. However, the basic ‘features of the model
- consisting of multiple compartments separated by phase bound@s with
material flows across them exist in all biological systems. The
phenomena which occur in such a model must also occur in a biological
system since both are governed by the same physical laws. Although the
flows of material across a cell membrane may be small, the transport
phenomena, as presented here, area function of the velocities of the
components . These velocities may be extremely large due to the small
pore areas thought to exist in the living, membrgne. The flow of water
considered in this study is only one .of many metabolic component flows
which traverse the living cell mem'brang‘. Componen‘b; other ‘t':han water

may be more efficient in transporting ioms. Flows of glucose, lactic
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Figure 19.~ Theoretical variation'of Na' transport with water Tlow .
across the By membrene end n™. /0w = 1.1k, P '=1.0.
Note increase in negabive transport with increase in grea or
decrease in thickness of the af menbrane.
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Figure 20.- Theoretical variation of. k¥ ‘transport with water flow
across Py membrane snd 7oR. C /CI% = 1.1k, oBr =1.0.
Note increase in negative trensport with increase in area or
decrease in' thickness of the of membrane.
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Figure 2l.- Theoretical variation of Nt and X' concentrations in
compartment B. with water flow across the py membrane and n“ﬁ.

T, T
of /6 =114, 4P

concentrations in compartmeﬁ'b B with increase in area or decrease
in thickness of the of membrane.

= 1.0. DNote increase in I\Ia+ and K+
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Figure 22.- Theoretical variation of Nat transport with water £low
across the Py membrane and 7PY. C§a+/0§a+ = 1.1k, 7% = 0.217.

Note increase in transport rates with decrease in area or increase
in thickness of the By nembrane.
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Bigure 23.- Theoretical variation of K+ transport with water £low
across By membrene and gfY. c}z_,_/cl%_,. =1.1%, n%B = o0.217.

Note increase in transport rates with decrease in area or
increase in thickness. of the By menbrane.
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Figure 24.- Theoretical variation of mat qnd KT concentrations in
compartment B with £low of water across : By membrane and nﬁY.
cl/o§ = 1.1k, %8 = 0.217. Note decrease in Nat and XF

concentrations in comgar'bmen{; B with deéreaﬁe in ares or
increase of the. py membrane. = N '
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acid, urea, ammonia, and carbon dioxide have been shown to be able to
transport ions (27,38).

The membranes utilized in this study are simple relative to the
biological membranes. Pore sizes in cell membranes, of the order of
magnitude of hydrated ions, would have the effect of increasing the
tendency to differentiate between ions. The ions having greater
permeability would tend to move in an opposite direction to the tramsport
of ions of lesser perxrmeability in order to maintain electroneutrality
across the cell membrane.

An analogy may be made between the model*of‘; l'this ;tudy and a ‘f.;hree-
compartment biological system such as the kidney (13, 23, 30, 34h). In
general, Na™ ions are thought to move from the -'kidney tubule lumen into
the tubule cell down a concentra‘tion g;'ad:ient e,x;'.stip.g across ‘the lumenal
membrane. The Na' is then trané;)orted out of "the cé‘l’l‘ compartment into .
the interstitial fluid compar'bme{;t ;againsjb a concén‘cra‘bion gradient
exisfcing across the basal membrane. This is consistent with the mod..el
if it is assumed that the flt;xes :of com.pone’n“bsA essential to -th't_e trans-
port mechanism are greater 'be“i:ween the- cedl apd the 'interstitial c.om—
partment than between the cell and the lume[n,q‘oz;xpartment. 'An indication
that this indeed may be so in thé proximal tubule is the fact that the
mitochondria in the proximal tubule cells are primarily located within
the invagin‘a-tions of the basal membrane. The model situation in which
no water flow exists across the aBf membrane is analogous to the ascending
loop Aof Henle where it is proposed that Naf is transported against a

gradient from the lumen to the interstitial fluid while no water moves
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between these compartments. The water flow probably is blocked by the
lumenal membrane. Other sections of the kidney tubule are variably
permeable to water, and thus a water flow may exist across both membranes..
As d;emonstrated by the model, the distribution of flows across the two
membranes i1s dependent on the properties of these two membranes. The
brush border on the lumenal side of the proximal tubule cells, for
example, could function to greatly increase i:.he pore area of the lumenal
membrane relative to the basal membrane and thereby control the magnitude,
direction, and differentiation of transport of different ions. This is
supported by the _data in Figures 19 and 22, which show that in order to
maximize Na© rgabsor@tion the lumensl membrane should be as large as

possible relative to the basal membrane.
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CONCLUSIONS

In e two-membrane, threeféomparbment system in which the concen-
trations of Nat and X* in the "interstitial" compartment are held
constant, a trz;.nsient ‘transport of Ne¥ and k¥ from the ‘Lumen"
compartment to the "interstitial' compartment against a concentration
gradient may be maintained by a flow of water from the "cell"
compartment to the "interstitial fluid" compartment. This transport
will proceed -at a steady-state rate if the Ne™ and Xt concentrations
in the "lumen" compartment aré also held constant.

If the water flow is decreased, the system will reach a point
where the water flow no longér sustains KF transport against its
concentration gradient, and ;:he transport of the Na¥ and X+ will proceed
in opposite -directions, K* moving down the gradient and Na't moving
against a1.n equal or larger gradient. A similar steady-state phenomenon
is observed when concentrations in both the "lumen" and "interstitial
fluid" compartments are held constant.

For the same water flolw across the membrane separating the
"cellular" end "interstitial" compartments, the steady-state Ma™ and K+
transport against the concentration gradient decreases with increase
of the gradient.

‘ For equal .c'oncentrai;ions of Na+ and X in the "umen" and "inber-
stitial® co?npartments , the concentration of K™ is greater than that

of Na¥ in the “cellular" compartment for all except extremely low
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values of water flow from the “"cellular" compartment o the
"interstitial" compartment.

Both: the analytical model and the experimentsjshodid be expanded
to include membranes whicp have‘épecific pé;meabilities for the ions
under consideration. They should also be expanded tb include nonionic

components such as glucose and urea.
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APPENDIX A

Experimental Apparatus Debails

Drawings showing the details of" the experimental apparatus are
given in Figures 25-31. Dimensions are given in inches. Descriptions
of the part numbers in the drawings -are given in Table 9. The apparatus,
except where indicated otherwise, was made of Lucite.

Because of instability the specific ion electrodes , part No. 46,
were not.used as showrr. Instead samples were teken, and analyzed by
-a Beckman atomic dbsorption system.

- The use of a nonwettable menbrane for creating an osmotic water
flow is an innovation rest}lting from this study. This type of membrane
is normally. iJ:sed for Piltering organic scslvents or passing a gas into
agueous solutions. Since the_xpembran_e’l.vill pass‘weter vapor but. not
agueous solution at normal pressures , water may be transferred across
the membrane as a result of a rater partlal pressure gradlent. This

gradient may be establlshed by a da.fference in the‘coll:l.gatlve

properties of the solut:.ons on elther side of the membrane or a temper-
ature d:.fferent:.al. The transfer rate is mdependent ef the pressure

dlfferent:.al across. the mem'brane over a larée pressure range. JIT air

saturation of the menbrane is malnta:.ned » ‘the vater i;ransfer against
T

a pressure differentiel is limited only b‘y the burst p’r.essure of ‘the

membrane. Transfer of water against a pressure differential of 20 psi

have been observed.
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Some breskthrough of the more viscous saturated LiCL and CaCly
was observed at membrane support-points. This resulted in a decrease
in water transfer rate over a period of days. ‘This breakthrough was

not observed for the satura'ted.l\iacl solutiang.
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I
|

Figure 25.~ Appa:g‘atus Cross Section



Figure 26.- Cross section through compartment o or 8 showing sampling port
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Figure 27.- Cross section of compartment y &and osmotic compartment
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TABLE '9.~ EXPERIMENTAL APPARATUS PARTé DESCRIPTION

Part No.

16, 18, 19

25

29, 30
32

Descriptlon

Water bath lid

Compartment ¥

Stainless steel nut
Stainless steel washer
Stainless steel threaded rod
Monel screen membrane support
Rubber O-ring

Compartment

Compartment o

Millipore membrane, VC or GS
Osmotic compartments N
Nonwettable membrane retaining ring
Spacer disc

Stainless steel washer
Stainless steel screw
Rubber O-ring

Rubber gasket

Gelman VF-6 membrane

Stainless steel screw
Stainless steel heliceil inserts
Monel screen membrane support
Rubber gasket

Stainless steel screw

Sampling port

Sbainless steel retaining plate
Rubber sepbum

Stainless steel retaining plate
Rubber O-ring

Stainless steel bolt

Stainless steel retaining plate
Rubber O~ring .

Stainless steel bolt

swagelok fitbing

Specific ion electrode
Stainless steel washer
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APPENDIX B

Additional Data and Calqulated Values

Tables 10 and 1l show the results of nonsteady-state experiments
at two additional water flow rates, F;); The results a:c'e‘ similar to
those presented “in Table k4.

Teble 12 shows the concentrations of solution flowing into and
out of compartment o, and the time for Acollecti’ng a 10 ml sample out
of compartment o, from W}:Lich tﬂ’e ion tra.nsi;ort rates for the steady-

state experiments were calculated.
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TABLE 10.~ NONSTEADY-STATE EXPERIMENT (NO. 9);of MEMBRANE = GEIMAN GA-9,
f7 MEMBRANE = MILLIPORE GS

Chor =144 md,  Cf+ =260 md, Ch- = 30b my

o | % [t | G| B G | B | - | B
Hours | ml/min | ©C M M M M M M
0 o] — bho | 29.9 |%.90 | 32.8 9.3 | 62.7
1 -0.245 |2k.9 6.20 9.0 | 7.70 |12.1 {13.9 |21.5
2 -0.258 |[25.2 5.80 3.60 | 7.70 6.60 | 13.5 }10.2
3 -0.210 |25.5 | 5.60 [ 3.30|7.%0 j 7.20|13.0 |10.5
5 -0.215 |25.5 | 5.20 | 2.20}7.00 | 5.80|12.2 | 8.00
7 -0.232 [25.5 | b.00 | 2.h0]6.60 | 6.20]10.6 8.60
10 . -0.2k7 |25.5 | k.20 | 1.60|7.60 k.70 |11.8 | 6.3%0
13 . ~0.247 |25.5 | 3.20 | 2.70{5.90 | 6.k0] 9.10{ 9.10
15 . -0.215 |25.5 | 2.70 | 2.50|5.80 | 6.60| 8.50| 9.10
23 -0.237 |25.5 | 3.00 | 4.00(6.30 | T.00]| 9.30|1l.0
26 -0.218 [25.5 | 2.30 | 1.00|5.50 [ 2.70| 7.80( 3.70
29 -0.248 |[25.4 ‘ 1.90 | z.90 k.90 | 5.50] 6.80| T.ko

31 -0.2h0 {25.5 | 1.80 1.80 | %.90 5.50 | 6.701 T7.30




103

TABLE 11.- NONSTEADY-STATE EXPERIMENT (NO. 11);af MEMBRANE = GEIMAN

GA-9, By MEMBRANE = GELMAN GA-9, c§a+ = 141, i+ = 153,

Yo
Cop- = 29"
t FW Temp. CNa+ CNa+ CK+ CK+ CCl— CC 1~
Hours | ml/min | °C | mM mM M mM mMd |

0.25 +0.201 - 5.00| 57.8 | 7.20] 62.% [12.2{120

L0.165 | 28.0' 12.1 ' 9.50 [15.9 | 15.6 |28.0| 25.1
4 L0.168 |28.0 | 11.0 7.4%0 [15.7 | 13.5 |26.71] 20.9
6 ;0.172 28.0“ 9.60] 5.20 |1k.2 | 11.3 [23.8| 16.5
8 £0.183 |28.0 B.io k.20 {12.7 9.90 | 20.8 | 1hk.1
10 0.183 |28.0 [ '7.30| 3.70 11k 9.60 |18.71 13.3
13 L0.18% i 28.0 6.5 3.30 10;1‘ ‘ 8.80116.5 12.1
16 to.18% |28.0 | '5.50] 5.70 |10.9 | 15.9 |16.h 2.6
25 F0.18% | 28.0 8.00| 6.50 [14.8 1f.h 22.8] 23.9
28 Lo.18k | 28.0 6.20] T.20 |1h.1 | 15.7 {20.3 | 22.9
| 31 Lo.18% | 28.0 6.30] 6.80 |1k.4] 15.3 j20.7| 22.1
3% L0.184 | 28.0 6.30| 6.30 {14.6 | 16.2 |20.9| 22.5

48 Fo.184 27.8 6.50, 6.90|15.8 | 15.5 |22.3| 22.4
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TABLE 12.- LIST OF EXPERIMENTAL CONCENTRATION AND TIME VALUES FROM

WHICH STEADY-STATE TRANSPORT RATES WERE CALCULATED

oin aout ain aout ]
Cypat Cpat | CxF e T seople
Exp. No.

M mM oM mM minutes
1 85.0 87.0 { 8.0 | 87.3 5L.3
2 100 0.4 | 100 90.4 53.8
3 100 91.0 | 100 88.0 33.h4
i 100 89.9 | 160 87.5 26.8
5 100 90.3 | 100 87.5 25.9
6 100 90.2 | 100 87.5 26.0
7 100 90.0 | 100 87.2 27.0
8 100 90.0 | 100 87.2 27.3
9 k0.0 5.4 40.0 h7.5 1.5
10 - 49,0 15,3 50.8 | 46.8 TL.L
1L 50.0 b5.6 50.7 h5.0 36.2
12 50.0 k.o 50.5 | k2.0 bo.1
13 50.0 hh.5 50.0 h3.2 28.5
14 50.0 5.0 50.0 43.3 28.3
15 50.0 45.0 50.0 43,1 29.1
16 50.0 45.0 50.0 43.0 29.5
17 1.5 22.5 13.8 2.2 37.8
18 25,0 231 25.0 2.5 62.7
19 25.0 20.1 25.0 19.6 .7
20 25.0 21.2 25.0 20.3 59.3
21 25.0 21.5 25.0 20.6 60.1
22 10.0 7.95| 10.0 7.25 63.0
23 k.95 k.00 5.00 3.85 6.0
2k 100 87.7 | 100 86.8 50.5
25 100 83.0 | 100 85.0 39.1
26 120 "96.0 | 120 . 96.9 28.9
27 1ho 91.0 | 1ko 91.0 33.6
28 140 92.8 | 140 91.0 31.0
29 1o~ g92.2 |1ho 91.2 22.5.
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"APPENDIX C
Calculations
All theoretical calculations were performed by computer analysis,
and the datawere plotted directly from the computer printouts.
Calculations of transport rates were calculated from experimental

data presented in Table 12 as follows:

o -
50) _ aout ain
= ciFsaline) - ( CiFsaline)

For the experiments in which '}.T‘gf, the water flow across the of
membrane, is zero, the flow of solution into o was equal to flow of
solution out of a. This flow was determined by btiming a 10 ml sample.
Thus

& aout oiny 0.0l L
1 - AJY = (Ch - C;) === 1000
51) i ( R < ) t hours
where 1000 is the dilution factor.

A sample calculation of transport rate (steady-state experiment

No. 5) .is -given below:

1000 ¢ = 90.3 m ‘
Na . 1l hrs I
t.=25.9m1nx66m=0. 32 hr

oin
1000 Cyg+ = 100 m

(90:3 -, 100) x 0-0L _ _ 4.205 M/l
0.432 e

N

Nat



106

For the experiments in which FS: was not zero, the saline solution
flow into and out of o were different. The saline flow out of o was
again determined by timing a 10 ml sample while the saline flow into
a was read directly from a flow meter. The transport is now calculated

as follows:

% 0. in|
52) M?.' = [(Cgou 9%]-) - (ciFsa'line)cu{]looo

A sample calculation of transport rate for F% = 0.15 ml/min,

F‘?’, = «0.437 ml/min (steady-state experiment No. 29) is given below:

1 hr
1000 ¢ = 92,2 t = 22.5 min X = 2 = 0.375 hr
Na 60 min

ain | oin _ .'
1000 Cio+ = 1ho Foline = o.:29la ml/min X 60 X 0.001

= 0.0L77 L/hr

Li§

AT+ ‘[:92.2 x 0:0% _ 330 x 0.01771

0.375

1}

- 0.013 mM/hr
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APPENDIX D

Analytical Manipulations

Yerivation of equation 23 from 22 (19).

{e define the most abundant component as the solvent, w, .and write

n
53) §= ) 31 v gred () + Ty ¢ emad (i)
i=1

The chemical potential, p;, is bbth' pressure and -concentration

dependent:
54) grad (-ny) =T - grad (-B) + gvad (<)

\7]-_ is the partial molar volume of eompbnent» i, P is the pressure at
plane 0, and u; is the concentration dependent part of the chemical

potential at plene 0. Similarly, for the solvent:
=7 , Cy
55) grad (-u;) =V, - grad (-P)-+ grad (-u.)

Substituting equations 5% and 55 into equation 53 and dropping vector

notations since we are considering the one-dimensional case, we have:
n
- v e 3 g
56) ¢ —Z. JiEI‘i grad (-P) + grad (-p.i)]. + JWEI‘W, grad (-P)
i=l

grad (-p;;l
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The forces grad (-ug) are not independent but are related by the

Gibbs-Duhem eguation which requires that

n+l
57) Z ¢y grad (~uf) =0
i=1 o
Cy is the concentration of component i at plane O.
BEquation 57 is good for all pressures in the system. Rewriting
equation 37, so as to differentiate between solvent, w, and solutes, i,

we have:

58) erad (-u§) = -

n
1
= ) €y grad (-pf)

Substituting equation 58 into equation 56

n ~n
59) = .X\TiJi + Vo Jy arad (-P) + ZJi
4= id1
n o .
Y. & aylea ()
= ‘

Mow, rewriting equation 59

n

n
. _ . - s
60) ¢ = zvi;ri + V0. |grad (-P) + Z Jy - c—l W | grad (~u$)
W
i=1 L=l

The quantity in the first bracket in equation 60 is ‘the volume flow

through the barrier:
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n
B N = _
61) - _z V3 + VT,
i=1

The quantity in the second bracket in equation 60 is the diffusion

flow of component i relative to the solvent:

I3 = Cy(vy - w)

. ‘ T, J
62) - ci(—l - _W)
Ci Cy/f

[

— L
Jy =y - o Ty

v; is the velocity of -component 1 at plane O relative to a reference
coordinate fixed at plane O. Similarly, vy is the velocity of the
- solvent at plane 0. Equation 60 may now be written in terms of volume

and diffusion flows:

n
63) g = v grad (~P) +ZJ§ grad (-suz)

i=l

2, TDerivation of eguation 29 from 26

We utilize the chain rule relating the chemical potential gradients

to concentration gradients:

1] a c

c My
64 grad (-pz) = 2 % grad (~Ci1)
k1=l
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\

k' is simply a new subscript for the n solutes. Substituting

equation 64 into equation 26, we have

n n apl(;
65) A=) Y o e ()
k=1 k'=1 O
where (19)
n
. . apli
. 66) ZLgk Tt Dyt
k=

Equation 65 may now be written in terms of diffusion coefficients.
Since k and k' have been chosen arbitrarily, they may be used inter-
changeably:

n
67) Jg =Z Dyy grad (-Cy)

3. Demonstration of validity of neglecting cross-coupling coefficients

in equation 36.
For the condition J; = 0, equation 35 defines a system of
differential equations:

dac ac F
1 2 W
iz e - @

I
o

68)
T T B S
2L “ax 22 Tax A 2"
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Tet us assume solutions of the type
A3
69) Ci = Kije )

Substituting the solution into the system of equations we have the

matrix
FW .
T Dty Doy K5
70) ' y =0
By
Do1dg 5~ De2My Koy

The characteristic equation defined by setting the determinant in the

matrix equal to zero is as follows:

: A 7 \2
LY (P1aDep = Dyopy)Ay = 5Dy + Dpp)hy + <'f> =0

]512D21 in eguabtion Tl are negligible relative to Dy1Dos. The eigenvalues

now become

. S

72) A =y
L2 apyy’ appp

Neglecting the cross coefficients makes equations 68 necessarily

independent, and solubions are thus

F_x/AD
Cl =Kqe 11
73)

P x/ADy,
02 = K2e
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APPENDIX E

Error Analysis
1. ¥Flow readings
The manufacturer of the flow meters employed in this study gave
the expected erxto?i' of the flow readings to be 2% of the full scale
. reading of 0.5 ml/m:.n for a sapphire float and 1.0 ml/min for a
stainless steel float. 'i‘h:‘.-s was consistent with observations made
during calibration of the flowmeters.

2. Determinations of Na+ and K+ concentfa:bions in compart;nent B and 7:

Procedure ‘ . - Error
a. 0.1 ml sample by syringe: 40,001 wl’
b. Addition of 5 ml water
(min. dilutiom): +0,04 ml
c. Seample into 100 ml volumetric
flagk (max. dilubtion): ) 0.08.m1
d. Concentration determination by atomic .
absorption spectrophotometry.: +0.00L mM
e. Estimated maximum error: 5%
. A .
3. Determinations of Na¥ and K¥ transport, AJ% 5 Ff,’ =0
! - .
‘a. Collection of 10 ml sample: +0.02 mi
b. Timing of the collection: +0.1 min

c¢. Pipetting of 1.0 ml from the
10 ml sample: +0.01 ml

*d. Dilution of 1.0 ml in 1.0 L
, volumetric flask: 0.3 ml

e. Concentration determination by atomic
absorption spectrophotometry: +0.001 mM

. £+ Estimated meximum error: +22%
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APPENDIX F

List of Symbols

A
A9B
ABY.
afl
bik
%
.b‘ik
o

@ B 7
55,0

Dix

*
Dix

By

D21

Dop

total membrane pore area

total membrane pore area of af membrane

total membrane pore avea of B7Y membrane

o [AD5\ P
coefficient equal to|—is
EE \ax
. y %\ BY
coefficient equal to A—DIK>B
AX

concentration of component i
e

conc‘en’gi'at.ion: qf’ component i in compartment «, B, and 7,
' re;pectivély :

c;Jncentration of water in solution

di‘ffu‘svion co\ei;.'ficient relating the ith flow to the kth
force

average diffusion coefficient over integrated values

diffusion coefficient relating the flow of Nat to the wat
concentratibn grad;ien'b -

diffusion coefficient relating the flow of Na* to the K*
concentration gradient

diffusion coefficient relating-the flow of K* to the Nat
concentration gradient

diffusion coefficient relating the flow of K* to th{e xt

concentration gradient

electrical potential



11k

e exponential

F Faraday constant

F% flow of water across off membrane

FZ’ flow of water across the By membrane

S:Eine flow of solution into compartment o

< a‘il}.;vne flow of solution out of compartméntA @

fik frictional coefficient between ci)mpohén'ts I and k ’

J; flow of component i

J‘;B flow of component i across the of membrane

J?B flow of component i across the B7 membrane

J‘;’in flow of component i into compartment

Jgout i flow of component i out of compartment «

in.i . flow of component i relative to the flow of solvent

JIp . diffusion flow’

Jy volume flow

Iy ‘ Tlow of water

ko kes kg j elgenvector

Lik phen'omenologica“l c.oefficient relating the ith flow to the
" kth force

]Z.p mechanical filtration coefficient for membrane

Lg mechanical filtration coefficient for differential thickness

of membrane °

I‘PDk phenomenological coefficient relating volume flow to the

chemical potential. gradient of the kth component
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phenomenological coefficient ‘relating diffusion flow of '
component i to pressure gradient

unidirectional ma’cerialiflux'es :frtolin one side of membrane to
the other

summation of membrane parameters and fi‘idtidnail. cogff'icient's .

total number of solutes

total moles of component i in c’ompartmenffs o, :[3, and 7 *

transport rate

lactic acid production

reference plane within membrane

pressure

hest

production or consumption rate of component 1

universal gas constant

resistance coefficient relating the iizh force to the kth flow

entropy

absolute temperature

time

volume

_ volumes of compartments a«, B, and 7

partial molar volume of component k
velocity of component i
velocity of water

water
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ith force

direction

boundary thickness

differential boundary thickness

ion valence

compartment analogous to the kid.ney'tubule lumen

compartment analogous to tubule cell volume

compartment analogous to interstitial fluid compartment

activity coefficient of component k

empirical parameter x_-epresenting apparent ratio of membrane
pore area to boun;iary thickness to the ratic of membrane
pore area to membrane thickness as given by the membrane
'manufacturer for the of and BY membranes

empirical parameter representing .ra‘tio of /appa.,rent water
velocities to experiment water flux

eigenvector

chemical potential of componen£ i

concez}tré.tion dependent part of chemical ~pot‘en'b:i.al of
component i

Tocal entropy production

reflection coefficient

dissipation function

mobility



ABSTRACT
. OF
A NONEQUEILTFBRIUM THERMODYNAMIC
MODEL OF TON TRANSPORT IN A THREE-COMPARTMENT SYSTEM
By
Heinz George Hausch
Department of Physiology
Medical College of Virginia
A physical analog of steady-state sodium and potassium transport
in a two-membrane, three-compartment system was studied utilizing the
principles of nonequilibrium thermodynamics. This physical system is
analogous to physioloé—ical systems where one compartment consisting ef
a cell monolayer separates two other comparitments, such as the inter-
stitial fluid and the renal tubule lumen.in the Eidney. They;;ne@‘:)raﬁe‘s
in the model system serve only to lodalize thé chemical potential
gradients between coxﬁpartments. The pheromenalogical equations relating
the flows through the membranes to the chemical potefrb'i"al gradients

v

were developed from the equation for ‘energy., dgi.‘ésu:.patidn within éa’ch-
mémbrane. The Mflows defined both the noristeady;state rates 'olf cha.née
of concentrations within each compart;nent and the stea‘}dy-‘-.sit;te trai'lspc’)x-'t
across each membrane.

Ion transport due to chemical convection was studied _by adding *
water to 1;he Yeell" cofnpa;"bment and removing it from the "interstitial®
compartment. The "l\;men" compartment was left as :;. strietly passive

+ _+ - . .
compartment. The Na , K, and C1 concehtrations were measured

periodically until a steady-state was reached.



In further experiments the concentrations of components in the
"lumen" compartment were held constant by a constant flow of
NaCl-KCleHEO solution through the compartment. The constant flow
of water into the "cell" comparbment distributed itself among both the
"lumen" and "interstitial® compartments according to the mechanical
filtration propgrties of each membrane. In initial experiments, the
flows were unidirectional into the "interstitial" compartment. In later
experiments the flow was distributed to both the "intérstitia_l" and
"lumen" compartment. After the system had reached a ste'adyfstajﬁe ; the
concentration of components, the flows in andAou‘b ?f the "Lumen"
compartment and the flow ‘of water into the ~“cell"v ‘co’mpar‘t:kment were -

N +* -
measured. The megnitudes and directions of the steady-state, transport

of components were determined.

The nonsteady-state experiments demonstrated .a transient Transport
of Na+ B K+ , and C1~ ions from the‘ "Lumen" 'compartment to :thé
"interstitial™ compartment against a vc'onv‘:e'ntfation gradient. At low
solvent Pluxes the ion transport occurs with the ‘éoﬁc‘:e‘n’c‘rat:’:on gradient.
At intermediate solvent fluxes, k* and Nat are transported in opposite
direc‘biorlls; K+ is transported down a concentration gradient while N'z‘;;
is transported against an ej;lual or larger gradient.

Steady-state transport of Na' and k" from the "lumen" compa-rtment
to the "interstitial" compartment may be maintained by a solvent flux
in the direction of transport. The magnitude of this transport is

greatest when the concentrations of components in the two compartments



are equai, and decreases as the concentration ratio of components in
the "intestitial" compartment to those in the "lumen" increases. For
the combirations of solvent fluxés and component concentrations

investigated, the transport of XK' was usually greater than the transport

of Nat.





