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LAGRANGIAN DESCRIPTION OF WARM PLASMAS
by

Hongjin Kim
Institute for Plasma Research
Stanford University
Stanford, California

ABSTRACT

The main aims of this research are to extend the averaged Lagrangian
method of describing small signal wave propagation and nonlinear wave
interaction) developed by earlier workers for cold plasmas, to the more
general conditions of warm collisionless plasmas, and to demonstrate
particularly the effectiveness of the method in analyzing wave-wave
interactions., The theory is developed for both the microscopic descrip-
‘tion and the hydrodynamic approximation to plasma behavior, First, a
microscopic Lagrangian is formulated rigorously, and expanded in terms
of perturbations about equilibrium. Two methods are then described for
deriving a hydrodynamic Lagrangian., 1In the first of these, the Lagrangian
is obtained by velocity integration of the exact microscopic Lagrangian,
In the second, the expanded hydrodynamic Lagrangian is obtained directly
from the expanded microscopic Lagrangian, As applications of the micro-
scopic Lagrangian, the small-signal dispersion relations and the coupled
mode equations are derived for all possible waves in a warm, infinite,
weakly inhomogeneous magnetoplasma, and their interactions are examined
for propagation nearly parallel to the static magnetic field, and exactly
ﬁerpendicular. As examples of the use of the hydrodynamic Lagrangian,
the coupled mode equations are derived for interactions among two elec-
tron plasma waves and one ion acoustic wave; among one electron plasma
wave, one ion acoustic wave and one ordinary wave, and among two electron
plasma waves and one Alfvén wave. The work concludes with a brief
discussion of specific cases of wave-wave interaction most likely to
be worth subjecting to detailed numerical analysis, and some suggestions
for extension of fhe Lagrangian ﬁethod to bounded, inhomogeneous, weakly

turbulent plasmas of practical interest,
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Chapter 1

INTRODUCTION

1.1 Motivation of the Research

During the last forty years, the theory.of plasma waves has
developed from the simple analysis of Tonks and Langmuir1 of electron
plasma oscillations to very comprehensive treatments based on kinetic
theory. A wide variety of modes have been predicted by linear theory
for hot and cold magnetoplasmas, and have been studied experimentally,
particularly during the last decade. The stage has now been reached
where it may reasonably be stated that, at least for stable modes in
homogeneous plasmas, the relevant dispersion relations have been very
well verified.

The linear approximation is, of course, inadequate to describe
unstable waves: the predicted exponential growfh of small perturbations
must ultimately be limited by nonlinear effects. As a result, nonlinear
and turbulent processes are found to play an important role in many
laboratory and space plasma situations of considerable interest. For
example, turbulent heating and anomalous diffusion are vital processes

"in the heéting and confinement of plasmas, and the possible achievement
of controlled thermonuclear fusion conditions, These, together with
such phenomena as.charged particle diffusion out of the van Allen belt,
and the dynamics of the earth's bow shock, are highly dependent on
ﬁonlinear effects and illustrate the importance of understanding them.
A further example is the need to understand propagation characteristics

of electromagnetic waves through turbulent plasmas, either from the point



of view of communications or diagnostics. The description of nonlinear
effects is therefore one of the central problems in modern plasma physics.

Unfortunately, nonlinear phenomena lead very quickly to formidable
theoretical and algebraic complexi‘cies.5_5 Refuge may be sought in
computer simulation of the problems, but this can be extremely expensive
if complicated situations are to be modeled realistically, and it is
easy for the physics to be obscured. There is consequently very strong
motivation to elucidate the mechanisms involved with improved analytical
tools., What is required is a formalism which will simplify the analysis
to the greatest possible degree. Such a formalism is provided by the

Lagrangian methods which form the subject of the present work,

1.2 Review of Nonlinear Wave-Wave Interaction

If two waves are propagating as exp[i(mltjgl'ﬁ)] and
exp[i(®2t152:£)], nonlinearity of the plasma will manifest itself in
the generation of beat waves propagating as exp[i(w5t155°£)], where
w5=®liw2 and .53;51#52. If a beat wave happens to be a normal mode of
the plasma, synchronism is said to occur, and an exchange of energy and
momentum will take place among the three waves. The present work is
concentrated on this nonlinear wave-wave interaction process. It is
not the only significant nonlinear process; the beat wave can also
interact with charged particles moving at its phase velocity w5[55 .
Nonlinear wave-particle interaction then occurs,

A simple degenerate form of nonlinear wave-wave interaction was
explored by Pierce7 in connection with the traveling wave tube, 1In

1956, Manley and Rowe8 established an important relationship between

the powers at different frequencies flowing into a nonlinear capacitor

2



which is now known as the Manley-Rowe relation. Its generalization

to waves is extremely useful in the analysis of wave-wave interaction
because it implies certain relations between the coupling coefficients

in the equations describing the wave coupling.9 By 1960, amplification
due to wave-wave interaction, so-called parametric amplification, had
already been studied extensively in the context of microwave devices.1
Scarcely a paper on parametric amplifiers appeared without mentioning

the relevant Manley-Rowe relations. Since then, parémetric amplification
has been studied in other fieids which involve wave interactions in
nonlinear media, e.g., nonlinear optics11 and microwave acoustics.12
Nonlinear wave-wave interaqtion in plasmas seems to have been

1
3, in 1957. He obtained Manley-Rowe type

considered first by Sturrock
_energy trénsfer relations among four Langmuir waves, and calculated
nonlinear corrections to the frequencies of the waves., Subsequently,
Kinolu analyzed the nonlinear coupling between three waves propagating
on a cold plasma column, with and without an infinite static axial
maénetic field. Sturrock15 later showed that the Manley-Rowe rélations
represent a special case of the action-transfer relations applicable

to any system describable by‘a Hamiltonian, Petschek16 pointed out the
possibility of having instabilities due to nonlinear interactions in
systems stable to small perturbations. The nonlinear interaction of
longitudinal electron and ion oscillations was studied by Oraevskii and

Sagdeev.17

Following these pioneer works, a large number of papers have
appeared. Many of them will be mentioned in succeeding sections,

Depending on the situation of interest, two theoretical approxi-

mations have been made when analyzing wave-wave interaction: the coherent
t



phase approximation and the random phase approximation. The former

is based on the assumption that each of the interacting waves is
coherent. In plasmas, many waves are available to satisfy the synchronism
conditions, and the phases of the waves of interest lose coherence due

to wave-wave interaction with other existing waves, wave-particle inter-
action or other higher order processes. However, if significant energy
transfer among the three waves can occur in a time small compared with
the time required for changes iﬁ phases, the waves may be considered as
coherent, and the coherent phase approximation is adequate. On the other
hand, if the correlation among the phases of the waves vanishes due to
the random phase change before appreciable transfer of energy from one
wave to another, then the modulus of the wave amplitudes averaged over
the phases is of interest, and the random phase approximation should be
used, This situation was first considered by Galeev and Karpman,18 and
has been used extensively in turbulence ’cheory.5"19 The present work
is treated by the coherent phase approximation.

The most important equations to be obtained in the analysis of
wave-wave interaction are the coupled mode equations, from which spatial
and temporal variations of amplitudes of the interacting waves can be
calculated. The Manley-Rowe relations follow from them, and are useful
in understanding certain features of the parametric interaction. It
élso provide a check on the tedious algebraic manipulations usually

required in the derivation of the coupled mode equations, We shall now

discuss several of the mathematical methods that have been proposed and

used to obtain them.



1.2.1 The 1Iterative Method

The most direct line of attack on wave-wave interacﬁions is

gpe iterative method. The procedure is to expand up to second ordef
in the perturbation amplitudes the current equation and the equations
describing the particle dygémics, i.e., the single particle equation of
motion for cold plasmas, the moment equations fof the hydrodynamic
approximation, or the Vlasov equation for the microscopic treatment of
warm plasmas, and to simplify second order terms by the use of small
signal relations and the synchronism conditions. Combination of the
resulting equations with Maxwell's equations gives the coupled mode
equations and the Manley-Rowe relations,

Up to now, the majority of analyses of wave-wave interaction have
been done by this method, partly because it is sure and well known
from the fields of microwaves and optics, and partly because other
methods have not been well developed. Specific cases treated by either
the cold plasma or the hydrodynamic approximation are: interaction among

17,20

three longitudinal waves, among two ordinary waves and one Langmuir

21 . 22
wave, among two ordinary waves and one extraordinary wave, among

23,2k 25

three modified ordinary waves, among three extraordinary waves,

émong two circularly polarized waves and one Langmuir wave,26 and among
. . 2

three right-hand polarized waves. 7 The theory has been extended to

the microscopic treatment for the specific cases of: interaction among

. . 28
three longitudinal waves, among two transverse waves and one ion

29 30

acoustic wave, among two ordinary waves and an extraordinary wave,
. 1
and among three cyclotron harmonic waves.5 »32 Stenflo55 has considered

generally the interactions of waves propagating parallel to the static



magnetic field, and the extension to waves with their wave vectors
slightly oblique to the magnetic field have been investigated by Kim,
Harker and Crawford.Bu
The iterative method has the advantage of being straightforward,
and can be applied to systems for which the Lagrangian approach to be
described below does not apply, i.e., a Lagrangian function is
not derivable, In practice, however, it is extremely tedious., For
warm plasmas, especially, the charged particle velocity distribution
function has to be expanded to second order in perturbation by solving
the differential equations derived from the Vlasov equation, with a
driving term containing the first order distribution function. Since
the driving term is already complicated, the entire process requires
very laborious algebraic manipulation,

1.2.2 The Averaged Lagrangian Method

In this subsection, we shall discuss the averaged Lagrangian
method and its application to cold plasmas. The warm plasma case has
formed the main topic of our work, and will be discussed separately in

35

Section 1,3, The procedure is as follows. First, the plasma pertur-
bation parameters, i.e., the position vectors of particles and the
fields, are expanded in terms of a sum of sinusoidal perturbations from
equilibrium whose amplitudes, frequencies, and wave vectors are assumed
to vary slowly in space and time due to the nonlinearity. The Lagrangian
is then expanded in terms of these perturbations, and averaged over

space and time so as to remove rapidly varying terms. The Euler-Lagrange

equations derived from the zeroth order Lagrangian yield the dynamical

equations for the equilibrium state. The first order Lagrangian vanishes.



Variations of the second order ngrangian with respecf to the amplitudes
and phases give the small signal equations and the equation of action
conservation in each mode.’ Similar variations of the third order
Lagrangian give the coupled mode equations and the Manley-Rowe relationms.
For the method to be applicable, it must be possible to set up a
Lagrangian density for a given system, i.e., such that application of
Hamilton's principle leads to a set of Euler-Lagrange equations corres-
ponding to those chosen to describe the plasma behavior, It is well
known that the description of charged particles in an electromagnetic

26 37

field satisfies this requirement. Sturrock used Hamilton's principle
for electron beams and for cold plasmas to show that the first order
Lagrangian vanished to within a total divergence, and that the second
order Lagrangian.gave the required small signal equations.

The averaging process has been discussed by several authors.

38

Sturrock introduced a parameter in which the Lagrangian and the dynamical
variables are cyclic, and showed that the time averaged Euler-Lagrange
equation obtained from variation of this parameter yielded the action

39

transfer gquations. Galloway considered the equation for energy con-
servation averaged in time and space in order to get the wave coupling
coefficient, WhithamuO studied a Lagrangian averaged over the fast
varying waves in a slowly varying medium. The dynamical equations were
obtained by variation of the averaged Lagrangian with respect to the
wave amplitudes. From the variation in the phase of waves he obtained
an adiabatically conserved quantity. Bretherton and Garrettu1 showed

that this adiabatically conserved quantity was the wave energy density

divided by frequency. This conservation equation is precisely the



action-transfer relation previously obtained by Sturrock38, who had
concluded that the Manley-Rowe relations are a special case of the action-
transfer relation, Dewar)+2 has since shown rigorously that this conser-

vation relation holds to all orders in € where the small parameter

)
€ 1is the ratio of the period (or wavelength) of the fast varying wave
to that of the slow variation.

The averaged Lagrangian method has been applied by Dougherty43 to
obtain equations for ray tracing, to demonstrate conservation of wave
action, and to derive nonlinear coupled mode equations in a relativisti-
cally covariant form. While Dougherty presented the application of the
method in general terms, specific cases have been studied by various
authors. Galloway and Crawforduu have applied it to the nonlinear inter-
action of waves at arbitrary propagation angles in an infinite magneto-
plasma, and illustrated its effectiveness in obtaining explicit

5

expressions for the coupling coefficients. Dysthe not only gave a

clear presentation on how the averaged Lagrangian method is applied to

nonlinear wave interactions, but also studied the self-action effects

and the decay problem of a finite amplitude wave into sidebands by this

method. The coupled mode equations for Langmuir and ion acoustic wéves

have been derived by Vedenov and Rudakov.45 Dougherty considered the

waves in a cold unmagnetized plasmal¥6 as an example of his earlier s1:udy.ll'3
It is clear from the work cited so far that the Lagrangian method

is very efficient for treating nonlinear wave-wave interaction. 1Its

. advantages over the iterative method derive mainly from the following

features, First, in the iterative method, the coupled mode equations

are obtained as the end-product of tedious algebraic manipulation,



Furthermore, the Manley-Rowe relations are obtained only from the coupled
mode equations. In the averaged Lagrangian method, however, general
expressions for the coupled mode equations and Manley-Rowe relations
appea£ naturally before specifying an explicit expression for the
Lagrangian function for a particular system. Further, the third order
Lagrangian itself gives the coupling coefficient, and the expansion of
the Lagrangian only needs relatively simple and straightforward algebra.

1.2.3 The Hamiltonian Method

As the Manley-Rowe relations indicate, wave energy appears
as an important quantity in nonlinear wave interaction. Therefore, the
development of a Hamiltonian method is quite natural. This approach was
initiated by S1:urrock15’)+7 in his study of the nature of the Manley-Rowe
relation attributable to any systeﬁ which may be described by a Hamiltonian,
The épplication to wave-wave interaction is similar to that of the »
Lagrangian method. The Hamiltonian generates higher order perturbation
terms which are averaged over the fast varying temporal and spatial
variations. The canonical equations from the second order Hamiltonian
give the small signal equations, and the equations describing the non-
linear effect are obtained from the third or higher order Hamiltonian,

In this method, there are two approaches dependent on the choice
of canonical variables: the first uses action-angle variables,u8 and

15,17

was initiated by Sturrock. The Euler-Lagrange equation obtained
by variation of the Lagrangian with respect to angle is the action
transfer relation. The other canonical equation gives the frequency-

shift relation. Even though this frequency-shift relation is obtainable

by the Lagrangian method,55 it emerges more naturally in the Hamiltonian

9



method. This approach is analogous to the averaged Lagrangian method,
but does not provide the coupled mode equation obtainable by the

L9

Lagrangian method. In order to overcome this disadvantage, Harker has
recently developed another approach more closely parallel to the second
quantization method (see Section 1.2.4.) than the Lagrangian method.
This second approach uses for canonical variables the classical para-
meters corresponding to the probability amplitudes in quantum mechanics.
These parameters and their compiex conjugates are then canonical conju-
gates, and the canonical equations yield the coupled mode equations,

He has applied this approach to several illustrative cases: the inter-
actions of two longitudinal waves and one transverse wave, of three

longitudinal waves on a positive column, and of three longitudinal waves.

1.2.4 The Second Quantization Approach

Although the concepts of quantum mechanics, in particular

1 O~
the idea of quasiparticles, have been used by Soviet scientists, 8’h5’5 o2
it was not until recently that a formal quantum mechanical method was

53

developed for wave-wave or wave-particle interaction problems. The

procedure consists of expanding the Hamiltonian about equilibrium, and

then quantizing the fields54

in order to express the Hamiltonian in
quantum mechanical form, The transition probability from one state to
another can then be obtained by the Fermi golden rule in the time
éependent perturbation technique. For a classical plasma, the transition
probability is taken to the classical limit.

The method was originally developed by Pines and Schrieffer.55

Walters and Harr1556 used the method to study the nonlinear interactions

of longitudinal waves in a magnetized plasma, The static magnetic field

10



was assumed to be so strong that the electron motion was essentially
one-dimensional. It was demonstrated that the classical 1limit of three-
wave interaction among plasma waves yielded an earlier result of Aamodt
and Drummond.57 Krishan and Selim studied the interactions of trans-
verse-waves,58 and of transverse and longitudinal waves59 in an
unmagnetized cqld.plasma. Three-and four-wave interactions in a cold
plasma with no magnetic field have been analyzed by Zakharov.

The advantages of the methéd are that, if the Hamiltonian is obtained
in the quantized quantities, obtaining the transition probability is in
principle straightforward. While the classical treatment is usually
confronted with the conflicting choice of coordinate systems, i.e.,
Eulerian coordinates for fields and Lagrangian coordinates for particles,
such complications from the coordinate systems do not occur in this
method. The classical limiting procedure is sometimes extremely tedious,
however.61 Furthermore, unnecessary quantum mechanical steps have to
be followed even for problems which can easily be solved by classical
methods. If there are only a few monochromatic waves in a plasma, then
the use of the Fermi golden rule to calculate transition.probabilities
is no longer justified. Therefore, this method is primarily for the

case where the random phase approximation has to be made.

1.3 Review of Lagrangian Method for Warm Plasmas

l. For nonlinear wave interactions in cold plasmas, the efficiency of
the averaged Lagrangian method has been demonstrated by many authors,
The algebraic manipulation in the iterative method is much more tedious
for warm plasmas than for cold plasmas because the Vlasov equation has

to be solved to second order in the perturbations. It follows that the

11



Lagrangian method should be even more advantageous for warm plasmas
than for cold plasmas. No comprehensive development of the method has
been presented so far for nonlinear wave interactions in warm plasmas.

This is the principal aim of the present work.

1.3.1 The Microscopic Treatment

Although a microscopic Lagrangian function for warm collision-
less plasmas was first developed by Low more than ten years ago,62 only
a few authors have made use of it. There are certain obscurities in
the original derivation. For example, Low showed that his Lagrangian
gives the correct dynamical equations. In order to obtain small signal
equations in correct form from the second order Lagrangian, however, he
had to impose a consistency condition, Any solution derived from the
expanded Lagrangian which would not satisfy this consistency condition
was to be considered an incorrect solution. No discussion of the origin
of the condition was given,

Low's Lagrangian has been used for several analyses of wave-wave
interactions in warm plasmas: Suramlishvili obtained the coupling
coefficients for three- and four-wave interactions involving Alfvén,

o2 63

helicon and ion acoustic waves. Boyd and Turner considered the

interaction of two ordinary waves and a cyclotron harmonic wave.

65

Dewar used Low's Lagrangian to show the important role of nonlinear
ﬁéndau damping in the modulational instability. The emphasis of these
contributions is rather on solving specific cases than providing general
theories. Furthermore,they have not discussed Low's consistency condition

for the second order Lagrangian, nor for those for orders higher than

second., One may therefore question whether any of their solutions are

12
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incorrect. This point has been cleared up by Galloway and Kim, who
have shown that the consistency condition is not necessary.

1.3.,2 The MHD Approximation

So far, most applications of the Lagrangian approach to
plasmas described by the hydrodynamic equations utilize the MHD approxi-
mation, i.e., the plasmas are able to maintain a local isotropic velocity
distribution by virtue of an assumed short mean free path for ion-
neufral collisions, This model is used mainly to study low frequency
phenomena that are usually associated with ion motions; the electrons
serve primarily to maintain electrical neutrality. Higher frequency
phenomena,.such as plasma oscillations, are neglected. An immediate
consequence of the restriction to low-frequency phenomenavis the simpli-
fication that- the displacement current term in Maxwell's equations can
be dropped. The current due to free electrons is supposed to obey
Ohm's law, because of the high electron-ion collision frequency.

The Lagrangian appropriate to the MHD approximation gives only the
second moment equation (the momentum transfer equation); other moment
equations, Ohm's law, and Maxwell's equations, are used as subsidiary
conditions. This Lagrangian has been used by Eckart67 who showed that
the equations of motion for both incompressible and compressible fluids
could be derived from variational principles. Katz68 derived the
equation for a one-fluid, inviscid, perfectly compressible plasma in an
electromagnetic field. Newcomb,69 on the other hand, treated a perfectly
conducting f;uid governed by the conventional hydrodynamic equations,
for which the displacemeet and convection current are negligible under

most conditions of interest. Using the minimum potential energy

15



principle, he studied the stability of steady flow for isotropic

plasmas in toroidal and poloidal fields. Similar systems consisting

of fluid, vacuum and perfectly conducting solid walls were considered

by Lundgren.70 Application of this Lagrangian has been extended
recently to nonlinear problems by Dewar,u2 who has studied the nonlinear
interactions of hydromagnetic waves.

1.4 Aim of the Research

The foregoing review will éerve to demonstrate the need to develop
a unified and general theory of the Lagrangian method for nonlinear
wave interactions in warm plasmas. This is the main purpose of our
work, and theory will be presented for both the microscopic treatment
and the hydrodynamic approximation to it.

1.4.1 The Microscopic Treatment

In what follows, we shall discuss first the microscopic
treatment. This treatment is parallel to the averaged Lagrangian method
developed in cold plasmas. A rigorous theory is presented to show how
the method has to be modified in phase space. Results of some illustrative
examples are compared to those previously obtained by other methods.

In Chapter II, a Lagrangian for a warm plasma is formulated based on

the work by Galloway and Kim.66 The origin of Low's consistency
condition is pointed out, and the lack of necessity for it is proved.
fhis Lagrangian is used in Chapter III for thé linear theory to obtain
the equation of the particle trajectories and the dispersion relations,
By proving the equivalence of the conservation of action and the conser-

b3

vation of energy, the equivalence of the procedures used by Dougherty

35 29

and Dysthe,” and by Galloway, for obtaining the coupling coefficient

14



is shown. In Chapter IV, nonlinear wave-wave interaction is considered.
The averaged Lagrangian method is applied to obtain the action transfer
equation and the coupled mode equations, As some illustrative examples,
the coupled mode equations are obtained in explicit forms for all
possible interactions among waQes propagating nearly parallel, and among
those propagating exactly perpendicular, to the static magnetic field,
These examples serve well to demonstréte the advantages of the method.

1.4.2 The Hydrodynamic Approximation

A plasma is well defined if the three velocity distribution
functions for electrons,'ions, and neutral molecules are known. However,
they are often very difficult to determine. One ﬁust then be satisfied
with certain mean values describing less perfectly the state of a
plasma in the hydrodynaﬁic approximation. This approximation is especially
appropriate for a plasma where particle velocities are not comparable
to the phase velocity of waves.

Chapter V is devoted to the Lagrangian appropriate to the hydro-
dynamic approximation. - It is formulated by two different methods, The
first is by integrating the exact microscopic Lagrangian in velocity
space, For the linear and nonlinear theory fo£ small perturbations, the
Lagrangian is expanded. The expansion, however, involves some mathema-
tical difficulties. The other method is to obtain the expanded hydrodynamic
ﬁagrangian directly from the expanded microscopic Lagrangian by integrating
in velocity space. In this way the difficulties involved in the expansion
of the hydrodynamic Lagrangian can be avoided. As applications, inter-

actions among two electron plasma waves and one ion acoustic wave, and

among one electron plasma wave, one ordinary wave, and one ion acoustic

15



are considered by the first method, and that among two electron plasma
waves and one Alfvén wave by the second method.

The Lagrangian to be described is more general than that of the
MHD approximation mentioned in Section 1.,3.2: first, it includes both
the moment equafion and Maxwell's equations; second, while only the
ion motion is considered in the MHD approximation, our Lagrangian
includes both electron and ion motions so as to account for both electron
and ion waves; third, the MHD Lagrangian can be obtained from ours as

the special case of spherical adiabatic compression,
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Chapter 11

A LAGRANGIAN FORMULATION FOR WARM PLASMAS

The complete set of equations for describing a warm collisionless
plasma consists of the equation of motion for a charged particle,
Maxwell's equations, and the Vlasov equation. The dispersion properties
of piasma waves are determined by combining the expressions for current
and charge densities obtained from the Vlasov equation with Maxwell's
equations,

An alternative method for describing plasma waves is to use
Hamilton's principle. This can be done by formulating the Lagrangian
in phase space to include the equation of motion, and Maxwell's equations.
In the course of carrying out the variational procedure, a conservation
law in phase space (Liouville's theorem) must be imposed on the evolu-
tion of the electron distribution. For the collisionless plasma, this
is the Vlasov equation,

In Section 2.1, the exact expression for the Lagrangian will be
formulated rigorously. It will be proved that this is the desired form
by showing that the Euler equations give the equation of motion and
Maxwell's equations. In Section 2.2, we shall deal with the Lagrangian
for a slightly perturbed system. The required approximate form is
obtained by expanding the Lagrangian about the equilibrium state. In
_Section 2.1, Lagrangian and Eulerian coordinate systems are adopted
simultaneously for the particle part and the field part of the
Lagrangian, respectively. In order to overcome the difficulties arising
from using mixed coordinate systems, a field-like Lagrangian function
37

will be derived in Section 2.2, by making use of displacement vector

1
(sometimes called polarization vector7 ) coordinates. 1In Section 2.3,
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it is shown that the first order Euler equations, obtained from the
second order Lagrangian function, are the desired first order equation
of motion and Maxwell's equations. Comments on Low's procedure are

made in Section 2.k4.

2.1 The Field-Particle Lagrangian

.The Lagrangian for a system of electrons in an electromagnetic
field consists of three contributions: that of the field, that of the
electrons, and that of the interaction between the electrons and the
field. 1In obtaining the last two, a Lagrangian coordinate system has
to be adopted, while an Eulerian coordinate system is used for the
first. We will first consider the last two parts separately. The
total Lagrangian will then be obtained by adding the field contribu-
tion to the electron contribution,

The contribution of a single electron at (Ec’zo)’ at time ¢,
including its interaction effects with the field, will be the classical

expression for the charged-particle Lagrangian,

h
I
]

(1) + ale(z,t) - v (t) - Az, )], (2.1)

where gq 1is the charge of an electron; ¢ and é‘ are the scalar and
- vector potentials, and the subscript o indicates a specific electron,
Equation (2.1) holds everywhere along its trajectory.

Now consider an infinitesimal box, cell ¢, in phase space. It is
considered to contain many electrons in the vicinity of electron o,
and defined to move in time such that no electrons flow in or out, as
shown in Figure 2.1. This conservation law implies that the phase

volume and the electron density of cell ¢ remain constant along its

' 18
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Figure 2.1 Conservation in phase space [the number of electrons, n

inside cell ¢

is constant along its trajectory].
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trajectory. Since the electromagnetic fields can be considered uni-

form over the cell, the contribution of cell o to the Lagrangian func-

tion may be written as ncsg, where nd represents the number of
electrons in the cell, normalized to the total number of electrons in

the system. The total contribution of the electrons in the system

can be found by summing Sz over all ¢. The discrete summation of

cells can be transformed to integration by introducing continuous variables
for o, so that }E:nc sg - J;3r' jéBV,FQEI%X,) £P, where F 1is a con-
tinuous function. ghe continuous set of variables Qz'%x') are known

as Lagrangian coordinates, and are usually chosen to indicate the initial
position in phase space of cell 0.72

Adding the contribution of the field, £F, to that of the electrons,

P
£, we obtain the total Lagrangian,
P F
L = j;3r' adv’ FQE',Xf)s + d3r£ s (2.2)
P L .
where § and £ are defined as

mv2£zlaxl:t) + q[@ - Xﬁ{j:xr:t) ) é) ’

N =

(2.3)
JA

2
F 1 ~ 1 2
g =§[€o(‘7“’+a—t) - ;5(”&\)] -

‘Here, all quantities for which the independent variables are not ex-
plicitly shown in £P are to be considered as functions of r,y
and t, through their dependence on the Eulerian variables r, e.g.,
¢'= w[zﬂfj:Xj)t):t]-

The quantities to be independently varied are the position of an

electron, r, and the fields, A and ¢, all of which satisfy the
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usual restrictions on their variation,

84(t;) = B¥(t,) = 0, (2.5)

where t1 and t2 are the initial and final times, Before taking
variations, it should be noted that the conservation law in phase

space requires
rry =’0 . | (2.5)

67,68

Some authors™ have modified the problem by introducing a Lagrange

multiplier for this subsidiary condition, but this is not essential.

By letting F(£fhx') f(r,v,t), and changing from the variable

~ A A

set (r’,v’) to (r,v), we see that Equation (2.5) can be written as

F
S o+ v V4™ . VE=0, (2.6)
~ m v

which is the Vlasov equation,
With the help of Equations (2.4) and (2.6), the Euler-Lagrange

equations from r, ¢, and A variations of Equation (22), respectively,

yield73
dv :
maz=-aE+yvXxB), (2.7)
¢ ¥ - E= -a|a £(z,v,1) (2.8)
1 3 E
™ VXB-= Jh v XF(E?XRE) + ey 5% 0 (2.9)
where
o4
E:—Vﬁp-a—t-,E=VX£. (2.10)‘

Equation (2.7) describes the motion of an electron in the electromagnetic

field. Equations (2.8) - (2.10) constitute the Maxwell equations.
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2.2 Approximation to the Lagrangian

In setting up a variational principle for the trajectories of an
assembly of electrons, it is quite natural to use Lagrangian coordinates,
As one may appreciate from Section 2.1, however, this would involve some
difficulties in integrating by parts, since the differential operators
are in Eulerian coordinates. Furthermore, the Eulerian coordinate system
is overwhelmingly popular in describing plasmas. It is therefore con-
venient to choose Eulerian coordinates for the independent variables.
Fortunately, the conflicting requirements can be satisfied by the intro-
duction of a 'displacement vector'.37

Figure 2.2 shows a cell in phase space at QE%X)’ at an instant of
time t, following a trajectory in a perturbed field. It would be at
(1b’10) at the same instant of time if the perturbation were absent. Let
(5;‘5) be the displacement of the cell due to the perturbation, then

£=£O+g, fY,=rY.O+,§’ (2.11)

Let (5b’Xo) be fixed for all time. The electrons occupying the cell at
(Ib’ﬁo) in equilibrium at t are flowing out of the cell as time passes,
and another group of electrons occupies the cell at a later time, The
cell at (r,v) in the perturbed state, which corresponds to the equili-

brium cell at is then located at a different place from the

(x5%)>
one at t. However, the new location (r,v) still satifies Equation (2.11).
From the definition of two corresponding cells, the number of elec-
trons in the equilibrium cell is always thé same as that of the per-
turbed cell. Furthermore, the number of electrons remains constant for

all time, It therefore follows that

3, _ 3, 43
v = fo(zo,zo) d°ryd>v,

22

£(r,v,t) d3rd (2.12)



Y
1=

Figure 2.2 Perturbed trajectory in phase space [without perturbation,
the cell would follow the solid curve. Its perturbed
trajectory is shown dashed].
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where fo is the electron distribution function in the equilibrium
state. But the conservation of density along the perturbed trajectory

requires
F(r',v') = £f(z,v,t) , adr’adv’ = a3r a3v . (2

Separating the fields into equilibrium and time varying quantities as

P=38,+9 , A=A +a, (2.

and substituting Equations (2.11) - (2.14) into Equation (2.2) gives

the Lagrangian

P F
L = jd3ros‘d3vofo(zo,xo) £+ Id3r s, (2.

where we have

P 1 * 2 .
£ =3 m(zO + E) + q[@o Q- (XO + Ep (AO + E)] R (2.
oA da\2
F 1 ~0 a _-—1— o
£ =§e0(v0§0+-a-t—+ vocp1+5¥) g (Voxi‘o+ voxg) . (2.

The field quantities in Equation (2.16) should be evaluated at

<Eb + g,'zo + E), and the subscript O on the differential operators

represents the (Eb’XO) - coordinate system. In Appendix A it is shown
that

,é:: DS,’ (2.

where the operator D is defined by

[oX)

D=5t Y% "% T3 Yw

The Lagrangian in Equation (2.15) is now a 'field-like' one, and the
independent variables in Equation (2.15) can be considered as Eulerian

coordinates.

2L

9.+ta. -9 . (2.

.13)

14)

15)

16)

17)

18) .
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If the perturbation is small, then the expansion of the Lagrangian
in Equation (2.15) generates a series in which Ln’ the Lagrangian of

t
n h order in the perturbation, is given by

L = fd3rId3v fo(’z;,z’) £: + J.d3r £: . (2.20)

Here the subscript O on r and v has been dropped, and, unless spe-
cified, the subscripts O and 1 will be dropped from variables hereafter
up to Chapter V. The first few temms of £: and £§ are as follows:

Zero Order: For the unperturbed terms we have

£g = % mve + q(3 - v - A) ,
F_ % 2 1 2
£O = _é— (V@) - é;l; (V X ’éo) . (2.21)
First Order: We have the separate expressioné,
g =my - DE+alg+ (50 ME -y (5 DA-DE- A~y 2l
F v - +a'§' 1 (v x A) » (Vv ) (2.22)
LH = & P+ 53 % X A X a) . | .
It is obvious that
L, = 0, (2.23)

since ,ILO dt has been made stationary by choice of the zeroth order
solution,

Second Order: In this case, the separate expressions are

£ = 2 n(09)2+ al(5- Mo+ 3 (FLT)E]-ay- [(§-Da+s (g8: 79)°a)

€ 2

F da 1

-apg - [a+ (E- VAN, 5 =‘é9(v¢+s“f')'zr (vx2)% (2.2
0
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where the double dot product is such that ab:cd = a . (b

~

. c)d. Sub-
stituting them in Equation (2.20), and making use of the relations,

da
EI:/—V(P-B—';,R=V><a

2 (2.25)
gives, after some manipulation,

= J.d3rjd3vfo{—;— m(D§)2 -

(S-V)(E+va)} ;d3

N -
Q
v

(2.26)

Third Order: The field contribution vanishes at this order, leaving

52 = 3 al(E5 79 + 3 (EEETW)8] - 5 ay -

[(EE:7V)a + 3 (§§§ VI9)A]

F
-q 0§ - [(§ - V)a+ 3 (gg )4l , £3=0, (2.27)
where the triple dot product is defined such that abcidef = a-[b-(c.d)e]f
Substitution in Equation (2.20) gives

= qf .f adv £ { gg V) ¢ + g (ggg YIv) & - v [

- Dg - [(g - Va+ 3 (EE:V9)A]

2.3 First Order Equations

Before proceeding further, we must demonstrate that variation of

our second order Lagrangian gives the small signal equations correctly

Variation of E£:

Taking the variation of L, [Equation (2.26)] with
respect to ’5 yields

2
mDE = £ + (E - U)F - q D§ X B, (2.29)
where F and f are given by
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+ F=-q(E+vXxB), f=-q(e+vxbh). (2.30)

Now, expansion of Equation (2.7) about (Eb,zo) in equilibrium yields

m%g (vo * ) = -q[E+ (E * V)E+ e+ (v ¢t ;g) x {B+(§- 9)B+b}]. (2.31)

~

Extracting the first order quantities from Equation (2.31), and dropping
the subscript O from v,, gives Equation (2.29), and thus confirms that

it is the correct small signal equation of motion.

Variation of ¢: Carrying out this variation leads to the expression

eV - &= qsa3vv . (fOS) s (2.32)

which we must show to be the first order Poisson equation, To do this,

it is sufficient to show that the first order charge density is

0 = qu3vV © (£,8) - (2.33)

From the definition of a cell, described in Section 2.2, it follows

that the number of electrons in the cell at (r,v) in the perturbed field

is the same as that in the cell at (Eb’xo) in the equilibrium state
3,43 3, 43
f(E}XBt)d vd~r = fo(ib’xo)d Vod Ty (2.34)

where d3vd3r, the volume of the cell at (r,v) (see Figure 2.3), is

related to d3v d3r

09°Ty> the volume of the ce1¥ at (Eb,xo), by
: 3(r,v
advadr - d3v0d3ro , 4= a(:’sz , (2.35)
~Q’~0

where § is the Jacobian, Substitution of Equation (2.11) for the

Jacobian reduces Equation (2.35) to the first order equation

a3vadr = (1 + % ° g1+ Yoo 5)d3vod3ro . (2.36)
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From Equation (2.34), the number of electrons contained in the perturbed
cell at (r,v), of volume d3rod3vo, may be written to first order as

f(z,x,t)d:iv a3

g3y g3
= - . - . d-r. . .
09T = o(Lgr¥o) (1 = T + § = Uyq + B)d7vedr, . (2.37)
On the other hand, the number of particles in the cell at (r,v), of
volume d3rod3vo in equilibrium, is to first order

£ 508 g xg= [10(20,00) * (5T 1o(Z0n%) * (& Ty0) o Zgrtg) 187%587r,

(2.38)
Subtracting Equation (2.38) from Equation (2.37) gives the first order
distribution function

fl(f_’)l’) = _vo * (fos) = VVO ‘ (foé)

(2.39)
Integrating f XO yields

over
1

_ 3 .
p =qld VOVO (fog)

(2.40)
Dropping the subscript 0 from

(ib’zb) in Equation (2.40) gives Equation
(2.33). Equation (2.32) is, therefore, the correct first order Poisson
equation,

Variation of a:
~

Finally, variation of Equation (2.26) with respect

to a, and use of the conservation law for the equilibrium density,

v Viy+a-vf =0, (2.41)
yields
Loxop °% it L
m x~=eo§;-qjdV[ oPE = vV - (£,8)] (2.k2)
It only remains to show that the first order current density is
3 = ~a|adv g - vou, - (2,8)] (2.43)
~ 00k ~00 o=/ 7 )
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to confirm that Equation (2.42) is one of Maxwell's equations.

By following an argument similar to that used above, we may write

3Vd3r

X,f(szft)d = (XO + é)fo(zo,xo)d3rod3vo , (2.44)

for the perturbed cell at (r,v). Substitution from Equation (2.36) gives

3, 43, - 3, 43
X,f(E>ZRt)d Vol To = (XO + EDfo(Io’Xo)d vod Ty

'l’ofo(fo’l’o)[vo B+ vvo-51d3vod3ro . (2.45)

The term similar to Equation (2.44) for the cell at (r,v) in the equili-

brium state may be written as

3, 43. _ - 3, 43
X,fo(ial)d Vod Ty = (XO + Epfod vod T
+ v (E « T, + é - 9 )t (r.,v )d3v a3r (2.46)
~'= 0O =~ v0’/ T0NAQ’~0 0] 0o - )
The first order current density is
=4 d3vo x[f(i;l:t) - fo(ij_‘)] . (2.47)

Substitution of Equations (2.45) and (2.46) reduces Equation (2.47) to

Equation (2.43), as required.

2.4 Comments on Low's Procedure

Low (1958) expanded the Lagrangian about the equilibrium state
.according to the scheme illustrated in Figure 2.4, Because of the ini-

tial conditions

E-e-0, (2.48)

the initial electron density, F(r',v'), and volume, d3r' d3v' in the

)
perturbed system can be considered as those at t = 0 1in equilibrium,

as shown in Figure 2.4, The conservation law along the unperturbed
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trajectory then gives

F(r',v’) = f(E}th) = fo(fb’ﬁb) s d3rd3v = d3r'd v’ = d3r d3vO , {2.49)

~ o~ O

and it is this equation which Low used for the expansion of the Lagrangian,
Equation (2.49) requires unit Jacobian, which use of Equation (2.11) shows

is equivalent to

v-5+vv-é=o. (2.50)

~

This is the so-called "consistency condition", used by Low in proving
the first order Euler-Lagrange equations [Equations (2.32) and (2.42)] to
be the first order Maxwell equations. Low argued that any solution from
his Lagrangian which does not satisfy Equation (2.50) must be thrown out
as an improper one,

If the consistency condition is accepted, the misleading impression
is gained that the Lagrangian would be invalid in a system with different
initial conditions, or in a steady state which.is not affected by any

"consistency condition"

initial conditions. Furthermore, a higher order
would presqmably be required in order to check the validity of solutions
to nonlinear problems, i.e. corresponding to the inclusion of £3 and
higher order terms in the series approximation to £.
On the other hand, our transformation of coordinates via Equations

(2.12) and (2.13) does not require any specification of initial conditions,
Neither do we need any restriction in proving Equations (2.32) and (2.42)
to be Maxwell's equations. Low's Lagrangian [Equation (2.2)] and the
supplementary conservation laws [Equation>(2.5)] are in fact the complete
set of equations to describe a warm, collisionless plasma with arbitrary

initial conditions. All solutions from his Lagrangian are therefore

proper without invoking his consistency condition.
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Chapter III
MICROSCOPIC TREATMENT

I. LINEAR THEORY

To describe the small-signal behavior of warm plasmas, we may
use the first order Euler-Lagrange equations [Equations (2.29), (2.32)
and (2.42)] obtained from the Lagrangian second order in perturbation
in Chapter II. Fourier transformation of those equations should give
the dispersion relation, An alternative procedure is to average the
second order component of the Lagrangian density with the perturbing
variables expanded in a Fourier series. Variations of the averaged
Lagrangian with respect to the Fourier amplitudes of the variables give
the Fourier transformed form of the first order equations. The advantage
of the averaged Lagrangian method is that it gives an additional equation
which cannot be derived in Chapter II. It is the equation for conserva-
tion of action obtained from the variation with respect to phase.

The above procedure is presented in Section 3.1; small signal equa-
tions and the equation for conservation of action are obtained for an
infinite, collisionless, warm plasma in a uniform static magnetic field.
It is also shown that the Euler-Lagrange equations obtained by variation
with respect to the amplitudes are the first order equations obtained in
Chapter II. 1In Section 3.2, the equation for the conservation of energy
is derived from the éveraged Hamiltonian, and is shown to be equivalent
to conservation of action. The particle trajectory equation is solved,
and wave dispersion relations are obtained in Section 3.3 for all possible
magnetoplasma waves propagating at an oblique angle to the static magne-
tic field. Results of Section 3.3 are given for the limiting cases of
waves propagating nearly parallel and exactly perpendicular to the magne-.

tic field in Sections 3.4 and 3.5.
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3.1 Euler-Lagrange Equations from the Averaged Lagrangian

3.1.1 Procedure
The perturbing dynamical variables can always be expressed

as a sum of propagating waves

5( ) ,t) = E'{gk(x) exp[iek(i,t)] + Erk(z,) exp[ie_k(i,t)]} s

a(r,t) = E'{gk exp(18, (r,t)] + a_, exp(i0_ (r,t)}, (3.1)

where a prime indicates that the summation extends over only half of

k-space, and the ek's are integer multiples of a phase angle 0,

Then variables gk and satisfy

2k

1 B
Sk(l) = 5 f E(r,v,t) exp(-ik8)d® ,
0
1 21
2 = 5 f a(r,t) exp(-ike)de . (3.2)
0

An equation similar to the second one in Equation (3.1) can be written

for the scalar potential, ¢. It is apparent then from the Fourier anglysis,

that

*
Sk__-sk’i-k:gk’ e_k=-ek. (3.3)

The angular-frequency, Wy and the wave vector, k, are given by

06 o6
k k
o =57 k=-35 (3.%)

The Gk,wk, and k are complex in general, However, their imaginary
parts can be assumed to be very small compared with their real parts for
stable or nearly stable waves, for which the linear theory is valid; The
imaginary parts may therefore be neglected.

With the definition of Equation (3.1), the single particle Lagrangién

second order in perturbation may be written in the form
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P r P(2) i g% o i 3%
£p = E %(,wwﬂéw%,%%mﬁk), (3.5)

where the bar over £§ indicates that averages are taken in space and

j%
time. The Euler-Lagrange equation obtained from the gi variation of

Equation (3.5) yields

a£§(2) 3 3 ;:l‘:(g)
—— 2w T | "0 (3.6)
2L =~ V3 |a(2g) /2v))

Solving Equation (3.6) gives the spatial displacement vector, E&, in

terms of field quantities.

The averaged Lagrangian density component, £2, is also a function

of However, since :5k can be eliminated with the help of Equation

Sk
(3.6), it can be written as

7 2 Py . .*
I— = Zk £l({ ) s ££2) = Z A:("J (wk)E) al J ) (3.7)

p) k %k
i,3

J

j% .
The Euler-Lagrange equations obtained from the ai and ek variations

of Equation (3.7) ylield, respectively,

Zatd(o,K) a =0, (3.8)
1
2 (2)
, (s 5 oy i
3t Ewk +-B~ ok R (3.9)

The derivative 3/3t (or 3/3r) denotes that the differentiation is taken
with r (or t) fixed. It is, however, considered as 'total' in the
sense that the dependence of ££2) on t (or r) through @, or k is

allowed for. The nontrivial solution of Equation'(3.8) gives the

eigenvalues determined by

ij
det Ak =0 y (3.10)
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Its eigenvectors reduce Equation (3.7) to

Il({e) =0 . (3.11)
Equation (3.9) may be written as
d 3 (v. N\) =0
5t (0 +5r o e N =0 (3.12)
where
25(2) as(2)ox
— k _ k ~
N wm— v = - — . (3.13)
8 2s(2)s
k / %k

Equations (3.6) and (3.8) are the electron equation of motion and
Maxwell's equations, respectively. Equation (3.10) is the small signal
dispersion relation. Additional information is provided by Equation
(3.12), which could not be obtained in Chapter II. It can be shown that
Nk is the action variable for a system with periodic motion.LL8 Equation

(3.12) is therefore to be interpreted as the conservation of action.

3.1.2 Explicit Expressions for the Euler-Lagrange Equations

Explicit expressions for the single particle equation of
motion [Equation (3.6)], Maxwell's equations [Equation (3.8)], and the
equation for the conservation of action [Equation (3.12)] are required.
However, that for the action conservation equation is not given below.
It will be shown instead in Section 3.2 that the conservation of action
is equivalent to the conservation of energy and momentum, Since the
energy equation is more familiar to plasma physicists, the explicit ex-
pression for it is derived in Section 3,2. The explicit expressions for
Equations (3.6) and (3.8) can be found by making use of the second order

component of the Lagrangian function obtained in Chapter II.
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Let a plasma in a uniform static magnetic field oriented in the
z~-direction be subject to a small perturbation. The zero order quantities
may then be assumed to be homogeneous, With the gauge chosen such that
$ = ¢ = 0, averaging the Lagrangian functions in Equations (2.24) and (2.26)
gives the single particle Lagrangian and the Lagrangian density, respec-

tively, as

p(2) 1 2
£k( ) - z " le,OEkI + 3 q(Dk,OSk)'E’k* X BF g - (gt vxb)+e.e., (3.14)

(2) _ 1 3 % . 1 2 1 2
£ = s 4a |dv £, £x (gk+ v X Qk) +3 eo|gk| - 2T ngl + c.c., (3.15)
where c.c. indicates complex conjugate and

e B =-ikxg , (3.16)

= 3 . = m -
Dk,u =@, §$ + i [wk’p - k_Lv‘L cos(¢-¢k)], ,wk’u =Eo kv o+,

P
T
I
o
-
I+
[as}
I+

2,...). (3.17)

In Equation (3.17), @, is the electron cyclotron frequency; ¢ and ¢k
are the azimuthal angles of v and k, respectively, and the subscript .
indicates a component perpendicular to the static magnetic field (see

Figure 3.1). It may be seen immediately that is the Fourier trans-

Dy ,0
form of the RHS of Equation (2.19). We note that we may set ¢k = 0 without

loss of generality. However, in nonlinear problems involving interactions
among many waves, all of the waves do not necessarily propagate collinearly,
i.,e,, the ¢k's of all waves are not zero. In preparation for the

following chapter, we shall assume ¢k # 0 here. After substitution of
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Figure 3.1 Coordinate system for particle velocity
and wave vector.
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of Equations (3.14) and (3.15), Equations (3.6) and (3.8) become

2 q k'l’, X
Dokt Dk oB X% ="x 1'q‘ek+q(1°sk), (3.18)
EX<EX&)+£k'3k=O’ (3.19)

where N (= kc/ak) is the refractive index vector and ®  is a vector

with its magnitude W, directed along the z-axis. The equivalent plasma

permittivity tensor, z;, and the current density, jk’ are given by
3 ,
K =2l4—m, j =—iqd3vf[ g+ k x(vxg)l. (3.20)
~k Te e, = <k ol%ik 7 L XL

Equations (3.18) and (3.19) are the equation of motion of an electron and
the wave equation, respectively, It should be noted that these equations

are Fourier transforms of Equations (2.29) and (2.42).

3.2 Energy and Momentum Conservation

To each dynamical variable, Yu, corresponds a canonical momentum,

nu, defined by

B£2

ST aia\yu7at5 . (3.21)

However, no canonical momentum exists for the Fourier amplitude of the

. . i J* (2) .
dynamical variables a, or a ., because Ik in Equation (3.7) does
; L%
not involve é; or ai . Only the phase, ek, has a canonical momentum.

This is the action variable, Nk [defined in Equation (3.13)].
According to Hamilton's theory, and with the use of Equation (3.11),
the generalized energy and momentum densities averaged in time and

space are obtained as

X = 1)3' x(2) , }(}((2) = g N, (3.22)
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-2 g2 6P oxm (3.29

S

If we differentiate ££2) and substitute Equation (3.13), we obtain

2g(2) aa) 3k ag(@) 3 3k
k = N kK _ v - ;) k - N __lf. -V e ) (3 21;)
8t k \ot ~k dt ’ 5ri Tk ari ~% r, : '

By combining this with Equation (3.12), and the ray equation obtained

from Equation (3.%4)

ok acnk
St = "5 (3.25)

we may express the total differentiation of Rﬁg) and G£2) with respect

to time as

’g"t' (o) + '2_1— (g o M) =0, (3.26)

d 8 . -
brs (kiNk) + 3E (v, k. N) =0, (3.27)

~xk i k)

As in Equation (3.9), the partial derivatives in Equations (3.24) - (3.27)
merely indicate that the differential is taken with other coordinates
fixed. They are, however, considered as 'total' in Hamilton's theory.
Equations (3.26) and (3.27) are the equations for conservation of energy
and momentum, respectively, It is important to note that the use of
Equations (3.11), (3.24) and (3.25) reduces the conservation of energy
[Equation (3.26)], or momentum [Equation (3.27)], to the conservation of
action [Equation (3.12)].

From Equations (3.13), (3.15) and (3.19), explicit expressions may

be obtained for the energy and power flow:

N = _L1_ 2 41 o, 3 R
o N . lkkl t3 & e 35; (ay %) & +c.c. (3.28)
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oy

1 9
® N =-—e Xp¥ -3 S—-(g; L O Ky 5%) + c.c. . (3.29)

The first term on the RHS of Equation (3.28) is the magnetic energy in
free space, The second contains the electric energy in free space, the
particle energy, and the particle-field interaction energy. The first
term on the RHS .of Equation (3.29) is the Poynting vector, and the second
is the power flow due to particles flowing out of a volume coherently

3

with the wave.

3.3 Solutions of the Euler-Lagrange Equations

3.3.1 Perturbed Electron Trajectory

A difficulty in solving Equation (3.18) is that the x and y
components of the LHS are coupled. It may easily be seen, however, that

it can be diagonalized by a unitary matrix

w 1|1 t O
U=—|1 -i O . ‘ 3.30
V2 o o vz (3.50)

New characteristic vectors for 'gk are then (gﬁ,'éi, gﬁ L where
el -y g’ (1 = R,L,Z j =
k 3 1j k? IS Sl R J = x,y,z). (3-31)

Since the 7y component is equal in magnitude to the x component, and
lags it by 900, gﬁ is a vector rotating in a right-handed sense about
‘the z-axis, Similarly gi is rotating in a left-handed sense, The

unitary transformation of Equation (3.18) gives

D -5 =N & (3.32)
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where we have

Dk 1 Dk,O 0 0]
Lad
Bk = 0 k.1 Dk,O 0 Y (333)
2.
0 0 Dk,O
" RR RZ
L
- R L Z
Xy = Mt MI: MLk (3.34)
ZR ZZ
Mk Mk Mk
The elements of EL are given by
W
RR _  LL* k,O
0 S e ]
k
k
ZZ q 1
Moo= -2 [1 - cos (¢-¢k)]
RL MLR* q kLvL .
Mo = k=T amk exp [1(¢+¢ )]
ZR ZL* q
= Mk = -r; exP(_i¢) p)
k
MYE L2 4 ‘i exp(1¢ ) (3.35)
k = = - ———— .
k m\/_(l)
After some manipulation, the solution to Equation (3.32) can be
written explicitly as
L nd
"Ek =Sk * E’k b (3'36)



where the elements of the matrix 6 are

w kv
RR _ LL* q) _k,0 n o4 n l
G =%k = m: ® fo,-1 T 3o Po 1 [i(¢-¢k)]’ ’

. .
G22 - %{p“ - = *[P’_‘l’_l exp[1(¢-9, )] + Prll,l em[i(¢—¢k)]]} ’

k 0,0 20
RL GLR* q k.Lv.L Pn [i(¢-l¢ )]
% %k T“mz_ Ton K7
kv
ZR ZL¥ q _z i N
=¢*" = P exp (-i9)
k -k N2 O T-1,4 9)
kv
RZ LZ¥* _ 9 Lz n
Ge =Gk = NS PO,-1 exp (ﬂbk) ’ (3.37)

and Pz is defined by

0 N
' = -1

P =§“: a)( )a) .Jn.(?‘,k)' €xp il-"n(d)-d)k) + )\k sin ((t’-d)k):l +(3.39)
K,n# k,n+v

Here, A, is written for kle/wb,'and the following Bessel function

identity has been introduced:

e (1hsin ) =9 IO em (1nd) . (3.39)

N===-

The subscripts on the G's in Equation (3.37) indicate the k or -k wave,
as shown in Figure 3.2. A change in sign of the subscript k makes sign
changes in Wy s k; and kz, but the sign of the azimuth, ¢k’ does not
change,

Equation (3.36) describes the perturbed electron trajectory. It

may be seen that, if the rf electric field has a transverse variation

b3



Figure 3.2 Wave vectors of k and -k waves.
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(k‘L # 0), strong interactions occur between the rf field and the elec-
tron when.the Doppler-shifted frequency approaches a cycloton harmonic.

3.3.2 Dispersion Relations

: ; ' X 'y z
The unitary transformation of Sk = (ek, e’ ek) to
e = (eR ek ez) reduces Equation {3.19) to
~k - Yk’ K Ok )
’[L . E,k =0 > (3.)4-0)

where

[ 2 RR 2 : RL ‘ . RZ

_nz-ni/2+Kk —(ﬂl/2)exp(21¢k)+Kk (HZT&/JE)eXp(l¢k)+Kk
Iy 2 . LR 2 e LL . LZ
A= —()’ll/2)exp(-21¢k)+Kk - -7ll/2+Kk (nznl/@exp(-l‘bk)“k

. ZR ZL 2 ZZ
(M AR exp(-ig )+ (N A2)exp(ig )re” M|+ K

|

1
(3.41)

Here, ﬂz and I& are the components of the refractive index vector
parallel and perpendicular to the z-axis. . Using Equations (3.20) and

(3.36), and the relations
/ n n
Jn()\k) = Jn_l()\k) - XI; Jn()\k) = )\_ Jn(lk) - Jn+1(>\k) ’ (3-11'2)

k

27
j exp[i(md + ) sind)] ad = 2x I__(n) , (3.43)
0

the equivalent permittivity matrix can be obtained explicitly as
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2
«RR 1L ruk O (k M ) (kLVL) ] 2 mkzoklvl
kT Skt ( ) Zéﬁ(,n lek n 2wk n-1 2“uk n+l Jnd‘-(‘uk‘,n(‘uk,rﬁl Jan+1>,

2
+nw_ (k v.)
ZZ D 1z 2
o (3 sy .

ak,n+1 ak,n—l

2
KB LR -(ﬁ)g exp(2i )ZG(————ka*)z g 3 - ) 32
k= ok B % k n e ak,n ntl “n-1 2wk,n+1 uk,n-l n

_ “kzo kLVL J 3
n n+l 4

a&,n ak,n+1

1]

|

k -k -k
wN>2 . % Ok.LVZ J2 (mlc*'nmc)kva. JJ
= -|—] exp(i 2 - , (3.h4k
(dk p( ¢k):;: V2 ui n mk n-1 ' V2 aﬁ n o ( )

where Wy is the electron plasma frequency; < >denotes the mean value over
velocity space, and the argument of the Bessel functions is Ak' Unless
otherwise indicated, the summations over n contain all negative and posi-
tive integers. The small-signal dispersion relation is expressed by

det Z\:= 0 [Equation (3.10)].

The solution of the perturbed trajectory of an electron { Equation
(3.36)], the dispersion relation [Equation (3.40)], and the equations for
the energy conservation [Equations (3.26), (3.28) and (3.29)] are very
;omplicated. Simpler forms can be obtained for the special cases of waves

propagating nearly parallel or exactly perpendicular to the magnetic field,

These two limits will be considered in the following sections.



3.4 Quasiparallel Propagation (k-L << kz)

3.4.1 Perturbed Electron Trajectory

To first order in kl, Equation (3.37) reduces to

RR LL% kv ' k v ‘
Gk = G-k = EE;%;?:I %1 + é&i:i exp[1(¢'¢k)] + a;,fe exP[_1(¢_¢k)]} ’
kv [oy(q-0)-(x,v)%]
Giz -4 {1 + Qikl [&k x 5 ]exp[-i(¢-¢k)]
" o %, -1
( +a%)-(kzvz)2
b 0K 5 exp[i<¢-¢k)1§ ,
%,1
kv
Gl;n' e Y exp[1(P+d, )] ,

kT 2wy oy

k v : k v ( 17T )
GiR = G?i* =2 —= ;2 exp(-i) 1 + —= wkg L k0 exp[1(¢-9, )]

RN 20y, o
kv(o g*oy o)

+
2
Ewk,_z

exP[-i(¢_¢k)] s

kv

RZ LZ% q 1l z
=G, = exp(if ) . (3.45)

k X & o %%, 0%, -1 k

We shall make use of these expressions in Section 4.3.

In the case of all waves propagating precisely parallel to the

magnetic field (k-L = 0), Equation (3.36) reduces to

R q R q . L
g = —— e éL:—_—e 3
Kooma . KT K g, K
R L
b'v b"v
g = -1 - X exp(-if) + 1 =L KL exp(id) + —L5 & L (3.46)
2may 2may " o
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The displacement of an electron in the xy-plane coincides in direction
with the electric field of the right-hand or left-hand polarized wave,
which interacts strongly with electrons traveling such that wk_kzvz‘¥

+ w, - The first two terms of the displacement in the z-direction are

due to the Lorentz force of the transverse magnetic field (G:h.x Bk)‘
However, averaging over velocity space causes these terms to vanish, The
average displacement in the z-direction is therefore only due to the
longitudinal plasma (Langmuir) wave, which interacts strongly with elec-
trons traveling with velocities close to the z-component of the phase

velocity, i.e., mk_kzvz ~ 0.

3.4.2 Dispersion Relations

To first order in k;’ the elements of matrix A in Equation

(3.41) become

RR LL > [NV /%,0 1 (%7
£t (G )

I

2
2
ny . “N\2 K, Vz 520 %% %%
=1, exp(id )-—(——) — exp(if ) - ( - 2) . (3.47)
E k %k N2 k <wk,-1 2 cnk,(e) wk,-l >

In the limit of purely parallel propagation (k-L = 0), the off-diagonal

L d
terms of A vanish, The nonzero diagonal terms are then the dispersion
relations of the right-hand and left-hand polarized transverse waves,

and the longitudinal Langmuir wave,
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3.5 Perpendicular Propagation (kz = 0)

3.5.1 Perturbed Electron Trajectory

For this case, a rectangular coordinate system is more con-

venient than the rotating coordinate system used in Sections 3,3 and 3.k,

Putting kz = 0, and transforming the electric field (ei, et,

Z
(eﬂ, e;, ek), as indicated in Figure 3.3, reduces Equation (3.36) to

A
ek) to

I 0 N+ (¥4 I
i G G Gy “k
1 Ly 11 1Z L
€ = G, G, G, e, , (3.48)
Z Zy ZL Zz Z
G e
Sk Gy Gy k K
where
i q pn 77 I
Gk T m P—1 1’ Gk T m PO -n ’
J b

6 =6l -3 =20p" exp[-i($-9 )] + Py ; exo[1($-0,)1¢ ,
2¢k 0, 0,1 k

k v
Gt - _G;H + 33 214 {Pg,—l exp[—i(¢-¢k)] - Pg,l exP[i(¢'¢k)]}:

k m 2wk
|| Z a k;vz n 1Z qa kLVz n
% “n g f,10 % T Thag Fo,1,-1 (3.%9)

and, similar to Equation (3.38), Pg ",y is defined as
bl a4

Pg,u,v = ;Z;;’(-l)n wk,n&k,n:u@k,n+v Jn(xk) exp i[n(¢—¢k)+ xksin(¢-¢k)]
i (3.50)
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Figure 3.3 Electric field described by (e:, ei, ei) and

1 Z
(eﬂ, € ek).
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It should be noted that superscripts L1 and ) indicate the components
perpendicular and parallel to the wave vector, respectively. On the
other hand, the subscripts_ L and represént the components perpen-
dicular and parallel to the static magnetic field.

To see how each component of the rf field contributes to £ in

~

Equation (3.48), let us first consider the effect of the longitudinal
component (eﬂ). The displacement of gﬂ due to eﬂ is related by

gﬂ = G&“ eﬂ, the expression for which corresponds to that previously

™ I

obtained by Crawford. This shows that a perturbation due to ek becomes

very large when ak approaches (n + 1) ah, i.e., when the wave provides

space harmonics of the electric field over the direction of the electron

cyclotron motion., It may be seen that the contribution of e& g;

is due to an effect similar to the electron drift in a static magnetic

field QXD N'EL X B/B2).76 The electric field component eﬂ makes no

Z
contribution to gk. The perpendicular components (e; and ei) exert

effects on Ek similar to those of e&. However, they have perpendi-

cular rf magnetic fields. Therefore, additional contributions are made

by the Lorentz force (e Vv X Bk)' This can be seen by noting that the

terms in Equation (3.49) giving these additional contributions all in-

. . 1
volve klvl/qk or glvz/wk. With the help of Equation (3.16), kve /ak,

z z . Z L S S
klvlek/wk and klvzek/ak can be rewritten as vlbk, _vak and —vzbk,

respectively,

3.5.2 Dispersion Relations

For this case, the elements of matrix A are obtained from

Equation (3.41), with the base vector (ei, e;, ei), as
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¢

_ .2
k " N ank,n—lmk,n+1

N aﬁ (k v ) 5 2uy k v

>_
il

3

1%, n+1
YA 2 mN 2 <(Van)2>
A =1-1 =) J1+x E ,
o\ t =~ %,n-1%, 041
2
e _ ALi¥ Gu)
Al = - ,

= —-imw
k e zn: mk,nmk,n-lwk,n+1
2 2
LZ Zux %Dck; Z <Van>
k k %k n mk,na%,n—lak,n+l

A"Z Z\ 2 <Y >

= = . 3.51
k Ak E wk n-lwk,n+1 ( 2 )

>
I
>>

}

The elements of the matrix X for perpendicular propagation have been
obtained previously by Baldwin et al. T Their results can easily be
reduced to Equation (3.51) by making use of suitable Bessel function

identities [Equation (3.42)].

For an electron velocity distribution function even in v, the
z Z
elements A; 5 Akl, AllZ and Ai" all vanish, and ei is decoupled from
ei and e;. The electric field ei is therefore a normal mode whose

dispersion relation is determined by Aiz = 0. In the cold plasma limit

this reduces to the well known dispersion relation of the ordinary mode.

For a nonzero temperature plasma, however, Aiz has poles at w2 = n2u§;
n = 1,2,3 ..., which lead to propagation in the neighborhoods of the

cyclotron harmonics. For this reason, we shall refer to ei as the

ordinary cyclotron harmonic wave. The case where longitudinal waves
(e&) are almost normal modes has been considered in a great detail by

7

Baldwin et al. By this we mean that there exist solutions of the
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Dt

1l

i i i Z, Iy he ol _
dispersion relation other than ek, namely Ak Ak Ak Ak = 0. To
a good approximation these are the solutions of Ai" = 0 and are

known as longitudinal cyclotron harmonic waves (or Bernstein modes).

For the special case of an isotropic Maxwellian electron velocity

distribution where
3/2 m(v- + v)
m L Z
£ =1 (2;:«1‘) R ) (3.52)

8
one can readily obtain, upon substituting the integration identity7

fm Wo() exp (— g—j) d\ = a exp(-a) I (a) , (3.53)
0

into Equation (3.51), the dispersion relations for the longitudinal and
ordinary cyclotron harmonic waves, respectively in the forms

2 2 2 2 2
o exp(-leT/uuuc) ® n In(k_LxT/mwc)

1 =2 - s
N k2KT/mw 2 O n %, -n
1 c ? ’ .

n=1

® n°r (k KT/mw )

, v
1 - nf= (:—)Ii) 1+ 2(1)2 exp(-k KT/IM)) Z mk wk . (3.54)

[«

Dispersion curves corresponding to the first and second expressions in

Equation (3.5&) have been computed by Crawford75 and Lee79, respectively,

for a range of plasma parameters. The second term on the RHS of the

dispersion relation for the ordinary cyclotron harmonic wave is negli-
gible except very near to cyclotron harmonics, i.e., at nearly all
frequencies the dispersion relation is essentially that of the ordi-

nary wave in a cold plasma.
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Chapter IV
MICROSCOPIC TREATMENT

II. NONLINEAR WAVE-WAVE INTERACTIONS

The linear theory of Chapter III assumesvthat an arbitrary perturbation
can be expressed as a superposition of non-interacting eigenmodes. A
characteristic result of nonlinearity is the occu?rence of coupling among
these modes. If the coupling is weak, then arbitrary perturbations may
still be expressed approximately as a superposition of eigenmodes, but
whose amplitudes are now assumed to vary slowly in time and space. By
'slowly' we mean that the scale of the variation due to the wave-wave
interaction is much longer in time and space than the period and wave-
length of the disturbance. We shall assume that the ratio of this scale
is comparable to the ratio of the amplitude of a perturbgtion to that of
the zero order quantity, and denote them by a small parameter e. We
shall also assume that interaétion occurs coherently, i.e., wé shall not
treat interaction in the random phase approximation described in Section
1.2. We shall consider all possible types of three-wave interactions
in a warm, colliéionless magnetoplasma, with an immobile ion background.
The procedure to be followed is similar to that used by Dysthe
in the analysis of nonlinear wave interaction in a cold plasma.35
The averaged Lagrangian is first obtained in Section 4.1 for waves pro-
,pagating at an oblique angle to the static magnetic field. It was
demonstrated in Chapter III that action is conserved in the linear theory.
When nonlinear interaction occurs, action is exchanged among waves due
to the wave coupling. The action transfer equations and the coupled mode
equations are derived in Section 4.2, In Section 4.3, these equations

are specialized to the case of waves propagating nearly parallel to the
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magnetic field., In Section 4.4, the interaction among three cyclotron
harmonic waves is considered. Coupled mode equations are presented in

explicit forms suitable for computation.

4.1 Averaged Lagrangian Density

Taking the slow variation of wave amplitudes due to the mode coupling

into account, we may modify Equation (3.1) to the form

E(f_;,‘\’)t) = E::’k (ef_;x:et) exP[iek(fjt)] 3
a(r,t) = % A (er,et) exp[iek(r,t)] s (k.1)
~ o~ kN ~o ~

where the slowly varying amplitudes, X (er,v,et) and A (er,et),
may be written in terms of the Fourier amplitudes of linear theory,

sk(l) and a , as
5((65;2’_,) et) = Olk(eﬁ)e:t)[gk(v) T e Ek(X)] ’
Ak(ei,et) = oak(e};,et) 2, - (4.2)

Here ak and Ek can be regarded as correction factors accounting for

the nonlinear effects, and

O =0, B =B - (k.3)

Consideration of the Lagrangian density expanded to second order
in the perturbations sufficed for the linear theory of Chapter III. In-
formation on nonlinear plasma phenomena is contained in the terms higher
than second order. For sufficiently weak plasma nonlinearity, the third
order term in the Lagrangian is much larger than those of higher orders,

so only the second and third order terms need be considered here.

The second and the third order terms in the averaged Lagrangian
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density are obtained by substituting Equation (L4.1) into Equations (2.26)
and (2.28), and taking the average over a scale ﬁuch longer in time and
spaée'than the period of the fast varying quantities, but much smaller
than the scale of the slow amplitude variation due to nonlinear interac-
tion, All terms in £§ vanish, except those satisfying the resonance

condition
ek + ek, + ek” =0, ()-I-ll-)
[}

which implies the synchronism conditions

k+k'+k"=0, (,uk+(nk,+a)k”=0. (4.5)

For notational convenience, we will define A£2) such that

(2) _ p(2) , A(2) (2) _ p(2)*
G = AT AT, A =TT (4.6)
Although £k is always a real quantity, Ak is not necessarily real, To

first order in ¢, the part of the averaged Lagrangian density governing

a weakly nonlinear plasma, i.,e,, the sum of the second and third order

terms, is given by

- aak ao/,k .
Pl 42 + T, 3o ey * et sy A0
k k

T Z %% 'OLk”Al(d?)'k”' exp[i(0 +6, 6, m)] , (L.7)

k+k "+k"'=0

where the A's are given by
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3,¢
A£2) B d3Vf AP(Z) i(z) ’ ig)k J. o kk k” ’

P(2) m 2.4 X _
Mo =5 I ol 3 (0 08) - B xB-ag - (g ryxh),
F(2) _ 1 2 __1 2
N =5 e legl 2 L
P(3) _.._(_1_ (D ) . ;_; X b,y + ig g I'k”(e n + v XD ”) (11- 8\‘
Mx®” = 3 k,OSk &’ 7k 5 Aok E (8 ~ K <<

In Equation (4.7), the term involving Ek has disappeared due to the

first order equation of motion,

4.2 Action Transfer and Coupled Mode Equations

Variations of § in Equation (4.7) with respect to ek,ek, and ek”

give
S5 (ol + S5 ool ™) - e (lonr 1) + 35 - (mrlonrl )

B (lootin) + & - (sl Bi) = 2(agemne D D+ oc

~ k,k’, k"
(4.9)

where the summation is understood to contain all permutations of k,k',k”.
‘The first two equations are the so-called Manley-Rowe relations,

giving information about the relative rates of transfer of action den-
sity (Iak|2Nk) between the waves., The third equation gives the direc-
tion and the absolute value of the rate of transfer.

Variation of 'E with respect to a_k gives
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. [d d (3)
1Nk(-éT + sz . -8;) o/_k = K O!_k// Z | A—k—k I_k// . ()*'10)

4

Similar equations for the k and k”-waves are derived from the Q_

kl

and _ variations of §, respectively. Equation (%.10) is the

K 14
coupled mode equation. It should be noted that the action transfer
equation [Equation (4.9)] can be derived from the coupled mode equation

by using Equation (3.12).

Since N, , v, and A(3)

@ Vi ljox/_x” @are known for any wave, Equation (%.10)
can be solved in principle. The expressions for Nk, Vi and AES)—k' —K”
) )

in terms of field quantities are extremely difficult to evaluate in
general, as indicated in Chapter III. A simpler form of Equation (4.10)
is obtained in the limiting cases of waves propagating either nearly
parallel or exactly perpendicular to the static magnetic field. These

will be considered in the following sections.

4. 3 Quasiparallel Propagation (kl << kz)

Substitution of Equations (3.36), (3.45) and (4.8), and some
tedious but straightforward algebra, reduces Equation (4.10) to the

following form first order in kl,

" VA Z% 2% % R JL¥ R 7K QL JR* L% Z*
= Oé_k /Ct_k// Qkk 1" ek X /ek// Qkk " Cx ©) 18K” kk k" €k Sk "k’
k,k’,k”

RR L% R¥* R¥ LI, R¥ L% L% RZ L% 7% Z*
Qkk /k// ek ek ,ek// + Qkk ,k// ek ek ,ek,, + Qkk lk// ek ek Iek//

1€, v

LZ  R¥ 7% 7%
* Qe k" ®x %k %k

(L.11)

where the Q's are given by
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2 ¢ 2 ”
QR N QL* mie 9k Qg a)k,lo ) kzvL kz . kZ
kk 'K’ = Qx-k’-x" = Om z W8 7 2 5 2 P 5 >

‘k70% /-1 “%/-1 Y0 %1

€.q
z %% 2/ 1
U’ = L BN 5 2 )’
k,0% ;0

. n 2 .
RR LL¥* lega K apexp(id,s) 1

Qkk Ikll = Q_k_k/_k// = = \/-2—m mkwk,wk” (.uk,ld)k’/_lwk/;_l U“k,owk,'o

1 1 1 1 1 1
+-)1ikk,k;V)+ k/; 2+ —(L) - (V] ¥ 2+ " "
Zzz L o Y% o %, 1%%0 “k,2%k)-1 A Ok’ 0% -1
J
2 1 1 1 1

+ - - +
“\o, 2 G 1%,2 %,1%%  “%,2%/-1 “%/-1%0
)

+ e )2 %o _ Ajo . Tkjok,1 Aejok,1) L 1 (kv )2 %xj0, 7,0
S L T U T U S R 2 E LTy W
b
1 2 [P, 20, Sk
- § Z ZV.L " ’
®k,1 ®,2 %0
. v 2 . ’
&L, oL Lo K uyexp(ig,s) 1 1+ AL
= y =
et Y R O U

RS- 1 (1 +1)+ 1 (1 +1>
2 z 2z 1 2 ” n 2
oot 1 \ ot 0] ey g qayg Vo o

1 1 1
+ -
PN 1% /0% -1 (‘“k’; -1 wk,l)

L1 2 1 ( 1,1 ) . 1 ( 1, 1 )
2 zZ 2z 1L 2 " ” 2
D 10%k” 0%k -1 YR S e Y 0%,1%”0 “o1 %0

+ 1 ( 1 _ 1 - 1 1 .1

D, ’ " ’ 2 " "
k", 1% 0% -1 \"k/0 %,1 %1 %0

’ ’ 3 ’ ’ mk, lwkl,/ Owk/; -1 2 ’

(k.12)
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For illustrativé purposes, the synchronism relations [Equation (4.5)]

may be written as

= + k = + . .
Ep k +tk Wy = 0y (4.13)
In conventional parametric amplification terminology, the highest fre-
quency component is called the 'pump' wave, and the lower frequencies

1
the 'signal' and 'idler' waves. 0 With the use of Equation (4.13), the
coupled mode equations for all possible cases can then be written in the

form

U (d U d\,u * v _w
I (az Yp a;) % = Covw & & -
vV (d vV d v wx U
Is (E? T s E?) & = Covw & ep ?

), el e g eY, (4.1k)

from Equation (k4.11), where U, V and W can be either R, L or P; the

coupling coefficient C is the proper linear combination of Q's

uvw
in the RHS of Equation (4.11); VE (U = R,L,P) is the group velocity of

the U-wave, and IE and the slowly varying electric field, Eg, are
defined by
N° (U = R,L or P;
Y= K el (er,et) = o (er,et)e’ k = s,i or p)
k= |eU|2 s & ler,et) = gp(er,et)e = 8,i or p).
k (4.15)

Here ei must be replaced by e: when it represents the electron

plasma wave, The explicit expression for Ig for right-hand polarized,

left-hand polarized, and plasma waves can be obtained from Equations
(3.28) and (3.44) to yield
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R _L¥ 1 “§ 1 (kv )2
I. =TI =2ig, — {1 + — w + = ,
k -k 0 Wy Eak 2 c -1
%, -1 )
111: = 2ieoa)§ —1—3> . (k.16)
,0

Equation (L4.11) indicates that nonlinear interaction is possible (i)
among three plasma waves, (ii) among one plasma wave and two circularly-
polarized waves, (iii) among three circularly-polarized waves, and

(iv) among two plasma waves and one circularly-polarized wave, The
problem now remaining is to find the coupling coefficient in the

coupled mode equation [Equation (4.14)] for each of these cases:

Case (i) (CPPP): To first order in k , all terms but the first

one on the RHS of Equation (4.11) can be dropped in this case. The

coupling coefficient then becomes

Z
Cppp = :E: Upsi (k.17)

-P,s,1

Z .
where Q » in Equation (4.12), with k = -p, k' = s, and

, VA
—psi % ik
k" = i. Since QZ

Kk k" does not involve kl, the coupling coefficient

remains unchanged for waves propagating exactly parallel to the mag-
netic field.

Ccase (ii) (cC c Crip» C C C In this case, only

pLR)
the second and third terms on the RHS of Equation (4.11) contribute to

RRP’ “RPR’ LPL’ “PRL’

- the coupling coefficient, which becomes

*
CRRP(p,s,i) = CLLP(-p,-S,—i) = (Ql_lpsi - Qﬁsp—i ) , (4.18)
1,
CPRL = (Qgs—p * Qsi-p) ) (4.19)



C C and C

R RrpP’ CLLP PRL’ respectively,

RPR’ CLPL and CPL are obtained from C

by interchanging s and i. As in Case (i), the coupling coefficients
are the same for kL ~ 0 and k; = 0.

s 208 : . : . t f
Case (iii) (CRRR’ Crri’ Crmn’ Crur’ CLLp’ CLRL) Cpyg 1is mot o

interest because the topology of the dispersion characteristics does not
allow the synchronism conditions of Equation (h.5) to be satisfied.27
To obtain the coupling coefficients, the 6Z's have to be eliminated

from the RHS of Equation (4.11) by use of the small signal wave equation
[Equations (3.40) and (3.47)],
Z ZR

1 R
8k = - -}-\—Z—z' (Ak ek + Ak 61{) . (ll-.20)
k

When this is done, the coupling coefficients C C and CLL are

RRR’ “RRL R
found to be
ARZ
RR i R L
CRRR = :E: Q-psi - AZZ (Q4psi + Qs-pi) ? (k.21)
s,1i i
AZR
. * . 1 Z LL P L R
Cppr(PrS:1) = Cppp(-py=s,-1) = 5 £ Ui-p Nz (Qgi_p * Qg-p)|
~P,
P (k.22)
where Aiz, Aiz and AiR are given by Equation (3.47). The coupling
coefficients CRLR and CLRL are obtained from CRRL and CLLR’ respec-

~tively, by interchanging s and i. The coupliing vanishes as k; - 0
in this case,

Case (iv) (C Cipp’ Cprp’ © c c : All terms on the

RPP’ PPR’ ~PLP’ PPL)

RHS of Equation (4.11) must be changed into the form involving two

zZ
g“'s with the use of the wave equation [Equation (3.40)]. This yields
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CRPP(p,s,i) = CLPP(-p,-s,-i)

ZR AZR
1 RZ s R L P Z
=2 Z QU psi R (Q—psi Qs-pi) 77 %i-p| ° (k.23)
s,1 s P
. C* -)
CPRP(pJS’l) = PLP( p, S’ 1
ZL RZ
A A
1 LZ i L R S Z
= = - — + - — .
2 :E: Qsi—p ALL (Qsi—p Qis—p) AZZ Qi—ps ? (M 2&)
-p,1i i s

where AiR, AiL, Aiz, AiR and AiL are given by Equation (3.47). We

may obtain C and C from CP and C

PPR PPL RP PLP’ respectively, by inter-

changing s and i. The coupling vanishes as k-L - 0.

4.4 perpendicular Propagation (k = 0)

As illustrated in Chapter III, for propagation oblique to the static
magnetic field the polarizations of normal modes are extremely compli-
cated. We shall study the relatively simple case of an electron velo-
city distribution even in v, In this situation, e& and ei can be
considered as normal modes. These were introduced and termed the longi-
tudinal and ordinéry cyclotron harmonic waves, respectively, in Section
3.5.2. As remarked at the end of that subsection, thermal effects on
the propagation of the ordinary cyclotron harmonic wave are generally
negligible. Therefore, for the coupling coefficients for the interaction
involving the ordinary cyclotron harmonic wave, we shall approximate
the wave by the ordinary mode for a cold plasma (see end of Section 4.5).

Since the phase velocity of the ordinary wave is much greater than

the particle velocity, Equation (3.48) becomes
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o gl el _ okl _ L2Z Z
el mall el , e -glel, & -6, (4.25)

where the G's are given by

n i _

i _a 22 _ _aq
G, _mP_l,1 » G G~ = . (4.26)

My

Equation (4.10) is then written as

iN (2 el z : ¥ I* ¥ 1% O% 0%
4 Lo -
lNk(at A ar)ak O O (Qkk k" ®k kK’ +Qkk k" %k kK"

k’ k,’k”

(k.27)

where the superscript Z has changed to O to represent the ordinary

cyclotron harmonic wave, and the Q's are given by
[ i " I . "
Uy k" = = 3 Podk, <[G-k cos(d)k—q)kn)-G_k 51n(¢k-¢k )

X [GML, cos(d)k '-¢k”) - G'Lil{, sin ¢k'_¢k” )]>

€

2
Qo -2 -(;ké-“l— {[poy, 0% sty [l costb-by-c2h n<¢a¢;{8 ;]) .

Substituting Equations (4.5) and (4.26), using the Bessel function iden-

tities of Equation (3.42), and noting that

(Dk,o—iwk,n) exp{i[n(¢-¢,) + )\ksin(¢_¢k)]} -0,

2n
f exp{i[nd + A sin(¢-, )+, rsin(¢-¢,)1}ad =2nd (N )exp(inds), (4.29)
0
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we can reduce Equation (4.28) to the form

I CACMEACANE, n(>\,,)>
Q{‘(kk”—lr L Z(l)+ mkmmkn e

(eXP[ i( bk_d)k” ) ] N exp[ -i(¢k_¢k” ) ] )
X wk,m+1 &i,m-l

exp(-i(® -0 +)]  exp[~i(d, 4, )]
X ( wk;n-l:l LS mk;nljl k )exp{i[m(¢k—¢k,,)+n(¢k,_¢k,,)]},

€.q (A )>
Ql(zk /k// = i )-J-T?l k-L (‘L)l{ld)l{” z ( [) <

“,n

(4.30)

(exp[i(¢k—¢kﬂ)] . exp[—i(¢k—¢ku)]
X
wk,n+1 wk,n—l )

As in Equation (4,10), the summation in Equation (L.27) contains all

permutations of k, k'’ k”, while those in Equation (4.30) are double
J J

summations of m and n over all positive and negative integers.

Equation (L4.27) can be written in the form of Equation (

L.14) with
2
I 2 ie o 1 1 <Jn()\k)>
Ik SN zn:(wk,n—l * mk,n+1) mk,n'lwk:n"'l ,
e k c\2
1§=iq° 2—(—(1;1'—:—) . (4.31)

These result form substitution of Equations (3.28) and (3.L44)

into Equation (4.,15). Possible interactions are, from Equation (L4.27),

(i) among three longitudinal cyclotron harmonic waves, (ii) among one

longitudinal and two ordinary cyclotron harmonic waves The coupling
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coefficient for each of these cases can readily be obtained from Equa-
tion (L.27):
Case (i) (C): 1In this case, only the first term on the RHS of

B
Equation (L4.27) contributes to the coupling coefficient, which becomes

_ I
XTI :E:: pis (.32)

-Pp,S,1

| . . ’ .
where QLpis is Q&k'k” with k = -p, k" = s, k' =1,

Case (ii) (C| ): In this case, only the second temrm

100’ Soj0’ ooy

on the RHS of Equation (4.27) contributes to the coupling coefficient,

which becomes

-
D D (k.33)
s,1i

0
COHO - z: Qsi—p ' (L.34)

...p’i

We can obtain C from C by interchangin s and 1i.
0oy oo Y gine
The infinite series forms of the Q's in Equation (4.28) are

impractical for computation. Alternative expressions for them are

obtained in Appendix B.

- 4.5 Discussion

We have been following essentially the averaged Lagrangian method
developed in cold plasma wave theory. Since all variables are de-
fined in phase space, the method is modified for warm plasma by

adding the correction factor Ek’ which accounts for nonlinear
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effects on velocity. However, it has not produced any additional
Euler-Lagrange equations because the term involving Ek has dis-
appeared from the averaged Lagrangian in Equation (L4.7).

General solutions of the coupled mode equations [Equation (L4.1k)]
are complicated, but can be obtained in terms of elliptic integrals,
For the special case where one wave is considerably stronger than the
other two waves, however, solutions can be obtained in a simple form.
If the pump wave is very much stronger than the signal and idler, then
the rate of change of Eg is of order EZ&Y, and ég may be assumed
to be constant, The signal and idler waves are determined by the

equation

3 \'2 3 o) w d a2 V,W
[(a—t“f:cs'g;)(ﬁwi'a—)'Y]%ij’ (4.35)

A *
where the growth (or decay) rate, ¥, is given by {ICUVW£E|2/IZIY }1/2.

. . w . . .
The electric fields &Z and Ei, are either growing or decaying, depending
. V_W¥ . . . :
on the sign of Iin . From Equations (3.22) and (M.15), this sign is
v.w v w .

the same as that of [wswiﬂsﬂi] where Ks and Hi are the energies of
the signal and idler waves, i.e., ez and 6? are exponentially growing
(decaying) when [wsmiRZH?] > 0 (< 0). The growth (or decay) rate can
be calculated from Equation (4,35) for a specific unperturbed electron
velocity distribution, and wave numbers and frequencies satisfying the
synchronism conditions,

Table 4,1 shows all possible nonlinear interactions among normal

modes propagating nearly parallel or precisely perpendicular to the

static magnetic field. The third column of Table (a) indicates the

67



Table 4.1

*
All Possible Nonlinear Interactions Among Normal Modes

(a) Quasiparallel Propagation

Previous Investigation
1
Involving Waves Pump-Signal | Coupling| microscopic ;oziog ::ﬁicor
and Idler for k =0| treatment y Y .
1 approximation
(i) Three plasma waves P P,P yes |Refs.28,33,34 Refs. 17,20
(ii) One plasma wave R R,P
and two circularly-| L L,P yes Refs., 33,3k Ref, 26
polarized waves P R,L
(iii) Three circularly- R R,R no Ref. 34 Ref. 27
polarized waves R R,L
' L R,L
‘ e
(iv) Two plasma waves R P,P no None Non
and one circularly-| L p,P
polarized wave P R,P
P L,P

(b) Perpendicular Propagation

Previous Investigation
Involving Waves Pump-Signal microscopic ﬁoz:oglzzzicor
g and Idlert treatment y y .
approximation
(i) Three longitudinal
cyclotron harmonic 0 s Refs. 32,80 Ref. 25
waves
(ii) One longitudinal o ,0 Refs. 30,65 Ref, 22
and two ordinary
cyclotron harmonic
waves B Il 0,0 None Ref, 22

*
(For the electron velocity distribution function even in v,.

Inter-

actions between parallel propagating waves and perpend1cu1ar1y pro-
pagating waves are not included, )

T(||: Longitudinal cyclotron harmonic wave - extraordinary wave in

cold plasmas,

0: Ordinary cyclotron harmonic wave - ordinary wave in cold plasmas.)
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interaction in the limit of k¢ = 0. As shown in Section 4.3, when
three plasma waves or one plasma wave and two circularly-polarized
waves are involved, interactions still occur for all waves propagating
exactly parallel to the static magnetic field, and their coupling co-
efficients are the same as those for quasiparallel propagation. The
remainder of the interactions in the table vanish for exact parallel
propagation because their coupling coefficients are first order in kl.
The last two columns indicate the interactions previously inves-
tigated by other methods for cold or warm plasmas. The coupling co-
efficients obtained in Section 4,3 for the first five situations in
Table (a) are identical to those derived by Kim, Harker and Craw;ford.3l‘L
The first case in Table (b) involving three cyclotron harmonic waves
was first investigated by Harker and Crawford32, and later by Wagers.80
The former considered collinearly propagating waves (¢k = ¢k' = ¢k”)'
The latter generalized the analysis to allow for waves propagating at
arbitrary angles in the plane normal to the magnetic field (¢k£ ¢k,£ ¢k”)'
The coupling coefficient C“"" in Equation (L4.32) is in a form different
from those obtained by these authors., While they could not derive the
Manley-Rowe relations analytically from the coupled mode equations, the
present coefficient is written in a form symmetric in -p,s,i and
automatically satisfies the relationship; a useful indication of the
power of the Lagrangian method. The coupling coefficient C has

. 040
been derived by Boyd and Turner63

for a Maxwellian velocity distribution.
Their result follows readilyvfrom Equation (L4,.34).

Table 4.1 also shows the new interactions obtained in this chapter.
Those involving three circularly-polarized waves are the combinations

of R-R, L and L-R, L. Typical synchronism conditions for these inter-

actions are shown for a cold plasma in Figure 4.1. For a warm plasma,
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Figure 4.1 Synchronism conditions
for nonlinear interaction among
three'éircularly—polarized waves

in a cold plasma. [Cut-off fre-
2 2,1/

quencies % g, = (uh + ab/u)

+ wb/2]. (a) Pump R-signal and

idler R,L; (b) Pump L-signal and
idler R,L.

70



thermal effects make only a very slight difference to the shape of
the upper branch of the R-wave and the L-wave branch. The lower
branch of the R-wave can be strongly modified, and the three interj
acting modes in Figure 4.1(a) can all be in the first quadrant of the
w-k plane, as shown in Figure 4.1(b)

As shown in Table M.l, the interaction involving two plasma waves
and one circularly-polarized wave has four cases: R-P,P; L-P,P; P-R,P;
and P-L,P. The topology of synchronism conditions of the L-P,P case is
illustrated for a cold plasma in Figure 4.2(a). Figures 4.2(b) and (c)
shows synchronism conditions of the R-P,P case for a cold plasma. When
Yy < 2wN (or w, < 3mN/2), the right-hand polarized wave is on the
upper branch while it is on the 1ower.branch when “Q > awN. As men-
tioned above, the lower branch of the R-wave can be strongly modified
by thermal effects and the interacting R-wave can always be on the
lower branch. The last two cases (P-R,P and P-L,P) have no solution
in cold plasma theor& since the synchronism conditions obviously cannot
be satisfied. For a warm plasma, the whistler and the plasma waves
can be unstable for a nonMaxwellian-velocity distribution. The possi-
bility also exists of these waves propagating with either positive
or negative small-signal energy. It would therefore be of great
interest to make further detailed studies of the R-P,P and P-R,P
cases to determine the relative growth rates of the small-signal and
nonlinear instabilities, and to see whiéh should dominate in experi-
mentally relizable situatioﬂs.

A new interaction of perpendicularly propagating waves treated
here is the case |-0,0. Figure 4.3(a) shows its synchronism condi-.

tions for the O-wave representing the ordinary wave in a cold plasma.
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(a) (b)

wel

SIGNAL

kg

()
Figure 4.2 Synchronism conditions for interaction among one
circularly-polarized wave and two plasma waves,
(a) Pump L-signal and idler P,P; (b) Pump R-signal
and idler P,P for . < 3wy/2; (c) Pump R-signal
and idler P,P for w, > 2uy.
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Since the dispersion curve of the ordinary wave is inside the light
cone, so is the pump wave as shown in the figure, where the |-wave

is non-dispersive, Unless the magnetic field and plasma were homo-
geneous, synchronism would not be maintained. Furthermore, because

of the zero group velocity, collisional effects exert a strong
influence and may invalidate the theory. Therefore, this region of
the |-wave is not of great interest., Figure 4.3(b) shows the
synchronism conditions for the O-wave representing the ordinary cyclo-
‘tron harmonic wave., In the region satisfying the synchronism con-
ditions, the waves are dispersive. How good our approximation is for
Clloo [Equation (4.33)] open to doubt since we assumed cold plasma when
simplifying it. The whole question is probably somewhét hypotehtical
in practice; the interaction would be extremely difficult to detect
experimentally because the propagation bands of the O-wave are very

)

narrow,
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Chapter V

HYDRODYNAMIC APPROXIMATION

The hydrodynamic approximation for plasma wave propagation is
appropriate when the thermal velocities of the charged particles are not
comparable to the wave phase velocity. The plasma can then be described
in terms of macroscopic quantities such as its density, drift velocity,
pressure, etc, These quantities are related to each other by moment
equations obtained by carrying out the velocity integration of the Vlasov
equation, If the adiabatic assumption is made, the infinite set of
moment equations so obtained can be truncated at the third. The first,
second and third moment equations, known as the continuity, momentum
and state equations, respectively, together with Maxwell's equations,
then provide a closed set of equations.

It should be possible to describe the macroscopic properties of
plasmas by Hamilton's principle by formulating a suitable hydrodynamic
Lagrangian, In this chapter, such a Lagrangian will be derived by two
different methods. In the first, the hydrodynamic Lagrangian density
is obtained for the momentum equation and Maxwell's equations by inte-
grating the exact microscopic Lagrangian of Chapter II in velocity
space, In applying Hamilton's principle, the continuity and energy
equations are then used as subsidiary conditions., To describe linear

_propagation and wave-wave interactions, this Lagrangian is expanded
about the equilibrium state. Because of some mathematical difficulties,
the expansion will be carried out here for only three illustrative
cases: one—diﬁensional compression parallel to the static magnetic field,
two-dimensional compression perpendicular to it, and three-dimensional

compression, In the second method, the expanded hydrodynamic Lagrangian
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is obtained directly from the expanded microscopic Lagrangian of
Section 2.2. In contrast to the first method, this does not require
any subsidiary condition, and avoids the mathematical difficulties
involved in the expansion of the Lagrangian.

In Sections 5.1 and 5.2, the Lagrangian is formulated by the
first method. The second and third order Lagrangians are then obtained
for the three illustrative cases mentioned above, The second method
is presented in Section 5.3. Section 5.& describes how the ion
contribution modifies the first order Euler-Lagrange equations and the
coupled mode equations. 1In Section 5.6, the nonlinear interaction of
two electron plasma waves and an ion acoustic wave, and of an electron
plasma wave, an ordinary wave and an ion acoustic wave, are studied as
an application of the Lagrangian by the first method. The application
of the second method is carried out in Section 5.6, where dispersion
relations are obtained from the second order Lagrangian of the second
method and are compared to those in Chapter III. As an example of
nonlinear wave interaction, the interaction of an Alfvén wave with two

electron plasma waves is examined.

5.1 Formulation of the Lagrangian Density - Method I

The hydrodynamic equations obtained by integrating the Vlasov equa-
tion [Equation (2.6)] in velocity space with the adiabatic approxima-

- tion are

dn, .2 g0, (5.1)

Qu]

I}

]
510
Y

+

[
xX
)

(5.2)



. %— E} - transpose , (5.3)

g2la
tnl

X B +

ol
1]

-=p
ds
at =

Lnd
where the local plasma density, n, the pressure tensor, P, and the total

time derivatives, d/dt, are respectively defined by

» (5.4)

+ u .

afe
OJ|OI

n = ﬁ(r,v,t)d3v , P= mew f(r,v,t)d3v , g—t

and the tensor g, and the random velocity, w, are related to the pressure

tensor, fﬁ and the drift velocity, u, respectively by

tal
il
3ot

, wEv-u., (5.5)

The diagonal elements of :g are the squares of the thermal velocities
in each coordinate direction.82 Equations (5.1) - (5.3) are the equa-
tions of continuity, momentum, and state, respectively. Together with
Maxwell's equations, they constitute a complete set of equations describing
adiabatic processes in plasmas in terms of macroscopic quantities, A
Lagrangian for the hydrodynamic approximation should include these equations.
Analogously to integrating the Vlasov equation in velocity space in
order to obtain the moment equations, we may attempt to integrate the
microscopic Lagrangian in velocity space to obtain the Lagrangian for the
hydrodynamic approximation. Transforming the Lagrangian coordinates
QEI%Z,) to Eulerian coordinates (r,v), and integrating Equation (2.2)
over the velocity, yields

' € 2
nm 2 nm - 0 o4 1 2
£=2— u- + 2—TI‘3+ l’lq(CP —EJ- ﬁ) + 5 (V(P'*' B_t) - EO (VX’{\J) . (5.6)

However, it should be remembered that the conservation law in phase
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space was used as a subsidiary condition in connection with Equation
(2.2). The information contained in the Vlasov equation has therefore
been lost from this integrated Lagrangian, It has been shown in other

Stanford work by Peng83

that changing the sign of the term Tr S is
necessary to obtain the required Lagrangian,

€ 3A \2
nm 2 nm Lond 0 = 1 2
f=—=—u -2—Tr2+ nq((p—g-é)+§— (V(P+§?)—'2M—O(VX£J) . (5.7)

It is easily seen through the use of Equations (5.1) and (5.3) as subsi-
diary conditions, that the variation of this form of f with respect
to r gives Equation (5.2). As in Chapter II, the variations of ¢

and A give the Maxwell equations.

5.2 Expansion of the Lagrangian Density

To follow the procedure of Chapters III and IV for small-signal wave
propagation and wave-wave interactions, it is necessary to expand the

Lagrangian, As in Chapter II, two corresponding cells satisfy

Torgt 5, on(xnt)ddr = ng(x)adr (5.8)

where no(zb) is the equilibrium density. For a small perturbation,

the local drift velocity and the tensor 'S of the perturbed cell may

~

be expanded about the cell in equilibrium (see Section 2.2) to give

. . a
w(r,t) = U(ry) + E(ry,t) , E=5p* (U- )5 (5.9)
b - b b -—h
S(5t) = 55(xy) + 55 (x0t) + 55(z0t) + S3(xyst) + .o (5.10)
where lE is the drift velocity of the cell at zb, and the subscripts

el

on indicate the order in £. The second relation in Equation (5.9)

~

has been obtained by an argument similar to that given in Appendix A.
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The expanded Lagrangian can be obtained from Equation (5.7) by ex-
panding Equation (2.1L4) about o in a Taylor series, and substituting
it together with Equations (5.8) - (5.10). However, it is still re-
quired that E; be expressed in terms of E? ¢1, and a. In principle,
this could be done by expanding the ten simultaneous differential
equations expressed by Equations (5.1) - (5.3) (one for n, three for

u, and six for‘E> to the desired order in perturbation. In practice,
obtaining the solution for E; is extremely complicated. For E%, for
example, the number of differential equations to be solved simultaneously

after expansion is 26 (2 for n to the second order, 6 for u to the

second order, and 18 for S to the third order). The solutions for

ot

L

co

are very much simplified for the special cases considered by Delcroix,
i.e., linear adiabatic compression parallel to the magnetic field, cylin-
drical adiabatic compression perpendicular to the magnetic field, and
spherical adiabatic compression. 1In what follows in this section, we
shall restrict the discussion to these three illustrative cases,

5.2.1 Linear Adiabatic Compression Parallel to the Magnetic Field

Let the static magnetic field be uniform and directed along
the z-axis; the velocity distribution at every point have rotational
symmetry about the z~axis, and all perturbations be independent of

x and y. Thus,

s _=s_ =58 |, s _=s , s =8 _=8_=0 (5.11)

where s_L and s" can be related to the electron thermal velocity,.
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2
v KT KT
ti L 2 Il
e = —— = = —_—, .1
S.L 2 2m J “ Vt “ m (5 2)

This case is the same as that of electrostatic waves in a uniform plasma

L d
propagating parallel to the magnetic field. The six equations for s

~

in Equation (5.3) reduce to two,

ds_L d s"
.o, E?:.(—2)=o. (5.13)
n

Expansion of Equation (5.13) is carried out in Appendix C.
Substitution of Equations (5.8) - (5.10), and (C.8), into Equation

(5.7) gives the second and third order Lagrangians as

L, = E° -

nom ‘5
2 Z

\S] O]

0 \2 €
nm s (—EE) -ngq¢&e + 9 e2
0 "y \az 0" ”zz 2 "z’

9E,\3 nya 5 de,
az) - 5 =, (5.1)

£3 = 2nom s|I (

where e is given by Equation (3.16), and the subscript O has been

dropped from s|. By summing :2 and 33, the averaged Lagrangian can
be written as Equation (4.7) with A£2) and Aii?k” given by
n_m €
(2) 0 2 z12 _ 3 22 z_ z% 0 | 72
M=o 1517 - 2 noms, [k, 51" - ngag e 5= ley]S,
A(3) - ionms k k'K’ £%8%.8%, 4+ 1 4k o262 #2 (5.15)
Kk 'k’ T RERQTS KKK, GBS T g Mot KpeyBy By 2:15

where h b i - i
ak,u as been written for W szz + Hao, - Here it should be
noted that § = 0 implies U_L = 0, from the zeroth order of Equation

(5.2) for a uniform plasma in equilibrium.
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5.2.2 Cylindrical Adiabatic Compression Perpendicular to the
Magnetic Field

For compression purely perpendicular to the magnetic field,

we may put

B =B _+ b , B =B =0. (5.16)

If we further assume a symmetric compression about the z-axis, we may

also put

Syx = Syy = 8, S,y = s" s Sey = 0 . (5.17)

The six equations for s in Equation (5.3) then reduce to

d sL ds"
E(T)=O’ T =0 (5.18)
JIEY: 38 3e
y x_ __3
= -3y dyy - T d¥x (5.19)

Expansion of Equation (5.18) is carried out in Appendix C.

O0f Equations (5.16) -‘(5.19), we only need Equation (5.18) for the
expansion of the Lagrangian in Equation (5.7). Let us consider the
implications of Equations (5.16) and (5.19). In Equation (5.16), the
second relation implies that the waves under consideration are propa-

- gating perpendicular to the magnetic field. Furthermore, since the
time-varying magnetic field'of the wave is in the z-direction, it can
be seen from Equation (3.16) that 2 is polarized in the xy-plane.

It follows that there is no time varying displacement in the z-direction.

Equation (5.19) expresses the rate of strain relations,85 which become
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agx/ax = agy/ay and ng/ay = -agy/ax for the steady state. They
imply that the motion due to a wave is of uniform dilatation in

the xy-plane with rotation about the z—axis.86 This motion is only
possible for a wave whose frequency is well below the cyclotron fre-
quency, so that the displacement of a fluid element due to the wave

is sufficiently randomized by the gyration for symmetrical compression
to be approached. A wave satisfying both Equations (5.16) and (5.19)
is the compressional Alfvén wave with a frequency well below the ion
cyclotron frequency, and propagating perpendicular to the static magne-
tic field.

Although compressional Alfvén waves propagating perpendicular to
the magnetic field can satisfy the synchronism conditions for wave-wave
interaction among themselves, we shall only consider the second order
Lagrangian here, Substituting Equations (5.8) - (5.10), and (C.10), into

Equation (5.7) gives the second order Lagrangian as

£ = 2. éE -nms |(v -E )2— agx agy + agx 5§y]
2 2 L 0 L 1 ~2L X Jdy dy Ox

O ' 0
—I’loqs . e —2-—5 ’5 E+2—-e - —0>D P (5.20)

where the subscript O has been dropped from B and sl. The averaged

Lagrangian then becomes

4 T 2 1512 - e, L, 5,12

* Pt 01 |2 2
- nyaf e ti——ay 0~kl Skl XB+ == |e |<- |b§| (5.21)
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5.2.3 Spherical Adiabatic Compression

In this case, even though perturbations occur, the plasma

L2
preserves isotropic properties. The elements of s can therefore be

~

written as

s =S8 =8 =8, s _ =8_=85_=0. (5.22)

Equation (5.3) then yields

g ( 2 )=o, (5.23)

dt. 1273
14 _ agy ) 3E, CL . agy ) agy . 3E, . 3E, . 38, )

X dy  dz ’ dy 9x ~ dz dy  ox dz 0. (5.24)

If the first relation of Equation (5.24) is identically zero, then
Equation (5.24) describes a combined translation and rotation as in
the case of rigid bodies.87 The first relation is not zero in general.
This implies the addition of a uniform extension (or contraction)

to the translational and rotational motion.87 Fluid motion of a uni-
form extension (or contraction) is possible in a plasma in which
elastic collisions conserve energy and momentum, and in which the
frequency of the wave is much lower than that of collisions. The
motion of the fluid elements due to the wave is then randomized by
collisions during a period of the wave. The translational and rota-
‘ tional motion is due to the static electric and magnetic fields.

Substitution of Equations (5.8) -~ (5.10), and (C.1l), into Equa-

tion‘(5.7) gives the second and third order Lagrangians as
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- nya8 (S+EXE)+'2292';_%'°2’
£3 = - %E n,ms (v §)3 + g nomsQSS:vv)(v £)
noq noq .
-5 EE:v(et Uxb) + —5 EX(§xD), (5.25)

where the subscript O has again been dropped from s, and in obtaining

the first two terms in ¢_ from Equation (C.11), the total divergence

3

terms are neglected. The averaged Lagrangians are then written as

Equation (4.7) with

(2) _ "o" 2 2 5 a2, . o ¥
N7 =73 ‘”k,o|-5k| g nomslk - |7 + P o & A& X B
cnaf (e 4 Uxb) 42 (e l? L b |2
098 (G P UX B+ 5 1g! LU
A(32 v = -i 2~ n ms kk K"} E + 12 nms kkki
kk k = 5E O — . ,’5(// 6 O M'SR/SA{ 1’5(//

n q n_.q
.0 7
+1——E Eunkle +Uxb)+i ‘ET'“&,OEkX (& r XPyr) . (5.26)

5.3 Formulation of the Lagrangian Density - Method II

The hydrodynamic Lagrangian in Section 5.1 is formulated from the
exact microscopic Lagrangian expressed by Equation (2.2). Because of
the mathematical difficulties involved in the expansion, however, its
practical use is restricted to very special cases. In order to avoid
these difficulties, we will obtain the expanded Lagrangians for the

hydrodynamic approximation directly from the expanded microscopic
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Lagrangian of Equations (2.26) and (2.28).
Let the random velocity at equilibrium be W. The velocity v-

coordinate system in Equations (2.26) and (2.28) may be changed to the

random velocity W-coordinate system via

XJ:E*‘I{, (5'27)

where the subscript O is dropped from the equilibrium velocity, XO'

This change of coordinate system results in the following transformation:

2 .2 5 L3 [ g).2 . 2.3
ST 3w (3—52) WO oy oW (5.28)

For a plasma uniform at equilibrium, the second term on the RHS of the
second transformation in Equation (5.28) can be dropped. In the absence
of a static electric field, the time differential operator, D, defined

in Equation (2.19), may be written as

d
D= g (U x

[}
o

%)-Vw+(ﬂ-v), —t'Eﬁ"'U—. (5.29)

Here, the subscript O is dropped again from t,’z and V, Let the plasma
temperature be very low, i.e., the mean value of the Larmor radius, and
the mean thermal velocity of particles are very small compared to the
wavelength and phase velocity, respectively. Since the spread of the
velocity distribution function is small for this situation, the displace-

" ment g may be expanded about v = U as

l

E(U+ W) = E(U) + (W - 9) EU) + 3 (W:9,9) EU) + ... . (5.30)

Substituting Equations (5.27) - (5.30), dropping the terms of VWVW;»

and those of higher order than second in W, and using <W>—_- 0,
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reduces Equations (2.26) and (2.28), to

ag |2 dg
m ~ ~
£2=no<§?i¥ 'QS'(S”EXR)*%E'EXE

~ ~

2
m d q
*5@'“ ¥ (%8 EEXE'Vﬂ

d
fm R (ETRE - a(y - %)L - Wxb) + M )e. 5 x B

q 4 -9 . 1L 2
+§[E.vg+w P (vwg) o ¥xB- V,E]- ExB t3 €48 2uob , (5.31)
n.q d
0" /ag
L= \at " EXh-E:VerUxh)

+ [W-V +,‘f',' o (VWS)_g WX B .ng)]- (XV.; VW)SXR-I- <~W'!V»WW)S Exb

- (W.9,) E(w. vw)g:v(g+gx3) -(w. vw)(gg):v(ﬂxg)> . (5.32)

Though it is not a necessary restriction, the velocity distribution
is now assumed symmetric for the sake of simplicity, so that the off-
diagonal elements of Eb = <WW> vanish, The averaged Lagrangian

then yields Equation (4.7) with

ol oD el D v e, (5.33)
Aégzk” = xé3) + xég) + 1&8) + ng) + c.c. . (5.34)

The A(a)'s in Equations (5.33) are given by
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(2) 1 2
Ao =3 "™, 0 |5l ™ ngag, - (Ek+Ux~k)+“ noa%y o5+ (5 X B)
1 1 2
+ 3 eolel - g Il
(2) 1 2 2
Mo = 3 Bo™ofanl Bkl

)\(2') . * 9% | O x %

100 = "™k, 0% ook ° Wx - Oqsk € oY o as oW, Wt ARk SWEXE ’
3 3 n q° 3
(2 L2 S (%Y, o B |2
11 ~ 2 "0™%,0%n W, " \3V, om SopY oo B EH
*
3, (35 \* g, D
_lqnowkooqayaaaaw "\, §“oqwk,osaa'aT'Tax§,
2 Y
_ 2o a'gk.-aé*xB—ne o of (o (5.35)
2m ozBYoaozsaW W = € opy° a0’k N .

where (,B, and ¥ represent in any order the variables x,y, and z, the
subscript O has been dropped from sau, and the property of the skew-

symmetric tensor, e that a.bXxc = a b c has been used,

oBY’ opy o Y’

The rules for the subscripts and superscripts are as follows: the
subscripts on E, and zero order variables indicate the components of
the coordinates; the subscripts on w and first order variables indi-
cate the participating wave vectors. The coordinate components of
these variables are indicated by superscripts. The only exceptions

are || and L, the use of which was explained in Section 3.5.1.

The A's in Equation (5.34) are given by
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(3) _ 1 i .
Mol =w P09 okt B X By g npak(e v U X B )i By,
(3) _
Ao =9 ’
3€ 9&,
(3) _ _ 1 x’ .k . PeY, XK
Mo = T3 "o%a(By Ry S N X Bt * 5 208K €y SonPrSx ! W
Y
+ =n_qgk - g ,e S p E
2 To1e ~k’oq3yaozkawa ’
d 3¢ n _g° 3g, ot
(3) _1i n s ;§£ =k X b 0 e B X “f: b
M1 =3 "0%%, 0% W, I, T T SopySan’s T, W X byr
. dE , ¥E 4
i ~k ~k
"3 Mot Sl XA (5-36)

5.4 1Inclusion of Ion Motion

Since the second and third order Lagrangians have now been obtained
in Sections 5.2 and 5.3, we are in a position to follow the procedure
described in Chapters III and IV to obtain linear dispersion relations
and the coupled mode equations. Before doing this, however, since ions
play an important role for the hydromagnetic waves, we must consider
how the inclusion of ion motion modifies the Lagrangians and the Euler-
Lagrange equations,

Including the ion motion, the Lagrangian may be written as

g= 8%+ e (5.37)

Pe
where the electron contribution, § ~, is written for the terms in the
Lagrangians in the previous sections which contain the displacement

vector €&. 1In order to denote the electron contribution, superscripts

~
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of Sections

L g
(e) must be appended to m, u, U, O yr O s, £ and V€

i - P
5.2 and 5.3, The ion contribution, £P1, is obtained from ¢ by
changing the superscripts (e) on these variables to (i) with the following

changes in sign:

(e)
q= -q, a%

AT SRR S (5.38)

In the linear theory, the equations for the ion motion to be derived
from the variations in ’g(i) and §ws(i) are therefore the same as
those for the electron motion, except for the superscripts and sign
éhanges just noted. In Maxwell's equations, which are obtained by varia-
tion of the fields, the current and charge densities consist of the

contributions of both electrons and ions, i.e.,

(o) , (1) (&) , (1)

=3 37, ep=0 ) (5.39)

(1) and p(i) are respectively obtained from j(e) and p(e)

~

where j

with the same changes as noted for £P1. The action, N,, and Hamiltonian,

k)

Hk’ should also be written in analogous form to Equation (5.37).

In the nonlinear theory, the correction factor o defined in
Chapter IV, is the same for both electron and ion motions, The other
nonlinear correction factor, Bk’ does not appear in the hydrodynamic

approximation because £ and ng are no longer functions of v, The

Lagrangian, the action transfer equation, and the coupled mode equation

can then be written as Equations (L.7), (4.9) and (4.10) with N N

(3)
k

k)

and #» 1including the effects of ion motion,

5.5 Application of the Lagrangian by Method I

As an application of the Lagrangian formulated by the first method,

we shall consider the interaction of waves which belong to the parallel
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compression case treated in Section 5.,2.1., Cylindrical compression
need not be studied since the waves do not satisfy the synchronism
conditions., The case of spherical compression is for collision-
dominated plasmas, and is outside the scope of our work, It is
under extensive investigation at Stanford by Peng.83
The waves in the parallel compression category are electrostatic
waves: electron plasma and ion acoustic waves. In this subsection, we
shall obtain the linear dispersion relations and the coupled mode equa-
tions for these waves. The ordinary mode does not belong to this cate-
gory since it has variations in the xy-plane (k_L £ O), and has a time
varying magnetic field. It thus violates the assumptions of Equation
(5.11). However, since the wavelength of the ordinary wave is usually
much longer than those of electron plasma and ion acoustic waves, as
shown in Figure 5.1, the dipole approximation for this wave may be
satisfactory when it interacts with waves propagating axially., Con-
sequently, we shall also consider interaction involving the ordinary

wave,

5.5.1 Linear Theory

For small-signal propagation, the terms of order O(e) in
Equation (4.7) can be neglected., Since only a single wave number, Kk,

is necessary, the Lagrangian may be written as

OO OA (5.40)

where Aﬁe) is given by Equation (5.15). Variations of ££2) with

z(e
respect to §_£ ) and afie) give, respectively,
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Figure 5,1 Synchronism parallelograms for interaction of one ordinary
wave (pump), one electron plasma wave (signal), and one
ion acoustic wave (idler),.
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5 - <q>( )
w0 T
_ikzeoei _ p(e) + p(i) , p(e)

The first expression in Equation (5.41) is
motion,

in Equation (5.38).

The third expression is Poisson's equation,

- —iqnokzéi(e) . (5.41)

the equation of electron fluid

A similar relation for jions is obtained by the proper changes

Com-

bining the relations in Equation (5.41) gives the dispersion relation as

“’I(qa)z

=1 ) 2
PGS

K
where K

dispersion relation for an electrostatic wave,

is the equivalent plasma permittivity.

0, (a = e,i) , (5.42)

This is the familiar

A simpler form of dis-

persion relation for an electron plasma wave can be obtained by assuming

the frequency and the phase velocity of the wave to be very high com-

pared to the ion plasma frequency and the average ion thermal velocity,

respectively, i.e.,

(1)

Equation (5.42) then reduces to

(e)2

“%,0 = a§8)2 * 3kis(e)

On the other hand, the assumption that the
wave and the electron thermal velocity are

length and the phase velocity of the wave,

92

(5.43)

(5.44)

wavelength of the ion acoustic
much greater than the Debye

respectively, i.e.,



mlge)E >> k sf‘e) >> ml((f())z ; (5.45)

gives the dispersion relation for an ion acoustic wave as

2
(1)2 3% (@) (@) (@) (@) _ ful®) , ()
%, 0 —;(_ﬂza:masua ’ Ema ’ ( T ) - (5:40)

The variation of ££2) with respect to Gk gives the equation for

the conservation of action,
z
ON a(kak)

K
Y EREY

Il
.

2%

19
Eﬂ(ek

4 V4 1 bAS
eOKkek)+ c.Coy VN =-3 3k, ( x eOKkek) *oe.e,(5.47)

o/

Nk=

and the group velocity, vz are defined in

where the action, N Kk’

k)

Equation (3.13). Explicit expressions for Nk and vi can be obtained

by substituting Equation (5.42) into (5..47).

5.5.2 The Coupled Mode Equations

By using Aizzk” in Equation (5.15) and the first order equa-

tion of motion [the first expression in Equation (5.41)], we can write

Equation (4.10) as

1Nk (-é—E + vk Sz-) ak = a-kla—k” ((Zx ngk)lk”) e;': elf E;” b} (5-11'8)
K,k k"

2700

where the first summation is over all permutations of k, k’, k”; the

second is over the electron and ion species, and Q( ) » is given by

kk 'k
@ e wl(va)z k_ s “ )k !
Q N = (-
kk 'k 12m(oz) (“’1&,’% _ 3kz'25|(|a))(&>1((?()32' 3k//zesﬁoz)) ‘“1(<a)2 3k§ Ea)
(5.49)
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where (—)a is 1 for electrons and -1 for ions. Equation (5.48) can

be written in the form of Equation (L.1L) with

N

ol@)2 (a)
b |e|2 21%2(<a> T (5:50)
[0/

Hl}

z |

Cozz = D (a (a)) : (5.51)

-psi
-pb,s,1

Equation (5.50) has been obtained from Equations (5.42) and (5.47).

The role of the ordinary mode can also be considered in the non-
linear interactions,; as pointed out at the beginning of this section.
Equation (L4.1L4) is therefore the coupled mode equation for any combina-
tion of the electron plasma wave (P), the ion acoustic wave (I), and
the ordinary wave (0). The combinations which satisfy the synchronism
conditions are (i) pump P-signal and idler P, I (see Figure 5.2), and
(ii) pump O-signal and idler P,I (see Figure 5.1).

Case (i) (C Using Equation (5.43) for the electron plasma wave

pp1)

and Equation (5.45) for the ion acoustic wave together with their linear
dispersion relations given by Equations (5.44) and (5.46), the quantities

I, and C in Equations (5.50) and (5.51) can be written as

wle) L (a)

P . k.0 I 2i D
Ik = 21eo Z)zz)—é— s Ik -9— 0 (r) E (5.52)

%e)2 (ki + 12 kikZ) , (5.53)
N

where kD is defined by

ky = (Debye length)_1 . (5.54)
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Figure 5.2 Synchronism parallelogram for interaction of two plasma
waves (pump and signal) and one ion acoustic wave (idler).
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In deriving Equation (5.53), the synchronism condition of Equation (4.13)
has been used. For the special case where the Debye length is much
shorter than the wavelengths of the ion acoustic waves (pump and signal),
the coupling coefficient in Equation (5.53) becomes that obtained earlier
by Tsytovich,

Case (ii) In the limit of k; -+ 0 for the ordinary wave,

(Copp):

the wave vectors of the signal and idler waves are equal and opposite

[see Figure 5.1(a)], i.e.,

k=k =k, . (5°55)

By using the approximations and dispersion relations expressed by
Equations (5.43) - (5.46) for the electron plasma and ion acoustic
waves, the quantities I, and C in Equations (5.50) and (5.51) can

be reduced to

ola)2
0 - - 21 2T (5.56)
a @
k,0
2
D
“opr = > Ta) (a)2 : (5.57)
(07 p,O

The coupling coefficient in Equation (5.57) has been obtained by other

methods by Goldman89 and Harker.90

5.6 Application of the Lagrangian by Method II

The purpose of the following linear theory is to demonstrate that
the second order Lagrangian obtained by the second method [Equations
(5.33) and (5.34)] is indeed the correct one. To do so, we shall prove

that the linear dispersion relations obtained from the hydrodynamic

96



Lagrangian are the same, within the low temperature approximation, as
those obtained by the microscopic treatment of Chapter III. For
simplicity, only the electron contribution will be considered in the
linear calculation, A similar demonstration can be made for the non-
linear theory. Since . the procedure is the same as for linear

theory, the demonstration for an electron plasma is omitted, and we
shall consider instead the interaction of two electron plasma waves
propagating nearly parallel to the static magnetic field with an Alfvén
wave propagating precisely pafallel. For this interaction the ion
motions will be included, since they play the dominant role in determining
Alfvén wave properties.

5.6.1 Linear Theory

As in Section 5.5.1, the Lagrangian can be written as
Equation (5.40) for the linear theory, with Aiz)_as in Equation (5.33).
The first order variables to be independently varied are E&, ngk
and 3y with the gauge ¢ = 0. After some albegraic manipulétion, the

Euler-Lagrange equation from the variation in ¥ 5 Xk yields

R L\ * z
o _ k) ek O 2K, 2
oW, \3¥% Pg,-p K7 Mg oK ’
R L\ ¥ Z
agk - o5 k]l _ 2kL §R - 4 bk
oWy \3%, %1 K m Yo%k,
%, (agi ) ) R
= = + k E
W, ~\3W, %,0  %,-1 k7
Z z\ *
13 o w R
S (k) . [, kO \k b
woo\aw. | = (Mo R_gZ_ ;4 X . (5.58)
L R k,-1] @ K m 2
k,-1 o
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Cartesian coordinates (x,y,z) were used in Equation (5.35). For sim-
plicity, the quantities Ei E&, ap (hence Sx and Rk)’ and E} in Equa-
tion (5.58) are expressed in the rotating coordinates (R, L, Z),via

the transformation of Equation (3.31). It should be noted that the

transformation for d/3W yields

-1 .
a/aWI = Z UIJ' a/awj ) (I = R,L)Z 2 J = x)y’z) 2 (5'59)
J
-1 . .
where U_ is the inverse of U_..
Ij Ij
The variation of ££2) in Equation (5.40) with respect to £ K

gives
R,L R,L
3g 3g ™
2 2 R,L k s k k
(0 + kTs +k"s JET = 2 R,L°L = + 20 s, =
k,0 k,F1 T TL71T%) ok k,0 T T Bhy | k, 1L ,RSL W g
agRsL
. k R,L R,L
+ (0 4+ ® k s =——— 4 4[> ;
( k,0 k,:Fl) zsu BWZ * m(ek 1 Uzbk, ) ’
Z Z
3¢ of
2 2 2 Z k k
+k s +k s = (W w k — w P
(@, 085,788 8= (B ot & )8, W, * (0% %, 1055, W
a2
+ o ks —= 43 (5.60)
k,0 z y BWZ m k° 2-

The Euler-Lagrange equation resulting from the a k—variation yields

the wave equation, as in Equation (3.19),

- ij J.k
Ix (MXg) +% - g =0, J=1+—, (5.61)
1€O<-Dkek

where the current density is given by
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RR _ - - Lo 3 3
Q. = kRSL BWh * K, I BWZ ’ dﬁ = ks, oW * K, I §WE ’
27 3 3 RL 3
G = kU, + kgs W i A 3w, G = "kgS, W
L

LR 3 RZ 3 LZ d
G = ks, oWy G = K5 Sw v G = K5 W

L R
ZR 3 7L d
0 = kL(UZ + s" awz)’ Qe = kR(Uz + s“ g@) . (5.62)

Equations (5.58), (5.60) and (5.61) are the required first order hydro-
dynamic equations,

If the mean value.of the Larmor radius and the thermal velocity
of the electrons are very small compared to the wavelength and the
phase velocity of the waves, i.e.,

s, << of

k2s << W

w
’ 2>y k,u k,V (H)V

for a wave whose frequency is far from the cyclotron frequency
(wk’o >> @, or << ab), the second relation in Equation (5.63) may

be replaced by

2
sz“ <<' (Dk o ° N (5.6,4-)

Elimination of ¢, & from Equations (5.58) and (5.60) gives the equa-

tion of motion to first order in ke/a? and k2s /ak as
1l C Z "

w,
sk, v

L T (5.65)
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where

RR _

o]
|

RZ

With the use of Equations (5.58) and (5.64), the equivalent plasma

the elements of the matrix Ei

LL¥* 1 kfsl kisn
q
G_k T 1+2m0(D +a>2
x k,-1 k,0 k,-2 ke, -1
2 2
ks 20
k.0 k,0
I—v5s 1+m“—(1'—"-)+3
% o k,1 k,-1 k,1 k,-1
2
Kk
LR _ g R 51
- - w W w w ’
k " "% k,0 k,1 k,-1
aLx g SOF T, 1
- 2
“km s 0%, -1 \%k,0  %,-1
2
K<k
GLZ'X":-q_ 1 % U +5 n RS.LUZ
-k w O w
™ 5%, 0%, -1 | R 2T %1%, 2
W
k 1 1 szz
t kzkns“ I ) 3 2
k,0 \ k,O k,-1 ©

are given by

permittivity matrix can be expressed as
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Pk “%,0
2 2.2 2/, 2, 2y o 2442
+ kLSL 3 kLUZ + wk(3 ab/mk,o) hwkwklo wk,o %e
%, 1%,-1 | %,2%,-2 %,1%, -1
kfsu szzwi 0 k§U§(3w§ Oﬂbi)
to o LrbhgTg 5 D ’
k,1 k,-1 k,1 k,-1 ak,l wk,—l

2
Wk k ®
R&_ ZR¥ ZL  LZ* N 'R z k kaz kiuz
K "= K =K = K = === |U + s + 3 +
k k -k -k w%m z L ® 2 w W )
Ok, -1 k,0 k,1 k,-2 k,0 k,-1
szH szz
ts - Prs—)I- (5.67)
k,-1 k,-1

The wave dispersion relations are then obtained by substitution of Equa-~
tion (5.67) into Equation (5.61).

The equivalent permittivity in Equation (5.67) can also be obtained
from Equation (3.4L4), with the low temperature approximations of Equa-
tion (5.63), by using the following series representation of the I,

Bessel function:
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- (3] 3 s (5.68)

m=0

Thus, when the low temperature approximation is made, the dispersion
relations from the microscopic treatment reduce to those obtained in
this section.

5.6.2 Interaction of Electron Plasma and Alfvén Waves

The interaction mechanism of two plasma waves and an Alfvén
wave is as follows. In the magnetosonic régime, the Alfvén wave pro-
pagating parallel to the static magnetic field is a linearly polarized
transverse wave.91 If its electric field is polarized in the direction
of the x-axis, this electric field can interact with the x-component
of the electric field of an electron plasma wave propagating nearly
parallel to the magnetic field to produce rf space charge variations in
the x-direction. This rf space charge may in turn excite another electron
plasma wave also propagating nearly parallel to the magnetic field,.

These electron plasma waves have the same azimuthal angle which may,

of course, be chosen arbitrarily. Since the strongest interaction ob-
viously occurs when the electric field components of these electron
plasma waves normal to the magnetic field are aligned along the x-axis,
we shall assume that the electron plasma waves propagate in the xz-plane
as shown in Figure 5.3, Therefore, all vectors are in either x, y or
z-directions, TFor albegraic simplicity, drift velocities are ignored

in the following.

Linear Equations: First, for the Alfvén wave, we have

Kk
<< (1) _ _ y = zZ2 X ,Z R

w w, sk =k =0, e =e =b =b =0, b =g"e . (5.69)
k
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Figure 5.3 Synchronism parallelograms for interaction

of two plasma waves (pump and signal) and
one Alfvén wave (idler).
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To lowest order in mk/m( ), transformation from (R,L,Z) to (x,y,z)

coordinates reduces Equations (5.58) and (5.65), respectively, to

agz{‘(e) agz(e) agi( e) agl{(e) ag:(e)

- - - _ -0,
awie) awie) awie) awge) nge)
a%l’:(e) i _}_(_z_ gx(e)_ ) k g x(e) . y
aszeS S ok ;((:‘)‘ —(—) -—(—)— s
aev(e) ,
g7 K, ex(e) | y(e) bY
awge) =0 ie) Sk § ;(%7 mc(e'j_wk )
z(e) y Z(e)
o, b 35
-9 k o
ORI OO = - —?‘77-75 ; (5.70)
X c y
12 (e)
X(e)

_?T7T1+57'J)L_ 5 -0,

® 2 k2s(e)

y(e)_ q 1 k z x
§k =i m(e) a)(e)w 1+ —(—yw = + 7—51-—& 35| € (5.71)
c k c C

Similar equations for the ions are obtained from Equations (5.70) and

(5.71) by the procedure described in Section 5.4. 1Including the ion

motion in Equations (5.61) and (5.67) gives the dispersion relation as

(@) k2(s(a)_ S(a))
Q)2 1 AR 1
% -x =0 ke =1+ :E:a> A ORE) + w(a)é = : (5.72)

C (o k
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Next, for the electron plasma wave, we have the relations

To first order in k /k , Equation (5.58) becomes

agi(e) ) ag::(e) ) agz(e) ) agi(e) . ag;(e) 5 (o)
™ aw e el el T e ST

(5.73)

o/
=
©
]

agl’:(e) k o |
Z X __9
& (1 ERONON ) R OO TN OMORO "

3§Y(e) k w(e) k af
k __ _,_z¢ gx(e) + 2 (1 4 K §y(e)+ L —9
awiej ROAC k o wie5w2e5 k m(e) ww(e)w(e)
z k,1 k,-1 k,1 k,-1 k k,1 k
agz(e) K 020 e)2 0210 e)2
k _ x k N gz(e) . k c WY
aw(e) w(e)m(e) m(e)w(e) k mies ol €)2pe)2 k7
x k,1 k,-1 k,1 k,-1 k,1 k,-1
B%:(e) kzwge) awi 2(e) mkwge)
= =i 1 _ .
awiei leestei ( * Ze5w3e5 )gk el miei weewe2
v k,1 k,-1 k,1 k,-1 k,1 k,-1

and Equation (5.65) becomes
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kgs(e) kK k S(e)

x(e) 1 z | ex q X z |
S Ol ROR O™ ((e)s TT RO OROFRSE
k,1 k,-1 k,1 k 1 k -1
(e) 2 (e)
S S e 5 (s - e
e) @ e e e e
g n %, 1%, 1 ° wﬁ f wé,iB "
el el
NONSROEROF ’
. k k, 1 k, -1
kgs(e)
gi(e)=‘%§ i 5—“L_zw2 e - (5.75)
k

Substitution of Equations (5.67) and (5.73) reduces the wave equation

[Equation (5.61)] to
A X 4 Aiz e =0, K =0, (5.76)

XX Xz .
where Ak ) Ak’ and K, are given by

o , mﬁe) 2 “ﬁ ( (e)g)kz (e)
E IR T B R O R O w(e)2 "OE
k,1 k,-1 k,1 k,-1

oe)2(e)
+ c Z | 1 + 1
2 (w<e)3 w(e)a) ’
k, -1

1 K,
(e)\2 (e)e (e)
2o - N kxkz S( ) +( e 5y
k = T\a ) ree [ (e) (e) ’
k,1 k,-1 k 1% k,-1

w(e) : Bkgs(e)
N Z



In Equation (5.77), the ion contributions have disappeared because
w&l) << @ [Equation (5.43)].

Coupled Mode Equations: In order to obtain the coupled mode equa-

tions, the general expression for A(3Z » in Equation (5.34) has to be

kk 'k
reduced according to the conditions of the present case. Let the Alfvén
wave be the idler. Equation (5.69) for the Alfvén wave, and Equation
(5.73) for the electron plasma wave then reduce AéB), xgg) and ng)

in Equation (5.35) to the forms

E k(()})(e) - fg_c_l_ Z xekgilt(e) E[kze;}(w;wi)bz]g:(e) g:§e) ’

kklk// k,k, k,i
(3)(e) )rer(el
e e
Z/,, )\18 ¥ = 1ny4 Z Z K251 bY§Y§ aw(e)
Kk Kk k k k i X
' ) (e)
+ K S(e)(ﬁx(e) g e §z§e)) AR
z k aw(e) W(e) k
z
agx(e) agzge)
R O I i KV
kk k" K,k k,i awz oW, ’

Since substitution of Equations (5.70), (5.71), (5.74) and (5.75) into
Equation (5.78) gives a rather complicated expression, an additional

simplifying assumption will be made that

W ,wy s >> aﬁi) , (k,k’ = electron plasma waves). (5.79)

After eliminating e: by use of Equation (5.76), the coupled mode equa-

tion can be written in the form of Equation (4.1L4) with
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T w
A 1 a N P 1 N
1. = 2ie, —Q1 + - I =2ie — {2 -
k 0 a)k wieiwh; 4 k 0 wk a)2 4
c c k
Xz
z(a) _p s %)
cPPA B Z é Q—ps Azz Q Q—ps ’ (5.80)
_p’s P .

where sz and A;Z are given in Equation (5.77) with k = p, and Qk(a)

and Q (Ot) are defined by

zZ
Qk(a) B CA LI C): 1 15y Ky k
k i N w(a)zw o CON ol @) (Q) o2, w(a)%@/
k k,1 k,-1 k c  k
k' k> (a) k 2k’ K @
+ Z_ __Z. z
ATG)E (o), () (a) (a) o o la)gla)
e %1 k - %1 k -1 k @4 k,1 k;-1
sﬁa) S e ok'k. k2P
(a)2 cpitrerrlvanlt { ;
(0 ' w I(D_ 7 Q)2 2
w w W
c k Kk’ (-Dkl k i (Dka)i .
w
x(a) _ ()% 3 €0t (a2 ) 2 kl % kO
ek Ta) N R OGN m)a
K’ \%k,1 %k, 1%
Lk kzsia) K, L . . 2k . k.
- + + +

w W, 2 (a)e (a)2 (a)2 {2 (a)2 7002
ki e %) e\ k1 B,
z (@) : 2 ‘

. kile 3k, ® i kz 1 1 . kzkz 1 . 2
pl e MO IR KCERIRGIE) MR WO RN C)
ki | k,1 k,-1 k k,1 %, -1 k \ k,1  k,-1

K2 K st k% 3x’%w, k%2
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Here (—)a is 1 for electrons and -1 for ions, It should be noted
that Equation (5.81) has two kinds of terms, one of order O(ag) and
the other of order O(wgg). Since wﬁe) >> w&i), the former terms for
the ion equation can be neglected compared to those for the electron
equation, Therefore, for g Q(a), the summation need be taken only
for the terms of order 0(u£2). It should also be noted that the
x-éomponents of the electric fields of the electron plasma waves, and

hence the coupling coefficient, C A’ vanish when kx - 0,

PP

5.7 Discussion

In this chapter, two methods of formulation of the hydrodynamic
Lagrangian have been presented and applied to several specific cases
of wave-wave interactions. Lagrangians previously used by others for
- the MHD approximation include only the second moment equation.u2’69’70
Since our hydrodynamic Lagrangians include Maxwell's equations and the
second moment equation (first method), or three moment equations
(second method), they are more general. Fundamental equations for
the MHD approximation can be obtained from our Lagrangian in Section
5.2.3 for spherical compression by introducing Ohm's Law.83

The second method in this chapter has very important advantages
over the first. 1In particular, as demonstrated in Section 5.6, it
does not involve the mathematical difficulties associated with the
~expansion of the Lagrangian in the f;rst method, which effectively
restrict us to the three special cases treated in Section 5.2.

Another significant advantage is that in the case of nonlinear inter-

action it can be applied when all interacting waves do not have the
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same value of <vy. This situation cannot be handled by the first
Lagrangian method. For example, although the small-signal proper-
ties of electron plasma waves and compressional Alfvén waves in an
isotropic plasma can be studied by the first method using two differ-
ent second order Lagrangians [Equations (5.15) and (5.21)], for
interactions between them we must use only one Lagrangian; since
" these two kinds of waves have different Lagrangians for third
order and above, a satisfactory higher order Lagrangian cannot be
chosen, In the second Lagrangian method, however, this difficulty
does not occur; the interaction of any combination of waves can be
treated provided that the basic assumption that the wave phase velo-
cities are greater than the electron thermal velocity is valid.,
Finally, we note that the second Lagrangian method includes all
necessary moment equations, whereas the first contains only the second
moment equation (the momentum equation), and must employ the other

moment equations as subsidiary conditions.
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Chapter VI

CONCLUSIONS

6.1 Review of the Research

The main purpose of our work has been to develop a general theory
of the averaged Lagrangian method to describe warm, collisionless
plasmas, gnd to demonstrate the effectiveness of the method in analyzing
wave-wave interactions. This has involved formulation of appropriate
Lagrangians, and extension of previous work on the averaged Lagrangian
method for cold plasmas, Treétment of specific cases has demonstrated
the power of the method in analyéing wave-wave interactions by con-
firming some results obtained previously by other methods, and pro-
viding coupling coefficients for a number of new interactions. - Since
our developments cover both the microscopic treatment and the hydro-
dynamic approximation to it, the averaged Lagrangian method is now"
available for use in all of the usual plasma descriptions: microscopic,
hydrodynamic,anq cold plasma,

Among the advantages of the ;veraged Lagrangian method, as compared
with the iterative method, are first, as demonstrated in Section 4.2, |
that the coupled mode equations can be obtained in canonical form
from ak-variatién of the Lagrangian without specifying the detailed
form of the Lagrangian for~a particular system. In the iterative
method, on the other hand, the coupled mode equations can be obtained
only after detailed and lengthy algebra specific to the case under
study. In the Lagrangian method, tedious algebra is required only in
obtaining the coupling coefficients., Second, the Manley-Rowe rela-
tions can be obtained by variation with respect to phase, and are

automatically consistent with the coupled mode equations.
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The second formulation of the hydrodynamic Lagrangian proposed
in Section 5.3 has significant advatanges over the iterative method
(here we mean direct use of the moment equations and Maxwell's equa-
tions). As described at the beginning of Section 5.2, expansion of
the moment equations involves mathematical difficulties. Consequently,
even for small-signal propagation, most of the work by direct use of
the moment equations and Maxwell's equations has been limited to
either the three cases in Section 5.2, or the special case of a
plasma in a strong static magnetic field,92 and the expansion has been
carried out using an adiabatic equation of state of the form of Equation
(C.1). For cases more general than those just mentioned, the validity
of the adiabatic equation of state is in doubt. For example, an elec-
trostatic wave has been shown [ Section 5.2.1] to satisfy Equation
(C.l) with Y = 3. As soon as its propagation direction departs from
the z-direction, the assumptions in Equation (5.11) are violated, and
Equation (5.12) is no longer justified. As demonstrated in Sections
5.3 and 5.6,and discussed in Section 5.7, such difficulties are
avoided in the second formulation of the hydrodynamic Lagrangian,

The averaged method has been used to obtain the coupled mode equa-
tions for all possible interactions of waves propagating nearly
parallel, or precisely perpendicular to the static magnetic field,
using the microscopic equations., Several interactions have also been
treated in the hydrodynamic approximation. The new interactions
that we have studied by the microscopic treatment are those among
three circularly-polarized waves (except that among three right-hand
circularly polarized waves); among two plasma waves and one circularly-

polarized wave, and among one longitudinal cyclotron harmonic wave
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and two ordinary cyclotron harmonic waves (pump N - signal and idler
0,0).‘ In the hydrodynamic approximation, the only new interaction is
that among two electron plasma waves and one Alfvén wave. Since one
of the principal aims of our applications of the method has been to
compare the results, and the ease of obtaining them, with previous
analyses by other methods, we have not carried out numerical calcula-
tiohs. We will simply speculate here on some future directions that
appear to be worth following.

It is evident that rf space charge plays an important role in
mode coupling. In order for nonlinear interaction to occur, at least
one of the participating waves must have nonzero rf space charge. This
being so, we may divide all interactions into four cases: those among
three longitudinal waves; among two longitudinal.and one transverse
wave; among one longitudinal and two transverse waves, and among three
quasiperpendicular waves which have nonzero axial components. Previous
analyses have shown that relatively strong interactions occur améng
three longitudinal waves (e.g., plasma waves or longitudinal cyclotron

28,32

harmonic waves). For interaction of three cyclotron harmonic waves,
for instance, Harker and Crawford calculated the nonlinear growth rate
due to a pump wave of 0.4 volt to be order of 1 - 10 db/cm over the
range of cyclotron frequencies for a typical laborétory plasma of

10 3

n, = 1.25 X 10 cm”, when the electron temperature is L4 volts.52 The

2
interactions of this category studied in our work are the P-P,P and
=, in the microscopic treatment, and the P-P,I for the hydrodynamic
approximation, In the P-P,I interaction we note that the range of

frequency for synchronism is narrow, and the electron plasma waves

and the ion acoustic wave have very low group velocity, so that plasma
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inhomogeneity or collisional effects my invalidate our results,

The next important interactions should be those involving two
longitudinal waves and one transverse wave, Examples treated here
are the R-P,P; L—P,P; P-R,P; and P—L,P for the microscopic description,
and the O-P,P and P-P,A in the hydrodynamic approximation. The mechanism
of interaction by the microscopic treatment may be considered to be
similar to that of interaction among three longitudinal waves, since
longitudinal components of circularly-polarized waves can produce rf
space charge in the direction of propagation when they propagate
slightly oblique to the static magnetic field. 1In the case of pre-
cisely parallel propagation the longitudinal components vanish, and
so does the interaction, as shown in Table 4,1, Because these longi-
tudinal components are small, we may expect fhese interactions to be
weaker in general than those involving three longitudinal waves., How-
ever, as mentioned in Section 4.5, the whistler and plasma waves can
be unstable for a non-Maxwellian plasma, and can also carry positive
or negative energy. It would consequently be of great interest to make
further detailed analyses of the R-P,P and P-R,P cases when the R-wave
represents a whistler. The character of the O-P,P interaction is
essentially the same as that of the P-P,P interaction since, in the
dipole approximation, the ordinary wave behaves like a plasma wave
of infinite wavelength, The interaction may be expected to be corres-
pondingly strong. In fact, this interaction is currently considered
to be an important process in ionospheric modification experiments

93

with high power sounders”~, and in producing plasmas by use of lasers,

9k

As shown in Figure 5.3(a), the P-P,A interaction occurs due to coupling
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of the components of electric field perpendicular to the static mag-
netic.field. The interaction consequently vanishes for parallel
propagation, Since the analysis in Section 5.6 was for the Alfvén
wave within the magnetosonic regime (ak << wgi)), the range of fre-
quencies of the glectron plasma waves for synchronism is relatively
narrow., In practice, slight inhomogeneity of the magnetic field and
plasma would cause strong deviation from the theoretical predictions,

Interactions considered in our work involving one longitudinal
wave and two transverse waves are the R-R,P; L-L,P and P-P,L, for parallel
propagation, and the 0-y,0 and ;j-0,0 for perpendicular propagation. One
of the features of these interactions is that the second order electron
gyrations due to two transverse waves (oc ék X‘Rk') are coupled to the
rf space charge of the longitudinal wave. Therefore, contrary to the
case of interactions involving two longitudinal waves, interactions
can occur among waves propagating precisely parallel to the magnetic
field. Since only one longitudinal wave is involved, the interaction
may be expected to be very weak,

The final case of interaction is among circularly-polarized waves
propagating slightly oblique to the static magnetic field, whose
electric field components in the direction of wave propagation produce
small amounts of rf space charge. Examples are the R-R,R; R-R,L and
L-R,L. The rf space charge is much weaker than for the first two, and
hence no strong interactions can’be expected. In the ionosphere, the
growth rates due to the R-R,P; L-L,P or P-R,L are of order 10—5- 10_6 db/m
for a pump wave field strength of ep~ O.1m volt/m,95 and that due to
interaction among three whistlers is of order lO_6 db/m or less for a

T

pump field of ep~ 1m volt/m.2 Previous calculations have, however,
been performed assuming cold plasma, or by use of moment theory. It

115



should be remembered that electron plasma waves and whistlers can be
unstable, and can also carry either positive or negative energy when
the electron velocity distribution is nonMéxwellian. Further detailed
studies are consequently necessary for interactions involving these

waves under magnetospheric conditions.

6.2 Suggestions for Future Work

The next important step following our work is to obtain numerical
solutions for the growth rates for comparison with observations made
in the laboratory and the ionosphere. Most previous numerical
solutions have been obtained for cold plasmas, or within the hydro-
dynamic approximation. Those obtained by the microscopic treatment
for warm plasmas are potentially of greater interest because the micro-
scopic description generally offers a broader range of possibilities
for synchronism. Also, interactions involving longitudinal waves or
whistlers,which would otherwise be weak, may be much more important
in plasmas having nonMaxwellian particle velocity distributions,

A large number of interactions which can be treated in a straight-
forward manner by the averaged Lagrangian method still remain to be
studied. In the microscopic treatment, for example, the interactions
between waves propagating parallel to the static magnetic field, and
those propagating perpendicular should be examined. In the hydro-
dynamic approximation; there are numerous combinations of electromag-
netic waves and ion waves which are likely to couple strongly, and to
be observable experimentally.

In our work, the averaged Lagrangian method has been developed for
coherent three-wave interaction in an infinite, collisionless warm

plasma in a uniform static magnetic field. Some extensions of the
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present theory to less restricted conditions would be of interest:

1. Higher Order Wave-Wave Interactions: Waves which do not
satisfy ‘the synchronism conditions for three-wave interaction cag still
be coupled by higher order wave-wave interactions in which more than
three waves interact. Even when three-wave interaction occurs among
existing modes, such higher order wave-wave interactions may not be
negligible, since they may have growth rates comparable to those of three-
waQe interaction. To describe n-wave interaction, the Lagrangian must

be expanded up to nth order in perturbation.

2. Background Reaction: If the reaction on the assumed homogeneous

and time-invariant plasma is taken into account, the Euler-Lagrange
equations for the perturbed state should be obtainable from variations
of the expanded Lagrangian with respect to r(= Ip* 5), o(=% + wl) and

43

A(= + a), instead of g, wl and a of Section 2.2. The Euler-

éo
Lagrange equations from £2 should then yield equations equivalent to
those of quasilinear theory.4 An alternative way to take account of the
reaction on the background isvto assume the equilibrium velocity distri-
bution function, fo , to vary slowly in time and space, and to take
variations in g, o, and a . This method is being developed at

Stanford by Galloway.96

3. Nonlinear Wave-Particle Interaction: Next in order of complexity

is nonlinear wave-particle interaction. This corresponds to the beating
.0of two waves to form a sum or difference wave which then interécts with
particles in resonance with it. As for wave-wave interaction, the
Lagrangian must be expanded beyond second order in perturbation to take
such effects into account. The main difference from wave-wave inter-

action is that the particle velocity distribution itself is modified by
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the waves. Consequently, the technique developed to include the back-
ground reaction has to be extended.

4., Nonuniform Plasmas: The expanded Lagrangians in Section 2.2

are applicable to inhomogeneous plasmas. Homogeneity has not been

assumed in formulating the hydrodynamic Lagrangian by the second method

in Section 5.3. Therefore, microscopic or macroscopic properties of
inhomogeneous plésmas can be described by using these Lagrangians.

Among the subjects of interest is stability analysis. Suydam obtained a
stability criterion for pinch in the MHD approximation.97 Similar
criteria for microscopic and macroscopic plasmas could be derived by
obtaining the Hamiltonians from the Lagrangians,6and by finding the
conditions for minimizing the potential energies. It is noted, in passing,

that, since the field quantities are functions of + & , the

x,
Lagrangian in Equation (2.15) is in the form of a correlation function.98
Interesting properties of the Fourier transform of the correlation
function would suggest the possibility of simpler analysis than the
direct use of Maxwell's equations and the Vlasov equation for the
microscopic treatment or the moment equations for the hydrodynamic

approximation .

5. Bounded Plasmas: Amongst the complications not treated compre-

hensively is that of plasma boundaries. So far, Laval et al,99 and Spithas
and Manheimerloo,have considered the three-wave interaction of three
coherent plasma waves in a waveguide with an infinite magnetic field,
while Pérulli101 has made an extensive study of such processes from

both a theoretical and experimental viewpoint. All of these studies

have used the conventional iterative method. The averaged Lagrangian
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method has been employed in recent Stanford work by Larsen102 for the

interaction of three coherent plasma waves in an infinitely long cold

plasma column with and without an infinite static magnetic field, The
three-wave interaction work should be extended to the case of a plasma
column of finite length in a finite magnetic field.

6. Random Phase Approximation: So far, we have discussed only

interaction of coherent waves. As mentioned in Section 1.2, however,
the random phase approximation must be used for turbulent plasmas. For
randomly phased waves, only quantities averaged over a statistical
ensemble are meaningful., Since simple averaging makes the LHS of
Equation (4.10) vanish, the coupled mode equations cannot be used,
Instead, the wave kinetic equation, which describes the rate of change
of the plasmon distribution function or quantum density, is used.103
The wave kinetic equation is the ensemble average of the action transfer

104

equation [Equation (b.9)], and the plasmon distribution function or

quantum density is the action, N Therefore, the coupling coefficients

105

Kk °

obtained in this work lead directly to those for turbulent plasmas.
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Appendix A

DERIVATION OF EQUATION 2.18

Figure A.l shows two pairs of corresponding cells defined in
Section 2,2, One is at time t, and the other is the same pair after
the infinitesimal time At. The equilibrium cell and nonequilibrium
cell are located at (3b’10) and at (E;X)’ respectively, at time t,
and at (Eé’Xé) and ({f,zf) at time t’ = t + At. The displacement
vectors are (E;ép at t, and QS'%é') at t’.

The displacement vectors at t and t’! are given by
4 4 4
5:2—’{‘0, 5=£ _"I\:O. (A.l)

The position vectors r’ and r at t’ can be written as

.
&

4 : 4

where use has been made of v = Y + E. Substituting Equation (A.2)
into Equation (A.l), and subtracting the first expression in Equation

(A.1) from the second, gives

4 .

£ = éAt . (A.3)

~

b =%

The velocity displacement vector, £, is therefore the time rate of change
of the displacement vector £. The time rate of change of g€, on the
~other hand, can be found by the Taylor expansion of g’ about E, and

substitution of £ from E’, It yields

AE?[:AE”"(X()'V)E"'(%'%)E]M . (A.4)

Equation (2.18) results from Equations (A.3) and (A.4).
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Figure A.1 Time evolution of a corresponding cell pair.
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Appendix B

INTEGRAL REPRESENTATION OF THE COUPLING COEFFICIENTS
FOR PERPENDICULARLY PROPAGATING WAVES

In this appendix we shall derive expressions for the coupling co-
efficients in Equations (4.32)-(4.34) in convenient forms for computa-
tion., This will be done by expressing the Q's in Equation (4.28) in
terms of integrals. To obtain integral expressions for the DG's and G's
we must solve the equation of motion expressed by Equation (3.18) or
(3.32).

In the absence of eZ

K’ solving Equation (3.32) for Dk,o'g%;glves

G B.1)
Dy,0 & = Pk,0 O " Sk (B.

where

RR * LI* q eXp{—i[dk)_1(¢—¢k)—klvlsin(¢-¢k)]/a%}
Dy, 0% = Pox,0%k = Zim w_sin (e /o)

k — — kv — -
X f ad [exp(-itb) + 2(‘:1{"‘] exp[i(wkd) + klvlsind))/wc] y

RL * LR¥ q klvlexp{i(¢+¢k)-i[ak(¢-¢k)-kLvLsin(¢-¢k)]/mc}
k0% T Po,0%k T T T EXNCT ETwy

P-dyrn _ - -
X dd exp[i(ak¢+klvlsin¢)/a%] . (B.2)
¢_¢k -

Equation (B.2) in turn gives
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RR _ _LL¥ q exp{-ilw, ($-¢,) -k v sin(¢-0,)1/w ]

a% sin%nuk/aé)
4)_4)k+ﬁ — —_ —+ﬂ = = k v = =
d¢ exp(i¢) d¢[}xp(-i¢) - 2Zkl] exp[i(mk¢-klvlsin¢)/a%] s
(- b

>

kLvLexp{21¢k—i[w(¢-¢k)-klvlsin(¢-¢k)]/ah}

~ B

I
£
7

Wl

]
319

o i)

_ bex _ _ _
X f a¢ exp(id))l ad exp[i(mkd)—klvlsin$)/wc] . (B.3)
- -

ot

Z
0 S ek), described in

Z
The unitary transformation from (eR L ) to (e

kK %k %k
Section 3.5.1, requires that

i _ 1 (.RR LL RL e R .

G =% (Gk + G+ G exp(-2if) + GIL{ exp(21¢k)) ,

s __1(BRR _ ILL _ _RL oihy _ LR .

G =-3 (Gk G~ + G exp( 21¢k) G, exp(21¢k)) . (B.4)

Equation (B.L4) also applies to G Substitution of Equations

Dy, 0%
(B.2) and (B.3) into Equation (B.4) gives
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exp{-1(w, ($-9, )k v sin(¢-¢,)1/e )

Dk,OGP{" = 2;.1m a)csinznuqk/a.)c)
-0t _ _ _ _
Xf dd) cos(¢-(l)—¢k) exp[i(wk(b + k-Lv_Lsin(b)/a)c] ,
b_‘bk—ﬁ
Ll q exp{—i[wk(¢-¢k)—klvlsin(¢¥¢k)]/a%}
Dk,OGk = 2im wcsin(gw.)k/wc)
¢-¢k+ﬂ _ _ _ _
X ] ad sin(¢-¢—¢k) exp[i(mk¢ + klvlsind))/a)c] ’
¢—¢k_ﬂ
Ry a exp{-i[wk(d)-d)k)—klvlsin(tl)—d)k)]/a)c}
k T a% sinz(ﬂwk/ab)
X dd) dd) cos(¢—¢) exp[i((nk¢) - k_Lv-Lsin¢)/wc] s
-, - ¢-x
R G e AR LA RN
k = Im

_a)i ‘ sinz(ﬂmk/a)c)

¢—¢k+“ _ $+“ = - = = | =
X f d(l)’[. dad sin(d)—(l)) exp[i(u_\kb - k-Lv-Lsind))/wc] .. (B.5)
¢—¢k_ﬂ ¢-ﬁ

Equation (4.28) is then written as

2
i n N . ’ .
Ql‘{k ' = é eOkL :o-H T Ty 7 exp{—1[uﬁ{,,d)-le_LSln(¢'¢k/l)/a)c}> )
C
| sy
0 i r
Qkklk” =7 eOka E <[(2a)c/a>k,)sk - (l-u)k”/u.)k/)Tk]> B (B.6)
[+]

where Sk and Tk are defined by
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0-0,+n

exp(-i ¢ /wc) - - _ —
8, = sin(ndmk)k/zc) fd) . ad COS(¢‘¢"¢kH)eXP{'i[d)k¢ + klvlsin(b]/a)c} s
-9, -

. b _ obrn _ |
exp(-i /w
. - p( mk¢ d?j. d¢cos(¢ ¢+¢ ¢ n)exp{- 1[ak¢ -k v s1n¢]/m

51n (e /w
T gy (5.7)

Substitution of Equations (B.6) and (B.7) into Equations (4.32)-(4.34) gives

an integral representation for the coupling coefficients C C C
iy’ “yo0’ T0y0’

and s desired.
n COO”’ a
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Appendix C

EXPANSION OF THE STATE EQUATIONS

The purpose of this appendix is to obtain the elements of the
tensor ‘g second and third order in terms of the perturbation '5,
for each of the three illustrative cases in Section 5.2. For all
thrée, the state equation [Equations (5.13), (5.18) and (5.23)] is of

the form

g_t(‘s‘f‘) -0, T=v-1, (c.1)

n

where Y 1is the édiabatic compression constant. 1In order to expand
Equati;n (C.1), we should first transform the total time derivative
d/dt, in the (Eit) coordinates to that in the (Eb’to) coordinates.
Equation (5.8) immediately gives

l@

-

. (c.2)

1l
o)|o;

t1he
%p

_g

)

E(ig
0/'01
ct
Q)

o

Therefore, it follows that

|a

- (c.3)

g
Qu

%

Equation (C.3) states that the rate of change of a function along the
perturbed trajectory is the same as that along the equilibrium tra-
jectory,

From Equation (5.8) it follows that
-1 1 2 9 (9% °F
n= 4 g, g=1+v.5+-2-[(v.5) - VE:VE]+ - - 37 X3z )’ (c.k4)

where the subscript O on x,y,z has been dropped. In order to expand

Equation (C.1l), let
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s=5s5_+ 8 + 85+ ..., gr =1+ Cl + §2 + ... (c.5)

Here ( can be expressed in tems of £ from Equation (c.4). Substi-

~

tuting Equations (C.4) and (C.5) into Equation (C.1), and expanding it,

gives the S, as

sp = =558y 5 Sp = S(ECD) 5 Sy = =5o[E56 (26,7 E) e - (€.6)

(i) Parallel Compression: From Equation (5.13), T' = O and 2 for

sl and s|, respectively. By Equation (5.11), the Jacobian in Equation
!

(C.4) reduces to
4 =1 + 57 - (c.7)
Equation (C.6) then becomes

sLl = SL2 = SL3 PR

=0,

: 3g, (agz)z X (852)3
L= 205 0 %2 Bol\s ) o 53T Mpel\sE/ o (D)

(ii) Cylindrical Compression: From Equation (5.18), T' = 1 and O for

s, and s", respectively., By the assumptions in Equation (5.16), the

Jacobian for this case becomes

28, 38, 28, BE,

J=1=+v T 3y Ty (c.9)

un

N .

Equation (C.6) then yields
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;0= 750", "8 s 8= 80 [(V.L ¥ " 3y
| og g
2 X y
S.L3 =" J.O(V.L g) [(‘VJ_' g) dx dy +2
= = = =0
E %12 3

(iii) Spherical Compression: From Equation (5.23), I' = 2/3.

Equations (C.4) - (C.6), the s 's are obtained as

o
wli+

og
55 = % 50[2—7 (v.8)3 - % (V- B)(95:98) - 2.5= -
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Nonlinear Interaction Between Circularly Polarized Waves and Electron Plasma Waves*

H. K, K. J. HARKER, AND F. W. CRAWFORD
Institute for Plasma Research, Stanford University, Stanford, California 94305
(Received 6 August 1970)

This paper presents a general analysis of nonlinear three-wave interaction in a hot magnetoplasma
between circularly polarized waves propagating at small angles to the static magnetic field, and electron
plasma (Langmuir) waves propagating parallel. First, the coupled mode equations are derived by iterative
solution of the Vlasov equation. Simplified expressions for the coupling coefficients are then obtained
for all of the wave combinations for which the frequency and wave number synchronism conditions can
be satisfied, and the wave coupling coefficients are nonzero. These comprise interactions among three
right-hand polarized waves, two circularly polarized waves and one Langmuir wave, and three Langmuir
waves. The paper concludes with a brief discussion of the specific cases most likely to be worth subjecting

to detailed numerical analysis.
I. INTRODUCTION

The nonlinear interaction of three or more waves in a
magnetoplasma has been a subject of extensive in-
vestigations in recent years.! Initially, for simplicity,
most of these investigations employed either cold
plasma theory, or macroscopic theory based on moments
of the Vlasov equation. More recently, interest has
progressed to studies in which the Vlasov equation itself
is used. The primary reason for this is the fact that even
certain important small-signal phenomena, such as
collisionless Landau and cyclotron damping, and the
propagation of cyclotron harmonic waves, only emerge
from a microscopic treatment. It is consequently
essential to begin studies of nonlinear interactions
involving these phenomena from the Vlasov equation.
An additional reason is that certain new effects appear
which have no counterpart in cold-plasma theory. In
particular, for nonMaxwellian charged particle velocity
distributions, the possibility of nonlinear interaction
between waves carrying positive and negative small-
signal energies exists. This can lead to explosive
instability,?? in which all of the wave components grow
at the expense of the charged particle energy.

Nonlinear plasma wave propagation is a notoriously
complicated subject because of the wide variety of
phenomena that may occur: Individual waves may
suffer nonlinear damping due to wave-particle interac-
tion, and two or more waves may interact with the
particles, or with each other in pure wave-wave interac-
tion. In each case, for the interaction to be strong, -
certain synchronism conditions must be satisfied
between such quantities as the wave frequencies, wave
numbers, cyclotron frequency, and charged particle
velocities. It seems likely that progress in such a com-
plex situation will be made most easily by studying
each effect separately in its region of greatest strength,
and comparing the results for a given set of plasma
parameters to determine which interaction effects
should dominate. The final predictions, and if feasible
the separate analyses leading to them, should then be
subjected to experimental verification.

In this schenie, the authors have opted to concentrate
on wave-wave interactions, in which the charged
particle velocity distribution is assumed to remain
steady in time. To further restrict the field, attention is
limited to the high-frequency propagation branches
obtained ignoring ion motions, and to propagation at
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8=x/2 or 6~0, ie., corresponding to interaction
between principal modes propagating either perpendic-
ular or parallel to the static magnetic field. So far, the
case of perpendicular propagation has been examined
in most detail by the authors and others. Theoretical
studies have been published of three-wave interactions
between cold plasma, transverse (extraordinary)
waves,> and between hot plasma, longitudinal (cyclo-
tron harmonic) waves,”® and have received encouraging
support from laboratory experiments.®* For approxi-
mately parallel propagation, a cold-plasma treatment
has been given for the interaction of right-hand polarized
transverse waves,! and the interaction between
circularly polarized modes and a longitudinal electron
plasma (Langmuir) wave has been studied, using
moment theory for the longitudinal wave.!?® The
purpose of the present paper is to extend this work to
include hot-plasma effects stemming from the Vlasov
equation.

The general procedure for analyzing three-wave
interactions adopted here is as follows. Maxwell’s
equations and the Vlasov equation are first expanded to
first order. This yields equations for the field quantities
and a small-signal dispersion relation. The expansion is
then taken to second order, and all second-order terms
are approximated by substituting first-order quantities
in them. This can be done for three waves provided
that the small-signal dispersion relations allow their
frequencies and wave numbers to satisfy certain
synchronism conditions. This procedure is carried
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through in Sec. 11 for a general charged particle velocity
distribution, and leads to a set of coupled mode equa-
tions.

In Sec. III, these coupled mode equations are
specialized to three cases. The first is that of three right-
hand polarized waves propagating almost parallel to the
static magnetic field (there is no interaction in the limit
of parallel propagation). Three left-hand polarized
waves need not be considered since the topology of the
dispersion characteristics does not allow the synchronism
conditions to be satisfied. Mixtures of left- and right-
hand polarization do not couple. The second is that of
two circularly polarized waves interacting with a
Langmuir wave, all three waves propagating strictly
parallel to the magnetic field. The synchronism con-
ditions can be satisfied for three different combinations
of wave types, and these are treated individually. The
case of one circularly polarized wave and two Langmuir
waves propagating parallel is of no interest as coupling
cannot occur. The third case considered is that of
interaction among three Langmuir waves, and our
treatment confirms the form of the relevant coupling
coefficient given recently by Dysthe.*

Having obtained the general coupling coefficients
and coupled mode equations, specific problems of
mixing and parametric amplification may be attacked.
Although no detailed numerical solutions are given in
this paper, some comments on the procedure to obtain
them are given in Sec. TIL.D, and the likely results are
discussed in Sec. IV.

II. THEORY

A. Basic Equations

Our system is described by Maxwell’s equations

V x §=—0H/d, VxH=g+(38/3T), (1)
supplemented by an expression for the convection current density
=—[FVdV. (2)
The evolution of the charged particle velocity distribution function F is described by the Vlasov equation
(0F/at)+V-VF— (&4+V xH) - (3F/3V) —Q.(dF /d¢) =0, (3)

where we have used cylindrical coordinates in velocity space defined such that

V2=V cos¢,

Vy=—V sing, (4)

and the static magnetic field By, is oriented along the z axis.
Equations (1)~(4) have been written in terms of the normalized variables

&=—¢E/mcwy, H=—eB/muw,
Q=w/wy,

X=wpr/c, T =uwyl,

g=- J/noec,
Q¢= ‘—‘eBo/"lwo,

V=v/c,
K=kC/w0, (5)

where w is the electron plasma frequency, and the remaining symbols have their usual meanings.
Taking the spatial-temporal Fourier transforms of Egs. (1) and (3) yields

K, x&,=0H,,

K, xH,=—g,—j,&,,
JUFy—j(V-K,) Fy+Q.(8F,/8¢) — (&,+V xH,) - (8F;/8V) = 2 8at+VxH,)- (9Fp/aV),
af

(6)
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where it has been assumed that the synchronism conditions
2y=Ca+1l, K,=K.+Kp, (N
for three-wave interaction are satisfied. The first two expressions of Eq. (6) are linear. The third has linear terms on
the LHS, and nonlinear driving terms on the RHS.
In what follows, we shall restrict our attention to circularly polarized waves propagating along or at small angles

to the static magnetic field, and electron plasma waves propagating along it. Under these conditions, we may write

the wave number components as (K8.yiz, K8,,i,, K,i.), where i,, i,, i, are unit vectors. If we introduce the com-
plex transverse vectors

&y =8xyt 76y, Hy=H;y+jH,y, Jr=Gev+iGy=— [F,V?AVAV, exp(—is), (8
appropriate to propagation of right-hand polarized waves, then to lowest order in 8 Eq. (6) vields the expressions
(K2/2) (8:48,—8,) +8,= (3/%) g (K4/20.%) (E8,*+8,%0,) +&y=7Fr/ N
and )
. oF
(=K, V) Fy 59 _a_j
+ { - [a+ [6, expjét-0,* exp(—ja) ] (V 5V 57)] +3b,[6_* exp(—jd) +&, expf¢]} F

F) )
=—iY g |at =2 +-0,* — = _ _|__ _*—8.%8,) —
]a.a{ "[a [0 expjet8” exp( ”’”(V v VaV,)] 2, (650 8)a¢

a3 a3 .
+1(expio) (s,,baﬂs,d%) e (~j) ] (5 s, ;9;)} Fot H(VK ) [6, cxpjio-6,* exp( —je) IF.

(10)

Here, Fy is the unperturbed electron velocity distribution function, and 8, has been written for 8,,+70,,. The
operators @ and b,, and the velocity-dependent quantity d,, are defined by

a=a/aVz; b,,=(3/6V)+(K,,/Qa)[V(a/6Vz)—V,(a/aV»):], da:V_ltl_(VzKa/Qﬂ)]- (11)
B. Iterative Solution

Equation (10) may be solved iteratively to any desired order of approximation. The first iterate is obtained by
setting Fg and F, to zero on the RHS and solving to obtain

. 0, expjp | 6* exp(—qu))( 5 8 )] (8 expié | £, exp(—j¢>)}
F,=|—je. il s V)| 2 Fo,
v { 78 ”[ * 20, ( 7., t 1., Veov Var )| T\, YT ] 0

(12)
where T, is defined by

Tyn=Q,—K,V.—nQ,. (13)

This result can be used as an improved guess for Fg and F, on the RHS of Eq. (10). After performing a total of
three iterations, we obtain all terms quadratic in € and linear in §. We may then write F, as a power series in & as

Fy=(Gyn+Gym) expig+ (GyotGreo) + (G +Grat) exp(—jo) + (other terms), (14)
where Gyi1, Gyio, Gy, and G are given by

be, K08 3
Go=—7 =2 M[T (V,~—— ) QV]}F
m==j {ZT,1 Yo, T \Veay =V ay) T®Ve) B

G~,10= —j[g,,(a/ T‘ro) +07*87(K V/4T71T70) bv]FOy

K
Grar=—3(88-4") ( D1 (byt-ds) ——b + 5 td) o e
TyTy TuTy »
Kigbs v 2K g8 ) :
“ - ba ) Fo—1 aCz Ty e Tg a4+ Tyt T b Fy
Ty TsaTs 5 QT 1 T v—3{8aB:8) (T a0 e+ T i aTa™0,) Fy
720_ 4 (8—,9*8::) [:T‘yo l(bﬂ_*'dﬂ) Tal 1 a+ T-yo 1(ba+du) Tﬁ—l lbﬂ_]FO MgzﬂT‘yO_la(Tﬂo_l-l- TaO_l) aFo. ('15)
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Substituting Eq. (14) into Egs. (8) and (9), we obtain
(K307 (058:4—8y) +8= (= 2mj/Q,) [[VdVIV . (Ciu+Gra),
(K32 29,7) (8:8y*+8-4%0,) +8.4= (= 2mj/Q,) [ [VAVV AV .(Gr10+GCpo) . (16)

Substitution of the expressions defined in Eq. (15) finally reduces these to
[1— (K235 + (2w /Q,) [VEAVAV . .(bFo/2T 1) 16,4+Y0,8.y= (—2mj/Q,) [ [V2AVAV .G,

30026, +[1=2x [ [(FoVAVAV./T\?) 18.4=(—2m5/Qy) [ [VAVV .AV .G 20, (17)
where ¥, is given by

W, = (K,2/Q2) = 2m [ JEVAVAV (Ko V o/ T + (K 2V 20,) (T30 o) " (K, Vo /0 T To) 1. (18)

C. Velocity-Space Integration

Equation (18) is the desired general form of the coupled mode equations, describing how the electric field com-
ponents &, and &., of the ¥ wave are influenced by those of the a and 8 components. To solve a specific problem, it
is necessary to specify the unperturbed velocity distribution Fo and to carry out the integrations. Considerable
progress can be made if the not unduly restrictive condition is imposed that Fy is of the separable form

Fo(V, V.)=Fou(V)F,.(V.), 2r[For (V) VAV =1. (19)
This will be assumed in what follows.

It is also necessary to obtain expressions analogous to those of Eq. (17) for the a and 8 waves. The method of
doing so is as follows. If we wish v to represent one of the lower frequency waves, rather than the highest as in
Eq. (7), it is only necessary to change the sign of 8 in the foregoing analysis. To demonstrate the procedure, and in
anticipation of the requirements of Sec. ITI, we shall make this change. After carrying out appropriate velocity-
space integrations, Eq. (17) then reduces to

Doy ¥s0,8.y= Po8ab5* +(0188.8:5%, D84 ¥.0,%6,= 05,8486+ R,8..8.5%. (20)
The quantities D, and D,, and the coupling coefficients P,, Qys, and R,, are given by
Dy=1— (K} ~ (1/2) [dV . Fo.[ (Tyo/ Ton) + KF(V?/2T12) ],
DFP=2[1— [dV.Fo.(1/T*) ],

[ 4T 0Ty
P,=— K, /dVI‘ K.KsK, 74_ TuT (T o T
T8 Qﬂ-v::; s o\t T KT S Ul T ) (T 4+ ) ]
2K72V2 (_T_"’?+ Tw )+2]\ 2 2[__T_9__.( Ly T ) (T +T 1)]
Ta T51 T"‘ T T*rl g Ta Tﬂl Tvl ot - TﬂoTﬁl Tﬂ po A

2K5K,1v’2[Ta0 T, 2Ta _2T,,1}}

TaTaTul T T ' Tw Ta

' 2 (KT KT, s
Qo= L—fu’V ro,[ ( e °> — KK, T

—1
200 Tﬂo Tui T'y]. 6V, (TalTﬂOT“tl) ] s

Ry=—2[dV.F.(3/0V.) (TasTsT0) . (21)

The coupling coefficient Qg, is obtained from Q.4 by interchanging 8 and . In the above expressions, a bar denotes
an average value of the quantity concerned, i.e., of V2 and V4 As may readily be guessed, Egs. (20) and (21) re-
sult from some very lengthy manipulations. Attention is drawn to some of the more important points in the deriva-
tion in an Appendix to the paper.

The significance of D, and D,” is worth noting. If we consider small-signal waves propagating parallel to the
static magnetic field, the expressions in Eq. (20) reduce to D,8,~0~D,”8,., and we recognize the coefficients as

the well-known hot-plasma dispersion relations for circularly polarized transverse waves, and longitudinal electron
plasma (Langmuir) waves, respectively-.
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III. APPLICATIONS

We are now ready to apply the general results of
Eq. (20) to specific cases. Three possibilities im-
mediately come to mind: first, that all three waves
might be circularly polarized transverse waves; second,
that two circularly polarized waves might interact with
a Langmuir wave; and third, that three Langmuir
waves might interact with each other. We will indicate
the appropriate coupling coefficients for these interac-
tions separately, and then discuss how they may be
used in the solution of mixing or parametric amplifica-
tion problems in inhomogeneous plasmas. To emphasize
the type of wave concerned, we will introduce the
variables

SaR = gza +j8mz;

8aF =84

8" =820 8ya
(a>0), (22)

referring to right- and left-hand circularly polarized
waves and Langmuir waves, respectively.

A. Three Circularly Polarized Waves

Eliminating &, from Eq. (20), and neglecting terms
higher than first order in # and second order in & yields

D,B8. R = Crp€.Rest*, (23)
where the coupling coefficient Cgr is given by
Crr=Py— 725 (¥s85/Ds") Q1s,
p=1—Q5" [Fo.dV,
X[To '+ (KgV?/2TpT) (To '+ T ] (24)

It is interesting to note that Crg—0 as fq, 85, 6,—0. Thus,
there is no interaction for purely parallel propagation,

2001

TaBLE I. Acceptable combinations of waves for
interaction (§=0).

Signal and

Pump (p) idler (s, 1)
R R, P
J4 L P
P R, L

and this property is independent of the precise form of
the velocity distribution.

In previous work,"! the authors have considered
interaction in a cold plasma. It is possible to retrieve the
expression for Crr derived there by evaluating Eq. (24)
for the delta-function velocity distribution Fo(V, V) =
8(V)a(V,)/2rV appropriate to a cold plasma.

B. Two Circularly Polarized Waves and a
Langmuir Wave

In this case, interaction is possible for §=0. Equation
(20) then simplifies to

D8, =Qya8.85™%, D.P8,F=(Qp,Labg*.  (2)

Of the several possible combinations of left- and right-
hand polarized waves (L, R) and Langmuir waves (P),
there are only the three given in Table I for which the
synchronism conditions can be satisfied, and the coupling
coefficients are nonzero.”® For illustration purposes, we
have called the highest frequency component the
“pump’ wave, and the lower frequencies the “signal”
and “idler,” analogous to conventional parametric
amplification terminology.’® We will now consider the
acceptable combinations separately.

1. Pump R—Signal and Idler R, P (or P, R)

The required coupled mode equations are obtained from Eq. (25) as

Drg F=—Crp&ET,

DERS.!R =

CRPS .-P*ng, DiPSiP = CRPgsR*SpRy (26)

where D,E, D, and D, are given by D, in Eq. (21) after replacing v by s, p, and 4, respectively. The coupling

coefficient Cgp is given by

a2
20,9, e

Crp=

Th

(K,T,,o

9

K,T,
22 av. (TplTiOTsl)_l:l .

Tal

) —K,K, 7 (27)

The first and second expressions in Eq. (26) have been obtained from the first expression of Eq. (25) by replacing
(@, 8,v) with (s, ~i, p) and (p, i, s), respectively. The last expression in Eq. (26) derives from the second of

-Eq. (25) by replacing (a, 8, v) with (p, s, 9).

2. Pump L—Signal and Idler L, P (or P, L)

The results for this case can be obtained simply by changing the sign of K,, K., K;, @, , and @, in Eq. (26).
When this is done, the electric field vectors change from 8,7, &%, §,7, to §,1*, &%, &,F*, respectively. Upon making
these substitutions, and then taking the complex conjugate, Eq. (26) becomes

DPLSPL = — CLngLS,‘P,

Dlg b=

CLI’giP*gpL, DiPSiP=CLI)83L*8pL’ (28)
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where D,L is defined as

D7L= 1- (sz/gvz) - (1/972) f‘leFOZE(T‘rO/T‘r—l) +K72( V2/2T7—12):|:

and the coupling coefficient C.p is given by

KIM, HARKER, AND CRAWFORD

(v=p,9), (29)

CLP= (j/ZQst) dezFOz{ (Z/Ti02) [(KSTPO/TP-—I) - (KstO/Ta—l)]"KﬁKaVZ(a/aVs) (Ty—lTiOTa—l)—l}- (30)
3. Pump P—Signal and Idler R, L (or L, R)

The results for this case are obtained from Eq. (26) by changing the sign of 2, and K., and then making the
interchange (9, s,1)—(s, 1, p). When this is done, the field vectors change from &7, §.%, &7, to &% &F, &,F,
respectively. Upon making these substitutions, we obtain from Eq. (26) the coupled mode equations

D PS P= —CRLS.‘LSgR,
r Yp

where the coupling coefficient Cgy, is given by

Crr=—

C. Three Langmuir Waves

For this case, we put 5=0=40, in Eq. (20) to obtain

D.P&,P=R,8,F855*. (33)
The coupled mode equations take the form
DPg P=—Cpp86F,  D,/FEF=Cpp8 FEF*,
D.Pg;P=CpptFEL*, (34)

where D,F, D,;F, and D;?, are given by Eq. (21) with ¥
replaced by p, s, and ¢, respectively, and the coupling
coefficient Cpp is given by

Cpp= —Zj_rdeF(]z(a/aV,) (TpoTsoT,‘o)—l. (35)

Here, the expressions in Eq. (34) have been obtained by
replacing (e, 8, v) in Eq. (33) with (s, —4, ), ($, 4, 5),
and (p, s, 1), respectively.

D. Procedure for Solution of Problems

The coupling coefficients derived in Eqs. (24), (27),
(30), (32), and (35) constitute the primary informa-
tion needed for detailed numerical studies of the non-
linear interactions involved. The picture is only com-
pleted, however, when one inserts in them wave
numbers and frequencies satisfying the synchronism
conditions and the small-signal dispersion relations.
These have been given elsewhere for the cold-plasma
approximation to the results of Sec. IIT.A,"' and the
hydrodynamic approximation to those of Sec. ITI.B.®
They would have to be recalculated for any other
velocity distribution chosen.

If we assume that the synchronism problem has been
solved at some point in a weakly inhomogeneous
plasma for which the dispersion relation D, is of the
form

D‘Y=D“I|:K(X))Q) X]) (36)

then the most general problem is to determine how &,

D,R&;R = CRLgiL*SpP,

J deF [2 (KsTi0+
20,8 TN T2\ Tiy

D,‘LSiL=CRL8;R*SpP, (31)

KT, _ 9
-————9) +K3K,'V2 a'-i'/" (TslTpOTi—l)_l] .

Tsl (32)

varies. It will be noted that all of our wave equations

are in the general form
D,&,=C,8.85. (37)

Using the technique of Berk and Book,® we can expand
these equations around the point of noninteraction to

Fic. 1. Synchronism conditions for nonlinear interaction
between three right-hand polarized waves in a cold plasma.
(Heavy portions of curves indicate regions over which the pump
and idler can vary. Arrows indicate signal and idler variation as
pump increases.) (a) Pump in upper branch; (b) Pump in lower
branch.
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F16. 2. Synchronism conditions for nonlinear interaction between two circularly polarized waves (R or L), and a plasma wave (P)
in a cold plasma. [Cut-off frequencies Qu,.= (14+9:2/4)}?+Q./2.] (a) Pump R—Signal and idler R, P; (b) Pump L—Signal and

idler L, P; (c) Pump P—Signal and idler R, L.

obtain

38, 9D, [a (6D7>
—_———— ,.8 ——
aXaK.,+2 "lax \oK, +

9D, 6_151] _ 98y 0D,
9K 9X
= —jCy8uEs.  (38)

Thus, once the dispersion relations and coupling co-
efficients are known, one may determine through Eq.
(38) the variation of each wave amplitude in time and
space, in homogeneous or weakly inhomogeneous
plasmas, and for whatever type of problem is of interest,
e.g., wave-wave mixing, or parametric amplification.
Several examples of the procedure are given in Ref. 13.

IV. DISCUSSION

A very important point to note concerning the
coupled mode equations [Egs. (23), (26), (28), (31),
and (34)] derived for the various cases discussed in
Sec. III is that the coupling coefficients for the signal
and idler equations are invariably equal in magnitude
and sign, and equal in magnitude but opposite in sign to
that for the pump equation. This is sufficient to
guarantee that the Manley~Rowe relations are sat-
isfied.” The applicability of these relations to the
problems studied here is not only of theoretical im-
portance, but also constitutes a check on the accuracy
of the extremely lengthy algebra and manipulations
leading to the coupling coefficients.

Although these coupling coefficients [Eqs. (24), (27),
(30), (32), and (35)] appear to be quite complicated,
they are in fact straightforward to program for com-
puter solution. Numerical results can then be obtained
for wave growth due to mixing, or parametric amplifica-
tion, as soon as the detailed form of the unperturbed
charged particle velocity distribution Fy is specified.
We have not yet carried out such a program, and will

simply speculate here on some directions that appear to
be worth following. We will do so by considering what
additional features will appear when previous treat-
ments are extended to include hot-plasma effects.

The first consideration in three-wave interaction
problems is to determine what opportunities the small-
signal dispersion relations offer for the frequency and
wave number synchronism conditions to be satisfied.
We shall examine first the case of three right-hand
polarized waves propagating in a cold plasma. There are
then two situations in which synchronism can be
achieved.!! These are shown in Fig. 1. In the first, the
pump and signal lie on the upper branch, and the idler
lies on the lower (whistler) branch. In the second, all
three waves lie on the lower branch.

Suppose now that the plasma electron velocity dis-
tribution is Maxwellian. Thermal effects will make only
a very slight difference to the shape of the upper
branch, and will introduce no collisionless damping
there, since the phase velocity exceeds the velocity of
light. The lower branch will be susceptible to collision-
less damping, however, and this will become particularly
strong for ,—Q<SKV.. Here, V. (K1 for our non-
relativistic theory to be valid) is the thermal velocity
normalized to the velocity of light. We may reasonably
conclude that as V, increases from zero, the weak
parametric growth predicted by the cold-plasma theory
will be progressively quenched. The quenching effect
will be greatest if any of the interaction frequencies
approach €, so the case with all three waves on the
lower branch will probably suffer most.

The situation becomes much more interesting if the
plasma electron velocity distribution is nonMaxwellian.
The upper branch will still be almost unchanged from
its cold-plasma shape, but the lower branch can be
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strongly modified and become unstable.'” The possibility
exists of both positive and negative energy modes
occurring, and these might lead to explosive instability.
It would be of great interest to determine the relative
growth rates of the small-signal and nonlinear in-
stabilities to see which would dominate in experimentally
realizable situations.

So far, we have only discussed the interaction of three
right-hand polarized waves. We now consider the three
cases for which coupling coefficients were derived in
Sec. III. B. Typical synchronism conditions for a cold
plasma are shown in Fig. 2. As shown in Figs. 2(a) and
(b), the combinations of R-R, P and L-L, P do not
look very interesting for further study: even the
Langmuir wave has a phase velocity of the order of the
velocity of light, so the effects of nonrelativistic thermal
motions will probably be small for all three wave
components.

The R-R, P case is actually richer in synchronism
possibilities than has been indicated in Fig. 2(a). For
the plasma frequency lower than the cyclotron fre-
quency, i.e., 2,>1, it is possible for the pump and signal
to lie on the lower branch. For an isotropic Maxwellian
velocity distribution, all three waves would then be
subject to collisionless damping. For anisotropic dis-
tributions, a wide variety of interesting combinations
involving damped and growing waves would be possible,
and would require extensive investigation. We may also
remark that, although for cold plasma it is not possible
to achieve synchronism with the pump and signal in the
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upper and lower branches, respectively, this condition
could be achieved with suitable velocity distributions,
and is open to investigation.

The remaining combination in Fig. 2 is that of
P-R, L. We note that the plasma wave has a phase
velocity of the order of the velocity of light, so that it
will be very little affected by the inclusion of thermal
velocities. The whistler branch may be damped and/or
unstable, depending on the velocity distribution chosen,
but it seems unlikely that significant nonlinear effects
will occur. It should, incidentally always be remembered
that in cases such as this one, where one of the waves
(P) has an extremely low group velocity, plasma. in-
homogeneity will severely limit the distance over which
the synchronism conditions required for interaction can
be satisfied.

The final case treated in Sec. 111, i.e., that of three
Langmuir \%/aves, has no solution in cold-plasma theory,
since the synchronism conditions obviously cannot be
satisfied in this limiting case of dispersionless plasma
oscillations. For nonMaxwellian velocity distributions,
a wide variety of damped and growing solutions can
occur, however, and present a very important topic for
further detailed nonlinear studies. To take a specific
example, it would be valuable to examine the case of an
approximately monoenergetic beam interacting with a
Maxwellian plasma to determine to what extent the
fastest-growing small-signal component is damped non-
linearly by wave-wave interaction, as opposed to wave-
particle interaction.

APPENDIX: DERIVATION OF THE COUPLING COEFFICIENTS P.,, Q.5 Os,

After performing double integrations with respect to V and V,, and changing the sign of 8, Eq. (17) reduces to
the forms expressed by Eq. (20), but with coupling coefficients defined by

P—’rj//dVWF(K baT = (by—dg) — e — Kb T (bue ) —
= aq, av Iy OvbaT oy 8— g Tl +Iy084 gy a— (o T‘leyO
1 V2 v V: 2Ky V2
+ K Babo ——— (bg—2dg) —— — Kaflgy ——— by —— + PP p >
TuTo 227 200) 7, — Ko " ToTw “Tu ' 9 Tl

Qus=(mj/Q) [ [AVAV F[baTai'a(V?/Ty1) —aTsa(V?/T1) ],
Qsy= (7"]/97) fded VzFO[baTal—l (bg—dg) (V. V/T'ro) — 05T s (ba~—d.) (VzV/Tvl) ] (A1)
By use of Egs. (11) and (19), the expression for Qs may be reduced to that of Eq. (21). It may also be shown

that Qgy is related to Q. simply by interchange of 8 and . The main problem is that of reducing P,. To accomplish
this, we note that the wave number synchronism condition implies that

Koba= K+ K,9,. (A2)

It follows that the equation for P, can be separated into two parts: one involving Kb, and the other involving
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K.6,. After differentiation of the integrands, we have

. KBOﬁ / {4Ta0 - ( >
= V.F, Ty t—Tg™! KKK]‘ ——— [(TaaTaz) ' — (T Tgo) !
"= 300, o\, (T =Ta™) +KaKp T s [(TaTa) ' — (T To0) ]
1 2 Tao
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P, is to be rearranged so that it shows symmetry in 8 and v. Each of the two integrands in Eq. (A3) has terms
of zero, second, and fourth orderin V. The symmetry in vy and 8 of the zero and fourth-order terms is comparatively
easy to show in the form of the first two terms in the large curly bracket of Eq. (21). The symmetric property of
the second-order terms, i.e., those in V2, is not an easy matter to demonstrate, however. To do so, we note first that
svmmetry of the last terms in the mtegrands of Eq. (A3) is evident from comparison with the ¢ terms. By use
of the synchronism conditions to eliminate K, the rest of the T2 terms may be divided into three groups, involving

K@, K., and KgK,. After some tedious algebra, all of the 1 terms then reduce to the svmmetric form expressed

in Eq. (21).
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