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SUMMARY 

An a n a l y t i c a l  i n v e s t i g a t i o n  o f  the  v i b r a t i o n s  o f  t h e r m a l l y  
s t ressed o r t h o t r o p i c  p l a t e s  i n  t h e  p rebuck led  r e g i o n  i s  
p r e s e n t e d .  The i n v e s t i g a t i o n  cove r s  t he  b road  class o f  t r a p e -  
z o i d a l  p la tes  w i t h  two o p p o s i t e  s ides  p a r a l l e l .  Each edge 
of  the p l a t e  may be s u b j e c t e d  to d i f f e r e n t  uniform boundary 
cond i t io r i s .  Variable t h i c k n e s s  and a r b i t r a r y  t e m p e r a t u r e  
d i s t r i b u t i o n s  ( a n a l y t i c a l  or e x p e r i m e n t a l )  may be p r e s c r i b e d .  
G e n e r a l i t y  i s  ach ieved  i n  t h e  a n a l y s i s  t h rough  t h e  t r e a t m e n t  
of  boundary c o n d i t i o n s ,  t h e  c h o i c e  o f  f u n c t i o n s  f o r  stress 
d i s t r i b u t i o n s  and d e f l e c t i o n  d i s t r i b u t i o n s ,  and t n e  use  o f  
numer i ca l  i n t e g r a t i o n  f o r  t h e  e v a l u a t i o n  o f  m a t r i x  e l emen t s .  
R e s u l t s  o b t a i n e d  u s i n g  t h i s  a n a l y s i s  are compared t o  e x p e r i -  
men ta l  r e s u l t s  obCained f o r  i s o t r o p i c  p la tes  w i t h  thermal 
s t r e s s ,  and to r e s u l t s  c o n t a i n e d  i n  the l i t e r a t u r e  f o r  
o r t h o t r o p i c  p l a t e s  w i t h o u t  ther>mal s t r e s s .  Good agreement 
e x i s t s  f o r  bo th  sets  o f  comparisons.  C a l c u l a t i o n s  f o r  
s e v e r a l  o r t h o t r o p i c  p l a t e s  w i t h  the rma l  s t r e s s e s  i n d i c a t e s  
t h a t  the e f f ec t ;  o f  o r t i i o t r o p y  on the f r e q u e n c i e s  may be 
l a r g e  and shou ld  n o t  be ignored .  
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I. INTRODUCTION 

Cons ide rab le  work has been r e p o r t e d  i n  t h e  l i t e r a t u r e  
on the  problem o f  f i n d i n g  t h e  f r e q u e n c i e s  and modes o f  v i - '  
b r a t i o n  o f  a r e c t a n g u l a r  o r t h o t r o p i c  p la te  a t  ambient 
t e m p e r a t u r e .  A combina t ion  o f  t h e  work o f  Hearmon ( R e f .  1, 
2 ,  3 ) ;  Hoppman, Huf f ing ton ,  and IvIagness ( i n  v a r i o u s  combina- 
t i o n s ,  R e f .  4 ,  5 ,  6 ,  7 ,  8 ) ;  Kanazawa and K a w a i  ( R e f .  9 )  and 
Wah ( R e f .  10) p r o v i d e  s o l u t i o n s  f o r  r e c t a n g u l a r  p l a t e s  w i t h  
any boundary c o n d i t i o n  e x c e p t  comple te ly  f r ee .  

I n  c o n t r a s t ,  no l i t e r a t u r e  was found p e r t a i n i n g  to t h e  
f r e e  v i b r a t i o n  f r e q u e n c i e s  o f  a n  o r t h o t r o p i c  p l a t e  s u b j e c t e d  
to a thermal l o a d i n g .  For t he  s p e c i a l  case o f  a t h e r m a l l y  
s t r e s s e d  i s o t r o p i c  p l a t e ,  t ne  t o r s i o n  mode o f  the p l a t e  w i t h  
c a n t i l e v e r  boundary c o n d i t i o n s  has been ratrier tho rougn ly  
i n v e s t i g a t e d  ( R e f .  11, 1 2 ,  1 3 ,  1 4 ,  15). 

R e f .  1 6  p r e s e n t s  an a n a l y s i s  o f  t h e r m a l l y  stressed i s o -  
t r o p i c  p l a t e s  f o r  v a r i o u s  boundary cor id i tons ,  r a n g i n g  from 
p l a t e s  comple t e ly  clamped th rough  s e v e r a l  combina t ions  o f  
mixed boundary c o n d i t i o n s  to p i a t e s  w i t h  all edges  comple te ly  
f r e e .  T h i s  paper  ex tends  the a n a l y s i s  o f  R e f .  16  to i n c l u d e  
o r t h o t r o p i c  p la tes  w i t h  a thorough d i s c u s s i o n  o f  t h e  a s s o c i a t e d  
computer program. 

I n  t n e  s e n s e  t h a t  b o t n  co rnpa tab i l i t y  and e q u i l i b r i u m  
are  s a t i s f i e d  as c l o s e l y  as one pleases a t  eve ry  poiri t  i n t e r -  
i o r  t o  the p l a t e  and on tile boundary, th is  p a p e r  p r e s e n t s  an 
a n a l y s i s  t h a t  p r o v i d e s ,  i n  a, p r a c t i c a l  computa t iona l  sens-e,  
a s o l u t i o n  t o  the  t h e r m a l l y  stress& plate  v i b r a t i o n  problem 
f o r  a l l  t r a p e z o i d a l  plates wit11 iwo o p p o s i t e  s ides  p a r a l l e l ,  
arid w i t h  one o f  tht? axe:; of  e l a s t i c  symmetry p a r a l l e l  t o  
t h e s e  s ides ,  r e s t r i c t i o n s  tnat cou ld  be e a s i l y  r e l a x e d .  

The a n a l y s i s  and a s s o c i a t e d  computer program are of 
s u f f i c i e n t  g e n e r a l i t y  that i s o t r o p i c  p l a t e s  a r e  i n c l u d e d  as 
a s p e c i a l  c a s e  o f  o r t h o t r o p i c  plates .  V a r i o u s  boundary 
c o n d i t i o n s  may be a r b i t r a r i l y  a s s i p e d  t o  t h e  d i f f e r e n t  s ides  
o f  tiie p l a t e .  Thus,  t h e  s o l u t i o n  f o r  the  v i b r a t i o n s  of 
t h e r m a l l y  stressed p la tes  wri t i i  bouridary co i id i t  i o n s  rai lging 
f r o m  comple te ly  clampsd to corripletely f ree  w i t h  any 
combina t lon  o f  clamped, Ljiurned, and/or  f ree  edgcs may bc 
o b t a i n e d .  

A s m a l l  number o f  q u a n t i t a t i v e  s t r a i n  measurements ( n o t  
i n c l u d e d  h e r e i n )  plus t h e  abundance OP e x p e r i m e n t a l  dyiiamic 
r e s p o n s e  data f o r  v a r i o u s  p lanform shapes and boundary condi -  
t i o n s  o f  i s o t r o p i c  p la tes  i n d i c a t e s  t h a t  t:le' sLress d i s t r i b u t i o n s  



as de termined  h e r e i n  are c o r r e c t .  

No t h e r m a l l y  stressed o r t h o t r o p i c  p l a t e  data,  e i t he r  
a n a l y t i c a l  or expe r imen ta l ,  were found i n  the  l i t e r a t u r e ;  
however, f o r  o r t h o t r o p i c  p l a t e s  w i thou t  thermal stress, 
comparison i s  made to b o t h  a n a l y t i c a l  and expe r imen ta l  data 
from the  l i t e r a t u r e .  Fur3her  comparison i s  made w i t h  e x p e r i -  
menta l  data f o r  s e v e r a l  modes o f  t he rma l ly  stressed i s o t r o p i c  
p l a t e s  w i t h  v a r i o u s  planform shapes ,  boundary c o n d i t i o n s ,  and 
tempera ture  d i s t r i b u t i o n s .  

11. APPLICATION OF THE ENERGY EQUATION 

Because o f  a d i f f e r e n c e  i n  n o t a t i o n  between t h a t  used 
h e r e i n  and that used  i n  o t h e r  sou rces ,  t h e  d e r i v a t i o n  o f  t h e  
e x p r e s s i o n s  f o r  p o t e n t i a l  and complementary energy w i l l  be 
shown. Except f o r  t h i s  d i f f e r e n c e ,  t h e  procedures  used are 
w e l l  known. Add i t iona l  d e t a i l s ,  i f  des i red ,  may be found i n  
R e f .  1 7 .  

A .  P o t e n t i a l  Energy 

The f o r c e s  are t aken  as the independent  v a r i a b l e s  and 
t h e  v a r i a t i o n  o f  the t o t a l  energy i s  t aken  w i t h  r e s p e c t  to 
t he  d i sp lacemen t s .  W i t h  t n e  assumptions of p l ane  stress 
and no body or s u r f a c e  f o r c e s ,  

The o r t h o t r o p i c  s t r e s s - s t r a i n  r e l a t i o n s  w i l l  be t a k e n  
as J 

where 
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Tal = E‘ “1 2 

a22  

0 

; {a) = 

The i n v e r s e  o f  eq .  ( 2 )  i s  

The Von Karman s t r a i n - d i s p l a c e m e n t  e q u a t i o n s  are used ,  

1 
E = u  t 2 ( W X )  - 2 w  

1 X xx 

1 
E = v  + T ( W )  - z w  
2 Y Y Y N  

t W W  - 2 z w  
y 1  2 Y 4- vx X Y  XY 

= u  

S u b s t i t u t e  e q s .  4 and 5 i n t o  eq. 1, c a r r y  o u t  t h e  i n d i c a t e d  
o p e r a t i o n s ,  n e g l e c t  f o u r t h  o r d e r  terms, and i n t e g r a t e  through 
t h e  t h i c k n e s s  t o  g e t ,  

3 



1 2 1  
3 2 2 

+ __ h [E l l ( ~ ~ x x )  + E 2 2 ( ~ ~ Y y )  + 2E w w + 4 G 1 2 ( ~ ~ ~ X : r  12 1 2  xx yy 

+ 2 p h  ;< w) dxdy = 0 

where, 
h 

- T ( E  a - +  E cx )I dz N 1 = 1: 11 [E 1 1  u x + E12vy 1 1  1 1 2  2 
-- 

2 

f h  

Taking the v a r i a t i o n  w i t h  r e s p e c t  to u g i v e s ,  

II ( N  6ux + M Su ) dxdy = 0 .  
1 1 2  Y 

I n t e g r a t i n g  t h i s  r e s u l t  by p a r t s ,  n o t i n g  t h a t  f o r  any 
s o l u t i o n  to a p a r t i c u l a r  problem t h e  boundary c o n d i t i o n s  must 
b e  s a t i s f i ed ,  l e a v e s  the in -p lane  e q u i l i b r i u m  e q u a t i o n  i n  tne 
x - d i r e c t  i o n ,  

(I? ) + (N ) = 0 (8a) 
1 x  1 2  Y 

4 



Performing a similar ser ies  o f  o p e r a t i o n s  on v g i v e s  
f o r  t h e  y - d i r e c t i o n ,  

(fJ 1 2  1 x + ("2)Y = 0 (Gb) 

These eqs .  ( 8 )  have t h e  s o l u t i o n ,  F,  such  that, 

Thus t h e  v a r i a t i o n a l  e x p r e s s i o n  f o r  p o t e n t i a l  energy of 
a t h e r m a l l y  stressed, o r t h o t r o p i c  p l a t e  becomes, 

+ 2 pi? 5 w 3 dxdy = 0 

Ii? deve lop ing  the expr*cssioii f o r  complcrncntary energy the  
unknown f o r c e s  are  v a r i e d  and tile d i sp lacemen t s  are held 
c o n s t a n t .  Thus , w i t h  t h e  same assumptions as  used i n  the  
t r e a t m e n t  of  p o t e n t i a l .  energy ,  



where WB r e p r e s e n t s  t he  work done by t h e  s t r e s s e s  on t h e  
p o r t i o n  o f  t h e  boundary on which tile d i s p l a c e m e n t s  are s p e c i -  
f i e d .  I n  t h i s  t r e a t m e n t ,  i f  t h e  d i s p l a c e m e n t s  on any p a r t  o f  
t h e  boundary of  t he  p l a t e  are to be s p e c i f i e d ,  t h e y  w i l l  be 
s p e c i f i e d  to be z e r o .  Thus WB = 0. 

S u b s t i t u t e  eq .  (4) f o r  t h e  s t r e s s e s  to g e t ,  

% 
6~ = ! / I { &  6[E E + E E - (E a + E a ) T I  

1 1 1  1 1 1  1 1 2  2 1 2  2 

6 G  y 1 dxdydz = 0 
+ y 1 2  1 2  1 2  

Because tne bending  s t r e s s e s  have been expres sed  i n  terms 
of' t h e  d i sp lacemen t  o n l y  and small d e f l e c t i o n s  are assumed, 
t h e  stresses that remain i n  the e q u a t i o n s  are n o t  fu r i c t ions  
of t h e  out -of -p lane  d i s p l a c e m e n t s ;  t h e y  are "membrane stresses" 
r e s u l t i n g  on ly  from the i n - p l a n e  d i s p l a c e m e n t s  and/or  ternpera- 
t u r e .  Thus, o n l y  t h e  l i n e a r  s t r a i n s  r e s u l t i n g  from in -p lane  
de fo rma t ion  need to be c o n s i d e r e d  and eq. ( 5 )  can be s i m p l i f i e d  
t o  3 

= u  
X 

E 
1 

Y 
E = v  

2 

- 
y 1 2  - ( u y  + V X )  

With t h e s e  r e l a t i o i i s  t h e  complementary energy can  be 
e x p r e s s e d  as ,  

si. 
6~ = I / l{ux6[E u + E v - (E + E cc )TI 

1 1  x 1 2  Y 1 1  1 1 2  2 

+ v ~ [ E ~ ~ u ~  + E v - (E a -i- a I T J  
2 2  2 Y 2 2  Y 1 2  1 
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I n t e g r a t e  th rough  the t h i c k n e s s ,  s u b s t l t u t e  e q u a t i o n s  
( 7 )  and ( 9 )  and d e f i n e  the s t r a i n s  t o  b e ,  

E = u  = G ( a  1 F + a  F ) + a T  
1 1 2  xx 1 X 1 1  YY 

1 F + a  F ) + a 2 "  - 5 ( a  
1 2  YY 

E = v  - 
2 2  xx 2 

- 1 
= U  + v x - - - b  F 

y 1 2  Y h 1 2  XY 

f rom which t h e  complementary energy f o r  a the rma l ly  stressed, 
o r t h o t r o p i c  p l a t e  becomes, 

+ ( a F  + a F  ) T l d x d y  = O .  
1 Y Y  2 xx 

C .  The Equa t ions  i n  M a t r i x  Form 

Cons ider  f irst  t h e  p o t e n t i a l  ene rgy ,  eq .  ( 1 0 ) .  Assume a 
d isp lacement  f u n c t i o n  of  the form, 

where each  a . .  ( x , y ) ,  (1) sat isf ies  t h e  d isp lacement  boundary 
c o n d i t i o n s ,  t g )  is con t inuous ,  and ( 3 )  has a t  least  con t inuous  
f i rs t  d e r i v a t i v e s .  

S u b s t i t u t e  t h i s  i n t o  eq. (lo), take t h e  v a r i a t i o n  w i t h  
r e s p e c t  t o  hkR and c o l l e c t  c o e f f i c i e n t s  o f  l i k e  hij t o  g e t  t h e  
m a t r i x  e q u a t i o n ,  
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wnere t h e  non-dimensional ized m a t r i x  e l emen t s  and a s s o c i a t e d  
parameters are g i v e n  i n  Appendix A .  

Now assume a stress f u n c t i o n  o f  t h e  form, 

where each  y ( x , y ) ,  (1) s a t i s f i e s  t h e  stress boundary condi-  
t i o n s ,  ( 2 )  i gqcon t inuous ,  and ( 3 )  has a t  l eas t  con t inuous  
f irst  d e r i v a t i v e s .  

S u b s t i t u t e  t h i s  i n t o  eq .  (ll), take t h e  v a r i a t i o n  w i t h  
r e s p e c t  to Crs and c o l l e c t  c o e f f i c i e n t s  of  l i k e  Cpq to g e t  
t h e  m a t r i x  e q u a t i o n ,  

A 

where the m a t r i x  e l emen t s  are a l s o  g iven  i n  Appendix A. 

Thus, g iven  a t empera tu re  d i s t r i b u t & o n ,  {I') can be 
c a l c u l a t e d ,  eq. (15) can be s o l v e d  f o r  { C  1 ,  and v a l u e s  o f  
t h e  d e r i v a t i v e s  o f  the stress f u n c t i o n  caRqbe found. Using 
t n i s  i n f o r m a t i o n ,  t h e  e l e m e n t s ,  Mij ,kg, can  b e  c a l c u l a t e d  and 
eq. (13) can be s o l v e d  f o r  the v i b r a t i o n  f r e q u e n c i e s  and modes 
w i t h  t pe  b u c k l i n g  mode and ATcri 
when X i  = 0 .  

o b t a i n a b l e  as a l i m i t i n g  c a s e  

D.  D e f l e c t i o n  Func t ion  and Stress F u n c t i o n  

At t h i s  p o i n t ,  a c h o i c e  w i l l  be made conce rn ing  t h e  
form o f  t h e  assumed d e f l e c t i o n  f u n c t i o n  and s t ress  f u n c t i o n .  
By o b s e r v i n g  t h e  p h y s i c a l  s y s t e m ,  it can  be s e e n  t h a t  t h e  
d e f l e c t e d  s u r f a c e  o f  t he  p l a t e  and t h e  s t r e s s e s  w i t h i n  t h e  
p l a t e  are  con t inuous  and have a t  leas t  con t inuous  f irst  
d e r i v a t i v e s .  Thus, t he  f u n c t i o n s  t o  be  assumed as s o l u t i o n s  
to the problem must be long  to t h e  c l a s s  o f  f u n c t i o n s  which 
are con t inuous  and have a t  l eas t  con t inuous  f i r s t  d e r i v a t i v e s .  
The assumed s o l u t i o n  must a l s o  s a t i s fy  t h e  boundary c o n d i t i o n s  
d i s c u s s e d  i n  t he  n e x t  s e c t i o n .  

a 



A t r u n c a t e d  power ser ies  i n  t h e  independent  s p a c e  v a r i a -  
b l e s  sat isf ies  t h e  c o n t i n u i t y  r e q u i r e m e n t s .  Thus, the  f u n c t i o n s  
assumed f o r  t h e  d e f l e c t i o n ,  w ,  and f o r  t h e  stress f u n c t i o n ,  
F, w i l l  be t r u n c a t e d  power ser ies .  

E.  Boundary C o n d i t i o n s  

The polynomia l  r e s u l t i n g  from a t r u n c a t e d  power se r ies  
w i l l  n o t  i n  g e n e r a l  s a t i s f y  t h e  boundary c o n d i t i o n s .  There- 
f o r e ,  t h e  polynomia l  r e p r e s e n t a t i o n  must be mod i f i ed  by a n  
a d d i t i o n a l  f u n c t i o n  which f o r c e s  s a t i s f a c t i o n  o f  t h e  r e q u i r e d  
boundary c o n d i t i o n s .  D 

L e t  t h e  d i sp lacemen t  f u n c t i o n  have  t h e  form, 

wnere g ( x , y )  i s  t h e  boundary c o n d i t i o n  f u n c t i o n  whicn i n s u r e s  
s a t i s f a c t i o n  o f  t h e  d i sp lacemen t  cond. i t ions  at t h e  boundary. 
The stress f u n c t i o n  w i l l  have t h e  form, 

S T 

p=o q=o 
F ( x , y >  = f ( x , y )  c c cpq xpyq 

where f ( x , y )  i s  t h e  boundary c o n d i t i o n  f u n c t i o n  which i n s u r e s  
s a t i s f a c t i o n  o f  e q u i l i b r i u m  i n  the p l a n e  o f  t h e  p l a t e  a t  t h e  
boundary,  i . e . ,  t h e  stress boundary c o n d i t i o n .  The  s p e c i f i c  
form o f  each  w i l l  now be c o n s i d e r e d .  

1. Displacement  Punct i o n  

Three t y p e s  o f  d i sp l acemen t  boundary c o n d i t i o n s  are  
c ons id'e r e d he re i n  : 

Both d i sp lacemen t  and slclpe normal to t h e  edge 
of  t he  p l a t e  are assumed to be ze ro ;  i . e . , t h e  
edge i s  clamped.. 

Only t he  d i sp lacemen t  i s  assumed to be z e r o  
and the s l o p e  i s  l e f t  u n s p e c i f i e d  r e s u l t i n g  i i i  
a pinned (s imply-suppor ted)  c o n d i t i o n .  

Both s l o p e  and d i sp lacemen t  are l e f t  u n s p e c i f i e d  
l e a v i n g  the edge comple te ly  f r e e .  
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Now, g i v e n  a p a r t i c u l a r  p l a t e  geometry,  t h e  e q u a t i o n  of 
the boundary may be e x p r e s s e d  as a polynomia l ,  s a y ,  

b ( x , y )  = 0 . 

T h e r e f o r e ,  i n  o r d e r  t o  f o r c e  t h e  d i sp lacemen t  t o  be z e r o  on. 
t he  boundary,  s imply  l e t ,  

s o  t h a t  f o r  any p o i n t  on t h e  boundary, (xB,yB) ,  t h e  d e f l e c -  
t i o n  w i l l  be 

T h i s  sa t isf ies  c o n d i t i o n  ( b )  because  t h e  f i r s t  d e r i v a -  
t i v e ,  , w i l l  n o t  i n  g e n e r a l  be z e r o  b u t  w i l l  be l e f t  t o  
take on whatever  v a l u e  i s  r e q u i r e d  f o r  a minimum ene rgy  con- 
f i g u r a t i o n .  

Cond i t ion  ( a )  may be  s a t i s f i ed  by l e t t i n g  

The d i sp lacemen t  w i l l  a g a i n  be z e r o ,  b u t  now t h e  f i rs t  de- 
r i v a t i v e  will a l s o  be z e r o  on the boundary: 

and a t  a p o i n t  (xu>yi3) on t h e  p l a t e  boundary,  
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Case ( c )  may be s a t i s f i e d  s imply  by l e t t i n g  

Thus,  i n  the c a s e  o f  a n  edge free t o  d i s p l a c e  o u t  o f  t h e  p l a n e  
o f  the p l a t e ,  b o t h  t h e  d i sp lacemen t  and s l o p e  w i l l  be l e f t  to 
take on  whatever  v a l u e s  are r e q u i r e d  f o r  a minimum ene rgy  
c o n f i g u r a t i o n .  

I f  t h e  p l a t e  i s  a polygon o f  N s ides ,  write 

ki 
d X , Y )  = C b i ( X , Y ) 1  9 

N 

i=l 

where b . ( x , y )  i s  t h e  e q u a t i o n  o f  t h e  ith s i d e  of  t h e  poly-  
gon. k i  w i l l  b e  e i t h e r  
0 ,  1, o r  2 as d e s c r i b e d  above. 

($he sides need riot be s t r a i g h t . . )  

2 .  S t r e s s  F u n c t i o n  

Two t y p e s  o f  stress boundary c o n d i t i o n s  are cons id -  
ered h e r e i n :  

( a )  The in -p lane  stresses normal t o  a boundary are 
s p e c i f i e d  t o  be z e r o .  That  i s ,  t h e  p l a t e  i s  
l e f t  free t o  expand i n  t h e  i n - p l a n e  d i r e c t i o n .  

e q u i v a l e n t l y ,  the  i n - p l a n e  d i s p l a c e m e n t s  are 
s p e c i f i e d  to be z e r o .  The stresses w i l l  take 
on whatever  v a l u e s  are r e q u i r e d  f o r  s a t i s f a c t i o n  
o f  e q u i l i b r i u m .  

( b )  The stresses are comple t e ly  u n s p e c i f i e d  o r ,  

Thus,  c o n d i t i o n  ( a )  w i l l  b e  termed "free" and ( b )  w i l l  
be  termed f fc lampedff .  These c o n d i t i o n s  are f u l f i l l e d  i n  a 
f a s h i o n  similar to t ha t  used  w i t h  the d e f l e c t i o n  f u n c t i o n .  

R e c a l l  from c l a s s i c a l  e l a s t i c i t y  t h e o r y  t h a t  t h e  
stresses normal t o  t he  edge o f  a p l a t e  w i l l  be  z e r o  i f  t h e  
stress f u n c t i o n  and i t s  f i rs t  d e r i v a t i v e  (normal  t o  t h e  
edge) v a n i s h  there .  T h e r e f o r e ,  on any p o r t i o n  o f  t h e  boundary 
on which a free c o n d i t i o n  i s  des i r ed ,  t h e  e q u i l i b r a t i n g  
f u n c t i o n  i s ,  
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where, as b e f o r e ,  b i (X ,y )  = 0 i s  the e q u a t i o n  o f  that p o r t i o n  
o f  t he  boundary. 

A clamped c o n d i t i o n  on any p o r t i o n  o f  t h e  boundary can 
be  s a t i s f i ed  by s e t t i n g ,  

Thus, as was done w i t h  the  boundary c o n d i t i o n  f u n c t i o n ,  
the e q u i l i b r a t i n g  f u n c t i o n  i s  

ki N 
f ( x , y )  = l'I h i ( x , y ) 1  

i=l 

where k = 0, 2 f o r  clamped o r  f ree  c o n d i t i o n s  r e s p e c t i v e l y  
on  t h e  'ith'l s i d e  of t h e  polygon.  

With t h e s e  c o n d i t i o n s ,  i t  i s  now p o s s i b l e  to s p e c i f y  
s i x  d i f f e r e n t  t y p e s  o f  boundary c o n d i t i o n s  on any p l a t e  edge.  
The f i rs t  l e t t e r  o f  t h e  n o t a t i o n  used  h e r e i n  w i l l  d e n o t e  t h e  
d i sp lacemen t  boundary c o n d i t i o n  by u s i n g  F = f ree ,  P = pinned  
o r  s imply  s u p p o r t e d ,  and C = clamped. Tne second l e t t e r  
d e n o t e s  t h e  stress c o n d i t i o n  so t h a t  d e s i g n a t i o n s  p o s s i b l e  f o r  
any g i v e n  edge are: 

DES I GN AT ION DISPLACEMENT STRESS 
(1) F - F f ree  free 
( 2 )  P - F pinned f ree  
( 3 )  C - F clamped free 
( 4 )  F - C f ree  clamped 
( 5 )  P - c p inned  clamped 
( 6 )  C - c clamped clamped 

131. PROGRAMMING 

A. The Equa t ions  and t h e  P la t e  Geometry 

m a t r i x  e l emen t s  as g i v e n  i n  Appendix A. 
The e q u a t i o n s  t o  be programed are eqs. 13 and 15 w i t h  t h e  
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The p lanform and d e s c r i p t i v e  pa rame te r s  o f  t h e  p l a t e s  
c o n s i d e r e d  h e r e i n  are shown i n  F i g .  1. The r e s t r i c t i o n  t h a t  
two of t h e  sides are p a r a l l e l  w a s  made to s i m p l i f y  t h e  numer i ca l  
i n t e g r a t i o n  scheme. 

The p l a t e  edges  are numbered c lockwise  ( i n  t h e  t o p  view) 
beginnTng w i t h  t h e  edge c o n t a i n i n g  the  o r i g i n .  Thus, t n e  
e q u a t i o n s  of the four edges as used  i n  the boundary c o n d i t i o n  
f u n c t i o n s  are: 

8 .  Logic Flotv Diagram 

Tile o r g a n i z a t i o n  of t;he p a r t s  o f  the program i s  p r e s e n t e d  
i n  a l o g i c  f low diagram S h O W i l  i n  Appendix B .  It shou ld  be  
n o t e d  f i r s t  t h a t  i f  s e v e r a l  s e t s  o f  inaterial p r o p e r t i e s  and/or* 
a s p e c t  r a t i o s  a r e  t o  b e  i n v e s t i g a t e d ,  tile [B] and [ A ]  m a t r i c e s  
need not be i n t e g r a t e d  eacli t i m e  i f  the  in t eg ran& are t rea ted  
as four s e p a r a t e  t e rms .  E:3cli o f  these terms need. on ly  be 
i n t e g r a t e d  oncc t i i en  m u l t i p l i e d  b y  t h e  a p p r o p r i a t e  c o n s t a n t  
and added t o g c t n e r  to make up the whole i n t e g r a l  ' f o r  e i ther  
i s o t r o p i c  or o r t h o t r o p i c  materials. The [ T I  and [PI] matrices 
are independan t  of b o t h  t h e  inaterLal p r o p e r t i e s  and a s p e c t  
r a t i o .  Tlie program i s  s t r u c t u r e d  to i n c l u d e  this f e a t u r e .  
A complete  1 i s L i n g  o f  the program i s  g i v e n  i n  Appen$i.x C .  

C .  Programming Boundary Cond i t ions  

The s u b r o u t i n e  "FUWCTN" which c a l c u l a t e s  the d i sp laccmen t  
boundary c o n d i t i o n  f u n c t i o n  and t h e  e q u i l i b r a t i n g  f u n c t i o n  and 
t h e i r  d e r i v a t i v e s  i s  very  s t r a i g h t f o r w a r d .  S i n c e  b o t h  func-  
t i o n s  have the samc form, t h e  same s u b r o u t i n e  can b e  used  to 
s i m p l i f y  t h e  u s e r ' s  task o f  c a l c u l a t i n g  the exponents  r e q u i r e d .  
There i s  no need ,  for example,  to remember tnat  a z e r o  exponent  
on the stress f u n c t i o n  means a clamped edge while t n e  same 
exponent  i n  t h e  d l sp lacemen t  boundary colndit i o n  f u n c t i o n  means 
a free edge.  



The first s t e p  was t o  write down t h e  f u n c t i o n  and i t s  
f i v e  d e r i v a t i v e s ,  l e a v i n g  the exponents  as v a r i a b l e s .  For  
example, 

I -2 I 
2 

I 
a2F/aq2 = I ( I  -1) [ e  ' ( l+a<-q )  

2 2  

Thus, it can  h e  s e e n  t h a t  15 ,  Ii-1, and I j - 2  are  re- 
q u i r e d  f o r  c a l c u l a t i n g  t h e  f u n c t i o n  and i t s  d e r i v a t i v e s .  I n  
t h e  s u b r o u t i n e ,  t h e  v a r i a b l e  I E X ( 1 , J )  c o n t a i n s  these q u a n t i t i e s .  
The re fers  to t h e  f o u r  f a c t o r s  making up t h e  f u n c t i o n  and 
"J" $0 11-0 ,  Ii-1, or 15-2. T h i s  i s  done i n  "DO-LOOP" 
number f i v e .  

Next,  t h i s  i n f o r i n a t l o n  i s  used t o  c a l c u l a t e  a l l  the 
f a c t o r s  T ( r / i ,K)  r e q u i r e d  f o r  the f u n c t i o n  and i t s  d e r i v a t i v e s .  

I For example, 

I -1 

1 T (L1) = 5 

T ( 1 , 2 )  = 5 1 
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F i n a l l y ,  this i n f o r m a t i o n  i s  used t o  c a l c u l a t e  the f u n c t i o n  
and i t s  d e r i v a t i v e s .  

D'. Numc r i c a 1 I il t e gr a t i on 

I n t e g r a t i o n  of  the e l e n e n t s  o f  the v a r i o u s  matrices i s  
performed u s i n g  the  Gaussian Q u a d r a t u r e  r u l e ,  The p l a t e  i s  
d i v i d e d  i n t o  two p a r t s  by tne l i n e  a t  angle g .  T h i s  p r o v i d e s  
Tor more a c c u r a t e  r e s u l t s  when the l e a d i n g  or forward  p a r t  
o f  t h e  p la te  has a d i f f e ren t  t h i c k n e s s  f u n c t i o n  thaii does 
the rearward p a r t .  Sirice the Gaussian Q u a d r a t u r e  i s  d e f i n e d  
on the  i n t e r v a l  [-1, 13 it  i s  necessa ry  t o  t r a n s f o r m  the  
p o i n t s  and c o o r d i n a t e s ,  

Then i f  
1 N 

f ( x ) d x  = C wk f (x,) , 
k = l  -1 

where 

For this problem, 



where 

Thus 

Hence, 

= = 1/2 ax 

- -  a% - 1 / 2  [ l+ (a -B)<]  
aY 
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where W k ,  wL, and wpf are t h e  v a l u e s  on C - 1 , l - J  and ck, qL,  
and TIM are g iven  by e q u a t i o n s  (17) .  

E. Temperature  D i s t r i b u t i o n  

One of the assumpt ions  made i n  deve lop ing  the e q u a t i o n s  
h e r e i n  was t h a t  t h e  material p r o p e r t i e s  are n o t  f u n c t i o n s  of  
t empera tu re .  This  assumpt ion  was made on ly  to conse rve  com- 
p u t e r  t i m e .  The assumpt ion  does ,  of cour se ,  r e s t r i c t  t h e  
maximum t e m p e r a t u r e s  to around three hundred d e g r e e s  Fahren- 
h e i t  f o r  aluminum. T h i s  r ange  of t e m p e r a t u r e  i s ,  however, 
more t h a n  s u f f i c i e n t  to demonst ra te  t h e  v a l i d i t y  o f  t h e  
t h e o r y  b e f o r e  large d e f l e c t i o n  e f f e c t s  become s i g n i f i c a n t .  

The program can handle  e i t h e r  an  a n l y t  i ca l  t empera tu re  
" s u r f a c e "  or a n  e x p e r i m e n t a l l y  measured t e m p e r a t u r e  d i s t r i -  
b u t i o n .  The a n a l y t i c a l  t e m p e r a t u r e  d i s t r i b u t i o n  i s  s p e c i f i e d  
i n  t h e  form of a polynomial  i n  t h e  independent  s p a c e  v a r i a b l e s  
as shown i n  F i g .  2 .  The on ly  requi rement  f o r  t h e  measured 
t empera tu re  i s  t h a t  t h e  measurements be  made a t  a s u f f i c i e n t  
number of p o i n t s  to a c c u r a t e l y  d e f i n e  t h e  t empera tu re  d i s t r i -  
b u t i o n .  

The magnitude o f  t h e  t empera tu re  d i s t r i b u t i o n  can be 
changed by  i n p u t i n g  a ser ies  o f  AT'S. I n  this c a s e ,  s i n c e  
T r e f  i s  used as 1 . 0 ,  t h e  AT'S are i n p u t  as t h e  a c t u a l  v a l u e  
of t h e  t e m p e r a t u r e  des i r ed  ( i n  d e g r e e s  F a h r e n h e i t  or Cent i -  
grade depending on t h e  system o f  u n i t s  u s e d ) .  

Any e x p e r i m e n t a l l y  measured t empera tu re  d i s t r i b u t i o n  may 
be i n p u t .  The v a l u e s  o f  t h e  t empera tu re  a t  t h e  i n t e g r a t i o n  
p o i n t s  are c a l c u l a t e d  by a two-dimensional,  q u a d r a t i c  i n t e r -  
p o l a t i o n  s u b r o u t i n e .  The  t e m p e r a t u r e s . a r e  i n p u t  on  a r ec t angu-  
l a r  g r i d .  The p o i n t s  are  even ly  spaced i n  t h e  5 and q - -  
d i r e c t i o n s  a l t h o u g h  t h e  r e s p e c t i v e  s p a c i n g s  need n o t  be 
equa l  ( i . e .  t h e  e l emen t s  o f  the g r i d  need n o t  be s q u a r e ) .  
A sample of t h e  g r i d  and an  e x p l a n a t i o n  o f  t h e  d e f i n i n g  
parameters is  shown i n  F ig .  3 .  

KC (1) = number o f  t h e  f i rs t  h o r i z o n t a l  l i n e  a t  
the I t h  v e r t i c a l  l i n e  ( I  = 1, 2,  .., NTx) 

LC(I) = t h e  number o f  t h e  last h o r i z o n t a l  l i n e  
a t  t h e  Ith v e r t i c a l  l i n e  ( I  = I, 2, .., 
NTX) 

DTX = d i s t a n c e  between v e r t i c a l  l i n e s  

DTY = d i s t a n c e  between h o r i z o n t a l  lines 
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(XT1, YT1) =' c o o r d i n a t e s  of lower l e f t  hand p o i n t  of 
t h e  g r i d .  

NPTS = ( n o t  i n p u t )  i s  c a l c u l a t e d  i n t e r n a l l y .  
T h i s  is  t h e  total number o f  g r i d  p o i n t s  

FOP the grid i n  F ig .  3, 

DTY = .13 

(XT1, YT1) = (0.0, - .8 )  

The t e m p e r a t u r e s  a t  the g r i d  p o i n t s  are i n p u t  from 
bot tom-to- top f o r  each  v e r t i c a l  l i n e  s t a r t i n g  from t h e  
l e f t  s i d e .  T h i s  sequence i s  shown b y  t h e  c i r c l e d  numbers 
i n  F ig .  3. 

I n t e r p o l a t i o n  w i l l  be  a t t empted  a t  any p o i n t  w i t h i n  
DTX and/or  DTY o f  one o f  t h e  g r i d  p o i n t s .  T h i s  i s  a modi- 
f i c a t i o n  o f  a program c o n t a i n e d  i n  R e f .  1 8 ,  i n  which a 
complete  d e s c r i p t i o n  i s  g i v e n .  

The v a r i a b l e  c a l l e d  TREF i n  t h e  program i s  no t  a c t u a l l y  
used  anywhere i n  the c a l c u l a t i o n s .  It  i s  s imply used  as 
a d d i t i o n a l  i n f o r m a t i o n  to be o u t p u t .  Thus t h e r e  a r c  two 
ways o f  i n p u t i n g  tlie t e m p e r a t u r e  d i s t r i b u t i o n s  and i n c r e -  
ment ing t h e  A T  v a l u e s .  

The f i r s t  method i s  to simply i n p u t  the  a c t u a l  magni- 
t u d e s  o f  t h e  t e m p e r a t u r e s  on the  p l a t e .  I n  t h i s  c a s e  t h e  
v a l u e s  o f  AT w i l l  be  o f  0 (1). A t  A T = l o ,  t h e n ,  t h e  e i g e n -  
v a l u e s  c a l c u l a t t ^ d  w i l l  g i v e  tlie f r e q u e n c i e s  o f  t he  p l a t e  f o r  
the -ii?put t e m p e r a t u r e  d i s t r i b u t i o n .  

I f  d e s i r e d ,  t h e  temperature d i s t r i b u t i o n  may be normal- 
i z e d  w i t h  r e s p e c t  to t h e  t e m p e r a t u r e ,  TREP, at some r e f e r e n c e  
p o i n t  on t h e  p l a t e .  I n  t h i s  c a s e  as w i t h  the a n a l y t i c a l  
d i s t r i b u t i o n ,  the  AT'S are i n p u t  as the a c t u a l  v a l u e  o f  the 
t e m p e r a t u r e  des i red  at the  r e f e r e n c e  p o i n t .  
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P. Thickness  D i s t r i b u t i o n  

The th i ck r i e s s  d i s t r i b u t i o n  h/h,, i s  s y m e t r i c  
about  the 5-rl p l a n e  and i s  d e s c r i b e d  by two polynomia ls  in 
5 arid ?-I. One g i v e s  the d i s t r i b u t i o n  on s u r f a c e  1 and t h e  
o t h e r  on  s u r f a c e  2.  These two s u r f a c e s  are separated by a - 
l i n e  from t h e  o r i g i n  o f  the c o o r d i n a t e  s y s t e m  at t h e  a n g l e  p. 
The v a l u e  ho ( c a l l e d  TO i n  t h e  program) i s  the t h i c k n e s s  a t  
t he  o r i g i n .  

G .  Misce l l aneous  Comments 

The e i g e n v a l u e  r o u t i n e  used  h e r e  i s  a doub le  p r e c i s i o n  
v e r s i o n  o f  the s u b r o u t i n e  "NROOT" from the I B N  S c i e n t i f i c  
S u b r o u t i n e  Pac.kage. (Note that  this  r e y Q i r e s  a double  
p r e c i s i o n  v e r s i o n  o f  the s u b r o u t i n e  "EIGEN" from the same 
s o u r c e ) .  The s u b r o u t i n e  "DMINV" and "DGMPRD" (no  l i s t i n g  
g i v e n )  are used  d i r e c t l y  from that s o u r c e .  

Ex tens ive  u s e  was made o f  t h e  d i s k  s t o r a g e  a v a i l a b l e  
i n  w r i t i n g  t h e  program. This reduced t h e  c o r e  s t o r a g e  re- 
qu i r emen t s  to around 250,000 b y t e s  on t h e  IBM 3'70-165 
computer used .  Although the e x e c u t i o n  t i m e  f o r  t h e  program 
usiDg a l l  c o r e  s t o r a g e  would be about  o n e - t h i r d  o f  t h a t  
u s i n g  d i s k  s t o r a g e ,  t h e  program would be l i m i t e d  to on ly  
t h i r t y  d e f l e c t i o n  and stress f u n c t i o n  terms and t e n  quadra-  
t u r e  p o i n t s .  Also ,  c o r e  s t o r a g e  was a premium a t  t h e  t i m e  
o f  w r i t i n g  because  o f  t h e  large amount o f  b u s i n e s s  done by  
t h e  Computer C e n t e r  a t  The Ohio S ta t e  U n i v e r s i t y .  

used some p l a t e s  w i l l  be symmetric about  t h e  x -ax i s .  I n  
these c a s e s  t h e  even and odd terms i n  t h e  assumed s o l u t i o n  
uncouple .  Thus, t h e  d e f l e c t i o n  f u n c t i o n  may be s e p a r a t e d  
i n t o  one f u n c t i o n  c o n t a i n i n g  o n l y  even terms i n  q and one 
c o n t a i n i n g  o n l y  odd terms i n  q .  Each o f  these f u n c t i o n s  
can t h e n  be i n p u t  s e p a r a t e l y  t o  g i v e  a l l  even  modes o r  a l l  
odd modes r e s p e c t i v e l y .  The same comments a l s o  app ly  to t h e  
stress f u n c t i o n .  

It s h o u l d  also be  no ted  t ha t  f o r  t h e  c o o r d i n a t e  sys tem 

IV. RESULTS 

To compare t o  r e s u l t s  i n  t h e  l i t e r a t u r e ,  a c o n v e r s i o n  
from t h e  n o t a t i o n  used  i n  most o t h e r  s o u r c e s  t o  t ha t  used 
h e r e i n  i s  n e c e s s a r y .  A s  l o n g  as t h e  r e s u l t s  are p r e s e n t e d  
i n  non-dimensional  form, o n l y  r a t i o s  o f  t h e  material proper -  
t i e s  are r e q u i r e d .  Thus l e t ,  
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E /E = DxbDy 11 22 

Gl2/gZ2 = D / D  
k Y  

El2/EZ2 = D /Dy - 2 D /D  . 
XY k Y  

All t h e  data p r e s e n t e d  here w i l l  be c o n v e r t e d  u s i n g  
t n e s e  r e l a t i o n s  to t h e  n o t a t i o n  p r e v i o u s l y  d e s c r i b e d .  

All o f  t he  computa t ions  p r e s e n t e d  i n  t h i s  s e c t i o n  were 
made u s i n g  a 36 mixed t e r m  d e f l e c t i o n  f u n c t i o n ,  

Thus, t h e  f i r s t  t h i r t y - s i x  modes and f r e q u e n c i e s  were 
c a l c u l a t e d .  The r u n s  t o o k  a n  ave rage  o f  three minutes  
( C e n t r a l  P r o c e s s i n g  U n i t )  t i m e  on t h e  IBM 370-165. 

No e f f o r t  was made to o p t i m i z e  t h e  program, t h e  purpose  
b e i n g  to o b t a i n  c o n s i s t a n t l y  good r e s u l t s  f o r  any p lanform 
shape  w i t h  any boundary c o n d i t o n .  e . g . ,  a c c e p t a b l e  r e s u l t s  
can  b e  o b t a i n e d  f o r  t h e  t o r s i o n  inode of  a r e c t a n g u l a r  c a n t i -  
l e v e r  p l a t e  w i t h  on ly  th ree  terms i n  the  d e f l e c t i o n  f u n c t i o n .  
However, t h i s  number o f  terms i s  comple te ly  i n a d e q u a t e  f o r  
any o t h e r  mode o f  t h e  t h e r m a l l y  s t ressed c a n t i l e v e r  p l a t e  
and i s  i n a d e q u a t e  f o r  any mode o f  any o t h e r  o f  the many p l a t e s  
i n v e s t i g a t e d .  Thus, the  large number of  terms i n  b o t h  t h e  
stress f u n c t i o n  and t h e  d i sp lacemen t  f u n c t i o n  may be much 
greater t h a n  r e q u i r e d  f o r  some of t h e  problems s o l v e d .  T h i s  
p o i n t  i s  immaterial wnen t h e  c h o i c e  b o i l s  down to e i t h e r  
o b t a i n i n g  a n  a c c u r a t e  q u a n t i t a t i v e  answer i n  which one can 
have conf idence  o r  some answer t ha t  may on ly  be i n  t i i e%al l  
p a r k .  

A.  Comparison o f  O r t h o t r o p i c  R e s u l t s  Without Thermal Loading 

As was p r e v i o u s l y  s ta ted,  t h e  material p u b l i s h e d  wi thou t  
thermal loading i s  voluminous.  For the  sake o f  b r e v i t y ,  on ly  
a f e w  comparisons w i l l  be made. 

T a b l e s  1 and 2 are comparisons of c a l c u l a t e d  f r e q u e n c i e s  
from t h e  l i t e r a t u r e  w i t h  t h o s e  c a l c u l a t e d  by t h i s  program. 
It can  be  s e e n  t h a t  t h e  method unde r  d i s c u s s i o n  here g i v e s  
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e x c e l l e n t  agreement with t h o s e  f r e q u e n c i e s .  The e x p r e s s i o n  
f o r  i s  g i v e n  i n  t h e  l i s t  o f  symbols and i n  Appendix A .  

T a b l e  3 g i v e s  a comparison w i t h  some e x p e r i m e n t a l  
f r e q u e n c i e s  f o r  plywood p l a t e s .  Note tha.t t h e  e x p e r i m e n t a l  
v a l u e s  are h igher  t h a n  t h e  c a l c u l a t e d  f r e q u e n c i e s .  Because 
t h e  method used here g i v e s  s o l u t i o n s  which converge  from 
above t h e  e x a c t  s o l u t i o n ,  these e r r o r s  are a t t r i b u t e d  to 
r e s t r a i n t s  i n h e r e n t  i n  t h e  e x p e r i m e n t a l  approx ima t ion  o f  t h e  
s imply  s u p p o r t e d  boundary c o n d i t i o n s .  

I3. Comparison o f  I s o t r o p i c  R e s u l t s  With Thermal  Loading 

A s  was stated p r e v i o u s l y ,  no e x p e r i m e n t a l  data were 
found i n  the l i t e r a t u r e  on t h e  e f f e c t  o f  thermal stresses 
on o r t h o t r o p i c  p l a t e s .  Thus , a b r i e f  q u a n t i t a t i v e  compari- 
son  i s  made w i t h  e x p e r i m e n t a l  data from R e f .  1 6  f o r  tne 
sPecia.1 c a s e  of the  i s o t r o p i c  p l a t e .  The purpose i s  t o  show 
t h e  agreement  that was o b t a i n e d  f o r  w i d e l y  d i f f e r e n t  c a s e s  
The i s o t r o p i c  p l a t e  e l a s t i c  p r o p e r t i e s  r e q u i r e s  t h a t ,  

z = vE/(1-v2) 12 

G = E/2(ltv) 12 

A s  i n  Ref'. 1 6 ,  nominal v a l u e s  o f  t h e  p l a t e  material p rope r -  
t i e s  used  were, 

E =  1 0  7 p s i  

F ig .  4 shows a comparison for the first f i v e  modcs o f  
a s q u a r e  c a n t i l e v e r  p l a t e .  It i s  i n t e r e s t i n g  t ha t  tile 
f o u r t h  and f i f t h  mode f requency  cu rves  c r o s s .  A t y p i c a l .  
e x p e r i m e n t a l l y  measured t e m p e r a t u r e  d i s t r i b u t i o n  r e s u l t i n g  
from r a d i a n t  lamp edge n e a t f n g  i s  shown i n  F i g .  5 .  

F i g .  6 p r e s e n t s  an u n s y m e t r i c a l  t r a p e z o i d a l  c a n t i -  
l e v e r  p l a t e  ti1a-t; does  n o t  appea r  i n  R e f .  1 6 .  Only the 
first two modes were r e c o r d e d  f o r  this p la te .  One o f  tine 
t e m p e r a t u r e  d i s t r i b u t i o r i s  measured on t h i s  p l a t e  i s  shown i n  
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F i g .  7. 

Because o f  i t s  boundary c o n d i t o n s  and t h e  c h o i c e  o f  
c o o r d i n a t e  sys tem,  t h e  p l a t e  shown i n  F i g .  8 i s  a l s o  unsymetr i -  
c a l .  The stresses as we+: as t h e  d e f l e c t i o n s  are a f f e c t e d  by 
the  boundary c o n d i t i o n s .  Here a g a i n ,  as i n  F ig .  4 ,  two 
o f  the f r e q u e n c i e s  c r o s s .  The h e a t i n g  e l emen t s  were c e n t e r e d  
o v e r  t h e  d i a g o n a l  from l o w e r - l e f t  t o  u p p e r - r i g h t  g i v i n g  a 
t e m p e r a t u r e  d i s t r i b u t i o n  as shown i n  F ig .  9 .  

The f r e q u e n c i e s  o f  a p l a t e  w i t h  a s i n g l e  p o i n t  clamped 
i s  shown i n  F i g .  1 0 .  The agreement  w i t h  t h e  f o u r  modes 
measured i s  s e e n  to be good. 

A p l a t e  w i t h  homogeneous p inned- f r ee  boundary condi-  
t i o n s  i s  shown i n  F i g .  11. Only the f irst  two modes were 
r e c o r d e d  f o r  t h i s  p l a t e .  The t h i r d  c a l c u l a t e d  mode f requency  
i s  also shown. The t e m p e r a t u r e  d i s t r i b u t i o n  shown i n  F i g .  
5 i s  a l s o  t y p i c a l  o f  t h a t  used  t o  c a l c u l a t e  t h e  f r e q u e n c i e s  
for t h e  p la tes  i n  F i g s .  1 0  and 11. 

C .  Comparison o f  O r t h o t r o p i c  R e s u l t s  With Thermal Loading 

F i g s .  1 2 ,  13 ,  1 4 ,  15, 16 and 17 c o n s t i t u t e  t h e  r e s u l t s  
o f  a ve ry  b r i e f  s t u d y  t h a t  i n d i c a t e s  t h e  large e f fec t  tha t  
o r t h o t r o p y  can  have i n  the p r e s e n c e  of thermal g r a d i e n t s  .. 
For t h e  sake o f  b r e v i t y ,  o n l y  one boundary c o n d i t i o n ,  the 
c a n t i l e v e r  p l a t e  and on ly  one assumed t e m p e r a t u r e  d i s t r i -  
b u t i o n ,  T = A T I r i I 3 ,  i s  p r e s e n t e d .  
modes a r e  p r e s e n t e d  a l t h o u g h  as many o f  t h e  h i g h e r  modes as 
c o u l d  p o s s i b l y  b e  des i red  are  a v a i l a b l e  i n  t h e  computer 
p r i n t - o u t .  It s h o u l d  be  no ted  t ha t  o r t h o t r o p y  does  n o t  change 
the c h a r a c t e r i s t i c  shape  of  t h e  r e s p o n s e  c u r v e s  shown. How- 
e v e r ,  because  of t h e  i n f l u e n c e  t ha t  t h e  d i r e c t i o n a l  p r o p c r t i e s  
of the material  can  iiave on t h e  stress f i e l d  f o r  a g iven  
t e m p e r a t u r e  d i s t r i b u t i o n ,  o r t h o t r o p y  can produce marked 
i n c r e a s e s  i n  the l o s s  o f  e f f e c t i v e  s t i f f n e s s  f o r  a g i v e n  
h e a t i n g  ra te .  I n  each  f i g u r e  t h e  i s o t r o p i c  r e s p o n s e  c u r v e s  
are g i v e n  for comparison pu rposes .  

Also,  on ly  t h e  two lowes t  

I n  P i g s .  1 2  and 2 3 ,  i t  can  be s e e n  that  doublinG t h e  
thermal expans ion  c o e f f i c i e n t ,  a 2 ,  i n  t h e  chordwise d i r e c t i o n  
has l i t t l e  e f f e c t  oa t n e  f requency  f o r  this t empera tu re  dis- 
t r i b u t i o n  because  t he  chordwise s t r e s s  component e f f e c t  i s  
small for this  plate and remairis siriall even when a , is  
doub led .  IIowever, when the l o n g i t u d i n a l  c o e f f i c i e n t ,  a1 
i s  doubled ,  the  l o n g i t u d i n a l  s t ress  component i s  e s s e n t i a l l y  
doubled  and the f requcncy  i s  seen  to d e c r e a s e  a t  a markedly 
h igher  r a t e .  Thermal  b u c k l i n g  i s  r eached  at a t empera tu re  
o n l y  one half as @reat as b e f o r e .  T h i s  means tha t ,  f o r  a 
g iven  hea'l;l.ng ra te ,  i f  an  i s o t r o p i c  p l a t e  buck le s  w i t h i n  

22 



t h i r t y  second:;, ail o r t l i o t r o p i c  p la te  w i t h  t h i s  r a t i o  of thermal 
c o e f f i c i e n t s  would b u c k l e  i n  o n l y  f i f t e e n  seconds .  

I n  F i g .  1 4  i t  c a n  b e  obse rved  t ha t  d o u b l i n g  t h e  chord- 
w i s e  modulus o f  e l a s t i c i t y ,  E22, a c t u a l l y  produces  a d e c r e a s e  
i n  t h e  r a t e  o f  f requency  decay and a n  i n c r e a s e  i n  AT,, f o r  the  
bend ins  mode. That  the v a r i o u s  inodes w i l l  n o t  behave i n  t h e  
same way f o r  a g i v e n  material  p r o p e r t y  change i s  shown i n  
F i g .  15 where the doubled chordwise modulus produces  t h e  
o p p o s i t e  e f f e c t  on  the t o r s i o n  mode. Doubling t h e  spanwise 
modulus, €211, c a u s e s  a h ighe r  r a t e  of  f r equency  decay w i t h  
c o r r e s p o n d i n g l y  lower b u c k l i n g  t e m p e r a t u r e s  i n  b o t h  modes. 
It s h o u l d  be n o t e d ,  however, that ,  a l t h o u g h  l a r g e ,  d o u b l i n g  
t h e  l o n g i t u d i o n a l  nodulus  o f  e l a s t i c i t y  does  n o t  have t h e  
extreme e f f e c t  that i s  caused  by d o u b l i n g  t h e  l o n g i t u d i n a l  
c o n d u c t i v i t y  c o e f f i c i e n t .  

F ig .  1 6  shows t h a t  t h e  d e c r e a s e  i n  t h e  ra te  o f  decay 
of t h e  bending  node,  ach ieved  by d o u b l i n g  E2 i n  F i g .  1 4 ,  
i s  more t h a n  o f f s e t  b y  the i n c r e a s e  Caused 
i i i  F i g .  1 2 .  I3oti-i F i g s .  16  and 17 show a p p r e c l a b l e  des tab i l i -  
z i n g  effect: ;  when b o t h  t h e  moduli  and expans ion  c o e f f i c i e n t  
are  changed. It  i s  r e c o g n i z e d  t h a t  t h e  change i n  p r o p e r t i e s  
a s  used  i s  l a r g e ,  b u t  t h e  e f f e c t s  are a l s o  l a r g e .  Using 
t h e  computer program p r e s e n t e d  h e r e i n ,  a lmos t  u n l i m i t e d  
p a r a m e t r i c  s t u d i e s  may be made t o  d e t e r m i n e  t r e n d s  or, more 
e f f i c i e n t l y ,  c a l c u l a t i o n s  may be made to o b t a i n  answers f o r  
s p e c i f i c  c a s e s  once a problem has been d e f i n e d .  

$y doub l ing  

D. E f f e c t  o f  Stress D i s t r i b u t i o n  

An i n t e r e s t i n g  by-product o f  t h i s  program i s  a n  a c c u r a t e  
c a l c u l a t i o n  of t h e  thermal stress d i s t r i b u t i o n .  The e f f e c t  
o f  t h e  s t ress  d i s t r i b u t i o n  f u n c t i o n  used  i n  c a l c u l a t i n g  t h e  
v i b r a t i o n  f r equency  i s  shown i n  Fig.  15. The boundary condi-  
t i o n s  r e q u i r e  a s t ress  f u n c t i o n  c o n t a i n i n g  b o t h  odd and even 
terms i n  q.  Thus, t h e  stress d i s t r i b u t i o n  c a l c u l a t e d ,  u s i n g  
on ly  even terms, does n o t  g i v e  t h e  c o r r e c t  stress d i s t r i b u t i o n  
and hence ,  does  n o t  g i v e  the c o r r e c t  f r equency .  However, 
when t h e  c o r r e c t  mixed t e rms  were used,  t h e  c o r r e c t  s tress 
d i s t r i b u t i o n  e x i s t i n g  i n  the p l a t e  r e s u l t e d  and consequen t lg ,  
the c a l c u l a t e d  f r e q u e n c i e s  ag reed  more c l o s e l y  w i t h  tile e x p e r i -  
f i lental  v a l u e s .  The 36 mixed term r e s u l t s  show that t h e  
a n a l y t i c a l l y  p r e d i c t e d  s t ress  d i s t r i b u t i o n  had e f f e c t i v e l y  
converged when 24 mixed terms were used .  

The three  se t s  o f  f r e q u e n c i e s  c a l c u l a t e d  were cornpared 
t o  t h e  e x p e r i m e n t a l  r e s y o n s e  o f  t he  p l a t e  shown i n  F i g .  8 .  
The r e s u l t s  show t h a t  c o r r e c t  s tresses are i n  f a c t  n e c e s s a r y  
i n  order to o b t a i n  the c o r r e c t  f r e q u e n c i e s .  
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V. CONCLUDIIJC REl;rARKS 

The computer program p r e s 2 n t e d  h e r e i n  i s ,  i n  e f f e c t ,  a 
g e n e r a l  s o l u t i o n  to t he  problem o f  the l i n e a r  v i b r a t i o n  o f  
t h e r m a l l y  stressed t r a p e z o i d a l  p la tes .  The t h e o r y  has been  
v e r i f i e d  e x p e r i m e n t a l l y  f o r  ther l i ia l ly  stressed i s o t r o p i c  
p l a t e s  and has been found to a g r e e  f a v o r a b l y  w i t h  a n a l y t i c a l  
data found i n  t he  l i t e r a t u r e  f o r  o r t h o t r o p i c  p l a t e s  w i t h  no 
thermal  l o a d i n g .  It a p p e a r s  that a c c u r a t e  r e s u l t s  can  be 
o b t a i n e d  by  t h e  methods n e r e i n  d e s c r i b e d  f o r  almost; any boundary 
c o n d i t i o n s  o f  p r a c t i c a l  impor tance .  The  s o l u t i o n s ,  based on  
l i n e a r  t h e o r y ,  do n o t  n o l d  as t h e  b u c k l i n g  reg ior i  i s  approached 
because  o f  t h e  n o n - l i n e a r  e f f e c t s  o f  l a r g e  d e f l e c t i o n s .  

Expe r i ence  i n  u s i n g  t h e  program shows tha t  t h e  number of  
terms r e q u i r e d  i n  the  assumed s o l u t i o n s  i n c r e a s e s  w i t h  t h e  
complexi ty  of' the geometry.  Howev?r, c o i i s i s t a r i t l y  a c c u r a t e  
r e s u l t s  a r e  o b t a i n e d  u s i n g  a 30-36 term d i sp lacemen t  f u n c t i o n  
and a 24-30 term stress f u n c t i o n .  Accura te  i n t e g r a t i o n  can  
b e  o b t a i n e d  f o r  this number o f  terms u s i n g  t e n  q u a d r a t u r e  
p o i n t s  i n  the < - d i r e c t i o n  ( twen ty  p o i n t s  i n  t h e  q - d i r e c t i o n ) .  

p la tes  would be  r e q u i r e d  to v e r i f y  a l l  t h e  f a c e t s  o f  t h e  
program as p r e s e n t e d .  However, the data comparisons shown 
combined wi th  many c a s e s  o f  e x p e r i m e n t a l  i s o t r o p i c  p l a t e  
data n o t  p r e s e n t e d  h e r e i n  g i v e s  t h e  writers great conf idence  
i n  t he  a n a l y t i c a l  r e s u l t s .  

\ A ve ry  ex te l r s ive  e x p e r i m e n t a l  program with o r t h o t r o p i c  

The g e n e r a l i t y  of t h i s  program s h o u l d  no t  be ove r looked .  
Its e x t e n s i o n  to o b t a i n  t h e  a c c u r a t e  s o l u t i o n  o f  t h e  f l u t t e r  
o f  t h e r m a l l y  s t ressed p l a t e s  and p a n e l s  c a n  b e  r e a d i l y  made; 
A n a t u r a l  e x t e n s i o n  of  t h i s  work would be t o  examine, w i t h o u t  
t h e  assumpt ion  o f  mode i d e n t i t y ,  the l a r g e  d e f l e c t i o n  e f f e c t s  
o b s e r v a b l e  as h e a t i n g  p r o g r e s s e s .  A r e c e n t l y  deve loped  
method o f  s o l v i n g  l a r g e  sets o f  no i i - l inear  e q u a t i o n s  shows 
g r e a t  promise i n  t h e  area o f  l a r g e  d e f l e c t i o n s  which has 
y e t  to be e f f e c t i v e l y  i n v e s t i g a t e d .  
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TABLE 1 

PF -- C C - PF -- C C 

AR 5 2  E22 '12 lCalculated I Reference R e f .  
No. 
_. 

8 

8 

BY Values Program 
- 

1.0 1.0 1.0 1.0 

1.0 2.0 1.0 1.0 21.82 

1.0 1.0 1.0 a 3 .0  3 6 . 1  36 .5  

22.35 22.56 

1 6 . 1 2  16.13 

50.8 51 .5  

73.0 74.0 

53.6 53.7 

0.0 

1.0 3.0 1.0 0.0 8 

8 

3 . 0  

0.0  6 . 0  2.0 1.0 

2.0 

9.0 

1.0 

8 1.0 1.0 1.0 0.0 

0.0 

0.26 

8 1.0 1.0 3.0 

1.0 2.0 3.11; 0.12 3 
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TABLE 2 

PP-PF-PP-CF AR = 2.0 
- - 3.177, EI2=0.12, E22=1.0, G12=0.264 - 

Mod e 

No. 
> a l c u l a t e d  

BY 
Program 

REF 21 
Values 

1 14 75 14 75 

55.4 

91.6 

120.0 

144.1 

3 

5 

55.35 

93 -1 

6 121.4 

144.4 7 
12 256.1 249.0 

278.2 295.1 13 

TABLE 3 

PF-PF-PF-PF AR = 1 . 0 ,  a = 45.8 em. 

-1 - 1  -1 
E X l O  

12 
c x10 

Dynes 
cm 

22 

2 

G x10 

Dynes 
em 

12 

2 
Dynes 

cm 2 

0.17 0.17 0 . 3 0  

0.17 0.05 0.34 

0.19 0.45 0.19 

0.33 34.5 I 41 0.55 0.85 
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General Planform Parameters 

Non- Dimensionalization 
and 

alb 
Y-a I +  b,-(-) 

. b,=$ AR= 

2 

Fig. I 
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A n a l y t i c a l  Temperature D i s t r i b u t i o n  
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Comparison of Analytical and 
Experimental Response of a 
CC-FF-FF-FF Plate 

AR=5/3 , a=20", h=1/4" 
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Effect of Stress Function 
on Plate Vibration 

- measured 
calculated using: - 

0 24 even terms 
24mixed terms 

A 36 mixed terms 

46 



Agp c x l i  x A 

Matrix ElemeiiCs and Pizrametcr:; 

47 



2 a 2 - 12 a (5 )  
r kl - 

h 

{cl=  - Ccl 
a2hr 

48 



Appendix B 

Logic Plow Diagram 
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EQUENCZES ONLY 
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Apperidix C 

Program L i s t i n g  



c 

In 
0 cv 
b- o 

c 

L 
n 

In 
u- 
w 
4L 
b- 
c 
a 

0 
(v 

w 

UIC cc. 



P M  

c- 
U 

al 
a 

57 



d \  

c 
m 
e-4 
Q 
T a. 
2 
4 

x 
N 
r( 

.. 
c 

c 
W 

ru 
4 
0 

x 
J 
d 

L 

c 

c 
L 
N 
N 
UJ 

x 
-3- 
r )  

.. 
r 

r 

Lu 
I 
F- 

v) z I 
U t- 

t- E 
0 c3 z z 

M u 

U 

M 

58 



Z 
O 

b 
V 
L 
3 

M 

z 
0 

t- 
V z 
3 

CII 

I 
t 
I! 

LU 
*e 

!A 

I! 

0 

59 



- * -  



c 
w 

QL 
Q u. 
e 
I 

w 

LL 

2 
c 

r( 

ll 
M 
e 
c 

t- 
0 0 2  a -  
N d 

u u 
61 



Q 
P 
Y 

a 
3 
0 

0 z a 



Q 
# 
b- 
(u 
o 

2 
I 
1- 

N.4 a 
U 



X 
2 

N 
c 

l-4 
It 

64 
u u v  



m 
N 

N 
N 





* 
X 
z * 

a 
c3 

w z 

2 
U 
M 

iL' 
3 
tY 
b" 

Y 
N 



X 
z 
m 

ru 
L 

68 



U 
Ln 



113 
CE) 
X 
x 
tr) 
3 

c 

c 
4 

5r 
L 

d 
t 
>. 
x 
I- 
2 

X 
I- 

c 

L 

o, 
>- 
I- 
o 
F 
X 

c 

c 

L 



LI. 

4, 
x z 

It 

L 

4 

w 
c 
c 
U 
U 

m 
I- 
.Q. z 
L 
n 
M 
5.1 

N 
t- 
U 
5 
c 



3 
x z 

U 

rl 
0 
r\l 
U 
0 

i 
I1 



u) 
L 
U 



7 4  



T a 
n 
c 
U z 
3 
U 
h- 
2 
w r 
u1 u a 
A 
0. 
v) 

0 
I 

W 
v) 

4 
4 
u, 

M 

.CYY 

I1 
UI 

PD 
4 

ac 
Q > 
.A 

0 

c3 
0 

M 

a 
W 

a 
v) 
M 

cn 
w 
UJ 
lY c- 
u? 

V 
II) 

N 
I1 



0 u 
0 

0 



0 
I" 
(u 

z 
3 
lA 

L 

tu 

3 

I- * 

c 

w 

CI 

4 
c 

m 

I- 
9 

N 

ni 

I- * 

v 

c 

Y 

.-. 
cl 
e 
d 

I- 
# 

w 

Ilr 

r-4 
* 

-3- 

X 
W 

$4, 

- 
w 

c 

F4 

hc 

X 
UJ 

it 
0 
Q 
Q 

tu 
I 

e 

Y 

M 

% 

77 



78 



c 
N 
0 
0 
t 
N u 
n 
E 
c- z 
rl 

c 

c 

f L 

4 
X c 
2 

e3 
V 

c 
A 

t 
rl 
0 

T 
I- 
;r: 

u 
X I- 
C) 

z 
0 
I- 

Y 

.I 

H 

w 

m z  5 -  h c 

79 



0 

Q 
a U. 

>- 
Y 

u 
CI u 13 a 

U 

80 



- 
z 
m 

c 
V w > 
u1 

-4 

2- 
tu 

Q 
CL 
w 

U 

c 

c 

a 

c 

d 

0 
t- 

o 
(3 



- 

82 



L) 

0 
N 
4 

83 



84 





I- z 
U 

t- 
3 
0 
z 

c9 
Q 

4 a 

H 

a 





0 

3 Cn pe 
N M CY 

u 
88 



n 
w 
I- 
I: 
t3 
w 
SE 

UJ 

W 

Q: a 

z 
w 

a: 
w 
2 z 
Q 
z 





V 






