@ https://ntrs.nasa.gov/search.jsp?R=19730017890 2020-03-23T04:07:30+00:00Z

General Disclaimer

One or more of the Following Statements may affect this Document

e This document has been reproduced from the best copy furnished by the
organizational source. It is being released in the interest of making available as
much information as possible.

e This document may contain data, which exceeds the sheet parameters. It was
furnished in this condition by the organizational source and is the best copy
available.

e This document may contain tone-on-tone or color graphs, charts and/or pictures,
which have been reproduced in black and white.

e This document is paginated as submitted by the original source.

e Portions of this document are not fully legible due to the historical nature of some
of the material. However, it is the best reproduction available from the original
submission.

Produced by the NASA Center for Aerospace Information (CASI)



NATIONAL’!AERSNAUTICS AND SPACE ADMINISTRATION

Technical Memorandum 33-627

“Sparse Matrix Methods Based on Orthogonality

and Conjugacy

C. L. Lawson

13-26617 |
- =133231) SPAKSE MATRIX HETHODS N7 1
fé?fé%% on gg%nos%}mufr! AND CONJUGACY (Jet |
lPropulsmn Lak.) 66 p HC $5,50 CSCL nelas
|

| G3/19 £8275 /

S " |
JET PROPULSION LABDRATORY
cnuronuu INSTITUTE OF r:cnuo:.o"

PASADENA cnuronma -

June 15, 1973 g

\ﬁ-




NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

Technical Memorandum 33-627

Sparse Matrix Methods Based on Orthogonality
and Conjugacy

C. L. Lawson

JET PROPULSION LABORATORY
CALIFORNIA INSTITUTE OF TECHNOLOGY

PASADENA, CALIFORNIA

June 15, 1973




PRECEDING PAGE BLANK NOT FILMED

PREFACE

The work described in this report was performed by the Data Systems

Division of the Jet Propulsion Laboratory,

ke

JPL Technical Memorandum 33-527 iii




PRECEDING PAGE BLANK NOT FILMED

CONTENTS
Part I, Introduction .., ,... .. e e e e e e e e P |
Chapter 1, Introduction ,.......,... e e e e e e 1
Chapter 2, Mathematical Background , ., .,...,........ 6
Part II, The Conjugate Gradient Algorithm and Variations .. ... . ... 8
Chapter 3. Solving a Consistent System, Ax=b,
where A is Symmetric and Non-
negative Definite . . ... ... ........... .. 8
Chapter 4, Solving a Least Squares Problem,
Abe ‘ +* L] . ’ L] L] L] L] - . * L L] L) . . L] # 4 & 9 ¥ & & 2 & & 2 # 19
Chapter 5. Solving a Consistent System Ax=b ., .. .. .. b 22
Part III, Other Algorithms., . ... ......... T 26
Chapter 6. Solving a Least Squares Problem,
AXZb Lo v i e e e e 26
Chapter 7. The Theoretical Equivalence of
Algorithms CGLS and ITL.S . .. ... .. ... .... 39
Chapter 8, Solving a Consistent System Ax=b ., .. ........ 44
Chapter 9, The Theoretical Equivalence of
Algorithms CGC and ITC. , .. ... ... e e 53
Chapter 10. Solving a Consistent System Ax=b
where A is Symmetric ... ............... 55
Referencus . .. .......... e e e e e e e e e e 66
FIGURE
3.1 Vectors and subspaces related to Algorithm CG .. ........ 13

JPIL, Technical Memorandum 33-627




ABSTRACT

A matrix having a high percentage of zero elements is calleu sparse.
In the solution of systems of linear equations or linear least squares
problems involving large sparse matrices significant saving of computer
cost can be achieved by taking advantage of the sparsity. This
Memorandum derives and describes the well known conjugate gradient
algorithm and a set of related algorithms which are applicable to such
problems.

Control of accuracy is a serious problem with this class of methods.
We plan to devote a subsequent study to methods of controlling algorithms

of this class.
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PART I

Introduction

Chapter 1 Introduction

A matrix A is called sparse if a large proportion of its elements are zero,
Significant savings of execution time and computer storage can be realized in
solving systems of linear equations, Axshb, or least squares problems, Ax=b, if
the matrix A is sparse and if special solution methods are used which take advantage
of the sparseness.

Most direct solution methods such as Gaussian elimination or Householder
orthogonal triangularization perform transformations on the given matrix A which
significantly increase the number of nonzero elements. The two main ideas in
developing sparse matrix methods have been

1. Reorganize direct elimination methods to reduce the growth of the

number of nonzero elements.
and
2. Use iterative methods so that the original sparse matrix A is used

throughout the computation,

In Reid (1971) it is pointed out that the conjugate gradient (CG) method for
gsolving a system Ax=b, with A symmetric and positive definite, is well suited
for use when A is sparse, This method shares with iterative methods the feature
of continually using the initial matrix A but it shares with direct methods the
property of theoretically terminating after not more than n iterations.

More specifically the major computational cost in each iteration of the CG

method arises from the multiplication of A times a vector. IfAisannxn
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matrix and the proportion of nonzero elements in A is g then the multiplication of

A times an n-vector requires pn2 multiplications and additions if multiplication

by zero elements of A are skipped., This algorithm theoretically reaches the
solution vector in at most n iterations so the nimber of multiplications and additions
would theoretically be at most pn3.

The storage required is just that needed for the sparse matrix A plus four
n-vectors. Since A is symmetric it has cnly approximately pn2/2 potentially
distinct nonzero elements. Such a matrix can be stored in pnz locations or even
in less space if the nonzero elements are located in some known regular pattern.

In comparison direct solution of this problem using an efficient stable method
such as Cholesky factorization would in general require about n2/2 storage
locations and n3/6" multiplications and additions, Thus the CG method will require
less storage than the Cholesky method if p < 1/2 and will require fewer
multiplications and additions if p < 1/6.

These cut-off values for p should be taken only as very rough guidelines.
Storage management for the sparse matrix mdthod may increase its execution
time.

More serious is the lack of numerical stability in the CG method, If the
matrix A has a large condition number the intermediate vectors computed by
the algorithm which are theoretically orthogonal or A-conjugate (defined in
Chapter 2) may not even come close to having these properties. I feel that thiﬂs
means that a reliable subroutine for the CG method must include some
monitoring of the error generated in intermediate quantities.

The purpose of this report is to collect in cne place, and with some
consistency of n~tation, the statements and theoretical justifications of the

conjugate gradient algorithm and a number of other algorithms having very

JPL Technical Memorandum 33-627
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similar characteristics with regard to mathematical theory, operation counts,
and storage requirements. We subsequently plan to produce Fortran subroutines
for some of these algorithms and study particularly the effectiveness and
reliability of various techniques for monitoring accuracy and testing for
termination in these subroutines.

The CG algorithm was invented independently and simultaneously (~ 1951) by
M. R. Hestenes and E. Stiefel [sece Hestenes and Stiefel (1952)]. The paper by
Craig (1955) which discusses methods of this type also references related work
by Fox, Huskey, Wilkinson, Lanczos, Forsythe, and Rosser in the 1948-1952
period,

After providing some mathematical background in Chapter 2 the CG algorithm
is presented in Chapter 3. In Chapters 4 and 5 algorithms are given which
result directly from replacing the matrix A in the CG algorithm by ATA or AAT
respectively. The use of ATA covers the case of a least squares problem

T allows solution of consistent systems, Ax=b, in which A

whereas the use of AA
is not necessarily symmetric or positive definite (or even square),

This replacement of A by ATA and by AAT occurs in Craig (1955} and is
also treated in Faddeev and Faddeeva (1963).

More recently Reid (1971} made a strong case for the usefulness of the CG
method in large sparse problems. Interest in sparse problems also stimulated
Paige (1972) to derive two algorithms of similar character. We will refer to
these algorithms as PAIGE-1 and PAIGE-1I. Paige's derivation of these algorithms
is based on a bidiagonalization method given by Golub and Kahan (1965) which has
its mathematical roots in a method of Lanczos (1950) for tridiagonalizing a
symmetric matrix. We present Paige's least squares algorithm, PAIGE-II, in

Chapter 6, where we call it ITLS to distinguish our particular statement of the

algorithm. In Chapter 7 we show that ITLS theoretically generates the same
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sequence of approximate solution vectors as the algorithm of Chapter 4. The
intermediate steps are sufficiently different however to make it of interest to
investigate the numerical performance of each of these two algorithms.,

In Chapter 8 we present an algorithm ITC which is a subset of Paige's algorithm
PAIGE-I. The algorithm PAIGE-~I includes provision for handling a least squares
problem, It appcars to me that for least squares pruolems this algorithm is
not competitive with PAIGE-II or the least squares algorithm of Chapter 4 and
thus I have presented only the subset of PAIGE-I which handles a consistent
system of linear equations. Paige noted that this subset of PAIGE-I is
equivalent to the algorithms given by Faddeev and Faddeeva (1963) and by Craig
{1955) which are described in Chapter 5 of this report. This equivalence is
verified in Chapter 9.

Finally in Chapter 10 we give an algorithm due to C. C. Paige and M. A. Saunders
{personal correspondence, 1972) for the symmetric consistent problem, Ax = b
This algorithm is called SYMMLQ by Paige and Saunders. Note that whereas
the CG algorithm requires only one matrix-vector multiplication per iteration
the other algorithms discussed in Chapters 4-9 each require two matrix-vector
multiplications per iteration or else the preliminary computation of ATA or
AAT. The algorithm, SYMMLQ, requires only one matrix-vector multiplication
per iteration and thus is nominally the most economical method described in
this report for the indefinite symmetric consistent problem. This algorithm is
however notably more complicated than the other algorithms in this report.

Saunders has also developed a modification to Paige's least squares algorithm,
PAIGE-II, (our / rapter 6) however we have omitted this as it is more complicated
than Paige's algorithm and in a few test cases which we ran its sequence of

approximate solution vectors was approximately one step behind the sequence

generated by Paige's algorithm.
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Chapter 2 Mathematical Background

Two real n-vectors x and y are mutually orthogonal if their inner product,

denoted by xTy or yTx, is zero. They are orthonormal if they are mutually
1/2

orthogonal and are each of unit euclidean length, i.e. ”xﬂﬁ Eé(xTx) =] and

liyll = (yTy) /% = 1,

A generalization of orthogonality is the notion of A-conjugacy where A is

a symmetric matrix, Two vectors x and y are A-conjugate if xTAy {or

equivalently yTAx) is zero. This notion of A-conjugacy is most commonly

s g

defined only for a positive definite symmaetric matrix A since then one hasg the

convenient property that xTAx >0 for all x £ 0,
We will use the notion of A -conjugacy under the weaker assumption that A

is nonnegative definite symmetric matrix but limit the vectors being considered

to those lying in the row space of A. For such vectors the property xTAx >0
5 for x # 0 still holds.

If the set of vectors ]/1 = {v(l), NP v(l)] are mutually orthegonal and a vector

(i+1)

y(1+1) is linearly independent of the set Yl then a vector v orthogonal to the

L P i

set }; can be defined by

o)

ADVTHD) ST (i+1)

(i+1) _ (i+])
2.1 = - - - T
(2.1} v y AnTm Y ST (D)

This is the formula of Gram-Schmidt orthogonalization.
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A similar formula exists for exteanding a mutually A-conjugate sct of vectors.,
Thus it the set of vectors 1, = [u(”, R u(l)} are mutually A-conjugate and a
(TF1) o o varly ip ot ! (i+1) »

vector z is lincarly ind-pendent of the set u(i then a vector u » A-conjugate

to Uy ig defined by

ST 4 (341) . LSDT , (141) e
T, (1) ST

(i+1) _  (i+])
2,2) = -
{ u z Au(i)

if all of the denominators are nonzero, Nonzero denominators are assured if A
is positive definite symmetric or if A is nonnegative definite symmetrie and all
of the vectors of the set L{i lie in the row space of A,
The algorithms to be described in this report have the common feature that
in constructing sequences of mutually orthogonal (or mutually A-conjugate) vectors
the new linearly independent vector y(iH) (or z(i+l)) will be constructed in such
a4 way that it is already orthogonal {(or A-conjugate) to all but one or two of the
vectors in the set Yi. (or ?Li). This permits economy in storage and in
computation time since only the most recent one or two of the vectors in the
set )(1 {or ui) need to be retained in storage and only the terms involving these

one or two retained vectors need to be computed in Equations (2. 1) or (2. 2).

JPL Technical Memorandum 33-627 7




PART 1I

The Conjugate Gradient Algorithm and Variations

Chapter 3 Solving a Gonsistent System, Axsh, where A is Symmetric and Nopsegative
Definite e

Let A be an n x n symmetric nonnegative definite matrix and let b be an n~
vector in the column space (range space) of A, We wish to find an n-vector x

satisfying

{3.1) Ax # b

If Ranlk (A) < n the solution of Problem (3. 1) is nonunique. In this case there
is 2 unique solution vector, X, in the row space of A. This vector £ is the
minimal length solution vector for the problem and is the solution vector which
the algorithin fo be described constructs.

The Glgorithm to be described is the conjugate gradient method due to Hestenes
and Stiefel (1952). Prescentations of this mcthod appear in Faddeev and Fadeeva
(1963, pp. 392-405), Beckman (1960), Reid (1971}, Fox (1965, pp. 208-214),
and Householder (1964, pp. 139-141}. This method is usually described under the
assumption that the matrix A is positive definite although, as will be seen from
the discussion to follow, the theory of the method is also valid for a nonnegative
definite matrix if it is assumed that b is in the column space of A,

Assume the existence of an integer k(1 S k S n), matrices Vn < k and Dk x k

and a k-vecter ﬁ such that

(3.2) v= i, RN
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(3. 3) D-‘-‘Diag[dl.....dk] d, >0, i=1,...,k
(3.4) vIiav =D

and

(3.5) R=vp

Note that Equation (3.4) implies that the vectors v(i) are mutually A-conjugate,
If such matrices V and D are available Problem (3. 1) can be attacked as
follows: Left multiply Equation (3. 1) by VT obtaining
(3.6) ViAx =g
where g is defined by
(3.7) g=V'b
Introduce the change of variables
(3.8) x=Vp ";
in Equation (3. 6) obtaining
T

(3.9) V AVp =g

which due to Equation (3.4) may also be written as
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S S W

(3.10) Dp=g

Thus Problem (3.1) could be solved by computing g = VTb, solving the diagonal
system of equations Dp = g for its solution vector P, then computing the solution
vector & for Problém (3. 1) as % = Vp.

The algorithm to be described constructs the A-conjugate vectors v('j) one at
a time and as each such vector is produced its contribution to g, p, x, and the
(i)

residual vector r is determined. Thus only one of the vectors v'*’' needs to be

maintained in storage at any one time,

It will be convenient to define auxiliary vectors
(3.11) wilh s av® gy K
successive approximations to the solution vector

(3.12) 0 = g

(1) = (.]) L= x(l-l) + V(i)p- izl’ cees k

1T ot R
«
o

(3.13) x

and corresponding residual vectors

(3.14) AL RN
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(3.15) o) = peaxft) 2 p - 1z Aviily,

!

i , . \

| =h- I W(J)p- - 1'(1 1) "W(l"p i=1,...,k

! j=1 :

|

| 0 (1

? It happens that the residual vectors r( ). r( ), ... occurring in this algorithm

are mutually orthogonal, The algorithm alternates between producing a vector in

(0) (1)

the orthogonal sequence r ... and a vector in the A-conjugate sequence

v(l), v(‘?'), +++ » The various relations which exist between these two sequences

Pl M 2 e 2

permits the algorithm to be remarkably concise.

S E L

(3.16) Algorithm CG The Conjupate Gradient Algorithm for Solving a Consistent
System Ax=b where A is Symmetric and Nonnepgative Definite
L Due to Hestenes and Stiefel (1952) ]

|
;-. Step Description
{
|

1 x(o):=0, r(o):=b, v(”:=b n
| 2 If b=0 set i:=0 and go to Step 13
| 3 ji=1
§ 4 wlil.oa () |
;u 5 pi:z(r(i-l)Tr(i-l)/(v(i)Tw(i))
i 6 K(i)==x(i-l)w(i)PJ_l
; 2 LA (i-1)_ (i)

Py
Theoretical termination test: If r(1)=0 go to Step 13

Practical termination test: If ”r(l)if is sufficiently small

- oo~ ' fpveki - e PR ST\
oo

go to Step 13
9 Bi:=(r(i)Tr(i))/’(1‘(i-I’Tr(i-l))
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Step Duscrigtion

10 V(i'H):=r'“')+v(i)k’5i
11 ir=itl

12 Go to Step 4

13 ki=i

14 Stop

Figure (3. 1) is provided as an aid to understanding Algorithm CG. All
vectors in the first column of Figure (3. 1) lie in the same one-dimensional

£-1 are linearly

subspace, JI' For general £ > 1 if the vectors b, Ab,...,Ab
independent let >J; denote the £Z~dimensional subspace spanned by these vectors.
Then the first k vectors in each row of Figure (3.1) are also linearly independent
and span the same subspace kﬁ/:

To verify that the algorithm CG is mathematically correct we must show
that the denominator in Step 5 is positive for i £ k, that Step 5 defines components
P; satisfying Equation (3.10), and that the vectors v(i) produced at Step 10 are
mutiually A-conjugate. It will also be seen that the rczidual vectors r(i) are
mutually orthogonal.

Assume Algorithm CG has been executed for i=1, ..., £-1, that the set of
vectors [r(o), caes r(‘eﬁl)} are mutually orthogonal and the set of vectors
AL v Y are mutually A-conjugate. With this assumption of A~-conjugacy
()T

we include the assumption that v Av(l) >0, i=l,..., 4.

We also assume that

12 _ JPL Technical Memorandum 33-627
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FIGURE (3.1)

Vectors and subspaces related to Algorithm
CG. The four circles identify vectors which
would be constructed during the second

iteration of the algorithm.
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B
0

Span(b, w“). N w(i-l)}

Span[r(o), vees r(ibl)]

1

Span [v“),...,v(i)] i=l, ..., 4

The reader may find it convenient to refer to Figure (3. 1) and consider £=2
for definiteness. The guantities to the left of the circles result from earlier
iterations and the circled quantities will be computed during the second iteration.

h iteration. The denominator

Consider now the quantities computed during the I
in Step 5 is v(mTAv(‘e') which by assumption is positive.

It must be verified that Py computed at Step 5 satisfies Equation {3.10}, i.e,
that

(3. 17) p, = 8,/d, = (v#To)/ (A Ta 8y

The denominator in Equation (3.17) is clearly identical with the denominator in

Step 5. As to the numerators we have
- £ . ’

V(E)Tb = v(f-)T(r(Z Dy's w(J)pj) ;

j=1

_ DT (2-1)

i

(r“’"”+v“""’az_1)Tr“"”

_ (4-DT (£-1)
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Steps 6 and 7 are clearly consistent with Equations (3. 13) and (3.15). If
ru) = 0 the algorithm terminates, setting k=4, Otherwise with r( £ # 0 we proceed
to verify that ru') is orthogonal to the subspacej«z. Using the basis

{r(o), cees r('a-l)] of / it suffices to verify that r(l)Tru) = 0 for i=0,..., 4-1.
) y

(3_ 18) r(i)Tr(‘e) = r(i)Tr('z-”-r(i)Tw(ﬂ)pfl

Both right side terms are zero for i=0,..., £~-2. For i={-1 substitute the

definition of Py from Step 5 into Equation (3. 18) obtaining

(a7 (4-1) _ LA TG p LA UT (4 1)

(£-1)T _(2)
r r
0T, (1)

since

ANTL8) _p o (2-1) vu-l)gkl{rw(z) _ (DT (2)

Next it must be shown that vu'+” defined at Step l0is A-conjugate to the
subspace t{ We use the basis [v(l), caas v”’)] for yfz and verify that
VWITAY C g gor i1, .., .

(3. 19) OTAEH) L (DT (0 4 (T, (B

JPL Technical Memorandum 33=627 15




For i=1,..., 4-1 both right side terms are zero; the first because V(I)TA is in

»le and thus is orthogonal to ru’) and the second because v(l) is in J‘e-l and thus
is A-conjugate to vu'). For i={ substitute the definition of 'BJZ; from Step 9 into

Equation (3. 19) obtaining

()T, (L, (T (&)
(AT, (£+1) _ (4T, (4 A
v ) Av = v( ) Ar( )+ (v r(ztl}'}ﬁz-ur

(3.20)

n

WO | o1 (AT ()

1

T
[w(i) + pilr(ﬂ)] r(E)
-1 (4T (8) _

“.:pz

Finally we verify that v( !‘H)TAVMH) > 0. Let h denote the rank of A,

Since A is nonnegative definite there exists an h x n matrix R of rank h such that

b=
u

R™R

and clearly the row space of R is identical with the row (and column) space of A,
Let { denote the row (and column) space of A, From Steps 1, 7, and 10 all of

the vectors r(x) and v(l) produced by the algorithm lie in the subspace &, since

V('Hl) is constructed at Step 10as the sum of the nonzero vector ru’) and a vector

() (4+1)y0. (£+1)

v(“Bi orthogonal to r it follows that v Since v is a nonzero vector

16 JPI1, Technical Memorandum 33-627




e

(£+1)

in the subSpacea the vector Rv must also be nonzero. It follows that

(LH)TAV('GH) >0, 45 was to be shown.

[RV( £+I)JTRV(£+I) > 0 or equivalently v
As is apparent from the different expressions derived for P and for Bi
there are a number of different ways in which the CG algorithm could be
implemented. There are also different trade-offs possible between storage used
and counts of arithmetic operations, Reid (1971) discusses over @ dozen such
variations., The form in which we have stated Algorithm CG is the one
preferred by Reid.
Theoretical termination of the CG algorithm occurs when r(k)=0 with r(i)#O

for i=0,...,k-1. Referring to Figure {3.1) we sce that this means that the

= Jk' Equivalently this
k-1

subspaces jl’ v 'jk are all different but that Jk+1

means that the vector Akb lies in the subspace K/k spannzd by {b,Ab,...,A" 'bl.

This implies that b is representable as a linear combination of some set
of k eigenvectors, say {f(”, ‘e ..f(k)}, of the nonnegative definite symmetric
matrix A and is not representable as a linear combination of any smaller set
of eigenvectors of A. Furthermore the eigenvalues {A,,...,A ]} associated with

these eigenvectors are all positive. Thus there exist nonzero numbers ¢ such

that

k .
b= I f("ci
i=1

and the minimal length solution vector 2 is representable as

2= f(i)(cilhi)

1

13w -

1
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Note also that Span(f“’, RN I(k)] = M’k and that % lies in vfi but not in ‘J}:-l'
Most commonly the value of k will be n. However k will be less than n if

and only if b is orthogonal to some eigenvectors of A. In particular b will

necessarily be orthogonal to some eigenvectors of A if A has any multiple

eigenvalues.
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Chapter 4 Solving a Least Squares Problem Ax=b

Let A be an m x n matrix and let b be an m-vector, We wish to find an
n-vector x wiich minimizes llb-Ax!l, We denote this least squares problem by

the notation
(4. 1) Ax=b

We permit either m 2 n or m < n. If Rank (A} < n the algorithm to be described
constructs the unique minimal length golution vector, 2. This solution vector is
characterized zs being the only solution vector lying in the row space of A,

A vector x minimizes [lb-Ax|l if and only if it satisfies the "normal equations”

(4.2) ATax = AT

b
Normal equations are always consistent since the right side vector, ATb, lies
in the row space of A which is also the column space of the matrix ATA. The
ranks of ATA and A are equal and their row spaces are the same. Thus if
ATA is singular the unique solution of Problem (4. 2) lying in the row space of
AT.A is also the unique minimal length solution of Problem (4. 1}.

Since ATA is nonnegative definite and Problem (4. 2) is consistent the

conjugate gradient algorithm CG (3.16) is directly applicable to Problem (4. 2).

Denote the residual vector for Problem (4.2) by

B =ATb-ATax = AT(b-ax)

JPL, Technical Memorandum 32-627 - 19
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and introduce bars on various other symbols in Algorithm CG to distinguish

the application of the algorithm to Problem (4.2). Then Algorithm CG adapted

to Problem (4. 1) can be written briefly as

(4. 3) Algorithm CGLS Conjugate Gradient Alporithm for the Least Squares

(4.4)

(4.5)

(4.6}

(4.7)

(4.8)

(4.9)

(4,10)

Problem Ax =b

9 =20, 79, = ATy, w1, = 4Ty

If T{( 0)=-0 terminate,

Do for i:=1,2,..., until Ei=0
wiih = ATagl)
By = IRU 12 @l Tl
2, o 5070, gl
R, L B0 iy
5: =[R2 R

v(i«i-l): - H(i) + -‘?(i)"gj_

One may wish to have the residual vector of the least squares problem (4. 1)

(4.11)

Fi) - poaxli)

available at each iteration, possibly for use in a supplementary termination test.

This may be accomplished by the following revision of the algorithm [ Faddeev and

Faddeeva (1963, p. 403].

20

JPI. Technical Memorandum 33-627




- L R e . -
BT . M- WP S T S

{(4.12) Algorithm [Alternate Form of CGLS]

'x"(o):ﬂ(). ?(0):Eb, 7o), - ATy, 1, = ATy,
1f 5920 terminate.
Do for i:=1,2,..., until k

SUNRPW

(1) 2q

Byr = IR0ty

i), < D) L glidg
R, = A Tsli)
By = IR/ R0 D)2

o), gl iy

This latter form of the algorithm requires more storage since one must

maintain the current values of the twom~vectors ﬁ(l) and "Fh}.
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Chapter 5 Solving a Coensistent System Ax=b

Let A be an m x n matrix and let b be an m-vector contained in the column

space (range epace) of A, Consider the problem of finding an n-vector x satisfying

(5.1)

>
Ed

11
c

We will permit either m £ n or m > n. If Rank(A) < n the solution to this
problem is nonunique, In this case there is a unique solution véctor % lying in the
row space of A. This vector R is the unigue minimal length solution vector for
Problem (5.1}, The algorithm to be described constructs this solution vector L.

Since we seck a solution vector % in the row space of A the solution vector 2

will be representable in the form

x>
]
>

(5.2)

for some (not necessarily unique) m-vector )’r\ Making the change of variables

T

x = A~y in Problem (5. 1) we obtain the problem

(5.3) ATy

This is a consistent problem with a symmetric nonnegative definite matrix
AAT. Thus the conjugate gradient algorithm CG (3.16) can be applied to solve
Problem (5. 3).

The resulting algorithm for solving a consistent system Ax=b may be written

as follows where tte notation of Algorithm CG (3. 16) is changed by writing p, B,

W, ¥, 4, y, and aAT i place of p, B, w, 1, v, %, and A respectively, Furthermore,
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motivated by Equation (5. 2) we introduce the sequence of approximate solution

vectors

(5.5) Algorithm
7% =0, =% =0, 7 = p, gt =
1 ’1"'{0) = ( terminata,

Do for i=1,2, ..., until B9 =0

\_V'(i): = AAT‘ZIG‘)

B, = IFti- 12 51 Tl

—f(i) - ;('1-1) Jra(i)gi g

i), o gli-1) +ATE(1)Si

Fi, - —f(i*l)_w(i)_ﬁ_
1

A= )2t Dy

g, < gl glilg,

Eliminating the intermediate vectors »_v(i) and '?'(1) we obtain the algorithm in
the form given by Craig (1955), p. 72, except that Craig used the opposite choice

of the sign of the residual vector.

i
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(5.6) Algorithm [Craig (1955)1
70 =0, 70 2y, gt 2y
It F(O) = 0 terminate,
Do for =1, 2, ..., until T = 0
B, = [ AT
=), = gzl ATl

1

i) - b-A‘f(i-)[E Fi-1) | AATq(i)ﬁi]

5, = [t D2

i1, = i), glily

As is noted in Faddeev and Faddeeva (1963, pp. 403-405) this algorithm can

be further simplified by introducing the substitution
;(1) = ATE(I)
Note that the vectors {Tr'(”, .o ,V(k)} are mutually orthogonal since the vectors

{E(l)' L :?l(k)} are mutually (AAT)-conjugate.

We call the resulting algorithm CGC. !

(5.7) Algorithm CGC Conjugate Gradient Algorithm for the Consistent System Ax=b

H

0, 20, #O), Ly, 1), o 4Ty

If 1_'(0) = 0 terminate -

Do fori:=l, 2, ..., until r'¥) = 0
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By = IF D2 /sty
=i, -5l gl
i), o Hi-1) AV(i)‘ﬁi

by = “?(i)”z/”?(i-l)“z

D, = A Tl) iy
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PART 1II
OTHER ALGORITHMS

Chapter 6  Solving a Least Squares Problem, Ax b

Let A be an m x n matrix and let b he an m-vector. We wish to find an n-vector

X which minimizes Nb-'Ax“. We denote this least squares problem by the notation

(6.1) Ax=h

Generally one would have m 2 n and Rank(A) = n in such a problem. We will
not make these assumptions however as they are not necessary to the mathematical
development of the algorithm to be described.

If Rank (A) < n the solution to Problem ( 6.1) is not unique. In this case
however the problem has a unique solution vector of least euclidean length., It
can easily be verified that this unique minimal length solution vector lies in
the row space of A and in fact is the only solution vector for Problem { 6.1 ) lying
in the row space of A. The algorithm to be described constructs the solution
vector in the row space of A and thus finds the minimal length solution vector if s
Rank (A) <n.

Let % be the unigque minimal length solution vector for Problem ( 6.1 ).

Define the residual vector

(6.2) £ =p-ak
and
A
(6. 3) b= AR = b-f
Thus b can be written as
A Y
(6. 4) b=b+7 b
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~
where b lies in the column space of A and T is orthogonal to the column space of A,
The vector D is the orthogonal projection of b into the column space of A and will be

referred to as the projected right-side vector.

Suppose there exists an integer k (1 sk £ min{m, nl) and matrices

(6.5) U= fulh a9
(6.6) Ve = DR
(6.7) Ry o1 = az."sk (all @; > 0 and 8, > 0)
o
¢ k]

and a k-vector, ’I:\;, such that

N
(6. 8) UTU =1

T, _
(6.9} ViV =TI
(6. 10) " AV = UR
(6.11) ATy = yrT
and
(6.12) *X=vp
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Since R is nonsingular Equations (6.9 ) and (6.11) imply that the column vectors
of V form an orthonormmal basis for a subspace, V: of the row space of A, Similarly
Equations (6.8 ) and (6.10) imply that the column vectors of U form an orthonormal
basis for a subspace U of the column space (range space) of A, Equation { 6,12
shows that the subspace Y contains the solution vector ®. From Equations (6.3 ),
(6.10), and (6.12) it follows that the subspace Y contains the projected right-side
vector '1;

Assuming the availability of the matrices U, V, and R, Problem (6.1 ) can be

approached as follows: Introduce the change of variables

{(6.13) x = Vp

in Problem (6.1 ) and use Equation (6. 10) obtaining the equivalent least squares

problem
(6.14) URp=bh
Let Um. % (m-k) be a matrix which when adjoined to U forms an m x m orthogonal
matrix:
1T U517 =
(6.15) u:U] (u:ul=1_

Left multiply Equation (6. 14} by [U:E]T obtaining the equivalent least squares

problem.

[R_' p |k
(6. 16) _]pa-_g °
0 g 'm-k

it
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where

o2

I

(6.17) [u:T)In =

5=
0
o |
I
H

The least squares solution vector 'ﬁ for Problem (6., 16) may be obtained as the
solution of the upper bidiagonal nonsingular system of equations

At

(6.18) Rp =g

Obtaining ’15 from Equation (6. 18) the solution vector £ can then be computed from
Equation (6, 13}.

In analogy with the conjugate gradient algorithm we wish to cast this procedure
into a sequential form so that a succession of approximate solution vectors x(i)

and associated residual vectors

(6.19) 1) 2 o agtd)

(i) and v(l) are computed. This

can be computed as the successive vectors u
obviates the need to store old u(i) and v(i) vectors.

Equation (6. 18) is not directly suitable for such a (forward) sequential
procedure since the last (lower right) element of R must be determined before
any components of p can be computed. However using Equations (6.13) and

(6.18) we can write

(6. 20) x=vVp=VR Rp= (VR g = W}
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where the n x k matrix

(6.21) w=[wil, L W]

! satisfies the linear matvix equation

| (6.22) RTwT = yT
a
|
I or
— -
o 0 — iAo - ~1
I (1T (T
a (6.23) Bz @ L =
. ¢
. N W(k)T—J V(k)T
0 ' OB Yy - - -
uaruss -—J

From this matrix equation one obtains the following expressions for sequential
computatici of the vectors w(l).

(6. 24) wilh = g,

{6.25) w(i) = (V(i)-BiW(i-l))/G‘i i=2,...,k

Let g, denote the ith component of ihe m-vector g. Then g; for i =k, is also

~ b
the \a component of the k-vector g of Equation (6,18). Define the m-vectors i
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B "[gl" s By 0,...,01 i=0, ..., m
m-i
and the k-vectors
E(l):[glr'-*igin 0,...,0:],T i=0, . ok
k-i

Motivated by Equation (6.20) define a sequence of approximate solution

vectors x(z) by

(6.26) x(o’ =0
(6.27) = wpld) - Wiy
=1
(i-1) + w(") i=1, ' K

The associated residual vectors, r(l), are defined as

(6. 28a) 0 -

and

(6. 28b) AD 2 poaxtd)
= b'AVR-IE(i)
= b-URR IE(i) [ Using Equation (6.10)]
= b-ugtt
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i .
= b.- .E u(J)gi
j=1

= 1.(1—1)-u(i}gi i=1,...,k

We next consider forrmulas for computing E and MATr(i)“, i=1,...,k, which

(1) (1)

depend upon a particular choice of v The choice of v is somewhat arbitrary
as long as it is chosen to lie in the row space of A, We follow Paige (1972) in

defining §, and v“) by

T

(6.29) g = aTh
where 8, = ”ATbil so that I!v(l)]} =1,

From Equation (6.17) we have
(6. 30) T=UTp

Left multiplying this equation by RT and using Equation (6,10} and (6, 29) gives

T T,T

RTuTp = vTaTy

(6.31) R*g

yTuf) =g D)

=8

1 1

where e(l) denotes the first column of the k x k idertity matrix.

Writing the equation RTE = Blel in terms of its components gives
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_ 0 L
gl 0
By @, . .
(6. 32) ' ' - o= :
’ *
. 0
0 € Bk ak gk_ - -

from which the components g; can be computed as

t

(6.34) gif—“'(ﬁ./a‘.)gi_l i. 21!"lk

Note that it would also be possible to compute the quantities g, sequentizlly as
i = u(i)Tb (see E4quation (6. 30)} but Paige (1972} reports that Equations (6. 33)-(6. 34)
were found to give better numerical accuracy in test cases,

In a least squares problem one does not generally expect the final residual
vector, % = b-AR, to be zero. The residual vector at the solution is characterized
however hy the property that it is orthogonal to all of the column vectors of A.

Thus the vector h= AT(b*Ax) is zero if and only if x is a solution vector for the least -

squares problem Ax =b, It is also true that h is the negative gradient vector with

respect to x of the function -é-”b-Ax“z. Define
(6. 35) R = AT = AT Al
= ATm-ugtih .
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It

v(e! Ve -rTEH

o lit])
=-Ven B

= —ylitllg i=1, ..., k-1

i+18§

while for i=0 and i=k we have Ifl(o)-a‘%:rbf‘-v(I)Bl and h(k)=0. It is of intevest to note

that the vectors hto), vy h(k-l) are mutually orthegonal,

The quantities ‘Yi=Mh(1)“ which may be useful in monitoring the progress of the

i algorithm are thus expressible as

i
1 (6. 36) Yo = By

(6.37) vi= (Bl =l kel
i
f (6. 38) Yy ® 0

4 In practice k is generally not known in advance and will in fact be defined as the

first value of i for which Bi-l-l = 0,

We turn now to the determination of the quantities u(l) and oy for i=l,..,,k and

v(") and Bi for i=2,...,k. From Equation (6. 10) we obtain the equations

(6.39) ulle) = avtl)

L ol e emat g

(6.40) u(i)ai = Av(i)-u(i-l)ﬂi i=2,...,k

and from Equation {6.11) the equations

(6.41) v(i)ﬁi = ATu(i_I)-v(ih”ai_l i=2,...,k

f.‘ (6. 42) 0= 0,

If By and v(l) are defined by Equation (6. 29) and the scalar quantities Bi and o

i Pramr e U L SR Vo

are determined so that the vectors v(i) and u(l) regpectively have unit euclidean

length (as is required by Equations ( 6.8 ) and ( 6. 9 )) then Equations (6.39)-(6.41)
34 JPL Technical Memorandum 33-627



determine all of the remaining vectors v

(i), i=2,...,k, and u(l), i=1,...,k,

Collecting these various formulas together leads to the following algorithm,

{(6.43) Algorithm ITLS for iterative solution of the least squares problem

Ax = Db,

Step No.,

10

11

12

13
14
15
16

17
18

[ Due to C. C. Paige(1972) pp. 21-22, ]

Description
x(o):=
g0:=-1

fi=l

i) AT if =1
v AT DMy s
p,:=[[¥H]

Yi-1:=185 85|
Theoretical termination test: If Bi=0 go to Step 17,
Practical termination test: If either B, or vy, _, is

sufficiently small go to Step 17.

v(i):=?.:(i)/6.
i

oy AVt af =
WOEEL M) -1y, ...
AviTi-y Bi ifi>1
ay=|EH '
u(i):ﬁt:(i)/cvi
Q. v(”/tvl if i=1
W R ) - 1)
(vi-wt s e i 1> ]
AR G AT A
)i, (i)
ir=i+l
Go to Step 4
k:=i-1
Stop
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It must be verified that the vectors v(l) and u(l) produced by this algorithm
have the orthogonality properties specified by Equations { 6.8 ) and (6.9 ) and
that all of the numbers a; defined by this algorithm are positive,

Assume that ¢~1 iterations of Algorithm (6.43) have been executed producing

positive numbers B(l) and cv(l), i=l,..., £~1, aset of mutually orthegonal unit
n-vectors {v(l), ey v(z-l)}, and a set of mutually orthogonal unit m-vectors
{u(l), vy u('e-l)}. It is ohvious from Steps 4 and 8 that all of the vectors v(i)

lie in the row space of A and from Steps 9 and 11 that all of the vectors u(i) lie in
the column space (range space) of A,

Consider the quantities computed during the Eth iteration.

If 51,' computed at Step 5 is zerc then tae {(theoretical) algorithm trrminates,
setting k=£-1. In this case we have Bk+1=0 and 'Yk-—-O which means (see Equation

(k)

(6. 35)) that the most recently computed approximate solution x*7' was in fact the

unique minimum length solution § for the least squares problem, Ax = b,

, computed at Step 5 is not zero, i.e., B, > 0, then we must verify that

If 8
A .
the vector v 2) previously computed at Step 4 is orthogonal to v(l), i=1,...,4-1.

Using the formula of Step 4 with i > 1 the inner products to be investigated are

(6.44) ADT8) o ()T, T (£-1}_ (DT (£-1),

- AT T D)

[ullg puli g {81 T (1)

N u(i)'ru(z-l)ai,ru(i-l)'ru(z-l)ai_v(i)'rv(z-l)%_l

For i < £-1 each of the three right side terms in Equation (6. 44) is zero
because of the assumed mutual orthogonality of {u(l), ar ey u(frl)] and the assumed
mutual orthogonality of vil), ., Vu’“l)} ,
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For i=£-1 Equation (6.44) becomes

(2-1)T¥(£) _ - -
v v ”“'f—l+0 o,.; =0

(4) (3)

which completes the verification that
()T (4-1),

is orthogonal to v'*7, i=2,..., 4-1. The

verification that v 0 is equally straightforward.

Similarly it can be shown that Eu’) computed at Step 9 satisfies u(l)TG( 9 . 0

for i=1,...,£~1. We further assert that E('e) is not zero and thus that o, >0,

Assume the contrary. Then

(6.45) 0 =084 Avu')-u”"“%

Avu')- [Av('e-l)-u('e-z)ﬂﬂ,_l]ledﬂ_l

£ .
= e = 3 CiAV(l)
i=1
£
=A X c.v(l)
. i
i=1
where the coefficients Cg i=1,..., 4 are nonzero, Since the vectors v(l),
i=l, ..., 4 constitute an orthonormal basis for a subspace of the row space of
L .
A the vector z = I c.v(l). must be a nonzero vector lying in the row space of A,
i=1

Such a vector must satisfy Az#0 contradicting Equation {6, 45). We conclude
that K('e)#ﬂ and o, > 0.

This completes the verification of the theoretical algorithm (6.43), In practice
there remains the problem of fully specifying a satisfactory termination test

at Step 7.
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Some estimate, say €5 of the norm of the round~off error vector associated

~i)

with the computed vector v'°° could be computed, Then the number Bi cauld be
regarded as being sufficiently small for termination if Bi S €5

Since v, ) represents an evaluation of AT(b-Ax(i-l)) one might define

(6.46) w = [lalipl + fal- fx)

and terminate the algorithm when i ® 'ﬂwi_l where T denotes the relative
machine precision. (Define T to be the smallest number such that the cemputed
value of 1+1 is distinguishable from 1.)

More complex algorithmic logic might be heeded. Thus if R, S e but
Y;.1>> T}wi_l then rather than accepting x(i-l) as the solution it might be useful

to restart the algorithm, attacking the modified problem

(6. 47) Adx = b-Axii™1)

to obtain a correction vector dx to be added to x‘lnl).
We intend to study the problem of termination tests for this algorithm and

treat the subject in a subsequent report.
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Chapter 7 Tae Theoretical Equivalence of Algerithms CGLS and ITLS

=(i)

We will show that the sequence of approximate solution vectors x'’ generated

by Algorithm CGLS (4. 3) is identical (theoretically) with the sequence of approximate
solution vectors ) generated by Algorithm ITLS (6. 43),

It will be convenient to state the relationships represented by Algorithm
CGLS in matrix form. In terms of the quantities defined in Algorithm CGLS define

the matrices

(7. 1) v=rwd L,

(7.2) 7=[R,.. 5

(7. 3) T = Diag{lav ], ..., |a¥F;
= Diag{d,...,d,}

and

(7.4) F = Diag {[&, ..., B3
= Diag{fy ..., £, ;]

Thes from the orthogonality of the vectors K(l) we have

- {7.5) H'H=F

=(i)

and from the (ATA)-conjuga.cy of the vectors v'"’ we have

(7. 6) VIaATAT = p?

JPL Technical Memorandum 33-627 39

I



u

R R S T T e i

L
P st

Following Houscholder ({1964) pp. 2 and 139-141) define

0 0
(7.7) y= (% 0,
’ »
0 ‘1 0

Then Equations (4. 8) and (4. 10) can be written respectively as

(7. 8) H(i-J) = ATaAVF?D?
and
(7.9) v -1 N Fl =T

In terms of these quantities we now define quantities, distinguished by a

caret, which will be shown to satisfy the relationships of Algorithm ITLS.

A — -1
(7.10) V = HF
~ = -]
(7.11) U = AVD
(7.12) R = pF 1-1T)r
Fa -
(7.13) w=vp}
A
Note that R is upper bidiagonal,
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Using the definitions (7.10) - (7.12) and the Equations (7.5) - (7.9) it can be

directly verified that the equations

(7.14) PI¢ =1
A A
(7. 15) oTG =1
A A
(7.16) AV = OR
and
N P
(7.17) ATG = VRT

are satisfied,
~

From Eouation (7.10) the first column vector of the matrix V is equal to

T{(O)/“-ﬁ'w)!l or equivalently ATb/MATb”. This condition along with Equations
. A A A . .

(7.16) - (7.17) assure that the matrices U, V, and R are identical with the
matrices U, V, and R which would be generated by Algorithm ITLS in solving the
least squares problem Ax = b,

Furthermore by use of Equation {7.9) it can be directly verified that the

matrix 6} of Equation (7. 13) satisfies
N
(7.18) WR=9

In accordance with Equation {6. 30) define

m>
i
c
(=

(7.19)
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Let Q(i) denote the ith column vector of \?’ and let Qi denote the i component

of . We wish to show that the correction '\7(1);1 which is added to the approximate
solution vector at Equation (4.7) of Algorithm CGLS is identical with the correction
vector Qr(i)gi which is added to the approximate solution vector at Step 14 of
Algorithm ITLS., Thus we wish to show that

(7.20) A =82 a1,k

From Equation {7.13) we have \?r(i) = V(i)/di and from Equations (4.6). (7.3), and

(7.4) we have Bi = fiz_lldiz. Thus Equation (7,20) may be established by proving

that
(7. 30) 2 =48 =l k
' i-1 " 983 ress
Introduce the k-vectore=[1,...,1 }T so that Equation (7. 30) can be written as
2 ~
(7.31) F% = D
- nhT . .
= DU b [ Using Equation {7.19)]
=VIaTy [Using Equation (7.11)]
= IR [ Using Equation (4.4) ]

Left multiply Equation (7. 8} by VT and use Equation {7, 6) obtaining

(7.32) " YTHI-5) = F2
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Substitute this expression for F2 into Equation (7.31) obtaining

(7.33) VIH(1-1)e = VIR?

as the equation to be verified. This equation is clearly true since
(1-T)e = [1,0,...,017L.
This completes the verification that the algorithms CGLS and ITLS produce
the same sequence of approximate solutions., It follows that the vector "ﬁ{i)
= AT b-a%117 of Equation (4. 8) is identical with the vector h!! = AT[b-Ax{1)]

of Equation (6.35}.
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Chapter 8 Solving a Consistent Systern Ax=b

Let A be an m x n matrix and let b be an m-vector contained in the column
space (range space) of A, Consider the problem of finding an n-vector x

satisfying

i
o

(8.1) Ax

The most common case of a consistent systemn of linear equations would be
the case in which the matrix A is square and nonsingular. Also of practical
interest is the case of a full rank underdetermined problem, i.e., m < n and
Rank (A) = m., The algorithm to be described permits either m € n or m > n and
does not require any restriction on the rank of A,

If Rank(A) < n the solution to Problem (8.1 } is nonunique. In this case there
is a unique solution vector % of minimum euclidean length. This minimum length
solution vector is characterized by being the only solution vector for Problem (8.1 )
lying in the row space of A. The algorithm to be described constructs this
solution vector, X.

Assume there exists an integer k (1 £ k < min {m,n]) and matrices

(8. 2) U, = ulth

(8.3) P MU U
o,
Bz o

(8.4) ka.k= . . (all cvi>0and Bi> 0)
_0 . Bk ak_d
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and a k-vector, 35, such that

T
(8.5) UTU =1

Ty o
(8.6) ViV =L
(8.7) AV = UL
(8.8) ATy =vLT
and
(8.9) R=vf

Since L is nonsingular Equatipns (8.6 ) and (8.8 ) imply that the column
vectors of V form an orthonormal basis for a subspace } of the row-space of A.
Similarly Equations (8.5 ) and (8.7 ) imply that the column vectors of U form an
orthonormal basis for a subspace U of the column space (range space) of A.
Equation (8.9 ) shows that the subspace Y contains the solution vector 2. From
Equations (8.1 ), (8.7 ), and (8.9 ) it follows that the subsPace—ucontains the
right-side vector b.

Assuming the availability of the matrices U, V, aud L, Problem (8,1 ) can be
approached as follows:

Introduce the change of variables
(8. 10) x = VP

in Problem {8.1 ) and use Equation {8.7 ) obtaining the equivalent problem
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(8.11) ULp=b

Left multiplying this equation by UT and using Equation (8.5 ) gives the k x k

nonsingular lower bidiagonal system
(8.12 Lp=g
where g is the k-vector defined by
(8.13) g=UTh

A computational algorithm can thus be based on the computation of g using
Equation (8.13), solving for P in Equation (8.12), un} finally computing % using
Equation {8.9 ). These steps are all directly amendable to being organized in
a sequential form which uses the vectors u(i) and v(i) as they are produced.
Assuming tie nontrivial case of b # 0 we follow Paige (1972) indefining

u“) by the equations

(8.14) B, = [l
(8. 15) uoflh = b/g,

Thus u“) is in the column space (range space) of A since it was assumed that
this was true of b.

The other vectors ﬁ(i) and v(i) and the elements @y and ‘Bi of the matrix L are
sequentially determined by the unit length requirements of Equations (8,5 )

and (8.6 ) and the following eguations which follow directly from Equations

(8.7 )and (8.8 )
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(8, 16) e P CT T

(8.17) 0 = avt)-ulklg
(8.18) V‘(l)dl =ATu“)
(8.19) iy, = AT li g =2, ...,k

Comparing Equations (8.16) and (8.17) we note that the integer k is generally
not known a priori but is determined as the first value of i for which Av(i)-u(i)aiz-o.

With ulV chosen in the column space of A it follows from Equations (8, 1¢),
(8. 18), and (8.19) that all u®) will be in the column space of A and all vl @il be
in the row space of A. It will subsequently be verified that vectors u(i) and v(i)
produced in this way necessarily satisfy the orthogonality conditions of Equations
(8.5 )and (8.6 ).

With u(” defined by Equation ( 8. 15) the vector g defined by Equation (8. 13)

is representable as
=g el

where e(l) denotes the first column vector of the k x k identity matrix, Using

this expression for g Equation (8.12) becomes
=g etl)
(8.21) Lp=8,e

which permits the components, Py of the solution vector $ to be expressed as
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(8.21) p) = 8 /a
(8.22) p, = "(B./rxi)pi_l i=2,...,k
Define the sequence of k=vectors

(8-23) p(l)=‘-Epl..--,pi,0....,0]T i':O.-.o;k
k .
-1

Define the sequence of approximate solution vectors

{8.25) x(i) = Vp(i) = :"'.. v(i)pi = ki1 v(i)pi i=l,...,k

Associated residual vectors are defined by

(8. 26) ) o g - ax() i=0, ...,k

and may be expressed as
(8.27) % = p = ulllg,

(8.28) £V < poavp) = boypptd
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l'"a =
l
=p-y |0
0
Bi-l-ipi + row i+l
0
= pegtllg Z li+h)
= boutt By ut S Ry
- ., (i) . -
= =-u Bini i=1l,...,,k-1
(8.29) k) 2o
If we introduce the additional definitions, Py = -1, and Bk-!-l:O the norm
of the residual vector can be expressed as
TS JTh i= _
(8. 30) py = iir =18, my] i=0, ...,k

These considerations may be organized into a computational algorithm as

follows:
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T

(8. 31) Algorithm ITC For Iterative Solution of Consistent Linear Fquations
[ Given by Paige (1972) pp, 21-22]

Step Number Description
1 .x(o):=0
2 Pg:= -1
3 i:=1
~f: b if i=1
4 Nl Py
Av -u @ ifi>» 1l
5 R
6 pi-1:=I8p;
7 Theoretical termination test: If 8,=0 go to Step 14.

Practical termination test; If either ’Bi or p._y is

sufficiently small go to Step 16.

8 ol g,
9 sy, . [ATulM it ge
) ATl Mg o5

10 fth ||:( i) Il

11 v, = V(i)/ai

12 pi:=-(ei/ai’pi-l

13 x(i'):=m:(i-”+v(i)pi
14 ir=i+l

15 Ga to Step 4

16 k:=i-1

17 Stop

It must be verified that all of the vectors u(l) and v(") produced by this
algorithm have the orthogonality properties specified by Equations (8.5 ) and

(8.6 ) and that all of the numbers a; defined by this algorithm are positive.
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Assume these conditions are satisfied for i=l, ..., 4-1. Consider the
quantities computed during the Eth iteration.
If B.é computed at Step 5 is zero the algorithm terminates setting k = £-1,

Thus Bk-f-l:o and pk=0 which {(see Equation (8. 30)) implies that the current

(k)

approximate solution vector x is actually the unique minimal length solution

A
vector x.

~(2)

> 0 and the orthogonality of u (1), N u(f‘-l)

If BL?!O then B relative to u

£

must be verified

(8.32) SDTL) o )T, (£-1) u(i)Tuu-n%_l
= Ev(i)ai+v(1'1)BiJTvu'”-u“)Tu”'”%_1
= v(i)Tv(ﬂ-l)ai_u(i)Tu(z- 1)%~l =2, . g1

Fori < £-1 vach term of this final expression vanishes while for i = £-1 the final
expression reduces to az_l-a£_1=0. The verification that u(l)Tﬁu):O is
similarly straightforward.

Similarly it can be verified that the vector ;( £ defined at Step 9 satisfies
v(i)T’;( 'e')'=0 for i=1,..., 4-1. It remains to be shown that o, defined at Step 10
is positive.

Suppose a!‘=0. Then
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(8. 33) R £ ATu‘z)-vu'”%

it

T (8) ¢, T (£-1)_ (£-2]
ATut-[AT v ’%-1351/%-1

J . . & ;

N N c,ATu(l) = A'I z c‘;.u(l)
. 1 : 1
1:1 i=1

(1) (£)

Here the coefficients c; are all nonzero and the vectorsu' ',...,u constitute

an orthonormal basis for a subspace of the column space (range space) of A,
£ .

Thus the vector z = I ciu(l)
i=1

follows that ATzifO which contradicts Equation (8.2%). We conclude that @, > 0,

is a nonzero vector in the column space of A, It

The practical termination test at Step 7 might be implemented as a comparison
of B, with some computed estimation of the norm of the round-off error vector
associated with the computed vector 3(1) or a comparison of Pis1 with T](llblHMA“' Mx(l

where 7 denotes the relative machine precision.
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Chapter 9  The Theorctical Equivalence of Alporithms CGC and ITC

(9.
(9.
(9.
(9.

(9.

{9.

(9.

(9.

mutually orthogonal it follows that the sets {v(l), cees v(k)] and [u(l), con

Using the notation of Algorithm CGC (5.7) define

1) N R R A e i=1, ...,k
2) w8 o (it 1gti- 1) ppli-1hy i=1,...,k
3) o = IFHIIEE = mp 2 ek
4) 3, = lInll = 719y
5) g, = Pt - Dyt 22

= (Ei_l/'ﬁi_l)”?‘ i=2, ...,k
6) Py = -1
7) p, = (~1)F HE 12 /i

= (-1 ) i=1,...,k
8) 1 - %) =0, ...,k

Since the sets of vectors [Tf(l), . .V(k)} and {?(m, e .'f"(k-l)} are each
,ul®)

defined by Equations (2.1} and (9.2) are each mutually orthonormal. Using
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the equations of Algorithm CGC (5.7) it can be directly verified that the
quantities defined by Equations (9. 1) - (9.8) satisfy the relations of Algorithm
ITC (8.31}. Thus the algorithms CGC and ITC theoretically produce the same
sequence of approximate solution vectors.

Since the difference between the two algorithms only involves different scale
factors it is to be expected that, apart from questions of exponent overflow or
underflow, the two algorithms will exhibit essentially the same numerical
behaviour also.

The theoretical equivalence of these two algorithms was pointed out by

Paige (1972), p. 13.
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Chapter 10 Solving a Consistent System Ax=b where A is Symmetric

Let A be an n x n symmetric matrix and let b be an n-vector contained in

the column space (range space) of A, We wish to find a vector x satisfying
(10.1) Ax =b

In practical problems of this type the matrix A would usually be of rank
n. The algorithm to be described does not require that Rank (A) = n. If
Rank (A) < n the solution of Problem (10. 1) is nonunique. In this case the
algorithm finds the (unique) solution vector % lying in the row space of A, This
is the minimal length solution vector for Problem (10.1).

Assume the existence of matrices V and C and a k-vector ﬁ such
nxk kxk

that
(10.2) V=[v(l),...,v(k)]
[ o, 8, . 0
.'B
_ K
O’ .'a
(10. 4) viv=1
(10.5) : AV = VC
and
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i
<
>

(10.6)

If the matrices V and C are available Problem (10, 1) can be attacked

as follows., Make the change of variables
(10.7) x = Vp
in Equation {10.1), then use Equation (10.5) obtaining
(10, 8) VCp =b

Lieft multiply Equation {10, 8) by VT using Equation (10, 4).

T

{10.9) Cp=V'b =g

Thus Problem (10. 1) could be solved by first computing g = VTb, next
solving Cp = g for P, and finally computing %= VB.

Since C is a symmetric tridiagonal matrix the entire matrix C must be
determined before any components of P can be computed. Thus the equation
Cp = g is not directly suitable for use in an algorithm which discards old
vectors v(i) as new ones are computed.

Let Q be a k x k orthogonal matrix which on post~multiplication times

C produces a k x k lower tridiagonal matrix L.
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(10. 10)

Define

{10.11}

and

{10.12)

Then

(10,13)

and

{10. 14)

Thus Problem {10. 1) can be solved by the following sequence of operations

CQ=L=

by %22

b3y 235 L33 '
e T

0 b lhez A, el

=
]

vVQ

N
i
o

P

Lz=CQQ p=Cp=g

x=Vp= VQQTp =Wz

assuming that b, V, and C are known a priori
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(10. 15) g=V'b

(10.16) L =CQ
(10.17) Solve L% = g for 2
(10.18) W = VQ
(10.19) R=w2

Each individual step of this sequence is amenable to being implemented in a
sequential manner so that in fact V and C need not be known a priori but rather
the column vectors of V and the elements @, and Bi of C can be computed, used,
and discarded sequentially.

This method of solving Problem {(10.1) is due to C. C. Paige and M. A.
Saunders (Personal correspondence, 1972),

We follow M. Saunders in defining B, and v(l) by

{10, 20) By = |Ibll
and
(10,21) W1 < b/f, {assuming ﬁlai 01

From Equation (10.5) we may write the equations
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(10.22) Weg. = avtl) - g,

2
. i+l i i i-1 )
(10, 23) e )BH-I = avil) . V(l)a‘i . V(1 )E'i 22, ... k=1
and
(10, 24) 0= avik) . "(k)"’k _ V(k-l)Rk

The numbers Bi+1 may be computed as normalization factors to assure
that the vectors v(1+l) have unit length as required by Equation (10,4). The

numbers @, can be computed as

(10. 25) o, = AT 2 0)

(i+1)

which is the condition (see Equation (2. 1)) which assures that v computed
by Equation (10.22) or (10,23) will be orthogonal to v(i).

The integer k will generally not be known in advance and may (theoretically)
be determined as the first value of i for which the right side of Equation (10,23)
ig zero, With k so determined it can be verified that the vectors v(l), veny v(k)
produced by use of Equations (10.21) - {10, 23) form an orthonormal basis for
a subspace of the column space of A. This verification makes essential use of
the symmetry of A.

It is pointed out by Paige and Saunders that the computation of the

orthogonal set of vectors v(l), i=l,...,k, using Equations {(10.22)-{10.23) is

a method due to Lanczos (1950 and 1952).
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The orthogonal matrix Q will be (implicitly) constructed as the product

(10, 26)

where

(10.27)

(10.28)

and

(10.29)

ot

i=l, ..., k-1

Each matrix Gi effects a nontrivial transformation on a particular 3 x 2

or 2 x 2 submatrix of the appropriate intermediate matrix which arises in the

process of transforming the symmetric tridiagonal matrix C to the lower

tridiagonal matrix L.. This action may be expressed as follows:

(10. 30)

60
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(10.31)

b
L1}
o

21 8
£ i B+l 4 i 0
(10.32) Benn %G| 9T TheLs o A =1y ey ko2
0 Yis2 Livz,i Hsz, i+l
Lol k-1 Pk be-1, k-1 9
Kk, k-1 oy k, k-1 k, k

As cach additional row of I, is determined by these equations an additional

component z, of the vector 2 satisfying Equation (10,17) can be determined. Note

that
3
(10, 34) g=10
0

due to Equations (10.4), (10,15), and (10,21). Thus the equations for the

components z, are
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(10. 36) 2y = Ly 21/ 8y,

and
(10, 37) 2, = -(Li. i_zzi_z-l-zi' i-lzi-l)/‘e’ii i=3,...,k
Define the vectors
(10. 38) z“)=[z1,...,zi,o,...,01 i=0,1,...,k
k-i

and, motivated by Equation (10.19), define a sequence of approximate solution

vectors
Ao waD im0,1,. 0k
The associated residual vectors are expressible as

(10.39) o = poasdl) - peoawad)

b-avaz't! = b-veazt

b-VLz(i) = V(I)B l-VLz(i)

v[e“’sl-Lz“’} i=0,1,...,k

from which we may write
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(10. 40) 0 sy = oty

Litl,i-1 A4l

(10.41) r(i) - "EV(i+1):V(i+2)] . . .
i+2,1i i

(10.42) h L

Interpretation of Equation {(10.41) for i=1 requires the definitions 12 0=0 and
4

z =0 while for i=k~1 one must define v(kH):

0 0and £y, k-170

The norms of the residual vectors are expressible as

(10.43) oo = XV =8,

1/2

= 1.0 = 2 2
(10.44) oy = el = Tty oo Mg, i) i, 20 ]

for i=1, ..., k-1

(10.45) oy = I = 0

where again we define JEZ, 0=0, zo=0, and zk_“’ k-1=°'
Combining these equations appropriately one can obtain the following

algorithm
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(10.46) Alporithm ICSE Iterative Solution of a Consistent Symmetric System

of Linear Equations [OQriginated by C. C. Paige and

M. A. Saunders, perscnal communication, 19727

Step Description
1 x{%:20
2 By:=lb!
3 1f B,=0 set k:=0 and go to Step 24
4 vizb/p,
5 u(”:=v(1)
6 QUIT:=FALSE
7 ii=1
8 yBizay i)
9 di’-:V(l)TY(l)
~(i+1) Y(l)'o'lv(l) if i=1
10 v : = . . i1
y("-miv("-aiv(1 Vigis1
Lo (it l)
11 Bippi=lV {
i2 Theoretical termination test: If Bi+1=0 set QUIT:=TRUE
Practital termination test: If Bi+1 is sufficiently small
set QUIT:=TRUE
(
1 o
JRE FIS RN IS S5
221 B2
13 {
£, i-1 L, i b i-1 %
= G, ifi>1
Lir1,i-1 B, i 0 Pit1
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Step Desgeription

If i=] go to Step 16
X
1/2
- ‘ . , 2 2
i>2seto, o500l | pm pH 2 )78 %)

15 Practical termination test: If Pi} is sufficiently small
set k:=i-1 and go to Step 24,
- 2 . 1/2
16 £ig0=05 + B)
ﬁl/i’,“ if i=1
17 .1 = —22121/E22 if i=2

-(E.’ (=224

. . 1B,
i, i~-17i-

=414

18 If QUIT=FALSE set v\ T 1. =31+ o
E LDy i+l i i1’ "1

5078 M 4y

e [ci Si]’ and Tl gl 1) 9,2 old) it g
e i b 1G.

i s, . i
i i

19 If QUIT=TRUE set wl;=y{!)

20 ;*c(i):‘-“x(i_”+us.f'(i)zi

21 If QUIT=TRUE set k:=i and go to Step 24

22 ii=i+l

23 Go to Step 8

24 Here the algorithm is finished with the solution vector x(k).
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