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PREFACE
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SUMMARY

High-frequency random vibration environments have become increasingly
significant in the design of aerospace structures. Analytical prediction of
these environments is beyond the current scope of classical modal techniques.
Statistical energy analysis (SEA) methods have been developed that circum-

vent the difficulties of high-frequency modal analysis.

These SEA methods are evaluated by comparing analytical predictions to

test results. Simple test methods are developed for establishing SEA param-
eter values. Techniques are presented, based on the comparison of the
predictions with test values, for estimating SEA accuracy as a function of

frequency for a general structure.

Analytical studies are performed on simple systems to gain insight into the
application of SEA, required parameter accuracies, and high-frequency
random vibration in general. In addition, the SEA equations are developed
in a form that is easily adaptable to a majority of the existing matrix

abstraction computer programs.

SYMBOLS
A area
a acceleration
[B] dummy matrix formed in creating [C]
C/Cc fraction of critical damping
[C] coupling matrix
Cj, Kk elements of [C]
CL or C'L longitudinal wave velocities
c speed of sound in air



< wn g B

<

cylindrical correction factor for modal densities
dissipation of damping; bending stiffness

elements of damping matrix [D]

total energy of an element

total energy of a single mode of an element
frequency

gravitational acceleration

thickness

intermediate matrix for developing [C]
length

mass matrix

mass

number of modes

modal density

modal density of a plate
modal density of a curved plate

pressure

power input
volume; velocity
velocity

incremental value

damping loss factor (= Sk
( ¢
coupling loss factor \=
average value
Poisson's ratio
3,14159

surface mass density

density of air
material density

radiation efficiency, standard deviation
average mode-to-mode coupling between
Elements a and b

circumferential coupling




equivalent coupling

eq
¢, base set of values for 4’0, established by test
% field-joint coupling (base for selection of
relative coupling values)
i, i ©mny Ny
. . . N. N.
i, ] i,j 17
w angular frequency, normally center frequency
of a frequency band
SUBSCRIPTS
a, b, i, j dummy subscripts
ac indicates quantity is for acoustic media
NOTATION
Element a set of modes modeled as one unit of a system,
all modes in a frequency band having identical
energy (on the average)

"System the total structure and associated energy
sources under consideration (may be only a
portion of an actual structure)

< > indicates averaging over both time and space

ei'] energy of the ith element in a system having a
total of j elements
qJe equivalent coupling of a combined system
(see p. 34)
a
\Pl 3 equivalent coupling between Elements 1 and 3

of System a

NOTE ON UNITS

Dimensions presented in this report were measured in inches with

conversion to meters performed in accordance with NASA SP-7012,




The International System of Units, Physical Constants and Conver-
sion Factors, revised 1969, No conversion of station numbers for
the UpSTAGE acoustic test specimen is accomplished in order to
avoid any confusion with previously published information. The
mathematical constants in Table 6 of the text were utilized directly
for computational results presented in this report and have dimenions
of inches to the appropriate power. Panel test specimens are

referred to by their thickness in customary units of inches.




INTRODUCTION

The increasing performance of aerospace vehicles has resulted in external
acoustic fields and aerodynamic boundary layers that cause increasingly
significant high-frequency random vibration environments. In general, these
environments have been predicted using empirical scaling techniques; how-
ever, the advent of reusable space vehicles featuring new configurations with
unique forcing fields requires extending these techniques beyond the configu-
rations from which they were developed. These factors, together with a
desire for optimal vehicle designs, have made the analytical prediction of
high-frequency random vibration response in structures an important aspect

of the design and development of such vehicles.

The classical fnodal analysis techniques for predicting dynamic response
work well in the frequency range of the lower structural resonances. How-
ever, when these techniques are extended into the higher frequency range,
the complexity and size of the model and the required solution time increase
rapidly. Consequently, classical solutions in the high frequency range are

well beyond the current state of the art for computer hardware.

Statistical energy analysis (SEA) techniques that can successfully circumvent
the problems of classical determination of high frequency response were
developed a decade ago. Although fundamentals were established, minimal
effort was made to apply such methods to the complex structural systems
that are typical of flight hardware., Reference 1 contains an excellent bibli-

ography of the development of SEA,

The first SEA application to a complex vehicular structure was performed
for the UpSTAGE program (see Reference 2). The SEA effort on UpSTAGE

was directed to the scaling of data from an acoustic test specimen into design



and component vibration test criteria for a flight design. Because of the
specific interest in using SEA as a scaling technique, the approach was not
evaluated in depth as a predictive technique. However, a considerable
amount of vibration response test data was obtained with controlled acoustic
inputs, which could provide a basis for a more comprehensive evaluation of

SEA in application to a complex system,

This report documents the results of such a study using experimental data
from UpSTAGE tests to evaluate the use of SEA with general structural sys-
tems., The study includes a mathematical examination of simple systems to
identify phenomena that apply to more complex systems, an evaluation of
simple approximations to complex systems, a test program to examine the
effects of SEA parameters and to evaluate methods of measuring these par-
ameters, and the formulation of an equation format that is amenable to com-
puterized solution. Some additional information has been added to make this
report a self-contained document on SEA, The results of this study and con-

tent of the report are briefly summarized below.

The report shows the development of the basic SEA equations used in this
study. These expressions are then expanded to cover complex structures
and put into a form readily compatible with available matrix abstraction
programs, An analytical study of elementary systems is performed yielding
some useful information concerning SEA and high frequency response in
general. The major portion of the report is devoted to the evaluation of SEA
in application to a complex structure. This application incorporates a test
program that successfully provided damping and coupling parameter values
through the use of very simple test methods. A technique for introducing
acoustic energy into the SEA model is derived which gives good results with
reverberant acoustic fields but requires further development before valid
application to nonreverberant fields is indicated. This statistical structural
analysis, in conjunction with the simple test methods, resulted in high-
frequency vibration response predictions with an accuracy of #3 dB in com-
parison with test measurements. Frequency scaling methods are presented
that may be used to evaluate the frequency range in which this accuracy can

be expected for general structures. The complex structure considered in




this report is an elliptical cone excited with a range of acoustic configurations.
In many respects, this represents a more complex analysis problem than that
for typical vehicles. Considering the complexity of the structure examined in
this study, together with the various types of acoustic input configurations,

one can expect the results to be valid for a wide range of structural problems.
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DEVELOPMENT OF STATISTICAL ENERGY ANALYSIS (SEA)
EQUATIONS AND SOLUTION FORMAT

Statistical energy methods have been developed to consider the distribution
and transfer of energy among the modes of a vibrating system. These
methods assume that the modes of a system being analyzed contain all the
vibratory energy of that system., Therefore, for SEA to have valid applica-
tion, all significant energy of a system must be '"resonant'’ as opposed to
""nonresonant, ' A parameter for evaluating this condition is examined in

Reference 3,

The SEA methods separate the frequency range of interest into frequency
bands, which are analyzed independently, The methods assume that the
energy in the modes of one frequency band is not transmitted (through coup-
ling) to modes in other frequency bands either within an element ;>r among

the elements of a system.

These energy analysis techniques are denoted ''statistical'' because they
involve averaging structural response over portions of the structure. This
averaging is performed over time, space, and in frequency bands. The time
averaging results in the use of root-mean-squared representation for quanti-
ties such as acceleration, which vary with time, The space averaging
assumes that the energy of a system element is evenly distributed throughout
the element. The frequency band averaging consists of the assumption that
the energy of an element in one frequency band is evenly distributed among

the element modes occurring at frequencies within the band.

An important factor in validating the space and frequency averaging is the
number of modes included in each frequency band. With many modes excited

in one frequency band of an element, the vibratory energy may be expected to



be well distributed throughout the element and among the various modes, and
averaging will furnish a valid approximation to actual values, When fre-
quency bands that are a constant percentage of the center frequency, such as
third-octave bands, are utilized for analysis, the bands will contain pro-
gressively greater numbers of modes as the center frequency increases.
Therefore, a closer approximation to the true response is obtained as fre-
quency increases. The use of very wide frequency bands should permit SEA
to have valid application at lower frequencies. However, problems with fre-
quency resolution require a compromise., One-third-octave bandwidths

were chosen for the analysis of a complex system that appears later in this

The assumptions, then, upon which statistical energy analysis is based are:

A. The modes of the elements of a system contain all the vibratory

energy of the system.
B. Only modes occurring within the same frequency band are coupled.

C. The energy in one frequency band of a system element is equally
distributed among the modes of that element occurring in the fre-

quency band.

D. For two coupled elements, all of the modes occurring in one of the
elements in one frequency band are equally coupled to each mode

occurring in the same frequency band in the other element.

Derivation of Basic Equations*

The basic SEA equations for a simple, two-element system are developed
below in order to indicate the application of the SEA methods and to introduce
the nomenclature that will be used throughout this report. Following this
basic development, the basic SEA formulation will be expanded to a form

suitable for the representation of a system of any size,

*The development of basic equations follows that of Reference 2.
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The following schematic represents the two-element system.

Sa Sb
[
,b
a 2 P b
Da Db

In this schematic of the two elements, a and b, the following nomenclature

is used:
Sa — power introduced into Element a from an external source.
Da — power dissipated within Element a.
Pa, b net power transmitted from Element a to Element b (= 'Pb, a)'
Na — number of modes in Element a,

These values and the following derivation are for only a single frequency
band,

A power flow equation for all energy passing into Element a may be

expressed as

D + P =S
a

Each of these terms will be examined by considering a single mode of Ele-

ment a. The energy in that mode is e
The energy dissipated by damping during one radian of vibration by the single

mode is defined in terms of the element loss factor as a8, Multiplying by

the angular center frequency of the subject frequency band, the energy

n



dissipated per unit time (power loss) is therefore wn_ e, which corresponds

to the contribution of a single mode to Da'

The net power transmitted by the single mode is the difference between the
power being transmitted by the mode and the power received by it. The Element
a mode is transmitting equally (on the average) to each Element b mode in
this frequency band. The power transmitted to each one of these b modes is
¢a, b €ar which is the defining relation for the SEA coupling factor. Since
there are N modes to which the a mode is transmitting, the total power

given up by the Element a mode to Element b is N ¢a, b €4

The power being received by the single Element a mode from Element b must

be considered. Each b mode is transmitting ¢a power to the a mode.

e
,b b
Since there are Nb modes transmitting to the a mode, the total power

received is Nb ¢a, b b’

energy of the a mode, it must be a negative term.

Because this term represents an increase in the

Summing the two contributions to the net power transmission yields:

Ny, ¢a,b e, - Ny ¢a,b b

The external input to the single a mode may be expressed by dividing the
total input power to Element a equally among all the modes of the a element:
Sa/Na.

Substituting these expressions into the power flow relation for the single a

mode yields:

wn e, + Nb ¢a,b e, - Nb¢

12




Because this expression is for an average mode, the power flow equation for
the entire Element a may be obtained by multiplying the expression by the

total number of modes in Element a, Na’ yielding

wn, Ny et Nbd)a,bNa €a Nad)a,bNb ey = 5,

or, since Ea = Na e,

wnaE t Nbd>a,bEa - NaLd>a,bEb =S

a a
This is the form that will be adopted for the remainder of this report as the
basic SEA power flow equation for an element of a coupled system. It is
important to note that this expression is in terms of the total energies of the
system elements rather than their kinetic energies, as sometimes found in
the literature, It should be noted that a 2 was erroneously placed before the

first term of the equation in the derivation of Reference 2,

The corresponding equation for Element b completes the total system of

equations for the two-element system:

E =S

wny, E a,b¥a ™ p

b T Na¢a,b Eb - Nb¢

If the equations for the two elements are added, the result is
wn_ Ea + wny Eb = Sa + Sb

This is the total power equation for the system, stating that the total energy

input to the system is dissipated within the system. It may sometimes be

convenient in obtaining SEA solutions for a system to replace one of the ele-

ment equations with the total power equation for the system,

13



The basic SEA equation may be expressed in an alternate form, which is
sometimes more convenient., This is accomplished by defining a coupling

loss factor as

Using this expression to substitute for the $N terms yields

wn_ E_ + wn E_wnb,aEb:S

a a a,b a a

or

Ea (na * 1’]a,b) - Ebnb,a e

It can be seen that these coupling loss factors represent an equivalent damp-
ing, which is due to the coupling between elements. This equivalent damping
causes both positive and negative power flow terms to occur. It is important

to note that, unlike ¢a b’ this alternate coupling parameter is not symmetric
?

(na,b 7 1’]b,a)'

Matrix Format for General Systems

The basic SEA equations will now be expanded in a matrix form suitable for
general systems, The matrix form is easily solved using available com-
puterized matrix abstraction programs. The formulation of this solution, as

presented below, again parallels that presented in Reference 1,

Consider the system shown in Figure 1. The j element is only coupled to the

elements having common boundaries (i, j-1, j+1, and k).

The power lost by the jth element is the result of damping (wnj Ej) plus that

lost to adjacent panels. If the coupling across each border is described by

14
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x
+

Figure 1. Block Diagram of a Portion of a General Structural System

¢j m’ then the energy lost across each border is Ej ¢j N The net

,m m'
energy loss to the adjacent panels is E.[¢j’ i Ni + ¢j,j-l Nj-l + ¢j,j+1 Nj+1
+ cbj Kk Nk]‘ The power gained by the j h element will be that received from

some external source (Sj) plus that received from adjacent panels

N[O, By o+ by 50 By * 85 500 Bt 85 B
Equating the power flow expressions for the jth elements leads to

-¢. .N. E. -¢. . N. E. + wn., + . . N, +¢. . N.
5,0 Ny By ey 5 Ny By ( it N Ty Ny

+¢é., . ,N., .+ . N \E . .E.,, -¢., N.E =S,
5541 Nye1 T % k> i 05,5 Ny B - 8y Ny B 7S,

If the power balance equations for all the sections are put into a matrix form,

then the above equation would represent the jth row of that matrix, as shown

in Figure 2. In the power balance equation for the nth element the coefficient

15
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COLUMN
|
l
- 9 3 r
<o r‘51 5; )
|
|
|
~ 911Nt Bt Sje1
|
|
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|
|
[ k E S
L ik Tk k L k J

4\ J
|
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Au ¢MNI ¢1.1-1N1—1 * ¢1.1+1N1+1 * °i.ka

Figure 2. Matrix Form of SEA Equation for a General Structural System

for Ej will be d>j n Nn‘ These terms result in the values in the jth column,
as indicated in Figure 2. It is interesting (and helpful in programming) to
note that the positive value of the sum of the off-diagonal terms in the jth

column plus the damping term is equal to the diagonal term.
The matrix form of the model can be written as
(o] + [c]) (E} = (s}

where D describes the damping and is a diagonal matrix whose elements are

of the form

16




[C] is the coupling matrix where

50 4 Ny forj # K

5 = -Z cjmfor_]#m

m

c are zero for uncoupled elements,

jrk
The E and S matrices are the energy and input power, respectively,
[C]can be formed in the following way, Let ENJ be the diagonal matrix
describing the number of modes in each element in the frequency band of

interest, and [®] be the coupling matrix with elements

¢i j = average mode-to-mode coupling between i and j

This gives
[c]= -[e]n]+ [B]
[B]can be formed by diagonalizing
(1 1---1 1] [2][n]
where the order of the row of ones is that of [8] .

The total energy (twice the time kinetic energy) for each of the elements is

Eizf_{,'—zdm
i

for a conservative (linear) system.,

17



One of the fundamental assumptions is that for uniform structures

E. = m, <V.2>
1 1 1

where m, = mass of the ith element.

It is assumed that the bandwidths chosen for analysis are sufficiently narrow

so that

is a valid expression for the vibrating system.

In matrix notation

{e- 22 [u] {5}

Performing the indicated substitutions and solving for {( az )} yields

() 2] (Dol [e]) {sh

where [E] is formed from [(I>] and [‘ matrices. This basic SEA response
format is suitable for application to general systems. The use of this format
is straightforward, and the expression is easily adapted to solution with any

matrix abstraction program.
In general, the number of modes is the only one of the terms appearing in

the basic format that may be considered well defined for general structures

at the present time., Table 1 (reprinted from Reference 7) presents

18
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Symbol Definitions for Table 1

cross-~-section area

surface area

acoustic wave velocity
longitudinal wave velocity
membrane wave velocity
string wave velocity
torsional wave velocity

plate rigidity

Young's modulus

shear modylus

thickness

centroidal moment of inertia of A
polar moment of inertia of A
torsional constant of A

length

membrane tension force/unit edge length

string tension force
volume

radius of gyration of A

radius of gyration of plate cross section

Poisson's ratio
frequency (radians/time)

material density
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expressions for the modal density, n(w), which are generally valid in the
range of SEA applicability. These expressions are in terms of material
properties and structural dimensions, and only have to be multiplied by
bandwidth to yield the number of modes in a frequency band Aw (N = n(w)Aw).
The values for a cylinder can be improved by using the value of Figure 3
(Reference 10).

A considerable amount of information has been generated on the subject of
damping (see References 8 and 9, for example). However, incorporating
this information into the analysis of a structural system is difficult because
it is uncertain what added damping contributions may be created by structural
joint effects. This study evaluated a simple test technique to provide satis-

factory definition of the SEA damping term,

Definitive information on values for the SEA coupling parameter is almost
completely nonexistent. Most experimental examinations of SEA to date have
utilized only very simple structural specimens with joints that are not typical
of aerospace construction, This study evaluated a simple test method for

determining coupling parameter values for the joints of general structures,

The input term will generally involve a transfer function to couple a fluctu-
ating pressure field to the structural system. This study developed a method
for coupling a reverberant acoustic field to a structure. Use of these
expressions for predicting response from other acoustic fields requires the
definition of an ''equivalent!' reverberant field, or the coupling terms must be
modified. The development of the reverberant coupling terms will indicate an
approach that could be used in defining coupling terms for other pressure
fields,
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ELEMENTARY SYSTEMS

This section presents the results of a theoretical study on elementary
systems (few elements) performed to furnish insight into the characteristics
of SEA parameters, SEA modeling, and high-frequency vibration in general.
Besides aiding in a better understanding of SEA parameters and aspects of

modeling, the theoretical results have practical benefit as well,

An energy-per-mode formulation is used in this section because it results in
a simplification in the nomenclature. The relationship between energy per
mode and some basic response parameters is discussed, as is the use of the

linearity of the systems for estimating response.

The section continues with derivations of the effect of couple length on

coupling factors and of a method of adding coupling factors, The derivation
of the combination of coupling factors did require a fairly stringent assump-
tion concerning damping, A test case is examined to evaluate the effects of

this assumption,
A discussion of the effects of damping and coupling factors is presented: the
first portion concerning vibration control, and the second portion concerning

accuracies required in these parameters,

Energy-per-Mode Expressions

A number of interesting results can be obtained with the basic two-element
model utilized for development of the SEA equations. Rewriting the equations

for the two-element system in terms of E/N yields

B E,
(wn Ny + &) 2N1N2)T\7_1 "¢y, 2NN T Sy
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and

Ey E,
- ey, NN, N, tlomyN, 4, 5, NINy) N, ~ S,
Defining
Vi1 T e
i3 7 %5 NN
E,
e, = =
i TN

Rewriting the equations in terms of these variables yields

(b, 1 T ¥y, 208 - ¥y,2¢ =5

I
wn

S¥ e T T Yy Y,

The form is symmetrical and the nomenclature much less cluttered. Both

factors are advantageous when working with closed-form solutions.

The energy-per-mode (ei) form of the equations is sufficient for observing
relative effects since the energy-per-mode ratio is proportional to the
square of the response ratio

2

©y Mo Ey  MNpmy <Yy
€2 N1 EZ Nl ™2 <V§>

Some additional observations can be made concerning this form. Both m
and N for a given tlement are proportional to either volume, area, or

length depending on whether the element of interest is an acoustic medium,

plate, or beam,respectively.
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If the elements consist of the same medium, the ratio of e's reduces to a
ratio of the mean-squared responses for the systems. The same medium
is the fluid for the acoustic case, and the material thickness and curvature
for a vibrating plate. For the acoustic case where the mediums are not the

same, the expressions reduce to

3<-_2) 3
e PV’ Py <P >
e, 32> 3,2
2 P2 <5 V2 P, €5 {p >

The general expression for a plate reduces to

1 _ T
eZ wzﬁh<v2>
T, 2 1

Not only do the above expressions give a more direct means of relating the
mean-squared response for systems, but they also serve to emphasize the

relationship between acoustic and vibration problems.

General Observations

Of primary interest is the configuration with S2 = 0, similar to an internal

element not being directly excited. This leads to

T Wy Ty ) e = 0

e Wy t¥ Y2, 2 . “n,N, n,
- - = lryooNN, T ota
1, 2NN 2.1

- , -
) Y1, 2 Y1, 2

P representing the equivalent damping in Element 2 as a result of energy
’
loss to Element 1. Note that in a general solution to this system, 7 2 and

T]Z, 1 have reciprocal effects on el/ez.
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A special case of this expression exists when
N2<N21

For this case, the solution yields e, = e,. This indicates that all system

modes within the subject frequency 1ba.ndzha.ve identical energies., Both
elements of the system are responding as a single element, a situation which
will be denoted ''reverberant'' by analogy to an acoustic field with the energy
evenly distributed throughout an enclosed volume. This case results from
systems with very low damping or with very large coupling; for example, a
continuous panel modeled as two elements coupled by an imaginary joint,

An additional case is where 1’]2 >> M The ratio of responses reduces to

1, 2°

1.2
€2

or

€21,

12,1
This often exists when a structure is excited by an acoustic field, and the

acoustic damping is small compared to the structural damping.

The low acoustic damping is an inborn assumption in the acoustically induced
structural response formulations that neglect the interaction between the
acoustic medium and the structure and is a valid assumption for most com-

plex systems excited by airborne acoustic fields, The expression

2 _ structural damping
=1+ - :
e acoustical damping

could be used to evaluate this assumption,
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Although only two-element models have been considered, they can furnish

insight into more complex models. Consider

|
]
1 |

i-2]11i-1 i

The equation for the ith element of this model is

e. $o o
i-1 - 1+ i, 1
i Yioni

identical to the two-element result. This is a result of an element being

able to '"see' only the elements directly coupled to it,

Addition of Responses

SEA describes the response of linear systems. Therefore, the e values
resulting from different excitation sources can be summed to yield the total
response, An application of this principle is evident when considering the
response of the second element of a two-element system when S2 # 0. The

equation for this element is
“Yy e T, ot He, =8,
or

qu,Z SZ

= e, +
2wty L e, T

e

The first expression on the right of the equal sign is the contribution of e

to e, which has already been discussed. The second expression can be

simplified to

S2

N, My +n,4)
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This is the form obtained for the response of a one-element system excited

by SZ’ where n, + P represents the total loss factor of the system.,

The equation for the second element of the three-element system can be put

in the form of

4’1,2 1 . Y2,3 3 s S,
+
2 Y oty sty o Y oty 2t s W2 2Ty 2 T

’

e

or

e = el + e3 + 52
2 1+‘4’2,z+4’2,3 1+‘4’2,2+4‘1,2 Vo2 T ¥y, 2T ¥, 3
by, 2 ¥2,3

The denominator of the first expression on the right of the equal sign

reduces to

N, (n, t1, )
142 2 23

%1, 2

This is identical to the form for the two-element system if the system damp-
ing includes M, 3 In general, the contribution of each céupled system (in
this case 1 and 3) can be obtained using two-element theory if the loss factor
includes losses to all elements except the coupled system being considered.
The response resulting from a direct input can be obtained by combining all

the loss factors. The analytical expression for this is

. e, S,
e, = E ¢i’JeJ +
1 4).] + \P . ¢J:J
j i,1 i, ] i, i
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o

tlJi j # 0 for coupled elements and
i o2 2 .
Vi T 2 ik
k
i i
LF L A SO

This expression can be used to gain insight into the environment and control

of that environment for a given system when the response of the rest of the

system is fairly well defined.

Coupling Factor versus Length

The effect of coupled length for panels, or area for the acoustic case, is

examined below.

Consider the two systems

PLATE 1 PLATE 2 AND PLATE 1 | PLATE 2

The panels and coupling differ only in that the first panel is coupled along
the entire length of common boundary and the second is coupled along

one-third of the length.

Plate 2 is modeled as three equal plates and the coupling between them
is large so that the response (e) of each is identical., The models for the

two systems are

2 2
s 1 3 s 1 3
4 4
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In these systems

and

4'1,2 = ¥, 7 Yy
for the first system and the \lll 3's are the same for both systems.
3

The equations for the first system can be reduced to

(k) + 3% 3)eyp -3¢ ;e3 =S
-3¢ 36 T By 3 F3d 5ye3 =0

by combining the equations for Elements 2, 3, and 4,

If the same procedures are followed for the second system, the following

expressions are obtained

(W) 1 T ¥,30 e -¥,3e3 =5

|
o

- ¥,z B 3Ty 3) ey

The coupling for the first system is three times that for the second system,

or the amount of coupling is proportional to the coupled length.

Combining Coupling and Equivalent Systems

This subsection will derive and evaluate a method of combining the coupling

factors for a series of elements. The vehicle for evaluating this will be the
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use of ""equivalent' systems based on a combination method.

derivation is presented below,

Consider the systems

S —— 1 2 3 MODEL a
§ — 1 2 3 4 MODEL b
where
NT = N‘i’
N3 = NO+N§
NI = N

- 4’3,3e3+(q’2,3+¢;,3)32 =0
If
Vo, 2 < 4‘?,2““3,3
then
e} N ¥ 2t Y55 i_ Y3 3
3 kl‘611,2. e} 4’?,2

3

The



and

a a a
°2 _ V3 3t ¥, 3
a a
e3 ¥2,3
Therefore
a a a a a a
°1 _ Q1,2+¢2,3><4‘3,3+“”2,3) ¥2,3
.a a a a
€3 Y1, 292, 3 V1, 2
a a \,a a a
ﬁ“"l,z Ty 3)4’3,3 T 2 Y3
a a
¥1,2 ¥2, 3
a R
G P
= 14— 3’3a =1+ :”3
¥1,2 ¥2,3 LJ“1,3e
a a
Y1,27 %2, 3
where
T
““1,33 V1,2 ¥2,3

The equations for Sections 2, 3, and 4 in the

b b (b b \ b b b
"91,281+(¢1,2+4‘2,3)ez'4’2,363
b b b \b b b
'4’2,3e2+<¢2,3+4’3,4)e3'4’3,4‘*4
b b b
_\P3’4e3+(¢4,4+¢3’4)e4

b system are

n
o

"
o




Solving for e, in the second and substituting into the first of the above

equations yields

b, b
[ 2,3t L"3,4] °3

b b b b b3,4 €4 b b _
-¥, 2 +(‘4‘1,2”’2,3) T -—% - Y3383 =0
2,3 b
2,3
or
b b b b b b b b
b b, Y1,2%,3tY 234t Y, 3¥s 4 LIJ3,4(““1,2“’2,3) _
¥t €3 - ey =0
, ¥2,3 ¥z, 3
and
b b b b b ,.b b b b [.b b
°y _¥1,2%2,3t 1,2 ¥3,4 TV 3¥3 4 03 lJJ3,4(4’1,2 ”’2,3)
b b b b " 5 b
€4 lJJ1,2 Y2, 3 €4 ¥1,2 ¥2,3
The equation for the fourth subset gives
b
€3 _ Yy, 4t V3 4
ez qJ3,4
Therefore
b b b [.b b
b [¢ Vo L+ (q; + )] b(b b
ey [¥1,2%2,37 V3,4 "1,27 72, 3 b, b Lo P
b I V4,47 ¥3,4 " M
€4 1,2 72,3 73,4 1,2 72,3
b b b b b b b
g, 4 (““1,2 LI’2,3 T2 LIJ3,4 A “]’3,4)Jr kp1,2 4,2,3 li3,4 =14 V4,4
= 5 b = 5
Y1,2 ¥2,3 Y3, 4 4‘1,4e



where

1 1 1 1
= + +

B B 5 5

Y1, 4 V1,2 2,3 Y34

This reasoning can be extended to the system shown below

1 2 3 [
n
R I i b
I |
When
j-1
NZ = N1
i=2
LJ"i,i < ¢i-1,i+»¢i,i+1 fori = 2to j-1
The result is
al * aL1 =501 1 = Lpl
q‘1,2 qJ2,3 Z b €
i,i+1

i=1

The assumption of negligible damping is required to reduce the algebra to a

manageable form. The assumption of small damping does not eliminate

damping from consideration.




Addition of the initial equations for the b system yields

i=2

The e's are approximately the same if the elements are the same, and

¢i,i <« d”i-l,i + '~Pi, i+l The above equation reduces to
j-1
= + T
S =yt 2 Yt Y
i=2
Therefore
j-1
a _ b
Y2,2 E ¥ii
i=2

The test cases shown in Figure 4 were run on the computer to test these
results. The equivalent number of modes, damping, and coupling factors were
established for a five- and equivalent three-element system. The damping
(xpi, i) was then varied from 0.01 to 10 times the coupling (y, .). The results

1,
are tabulated in Table 2 and presented graphically in Figure 5,

The first observation from Figure 5 is that the agreement in the first element
is excellent between the two models, good in the center element, and may or
may not be acceptable for the last element at the higher values of (nbi’ i)/wi, j),
depending on the accuracy required and the significance of the computed
values, The system analyzed could represent only one of many vibration

paths or sources for an actual system.
The equivalent system does give a conservative (high) estimate of the

response in the last section. The comparison of the predicted values is

better demonstrated in Figures 6 and 7. These figures indicate the equivalent
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FIVE-ELEMENT SYSTEM

EQUIVALENT THREE-ELEMENT SYSTEM

CR103

s— v 2 ¥
b _ b _ b _ a
Ny = N3" = Ny3 =Ny
b b
Vi2 = Va3
1 1 1 1 1 1
+ = + + +

2 - 4
b
Yiz ¥
a
b _ \1’1’2
w1,2 T2
b _
\0128 - 1 \01'2 = 1/2
b b _
AR Vi1 T ¥33 =
) R .
¥ =3y..
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{wn Ni)

Figure 4. Comparative Systems
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Table 2
RESPONSE VALUES FOR COMPARATIVE SYSTEMS

Damping/ e? e; e; ez eg
Coupling
b b b
Wy, 17¥, 2) ! °2 °3
21 20 20 19 19
0.01 21 20 19
5.1 4.3 3.8 3.5 3.3
0.05 5. 2 3.8 3.4
0.1 3.0 2.3 1.8 1.5 1.4
’ 3.2 1.8 1,5
1.6 1.0 0.63 0.44 0.35
0.25 1.7 0.62 " 0.41
0.5 1.0 0.50 0.26 0.14 0.094
: 1.1 0. 25 0.12
1.0 0.62 0.24 0.09 0.036 0.018
' 0.70 0.091 0.03
2.0 0.37 0.098 0.026 0.0072 0.0024
: 0. 40 0.029 0.0059
40 0.21 0.036 0.0061 0.0011 0.00021
: 0.22 0.0086 0.00096
10. 0 0.092 0.077 0.00065 0.000054 0.0000049
) 0.095 0.00065 0.000077

system is adequate up to a value of one, and may or may not be acceptable

at higher values for (qu i)/(¢i j). It is also clear that if levels are desired
s )

in the intermediate section, care must be taken in applying this equivalent

system,
The overestimate of the response in the last section is the result of an under-

estimate of the energy dissipated by damping. This suggests a modification

to the equivalent system if enough is known concerning the original system.
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To test this, the damping in Subsystem 2 of the equivalent model was adjusted

using the following expression

This resulted in adjusted values of qf; > of

o? o . o
T1,1 2, 2 (Adjusted) 2,2 (Original)
\P?, 5 4’?, , Damping q_'al., , Damping
0.25 0.81 0.75
0. 50 1.74 1.5
1.0 4 3
2 10 8
4 28 12
10 130 30

The results obtained using the adjusted damping are shown in Table 3 and
Figure 8 where System a represents the original system, Model 1 represents
the original model of System 1, and Model 2 represents the model using the
corrected damping. The corrected damping results in a marked improve-
ment in predicted levels for the last section as they should, since additional
information has been incorporated into the model. The prediction is still
conservative. In addition, the agreement in the first subset is still excellent,
but the value for the center section of the equivalent is now lower than for the
center section of the original model. Again this indicates the need for caution
in combining elements in an area where environmental information is

required,
Damping

The two-element model can be used to furnish insight on adding damping

material to a system in order to lower the response levels., Recall that
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Table 3

RESPONSE VALUES FOR COMPARATIVE SYSTEMS
WITH ADJUSTED DAMPING

a ea a.
€1 3 g
Damping/Coupling 1 1 1
el e2 83
2 2 2
¢1,1/¢1,2 €1 €2 3
0.25 1.6 0.63 0.35
1.7 0.62 0. 41
1.7 0.58 0.39
0.5 1.0 0.26 0.094
1.1 0.25 0.12
1.1 0.22 0.11
1.0 0.62 0.09 0.018
0.70 0.091 0.030
0.69 0.071 0.024
2.0 0.37 0.026 0. 0024
0. 40 0.029 0.0059
0.40 0.019 0.0037
4.0 0.21 0.0061 0.00021
0.22 0.0086 0.00096
0.22 0.0038 0.00043
10 0.092 0.00065 0.000004
0.095 0.0015 0.000073
0.095 0.00036 0.000017

nz’ ) Tepresents the energy lost from System 2 to System 1 and rewrite the

e ratio as

In the case where up is on the order of n,  or greater,the ratio of eZ/el,
H
and therefore e, can be reduced by increasing M, (or decreasing up 1).
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Figure 8. Evaluation of Equivalent Model

Asn 2 become smaller compared to M2, 1 the effect of increasing ny
diminishes. This is often the case for a component or component-carrying -
structure attached to a large structure such as a vehicle. This should be
considered, by simple test if necessary, before damping is added to a com-
ponent in hopes of reducing its environment. An example of this is the addi-
tion of microballoons or foam to the interior of a component for the sole

purpose of increasing damping.

The addition of damping will yield a general reduction in response according

to

S, =

1 e

1,1 1+4’2,2e2

as well as changes in el/e This should also be kept in mind when damping

2
is added to reduce vibration.
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Additional insight can be obtained by examining the expression

S Vo oo+
1 2,27, 2
. 4’1,1( >+¢2,2

) ¥y, 2

or
Sy oYYt Ye et Ye 2t
e

b1, 2

oo

This expression is symmetric with respect to 1 and 2, Therefore, neither
location is intrinsically preferred for an increase in b (the addition of

damping) when a reduction in e, is desired. Rewriting the above equation

yields
! ‘*’2”1“2
= wn, N, +wn_, N, + ————
e, 171 272 ¢1,2

This form of the expression suggests that damping be added to areas of high
modal density and where the increase in damping can be maximized., This
is a fairly good description of large thin plates or shells with low damping

(the outer skin of a typical flight vehicle),

The form also shows that increasing wznlnz/tbl , may be the best means of
2

reducing e This would be particularly true when System 2 is small and

2
the damping can be increased or ¢1 > decreased (with an isolator) by an

H
appreciable amount, This is the most common method presently used for
component environment control but at times it does not yield the desired or

expected results,

The general effects of damping on more complex systems can be examined
by replotting the response data previously computed for the equivalent sys-
tems. The combined effect of damping is that the energy levels (e) will be

inversely proportional to damping. This is the general trend observed in



Figure 5. The deviations from this for the case shown in Figure 5 can be
examined by multiplying e by the damping (¢i i) and replotting. The case
where e is inversely proportional to damping becomes a horizontal line,

This is shown in Figure 9 for the equivalent system.

At low values of qu,i the responses of the three elements converge and are
proportional to q;i’i (constant qui, i), as expected, As damping is increased,
the value of e1¢i,i increases, and e2¢i,i and e3qu,i start to decrease. As
the value of eZlJ'Ji,i and e3¢i,.1 become small, little energy is dissipated in

2 and 3, and as a result equi’i begins to flatten out as its value approaches
five times its original value, The value of five is the result of only one-
fifth of the damping being contained in Mode Set 1. The figure shows that
the general application of damping is very effective for structure away from
the source of vibration, but the response in the excited system will be

reduced at a rate less than l/tbi i’

’
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Figure 9. Effect of Damping
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The effect of damping location was also examined using the five-element
model. This was done by solving for the e's using the model previously dis-
cussed with L]Ji ; equal to 0. 25 and 1.0 times the coupling Lpi i The damping
’ , The

The results are shown

was increased in one element by an order of magnitude for each run.
elements chosen for the increase were 2, 3, and 4,
in Table 4. The general observations from the two test runs are basically

the same,

First the value of e at or behind the location of higher damping (higher num-
ber element) is basically independent of the damping location. The e values
in front of the highly damped mode set increased as the damping moved
further away. This effect appears to be insignificant for a highly damped
system but is significant at the lower values of damping. Again the conclu-
sion is reached that damping is more effective, in an overall sense, close

to the point of excitation,

Table 4

EFFECT OF DAMPING LOCATION FOR
TWO DAMPING VALUES

S—=| 2 3 4 5
¢11 = ¢55 = 0,25
Y22 Y33 Y4 €] € €3 €4 s
2.5 0.25 0. 25 1.00 0. 262 0.166 0.116 0.0925
0.25 | 2.5 0.25 1.33 0.674 0.177 0.122 0.0975
0.25 | 0.25 2.5 1.48 0.847 0.428 0.116 0.0925
Y11 T Y55 = 1.0
Y22 Y33 Va4 €1 €2 €3 €4 €5
10.0 1.0 1.0 | 0.577 | 0.0450 | 0.0173 | 0.00697 | 0.00346
1.0 | 10.0 1.0 | 0.604 | 0.207 0.0179 | 0.00714 | 0.00357
1.0 1.0 | 10.0 | 0.616 | 0.232 0.0796 | 0.00692 | 0.00346
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Parameter Accuracy

The accuracy of the parameters used in any analysis is of primary
importance. In the case of SEA, the modal densities should be, by far, the
best-defined parameter included in the model and, therefore, will not be
included in the following discussion. The accuracy required for the param-
eters will be related to the accuracies required from the analysis. A 3-dB

analysis accuracy will be assumed for most of the discussion.

First, the average response energy for a total system is inversely propor-
tional to the damping of that system. This leads to root-mean-squared
response being inversely proportional to the damping. Therefore, if 3-dB
accuracy is desired from analysis, then, in general, a 6-dB accuracy is

required in the definition of damping.

Distribution of energy will also be affected by the damping as well as the

coupling, as shown in

€1 _ N2 “7
=1+ = 1+ ——N—
2 2,1 4)1,2 1

where € is the excited section.
This shows that as far as energy distribution is concerned, the same accu-
racy is required for both n, and n, q- The effect of deviation of the ratio

le/n 2,1 18 insignificant for Np € Np and maximizes at

)

<l

N =
=

N
<l

for Ny >> nz’ 1
The general result is that damping must be better defined than coupling,

since errors in damping affect both the general energy content and energy

distribution, while errors in coupling affect only the energy distribution.
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For the two extremes (from n > 1,2 ton « 1, 2), the accuracy
required in damping to yield response predictions within 3 dB varies from
6 to 3 dB. Over the same range, the accuracy required in coupling varies
from infinity to 6 dB. From this, it appears that a reasonable accuracy
criterion would be to define the damping to within 6 to 3 dB, depending on
the case, and to set the coupling accuracy requirement to a level of 3 dB

above the damping accuracy requirement,

This approach for damping can be tested by examining the curves presented
in Figure 5. The 6- and 3-dB requirements would yield the desired accu-
racy of 3 dB. The effect of the general variation due to damping is removed
from Figure 5 by replotting the results in the form of Figure 9. The 9- to

6-dB accuracy in .2 again would yield the desired accuracy of 3 dB.

Because of this agreement, it is recommended that the damping values
should be defined to within 6 to 3 dB, and that the coupling factor should be
defined to within 9 to 6 dB, The choice of a higher or lower accuracy
depends on the case of specific interest. It is felt that these guidelines will

yield response levels to within 3 dB.
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ANALYTICAL MODEL OF UpSTAGE SPECIMEN

Modeling

The UpSTAGE acoustic test specimen was a design configuration of the flight
vehicles consisting of the load-carrying structure up to Station 14.5 (i.e.,
external skin, field joints, and internal bulkheads) without internal com-
ponents, except for a model of a laser gyro. The specimen, shown in
Figure 10, is an elliptical cone, which is separated into four sections by
three field joints. Internally the specimen has 12 bulkheads, the 3 field
joints, and a closure plate at each end. The skin thicknesses of the sections

vary, decreasing from the rear to the front.

The mathematical model used initially for the present analysis is identical to

the model used for the earlier UpSTAGE predictions (see Reference 2). This
CR103

Figure 10. UpSTAGE Acoustic Test Specimen
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model separates the specimen lengthwise at the field joints into four basic
elliptical sections. The aft section was further divided into four elliptical
subsections to allow for localized acoustic inputs at locations that simulate

the positions of the UpSTAGE aerodynamic control forces,

The external skin of each section was modeled with four elements, junctions
occurring at the points where the two radii of curvature coincide. Since
there are seven sections and subsections, this modeling resulted in 28 skin
elements as indicated in Figure 11, Each of the internal bulkheads, field-
joint bulkheads, and closure plates was modeled as a single element. The
complete mathematical model therefore consists of 45 elements. Table 5
presents the elements of the complete model. Because this 45-element
model does not treat the aft section consistently with the other sections, an
alternate model was also utilized. This alternate model was developed from
the original 45-element model by greatly increasing the coupling factor
between the subsections within the aft section. This change caused the four
subsections to respond as if they were only one section and resulted in a
model with essentially 37 elements. This modeling is more consistent with
that for the three forward sections; however, it does cause the local acoustic
excitation to be effectively spread over a larger area although the total input

acoustic power remains the same,

Equation Format

The matrix format devecloped for SEA systems is

{<?>} o L2 fmil (EDJ) +<[C])-1 {s}

with [C] formed from [fb] and ENJ matrices., This format will now be

adapted to the current analysis.

The diagonal matrix ENJ must be formed in order to obtain [C] The

number of modes in a given element is
N (w) = n(w) * (Aw)
where n (w) = modal density
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Table 5
UpSTAGE MODEL ELEMENTS
Sec, Region Quad. Sec. No. Description Sta. Region No.
No Description No. No
29 Aft Bulkhead (B. H.) 107.0 1
1 Skin 1 1 30 Forward B. H. 14, 5 7
2 Skin 1 2 31 Field Joint B, H. 88, 2 4-5
3 Skin 1 3 32 Field Joint B, H, 57.6 5-6
4 Skin 1 4 33 Field Joint B, H,. 41.0 6-7
5 Skin 2 1 34 Internal B. H, 97.0 3
6 Skin ! 2 2 35 Internal B, H. 92.0 4
7 Skin i 2 3
8 Skin B 2 4 36 Internal B, H. 83.5
37 Internal B, H, 76.3 5
9 Skin 3 1 38 Internal B, H. 68.0
10 Skin 3 2
11 Skin* 3 3 39 Internal B, H. 51,2 6
12 Skin; 3 4 40 Internal B, H. 46, 2
13 Skin 4 1 41 Internal B, H, 36, 7
14 Skin ; 4 2 42 Internal B, H, 31.9
15 Skin : 4 3 43 Internal B. H. 28.0 7
16 Skin 4 4 44 Internal B, H. 24.0
45 Internal B. H. 19, 4
17 Skin | 5 1
18 Skin 5 2
19 Skini 5 3
20 Skin 5 4
21 Skin 6 1
22 Skin 6 2
23 Skin 6 3
24 Skin 6 4
25 Skin 7 1
26 Skin 7 2
27 Skin 7 3
28 Skin 7 4
|




Table 6
CONSTANTS FOR MATHEMATICAL MODEL

Thickness Ring
Section Area (A) | (t) (t)2 Freq (Hz) | A/t2 A/t At
1 and 3 172. 5 1,025 1,795 | 557 53.5
2 and 4 70,5 |0-31 [ 0.09 | o0 733 | 227| 21.8
5 and 7 107. 0 1,065 3,180 | 670 17.1
6 and 8 43 5 |0-16 0.026 | ) op 1.700 | 272| 6.95
9and 11 | 108.5 1, 100 2,240 | 678 17.35
10 and 12 44,5 |0-16 ] 0.026 | g, 1,740 | 278 | 7.13
13and 15 | 250.5 |0 1. | 0. 026 | 1-165 9,800 |1,770 | 40.0
14 and 16 | 102.0 : : 4,820 4000 | 638 16.3
17and 19 | 757.0 |5 1551 0.013 | 1530 57,400 |6, 150 | 94.6
18 and 20 | 309.0 : : 6. 370 23,300 |2,460 | 38.5
21 and 23 | 269.0 2,225 21,500 |2, 150 | 33.7
22 and 24 | 109.5 |0-12510.013 | o'554 8 250 | 875 | 13.7
25 and 27 | 254.0 5, 000 31,400 |2,820 | 22.9
26 and 28 | 103.0 [0:-090]0.008 57" 500 12.700 | 1,145 | 9. 27
29 733.0 |0.25 | 0.063 NA NA | 2,940 |183.2
30 13.5 |0.09 | 0,008 NA NA 150 | 1.21
31 497.0 |o0.125| 0.013 NA NA 4,000 62.0
32 213.0 |0.08 | 0.0064| . NaA NA 2,660 | 17.0
33 108.0 |0.09 | 0.0081] Na NA 1,200 9.7
34 573.0 |0.09 | 0.0081| NA NA |6.370 | 51.3
35 550.0 |0.09 | 0.0081| NaA NA |6,120 | 49.5
36 450.0 |0.08 | 0.0064| NA NA |5.520 | 36.0
37 375.0 0.08 | 0.0064| NA NA |4, 630 | 30.0
38 298.0 |0.08 | 0.0064| NA NA [3.770 | 31.8
39 169.0 |0.07 | 0.0049 NA NA |2,420| 11.9
40 138.0 |0.07 | 0.0049| Na NA [1.970| 9.6
41 8.5 ]0.09 | 0.0081| NA NA 950 | 7.7
42 65.3 10.07 | 0.0049| NA NA 930 | 4.2
43 50.3 |0.07 | 0.0049| NA NA 720 | 3.5
44 37.0 |0.07 | 0.0049| Na NA 578 | 2.6
45 24.2 lo0.07 | 0.0049| NA NA 346 | 1.7




The structure presently being analyzed is made up of flat plates (end plates
and internal bulkheads) and curved plates (external skin)., The modal density

of a plate is given as

n, = As/[‘lw\/’pg_h]

where
A = area
s
D = bending stiffness
p = density in mass/volume
h = thickness

The modal density for a curved plate is
n_ = n_*(CF)
¢ p

CF is a correction factor that accounts for the curvature effects of the panel.

An approximate value used for CF is

" 2/3
CF = (—) for w< w
w r
r
=1 for w > w
r
where w, = CL/r is the ring frequency of the system. A more exact CF is

presented in Figure 3, This type of correction could be easily incorporated
in a generalized computer program for SEA, Both CF forms have been
incorporated into the UpSTAGE model. The results of these calculations are

presented and discussed in a later section,
For the UpSTAGE specimen analysis, the damping factor and the base value

for the coupling parameter were evaluated by a series of tests, which will be

examined in the following section.
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The relative valués of coupling in the [®]matrix were initially assigned on
the basis of engineering judgment. The aspect will be further examined as
the computed response is compared with test measurements in a later section
of this report, The base coupling value (from the test program) was con-
sidered to apply to the coupling across the field joints between the four sec-
tions. The other element coupling is between skin and internal bulkheads
(and endplates), and circumferentially around the skin. The initial coupling
values relative to the field joints were selected as 1/3 for the bulkhead/skin

coupling and 10 for the circumferential coupling.

The acoustic input term is developed by considering a separate acoustic field
coupled to each excited model element. The power flow terms for the

acoustic element are:

The first of these terms represents the acoustic power input to the element,
The second term is the power radiated from the element to the acoustic field
and will be accounted for in the damping term for the element. However,
this term can be used to evaluate the acoustic coupling element ¢j,aC'
Reference 4 presents an expression for the acoustic power radiated in terms
of the radiation efficiency. Equating the given value to the radiation term

above gives

b N E. =0, A, p ¢ <V.2>

j, ac “ac i) o o ]
where

O'J, = radiation efficiency

Substituting for Ej and solving for the acoustic coupling factor

g. . P C

J AJ
d>j, ac N
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This expression may now be substituted into the acoustic input term, giving

U'.A.p C

=] o fo)
¢j,ac Nj Eac m, Nj Eac

—

Reference 5 provides useful expressions for the number of modes, Nac’ and

total energy, E_ , of a reverberant chamber:

ac
W 2 V (Aw)
N =2
ac 2 3
2w c
o
E - <P >\£
ac P c
o)

Consequently the acoustic input term will be expressed as

ZTTZ 2 Aj<P'2> ch.

S. = 6. N. E = ot J N.

w (Aw)m. J
o J

Nl 0

or

S S NS

The values for radiation efficiency were obtained from data in Reference 4.
These data were scaled on both the ring and the critical frequencies of the

elements,
The properties relating to acoustic medium that appear in this expression for

the input are Co < 52> , and 0. The only one of these terms that is unique

to the assumed reverberant field is ¢, Therefore, this input representation
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would seem to be valid for nonreverberant acoustic fields if a proper value

for ¢ can be determined for the field.

Performing all the indicated substitutions changing from rad/sec to Hz, and
expressing the solution for the system response in power spectral density
[PSD(gZ/Hz)] form, the complete matrix formulation for the SEA response

solution in a single frequency band of a general system is

D L s [ e

This format was utilized for response solutions during the study. The follow-

ing section will consider the elements of the two matrices not yet defined,

D] anda [C ].

Solutions were obtained for each of the one-third-octave bands from 500 Hz
to 3,150 Hz. The evaluation of this analysis, which appears later in this
report, will utilize root-mean-squared values for the one-third-octave-band
accelerations that correspond to the power spectral densities obtained in the

solutions,
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TEST PROGRAM

Tests were performed during the program to:
A, Determine SEA parameter values for the damping and coupling for
use in analyzing the UpSTAGE acoustic test specimen,
B. Provide general insight into the characteristics of the SEA coupling
parameter,
C. Establish a method of determining SEA damping and coupling

parameters by performing tests on simplified structures,

The test program was carried out with three basic test specimens, each one
consisting of two panels with connecting tee-joint fabricated to simulate the
aft joint of the UpSTAGE acoustic specimen, Figure 12 shows the general

specimen configuration and Figures 13, 14 and 15 detail the test parts.

7 N |

CR103

" NN\ /|

SPECIMEN 1 SPECIMEN 2 SPECIMEN 3 EDGE
VIEW

Figure 12. Panel Test Configurations
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—_— 18 (0.0457)
9 (0.229)
SPECIMEN 3

Figure 14. Test Panel Dimensions

Specimens 1 and 2 were designed to furnish information on the effects of joint
length on the coupling parameter, while Specimen 3 was designed to evaluate
an unsymmetric configuration, The panels were made of aluminum with a
basic size of 3 feet by 3 feet (0. 914 meter by 0. 914 meter). Because the skin
thickness is different on the two sides of the UpSTAGE joint being simulated,
three panels were fabricatedfor Specimen 1, two with a thickness of 0. 160inch
(0.00406 meter) and one with a thickness of 0.125 inch (0.00318 meter), so
that a joint with the appropriate skin thickness variation could be examined,

as well as a joint that was completely symmetric. Specimens 2 and 3 used

only panel thicknesses of 0,160 inch (0.00406 meter).

The primary purpose of the tests is to evaluate the coupling parameter ¢,
This is done by exciting one panel, measuring the response in both panels,

and solving for n, , or ¢ in the expression

1 1 _ M2
2 Mp2*™m
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Figure 15. Test Panel Joint Configuration




where

¢N

T11,2 w

The damping of the panels (n) must be evaluated before ¢ can be obtained, In
addition, m is required in the analysis of the total system, This leads to
two types of testing, the first to determine damping, and the second to

determine ¢,

The original intent was to support the test panels in a specially constructed
test frame., It was found that the frame transmitted too much vibratory
energy between the panels to allow the coupling through the tee joint to be
evaluated., Consequently, all testing was accorﬁplished with the panels
suspended on elasticized cords (bungees), Figures 16 and 17 show these

two test configurations,

Endevco 2226 accelerometers were used for all testing, These accelerom-
eters weigh 2, 8 grams and furnish *5 percent accuracy to 5, 000 Hz, with a
first resonance at 24, 000 Hz. The accelerometers and the shaker itself
were attached to the panels with double-sided adhesive tape., The use of this
tape was evaluated initially by mounting two accelerometers at the same
location but on opposite sides of a panel, one attached with a dental cement
and the other With the adhesive tape. The indicated vibration responses of
the two accelerometers were identical throughout the measured frequency
spectrum (up to 8, 000 Hz), The accelerometers were checked for security
of mounting prior to each test, No apparent difficulties were noted with this

mounting technique.

Damping Test

Damping was determined by exciting the system of interest and observing the
response, These tests are referred to as '"bop tests' and were performed by
striking the panel with a steel hammer or wooden stake and recording a decay
trace of the panel vibration response with an oscillograph, The response

signal from an accelerometer mounted on the panel was routed through an
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.

Figure 17. Panel on Bungees
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adjustable bandpass filter prior to being recorded with the oscillograph,
This filter permitted various bandwidths and center frequencies to be
selected. The data obtained from the testing consisted of decay traces using
both octave and third-octave bandwidths with center frequencies encompas-
sing the range of 400 to 4,000 Hz, This method permitted the vibration
response of the panels to be observed graphically as it decayed to about
one-tenth of the initial level (in g's). This decay was plotted on semi-

logarithmic paper and a straight line drawn to approximate the decay slope.

This approximate decay slope permitted the fraction of critical damping to
be evaluated for an assumed exponential type of decay., The damping for
each specimen was measured with both octave and third-octave bandwidths at

two locations on the specimen,

Typical decay traces and plots on logarithmic paper are shown in Figures 18
and 19,

Farly in the test program it became evident that the damping of the system
would have to be increased to obtain meaningful values of the coupling
parameter (see below), This was accomplished by applying a single layer of
Scotchfoam damping tape to the panels (see Figure 20), This material is
essentially a 1/4-inch (0. 000635-meter)-thick polyurethane foam pad with an
aluminum foil protective cover. The Scotchfoam is self-adhering to metal
surfaces. The majority of the observations made concerning damping were
made on the damped panels. The values obtained with and without damping,
and also data consistency, for two locations ona given panel are presented
in Table 7 for a test panel of Specimen 2 configuration. The primary effect
of the added Scotchfoam was to raise the damping by a factor of approximately
8. It should be noted that the base panel was 0, 16-inch (0. 00406-meter)-
thick aluminum and that the addition of Scotchfoam to panels of different gage

would result in different changes in damping.
The damping values are averaged values of all the data taken at each center

frequency, Since two locations were used for each panel together with two

analysis bandwidths, the averages are of four values at the octave center
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O — DATA MEASUREMENT

0.01

0 0.1 0.2 0.3 SEC
TIME

Figure 19. Graphic Determination of Decay Slope
frequencies (400, 800, 1,600, 3,200 Hz) and two values for each of the other

frequencies,

Figure 21 presents the damping data obtained for a damped 0. 160 panel

of each of the three configurations, The range of values for the damping
parameter is from 0, 005 to 0, 015, Two phenomena are shown in the graph,
First, close examination reveals a peaking effect which occurs for the
Specimen 1 and 2 panels near 2,000 Hz, but not for the Specimen 3 panel,
The effect is greater for the Specimen 1 panel, This seems to indicate a
shape effect which diminishes as the panels become less square, The fre-
quency of this peaking effect corresponds to a bending wave speed of about
3, 000 ft/sec (914 m/sec) or 1.5 ft/cycle (0.457 m/cycle) (half the width of
the panel). The second phenomenon is evident when the 2, 000 Hz peaking is
removed from the data; namely, the reduction in damping as frequency

increases.
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DAMPING LOSS FACTOR, n=2C/C,

Figure 21. Damping Loss Factor for 0.160 Panels (with Damping Tape Applied)
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Figure 22 presents a comparison of the damping data for the 0, 125 and
0. 160 panels of Specimen 1. These data illustrate the greater effect of the
damping tape on the thinner panel. The same type of peaking and frequency

rolloff is evident for the 0. 125 panel as was found for the 0. 160 panels,

Figure 23 presents the damping data for the undamped panels. It is note-
worthy that these damping values agree with data published in Reference 9
(and summarized in Reference 8) for the 6061-T6é6 aluminum alloy panel
material. The addition of the damping tape is noted to have increased

the damping by a factor of 8.

Vibration Tests

The vibration portion of the testing was accomplished by exciting the panels
with a 1-pound (4.45 Newton) force Goodman shaker. The input spectrum for
the testing was furnished by a random noise generator. The evaluation of
joint coupling required only that the relative level of vibration on the two
panels of a specimen be determined; consequently, no specific input was
required. Input control was achieved by operating consistently at an overall
level of 5 Grrns

Vibration data was reduced with a Spectral Dynamics SD301B Real-Time
Analyzer using approximately 15-second samples of steady-state data, A
complementary filter set allowed this data to be reduced in the form of Gr

ms
in third-octave bands

The accuracy of the approach can be established by considering the expression

o 1

H ¥ bandwidth x sample time
This defines the standard deviation of the reduced value (Reference 6), This

is a 3¢ data reduction accuracy within 0.5 dB for the narrowest bandwidth

used during this study.
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DAMPING LOSS FACTOR, n
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Figure 22. Damping Loss Factor for Two Configurations of Specimen 1
{with Damping Tape Applied)
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Figure 23. Damping Loss Factor for Specimen 1 Panels with and
without Damping Tape
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As was stated, the average mode-to-mode coupling parameter, ¢, was

evaluated with the equation for the relative energies of a two-element system:

- ¢ N
> 2
<a, >
By, m %> N mae N e
E, m, -3 N, m ,+tn, N, $ N
2 2 2 1,2 1 2 1,22
<a2> , +n1
(o]

This equation indicates that for a very small damping

(¢1,2 R )
< M .
o}

the ratio E1 /E2 will be very close to unity, This situation occurred when
attempting to evaluate the coupling parameter before adding Scotchfoam to
the panels, and measurement inaccuracy made it impossible to obtain

reliable coupling values,

For the symmetric Specimens 1 and 2, the coupling relation reduced to

— ¢N2
<a1> o
_ O
2 %N,
<a, >
2 w +T]l
e}

while the element masses and modal density ratios were required for
Specimen 3 (also for the 0, 160/0, 125 configuration of Specimen 1), The

modal density was calculated with the relation

D
As/[4TT p—h— ]

valid for plates,
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A survey was made to determine the uniformity of response across the
panels, Several shaker input locations were tried in an attempt to minimize
the response variation, The optimum shaker location that could be deter-
mined resulted in an approximate average variation of 6 dB across a panel,
with a maximum of about 10 dB within the frequency range of interest, In
order to minimize the effects of this variation, acceleration was measured
at a number of points on each panel for every test configuration, Six loca-
tions were used for the symmetric specimens (including the 0, 125/0, 160
configuration of Specimen 1), Figure 24 indicates these accelerometer
locations and also the shaker input location, The measured values for one

of the Specimen 1 configuration panels are presented in Table 8,

The indicated alternate input location was also utilized with each specimen,
This alternate location was chosen to keep the input as far as possible from
the accelerometers and thus minimize any input effects., The data obtained
using this alternate location did not differ significantly from that for the

initial input location,

CR103
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Figure 24. Accelerometer and Shaker Input Locations for Panel Tests
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VARIATION IN RELATIVE VIBRATION LEVEL AT
DIFFERENT LOCATIONS ON A PANEL ASSEMBLY

Table 8

0. 16-inch (0.00406 meter) Panels with Damping Tape (Specimen 1)

E

1
, (4B

2

Location Reference Number

f 2 3 4 5 6
125 3 4,2 0.9 0.95 1.2 1.5
160 2. 6.2 1, 4 2.2 0.3 -1
200 2 2.7 0.4 1.7 -0.2 1
250 2. 11,2 0.1 5,2 -0.2 4.5
315 1 5.7 1,15 1.2 3.8 0.5
400 2 2.2 3.4 5,2 6.3 4.5
500 4 9.2 0. 15 0.2 1.8 2.25
630 7 10, 7 6.9 5,7 5.8 3
800 4 7.2 4,4 4,7 2.8 11
1, 000 2 7.2 7.4 2.7 2.8 3.5
1,250 3, 9.2 5.4 3,7 6.8 9.5
1, 600 8 8,2 10, 9 6.2 9.8 5.5
2,000 12, 9,7 8.4 9.7 14, 8 13
2,500 11 9.2 10. 4 8.7 12,3 11,5
3,150 10 10, 7 7.9 8.7 7.8 11
4,000 12, 10, 2 12. 9 10,2 5.8 8.5
5, 000 7. 7.7 9.9 7. 45 10, 3 10, 5
6,300 9 7.7 11,9 8.2 10, 3 14
8, 000 9 10,2 11,9 10, 7 7.8 10, 75
10, 000 7 8.2 9.4 8.7 8.8 9,25
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The averaging to determine the response levels for the symmetric specimens

was established by

<a%> <a% 1> <a§' 2> <a21' 6>
= d + 2 + ... 2 6
2 2 2 2
<af> <a2’1> <a2,2> <a2,6>
where
< 2 >
42,1

is the acceleration measured at location 1 on the panel with shaker attached.

The corresponding acceleration values,

were always determined from data recorded simultaneously, These two
techniques for the averaging and testing insured maximum data consistency
without requiring the use of 12 accelerometers at all times, Table 8 pre-
sents data from the individual accelerometer locations which was used to
determine the relative acceleration response for the 0, 160/0, 160 configura-

tion of Specimen 1 for one of the input locations,

For the nonsymmetric Specimen 3, an average value of the acceleration on
each panel was obtained using ten points, The equation used for this

averaging was

10 <a >
2 .
<ay” _ j=1 <2control”
2 2
<a3 > 10 as J

<a

2

control”
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The damping values utilized in calculating the mode-to-mode coupling for

each center frequency for each specimen were from the data points shown

in Figures 21 and 22,

Figure 25 presents the values determined for the average mode-to-mode
coupling of the 0, 160 panel specimens, Specimen 3 exhibits the highest
value at each frequency, while Specimen 2, except at one frequency, has
always the lowest value, Comparing values for Specimens 1 and 2, the
doubling of the joining length causes the coupling parameter value to
increase by a factor ranging from two to five, The same type of compari-
son for Specimens 2 and 3 indicates that this type of nonsymmetry causes

the coupling parameter to increase by a factor of 5 to 20 over the symmetric

configuration,

Figure 26 presents comparisons of the mode-to-mode coupling for the two
configurations of Specimen 1, The data for the 0,125/0, 160 configuration
demonstrate much less frequency dependence than is apparent for the other

configurations, The data is, in fact, remarkably flat, Comparison of these
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data with those for Specimens 2 and 3 indicates that two different effects of
nonsymmetry are present with the panels, The nonsymmetry effect of
shape (Specimen 2 and 3 data) causes a shift in coupling, while no such
shift is evident for nonsymmetry in modal density (data for the two configu-

rations of Specimen 1),

The data from the panel tests was examined statistically to evaluate accuracy
The fractional error, defined as the standard deviation divided by the average
value of the quantity being evaluated (fractional error = o/u), was chosen as
the measure of accuracy, For the damping measurements, the fractional
error in the data is about 0.1, The value is approximately 0, 35 for the

panel vibration measurements, corresponding to a standard deviation of
about 2 dB on the panels, These values result in a fractional error for the
calculated coupling factors of 0,48, An initial series of tests was repeated
and an attempt made to increase the accuracy of the vibration measurements

without success,
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The UpSTAGE acoustic test specimen was made available, so testing was
performed to establish the damping of the specimen and also to attempt a
direct evaluation of the joint coupling values, The UpSTAGE specimen was
separated at the three joints into the four basic sections, Bop tests were
performed with each individual section suspended on bungees. Decay data
in octave and third-octave bandwidths was reduced for both an external skin
and an internal bulkhead location on each of the sections, A graph of the
average values obtained for Sections II, III, and IV is presented in Fig-

ure 27, Section I had been fitted with a wooden bulkhead for use as a wiring

mockup and was therefore not considered a valid dynamic test specimen,

In order to evaluate the SEA coupling factors for this complex specimen, a
very gross four-element SEA system was assumed with each of the four
sections representing one element, The specimen was suspended on bungees
and Section I excited by the 100-pound (445-Newton) force CALIDYNE shaker
shown in Figure 28. Three configurations consisting of Sections I and II; I,

I, and III; and I, II, III, and IV were tested. With the four-element modeling,

coupling values were obtained by using an average response determined from
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Figure 28. Damping Loss Factor for Sections of the UpSTAGE Acoustic Test Specimen

a survey of each element and assuming this average response to be valid for
the total mass of the element. This method permits the coupling parameter
values to be evaluated for the forwardmost joint of each configuration (for
example, in the configuration with Sections I, 1I, and III, the parameter values

for the joint between Sections II and III may be evaluated) with the simple

relation:
2
m, <aj > N1 nl,Z
m, 3 Ny Mp,2t ™
<a2 >

since this model appears as a two-element system about the joint with an
input to the system from an outside source, The modal densities were

taken as calculated for the computer model of the specimen,
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The resulting values obtained for the average mode-to-mode coupling by this
technique are shown in Figure 29 with a comparison of the values obtained
with panel Specimen 1, This approximation technique resulted in a few

negative values which are omitted from the graph,
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PRECEDING PAGE BLANK NOT FILMED

RESULTS OF COMPLEX ANALYSIS

The computer analysis of the UpSTAGE acoustic specimen provides two
types of useful information. First, the comparison between computed and
measured values will indicate the accuracy of SEA in conjunction with simple
test methods, in predicting vibration response., Second, the parameteri-
zation study of the computer model will indicate the sensitivity of a complex

system to errors in selection of SEA parameter values for a model.

Before making the comparison of test data with the analytical predictions,
the test configurations will be discussed. Two basic test configurations
were utilized. The first of these configurations simply mounted the test
specirhen on bungees in a reverberant chamber so that the entire exterior
surface of the specimen was exposed to a uniform acoustic field. This

configuration will be referred to as ""Reverberant, "

The second configuration for testing was attained by mounting the specimen
through the wall between the reverberation chamber and an adjoining anechoic
chamber. The space between the specimen and the wall was sealed with a
lead sheet and lightly packed with fiber glass, as shown in Figure 30. This
test configuration achieved a reduction in sound pressure level across the
wall of at least 24 dB throughout the frequency range of interest and furnished

a convenient means.of localizing the acoustic input,

Two types of testing were accomplished with this second configuration. The
first type was performed by mounting the specimen flush with the wall so
that only the aft closure plate of the specimen was excited. A reverberant
field was used for this testing and it will be referred to as '"Reverberant

(aft plate only)."
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Figure 30. Configuration for Direct Impingement Acoustical Test

The second type of testing with this configuration was accomplished by
positioning the sepcimen so that the aft 11 inches (0.279 meter) protruded

into the reverberationc hamber as shown in Figure 30. Acoustic input was
accomplished with an acoustic horn directed at the aft section of the specimen.
This setup permitted a localized nonsymmetric input to be attained for the
specimen, The side of the specimen which was excited in this configuration
will be referred to as the 'top'" and the opposite side as the '"bottom.'" This
test configuration will be referred to as '"Direct Impingement.' These tests

and the specimen are discussed in detail in Reference 2,

To reiterate, three types of specimen acoustic testing will be considered.
These are:
A, Reverberant — specimen exterior uniformly excited in a reverberant

chamber.
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B. Reverberant (aft plate only) — reverberant acoustic field input only
to aft closure plate of specimen.
C. Direct Impingement — specimen excited directly with an acoustic

horn on one side of the aft section,

The indicated nomenclature will be used to describe test configurations

throughout the remainder of this report.

The values used for the basic coupling parameter (¢,) of the field joints of
the model were taken from Figure 25 as was previously noted. The coupling
values are not parameterized directly during the prediction comparisons,

but will be examined at the end of this section.

Two basic sets of values were available for the damping parameter. One set
of values was from the tests on bare (prior to applying Scotchfoam) aluminum
panels, while the other set resulted from tests on the actual acoustic speci-
men, The predictions are parameterized on these two sets of values. Each
set of data was enveloped with two values as indicated in Figures 23 and
Figure 28, These bounds are n = 0, 0005 and 0.001 for the panel test data,
and M= 0.003 and 0. 006 for the acoustic specimen data. These bounds for

the two sets of data differ by a factor of six.

In order to avoid cluttering the prediction comparisons with unnecessary
information, predictions for each of the four damping values will not be
shown for all comparisons. These values are omitted when a straightforward

interpolation is indicated for the additional values.

The exterior skin levels are considered the more significant aspect of the
comparison. The test program was designed to establish coupling parameter
values between skin segments and the majority of the acoustic test
measurements were made on the external skin. Internal transmission of
vibration through bulkheads and substructures is directly analogous to the

Reverberant (aft plate only) configuration, which will be examined.
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Consequently, the apparent neglect of internal response in the present
study (in order to concentrate the test effort) does not diminish the validity

or usefulness of SEA throughout an aerospace vehicle,

The predictions for the completely reverberant excitation will be considered
first, Because each of the exterior elements of the specimen is being
directly excited in this configuration, the computed response should be most
directly controlled by the damping values selected for the model elements
and the acoustic-structure coupling factor (radiation efficiency) rather than

the coupling values between the structural sections,

Figures 31 to 34 provide comparisons of the external skin response in each
of the four major regions for this fully reverberant configuration. For this
case, the damping based on the panel tests yields predicted responses that
agree very well with test data at frequencies above 1, 600 Hz, except for a

single data point at 2, 000 Hz in region IV, The damping obtained from the

UpSTAGE specimen results in a computed response which is consistently

lower in the high frequencies than the measured values.

The computed values are higher than measured values in the lower
frequencies except in Region II. A peak is also indicated by the measure-
ments at 1,250 Hz which does not show up in the computations. These values
were obtained with the 45-element modeling of the specimen (this acoustic

input configuration should be insensitive to aft section modeling).

The next configuration to be considered is Reverberant (aft plate only).
Figures 35 to 38 present a comparison between computed and measured
values for both 37- and 45-element models with only one value of damping.
It was the very low predicted response for the 45-element model with this
lowest value of damping which led to the development of the 37-element
model. The constraint of energy flow toward the front of the model by the
additional joints of the 45-element model is very obvious in these figures.
Likewise, this configuration is the most dependent upon selection of suitable
coupling values since energy must flow the entire length of the specimen to

excite Section IV,
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Figures 39 to 42 present the measured data and the response computations
for the Reverberant (aft plate only) configuration using n = 0. 0005, 0,001,
and 0. 003 with the 37-element model, The primary observation here is the

agreement of the predicted values with the N = 0. 0005 computations,

The remainder of the prediction comparisons are for the Direct Impingement
configuration. Three cases were examined for this configuration. These
cases correspond to tests performed with varying applications of Scotchfoam

damping tape to the test specimen,

Figures 43 to 47 present the initial response comparison for this Direct
Impingement configuration with no damping tape applied to the specimen.
Test measurements were made on the top and bottom of the aft two sections
and these are shown in the figures since the circumferential distribution of
response is of interest. These values indicate that the initial estimate of the
circumferential coupling, ¢, as ten times the basic field joint coupling value
was too low., The computed response in the high frequencies using n= 0. 0005

is high,

Figures 48 to 52 indicate the results of increasing ¢, to 50 times the field
joint value, The curves on these figures represent the predicted values
for 1= 0.0005 and n= 0.003 as well as a curve labeled n= 0, 0005 corrected.

The corrected curve is discussed below.

This configuration is excited by nearly normally incident acoustic energy and
the exciting field is not as well defined as it was in the original case. In
addition, the analysis of the first two configurations confirmed the damping
and axial structural coupling factors for the model. For these reasons it

was assumed that the discrepancy resulted because of improper definition of
the energy input. To test this assumption the predicted value for n= 0.0005
was reduced :1nti1 acceptable agreement was achieved for both measurements
in Section I, This reduction was applied to the n= 0. 0005 predicted values for
all of the sections. The general agreement between the measured and the
corrected prediction values substantiate the assumption of the discrepancy

being in the input.
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Figures 53 to 57 present the same type of comparison for a case with damping
tape applied to the aft three subsections of Section I. Based on experience
with the panels, the addition of the damping tape was assumed to increase

the damping by a factor of eight over bare structure. The two values of
damping noted on the figures are for the bare structural areas and the damped
areas of the specimen, The circumferential coupling for the computed values

was 50 times the field joint value.
The results for this case are essentially the same as for the bare specimen.

The final case adds damping tape over a portion of Section II, which is
assumed to increase the damping by a factor of three. The Section I damping
is retained as in the preceding case, and circumferential coupling is likewise
50 times field joint coupling. The results are shown in Figures 58 to 60.
From these figures it appears that the effectiveness of the damping tape was
slightly underestimated in Section II. The effect of damping on the predicted
response is presented in Figures 61 and 62 for the top of Section I and

Section IV for the three cases just discussed.

The comparisons which have been made were all parameterized on damping

values. The effect of coupling variation will now be examined.

The configuration which is most directly affected by the coupling is the
Reverberant (aft plate only). Figures 63 to 66 indicate the effect on computed
response of changing the coupling by an order of magnitude in either direction
for two values of coupling. Sections I and IV are used to indicate the effect

near and distant from the input.

The figures indicate that near the input the effect is relatively small, but can
be very large several elements away from the source. The Section IV

responses change by orders of magnitude with the coupling.
The crossover which occurs at the lower frequencies in Figure 65 for the two

higher values of coupling illustrates a phenomenon which also occurs in

Figure 35 (compare with Figures 36, 37, and 39). At very large values of
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coupling, an element with high energy will begin to give up a larger propor-
tion of the energy to other elements (in this case Section II). The system
then begins to approach a reverberant condition in which the energy is

distributed equally among the system modes.

The change in slope of the three response curves which is most notable in
Figure 66 is also of interest, The changing slope indicates that, as coupling
is decreased, the high-frequency response falls off more rapidly than the
lower frequencies, This may be the result of relative changes in modal

density.

One additional means of parameterization was accomplished during the course
of the study. That parameterization consisted of evaluating the use of an
approximate cylindrical correction factor for the modal density. Figures 67
to 70 show the effects on the computed response for the Reverberant (aft

plate only) configuration of using either of the two methods presented in the

section of this report on specimen modeling.

It should be noted that the acoustic input configurations which have been
examined cover the entire realm of response problems:
A. Fully Reverberant — vehicle completely surrounded by a significant
acoustic field.
B. Reverberant (aft plate only) — identical to internal structure or
substructure excited by a portion of the external skin.

C. Direct Impingement — vehicle has localized '"hot spots' on the skin,

Because SEA consists of linear techniques, the contribution to a system of
each type of excitation may be determined and the squares of the responses

summed, therefore providing the total response.

A scaling method must be developed in order to evaluate the significance of
this study to general structural systems. A classical means of scaling
frequency dependent data on cylindrical shells is to replace frequency with
frequency times radius of curvature (f - r). This scaling minimizes the

effects of curvature on the values being evaluated.
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Figure 71 compares the accuracy of the predictions, using predicted response
for n = 0.0005 divided by measured response as the indicator of accuracy, as

a function of such a scaled frequency for the fully-reverberant case.

The first observation is that a damping value of n= 0.001 would yield better
agreement (sincen is inversely proportional to gz) and that error in the
prediction does not exceed +3 dB above fr =2, 500 Hz ft (except for one point).
If the error band is increased to +6 dB, the value for the applicable range of
fr can be reduced to approximately 1, 500 Hz ft. These frequencies multiplied
by radiicorrespond to a little less than the ring frequency to one-half of the
ring frequency. It should be noted that although it appears that damping was
underestimated, the same results would be obtained by overestimating the

acoustic input.

The same presentation for the aft plate excitation is presented in Figure 72.

The predicted value is based on n= 0.0005. The error in the predicted value
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is less than 3 dB for values of fr greater than 2,500 Hz ft, This agreement
does indicate that the discrepancy in Figure 72 is the result of under-
estimating the acoustic input or, at least, the damping value of 0. 0005 is

compatible with the coupling factor used.

Figure 73 which presents the direct impingement data shows that the proper
correction to apply to the predicted values of n= 0, 0005 would be 4 and that
the scatter band does not exceed 3 dB above fr = 3500.

The main conclusions to be drawn from Figures 71 to 73 are that if the input
energies were properly defined, the UpSTAGE analysis, using damping and
coupling factors measured on simple systems, would yield results with

+3 dB accuracy above the ring frequency of local structure and acceptable
estimates of the levels to one-half of the ring frequency. These conclusions
are based on curved panels that have about 20 percent of the area and modes
of cylinders with corresponding curvature, Therefore, the conclusions drawn
above may be conservative. Because of this conservatism, it is possible

that the £3-dB accuracy would extend to even lower corrected frequencies.
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The classical scaling of frequency with radius which has been accomplished
is very useful when cylindrical or curved structures are being considered.
However, a scaling method which is valid for flat or curved structures
would have even more general use. Since the lower limit of validity for
SEA is considered to be a function of the number of element modes partici-
pating in the frequency bands, scaling by number of modes would seem to be

indicated.

Figures 74 to 76 evaluate system accuracy based on the number of element
modes present in each frequency band. The main change from the scaling

on radius is that Section II replaces Section I as having the most significant
(largest scaled frequencies) values. The fully reverberant and direct impinge-
ment cases exhibit slightly less accuracy than with radius scaling, while the
aft plate excitation shows extremely good accuracy. Convergence to the limits

of accuracy appears to occur at about 20 element modes per band.
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The number of modes per element when using constant percentage bandwidths
for flat plates is strictly a function of (A/h)-f. Figures 74 and 76 have their
abscissas marked to show the corresponding value of this scaling parameter
valid for aluminum or steel) to aid in application of the graphs. The spacing
of the points plotted on the graphs indicates the effects of curvature on distri-

bution of modal density with frequency.

Due to the positioning of the acoustic input for the specimen, the frequency
scaling on radius or size (humber of modes) may be misleading with regard
to the accuracy of SEA in this study. The scaling places major emphasis on
predictions in Sections I and II. Because these sections are adjacent to the
input, response is most directly affected by the input and by the damping, but
not necessarily coupling. Consequently, Figures 77 to 79 are included to

demonstrate accuracy without scaling of the frequency.

These figures still indicate a convergence of the predicted levels. Much of
the spread in the high frequencies is due to Section IV, which has the lowest

scaled frequencies.
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These figures show that the accuracy in Sections I, II, and III converges very
closely to the same value in the high frequencies for all three input
configurations. This indicates the same parameter or parameters is causing
the inaccuracy in all sections. This would indicate the coupling values are
correct, since the coupling would affect Section IIl predictions relative to
Section I. Consequently, the overemphasis on Sections I and II when using

the scaling techniques should not be misleading as to the indicated accuracy
of the SEA approach.

Combining the information provided by the three accuracy evaluation
techniques, this study indicates that SEA is capable of prediction accuracies
of £3 dB above the ring frequencies of curved structure or when the struc-
tural model has 20 or more modes per element participating in a one-third-
octave frequency band. This accuracy was attained in conjunction with
simple test methods used to evaluate the damping and coupling parameters
for the structure. Consequently, the results verify the validity of the simple

test methods as a means of evaluating these SEA parameters for complex

structures,
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CONCLUSIONS

The primary conclusions reached during this study are:

A,

SEA has a demonstrated capability of structural response prediction
accuracies of 3 dB above the ring frequency of cylindrical structure
or when 20 or more modes per model element are participating in

a one-third octave frequency band.

The simple test methods and panel specimens presented in the
section of this report on the test program are capable of defining

the SEA damping and coupling parameters for complex structures.
Of special interest is that the very low damping obtainéd during

test did yield the proper results.

Overmodeling of continuous structural elements can be an important

obstacle to a successful SEA application,

Additional accomplishments are:
A,
B.

The SEA approach was put into a computer-compatible matrix form,
General information concerning SEA and high-frequency response

was gained from a study of simple systems,
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AREAS FOR ADDITIONAL WORK

This report establishes SEA as a useful tool for random vibration analysis
of complex structures. For this application, additional effort is required
to (1) measure or gather coupling values for typical structural joints and
catalog these results; (2) define coupling, damping and modal density

properties of components or vehicle equipment.

SEA can be extended to other areas of interest. Such applications have
received little attention even though the extension of SEA should be
straightforward. These include:

A. Application of SEA to high frequency shock predictions.

The authors see no basic distinction between the high
frequency transient and steady-state problems,

B. Application of SEA to component testing by exciting lightly
damped, high modal density structures that have attached
components. The control methods would be based on component
response as calculated from the high modal density respohse.
This would eliminate the question of over- or undertesting due
to impedance difficulties encountered with dynamic shakers,

C. Application of SEA to define multiple inputs, either acoustic or
mechanical, to simulate acoustic-type environments for large
structures. Acoustic testing is most desirable if a system can
be tested in existing facilities. This method could possibly
eliminate the need for the construction of special facilities
to perform acoustic-type tests on new systems.

The ultimate extension of SEA would be to combine it with the classical
approach, i.e., modeling high modal density structure using SEA, low modal
density structure using classical techniques and combining the results. This

would require relaxation of the SEA equal modal coupling assumption,
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OUTLINE FOR AN SEA APPLICATION

This section of the report outlines a sequence to be followed for the appli-
cation of statistical energy methods to a general structural problem. The

information gained during this study is used to indicate significant aspects

of the various topics.

The following sequence is recommended for applying SEA to a flight vehicle.
A, Will a statistical analysis be useful and valid for the system?
1. Response predictions are statistical — keep in mind the basic
assumptions of SEA:

a. The modes of the elements of a system contain all the
vibratory energy of the system,

b. Only modes occurring within the same frequency band
are coupled.

c. The energy in one frequency band of a system element
is equally distributed among the modes of that element
occurring in the frequency band.

d. For two coupled elements, all of the modes occurring
in one of the elements in one frequency band are equally
coupled to each mode occurring in the same frequency
band in the other element.

2. Valid only for "resonant'" systems — see Reference 3,
3. Consider frequency range of interest — SEA complements,
does not replace, classical modal analyses,.
B. Select a model for the structural system.
1. Model elements should represent generally gross, continuous
portions of the structure. Two attempts were made during

the present study to model continuous portions of structure as
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more than one element. This type of modeling was successful
for one case (circumferential modeling) and caused drastic
problems in the other case (aft subsections), so caution is
advised in the use of this technique.

Give special consideration to elements with external excitation
and the main path of coupling to elements where the response is
critical, More attention should be directed to defining the main
transmission paths to critical elements than on secondary
aspects of the structure (Note: a parameter study can be run
after a response solution is obtained to insure that effects of

certain portions of the structure are indeed secondary).

C. Establish the system of equations for the model.

L.

Establish a solution format as in this report. For very simple
systems an explicit form of the equations may be used for
solutions. For complex systems, the matrix format established
in this study is simple, straightforward, and applicable to most,
if not all, systems.

Select an input method for acoustic or mechanical inputs. The
input is a very critical aspect of any analysis. This study
presented a method for coupling a reverberant acoustic field to
a structural system which yielded excellent results. This
method may be extendable to nonreverberant acoustic fields if

a suitable radiation efficiency (which actually determines the
magnitude of the coupling) can be determined for the structural
interaction with the field. Alternate forms may also be
developed to introduce acoustic energy. Mechanical input of
power should be easily accomplished for the SEA equations.
Establish the coupling matrix — it must agree with the system
model. The coupling matrix is the only matrix having
nondiagonal terms which appears in the matrix format developed
for solution in this study. Consequently, errors in this matrix
are the most likely to go unnoticed. Care must be taken to
insure that the matrix agrees with the model being used

(unconnected elements should have zero coupling).
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4,

Incorporate the physical characteristics of the elements (mass,

area, etc,) into the equations,

D. Determine values for the SEA parameters of the system,

1.

Modal density — may be computed analytically and corrected for
curvature, if necessary. The expressions presented in this
report (from Reference 7) are valid approximations for the
frequency range of interest in statistical analyses. The only
foreseeable difficulty in application of these expressions is in
determining, for example, whether a structural element is
responding as a plate or as a beam,

Radiation efficiency (if used). Test data on this parameter for
both flat panels and cylinders are presented in Reference 4 for
a reverberant field., These data yielded values for the radiation
efficiency which gave excellent results in this study. Values
for this parameter in nonreverberant acoustic fields have not
been noted.

Damping — must generally be measured or estimated for each
system. The ""bop' tests performed in this study to measure
damping are simple, quick, and inexpensive. The damping
parameter measured in this manner resulted in excellent
response predictions. The measured damping also agreed

with published data for the structural material in Reference 9,
an indicated aid for estimating damping. Selection of low
(conservative) values for the damping will not necessarily
result in conservative predictions if the damping varies among
model elements,

Coupling — at least a base value must be evaluated with a test
since information is almost nonexistent for this parameter.

One additional method using response data from previous tests
with very simple structural configurations having applicable
joint construction is possible: use the response data to perform
a reversed analysis solving for the coupling parameter. Without
valid information on the system coupling, only parametric

studies cah be accomplished.
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E.

Test Program (if included)

1.

Test specimen should be of the most significant features of
the structure. The specimen should represent the most
important structural features between the input and the critical
response elements along the major transmission path. This
approach insures the most valid response predictions with the
minimum amount of testing,

Keep test specimen simple to permit straightforward
evaluation of results. Test specimens having complex
configurations may appear to give a more valid representation
than very simple specimens, However, when specimens are
used which must be modeled as SEA systems with more than
two elements which are not symmetric or which have unusual
shapes, it may be very difficult to isolate the effects of the
individual parameters. The results achieved in this study

were accomplished with extremely simple test specimens.

Solve for response of the system, This may be accomplished

explicitly for very simple systems. For complex systems, the

matrix format presented in this report is easily adapted to solution

with any matrix abstraction program.

Evaluation of Results

1,

If results are based on damping and coupling values measured
using methods presented in this study, the study results
indicate predicted response should agree well with actual
response,

If all parameters were not well defined, the results should be
treated as a parametric study to determine the effects on
system response of parameter variation throughout the expected
range of valpes.

Reread Item A to ensure that results are interpreted in light of

the SEA assumptions.
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