@ https://ntrs.nasa.gov/search.jsp?R=19730020245 2020-03-22T23:38:55+00:00Z

N73-28977

VOLUME II

STUDIES IN TILT-ROTOR VIOL ATRCRAFT ABROELASTICITY

by

RAYMOND GEORGE KVATERNIK
Submitted in partial fulfillment of the requirements
for the Degree of Doctor of Philosophy

Thesis Advisor: Professor Robert H. Scanlan

Department of Solid Mechanics, Structures, and Mechanical Design
CASE WESTERN RESERVE UNIVERSITY

June 1973



CHAPTER 6

NATURAL MODE VIBRATION ANALYSIS OF STRUCTURAL SYSTEMS

BY DIRECT AND COMPONENT MODE SYNTHESIS TECHNIQUES

Introduction

Natural vibration modes constitute the beasic ingredient in
nany flutter and dynemic response analyses procedures currently
employed for aerospace structures. Flutter analyses based on the
use of natural modes enjoy the convenience of having the structural
dynamic characteristics completely describable in terms of the
natural frequencies and generalized masses, the mode shapes being
employed in the formulation of the generalized aserodynemic forces.
In transient geroelastic problems related to response in gust
encounters or in maneuvers or dynamic response problems such as
landing impact the use of a normal mode methodology provides an
effective and systematic epproach to the formulation of the
governing equations of motion. For aircraft having rotating
components such as propellers or rotors a complete knowledge of
the vibratory characteristics of the airframe is necessary in
order to avoid resonances with the airframe frequencies and to be
able to assess the effects of the external excitation forces
generated by the oscillatory aserodynamic loading. Tt is also
common practice to meke resonance tests of flight vehicle
structures andfor their components (or suitable models thereof)
on the ground and compare the experimental modes and frequencies

with calculated values. This serves to validete the mathematical
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model as regards the inertial and elastic properties to be used in
subsequent flutter and dynamic response analyses.

In recognition of the fundamental role assumed by natural modes
in aeroelastic and dynamic analyses and in structural design verifi-
cation this chapter is concerned with the development of utilitarian
computational procedures for the natural mode vibration snalysis of
linear structursl systems. Following customary engineering practice
in dealing with complicated structures, recourse is had to the ap-
proximation of replacing the continuous structural system having an
infinite number of degrees of freedom by an "equivelent" discrete
system having & finite number of degrees of freedom. Herein this
discretization is made by replacing the structure with a finite ele-
ment mathematical model based on the stiffness method of structural
analysis. Attention is directed to two methods for natural mode vi-
bration analysis. The first consists of a direct approach based on
a finite element representation of the complete structure as an enti-
ty, the mass and stiffness matrices for the complete structure being
assembled by properly combining the mass and stiffness matrices of
the individual "elements" into which the structure has been
divided. Such procedures are described in Refs. 6-1 and 6-2 for
example. For large, complex structural systems, the determination
of these modes by a direct method often leads to & problem size
which is unwieldy or which exceeds the storage capacity of available
computing machinery. An alternative approach to naturasl mode
vibration analysis in such circumstances is that of component mode

synthesis. This method is based on the toncept of synthesizing the



386

natural modes of the complete structure from modes¥* of conveniently
defined substructures, or components, into which the structure has
been partitioned. In this way the expedient of reducing the system
degrees of freedom, and thus the size of the eigenvalue problem, can
be introduced by partial modal synthesis wherein only a relatively
few of the modes from each component are chosen as degrees of free-
dom and employed in the synthesizing procedure. The total

number of selected component modes, and hence modal coordinates, is
then significantly less than the number of discrete degrees of free-
dom established by the finite-element modeling process. In addition
to the obvious advantage of reducing the size of the overall system
eigenvalue problem, the component mode approach can be so formulated
as to provide the added flexibility of including several types of
component deflection shapes such as calculated or measured natural
modes, assumed deflection shapes, or static deflection shapes. The
chosen shapes may be based on interface restraint conditions which
differ from those that exist in the assembled configuration. To Judge
from the number of recent additions to the literature the modal syn-
thesis method of natural mode vibration analysis appears presently to
be experiencing a "renaissance." This renewed interest is undoubtedly
a. consequence of the many attendant advantages which the modal
synthesis scheme offers over that of the direct method, particularly

in dynamic analyses of large complex structural systems. For this

%
More generally, any suitable set of linearly independent

shape functions and not necessarily the caelculated natural
modes, as will be pointed out later.
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reason a brief historical synopsis of this method seems appropriate
here.

The method which is now referred to in various terms as
component mode synthesis, modal synthesis, or modal coupling was
implicit in the early work of Scanlan (Ref. 6-3),among others. He
used normal coupled vibration modes of airplane components as
generalized coordinates in a Rayleigh-type analysis of the transient
response resulting from landing impact. Later Huan (Ref. 6-k)
presented a similar procedure forcalculating the free vibration modes
of an aircraft. Both these suthors were motivated by the need for
reducing the system eigenvalue problem to an order suitable for
hand calculation. The mechanics of component mode synthesis were
quite extensively developed in an early work of MacNeal (Ref. 6-5).
However, because his work was stated primarily in terms of electrical
analogies, being addressed to electrical engineers, it generally
remained "inaccessible" to structural dynamicists. In 1960
Hurty (Ref. 6-6) described the rudiments of component mode synthesis
in terms more familiar to structurael dynamicists and illustrated its
use by epplying it to a simple frame structure, thereby meking it
"available" to structural dynamicists. A comprehensive account of
many of the mathematical aspects of component mode synthesis as
applied to dynamic analyses was given by Hurty several years later
(Ref. 6-T7).* Central to Hurty's scheme was the separation of the

calculated component modes into fixed constraint normel modes,

#*
A condensed version of this JPL report is also available as

"Dynamic Analysis of Structursl Systems Using Component Modes," AIAA
Journal, Vol. 3, April 1965, pp. 678-685.
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constraint modes, and rigid-body modes. A "Branch Mode" analysis
scheme was given by Gladwell (Ref. 6-8) at about the same time. This
methed featured the imposition of a sequence of sets of constraints
on the system, each set being chosen so that for each constrained
configuration only one component or "branch" could vibrate elasti-
cally. These branch modes and appropriate rigid-body modes were
then employed in a Rayleigh type analysis of the complete system.
Goldman (Ref. 6-9)* used rigid-body modes and free-free elastic
modes of components for synthesis. Bamford (Ref. 6~10) included
so-called "attachment modes" in the selected mode sets to account
for concentrated loads at unconstrained points of the complete
structure. An application to & launch vehicle was given by Mc-
Aleese (Ref. 6-11). Bajan and Feng (Ref. 6-12) suggested an
iterative procedure, which they termed modal substitution, for
improving the system modes and frequencies calculated by partial
modal synthesis. These works, for the most part, represent the
developments pertaining to modal synthesis availsble in the open
literature at the time the comparable work to be described herein
was initiated. More recent additions to this literature, appearing
while this work was in progress, are given in Refs. 6-13 to 6-19.
Chronologically, the direct method of natural mode vibration
analysis was first developed to serve as a stend-alone procedure
for problems having up to about 200 degrees of freedom. With a

view primarily toward allowing significantly more degrees of freedom

A condensed version, under the same title, is given in AIAA Journal,
Vol. T, June 1969, pp. 1152-115h.
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in the finite-element discretization without a corresponding in-
crease in computer storage requirements a component mode synthesis
method was next developed. The analytical bases of both these methods
as developed herein are believed to be rather different in approach
and to contain several new and novel features: Both analyses enforce
inter-substructure deflection compatibility according to a new
algorithm conceived by Walton and Steeves (Ref. 6-20) in which
independent system coordinates are established by solving an eigen-
value problem associated with a symmetric matrix formed from the
coefficients of the constraint equations. The concept of a gyro-
scopic finite element is further introduced. Based on this artifice
both analyses are extended to include the effects of gyroscopic
coupling forces induced by large rotating components such &as
propellers, proprotors, or fans. Several additional features are
included in the modal synthesis formulation. A "hybrid"
representation can be employed for the substructures whereby some
substructures may be described in terms of modal coordinates
established on the basis of selected component modes while the
remaining substructures are described in terms of discrete
coordinates. Substructure modal informetion, either for free-free
or constrained boundary conditions, can be specified in the form
of calculated or measured natursl modes, static deflection shapes,
assumed deflection shapes, or any combination of these. These
deflection shapes need not be orthogonel or normelized in any

consistent manner.
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Both the direct and component mode synthesis analyses pre-
sented herein are, in principle, applicable to s structural
idealization based on any type of finite element (segments of beams,
plates, shells, etc.). The computer programs based on these analyses¥
are, however, limited to structures which admit of a "stick" model
representation. The latter refers to a structural idealization in
which the structure is taken to be composed of an assemblage of
beams, springs, and rigid bodies. Since many structures of practical
interest can be represented in this manner for dynamic analyses the
corresponding computer programs have a relatively wide range of

engineering applicability.

The Mathematical Model

(a) Nature of the Finite-Element Stiffness Matrix Method of

Structural Analysis

The idea of replacing a continuous structure by pieces,
generating the stiffness matrix for each piece, and from these
assembling the stiffness matrix for the complete structure was
originally suggested by Levy (Ref. 6-21). However, Turner,
Clough, Martin, and Topp (Ref. 6-22) are generally credited with
developing the concept to the point at which it was amenable to
automation on digital computers, thereby firmly establishing the

procedure which is now referred to as the finite element stiffness

*
These are given in Appendix H. Only the case of zero gyroscopic
coupling has as yet been programmed, however.
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or displacement method of structural analysis. Briefly, the finite
element method as applied to the analysis of complex structural
systems is based on replacing the structure by an ideslization
consisting of a large number of small discrete "standard" structural
elements (such as beam, plate,or shell segments) which are inter-
connected at discrete node points, the loading on each element being
represented by a set of discrete forces and/or moments acting at the
node points on the boundary of the element. Element force-deflection
relationships, established on the basis of some simple assumed
deformation which relates internal displacements of the element to
its nodal displacements, lead to a set of stiffness influence
coefficients, or stiffness matrix, which embodies the elastic
characteristics of the element. The individual unassembled elements
are combined to form a mathematical model of the complete structure
by conceptually joining all elements gt their node points in a
manner which insures that the elements are in equilibrium subject

to the external loads and the forces they exert on each other and
that no discontinuities of deformation occur at element Juncture
points. These conditions are generally only approximately satisfied.
In the stiffness method continuity of deformation is satisfied
apriori while the equilibrium requirements are implicit in the
mechanics of the method. The resultant system stiffness matrix
then defines the elastic charsascteristics of the structure in terms
of force-deflection relationships for & finite number of

coordinates (nodes). These force-deflection relations constitute
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a set of algebraic equilibrium equations, having deflections as
unknowns, which approximate the differential equations of equilibrium
for the elastic continuum. The interested reader will find detailed
considerations relating to the finite-element method of structural
analysis in several excellent books (see, for example, Refs. 6-23 to
6-25).
(b) The "Stick" Model Structural Representation Employed in the

Computer Programs

The analyses and associated computer programs for natural mode
vibration analysis by direct and component mode synthesis techniques
are based on a substructures approach in which the structure is
first partitioned or divided into several separate smaller components
or substructures, such as schematically depicted in Fig. 6-1. Based
on the known inertial and elastic properties a finite-element math-
ematical model of each substructure is then established. If the
direct method of vibration analysis is to be employed the inertial
and elastic characteristics of the substructures remein in the dis-
crete coordinates established by the finite-element modeling process.
If the intent is to employ model synthesis the modes of each sub-
structure are first determined on the basis of the discrete-co-
ordinate mathematical model. A selected few c¢f the modes from
each substructure modal set are then used in an assumed-modes type
procedure to effect a coordinate transformetion to distributed (mod-
al) coordinates. In either case the mathematicel model of the

complete structure is arrived at by reassembling the
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components in a manner consistent with the equations of constraint
which insure deflection compatibility at the interfaces of the
components.

The "stick" model approach to dynamic snslysis as embodied in the
computer programs assumes that the structure is composed of an
assembly of beams, springs, and rigid bodies. Use of these
structural building blocks to represent an aircraft structure for a
symmetric vibration analysis is schematically illustrated in Fig.
6-2.* The fuselage/engine combination, the wings, and horizontal
tails are replaced by equivalent nonuniform beams lying along the
calculated elastic axes of the respective components; the wing and
horizontal tail carry-through structures are treated as massless
uniform beams (i.e., beam-springs), their mass being included with
the mass of the fuselage/engine beam; the vertical tails are baken
to be rigid bodies rigidly attached to the fuselage/engine beam.

Since the substructures are treated as distinet and separate
components in a substructuring methodology their structural
properties are most conveniently defined relative to axes local
to each component. The specification of the mass and stiffness
matrices corresponding to each of the three types of structurael
members employed in the stick model representation of a structure

herein is the subject of the following subsections.

*
The silhouette corresponds to that of an actual aircraft for
which the stick model shown was used to represent the structure

for symmetric natural mode analysis.
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Beam Substructures: The beam elastic properties are defined in

terms of the distribution of flexural, torsional, and axial stiffness
(EI, GJ, and AE, respectively) along the local elastic axis. The
continuous distortion of the beam is approximsted by specifying both
the deflection and rotation at a number of discrete points or
stations along the beam. A beam segment or element is defined to be
the length between two such stations. The stiffness of each element
is assumed to be constant and given by the aversge value of the
stiffnesses at the two adjacent stations. The distributed mass

of the beam is discretized by simply replacing the distributed mass
by statically equivalent concentrated masses at the discrete stations
along the beam, each mass having both translastional and rotational
inertia. This lumped mass approach is consistent with the fact

that weights date is generally aveilable in a lumped form wherein
the inertial properties given are the total weight, center of
gravity location, and moments and producte of inertis of discrete
small regions of a structure. In contrast, use of the celebrated
"consistent mass matrix" of Archer (Ref. 6-26) would require a
knowledge of the mass distribution.

The mass and stiffness matrices of an unrestrained arbitrarily
oriented beam element are each of order 12 x 12. If the local
coordinate axes are chosen to coincide with the principal axes of
the cross section the 12 x 12 stiffness matrix can be expressed in
terms of 4 x 4 and 2 x 2 submatrices located on the principal

diagonal. Should the center of grevity of the lumped masses lie
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on the elastic axis of the beam segment a similar partitioning is

possible for the mess matrix.

We will assume this to be the case

for the present and indicate later how to account for any mass

coupling terms.

The manner in which the computer programs generate

these submatrices for a beam substructure is illustrated below with

reference to the two-element beam shown in Fig. 6-3.

(1) Beam Bending - The stiffness matrix for vertical bending

is put into the partitioned form:

where

(Al =

W 0
[a] [B]
¥l =
T
[B] [c]
I pose—
k61 Yy V3
1281, 1281, ]
- 0
3 3
L L
1281, 1281, 128, 1281,
-3 3 "3 3
L L Ly Ly
1281, 1281,
0 i 3
13 L

(6-1)

(6-2)
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o, 0, 0
6E1, 6Ex, .
— — w
2 2 1
1 1
5] = ) 6E1, ) 6ET, ) 6e1, 6e1, .
2 2 2 2 2 (6-3)
1 Ly 2 2
, i 6E1,, ) 6E1,, i}
2 2 3
B L, L
21 5, 83
keI, 2EI, . )
) L 1
€] - eixl himl . hilz 2iI2 0, .
1 1 2 2 -
. 2ET, YET, .
T L 3
2 2

The bending displacements and slopes have each been grouped together
and placed in the order shown in Eq. 6-1 for computational
convenience. Extension to additional elements is apparent in the

distinctive forms of [A], [B], and [C]. The corresponding inertia

matrix is given by



397

vy v, w3 :el 62 03
ES : 1™
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| BRI, 8,
0 : RI, 0,
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Similar matrix expressions describe lateral bending.

(2) Beam Torsion - The torsional stiffness matrix is given by

% % %
_ —
6J, & . ,
L, i 1
) N &, G, ar, (66
(g 7 L. T T T L) )
1 1 2 2
o GJ, GJ,
L L 4’3
o 2

and the inertia matrix by



9 % ¢,
5 ot
(] = I, 5 (6-7)
i I3~ 95

Extension to more elements is obvious.
(3) Beam Axial ~ The stiffness matrix describing axial defor-

mation has the form

ul u2 u3
el 5 0 .
Ly L 1
AE AB AE AE
1 1 2 2
K - |-—t .2 _z ||, (6-8)
]A Ll Ll L2 L2 2
0 B ) .
L2 L2 3
while the inertia matrix is
u
b I
M uy (6-9)
b, = ¥, Yy
M3 u3
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Again, the extension to additional elements is obvious.

Spring Substructures: In many instances actual springs may

comprise some of the structural components of & structure (or various
members may be treated as one-degree~of-freedom springs). These
springs are defined by 1 x 1 stiffness matrices having spring
constants as matrix elements and associated 1xi null inertia
matrices. The use of these springs will be illustrated in a quali-
tative manner later.

It is often convenient to account for the elasticity of short
beam members while including their inertia with other members
(such as suggested for the wing and tail carry-through structures in
Fig. 6-2). A massless, uniform beam segment is employed for this
purpose. Since only the elastic properties of this beam segment are
considered it has the character of a spring and it seems appropriate
to include its description here. For descriptive purposes this
massless beam segment will be referred to as a "beam-spring". For
the particular coordinate ordering shown in Fig. 6-4 the associated
12 x 12 stiffness matrix has the form given in Fig. 6-5. The
corresponding inertia matrix is taken to be null. The use of the
beam-spring is illustrated qualitatively later in this chsapter and

in the detailed example in Appendix E.

Rigid-Body Substructures: Various components can often be

treated as rigid in dynamic analyses. For example: ordnance,

external fuel tanks, engine/nacelle combinations, etc. With respect
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to a local axis system located at the center of gravity the inertia

matrix of & rigid body has the general fornm

b'd ¥y Z o 8 Y
M ' X
]
M f 0 y
' 6-10
[ ] Mo Z ( )
M = |recocconcacmanenn 4 ---- bttt g
RB b I I I a
: XX Xy XZ
0 I . I I, B8
' J yy y
]
L : sz 7y Izzd Y

The corresponding stiffness matrix is of course null since a rigid
body has no strain energy associated with its motion.

It may often be necessary to account for either the transla-
tional or rotational rigid-body motion of a beam substructure while
neglecting the corresponding elastic motion. This situation is
easily accommodated by the availebility of this rigid-body element,
as will be demonstrated somevwhat later. This expedient will also
be exercised in the numerical examples given in Appendices E and F.
(¢) Formation of the Mass and Stiffness Matrices for the Partitioned

Structure

The "building blocks" for constructing the mass and stiffness
matrices corresponding to each substructure based on a "stick"
model structurel representation have been given sbove. Once the
substructure mass and stiffness matrices have been determined the

mass and stiffness matrices for the partitioned structure are given
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by the composite matrices containing as submatrices the mass and
stiffness matrices of the individual substructures on the principsal
diagonal. These composite matrices are denoted by [M] and [K],
respectively. For the "stick" model shown in Fig. 6-6, for
example, both the mass and stiffness matrices for the partitioned
structure (ie., [M] and [K]) would have the genersal form shown in
Fig. 6-T.%* Each block in Fig. 6-T corresponds to a matrix. The
ordering of blocks within a substructure and the ordering of
substructure matrices within [M] and [K] is, in principle, arbitrary.
Since the mass and stiffness matrices for each substructure have
been generated independently, no inter-substructure coupling will
exist in [M] end [K]. However, intra-substructure coupling (ie.,
coupling between the blocks within a substructure) will generally
exist. For example, if the sectional centers of gravity of the wing
or tail surfaces are displaced horizontally from their local elastic
axes mass static unbalance terms are introduced which will couple
vertical bending displacement with torsion. This will couple the
bending and torsion blocks of the wing or tail substructures in [M].
Components idealized as rigid bodies can be treated as discrete
substructures or, alternately, have their inertia properties combined
with the inertia matrix associated with the elastic member to which
they are attached. If, for example, the main landing gear

assembly of the aircraft shown in silhouette in Fig. 6-6 were treated

*
The "stick" model of Fig. 6~6 and the particular freedoms indicated
in Fig. 6-7 would be appropriate to a symmetric vibration analysis.
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as a rigid mass and its inertial properties combined with the for-
ward fuselage beam, the vertical bending and axial rigid-body blocks
of the forward fuselage substructure in [M] would be coupled.*
Coupling terms would also arise within the vertical bending block,
leading to a non-diagonal mass metrix for beam bending. Inter-

and intra-substructure coupling terms arise in the stiffness matrix
of the partitioned structure, [ﬁ], when the stiffness characteristics
of physical springs are combined with the stiffness matrices of
members to which they are attached rather than treated as separate
substructures. The preceding remarks are elucidated below in

several simple illustrative exsmples.

Wing Static Unbalance: Consider the sectionalized wing plan-

form shown in Fig. 6-8. The sectional (lumped) masses, bending
inertias, and torsionsal inertias (about the cg) are denoted by

m, RIi’ and Ii’ respectively. The perpendicular distance between

the sectional cg locations (assumed to be in the wing chord plene)

and the wing elastic axis are denoted by e, The kinetic energy
of each section, Ti’ expressed in terms of displacements and
rotations of the elastic axis station, has the form indicated in
Fig. 6-8. Substituting each of these expressions into Lagrange's

equation and performing the appropriste differentiations leads to

*

Figs. 6-6 and 6~T7 are appropriate to e symmetric vibration analysis.
For an anti-symmetric analysis the lateral bending and torsion
blocks of the substructure would be coupled.
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the coupled bending-torsion mass matrix shown in Fig. 6-9. By

way of illustration assume that Fig. 6-8 is appropriate to the wing
of the aircraft depicted in Fig. 6-6. Then [M] would have the form
shown in Fig. 6-7, the first two blocks of substructure #3 being
given by twice the mass matrix of Fig. 6-9. If the sectional cg
were also displaced vertically from the wing elastic axis (ie., not
in the wing chord plane) additional coupling terms would arise and
the vertical bending, torsion, and fore-and-aft bending blocks of

substructure #3 would be coupled.

Alternate Treatment of Rigid Bodies: As an alternative to

treating each rigid body as an individual substructure the inertial
properties of the rigid body (total mass lumped at the cg and
moments and products of inertia relative to axes fixed in the body
at the cg) can be combined with the inertia metrix of the elastic
member to which it is attached. This alternative scheme has the
attendant advantage of not explicitly introducing the degrees of
freedom associated with the rigid body into the resulting eigenvalue
problem.

(1) Rigid Attachment - If the rigid body is, or can be taken
as,rigidly attached to an elastic substructure other than a beam-
spring the procedure consists in suitably modifying the kinetic
energy expression for the substructure to include the effects of the
concentrated mass, inertia, and static unbalance about its point of
attachment. A formal procedure for effecting such a modification in

the general case of an arbitrarily oriented six-degree-of-freedom
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rigid body is given in Appendix A. In meny instances the necessary
additions to the mass matrix of the component to which the rigid
body is attached can be obtained directly without recourse to the
general results of Appendix A. For example, consider the situation
depicted in Fig. 6-10. Suppose one wishes to combine the inertial
properties of the center=line fuel tank, teken as a rigid body,
with the inertia matrix of the fuselage beam. Assume that each
fuselage mass has both vertical bending and longitudinal degrees of
freedom. If the principel inertia axes of the fuel tank are
parallel to the principal geometric axes of the fuselage beam the
kinetic energy of the tank expressed in terms of the motion at the
nth mass station has the form given at the bottom of Fig. 6-10.
Substituting this expression into Lagrange's equation gives the
matrix of additionel terms which must be added to the (diagonal)
mass matrix for the fuselage beam. The finael mass matrix is given
in Fig. 6-11.

(2) Flexible Attachment - If the fuel tank of Fig. 6-10 were
attached to the fuselage beam through & flexible member which
could be treated as a spring substructure (either an actual spring
or a beam-spring) the inertia properties of the tank could be
combined with the null inertia matrix of the spring substructure

using a procedure similar to that described in (1) directly above.

Alternate Treatment of Actusl Springs: For convenience

actual springs can be divided into those which have one end tied to

ground and those which have both ends "free" in the sense that
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while both ends attach to some component neither end is tied to
ground.

(1) Springs Having One End Tied to Ground - If the spring
attachment point on the structure is at a mass station the spring
constant(s) can be simply added to the appropriate diagonal term(s)
of the stiffness matrix of the component. If the point of attach-
ment is not at a mass station coupling emong the blocks within the
substructures comprising [K] will occur. In the latter case it is
sometimes convenient to introduce an auxiliary massless station at
the spring attachment point.

(2) Free-Free Springs - The spring constants of springs which
have neither end tied to ground can be combined with the stiffness
matrices of the substructures to which they are attached by writing
the potential energy of the springs in terms of the coordinates at
the points of attachment. A simple illustration of the use of this
expedient in the realm of launch vehicle dynamics may be given with
the aid of Fig. 6-12. In dynamic analyses of launch vehicles the
dynamic effects of sloshing propellants are usually included by
introducing a dynamically equivalent mechanical analogy, composed of
fixed and oscillating masses connected to the tank by springs or
pendulums, to account for each important vibration mode of the
liquid as a degree of freedom (Ref. 6-27). This equivalent lumped
parameter mathematical model can then be combined with appropriate
discrete element representations for other components of the vehicle.

A spring-mess analogy is shown in Fig. 6-12. One such spring-mass
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assembly is provided to represent the dynamic effects of sloshing
in vertical bending (translation and rotation) and longitudinal
oscillation. For illustrative simplicity, all three sloshing masses
are taken to be attached to the same beam station#*. The potential
energy of the springs, expressed in terms of the deflections of the

th

n ~ beam station (wn, 9 , un) and the deflections of the slosh

n
masses (w, 6, u), is given by Vs in the figure. Substituting
this expression into Lagrange's equation leads to the matrix shown

in Fig. 6-13. [AK] is the matrix of spring stiffness terms which

must be added to the stiffness matrix for the bean.

Establishing the System Equations of Motion

Denoting the composite matrices containing the mass and stiff-
ness matrices of the individual substructures as submatrices on
the principal diagonal by [M] and [K], respectively, the Lagrangien

of the partitioned structure can be written as
L= 2 (Y72} - 2 (=) [R]{a) (6-11)

where {z} is a column matrix containing the coordinates of all the
substructures. A consequence of any substructuring procedure is

the introduction of coordinates which are not generalized coordinates
in the Lagrangian sense but are related by equations of constraint

which must be imposed to restore geometric compatibility at the

*
The non-sloshing portion of the fluid (not shown) is treated as

rigid and would simply be combined with the mass matrix of the
bean.
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interfaces. Since the matrices [M] and [K] in Eq. 6-11 have been
established on the basis of such a substructuring procedure the
coordinates forming the vector {z} are not independent with respect
to the total system. Thus, before Eq. 6-11 can be substituted into
Lagrange's equation a set of system-independent coordinates consis-
tent with the equations of constraint must be established. Such co-
ordinates can be arrived at in various ways. Herein, recourse is
had to a method recently devised by Walton and Steeves (Ref. 6-20)
in which solution of the constraint equations (ie., the establish-
ment of independent coordinates) is, in essence, reduced to computing
the eigenvalues and eigenvectors of a symmetric matrix formed from
the matrix of coefficients appearing in the constraint equations.
For completeness, their work is briefly reviewed below.
(2) The Method of Walton and Steeves for Establishing Independent

Coordinates#*

The linear algebraic equations of constraint which are a
consequence of enforcing deflection compatibility at the Junctions

of the substructures can be written as

[c1{z} = {0} (6-12)

where [C] is a constant matrix depending solely on the geometric

configuration of the interfaces. In practice [C] is rectangular

®
Their original work (Ref. 6-20) is also available as a NASA
Technical Report (Ref. 6-28).



408

with the number of rows generally much less than the number of
columns. Since there are many coordinates (degrees of freedom)
which do not appear in the constraint equations the matrix [C]

is also characterized by the presence of meny null (zero) columns.
The vector {z} is identical to that appearing in Eq. 6-11. Usual
practice when explicitly dealing with equations of constraint is to
partition and solve Eq. 6-12 to define L of the zi in terms of
those remaining, wvhere L is equal to the number of independent
constraint equations. The method of Ref. 6-20 enjoys several
advantages over the usual method. For complex structures, re-
dundancies often appear in the equations of constraint (in the form
of linear dependencies among rows of [C]) which can cause problems
(Ref. 6-29). The method of Ref. 6-20 eliminates the need to treat
the case of redundant equations of constraint in any special manner.
The basis of their method is s new mathematical theorem designated
the "zero eigenvalues theorem" which expresses the solution of a
set of linear homogeneous algebraic equations in terms of eigenvec-
tors of a symmetricmatrix constructed from the coefficients of the
equations of constraint. The method proceeds as follows. Using

[C] from Eq. 6-12 construct the symmetric matrix [E] defined by
T
[E] = [C]7[C] (6-13)

Solve the eigenvalue problem
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[E1{x} = A{x} (6-1k)

Let the resulting set of eigenvalues be arranged in the diagonal
matrix [~A.] and the corresponding eigenvectors in the model matrix
{X]. If [E] has no eigenvalues equal to zero the set of equations
given by Eq. 6-12 has only the trivial solution. If zero is an
eigenvalue of [E] of multiplicity P the most general solution of

Eq. 6-12 is given by

{z} = [B] {q} (6-15)
Nxl  NxP Pxl

vhere [B] is & matrix formed from the columns of [X] which correspond
to eigenvalues ), having the value zero,® {z} is a column matrix
containing all the substructure coordinates (see Eq. 6~11), and
{q} is a column matrix of arbitrary elements. With respect to the
structural coupling problem of concern herein Eg. 6-15 may be
interpreted as defining a suitable transformation matrix [B] to
effect a transformation from dependent substructure coordinates to
independent system coordinates.

In summary, the problem of determining a suitable transformation
matrix [B] is seen to reduce to that of determining a set of linearly
independent eigenvectors of [E] corresponding to eigenvalues of [E]

which are zero. The matrix [B] is usuaslly not amenable to direct

*

Since [E] is a symmetric metrix the eigenvectors corresponding to
a multiple eigenvalue are linearly independent, though not necessar-
ily orthogonal.
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physical interpretation and the independent coordinates {q} are
generalized coordinaetes in the striect sense of the word. In
contrast, the independent coordinates obtained by proceeding in the
usual manner indicated above are a subset of the original (physical)
dependent coordinates.

The manner of introducing the transformation and arriving at
the system equations of motion will be outlined below for both the
direct and component mode synthesis methods.

(b) Direct Method

The Lagrangian for the partitioned structure is

}T

L= 2 )7} - 2 {217 [R){e) (6-16)

The constraint equations enforcing inter-substructure deflection

compatibility have the matrix form
[c1{z} = {0} (6-17)

Proceeding in the manner indicated above a transformation to

independent coordinates is effected by substituting

{z} = [Bl{al} (6-18)

into Eq. 6~16. This leads to

L = 2 {17817 M 814a) - & {81 (R [B]{a) (6-19)
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Defining

[M] = [B1T[M][8]
(6-20)
(k] = (81T [K][8]
the Lagrangian for the assembled structure is
L= 2 @ mgd - 3 (e (6-21)

Substituting Eq. 6-21 into Lagrange's equation for a conservative

System

%(%)- %&: 0 (6-22)

there results

M1{d} + [(K1{q} = {0} (6-23)

as the free vibration equations of motion for the complete structure.
[M] and [K] will be symmetric and, in general, positive semidefinite,
that is, the eigenvalues of [M] and [K] are greater than or equal to

zero.

(c) Component Mode Synthesis

As pointed out esrlier component mode synthesis, employed as
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a technique for natural mode vibration analysis of complex
structural systems, is based on the concept of synthesizing the
modes of the complete structure from the modes of conveniently
defined substructures or components into which the structure is
divided. The substructure modes are used as degrees of freedom,

the discrete coordinates of each component being expressed in

terms of its modes and normel (modal) coordinates which represent
the contribution of each mode to a particular deformation. The
expedient of reducing the degrees of freedom and thus the size of
the final system eigenvalue problem is introduced by pertial modal
synthesis wherein only a relatively few of the modes from each
component are employed. Selection of modes is generally based on a
frequency cut-off criterion wherein all substructure modes below

a given frequency of interest for the system are used in the
synthesizing procedure and the others discarded.®* The rationale for
selection of modes on this basis follows from the fact that the
higher calculated component modes (pased on the discrete mathematical
model) generally bear little resemblance to the corresponding modes
of the continuous structure. Synthesis of the selected component
modes to obtain the generalized coordinates for the structure is then
effected by applying the equations of constraint reflecting the
compatibility relations at the Junctions of the substructures.

Let the selected modes from each substructure be arranged

*
A frequency cut-off criterion is, in effect, employed in
the computer program.
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by columns in the matrices [U](l), the superscript denoting the
assembly of modes from the ith such substructure. The selected

i
]( )

substructure modes (U herein can consist of calculated natural

modes, measured modes, static deflection shapes, assumed deflection
shapes, or any combination of these. The restraint conditions
employed for the substructure analyses need not correspond to the
conditions which exist when all the substructures are assembled,

in which case appropriate rigid-body modes (and possibly constraint
modes) must be included in the selected set of modes. As indicated
earlier these "modes" need not be orthogonal or normalized in any
consistent manner. ©Static deflection shapes, assumed modes and
rigid-body modes need no special consideration but are simply
treated as elastic modes heving zero frequencies. In terms of
these selected mode sets the transformetion from discrete sub-
structure coordinates Zg to substructure modal coordinates Ei

can be written as

r N

{23’ [ 1 (o)

{z}(z) [U](z) (g}(e)
¢y - ¢ ) (6-2u)*
124 (8) W™ | |

L o - s \ o

#*
NS = total number of substructures into which structure has been
partitioned.



Lak

or, in condensed notation,

{z} = [ul] {g} (6~25)
Nxl NxNSM NSMxl
The number of rows in the system modal expansion matrix [U] is equeal
to the total number of discrete degrees of freedom for ell the
substructures; the number of columns in [U] is equal to the total
number of selected modes (NSM). Substituting Eq. 6-25 into the

Lagrangian of the partitioned structure as given by Eq. 6-11 gives
L= 2 T mmE - 3 e mTRe (6-26)

where [M] and [K] are numerically identical to the corresponding
matrices in the direct method. Note that if all the mode sets
[U](i) are made up of free-~free orthonormel modes we have

[ M U] = (1] (6-2Ta)
and

w1k = red) (6-27Tb)

where [I] is the unit matrix and the matrix [>Q 3] has the squares
of the substructure natural frequencies (corresponding to the
selected modes) on the main diagonal. The Lagrangian given by Eq.
6-26 will then reduce to a quadratic form having only squared terms.

Herein, the modes need not be orthogonal or normalized in any



415

particular manner so the (generally restrictive) simplifications
given in Eqs. 6-27 are not employed.

Since equations of constraint have not yet been applied, the
coordinates & in Eq. 6-26 are not generalized system coordinates in
the Lagrangian sense. The equations of constraint reflecting inter-
substructure deflection compatibility in physical (discrete)
coordinates are identical to those appearing in the direct

method, that is,

fciz} = {o} (6-28)

Substituting the transformation of Eq. 6-25 into Eq. 6-28 the con-
straint equations in terms of the selected modal coordinates gi

hgve the form

[c1[ul{e} = {o} (6-29)
or

[D1{e} = {0} (6-30)

where the definition of [D] follows from Eq. 6-29. Proceeding in

the spirit of Ref. 6-20 we form the symmetric matrix [E'] defined
by

[E'] = [D] (D] (6-31)*

"

Primes are used to distinguish from similar symbols used in
describing the direct method to represent matrix quantities which
will be different numerically.
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and solve the eigenvalue problem

[E'1{x'} = A {x'}

(6-32)

From the resulting matrix of eigenvectors [X'] select those columns

corresponding to eigenvalues having the value zero and form a matrix

[B']: A suitable transformation from substructure modal coordinates

to system generalized coordinates (which restores geometric com-

patibility at the interfaces of the substructures) is then given by

{€} = [B'1{q"'}
Substituting Eq. 6-33 into Eq. 6-26 gives
L= (a1t e 144
- 2 (oY 181" 1 R (U1 18" 1a ")
Defining

CHRGRIGICE

M']

8' 1T 1T [R1[U1I8'] = [K']

Eq. 6-34 becomes

(6-33)

(6-34)

(6-35)
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L

S @) - 2 ik ie") (6-36)

where {q'} is a column vector of independent coordinates. Sub-

stituting Eq. 6-36 into Lagrange's equation (Eq. 6-22) yields
M'14q'} + [x'1{q'} = {0} (6-37)

as the free vibration equations of motion for the assembled
structure. Eq. 6-37 is seen to be of the same form as Eq. 6-23.
[M'] and [K'] will be symmetric and, in general, positive semi-

definite.

Some Comments on the Form of the Modal Expansion Matrix: Sub-

structures treated either as rigid bodies or springs have no modal
expansion associated with them since their degrees of freedom can
not be reduced any further. To maintain the definition of such
substructures in discrete coordinates the corresponding modal

](i)

expansion matrices [U are taken to be unit matrices:

Rigid body Rigid body
or spring or spring

{z} = [1]{€} (6-38)

[I] is a unit matrix of order equal to the number of degrees of
freedom of the rigid body or spring substructure (up to 6 for a
rigid body and 12 for a spring). It is in fact possible to use an

"identity expansion" of the form given in Eq. 6-38 for any
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substructure. This provides the basis for what might be termed

e hybrid method of analysis in which the structure is described in
terms of both discrete and modal coordinates. The necessity for
such a combined approach would, for example, arise in a case in
which structural information pertaining to some component were
available only in the form of natural vibration modes.*

The matrices [U](i) contain the selected modes from each
substructure mode set. If no intra-substructure coupling exists
each of the expansion matrices [U](i) will itself be composed of
submatrices situated along the principal diagonal in a manner
similar to that of Eq. 6-24. 1In general, some of these submatrices
will be coupled. By way of illustration the system modal expansion
matrix [U] for the airplane of Fig. 6-6, assuming the only intra-
substructure coupling to be between vertical bending end torsion
for the wing and horizontal tail, would have the form shown in
Fig. 6-1k. This figure also indicates the manner in which the
"identity expeansion" is employed for rigid-body and spring sub-
structures and for rigid-body motions of beams which have no
corresponding elastic motion.

As & concluding comment it is to be noted that if full modal

coupling is employed the resultent mathematical model based on

modal coordinates is completely equivalent to a mathematical model

#*

In such an instance recourse would have to be made to the ortho-
gonality conditions given in Egs. 6-2T7 in order to remain
independent of the {unknown) mass and stiffness properties.
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based on discrete coordinates in that the resultant calculated

modes and frequencies will be identical.

Sclution of Equations of Motion

(a) Reduction to Standard Eigenvalue Form
The equations of motion for natural mode vibration analysis
by either the direct or component mode synthesis methods can, with-

out any loss of generality, be written in the matrix form

M1{g} + [K]}{q} = {0} (6-39)

Assuming a solution of the form gq = qoelwt Eq. 6-39 assumes the

form

[Ki{q } = w®[MI{q ) (6-10)
by removal of the time factor elwt. Before the eigenvalue
problem defined by Eq. 6-40 can be solved it must be reduced to

the standard eigenvalue form
[Al{x} = A{x} (6-41)

It [M](or [K]) is positive definite, Eq. 6-40 can be reduced to
this form by simply multiplying through by the inverse of [M]
(or [K]), in which case A would be identified with w® (or 1/w?).

The matrix [A] arrived at in this menner would, in general, be
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nonsymmetric. Since there are several attendant advantaeges which
may be realized if the problem is formulated in symmetric eigenvalue
form (cf. Refs. 6-30 and 6~31) an alternative approach would be to
reduce Eq. 6-40 to the form of Eq. 6-41 in a manner which leads to
a symmetric matrix [A]. It will be seen that if both [M] and [K]
are positive semidefinite the process of reducing Eq. 6-40 to
standard eigenvalue form leads naturally to a symmetric formulation.
Ml gorithms for solving either the symmetric or nonsymmetric eigen-
value problem are well documented in the literature (see, for
instance, Refs. 6~30 to 6-32). The particular procedure employed
herein is based on the algorithm embodied in a NASA-Langley computer
program designated BJD5* which reduces Eq. 6-40 to a symmetric
eigenvalue form and employs the Jacobi method+ for finding
eigenvalues and eigenvectors.

The reduction of Eq. 6-L4L0 to a symmetric eigenvalue form
consists, in essence, in converting either the mass or stiffness
matrices to diagonal form by a transformation of variables using
the eigenvectors of the mass or stiffness matrices as the
transformation metrix. Since [K] will be singular in any free-
free vibration anglysis due to the presence of unrestrained
rigid-body degrees of freedom it hes generally been assumed that

[M] is positive definite. In this instance the procedure for

#®
Barbara J. Durling #5.

+The Jacobi method is a stand-alone procedure for symmetric
matrices which leads to all eigenvalues and eigenvectors
simultaneously.
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reducing Eq. 6-40 to symmetric eigenvalue form is well known.* In
general, however, [M] will also be singular and the usual procedure
is not directly applicable. The transformstion of Eq. 6-40 to
symmetric eigenvalue form in the more general case in which the
mass matrix [M] is positive semidefinite has been given by Walton
and Durling (1966)+ in vhat represents a significant extension of
the usual procedure. Their method combines the usual procedure for
diagonalizing [M] with a reduction scheme to reduce [M] to a
smaller, positive definite diagonal metrix. The analytical basis
of their procedure is reviewed below for completeness.

The real symmetric matrix [M] can be reduced to a diagonsal

matrix [~u<} through the orthogonality transformetion

(a1 Mllal = [~pd (6-L2)

where [Q] is a square matrix the columns of which are the eigen-
vectors of [M] and the diagonal elements of [~u.] are the eigen-

values of [M]. Thus, substituting the coordinate transformation

*Crandall, S. H.: EPEngineering Analysis, McGraw-Hill Book Co.,

New York, 1956, pp. 121-122. The triangular decomposition scheme
of Cholesky (Ref. 6-30) leads to an alternate procedure for effect-
ing a transformation to symmetric eigenvalue form.

+Unpublished work of Williem C. Walton, Jr. and Barbara J. Durling
of the Structural Mechanics Branch of NASA-Langley. Their
procedure is embodied in computer program BJD5 written by Barbara
Durling. This program forms part of the computer program
"packages" for natural mode vibration analysis as listed in
Appendix H.
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ta,} = [Q}{n} (6-43)

into Eq. 6~40 and premultiplying by {Q]T leads to

Q1T k11Q1{n} = «?[Q1T M [Q]{n} (6-b4)

or,

(s1{n} = W ~n1in} (6-45)

where the definition of [S] follows from Eq. 6~4k. If [M] is
positive semidefinite some of the eigenvalues Hy will be zero.
Assume that all of the eigenvalues which are zero are arranged

so that they constitute the lower diagonal elements of the matrix

[~u<].* Eq. 6-L5 can then be written in the partitioned form

{n } f\uI\] [o] {nl}

(6-46)

N

[s {n2} [0]

—
o
| W—
—~—
=
N
—

22]

Since [8] is symmetric (an orthogonality transformation preserves sym-

metry), both [Sll] and [322] are symmetric and [S21] is the transpose

*Either through an appropriate re-srrangement of rows and columns
or "autometically" by employing an eigenvalue routine which
arranges the eigenvalues in descending order according to magnitude
(such as the Jacobi method).
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of [S12]. The"inertialess"coordinates {nz} can now be mathematically
removed from the eigenvalue problem in the manner suggested by
Turner, et. al. (Ref. 6-22) for free nodes (ie., nodes which have
neither applied loads nor specified deflections) in static

analyses.* Expanding Eq. 6-k46,
2
lslllfnl} + [512]{”2} = 0w ng} (6-LTa)
[5,,1{n, } + [Szzl{nz} = {0} (6-4Tb)

Solving Eq. 6-4Tb for {n2} implies the coordinate transformation

g (1] ]

{n} = {n.} (6-48)

-1
- [5,,1 7 15,1

—

Substituting Eq. 6-48 into Eq. 6-46 gives
-1 2
[ERENORICH 5] () = Dundtngd (6kg)
or, more simply,

[s1in,} = WPfu-1{n;} (6-50)

*The removel of inertisless coordinates from Eq. 6-46 may also be
interpreted as a special case of the Guyan reduction (Ref. 6-33).
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where [S] is the "reduced" stiffness matrix. Note that {é] is
symmetric. Since all submatrices of the original generalized
stiffness matrix appear in [é] there is no loss of structural
information in the condensstion procedure. Final reduction to
symmetric eigenvalue form is accomplished by applying an ortho-

gonality transformation to t~uI‘] using the coordinate transforme-

tion

\ ~
.} =| =2— |7} (6-51)
YL

Substituting Eq. 6-51 into Eq. 6-50 and premultiplying by

N
gives
(TN
~ I\ ~ ~
L E| i R = Py (6-52)
VTERN TR
1 1
or, finaelly
~ A - 2 A _
[S]{nl} =W {nl} (6-53)

(b) Interpretation of Eigensolutions

Solution of the eigenvalue problem given in Eq. 6-53 leads to
a set of eigenvalues wi and associated eigenvectors {ﬁl}i' Since
an orthogonal transformation preserves eigenvalues the w? are squares

of the desired system natural frequencies. The eigenvectors {nl}i
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are generslized mode shapes and must be transformed back to the
original coordinstes {z}i for physical interpretation. For the

direct method this back-transformation is given by

1}
{z}, = [81[Q] e P (6-54)
z i ) /EI\‘ nl i -5
vhile for component mode synthesis it is
{1}
{2}, = W1B'1(Q'] L | (6-55)
2hy TR M
1

v'l '
- [55,1 7 [85]

Since no trensformation to a global system of coordinates has been
employed the mode shapes {Z}i are defined in local substructure
coordinates. If desired, s transformation to a global set of
coordinates could be subsequently carried out.

The substructuring concept, as employed in either the direct
or component mode synthesis methods, is applied to a tilt-rotor
aircraft configuration in Appendix E to serve as an illustrative
example of the manner of forming the substructure mass and stiff-

ness metrices and setting down equations of constraint.

- .
The primes have been reintroduced for the purpose of distinguish-
ing between common symbols which represent matrix quantities which are
different numerically.
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Reducing the Order of the Constraint Eigenvalue Problem in the

Direct Method

Three eigenvalue problems require solution under vibration
analysis by the direct method as outlined above. By far the
largest of these is that associated with the matrix product
[C]T[C], [C] being the matrix of coefficients of the constraint
equations. Oftentimes there are many coordinates (degrees of
freedom) which do not appear in the constraint equations, leading
to a matrix [C] having many columns which are identically zero.
Each such null column in [C] will lead to a similarly positioned
null column in the product [C]T[C] and a corresponding null row.
Through an appropriate re-arrangement of rows and columns a
significant reduction in the size of the eigenvelue problem which
must actuslly be solved in such instances can be achieved.* The
analytical basis on which such a reduction can proceed is given
below.

As before, from the constraint equations

[c]1{z} = {o} (6-56)

form the matrix [E] defined by

(E] = [c17[c] (6-57)

*
This possibility was pointed out to the author by William C.
Walton, Jr. of the Structural Mechanics Branch at NASA-Langley.
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and the associated eigenvalue problem
[E1{x} = A{x} (6-58)
Let [S] be a matrix which when premultiplied by [C] will re-arrange

the columns of [C] so that all null columns are at the right.*

Introducing the transformation
{x} = (s1{y} (6-59)
into Eq. 6-58 and premultiplying by [S]™F gives
(17 [EIIS1y} = ALST M s1{y} (6-60)
Defining
(8] = 5] [E]IS] (6-61)F
Eq. 6-60 can be written as

[Bl{y} = Ay} (6-62)

*
The construction of a matrix [S] having these properties and which

is additionally orthogonal is given by Wilkinson (Ref. 6-30).
Sciarra (Ref. 6-2) also describes formetion of this matrix.

+Eq. 6-61 defines a similarity transformation.
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By virtue of the re-arranging properties of [S], the transformation

given by Eq. 6-61 permits Eq. 6-62 to be written in the partitioned

form

(3,1 i fo1 | {{v} {y}
; = A { - (6-63)
o1 i 1ol ||y} )

where [Bll] is a square metrix of order equal to the number of
finite (non-zero) columns in [C]. Expanding, Eq. 6-63 reduces to

the two uncoupled eigenvalue problems

}

[B X{yl} (6-6k4a)

11

[0l = My, } (6-64D)
Since the eigenvalues and eigenvectors of a null matrix (Eq. 6-6L4b)
are known apriori only the eigenvalue problem given by Eq. 6-6la
has to actually be sclved. Let all the eigenvectors of [Blll and
[0] be assembled by columns into the matrices [Yl] and [Y2]
respectively. The matrix of eigenvectors associated with Eq. 6-63

can then be written in the partitioned form

[v,14 [o]
(Y] = | -t (6-65)
(01 | I[¥,]
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The matrix of eigenvectors corresponding to the original problem as

specified by Eq. 6-58 then follows from

[(x] = [s]1lY] (6-66)

The transformation matrix [B] is then formed from columns of [X]
corresponding to zero eigenvalues* and used in the manner described

earlier to enforce inter-substructure displacement compatibility.

A Note on the Inclusion of Gyroscopic Coupling Effects in Netural

Mode Vibration Analyses

The gyroscopic coupling forces associated with large rotating
components such as propellers or proprotors on propeller- or
proprotor-=driven aircraft or high-speed fans of turbofan jet powered
aircraft maey have a non-negligible effect on the vibratory
characteristics of an airframe relative to the case in which the
spin is zero. One of the earliest attempts to analyze such
effects was given by Scanlan and Truman (Ref. 6-34) who considered
8 3 degree-of-freedom mathemstical model of an elastically supported
propeller/engine combination. In a related experimental investiga-
tion under the direction of Scanlen, Brower and Lassen (Ref. 6-35)
demonstrated that gyroscopic effects due to rotating propellers
may menifest themselves by a change in the natural frequency, a

change in the mode shape, or the appearance of new modes. The most

#*

The columns of [X] corresponding to zero eigenvalues will all be
grouped at the right in [X] if the Jacobi method is used to solve
Eq. 6-6ha.
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recent treatment of this problem appears to be the work of Griffin
(Ref. 6-36).

For dynemic analyses the primary gyroscopic effects of rotating
components can be accounted for by treating each such component as a
rigid rotating disc. Based on this idealization the concept of a
"gyroscopic finite element" is introduced herein and the analyses
for natural mode vibration analysis by direct and component mode
synthesis techniques analytically extended* to include the effects
of gyroscopic coupling forces. The approach taken is that of
modifying the Lagrangian potential for the partitioned structure to
account for the gyroscopic effects of any rotating components. The
concept of & gyroscopic finite element and the proposed approach are
believed to be new and have the convenience of being readily incor-
porated into either direct or modal formulations for dynemic
analyses within the Lagrangian scheme for establishing equations of
motion. TFor notational convenience in the analytical development,
general matrix expressions are used to illustrate the analytical
approach without epecifying the exact details.

(a) Inclusion of Gyroscopic Effects in the Direct Method

Let [M] [K]NG’ and {6} be the mass, stiffness, and deflec-

NG®
tion matrices, respectively, of the partitioned structure minus any
gyroscopic components. The anslogous matrices for the gyroscopic

components, from Appendix G, are denoted by [ﬁ]G, [Null], end {Y}.

Defining

#*
These extensions hegve not yet been progremmed, however.
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{1} 2 (=mwm= (6-67)

the kinetic energy of the total system, including gyroscopic

components, can be written as

=1
(g
&

T

T
__} NG

H
[}
=
e Nt

i | it

{1}
{}@}} (6-68)

<

Nt [m)m) (0
PSP Y U G S S I (6-69)
2 ~ i
fy} (E] ; [0} {1

where the definition of [M]and[E] follow directly from Eq. 6-68.

Expanding Eq. 6-69 we obtain
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T = ()Tt} + 20T (R0}
(6~70)

+ = WY EIT (D)
Since energy is a scalar each term in Eq. 6-T0 is a scalar. Hence
N EMY = Wt E T (6-71)
and Eq. 6-T0 can also be written as
=2 (1wt} + ) et (6-72)

The strain energy for the partitioned structure can be written as

K] . [0]
NGi
V=2 () | et | 1) (6-73)
[01 1 [0]
or, more simply,
v =2 (1} [R]{1) (6-Th)

The Lagrangian for the partitioned system is then
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= 2 Wyl e) + W EIT
- 2 {1 [RI{0) (6-75)

Constraint equations enforcing inter-substructure displacement

compatibility have the form
[c1{r} = {o} (6-76)*
from which the required transformetion to independent coordinates is
{r} = [BHq} (6-77)

Let the rows in [B] which correspond to {y} in {t} be designated

[R]. Then
{y} = [R1{q} (6-78)

Substituting Eqs. 6-77 and 6~T78 into Eq. 6-75 yields

*
Both the real and imaginaery parts of the complex deflection vector
{t} will satisfy Eq. 6-76; that is, we have [C]{TR + i TI} = {0}.



43l

L = = (a7 181" M 181 {4}
+ () RV [E) [81H4) (6-79)
- = (o} (81 (K111 {a}

or, in more gbbreviated form

L = 2 (@ ma} + {1614}
(6-80)
- 5 ¥ [xa}
where the definition of [M], [G], and [K] follow from Eq. 6-79. In

Eq. 6-80 [M] and [K] are symmetric while [G] is non-symmetric.

Substituting Eq. 6-80 into Lagrange's equation (Eq. 6-22) leads to
(M1{g} + [}G]T - [G]] {a} + [k]{q} = {0} (6-81)
Defining
[r = (61" - [6] (6-82)
The equations of motion assume the final form

(M3{g} + [r1{a} + [K1{q} = {0} (6-83)
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where [I'] is skew-symmetric. Although gyroscopic coupling intro-
duces 4§ terms in the equations of motion they do not act like
damping since there is no energy loss associated with them. This
will be shown later.
(b) Inclusion of Gyroscopic Effects in Component Mode Synthesis

In the spirit of the component mode synthesis scheme as
developed earlier in this chapter, the transformation from discrete

coordinates to modal coordinates is given by

{7} = [(Ul{p} (6-84)

where [U] is composed of selected modes from each substructure
arranged in the block diaegonal form previously indicated in
Eq. 6-24. No modal expansion is employed for gyroscopic sub-
structures since they are taken as rigid and the blocks in [U]
corresponding to these components are simply unit matrices of
order 6. Let the rows in [U] corresponding to {¢} in {t} be

designated [R']. Then

{y} = [r'1{p} (6-85)*

Substituting Eqs. 6-84 and 6-85 into the Lagrangian as given in

Eq. 6-T5

%
Primes are again employed to distinguish between common symbols

which represent matrix quantities which are different numerically.
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L= 2 e m e} + e} R E )
- 3 Y U1 R V] {p) (6-86)

In terms of the substructure modal coordinstes the constrsint

equations (Eq. 6-28) are
[c}ul{p} = {0} (6-87)
from which
{p} = [8'1{q'} (6-88)
Substituting Eq. 6-88 into Eq. 6-86 there results
L= 2 @t e ey + @ e e E e 14 )
- 5 @Y I R 1 (6-89)
or , in abridged notation
L=2 @ iard + @ Feia) - 5 @ w et (6-90)

Substituting Eq. 6-90 into Lagrange's equetion and using Eq. 6-82

the equations of motion are
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M'1{g'} + [T'1{a'} + [K']{q'} = {0} (6-91)

(¢) Inclusion of Gyroscopic Effects Via a Normal Mode Approach
Gyroscopic effects can also be included by proceeding along
the lines of the familiar normel mode approach to solution of
dynamic response problems. First solve the eigenvalue problem
given by Eq. 6-83 assuming that ['] = 0. This leads to a set of
modes and frequencies for the complete structure. Assume that the
coupled modes of the system with gyroscopic effects included can be
given as a linear combination of some of the modes of the complete

system for the case of no gyroscopic effects, that is, teke

{1} = [¢]{p'} (6-92)

The procedure from this point on is identical to that in section (b)

directly above, with [9] replacing [U], and leads to

[M"]{Ei"} + [I'"]{é."} + [K"]{q"} = {O} (6-93)

Again, the primes have been employed to distinguish between common sym-
bols which represent matrix quantities which are different numerically.
(d) Solution of Equations of Motion

The equations of motion for a gyroscopically coupled elastic
system as given in Eqs. 6-83, 6-91, or 6-93 may be written,

without loss of generality, as
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(M1{g} + [TH4} + [K1{q} = {0} (6-94)

where the primes have been dropped for convenience. The generalized
mass and stiffness matrices [M] and [K] are both symmetric; the
matrix of gyroscopic terms, [T], is skew-symmetric. The equations
governing the stability of a proprotor/pylon gystem, as developed

in Chapter 3, had a matrix form similar to that of Eq. 6-94. It will
be recalled that the reduction of those equations to standard eigen-
value form was complicated by the fact that the damping matrix was
not proportional to either the mass or stiffness matrix (or a linear
combination of them). Now the skew-symmetry of [I'] leads to a
similar situation; that is, [I'] is not proportional to either [M]

or [K] (or a linear combination of them). Non-proportionality of
the matrix of coefficients of the rate terms is sufficient to

ensure that the eigenvectors will be complex, indicating that both
amplitude and phase distinguish the components in each vector.

Thus if Eq. 6-94 represents N equations, 2N equations are required
to determine all components of a mode. It is not unexpected,

then, that considerations similar to those employed in Chapter 3

for reducing the proprotor equations of motion to standard
eigenvalue form must be resorted to for Eq. 6-94. Again, certain
aspects of methods which have been @eveloped for uncoupling the
forced equations of motion for systems containing non-proportional

damping* are relevant to the problem at hand. The particular

*
These methods are reviewed in Chaepter 3 and more fully described
in the references cited therein.
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aspect of those procedures which is of direct interest here is the
means for effecting a transformetion to 2N-space, that is, replacing
the N equations of second order (6-94) by 2N first order equations.
If [M] is positive definite (that is, if [M]'l exists) the
appropriate procedure for reducing Eg. 6-94 to standard eigenvalue
form is identical to that described in Chapbter 3 for reducing
Eq. 3-142 to standard eigenvalue form. Since this case is adequately
discussed in Chapter 3 it will not be repested here. The reader
may, however, find a review of this case helpful at this time. If
(M] in Eq. 6-94 is positive semidefinite its inverse will not
exist and the method outlined in Chepter 3 will not work. A
procedure which appears suitable in this case is proposed below.
First reduce the matrix [M] to a diagonal matrix by an

orthogonality transformation

[QITMIQ] = Bud) (6-95)

vhere [Q] is & modal matrix of [M] and [~u_.] is a diagonal matrix

of eigenvalues of [M]. Thus, substituting

{q} = [Q]in} (6-96)

into Eq. 6~94 and premultiplying by [Q,]'II gives

1T MIQ1 G} + [Q1TIr1IQIth} + [Q1TIKI(Ql{n} = {0} (6-97)
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or, more simply,

~ul{fi} + [T1{A} + [K]{n} = {0} (6-98)

As before assume that all of the eigenvalues ui which are zero are
arranged so that they constitute the lower diagonal elements of

[~u<}. Eg. 6-98 can then be written in the partitioned form

! . it . -~ 1>
Pupd 11| 1) b i) (1) [y 50! tn, 7
i + i + i = {0}
1 tror] (Y | Fo 1) 0|t} | 1Ky 1 {1k, 1| [iny)
~ (6-99)
Expending Eq. 6-99 assuming [T] = 0
By ddiy} + [k M} + [k, M0 ) = {0} (6-100a)
[izl]{nl} + [Rzzl{nz} = {0} (6-100b)

and solving Eq. 6-100b for {nz}, the matrix of coordinates at which

no inertia forces act, implies the coordinate transformation

{nl} (1]

. {nl} z [T]{nl} (6-101)
| | -1 K,

Guyan (Ref. 6-33) has suggested use of the transformation given in
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Eq. 6-101 to simultaneously reduce mess and stiffness matrices in
natural mode analyses. Here, however, the mass metrix is already
in a reduced form (cf. Eq. 6-99) and we may, in the spirit of Ref.
6-33, employ Eq. 6-101 to elternatively effect a simultaneous
reduction of the generalized gyroscopic and stiffness matrices.
Thus, substituting Eq. 6-101 into Eq. 6-99 and premultiplying by

[T]T there results
t‘uI.]{ﬁl} + [T1{A )} + [K]{nl} = {0} (6-102)

where the reduced gyroscopic and stiffness matrices are given by

. T
~ ~ ~ _l ~ ~ -1 ~ ~
= {Frlll Sl CS [ L9 I NS IR 998 (K1) [T,
- tfzzltkgzl‘ltkzli]] (6-103s)

and

~ ~ ~ ~ -1.~
K] = [(Klll - K 1K) [K211] (6-103b)

Since all submatrices of the original stiffness matrix [i]
contribute to [ﬁ] the accuracy of [ﬁ] is equiwalent to the
accuracy of the stiffness matrix before reduction. Although the
reduced gyroscopic matrix contains all submatrices of the original
matrix, these appear in combination with submetrices from the

original stiffness matrix so that, as in the case for simultaneous
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reduction of mass and stiffness matrices (Ref. 6-33), the
eigenvalue problem is not exactly preserved. Eq. 6-102 is now in s
form from which the transformation to 2N-space can be effected in

the usual manner (cf. Chapter 3). Multiplying Eq. 6-102 through by
the inverse of f\ui\]
o D PSP e _
[T3{f } + Bu 1T I0HA Y + Bu 17 K ) = {o} (6-10L)
and introducing the identity

{ﬁl} - {ﬁl} = {0} (6-105)

Eqs. 6-104 and 6-105 can be written in the combined form

{ﬁl} [0] [1] {nl}
I (6-106)
s -1 A -1 A R
{f} -us 17 K] S R VS {nl}
Defining
{nl}
{w} = (6-107)
{ﬁl}

Eq. 6-106 can be written in the compact form

{w} = [u}{w} (6-108)
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where the definition of [H] follows directly from Eq. 6-106. [H]
is non-symmetric anhd will, in general, be singular. Assuming a

solution of the form

W} = () (6-109)
Eq. 6-108 reduces to the standard eigenvalue form

[H]{Wo} = K{Wb} (6-110)

Eq. 6-110 defines the complex eigenvalue problem for determining the
naturel modes and frequencies of a gyroscopically coupled elastic
system.

A procedure for handling the case of a singular mass matrix
based on transforming to 3N-space and so on to nN-space (n an
integer) until the leading matrix is positive definite is given in
Ref. 6-37. What seems to be basically a similar procedure is given
in Ref. 6-38. ©Neither of these methods, however, appears to be
suited to routine machine computation, thereby lacking the computa-
tional convenience of the Guyan-type reduction proposed above.

(e) Interpretation of Eigensolutions

Solution of Eq. 6-110 leads to 2N complex eigenvalues Ap
and eigenvectors {WO} (P). Since [H] is real these occur in N
complex conJjugate pairs. Discarding the negative frequency roots

and their associated eigenvectors the pth eigenvalue has the form
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Ap =0 + iwp (6-111)
Now the set of equations adjoint to Eq. 6-94 are given by
1 5 - 11T + x1Ty) = {0} (6-112)

[M] and [K] are symmetric; since [I'] is skew-symmetric, [I‘]T = -[T].
Thus Eq. 6-112 is identical to Eq. 6-94. For a conservative system
the adjoint set is identical in form to the original set (Ref. 6~39).
Hence the o_ in Eq. 6-111, which are associated with dissipative
forces, are zero and the eigenvalues AP are pure imaginary.¥*

The complex vector associsted with the eigenvalue Ap can be

written in the form

{W(P)} =/ mee———— (6-113)

The upper N elements {W(P)} in each vector of 2N elements define
the generalized mode shape.+ Since these elements are complex,
phase differences will exist between the harmonic motions at

different points of the system in a given mode of motion. The

*
Griffin (Ref. 6-~36) shows that the skew-symmetry of [I'] is a
necessary and sufficient condition for the net work done by the
gyroscopic torgues to be zero, thus precluding any energy dissipation.

+
The lower N elements define the genersalized velocity.
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relative amplitude and phasing existing in a given mode could be
ascertained by converting the complex elements of the mode to polar
form and then normalizing on one of them.

The generalized displacement vectors {w must be transformed

(p)
}i
back to the original coordinates for physical interpretation. The

back-transformation is given by

[ (1 ]

{r}i = [B1[Q] {w}i (6-114)

'[Kzel_l [izll

for the direct method,

R (]|

{r}i = [UT[B']][Q'] {w'}i (6-115)
~v -1 7
__' [K22] (K3, ]_J

for component mode synthesis, and

[ [1] B

{T}i = [¢][B"1[Q"] {w"}i (6-116)

T 1 Tn
L_[Kee (K5,
-

in the normsl mode method. The primes have been reintroduced for
the purpose of distinguishing between common symbols which represent

matrix quantities which are different numerically. The final mode

shapes {T}i are defined in local substructure coordinates. If
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desired a transformaticn to a global set of coordinates could be

subsequently carried out.

A Remark on Solution of the Free Equations of Motion

In the final equations of free vibration given above for the
case of zero and non-zero gyroscopic coupling (Egqs. 6-39 and 6-94,
respectively) both [M] and [K] were symmetric. This symmetry has
been a consequence of working in orthogonal coordinates. The use
of non-orthogonal (ie., oblique) coordinates would lead to [M] and
[K] which are not symmetric. The procedures described above for
reducing the equations of motion to standard eigenvalue form are,
however, still valid since [M] can be reduced to diagonal form in

this instance by & similarity transformation:

Q17 M) [Q) = [~p=] (6-117)

The necessary changes in the steps indicated above are arrived at

by merely replacing [Q]T by [Q]_l-
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Figure 6-1. Partitioning an aircraft structure into several
smaller substructures.
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Figure 6-3. A two-element beam substructure.

Figure 6-4. Sign convention for end deflections of massless uni-
form beam segment (beam-spring).
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Figure 6-6. "Stick" model of transport aircraft for symmetric
vibration analysis.
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\ @ ©- b
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Figure 6-10. Manner of assimilating the rigid body inertisl pro-
perties of a center-line fuel tank into the inertial
matrix of the fuselage beam.
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Substructure #1 - Forward Fuselage Beam

Vertical
Bending
Modes

Substructure #2 - Aft Fuselage Beam

Figure 6-1k.

Coupled
Bending

Torsion
Modes

Fore

Bending
Modes

Coupled
Bending
Torsion

Modes

Substructure #7 ~ 1
Inboard Nacelle

Substructure #8 ~ 1
Qutboard Pylon

Substructure #3 - Wing Beam

1 :} Substructure #4 - Vertical Tail

Substructure #5 -
Horizontal Tail

Substructure #6 -
1 Inboard Pylon

Qutboard Nacelle

Substructure #9 - { 1

Composition of the system modal expansion matrix
[U] corresponding to the stick model of Fig. 6-6.




CHAPTER 7

CONCLUDING REMARKS

This dissertation has presented the results of some generalized
aeroelastic and dynamic studies which complement and extend various
aspects of technology appliceble to tilt-rotor VTOL aircraft.

Selected analytical and experimental studies and related dis-
cussions have provided insight into several serocelastic and dynamic
aspects associated with tilt-rotor aircraft operating in the high-
speed airplane mode of flight with the proprotors fully converted
forward. Particular attention has been given to proprotor/pylon
vhirl instability, a precession-type instability akin to propeller/
nacelle whirl fultter, which first came into prominence in 1962
during tests of the Bell XV-3 convertiplane in the NASA~Ames full-
scale wind tunnel. Several salient features of propeller- and
proprotor-related dynamics were exemined and the origin of the forces
and moments generated during precessional motion indiceted. These
considerations have provided additional insight into the mechanism
of whirl flutter for both propellers and proprotors. The blade
flapping and pitch~-change freedoms of & proprotor were shown to in-
troduce new ingredients into the dynamic behavior of a proprotor
relative to that of a propeller, thereby leading to a fundamentally
different situation as regards the manner in which the precession-
genersted aerodynamic forces and moments act on the pylon and induce
whirl flutter. Whereas aerodynamic cross-stiffness moments are the

driving terms for propeller/nacelle whirl flutter, the primary

Lek
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destabilizing factors on proprotor/pylon motion are the inplane shear
forces associated with the airload moments required to precess the
rotor in space in response to shaft motions. In addition to a true
whirl instability involving both pitching and yawing motions, & pro-
protor/pylon system can, in contrast to a propeller/nacelle system,
exhibit a dynemic instaebility in either the pitch or yaw direction
depending on the pylon sypport conditions. The flapping and pitch-
change freedoms of a proprotor lead to aerodynamic forces and moments
the magnitude and phase of which are dependent on the frequency of
the precessional motion. The implication of the proprotor forces

and moments which are induced during whirling motions were also ex-
amined with regard to their cepacity for instigeting a whirl insta-
bility. These considerations have shown, it is believed for the first
time, precisely why a proprotor can physicelly exhibit whirl flutter
in either the backward or forward directions in contrast to a pro-
peller which is found to always whirl in the backwaerd direction. The
work herein has shown that the ambidextrous behavior of a proprotor
as regards the direction in which it can whirl flutter is a direct
consequence of the frequency dependency of the aerodynsmic forces

and moments.

Equations describing the perturbation motions of an idealized
proprotor/pylon/wing system encastre' at the wing root with the
proprotor fully converted forward were derived. The particular
mathematical model employed assumed a three-or-more-bladed rotor
in an axial flow condition having rigid bledes whose flaepping motion

could be represented by longitudinal and lateral flapping of the
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tip-path-plane. The proprotor was taken to be gimbal-mounted to a
pylon having three translational and three rotationel degrees of
freedom and constrained by linear springs and dampers to represent
the pylon support conditions. A quasi-steady aerodynemic theory ap-
plied stripwise to the blade and integreted along its span wes used
for the blade loading. The option of employing Theodorsen unsteady
aerodynamics to approximate the effects of the shed weke was also
provided. Wing and pylon aerodynamicg were not included. In addition
to providing the analytical basis from which to assess the aeroelas-
tic stability of the system the equations of motion were shown to fur-
nish the basis for deriving the equations for celculating the fre-
guency response characteristics of the proprotor force and moment
derivatives and the tip-path-plane flapping derivatives.

Using parameters relevant to the Bell Model 266 tilt-rotor de-
sign evolved during the U.S. Army Composite Aircraft Program, the
proprotor analyses developed herein were employed in some analytical
trend studies to delineate the effects of various system design
parameters on proprotor/pylon stability, flapping response, and
proprotor force and moment derivatives, the response characteristics
being examined in light of their effects on proprotor/pylon aero-
elastic stability and aircraft rigid-body stability and response.

Results of experimentel studies pertaining meinly to Joint
NASA/Bell Helicopter Company investigations of a 0.1333-scale,
semi-span, dynamic, aeroelastic model of the Model 266 tilt-
rotor in the Langley transonic dynesmics tunnel were presented.

During these investigations an apparently new type of flapping
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instability associasted with the stopped or slowly turning rotor was
identified. The instability was characterized by an essentially
rigid-body flapping motion of the blades such that the tip-path-plane
of theblades exhibited a wobbling precessional motion in the forward
whirl direction (for negative 63 ). Because of the novel character
of this instability the effect of various system parameters on the
instability was established both experimentally and analytically.
Based on these studies it was concluded that rotor precone was the
primary factor contributing to the flapping instability at low rpm.
To provide additional data for correlation selected results pertain-
ing to a 1/5 scale model of the Bell Model 300 tilt-rotor design as
well as some results from tests of a 25-foot flightworthy Model 300
proprotor in the Ames full-scale wind tunnel have also been included.

The analytical predictions were found to be in good agreement
with measured dynamic characteristics thereby providing validetion
of the proprotor/pylon stability and response analyses developed in
this dissertation.

Although the proprotor analyses have been developed for a
proprotor of the semi-rigid (ie., gimbaled) type characteristic of
Bell designs and are thus strictly applicable only to rotors of
that type the analyses were found to have a somewhat broader range of
applicability. Specifically, the stability analysis herein has also
been applied to whirl flutter data obtained during a joint NASA/
Grumman test program in the transonic dynamics tunnel employing a
research configuration of a seémispan model of the Grumman "Helicat"

tilt-rotor. This tilt-rotor design is characterized by a proprotor



L68

having blades with offset flapping hinges. For analysis purposes the
restoring centrifugal moment from the offset flepping hinge was sim-
ulated by introducing an equivalent hub spring. Analyses based on
this equivalent gimbaled rotor were in good agreement with the meas~
sured stability characteristics over a wide range of variable system
parameters. These results are being prepared for publication as a
NASA Technical Note.

In recognition of the fundamental role assumed by natural vi-
bration modes in sercelastic and dynamic response analyses and in
structural design verification, this dissertation has also directed
attention to the development and computer implementation of utili-
tarian computational procedures for natural mode vibration anslysis
of structural systems, particualrly aircraft structures. Two meth-~
odologies for natural mode asnalysis have been described; both em-
ploy the substructuring technique and are based on the stiffness
matrix method of structural analysis. The first consists of a
direct approach based on solving the metrix eigenvalue problem resul-
ting from a finite element representation of the complete structure
as an entity. The second method is that of component mode synthesis
which is based on the concept of synthesizing the vibration modes
of the complete structure from modes of conveniently defined
substructures, or components, into which the structure has been
divided. The latter method provides for a significant reduction
in the size of the resulting eigenvalue problem through the ex-
pedient of partial modal synthesis wherein only a relatively few

of the modes from each component are chosen as degrees of freedom
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and employed in the synthesizing procedure. Although both of the
analyses as developed in this dissertation are applicable to a
structural idealization based on any type of finite element, the
computer implementation of these analyses was limited to structures
which admit of a stick model representetion for dynamic analysis.
Since many structures can be represented in this manner, particular-
ly in the preliminary stages of design, the computer programs so es-
tablished have a relatively wide range of engineering epplicebility.
A stick model of the Model 266 tilt-rotor was employed in a detailed
numerical example to illustrate the substructuring apprcach and the
mechanics of setting down the equations of constreint which enforce
deflection compatibility at the Junctions of the substructures.

Both methods of analysis were applied to two simple structural
systems in some comparative studies. Validation of both analyses

as embodied in the computer programs was demonstrated by showing
correlation with experimentally measured modes and freguencies
obtained from a model of one of the configurations. To provide for
additional validation, mention wag also made of related work by the
author and others in which the computer programs embodying both me-
thods of analysis have been applied to more complex structural
systems.

On the assumption that the primary gyroscopic effects of large
rotating components such as propellers or proprotors can be accounted
for by idealizing each such component as a rigid rotating disc, the
dissertation has introduced the concept of a gyroscopic finite ele-

ment which has the convenience of being readily incorporated into
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either a direct or model formulation for dynamic analysis. By means
of this artifice both analyses for determining natural modes and
frequencies of vibration were extended to include the case of a gy-
roscopically coupled elastic system. The final equations of motion
lead to a generalized eigenvalue problem in which both the mass and
stiffness matrices can be singular, thereby precluding the usual
procedure for reducing the equations to the standard eigenvalue

form required for solution. A method which appears suited to routine
machine computation has been proposed for effecting such a reduction
in the general case in which both the mass and stiffness matrices
are singular. These extensions have, however, not yet been pro-
grarmmed and thus lack numerical verification.

The analytical portion of the research reported in this
dissertation is continuing. Attention is being directed toward ex-
tending the present flutter anslysis for an isolated proprotor/pylon
system encastre' at the wing root to include sircraft rigid-body
dynamics and serodynamics, blade inplane flexibility, and wing
serodynamics. Work is also continuing on refining and extending
the computer programs for natursl mode analysis, particularly as

regards the inclusion of gyroscopic coupling effects.
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APPENDIX A
RIGID BODY MASS MATRIX REFERRED TO AN ARBITRARY SYSTEM OF AXES

Various aircraft appendages, such as engine/nacelle combina-
tions, ordnance, external fuel tanks, etc., can often be treated as
rigid lumped masses during dynemic analyses of the complete vehicle.
Since the inertial properties of such appendages are generally
available in the form of lumped velues for the mass and moments and
products of inertia relative to some axes fixed to the center of
mass of the item, it is desirable to retain inertial information in
this form. However, quite often in applicetions, it is necessary
to be sble to express these inertial properties relative to another
axis system which is displaced from eand arbitrarily oriented to the
sxes in which the inertial properties are defined. This requires a
transformation of coordinates which can be effected in the manner
outlined below.

The situation being addressed is depicted in the sketch shown
below. A rigid body is trensleting and rotating with respect to
the axis system Xo' Yo, Zo which is fixed in space. The inertial
properties of the rigid body are defined with respect to the axes

Xos To» 2 fixed in the body at its center of mass. Relative to
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-

Rigid mass

4

these body axes the kinetic energy of the mass can be written as

(7T -~ ()
b4 M X
¥ M 0 ¥

1)z M 2
Tc=-2-<.$ <.> (A-1)
o I I o

pold Xy Xz
: 0 I I I B
B yx Yy yz
LYJ c L sz Izy Izz gY_) c

or, in condensed form,

. T *
er, = {x}c [M]c {x}c (a-2)
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Since the kinetic energy is independent of the coordinate system

used in its calculation, we can also write
er = (X} Ml (X} (a-3)
o] o] o] o

The coordinate transformetion from body axes to fixed axes can be

formally written in the form
{X}c = [e]{x}o (A-k)

Substituting Eq. A-lL into Eq. A-2 and equating the resultant expres-

sion to that in Eq. A-3
or = (x}° (01" M [el{X} =21 = ()% [M] {X} (A-5)
c o) c o) fo} o o] o)
the mass matrix in fixed axes is seen to be given by

[ = (61" [m]_ [e] (4-6)

It now remains to establish the specific form of the transformation
matrix [©].
Since the magnitude of the rigid body angular velocity vector

is an invariant we can write

@i +B8B3 +yE =al +8
olo ¥ Bodo * Vo B

e e ede ¥ Yo (a-7)

where s Bo, Y, and Oy» Bc, Y, sare the angulsr velocity com~
ponents with respect to fixed and body axes, respectively, and io’

30, io and ic’ 3c’ ic are corresponding unit vector triads. The
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engular velocity componentsin body axes can be expressed in terms

of the fixed system components by forming the dot products of IC,

C

a =oail
(o4 (o)
B, = ad
Y. © uok

J. s and Ec respectively with Eq. A-T. This gives

(A-8)

The dot products involving the unit vectors in Eqs. A-8 can be

physically interpreted
vectors onto the fixed

tion cosines" by 21

J’

o
o]

as the projection of the body axes unit

axes unit vectors.

Defining these "direc-

Eqs. A-8 can be written as

leao + ZlZBo + 21

Lojo, + 208, + gy

32

é + 2

o)

3Y

o

(A~9)

o

33%0

Equating expressions for the translational velocity vector in

fixed and body axes

X
o

and proceeding as sbove leads to

(A-10)
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X = 211 o * 212Yo * 213 o]
Vo = bppX ) * Y+ 9,2320 (a-11)
. = R‘ L] + 2 - + R' .

Egs. A-11 define the translaetional velocity components in the body
axes due to translational velocities in the fixed system. Now
fixed system angular velocities will also contribute to the trans-
lational velocity in the body axes. The combined effects are

obtained by making the substitutions
L] { ) + . _ ..
XB-——»XO cBO bYo
Y —=Y +ay - ca (A-12)
o o) o ¢]

L] - + . -
ZO—’ZO baO 8«60

in Egs. A-11. These results in conjunction with those previously

given in Egs. A~9 can then be put in the combined matrix form

11 o Fgg Phyg oy, by - oedyg ey, - bRy
y Loy Fpp Rpg § Bhpg - ehy,  clyy - el el - bR,y
z gy Rgp Rgg ) Phgg - chy, ol -alyy alg, - bhgy )z
- .y (a-13)
& L2 10 i3 o
B Null %5 %50 Lo B
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which defines the transformation relating velocities in the fixed
axis system to velocities in the body axis system. The square

matrix in Eq. A-13 is the required transformation matrix [0] to be

used in Eq. A-6.



APPENDIX B

BLADE FLAPPING NATURAL FREQUENCY

Gimbaled Proprotor

An expression for the blade flepping netural frequency can be
derived from the equations of motion developed in Chapter 3 by con-
sidering the degenerate case obtained through retaining only the
two tip-path-plane degrees of freedom. If precone and gimbal
damping are neglected the resulting equations for the case of a

symmetric hub restraint reduce to

IRal + ZIRSZbl + K.Ha.l =M (B~1la)
IRbl - axnﬂal + Kb, =N (B-1b)

where the longitudinal and laterel tip-path-plane flapping moments

(from Eqs. 3-129 and 3-~130) are given by

A
=102 [ - n - -
M= 5 2'tY) IR[B3°‘1 tan 63 T e Asbl] (B~2a)
1,02 %5
N=-3 Y8 IR[BBbl tan 63 + = bl - Asal] (B-2b)

Multiplying Eq. B-lg by sin y and Eq. B-1b by cos ¥, subtract-
ing the second equation from the first, and making use of the

relations

L82
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B = & sin ¢ - bl cos Y

e

= él sin ¢ ~ 51 cos P + alﬂ cos Y + blﬂ sin ¢ (53)

by 1) 1t 4 o
B = 8, sin ¢ - bl cos Y + 2alﬂ cos Y + 2b19 sin ¢

2 . 2
- alQ sin ¢ + blﬂ cos ¥

defining the transformation between blade flepping motion and tip-

path~-plane flapping motion, the resulting equation can be put into

the form

w1 o 2. % 1 _
B+-2-yQASB+[$2 +i;+-2-y$22]33tan 63]8—0 (B-k)

Comparing Eq. B-lU to the equation of motion for a viscously damped

one degree of freedom system
X+t ux+uex=0 (B-5)
n n

the undamped flapping natural frequency is seen to be given by

1
w 2
R T P S | _
wg == 1+192+2yB3tan63 (B-6)
R
and the serodynamic flep damping by
YA
Csz'—_z (B"'T)
)
B

The damped natural frequency is of course given by

0 =- —-— 2 -
de g 1 ;B (B-8)
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If a representative section aerodynamic theory is used to
specify the blade loading Eqs. B-6 and B-T are replaced by
1
2
- KH Y tan 6&]

w, =11+ + (B-9)
8 IRQ2 8 cos ¢ J

COB

16 58

]

Zg (B-10)
where the bar over ¢ denotes that the inflow angle is to be
evaluated at the representative blade spanwise station.

The effect of 63 on the blade flepping frequency is seen to
be that of an aserodynemic spring which increases or decreases the

frequency depending on whether 63 is positive or negative.

Offset Flapping Hinge Proprotor

It is of interest to present the analogous expressions for the
case of a proprotor heving blades with offset flapping hinges.
Proceeding as above using the equations of motion developed by
Richardson and Naylor* for a propeller having hinged blades the

analogous expressions can be shown to be

1
2
) eSRe KHe Ye
w, =1+ + 4 ~~(B. - €B. ) tan & (B-11)
B I 2 273 2
R I_9Q € €
€ Re

*

Richerdson, J. R., end H. F. W. Naylor: "Whirl Flutter of
Propellers with Hinged Bledes," Engineering Research Associates,
Report No. 24, March 1962,
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z;B=—-_—(A5 -2 4 +e"A) (B-12)
th € € €
where
pao ¢R
Ye =1 (B-13)
Be

and the subscript € (e = e/R, e the hinge offset) is used to
denote quantities defined with respect to the flapping hinge loca-
tion. Also, in the serodynamic integrals the lower limit of inte-
gration for no root cutout is nl = € rather than nl = 0., Com-
paring Egs. B-6 and B-T7 tq Egs. B~-ll and B~12 it is seen that sev-
eral additional terms sppear for the proprotor having non-centrally

hinged blades.

An Equivalent Hub Spring Approximation for a Stiff-Inplane Prop-
rotor with Offget Flepping Hinges

A gimbaled proprotor is essentiaslly a zero offset flapping
hinge rotor. On the supposition that the principal stability and
response characteristics can be approximaeted by using an equivalent
hub spring to represent the restoring centrifugal moment from an
offset flapping hinge, anelyses developed for the gimbaled prop-
rotor are appliceble to a stiff-inplane offset flapping hinge
rotor, at least for preliminsry design calculations. The equiva-

lent hub spring KH is established by requiring that

_ € €
5=+ (B-1Lk)
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so that the in-vacuum blade flapping natural frequency is pre~
served.* For a given offset flapping hinge proprotor configuration
and a selected rotationsl speed the right hand side of Eq. B-1lk
and the denominator of the left hand side are known, permitting
solution for the equivalent KH.

A more complete equivalence could be esteblished by retaining
all terms in the expressions for ® , both dynamic end aerodynamic,
equating Eq. B-6 to Eq. B-1l, and solving for KH' In this case o
new equivalent KH would have to be determined for each (Q,V) com-

bination rather than for just each £ as in Eg. B-1llh above.

Fixed System Flapping Frequencies

Blade flapping is related to tip~-path-plane flapping by Eq.
B-3. The relation between the blade flapping frequency and the two

tip-path-plane flepping frequencies+ is given by

1a Yg = 192 Bdl (8-15)
The proprotor stability program PRSTAB6 (Appendix G) prints

out values for GB and CB for each airspeed at which the sta-

bility determinent is solved. At low airspeeds wB is sufficient-~

ly close to wB that Eq. B-=1l5 can be used to identify the tip-path-
d

*This is similar in many respects to an equivalence suggested
by M. I. Young for hingeless rotors: "A Simplified Theory of
Hingeless Rotors with Application to Tandem Helicopters," Proceed-
ings of the 18th Annual National Forum of the American Heliqggter
Society, May 1962, pp. 38-45.

.i-

These are derived and discussed in Chapter L.
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plane flapping modes et low velocity and hence with increasing air-
speed. This obviates the need to inspect thé mode shapes for the

purpose of identifying these modes.



APPENDIX C
PROPROTOR OSCILLATORY FORCE AND MOMENT DERIVATIVES

As a consequence of the flapping degree of freedom, proprotor
generated forces and moments, such as those shown in Fig. 2-12, are
highly frequency dependent; that is, they are functions of the lin-
ear and angular motions of the control axis* in space. The knowl-
edge of these forces and moments as a function of the frequency of
motion constitutes a necessary ingredient in an aircraft dynamic
stability analysis (airfreme plus proprotors).

The equations of motion developed in Chapter 3, in addition to
providing the basis for an serocelastic stability analysis, may be
used to obtain the expressions required for calculsting these
oscillatory forces and moments. Briefly, the procedure consists in
specifying & sinusoidel motion of the form eiwt of given frequen-
cy and asmplitude in one of the degrees of freedom, assuming that
the response in the remaining degrees of freedom is at the same
frequency but of unknown amplitude, solving the equations of motion
for these unknown emplitudes, and then substituting the known
results into the appropriate force and moment expressions (as
listed in Chapter 3). Herein, only the longitudinal and lateral
proprotor forces and moments arising from pylon oscilletory motions

in pitch will be treated in detail for illustrative purposes.

»
The sheft axis for the case in which the swashplate is
rigidly attached normal to the shaft.
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Neglecting gimbal damping consider the tip-path-plane equa~
tions for the case of the pylon having only the pitch degree of

freedom. From Chepter 3 these assume the form

Tgéy + (Ig + SpB hy) ¢ + 20Igb, + Ka.lal =M (C-ls)
IR'bl - QQIRal - EQIRcby + K.blbl =N (Cc-1b)

wvhere M and N are given by
1.2 fi . .
M= Y9 IR[—BB(al tan 63 + K1¢y gin €) - (¢ + &
- ADb +-]=Y5221?\B[B (b, ten 6_ - K. ¢_ cos €)
51 2 R 7ol 21 3 17y

A, A ]

2 2 s
+ A A ¢y +5 B -4 - R hl¢y (C-2a)

=_-1
N=-3 YQZIR[B3(b1 tan 63 - Kld)y cos €) + A

2
3}‘ ¢y

A
P A ]
by - Agsa; - R hl“by

1.2
+ 3 Y8 IRABO[- B2(a1 ten 63 + Klq>y sin €)

+
o\

= (cpy + al) - Ahbl] (c-2p)
Teking the oscillatory pylon motion to be

(c-3)

the steady-state response of the tip-path-plane to this forced

oscillation of the pylon cen be written as
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a = 8 eiwt (C-ka)

b, = i‘:l e (c-kb)

where '5.1 and ‘El are the unknown complex amplitudes to be deter-
mined. Substituting Eqs. C-3 and C-4 into Egs. C-1 the resulting

equations can be put into the form

F
2 1 -
[-IRw + Kaj_ + FlB3 tan 63 + FQAh + iw ) AB__'al

F
; 2 . -
+ [{ZIRQ -3 Ah}lw + FlAS - F232 tan 63]1:1

F

- 2 LA
= [{IR + SRBOhl}w - iw 9) 5 FlB3K1 gin €

2 A
+ FQA A2 - F2B2Kl cos € ~ 1w F2 R A h ]¢yo (c-58)

A
- }
[—FlAs + F,B, tan 8, + iw{ , 5 - 2l 9]

2 As]-
+ [—w IR + K.bl + F1B3 tan 63 + FQA,4 + 1wFl Q]bl

N 2 A
"f[leIRQ_FlAA3+F s-‘)‘RAhuxwl-FIL.LB cos €
A
- FZB sin e:] y, (C-5b)
where Fl and F2 are constants defined by
=102
FpESYW I
F, = A8  Fy (c-6)
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Egs. C-5 constitute two non-homogeneous complex algebraic equations

in the two unknowns 31 and 31. Writing these equations in the

form
81 | 3 |
= ¢ (c-7)
a a b c Yo
21 22 1 2
the solutions for El and 51, by Cramer's rule, are given by
c.8,.. = C.8
3 = 1722 2712 (c-8a)

1 8,85, - ay8, 'y,

a..Cc, = 8,,C
w2 T P27 (C-8b)

1 858, - 858, Y,

where the definitions of 8119 Bypscers Cp follow directly from
Egs. C~5. The forces and moments acting on the harmonically oscil-
lating proprotor then follow by substituting the solutions for a

1

and bl into

A
3 - i~
+ iw~?7 (¢yo + al) + A3bl] (c-10)
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A
N S a 2 a
M > 2ty IR [B a. tan 6§ + B Kl¢y sin € + iw 3 (¢y ta

)
371 3 3 o ° 1

- 1.2 -
+ ASbl] + E-YQ IRABO{%Zbl tan 63 - BEK1¢y cos €

o]

2 Ay o . Ao
+ A2>\ ¢yo tiw b - Aa -0 hlq>yo (c-11)
N=- l-yQQI B.b, tan §_ - BK.¢ cos€e + A 12¢
2 R|7371 3 31 Y, 3 ¥,
A AA
I - 3
+ iw ") bl A,).al iw R hl¢y°]

1,92 -
-5 Yo IRABO[%Zal tan 63 + BzKlq)yo sin €
Ay - -
+ iw o ((by_o + a.l) + Ahbl (c-12)

The forces and moments defined by Egs. C-9 to C-12 are algebrai-
cally complex quantities. As discussed in Chaepter 4 this indicates
that the total force or moment has components which are inphase

(or 180° out of phase) with both pitch angle and the pitching
engular rate. The maximum value of the component inphase (or 180°
out of phase) with the pitch angle is given by the real part of the
complex quantity; the maximum value of the component inphase (or
180° out of phase) with the angular pitch rate is given by the
imaginary part. If the real part is divided by ¢y and the
imsginary part by w¢y the resulting quantities cZn be viewed as

o
force and momwent derivetives due to pitch and pitch rate
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respectively. In the limiting case of zero pitch frequency the
real portions correspond to a situatlion in which the pitch angle is
constant and the imaginary parts to a constant pitch rate.

Computer program HFORCEl (Appendix G) is based on the eque-
tions developed above and evasluates both the complex forces and
moments and the component derivetives arising from sinusoidal
pitching oscillations of the pylon. A sample output listing is
shown in Table C-1. The input corresponding to the case shown is
included with the progrem listing in Appendix G.

The effects of blade flapwise flexibility, included as &
virtual hinge dynamic representation in the manner suggested by
Young, on the static or zero frequency normal force and pitching
moment (H and M in the present notation) were recently treated

by Magee end Pruyn.¥

*Magee, J. P., and R. R. Pruyn: "Prediction of the Stebility
Derivatives of Large Flexible Prop/Rotors by & Simplified Analysis)'
Presented at the 26th Annusl National Forum of the American Heli-
copter Society, June 19T0.



PROPROTOR OSCILLATORY FORCE AND MOMENT DERIVATIVES « SAMPLE BUTPUT LISTING

ROTOR RPM

2.38000000E+02

FT/SEC

5.$1216216E+02

MELOCTYY
KNOTS

3.50000000E+02

PYLON PETCH FREQUENCY

CYCLES/REV

129
2+ 00000002€-02
44 0C000000E-02Z

(123

0.
T«23333334£~02
1.566666676~01

64000 -02
8+ 00000000E-02
1+223000000£-01
1.2 E-G1

2.380 E~G1
3.17333333E~01
3.9666666TE~01

1+40000000E-01
1.60000000£-01
1.80000700£-01
2.00000000€-01
2+40000000£-01

476 ~01
5.55333334F -01
e 3466666 TE -C1
7+14C00000€:-01
7293333334€--01
9+£20000C0F -01

2.60000000£-01 111066466 7€ 460
3.00000000E-03 1+192923000€+C0
4+ 00000060E-01 1458666667F +00
6+0C000003E-01 2+36303000F+00
8.00000000£-01 3.17333333F+00
1.00000000€+00 3256666667 400
1.29000000E +0C 44 76000000E 400
1.40000000£400 5.55323334E 400
1»50000000E+3C 5+65C00000E 440
1.50900002E+0C 6e3466666TE +00
1+64000000E+00 6+50533334£400
1. 70000000E+00 6o 74333 334E ¢00
1. 74000000E+00 64302 )0000E +00
1,80000000E+0C T+14CCI000E+00
1.84000000E4+00 7e29866667E+CN
1.90000000E+0% T2 53666667E+00
2,00000000E+0C «33233334E400
2.40000000E+0C 9.52000000E+00
3.0 0E+0C 1.1

1.,00000000E+21 3.9666666TE+LL

RAD/SEC

0.

4¢98466C35E~01
92 96932069E~01
1.49539810€+0Q0
1.99386414£+00
24923301 7€400
2499079621E400
3.48926224E+00
3.98772828E4CC
4e4B8619431E400
%49 8466035E+00
5.90159242€+400
650 9TBE2448E+Q0
7.476990%2E400
9.76932069E400
1+49539810£401
1.99386414E+01
204923301TE40L
2099079621£401
3.485262264E401
3.T3849526E+01
3.98772828E401
4.08742148E+01
4e 236561266401
4433665450E401
4e4B€19431E+01
4.58588T52E+01
4¢735642732€401
4,98466025E401
5.98159242€+01
Te6T699052E401
2.49233)1TE402

FYLCN PETCH FREQUENCY

CYCLES/REY cPs

el G

2.03000200£-32 7.83333334€-02
4.,00000000E-02 1,58666667€~C1
5,00000003€-02 2438CCI0GOE-0L
8,00000300E-02  3.,17323333E-Cl
1.20G00000E~01 2, 9666666TE-C1
1429000200E-01 44 76C00000E~C1
1.45000900€~01 5+ 55233334¢~L1
1,60000009€-01 5o 346666 TE~CL
1..8000C200£-91 7,14000000€~C1
2,00000000€-01 7493333334€~01
2.400000C0E -0 9.52002000€~01
2.80000000E~0) 141126666 7E40)
3.00000000£-01 1.19000700F +00
4.00000000E~01  1.56€66666TE+00
54 0C 2 243800 € +00
8.0000020%£~C1 3,172333336+00
1.00000000E+0C 3496666667E+G0
1.2C0C0000E+0C 4. 76000000E+00
1.40000000€¢0C  5.55333334E+00
1.50000000E¢+0C  5.5500000JE+00
1,60000000E47C  6+434666667£4C0
1.64000000E+0C  5.50533334E+00
1,70000000E+0C  6474233334E4C0
1.74000000E+0C  6.90209CO0E+0)
1.80000000€+0C 7.14000000E +C0
1.84000000£+0C  7.29866667E+4CY
1.900000C3E+0C  T«53666667E4C0
2.00000000E+0C  7.93333334E400
2.460000009E+0C  9.52000000E+C0
3. 0C 1419C +01
1.00000000E+C1  3.96663667€+C1

RAD/SEC

0.
%e98666035E-01
9.96632069E-01
1495398106400
1.99386414£+00
244923301 76+00
2.99079621E+00
3.48926224E400
3.98772828E+00
%0 48619431£4C0
42 98466035E+00
5.98159242E+00
64 9THE244BE+00
7.47699052€ +00
9.96932069E +00
1.495398106+01
1.99386414E+01
2.49233017€401
2.99079621E+01
3448526224401
3.73849526E+01
3.987728286+¢01
4.08742148E+01
4 23656129E401
4433665450€+01
4048619431E+01
4458588752E+401
4473542733E+401
4+98466035E+01
5.98159242E+01
7447699052E+01
244923301T€+02

Lok

TABLE C-1

KEAS

3,500C0000E402

ADVANCE RATIO

4

3.87132740E400

ROTDR INPLANE H-FORCE

REAL

~2461314011E403
~20£2654537F+03
“2,67105846E403
“2«76001549E403
"2491707562€+03
~3.17813490E403
=3.59327762€4+03
402275361 3E403
15713345€+03
+45937657E403
~Be1BBT9112E+403
“142833988RE404
Lo 80195 B24E +04
r2202468803E404
204 HBHITL4F 404
~2+23679593E+04
~2.07460924E+04
-2.0CT25562E+04
~1.981493800E+04
‘109364 7908E 404
~1.8235664T€404
“1.43697307E404
~1.11250241E404
~4419144304E+03
2.17982260E+02
24527006C3E+03
1.27875165€473
*1296392084E4+03
~6252677542E+03
=1e27830233E404
“1+45840203E¢04
"1.5T7674319E+04

IMAGINARY

.

~1+08403013£+03
~2419420863€403
~323559829BE+03
“4.59282319E+03
~54 92367957403
T+ 35031250€403
~BaB89ISBITIE 403
“1.04823937E+04
*1.20607433F ¢04
"la 34968911E404
~1l.52660524F 404
“la45469521E404
*1234%59525F 404
~5.29565646E403
2.27293055€+03
42 900595076403
6.906824640£403
9e33441548E£+03
1+ 33103263£404
1.66601445E404
2¢1221545T7E 404
2.27835218E404
20251986 4L0E+0%
1.933757%52€+404
1.19451286E404
T 84T16260€E+03
403839€335€403
2.89905492E403
5¢39101370E+02
Be 876975G9E4+03
3.64260164F406

RUTOR INPLANE Y~FORCE

REAL

2.34616370€+03
2.43005343E+03
2.68322820E+403
3,10978169E403
3.T71437796E402
4.50238705€ 423
5246883774E+03
6e59634524E493
TeB4068339E403
9411821646E+03
1.02967495€404
1e14473366E404
1407211203E404
9.40951028E+03
B.46010TTTECQZ
=64 T14T49COE+03
~8495204922€+03
-1.03870167E+04
-1.215181 20£404
~145420)1586E+04
-1+84058251£404
*2e259B4264E404
~2¢40118433E404
"24352441 T8E+04
~2401924496E 404
~1+25747758E£+404
“Ba32624037E403
~4263668637E403
=2+ T7338774£+03
v3.74356128€+03
~4494054265E403
*be21560097E+403

THMAGINARY

0.

4051968929£402
8. 81TESB5TE+C2
1.26424400E403
1.5681015TE ¢03
1. 75271215€403
1.76522451€+03
1453932889E+(3
9,97963386E +02
«421918C9E+0)
«31605643E+03
~5.3180£832E+03
=934 920804451€403
1.18903276E+04
~1.51938086E+04
013142376E+06
~8,68214132£+C3
=T 31460223£+03
~6+559T17356403
=5,73083178£+03
=~bs 44 TBE265E403
5821609E+402
*84900268E+03
9+85363307E+03
1,43018471E4CH
1+66805037E+04
1654724661E+04
1.2287C526E+04%
T7.81224963E4+03
1.835712CBE+03
3.13014386E402
=10 556954 T0E+02

PYLON PIYCH AMPLITUDE

CEGREES

&£+ 00C0N000E+ 20

RADIANS

140471S785E~01

H=~FORCE DEREVATIVES

HeALPHA

“2+4953E699E404
~2.50R166CAE+04
-2+ 550672446404
~2463562CH5E+04
~2.T£560203E404
~3.403489441E404
“3,43132737E40%
*4403690414F 404
*4.924A9G63E404
<be156825025E ¢04
*TR19T1051E+04
13 22555565€ 405
*1e72075291E405
*1+32363465E408
+2¢35743260E405
*2413598277€+405
‘1498110589E€ 405
'1.916787G3E405
~1.89251598E405
~1.84520130€+0%
~le 741375B0£+05
~1+37220820E¢05
"1.0€62362%1E+405
~6,00253227F 404
2.081577256+403
2441311201E+04
1.22111788€404
‘1875415 81E+04
~6423261342E40%
*142206A881E4+05
*1439267135€408
"1e5C56TRLHE+0S

H=ALPHA OCY

e
~2.0T6T1627E404
=24 10176296E404%
=24 14305988E+04
~2.19965995E+40%
=20 26564203E404
-2+ 349431518404
~24 43287330€404
~2. 510129246404
+24 56T24536E404
~ZaSH603205E406
"2043714669€404
*2.00426451€404
*le TLB83744E404
-2.03422688E+03

1.451464547F403
2, 3470624 26403
2.54h5145NE403
249803R033E+03
3.64272572E403
40255326£1E40)
5.08186260E403
5032283269E+03
5075540106403
4025812664£403
2.542637768£403
1.632403229€+03
8.84054666E402
5.55382580E+02
Be 606468B85E+02
1.13372989€+403
1239565310402

Y-FCRCE DERIVATIVES

Y- ALOHA

2, 24G42130E+04
2432053010E+04
2.56229419E404
2.9696227TTE+04
3.54784264E+04
4.29946293E404
5.22235536E404
64265045 TLE+Q4
T.48130111E404
B8.7CI125533E404
9.8326T146E404
1.11223872E+05
1.02379157€405
B.98542044E¢04
8.078807B2E+03
~6e4121129TE+O4
~8.54857730E404
~9.91887032E+404

«75762683E405
«15799076E+05
*2e29296213E405

024641 €43E405

=7.95097287E404
~4e42TT0934E404
~2+64839021E404
~3.57483T59E404
~4.T17870TOE+04
~£4935461 TLE+04

Y-ALPHA DOY

et

84 6584961 TE403

8.64619135E403

8073195266403

Te51017419E£403

6, 71546906E403

8.63620T46E403

4, 21278398403

2438979381E403

1. 3669673 0E402

"2052121755E403
=8.49001540E+03
-1+ 35853T06E+404
=1.51858244E404
~le 45594153E+04
~7.22503324E403
=4, 15817411E+03
~2+80257034€403
=2.09444851E4+03
~1e56839494E403
~1.12612447E+03
+06759600E+02

60 65602304E402
24 22081955E+403

3.,15058245E+03

3550605848403

3,221E6636E403

2.47776391E403

1.49662130£403

2.93061745E+402

3.9976875TE+OL

=5.96543041E+00




FYLON PITCH FREQUENCY

CYCLES/REV

Qe
2400000009E~02
4. 00000000E-02

(£33

Os
T493333334€-02
1.58666656TE~CL

be 0
8. 00000000E~02
1.00000000€~01
1.20000000E-01
1+40000000£-01
1.60000000€-01
1+80000000€~01
2+00000000E-01
%

2e3 Cl
3.17333333£~-01
3696666656 7E-01
%o 76C00000E~01
5.55333334E-01
b4 3466666TE-DL
7414000200E~C1
7.93333334£-01
9.5 ol

01
24 80000000£-01

H 3
1.11056667E400
1 +00

3. o1 ol

4400000000F-01  1.5866666TE+00
[ -01 .3 +09
8.00000000€-01  3.17333333E4C0
1.00000000E40C  3.9606666671 +00
1.20000000E40C 44 76000000F +GO
1.40000000E+0C  5.55333334F +GD
1+50000000E¢G0  5.95G00000E+CO
1¢60000000E+0C 643466665 7E +00
1+64000000€+00 64505333348 400
1.70000000€+0C  6474333334F ¢00
1 76000000E¢0C  6.90200000L +GO
1.80000000E+0C Te140CI000E+00
1.8400G000E+Q0 T.2986666TE+00
1.590000000€¢00  7.53666667€+00
2+00000000E40C T7+93333334E400
2.40000000E+0C 9.52000000E+00
3.00000000E+00 1.19000000E +01
1.00000000£+01 1.9666666TE+CL

L95

TABLE C-1 (Continued)

RAD/SEC

O

4o 9B466035E-01
9.96932069E-01
1.49539810€+400
1.99386414E+00
2.49233017€+00
2.99079621E400
3.4B926224E+00
3.98172828E4+00
4048619431E400
4.98466035E+00
5.98159242E+00
629765244 8E400
Te47699052E+400
9.969320693£+00
1.49539810E+01
1.99286414E+01
2.49233017E+01
2.99079621E+01
3.48926224£+01
3. 73849526E+01
3.98772828E+01
4.08742148E4+01
4923696129E+01
4e33665450£401
4e48619431E401
4058588752E+401
4473542733€+0L
4298466035401
5.98159242E+01
Te47699052E+01
244923301 7E+02

PYLON PITCH FREQUENCY

CYCLES/REY

0.

2+00000000E--32
4+00000000E-02
5+ 00000000E-02
8+ 00000000E-02
1.00000000£-21
1.20000000E-01
1.40000000£-01
1.60000000£-01
1.80000000€~01
2.00000000E-01
2+40000000£-01

cPS

0.

7.93333334E-02
1.56666667F-Cl
24 38020000E~01
3.172333336-01
343666666TE-01
4¢763C1000E-01
5+£5333334E-01
6e34565667€-01
7+14017000€~01
7493333334E-C1
9.52000000E~C1

2+80000000E-01 1411065E67E+L0
34000 Q 1.19 0E+Q0
4+30000000£-01 1e5866666TE40D
6+.00000000£~01 2+38000000E+00
84 00000000€-01 3.17333333E400
1+00000000E+0C 3.9666666TE+CO
1+20000000E+0C 4+ T6CCO000E+QD
1.40000000E+0QC 5255333334£400
1« 040 5+55CCO000E+G0
1. 60000000E+00C 6.24666667E400
1+64000000E+0C 6.50533334E400
1. T0000000E4+00 6476333334E400
1.74 0oC 6.90 GO
1480000000E40 T«140CO000E+CO
1.84000000E+00 T.29866667E+00
1.90000000E+00 T+5346666TE+00
2+00000000E+0C T253333334E+00
2+40000000E+00 9.520C00000E+00
3. 00 1.1 01
1.00000000E+01 3.9666666TE+C]

RAD/SEC

O

4.98466035E-01
9.96932069E-01
1.45539810€400
1.99386414£400
2049233017E+400
2.99079621E+00
3,48926224E+00
3.98772828E40C
4.48619431£+400
4,98466035E400
5.98159242€+00
6.97852448E+00
Te4T699052E+00
9.96932069E400
1.49539810€E+01
1.99386414E+01
2.49233017E+01
2099CT9621E401
3.48926224E401
3.73849526E+401
3.98772828E40)
4,08742148E+01
4e23656129E+01
4¢33665450E401
4048619431E+401
4.58588752E+01
e 73542733E401
4498466035E+01
5.98159242E+01
Te4T699052E401
2.69233017E+02

ROTOR PITCHING MOMENY

REAL

1.63563336E403
2035331765E+03
3.915922864E403
545697TT792E403
1.03575022E+04
1.53354560E4+04
2415284742E+0%
2,888502Q03E+04
3,72053T94E+04
44 60524322E404
5.46763665E404
6468897954E+06
6.58349062E +04
5.98648493E4+04
14202229328404
"34508248281E404
*5.10331927€ «04
“6.00693432E+06
~T.19620307E+04
"3.1A11509%E404
=1 4090282376405
~1.310A5821£+05
~1e36820433F+05
~142786516BE+05
~1.039311896405
-5459948800E+04
*3,14R896609E+04
“1421231834E40¢
-4,961302813E+02
~1.65257841E+04
~2455079T66E+04
-3.452846T3E404

THMAGINARY

O
3.81145782E+03
7451225300€+03
1409728060E404
1.40269999E+04
1. 64403368E+04
1. 790856 CBE+04
1.80231256E+D4
1.62R03927E406
1.21735321E404
5424141182E+03
~1.70866119£406
~4« 51 T55T26E404
~5.79244809F 404
~Be4386T716E+04
~5+60125888E404
=34 06276120404
~4217999RA61E 206
13 EING646TESOM
~2+B0BOSTTIF+CH
~Le 77139160 404
1e OLI0LTTTECOA
3.126214675F+04
Te31173622E406
94 708054 16E +04
1.04725624E40%
9. 3T153615£406
Te12683388E406
%0 26546943E404
7.54828666€403
~4e41614213E+402
~1.47675504E4C3

ROTOR YAWING MOMENT

REAL

2457T45792€+403
2.5710148TE+Q3
2.527075680F+03
2.36875842€403
1.95731378€+03
1.08106T17E403
-5.66815948E402
~3.39334424E403
~T.89912994E403
~le46222962£404
~2.40085283E+04
=5.0818T659E+04
~B8+2R823630E+04
=9..T4496629E404
~1431608612E+05
~l423764962€405
~le LE1172046E405
*1.10907834E+05
-1+08346660E+05
=1.03027174E€405
=9.36894351E+04
=6+.6756TS61E4+04
~4459617963E+04
~4058365341E403
1.90788865E+04
24629542 78E+04
1.50143060E404
-7.81880911E+403
=3.70269690E+04
~T+40216232E404
-8439298849E404
=9.007771 50E+04

IMAGINARY

0
~6419664153F+03
“1.25705222E406
~1.92G972B51E404
=24 656601 65€E +06
"3.4465T2085E404
~6431646948E+04
«5026550968E404
*60 279361716404
~Ta318923G5E+04
~B+3130£6213E£404
~92 764093912€+04
~9. 78204924 E+04
~Fa 24054554 404
~40 606T75303E 404
2032252806€£+4C3
2.00987818E+04
3. 31018269E+04
49.81042969E+04
T« 18151TT3E+CH
9.0986681TE+C4
1,15014235¢+405
1.21537198E+05
1.13765438€405
9.06208482€404
4“e38688392E4+04
2401531026E+04
197051331€403
=3.21983460£+403
1461955866E+04
3.6818%5208E406
1475357651 E+405

PLICHING HOMENY DERIVATIVES

#~AL PHA

1.75290CT4E404
2024725282E+04
2. 74258766E404
6e273675796404
S+ 89C68E05E+04
14466442826E405
2055817856405
2eT5031624E405
3.5%2685202E405
4935768233E405
5422120840E +05
6e3BT50494E405
6.286TTC45E405
5. T166T201E 495
1,14R804444E405
~3.421210CTE+05
~40o97331093E+05
“5.79349571E+40%
“heRTLBETTHE4OS
“BeT6TIONGBE 405
“1a04111481F406
‘1e25177738E 08
»1+30653889F+06
1422102242€ 405
“0.92465TL3E405
~5434T11 TL6E+DS
+3.00704111F+05
-1.1576T78T4E+Q5
~he TITHGE22E404
~la57809£14E405
~2043583234E405
+3.29722575€+03

M-At PHA DOY

AL}
7.30102612E404
Te 1957492 6E404
T+D07002256404
6o T1TC5161E40%
&e299CTL21E+404
5. 71801442E+04
40 93250894E404
3.90053389E404
2+ 591253538404
1.00421648E+404

~2eT2TT8T41E+ 04
~6913175006E+04
~T«3978701 36404
+8+08314162E404
=40 21542455€404
‘2042472931€404
1a60135532E404
*1e 14£ 3974 TE+ 04
‘Te68499895£ 403
4a826469332F403
7426011725403
T+ I034836BF4 03
1.64792439E404
2-13T718E1ECQ4
2422318573£404
1.95145602€+404
1:43717231E404
B8.17131617£403
1. 205C4413E+03
*5¢ 6401102 TE+0L
-!.65814]56600!

YAWING MOMENY DERIVATIVES

h-AL PHA

24461291CLE+04
2.43513R3ISE+04
2.412179€3F¢04
2.2619976TE 06
1.869566994F +06
1.03234310E+404
“5.41269360E403
*3.240405C6F +04
~7.54311345E+04
~1e39632643E+405
"2429264357€+05
"4 ¢B5283468E405
~T291468266E405
~9.30%75733E+05
~1l.2567696TE+06
-1.18186833E+06
«09928834E406
~1.0%9091 80E+06
~la03463439E406
«B8383TOGLEVOS
2 94668203E+05
«31480063£40%
«3B8902824E+05
«3770665BE+04
14821 89944E+05
2451102839E405
1.43276CE1E+05
“Te46641271E+04
+3.535815Q9E+05
~Te0£54992TE+05
=B.01471363E£405
-B.601T88L6E40S

N~ALPHA DCY

198844

‘3e 18711334408
=1+ 204090526+ 05
+1+23228389E405
*3427137943E405
-1432058351€+05
-1 3782031 4E+05
*1e 4410471 4E+05
-1 50370043E40%
‘12 55790344E405
*1459256398E+05
*1e55508952E+0%
-1+338585931E+05
<1418016346E+05
~4e41266284E+0%
1.48311739€+403

e 62599330E403

1.26828767€404%

1.53591942E+04

1+96541383E+0%

22 324C8696E+04

2. 754212338404

20 983943009E+04

205640543 7E404

19954676 0E+04

9433790485€403

4e19652604E403

3. 97266800E+02

-6+16835521£402
22 585539926403

4s TO230T03E403

62 TLBTBL164E+03




APPENDIX D
PROPROTOR OSCILLATORY FLAPPING DERIVATIVES

Tip-Path-Plane Flapping Derivatives

The longitudinel and lateral tip-path-plane flepping associ-
ated with & sinusoidal pitching oscillation of the pylon follow
directly from Eqs. C-8a and C-8b of Appendix C. These flapping
components, like the proprotor forcegs and moments, are algebrai-
cally complex quantities indicating that the total longitudinal and
lateral flapping have components which are inphase (or 180° out of
phase) with both pitch angle end pitch rate. The maximum value of
El or El flapping inphase (or 180° out of phase) with the pitch
angle is given by the real parts of the complex quentities; the
meximum value of El or 51 flapping inphase (or 180° out of
phase) with the pitch rate is given by the imaginary parts of the
complex quentities. Dividing the reel parts of al and El by

¢y and the imaginary perts by w¢y the resulting quantities
o o
constitute the tip-path-plane flapping derivatives due to pitch

angle and pitch rate, respectively.

Blade Flapping Derivatives

The relation between blade flapping and tip-path-plane flap-

ping can be written in terms of complex flepping eamplitudes as

B= El sin ¥ - b, cos ¥ (D-1)

1
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Writing
B =8, + i,
al = £, + if,
b =g +ig, (D-2)

Eq. D=1 becomes

B = Bi + 182 = £ sin y - g, cos Y+ i(f2 sin ¢ - g, cos P)

(D-3)
The eszimuthal position for which the total blade flapping é is a
maximum is defined by establishing the Y for which E is en
extremum; that is, the ¢ which setisfy
QB-= f. cos Y+ g, sin Y + i(f, cos Y + g, sin ) = 0 (D~L)
ay i 1 2 2
Since Eq. D-4 is complex there are reslly two extremum situstions:

Bl is an extremum for the ¢ which satisfy

- dB
Real %% = —Ei— =0 (D-5)

end 82 is an extremum for the ¥ which satisfy

- 4
Imag %%-= —E% =0 (D-6)

Whether the extremum are a maximum or a minimum is determined by

substituting the ¢ which are zeros of Egs. D-5 and D-6 into
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2
2= 4°8
Real Q_%,= -——%-= - fl sin Y + g, cos Y
ay ay
(D-17)
a2 948,
Imag -—%-= -5 == f2 sin ¢ + g, cos V]
ay ay
Then
a®s, %,
5 5 >0 - minimum
day day
(p-8)
a®s, a%,
5 5 <90 = maximum
ay ay

In this way the azimuthsl position where blade flepping is alge-

braically a maximum and a minimum due to pitch angle and pitch rate

and the associated values are determined. It is to be noted that

the maximum blade flepping due to angle of attack does not occur

et the same azimuth as the maximum flapping due to pitch rate.
Dividing the real parts of Eqs. D=2 by ¢yo end the imeginary

parts by w«by and defining
o]

fl/ ¢y° = f'1c1t gl/ ¢yo = €14
£oluby = Ty 8o/00y = Bpq (D-9)
By /o, = By By/wd, = By

o

the maximum values for Bla and B are given by

2q

5 3
10 o T 81

o)
L]

(D-10a)



L9g

Bog = 22 2 (D-10b)

o+
q 2q g2q

if Bla and qu are calculsted by means of the operation
i

2
_ 2 2
sla + iqu = [(fla + ifeq) + (gm + igzq) ] (D-11)

the Bla of Eq. D-10a agrees with that from Eq. D-11l. However, the
value of B2q from Eq. D-11 corresponds to the Y position &t

which Bla is & maximum and is therefore not the maximum value of

B2q.
Computer progrem ROTDER4 (Appendix G) celculates both the tip-
peth~plane derivatives given by Egs. D-9 and the blade flapping
derivatives of Egs. D=10 as g function of both pylon pitching and
yawing frequency. A sample output listing is given in Teble D-l.
The corresponding input is included with the program listing in

Appendix G.

Blade Steady-State Flapping

The steady=state tip-path-plane and blade flapping derivatives
are obtained by setting the pylon pitch frequency to zero. Consider
the blade flapping derivative due to constant shaft angle of attack.

This is given by

= - 2
=8 " vfla * 814 (p-12)

Assuming a symmetric hub restraint and teking the swashplate/

B
1o w=0

pylon coupling and proprotor precone to be zero,
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2 )
£14 " ol = (D-13a)
2 2
Ky + 2F133 [33 tan & ) + As]
-F, 22 4[Ky + F1B, tan 6]
2
KH + 2FlB3KH tan 53 + Fl[kB3 tan 63) + As_
Hence, 1
512
Fy A% [ + (KH + F B tan & )
By, = = (D-1b)
2 2
KH + OF B3KH tan 63 + F (B ten § ) + As]
Now, from Eq. B-6 of Appendix B,
-2 _ Kﬁ 1
g - 1= - Zt3 Y 53 tan 63 (D-15)
R
from which
[ — :]2 2
I8 (wB - 1) = [KH + F133 tan 63]
- _ .2 252 2
=Ky + 2F,B KH tan 63 + Fl 3 tan 63
(D-16)

where Fl

D-16

has the same definition as in Appendix C. Using Eq.

B, = L 3 (D-17)
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or, finally, 9B/%0 as a function of blade flapping natural fre-

quency ig given by

2
AT A
B _ 3 —
2 4 D 2l2
A‘5 + ;—2- (mB - 1)

The expression analogous to that in Eq. D-18 for the case in
which & representative section aerodynamic theory is employed for

the blaede loading is given by

2
8- ten $ - (D-19)
8(o2 2|2
Y cos ¢

Hub restraint end/or pitch-flap coupling are seen to decrease
flapping by detuning the blade flepping natural frequency from one-
per-rev so that it is not in resonance with the one-per-rev airload
moments arising from shaft angle of attack. For zero hub restraint
it is to be noted that since (&g - 1) enters as a square in the
expressions for 0B/da, either positive or negative pitch-flap
coupling (negative or positive 63) sre equally effective in

reducing flapping.



PROPROTOR OSCILLATORY #LAPPING DERIVATIVES
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TABLE D-1

SAMPLE OQUTPUT LISTING

ROTOR -RPM VELOCITY
FT/SEC KNOTS KEAS
2.38000000E+22 5¢91216216E4+02 3.50¢C 02 3.50C
*x%x% BLADE FLAPPING FREQUENCYICYCLES/REV) = 756

ADVANCE RATIO

3

+02 3.87132740E+00

sakk BLADE DAVMPINGIPERCERY CRITICALY »

LCCK NUMBER

4e54547485E+00

A%askssk PROPROTOR DYNAMEIC FLAPPING DERIVATIVES DUE YO PYLON PITCH #9sssss

PYLON PITCH FREQUENCY

CYCLES/REV

1.,0000E-04
5¢0000E~G2
1+0000E~01
2. 0000E-01
4+0000E-01
6.00C0E-01
A.0000E~01
1.0000€+00
1.2000£+00
1.,4000E+00Q
1.6000£+00
1.8000€£+00
2.7000E+00
2.2000£400
2+ 4000F+00
2+5000E+00
2. A000E+0Q
3.0000E+00
5+7000E4+00
1.2000€+01

ces

3,966TE-04
1.9833E-01
3,966 7TE~O1
Te9333E~C1
1.5867E+00
2,3800E+00
3.1733E400
.966TE+00
4. T600E400
5.5533E400
643467F+00
74 1400E+00
749333400
8. T26TE£4CO
9.5200£400
1.0213E+0)
1.1107E+01
1.1900E+01
1.9933E+C1
21,9667E+C)

RAD/SEC

2449Z3E~03
14 2662E+400
2.4923E400
4e.9BLTE4QQ
SeF6G3E+00
1.4954F 401
1.9939€401
2.4923F401
2+9908E +01
3.4863€401
3,987T7F +01
4.4B626401
4.9B4TE 01
Sea4BITE S0
S.9816E+01
6.4B01E+01
6497656401
T+ 4TTQE+01
14264628402
2.4923E4C2

CCMPONENT FLAPPING OER[VATIVES

AL/PHILY

L.7645E~01
Fa4564E-01
1.1519€¢00
1.7547€£400
~1.9369E-01
~le1366E+00
~le3684E+00
~1.85227F490
sl T372E400
~241823£400
~343937E¢00
"R.6265E¢00
~9,1080E~01
“Tebb43E-01
~7.8839E-01
~B422%1€-01
~8.5155E-01
~8.7435€~01
=9.6114E-01
=9.9089E~01

Al/eHlY DOT

2+ €802E-02
02C6E-02
~Be57I56~-03
*145309£-01
+204329F-01
*141112€-01
~6e4023E-02
=4, 4687£~02
*1e 5THIE~02
3. 1012E-02
~Y o 894BE~D2
4, T210E~02
265454802
1e2302E-02
60 8750E-93
be 25465-03
248322€~03
1.9759€-03
1.8833F-04
1.C561€~05

AL/PHEY

142306E+400
1.1964€E400
1. 0669E+400
1.4492E~01
“127693E400
“1.17378¢00
~849894E£-01
"Be12%6E~01
Me2360E~01
*Be TAYLE~UY
~4¢65299E~01
2.2671E400
1.4043E+00
1a BE04E~01
5,1187€-01
3.6573E~01
2.7T7776-01
2,19986-01
5455136-02
1.,2201€-02

B1/PH1Y DOY

-3.5830E-01
~3463908€-01
*34T508E~01
-3, 8668801
*34H6366E-02
2+ 6690E~02
246958E-02
2,5427€-02
2,7123E~02
3.5288F-02
S 9H18E~02
3.,6682E~02
~1.5911€-03
~4o2046€+03
~3,5739E~03

~1.8330¢-0%
=~he b4} 8E~04
*9.85C3E-0%

INFLCY ANGLE

PHI

5.86T41T6H1E+0]

70,197

TCTAL FLAPPING DERIVATIVE

BEYA/PHIY

1.5198F+00
152506400
1.5701E+00
1. 76076400
1 T601E+00
144339E400
16375£400
172596400
1.9226£400
2035196400
2.3A39E¢00
344695400
167 TLF 400
1.0993£400
54399901
50 0016€-01
€.98TLE~CL
©,0179€-01
946274E~01
549096E-01

*acse®s PROUPROTOR CYNAMIC FLAFPING DERIVATIVES DUE TO PYLCN YAW ssénssn

PYLIN YAW FREQUENCY

CYCLES/REY

1.0000E-04
5. 3000E-02
1.0000E~01
2+7000€~-01
4.0000£-01
6.00C0E~0L
8.0000E-01
1.2000E+00
1.20C0E+0Q
1.4000€+00
1.60C0E+Q0
1.8000€+00
2.0000E+400
24 2000€+00
2.40C0E+0D
2.6000E+00
2+8000E+00
3.7000E+400
5.7G00E+00
1.0000E+01

cps

3,9667E-C4
1.9833E-01
2,6667E-01
7.9233E-01
1.5867E+00
2.3800E+00
3.1733E400
3,9667E+CC
4. T6COE+00
5+5533E400
6.346TE+0Q
7.1400E+400
7.9333E400
847267E+0C
9.5200E+00
1.0313E+01
1e1107E+Cl
1.1900E+01
1.9833E+401
3.9667E+01

RAD/SEC

2.4923F-C2
1.24€2E+09
2,46523E400
4 IB4TESQD
$.9653E +00
1.4954E401
1.9939€+401
204923E+01
2.99C8E+01
344893401
3.98TTEXOL
4,64862E+01
4 9BATE+QL
5.4B31E+01
5.9816£4Q1
&.4801E+01
649785E+01
Te4TT0E+CL
1.24062E+02
2.4923E+02

COMPONENT FLAPPING DERIVATIVES

Al/PRIZ

~1+2306E400
‘le1964E+400
-1+0665E400
~1+4492E~01
1.7695E¢00
1.173TE+0C
8.9894€-01
Be1256E-01
842360E-01
84 TESLE-O1
4.6299E-01
=2426TLE+Q0
"1.4G83E+00C
«BOC4E-OL
~5.1187€-01
*346573€~01
~2.T777E-01
~241998E-01
~545513E~02
~1e2201E-02

21/pH1Z DOY

3.£930£-01
346368E-01
3.79608€~-01
3,8648E-01
3.63566E-02
*20 £890E-02
«6958E-02
*225427€-02
«T123E-02
+345288E~02
~5.¢B15E-02
~3.6682E-02
1.5911E-03
422046E-03
2. 5739E-03
2.8338E-03
2.2564E-03
1.8330€E-03
Go 641BE~04
9,85¢3E-05

B1/PHIL

8.7645E~01
Fe4564E-01
141519€400
1. 754 7E+00
=1.9369E-01
=~1.1366E+00
“1«3686E+0D
*145227£400
*17372E400
~2.1823€+400
~3+35376+00
~2.6265E400
~9.,1080E-01
*Te6643E~0)
~7+8839E~01
+842251€~01
-8451556-01
-847455E-01
~9.6114E-01
~9.9089E~01

Bl/PHEZ DOY

2.8802€-02
2,02C6E~02
-8,5715€-03
=~1.5508E~01
~244329E-01
~1:1113£-01
~ba4023E~C2
~4e468TE~02
=3, 5765E~02
=3,1012£6-02
~1e59€8E~02
4sT210E~02
2.5654E6~02
142302602
6. 8758E-03
442646E~03
2.B8322E-03
1.9759€-03
1.8823E-04
1,0561€-05

RETA/PHLY .0QY

2.5945F-01
3. 6454F-01
3.7917E~01
401662E-01
2.4599£-01
1.1434E-01)
60546TE-02
5.1415E-02
40 4899F-N2
b4,69T9F~02
641909E-02
5.5TRSE-02
2.5704E-02
1.3001€6-02
T2 1527E-03
5,1203E-93
3.623CE-03
24 £952E-03
54CC9IIE-0%
9906705

TOTAL FLAPPING DERTVATIVE

BETA/PHIZ

1.5108E400
1.5250E+00
1.5T0LE+OD
1.T607E400
Y. 76801E+00
1.6339E400
) 463756400
1.7259E+00
1.9226E+00
243519€+400
3.3855E+00
244696E+00
1.6TTLE+0O
1+0993E+00
$3999E-01
S+0016E-0L
8495T1E-01
©e0173£-01
9,6274E-01
$49096E-01

BETA/PHI2 DOT

3.5945E~01
3,64564E-01
34 7917E-01
441662€-01
2+4599E~01
1.1434E~01
649467E-02
5.1415E-02
44 48B89E~C2
4+69719E-02
641909E~02
5»5785E-02
2.5704E-02
1+3001E~02
T« 75276-03
541203€~03
3.62306-03
246952803
5.0093E-04
9.9067€-05



APPENDIX E

APPLICATION OF THE SUBSTRUCTURING CONCEPT TO

AN ATRCRAFT NATURAL MODE ANALYSIS

Direct and component mode synthesis procedures for natural mode
vibration analysis have been described in Chapter 6. Both methods are
based on the substructuring concept wherein the continuous structure
is divided into smaller components, or substructures, a mathematical
model (either discrete or modal) of each substructure established,
and the mathematical model of the complete structure arrived at by
reassembling the components in a menner consistent with the equations
of constraint which enforce deflection compatibility at the inter-
faces of the components. Formation of the substructure mass and
stiffness matrices and the establishment of the equations of con-
straint are aspects of the overall problem which are common to
both methods of analysis. To illustrate the manner of establishing
the substructure mass and stiffness matrices and the mechanics of
setting down the equations of constraint the substructuring
procedure is applied herein to an aircraft structure which admits
of a stick model representation for natural mode analysis. The
aircraft configuration selected to form the basis of this exercise
is the Bell Model 266 tilt-rotor VIOL design evolved during the

Army Composite Aircraft Program.

Stick Model Representation of the Model 266 Tilt-Rotor

An artist's conception of the Bell Model 266 tilt-rotor design

503
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has been given in Fig. 1-6 of Chapter 1. This aircraft is depicted
in silhouette form in Fig. E-1 along with the stick model established
using the beam, spring, end rigid-body components described in
Chapter 6. The fuselage, wing, and empennage structures are replaced
by nonuniform beams lying aslong the elastic axes of the respective
components. Since the fuselage elastic axis has two changes in
slope, three beams are used to represent the fuselage structure. The
wing carry-through structure is idealized as a beam-spring, its
(rigid~-body) inertial properties being combined with the inertia
matrix of the second fuselage beam. The pylon structure, consisting
of the transmission/engine assembly, is treated as a rigid body
inertially. Elastically, the pylon structure from the conversion
axis to the front of the transmission case is assumed to be rigid
while the portion between the front of the transmission case and

the proprotor hub is treated as a beam-spring. The proprotor blades
are assumed to be rigid. BSince the blades are rigidly attached to
the hub in a gimbaled proprotor design (such as the Model 266) the
proprotors can then be treated as rigid discs in the analysis.

The hub is taken to be rigidly attached to the mast.¥® The

geometric offsets between the fuselage elastic axis and the wing
carry-through and vertical tail elastic axes, between the outboard
end of the wing elastic axis and the conversion axis, and the

conversion axis itself are also assumed to be rigid in the analysis.

¥For illustrative purposes, the manner in which one could treat
a proprotor/hub-assembly which is spring-connected to the mast will
also be described.
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These particular rigidities are enforced mathematically via equations
of constraint, as will subsequently be shown.

Since the substructures are treated as distinct and separate
components their structural properties and deflection characteris-
tics are defined relative to axes local to each component. These
local right-handed axis systems are also employed to establish the
deflection compatibility equations at the Jjunctions of the sub-
structures. With reference to Fig. E-2 the set of local Jjunction
coordinate axes used in setting down the equations of constraint is
identifiable by subscripts. Each of the directions so indicated is
taken to be positive. Vectors representing positive rotations
o B.» Y, (not shown) about Xps Yoo 2o respectively, are taken in

the same direction as vectors representing positive X5 Yo Z .

A short-hand notation for a column vector of these Junction or

connection coordinates is given by {X}r herein, where

r~ Xr\ K‘X\
yr vy
zZ. & A ( )
- = E-1
{X}r ) < a ﬁ o >
T
B, B
Y Y
L rJ . Jr

r=1,2,...,15
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Several auxiliary right-handed coordinate systems (which are not
associated with degrees of freedom) are employed to facilitate
setting down the equations of constraint. These are also shown in
Fig. E-2 and are distinguished by Romen numeral superscripts. A
short~hand notation for a column vector of these auxiliary connec-

tion coordinates is given by {X}°® herein, where

Y ()°
y° v
{x}° = ="
i $a5>:ﬁa$ (E-2)
g® B
LYS./ kYJ

s = 1i,ii,...,vi

Employing the available structural data¥* lumped-mass/stiffness
discretizations were established for the fuselage, wing, and
empennage beams. These are summerized in Tables E-1 to E-3.
Inertial properties of components treated as rigid bodies inertially
are given in Table E-4 while the elastic properties of beam-spring
components are listed in Table E-5. A summary of the pertinent
geometric quantities is contained in Table E~-6. Utilizing aircraft

symmetry about a vertical plane through the center of the fuselage

#Exploratory Definition Final Report, Model 266 Composite
Aircraft Program, Volume 7 - Dynamics, Report 266-099-207, Bell
Helicopter Company, July 1967.
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attention is directed to separate symmetric end snti-symmetric
formulations. A consequence of this anslytical separation into
symmetric and anti-symmetric problems is the identification of
several displacements and rotations which can be set to zero
apriori in both formulations. Also, either on the basis of physi-
cal considerations or simply for expediency, the displacements and/
or rotations in some coordinate directions can be discarded. For
this reason it is convenient to distinguish the coordinates con-
stituting the vectors {X}r from the actuel (nodal) degrees of
freedom. The nodal degrees of freedom are denoted by qj herein.
The column vector containing all these freedoms, {q}, may be

directly identified with the vector {z} in Chapter 6.

Symmetric Formulation

The degrees of freedom employed in the symmetric analysis are
identified in Table E-T7. The airframe is partitioned into 1.0 sub-
structures having a total of 1lhl degrees of freedom.

(a) Constraint Equations

The substructures are physically connected to form the total
structure by requiring deflection compatibility at the interfaces
of the substructures. For compatibility the deflection vectors of
adjacent substructures at their point of mutusl ettachment must be
equal when expressed in a common coordinate system. The common
coordinates considered here are one or the other of the local
coordinate systems of the contiguous substructures. Assuming the

displacements and rotations to be small, the deflection vectors of
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adjacent substructures at their point of mutual attachment are re-
lated by a diagonally partitioned rotational transformation matrix
[R]. €ince rotational deflections can be treated as a vector if
the rotations are small the rotational deflections of adjacent
substructures at their mutual point of attachment are related by
the same coordinate rotation matrix as the displacements. The

two submatrices comprising [R] are thus identical and are denoted
herein by [T]. For the general three-dimensionsl problem with six
coordinates associated with each station, [R] is of order 6 x 6 and
[T] is of order 3 x 3.

To aid in setting down the equations of constraint a series of
auxiliary sketches showing the substructure Junctions and associated
coordinate systems will be employed in conjunction with Fig. E-2.
For illustrative purposes somewhat more detaill is indicated in the

example herein than would normally be required in practice.

Fuselage:

Beam #2

At the junction of fuselage beam #1 and #2 the relation expressing

the equality of the deflections at the left end of beam #2 and the
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deflections at the right end of beam #1 relative to coordinates

local to beam #2 has the form

X0 — | ) fﬁT
(
y [z 1+ [0 |
|
ﬁa§=——-—:L-—-<u$ = (R 11X}, (B-3)
B (o] : (] B
vJ, L l d\v,

where the connection coordinate vectors {X}l and {X}2 are

identified with degrees of freedom according to

o ) - ) r0
x do) X 91
y 0 y 0

ﬁzﬁs‘ﬁzg ﬁz>=<qs > (B-4)
o 0 o 0

YJo L0 YJ1 Lo

and the appropriate coordinate rotation mstrix [Tl] is given by

r~ oy
cos 61 0 =-sin Bl'

[?i] =1 o0 1 0 (E-5)

sin 61 0 cos 61
- -
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Since there are no displacements or rotations out of the vertical
plane of symmetry in a symmetric formulation yl, al, Yl’ y2, a2,
and Y2 are zero. The minus signs sssociated with q18 and qu
in Egs. E-bL have been introduced in order to have the usual defini-
tion of positive slope. This has been done here merely for
convenience. Several sign changes of this type will be introduced
during the course of this development for similar reasons.

Expanding Eq. E-3 using Eqs. E-4 and E~5, the resultant constraint

equations at this Junction are given by

ULy = 9, cos 61 - q5 sin 61

0=0
4p = 9, Sin 61 + q5 cos 61
(E-6)
0=0
“48 T "ho
0=0

At the junction of fuselage beams #2 and #3

Beam #2
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we write, in & similar manner,

x) = | LR
1
Yy [Tg] : [0] Y
Z ‘ Z
= o ———— ] (E-7)
< ) > : ﬁ ] > E-T
B |0l : [r,] | |8
o/, L i _ uJ "
where
SENEN () (W)
y 0 y 0 (E-8)
z _ qlT $ z ) q25
lm s oot
8 ~do3 8 "33
vJ, Lo v, Lo
and

e ———

cos 62 0 -sin 62

= 0 (E"9)
- | o
sin 62 0 cos 62
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thereby arriving at the constraint equations

qah = th cos 62 - q25 sin 62

q17 = q, sin 62 + q25 cos 62

(E-10)
0=0
"3 T 33
0=0

Rigid Offset Between Fuselage and Wing Carry-Through Elastic Axes:

s
R
L
Z3 ‘ 1
B #2
eam - X

The equations relating the deflections at the right end of fuse-
lage beam #2 to the deflections of the inboard end of the wing

carry-through beam~-spring are given by
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Yy [o 2 ol o o) M
v 1 o olo - o ¥
' 1
A 0 0 1 ‘ 0 0 0 zZ
{ sl ———— ? (E-11)
o o o0 o | o -1 0 o
B o o ol1i1 o o B
L |
vJs Lo o o130 o 1] Ly 5

vhere {X}3 has already been given in Eq. E-8 and

x) 0 ")
v Y2
z q
ﬁ 5 = { 43 $ (B-12)
¢ Gy
LYJ 5 Lﬂh6J
Eq. E-11 leads to the constraint equations
Aoy = "qp = Iy Yy,
0=-1; ys
97 7 %3
(E-13)*
0= -qh5

#Note that this set of constraint equations contains one redun-
dant equation. This redundant equation need not be discarded,
however, since use of the method of Welton and Steeves (ef. Chapter
6) for esteblishing independent system coordinates requires no
special consideration in this case.
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T3 T Yy

Wing Carry-Through Structure:

A"e

®% fqhiw
y Wing root B.L. v 9
6 - ~ 48
Z q
{ >=< ‘*9> (E-1k)
o a5
L
2§ A X 8 q"51
LYJ 6 Lq-szJ
. B.L, O

M
On the basis of considerations related to its structural configura-
tion, twisting of the wing carry-through structure is negligible
in a symmetric mode of oscillation., Hence, the beam-spring
representation of the wing carry-through structures is taken to be

rigid in torsion. This “constraint" is specified by writing

Q5O - = 0 (E~15)

Axial extensions of this member are also assumed to be negligible.

Since Xs = 0 (ef. Eq. E-12) this implies the additional constreint

Qyp = O (E~16)
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R

At the wing elastic axis/wing carry-through elastic axis junction:

%) B | 7 X
10

y| |3 100 | |y
I

z 2 (E-17)
ot )
| o

g |01 'z e

YJg L | 4 W/,
where
P2 T O A Dl B
@ 150 a dgy
LY s t%gj Y/ 7 \ Q,{hJ
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and
cos 63 -gin 93 0
[Ts] = |=in 64 cos 6, 0 (E-19)
0 0 1

The above lead to

qu7 = q88 cos 63 q67 sin 63

dgg sin 63 + q67 cos 63

(E~20)
45 = qg; cos 63 + g Sin 93

qSl = qg; sin 63 - Qg cos 93

elastic axis

Wing

Lh (Conversion axis)

An expression relasting the coordinates at the last wing elastic
exis station, {X}S’ to the intermediate (auxiliary) coordinates

{x}* 1is given by
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ry [ : =1 =\
Y 5] : fo] g (E-21)
o e Lol
I
B 1 | [m) 8
|
LYJ 8 Lo \ g v

As pointed out earlier, the auxiliery coordinates {X}l are not
degrees of freedom but have been introduced here merely for
convenience in arriving at the equations of constraint. The

appropriate values of {X}, and [T,] to be used in Eq. E-21 are
8 L

(%) (%e)
Y 3 (E-22)
2 $= L9 $
Vol Ve
B 966
) g LqBOJ
and
cos 63 sin 93 0
[Th] =| -sin o, cos 0, 0 (E-23)
0 0 1

From the sketch sbove thé intermediate coordinate vectors {X}l and

{x}*! are seen to be related as
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. - —_ ii
(x)Y* |1 o ol o o Ly | (=)
|
y 0 1 0j3 0 o0 O ¥
I
z 0 0 1.L 0 0 z
4"‘?= ————d S ] {-—-—P = [(@]{x}ii (E-24)
o 0 o0 o: 1 0 o0 o
B o o olo 1 o B
|
u(J | 0 0 ol o 0 1 4§ QUvJ

If the conversion axis (length Lh in the sketch) is taken
to be flexible and treated as a heam-spring we would have
}ii

{x = {Q}CAL (E~25)

where {Q} is a column vector containing the degrees of freedom

CAL
associated with the inboard end of the conversion axis beam-
spring. The appropriate constraint equations would then have the

matrix form

{x}g = [@][@]{Q}CAL (E-26)

Similerly, at the outboard end of the conversion axis beam-spring

we would have

(it = g (E-27)

Vo

where {Q} is a column vector containing the degrees of freedom

Chg
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for the outboard end. If the conversion axis is taken &s completely

rigid {X}*" and {X}**' are not identified with degrees of freedom

so that
AP 1 0 ol o o o] (X
y o 1 o© i o o - ¥
{—z—-& - - —-0——-1-:—0—- S (3 = (Q1xP (5-28)
o o 0 o, 1 o0 O o
B 0 0 0 : 0 1 0 B8
Y./ o o o} o o 1] \vJ

Herein, the conversion axis is assumed to be completely rigid so
that Eq. E-28 is appliceble. The portion of the pylon structure
between the conversion axis and the front of the transmission case
is also assumed to be rigid for the analysis. The flexibility of
the pylon mast is accounted for by representing it as a beam-spring.
However, the only elastic deformations of the mast which will be
admitted analytically are vertical and lateral bending, motion in

the remaining two directions being solely of the rigid-body type.

Proprotor Shaft Axis:

Although a portion of the pylon structure forward of the conver-

sion axis is treated as though it were rigid elastically the
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coordinate axes fixed to the shaft (axes with subscript 9 in the
sketch) will be identified with actual degrees of freedom. This is
necessitated by the (arbitrary) decision to define the rigid body
inertial properties of the complete pylon relative to coordinate
axes at the position of the conversion axis/proprotor shaft axis
intersection rather than relative to body axes at the center of

gravity of the pylon.

(751 | [0]]
S {x}g = [(®)1, (E-29)
9 | 6

{X}iii

where
(2] [9%o)
v %90
z
< ?=< o1 ? (E-30)
o q92
B -
J 993
and
1 0 0
[TS] =10 cos §  -sin Bh (E-31)
0 sin eh cos Bh

On the basis of considerations in the preceding subsection and

directly above:

{xlg = (DU UM A, (E-32)
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Meking the eppropriate substitutions into Eq. E~32 and expanding

the resulting individuel constraint equations become

dgg = q89 cos 93 + q90 sin 63 cos Gh - 95y sin 0_ sin Gh

3

+ q93 sin eh[Lh sin 63 + L3 cos 63]

- q9h cos eh[Lh sin 93 + L3 cos 63]

q73 = —q89 sin 63 + q90 cos 93 cos Gh - q91 cos 63 sin eh
+ q93 sin eh[LM cos 63 - L

3 sin 63]

- q9h cos eh[Lh cos 63 - L3 sin 63]
(E-33)
q87 = q92 cos 63 - q93 sin 63 cos eh - q9h sin 93 sin 6h
q59 = q90 sin eh + q91 cos 9h + L3 q92 - q93 Lh cos eh - q9th sin eh

~dgg = —q92 sin 63 - q93 cos 63 cos 6h - q9h cos 63 sin eh

g = ~%93 sin 6) + dg), cos eh
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Pylon Mast:
‘ 11
V1] - Proprotor
L6 A xlO Mast
Y10 - Conversion actuator

A v,

- T Conversion axis
X
9

The pylon mast, the portion of the drive shaft between the front of
the transmission case (to which the conversion asctuator attaches)
and the proprotor hub is treated as a beam—-spring. Since the
length L5 corresponds to the segment of the pylon which is

treated as rigid {X}g and {X}lo are related as

<) [0 -2 olo o L; (%)
Y 1 0 o0 : o o0 0 v (E~34)
|
Z 0 0 1 o L 0
e
o 0 0 olo -1 0 a
|
B o o o0o}1 o0 o© B
|
g L0 0 030 0 1] NyJy,
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where {X}lo, containing the degrees of freedom associated with the

aft end of the mast beam-spring, is given by

(A (%)
v %96

< :& ) s_:; & (E~35)
Bl %o

\yo  \%y00/

Expanding Eq. E-34 and using Eqs. E-30 and E-35 leads to the

constraint equations

459 = 96 * 5 Y00

%0 ~ %95
%91 7 %7 " b5 %99 (5-36)
992 ~ %99
993 © "8
49y = %100
At the forward end of the mast:
rﬂ f“-loﬂ
v %102 (E-37)
< z $ =$ 403 $
¢ "4 04
B ~9305
LYJn quoeJ
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To analytically suppress the axial and torsional deformations of
the mast yet allowing for rigid-body motions in these directions

we write

|
o

Qo1 " Y95 T
(E-38)

Gy ~ g = O

These equations stipulate that the relative axial and torsional

deformations between the ends of the mast are zero.

Proprotor: The coordinates describing the proprotor disc, {X}R,

are taken in the same sense as {X}ll. Hence

("
quTW

%08

qQ
o= ( % 5 (£-39)
910
R

!
L 112/

Since the proprotor/hub combination is rigidly fastened to the

mast*, {X}ll = {X}R and the constraint equations become

#The case of a spring-connected hub will be described later.
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( ‘1101\ ( ‘1107“
9302 %08
4103 g _) %09
Yoy < ~%430 5 (B-40)
“Y05 ~4111
L ‘1106) qulQ

Empennage :

o]
|
(=)
—
~
&
o
{ D
ko]

(x) B | Y
A | [ 1 [e] |
2 ' Z
8 Tl | 4 DR
|
|
|
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where
() (%)
y 0
z $ _ /432
« o < 0 P (E=k2)
B -é.ho
o, Lol
and
cos 62 0 sin 92
[%] =| © 2 0 (B-43)
-sin 92 0 cos 92

Since the offset distance L7 is taken to be rigid the intermediate
%

}iv

w

coordinate vectors {X and {X}' are related according to

Y [T o o : 0 -L o] =)'
mE o 1 o : L, 0 0 |y
<Z?= 2.2 e e 4 ’ P = [@1x}
. s o ol:i 3 s o (E-hk)
8 0 0 0 : 0 1 0 B
v 0 o o}o o 1] \YJ

At the base of the verticel tail elastic axis, {X}' and {X}l3 are

related as

fxTv [~ : - f'xw
|
Z ] | ] Z (E-U5)
T e (IR
|
B [0] :[T7] B
Y/ |

dJ W,



where

er o)
¥ Q3
<z> _{ 4es (5-16)
E~
¢ "1
8 4]
Ln£3 L,OJ
and
0] —cosB5 sine5
[ Rl ° 0 (E-47)
0 sineS cosG5

Assembling the series of transformetion matrices indicated above:

x}, = IQUOUD MK}, (E-48)

from which we obtain

Uy = %953 [- cos 6, cos 95 + sin 8, sin 65]

+ q123_[cos 6, sin 6, + sin B, cos 95]

5

+ 918 Lh cos 62

[sin 62 cos 6. + sin 8_ cos 62]

935 = 9373 5 5

[~ sin 62 sin 6. + cos 92 cos 65]

+ q123

- 43,8 Iy 8in 6

5
(E-49)



528

0=0

4 -q -q

/ 4o = ~%118
0=0

At the Jjunction of the vertical and horizontal tail elastic axes,

{X}lh and {X}'* are related as

®3 N i - fx\Vi
|
y [T8] | [0] ¥y
|
Ms =“"%“" <a> = (@17 (E-50)
|
B (0] : [tg) | |8
LYJl'h n ! J4

where



[Tel=

T
N
O

Fiﬂ (0 7
y 935
SR
o “%20
8 0
gy;ﬁh . 0 J
1 0 0
0 cose5 sine5
0 -sin® cosH

5

5

vhile {X}'" and {X}l5 are related according to

with {x}15 and [T9] being given by

and

Y

fx“ri = : - ff}
y (zy] : (o] y
A | z
SR AN
SO SIRT
) L l . LYJls

) &
¥ 930
2NV ) Yoy
SR Bl
140
8 ~908
LYJIS Lq136J
c0596 sin66 0
-sin96 cose6 0
0 0 1

(2-51)

(E-52)

(E-53)

(E~54)

(E-55)
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Egs. E-~50 and E-53 imply the matrix reletion

xhy, = (@U@}, (E-56)

from which, upon substitution of appropriate quantities, there results

0= q,),), o 66 + 4330 sin 66

q115 = =Qy),), ©O8 65 sin 66 + q132 cos 65 cos 66 + qlah sin 95
Q03 T 4, sin 95 sin 66 - %2 sin 95 cos 66 + qyp), COS 95
(E-57)
9150 = Y340 8 9 - 95,9 Sin G
0 a—

= =Q,),0 COS 65 sin 96 - q,123 cos 65 cos 96 + (113.6 sin 95

M

0= %10 sin 65 sin 66 + 908 sin 05 cos 66 + ql36 cos 85

This completes the derivation of the equations of constraint
for the symmetric formulation. For easy reference these equations
are summerized in Table E-8., Since there are 49 constraint equations
and 144 degrees of freedom, the matrix of coefficients of the
constraint equations, [C], will be of order L9 x 1kk,
(b) Rigid-Mass Components

Wing Carry-Through: The rigid body inertial properties of the wing

carry-through structure ere combined with the inertias matrix of
fuselage beam #2 by treating the center of gravity of the carry-
through structure as rigidly attached to the last (right hand)

station of that beam, for which (from Eq. E-8)
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) )
x Loy
y 0
(E-58)
z ) Q7
dhd e
B “3
YJ3 L O

The results of Appendix A will be employed to establish an equiva-
lent inertia matrix relative to the axes {X}3 using the inertia
properties defined relative to body axes at the center of gravity.
Assuming that the principel body axes at the center of gravity of
the carry-through structure are parallel to axes x3, y3, and z3
the direction cosines 213 (cf. Eq. A-13) are given by

1 i=3

L. = (E-59)
Mo Yo 143

s\ g | (E-60)
¢ 46.6

Substituting Eqs. E-59 and E-60 into Eq. A-13, the matrix which

From Table E-6 we have

effects the desired transformation assumes the form



1 o0 o } 0 4.6 0|

o 1 o0 {-us.s o o

0 o0 1 : 0 0 o

[e] = e §

o o ol 1 o o (E-61)
|

0o 0 0 ] 0 1 0
|

0 0o o o 0 1

For comparative purposes {X}3 herein is equivalent to {X}o in
Appendix A. Using the data supplied in Table E-lL the inertia
matrix of the carry-through structure relative to body axes at the
center of grevity is given by the diagonsl matrix
[ 88 ]
.88

.88 (E-62)%
M ] =

IO

-

Substituting Eqs. E~61 and E-62 into Eq. A-6 gives

Yoy 97 ~%p3
0.88 0.0 Lo.6 a),
= E-6
Ml 0.0 0.88 0.0 8, (E~-63)
ho.6 0.0 2595.0 - Gpg

*[Még] herein is equivalent to [M]c of Eq. A-6.

CT
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Absorbing the minus sign associated with q23 into the inertia

matrix* and reordering the degrees of freedom finally yields

Y7 923 | Ly
.88 0. o | [ar (560)
Mer = 0 2595 ~k0.6 | |93
0 -40.6 .88 L),
L. -

as the matrix of additionel terms to be added to the diagonal
inertga metrix of fuselage beam #2. The corresponding stiffness

LY
matrix is null since there is no strain energy associated with any

rigid bYody motion.
x

Pylon: %As indicated earlier the rigid body inertial properties of
the pylé% will be defined relative to a coordinate axis system at
the Junction of the conversion exis and the shaft axis rather than
maintaining a center-of-gravity definition. Again, the results of

Appendix A will be employed to effect this transformation. From

Table E-6 the quantities a, b, and ¢ for use in Eq. A-13 are given

a 31.2
b )=¢ 0 (E-65)
c -19.0

#By multiplying the third row and column of Eq. E-63 by
minus one.

by
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The principal axes at the pylon center of gravity are taken to be

parallel to the axes x9, y9, 29 g0 that Eq. E-59 is valid here

also.

into Eq. A-13 to obtain the transformation matrix [©].

The values given by Eqs. E-59 and E-65 are substituted

Substi-

tuting this result into Eq. A~6,using the values in Table E-4 to

define the inertia maetrix at the center of gravity, and teking into

account the difference in orientation of the coordinate directions

{x}

9 relative to those agsumed in the derivation contained in

Appendix A the desired pylon inertia matrix can be put into the form

[M]Pylon =

k) 990 91 Y92 993 a1
[ T.25 0 0 0 137.8 -226 7
0 7.25 0 137.8 o 0
0 0 7.25 226 0 ]
0 137.8 226 16627 0 0
137.8 0 0 ] 6417 -297.8
-226 0 0 0 ~4297.8 13180

o1

(E-66)

where the minus sign associated with q93 (cf. Eq. E-30) has been

absorbed into the inertis matrix.

matrix is null.

Progrotor:

The proprotor is treated as a rigid circular disc.

The corresponding stiffness

Since the coordinste axes at the center of gravity of the proprotor

disc are oriented such that they are principal axes the inertia

metrix is diagonal and can be constructed directly from the data

supplied in Teble E-L:
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Yo7 %08 Y09 Y0 Uny %410

F" e,
3.64 ql 07
3.64 Null %08
. - 3.64 %09 (E-67)*%
Rotor 2
28U76 410
Null 14238 411
14238 %15
aad —t

The companion stiffness matrix is null since the proprotor hub is
taken to be rigidly attached to the mast. This matrix would not
be null if the hub were spring-connected to the mast, as will be
demonstrated below.
(c) Springs

The wing carry-through structure and the pylon mast are both
treated elastically as beam-springs, their inertias being incorporat-

ed with other components.

Wing Carry-Through: Since x5 hes been set to zero apriori (cf.

Eq. E~-12) the appropriate beam-spring stiffness matrix is of

order 11 x 11 and is given by that in Fig. 6-5 of Chapter 6 with
the first row and column struck out. The resultant matrix is

shown in Fig. E-3 along with the ordering of the degrees of freedom.
Tables E-5 and E-6 contain the necessary data to evaluate the terms

of the matfix. Constraint Eqs. E-15 and E-16 in conjunction with

¥The minus signs associated with 910 and 947 (cf. Eq. E-39)
have been absorbed into the inertia mat¥rix.
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the 11 x 11 stiffness matrix given in Fig. E-3 imply that twisting
and both the elastic and rigid-body axial motions of the beam-
spring representing the wing cerry-through structure are removed
as degrees of freedom, in accordance with earlier discussions.

An alternate approach in this situation would be to addition-

ally strike out the rows and columns corresponding to qﬁ? » thereby

reducing the matrix of Fig. E-3 to one of order 10 x 10, and then

deleting constraint equation E-16.

Pylon Mast: The stiffness matrix of the pylon mast beam-spring is
given in Fig. E-4. Agein, Tables E-5 and E-6 contain the data
required to evaluate the individual terms of the matrix.

Some comments are included here to indicate the manner of
treating a proprotor/hub assembly which is connected to the mast
by springs. For illustrative purposes assume that the proprotor/
hub combination is sllowed to flep longitudinally and laterally
with respect to the mast, the flapping motion being restrained by
linear springs Kal and Kbl, respectively (cf. Chapter 3). Since
longitudinal and lateral angular motions of the proprotor disc
relative to the mast are permitted the last two constraint equa-
tions given in Eq. E-40 must be deleted. Recalling the treatment
of springs in the spring-mass analogy employed in Chapter 6 to
illustrate the manner of including fuel slosh in a lasunch vehicle

vibration analysis we require an expression for the strain energy

stored in the springs. The appropriate expression here is given by
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=1 - 2 1 _ )

Substituting Eq. E-68 into Lagrange's equation then leads to

Qo5  Los %11 U2
K 0 -K 0 qQ.
al al 105
0 K‘bl 0 'K'bl | %106
[AK] = (E-69)
-K 0 K 0 qQ
al al 111
0 - 0 Q.
Kbl K'bl 112

as the matrix of spring terms to be added to the partitioned
system stiffness matrix, [K]. Note that the negative terms in
Eq. E-69 couple the stiffness matrices for the pylon mast and

proprotor substructures.

Anti-Symmetric Formulation

The considerations related to the symmetric formulation have
illustrated the manner of establishing substructure mass and
stiffness matrices and the mechanics of setting down equations of
constraint. A corresponding derivetion for the anti-symmetric

case would, for the most part, be repetitious. For this reason a
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summary-type treatment, for the most part listing only final

results which are different from the symmetric case, is given here.
The anti-symmetric formulation is baesed on the same stick

model and the same stations employed in the symmetric formulation,

leading to a problem having 165 degrees of freedom. These freedoms

are identified in Table E-9O.
(a) Constraint Equations

For anti-symmetric motions of the airframe the twist of the
wing carry-through structure is not negligible and the beam-spring
which is teken to represent it must now be permitted freedom in
twist. Although axial extensions of the wing carry-through are
still negligible the ability to translate axially as & rigid body
must be provided for. The final constraint equations, 48 in
gumber, are summarized in Tdble E-10.

(b) Rigid-Mass Components

Wing Carry-Through: Here the vector {X}3 is given by

_ (570
o=y

so that



Pylon:

Proprotor:

[m]

239

%06
B07
%408
%109
9110

3,

9o do7 933
—— ——
.88 0 -40.6
M = 0 0 0
(M] o a
L:FO.6 0 1870.0
o6 Yo7 YGos %09 1o ql{i;]
K R
7.25 0 0 0 137.8 -226
0 7.25 0 1378 0 0
0 0 7.25 206 o 0
1] =
Fylen 0 1378 226 16627 0 0
137.8 0 0 0 6h17  -L297.8
L -226 0 0 0 -4297.8 13180
]ﬁqlzh Y25 %26 Yer %08 q129]
s ]
3.64 Hull
3.64
ROTCR 28476
Null 14238
14238

92k
Y25
126

9 o7

2128

9309

(E-T1)

(E-72)

(E-73)
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(c) Springs

Wing Carry-Through: Since axial rigid body motion of the carry-
through is included in the anti-symmetric formulation the beam~
spring representing it has a stiffness matrix of order 12 x 12
having the form given in Fig. E-4. The degrees of freedom shown
there,(q95 - q106), are replaced by q58 through q69 respectively.
Tables E-5 and E~6 contain the data needed to evaluate the individ-

ual terms of the matrix.

Pylon Mast: The pylon mast beam-spring stiffness matrix is also
givén by Fig. E-4 if we replace s through 406 BY 94118
through q123 respectively. Again Tables E-5 and E-6 provide the

data required to evaluate the individual terms of the matrix.

%

Numerical Results Using the Direct Method

The direct method of analysis was used to calculate the
symmetric and enti-symmetric free-free modes and frequencies for
several pylon tilt angles. A summery of these frequencies for the
first five elastic modes is given in Table E~11. The modal
vectors for the first three symmetric modes for Bc = 90o are
listed in Teble E-12. The first five symmetric modes for
ec = 90O are given in Fig. E-5. Corresponding results have been

calculated by Bell.* However,since their mathematical model was

significantly @ifferent from that employed herein a direct

*Tbid.
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numerical comparison with their results can not be made.
A sample input for the symmetric case with ec = 90o is
included as part of the listing of the computer program package

for the direct method of analysis in Appendix H.

Additionsel Applications of the Direct Method

Two simple applications of the direct method are included in
some comparative studies with the method of component mode
synthesis in Appendix F. A comperison of the results from the
direct anselysis with experimentally measured modes and frequencies
of a model of one of the configurations is also presented there.

The direct method of analysis as embodied in the computer pro-
gram package listed in Appendix H has also been employed in two
other studies. The first consisted of the determinetion of the
symmetric modes of the aircraft shown in silhouette in Fig. 6-2,
using the stick model indicated there, for use in a free-free
flutter analysis of the wing and horizontal tail.* The second
consisted in generating the modes of a pivoting wing for use in a

subsequent flutter analysis.+

#Results of this work given limited distribution.

+Unpublished work.
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TABLE E-4

COMPONENT INERTIAL PROPERTIES TREATED AS RIGID

PROPROTOR
Mass 3.64 1b-sec?/in
Flapping Inertia
Longitudinal 14238 lb-sec®~in
Lateral 14238 1b—se02—in
Polar Inertia 28476 1b-seci~in
PYLON
Mass T.25 lb-sece/in
C. G. Inertia
Pitch 6950 1b-sec ~in
Roll 3800 lb-sece—in
Yow 6120 1b-sec®~in

WING CARRY-THROUGH

Mass .88 lb—secg/in
C. G. Inertia
Pitch 725.2 1b-sec’-in
Roll Not Available

Yaw Not Available
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TABLE E-5

STIFFNESS PROPERTIES OF COMPONENTS TREATED AS SPRINGS

Wing Carry-Through*

_ 9 2

BT iical 15.7 X 10° 1b-in

- 9 ., 2

EIlater al = 36.9 X 10”7 1b-in

GJ = 12.8 X 10° 1b-in°
Pylon Mast+

EI = 2.5 X 100 1b-in®
vertical

EI = 2.5 X 10° 1b-in?

lateral

{

# AF is taken to be zero as no axial elastic motion is "gllowed"

T Both AE and GJ are teken to be zero as only rigid-body axial
and torsional motions are admitted.
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TABLE E-6
GEOMETRIC QUANTITIES EMPLOYED IN VIBRATION ANALYSIS

ANGLES
6, 9.5° (.1658 Radians)
0, 5.6° (.09TT4 Radians)
0 4.5° (.07854 Rediens)
B, Verisble (90°-conversion angle)
0 25° (.4363 Radians)
0g 15° (.2618 Radians)
LENGTHS
Ly 46,1 inches
Ly 42,0 inches
L.3 17.0 inches
L’h 17.0 inches
L.5 55.0 inches
IJ6 28.0 inches
L"T 15.0 inches
Wing Cerry-Through
a 0
b 0
c 46,1 inches
Pylon
a 31.2 inches
b 0

-19 .0 iﬁﬁhes



FUSELAGE
Beam #1
q - 9
% ~ %o
41
Beam #2
G2 © Y7
48 = %23
Loy
Beam #3
%s - i3
933 = %o

Q3
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TABLE E-T

IDENTIFICATION OF DEGREES OF FREEDOM FOR
SYMMETRIC VIBRATION ANALYSIS

Displs.,

Vertical Bending
Slopes

Axiel Rigid Body Translation

Displs.
Vertical Bending
Slopes

Axiel Rigid Body Translation

Displs.
Vertical Bending
Slopes

Axiel Rigid Body Transletion

Wing Carry-Through Structure

Yo = 952
WING

%53 = 59

%0 = %6

%1 - Y3

97, ~ 9o

9g) ~ 87

g8

Displs.

Vertical Bending
Slopes
Displs.

Chordwise Bending
Slopes
Torsion

Axiel Rigid Body Trenslation
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TABLE E-T (Concluded)

PYLON
Trensmission/Engine Assembly

gg = q9h Rigid Body Trenslations & Rotations

Mast
%5 = %06
PROPROTOR

q107 = 975 Rigid Body Translations & Rotations
EMPENNAGE

Vertical Tail

Q. -q Displs.
113 117 Chordwise Bending
418 = Y22 Slopes

# 9403 Axial Rigid Body Translation

Horizontal Tail

Qo) - ql27 Displs.
a1 Vertical Bending
908 = U3 opes
932 7 U35 Displs.
Chordwise Bending
936 ~ U39 Slopes
%) = Ui Torsion

) Axial Rigid Body Translation
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TABLE E-8

CONSTRAINT EQUATIONS FOR SYMMETRIC VIBRATION ANALYSIS

q,, cos 61 45 sin Sl - Q) = 0
4,, 8in el + Q5 cos 61 - Q5 = 0

0

"G40 * %8
), cos 62 - Qs sin 92 - = 0
9, gin 62 + U5 cos 92 - Q7 = 0

~dg3 + Uy =0

Qo * Ly Yyt =0
"Ly @5 = 0

Uz~ Yy =0

-4 = 0

Q) * a3 =0

g = ©

450 = Wy = 0

Yg = O

9gg co8 63 - q67 gin 93 th =0
gg sin 63 + Uy <08 63
U3 = qyy = 0

Qg; cos 63 + %, sin 63 - Q5 ©
gy sin 93 - 9, o8 93 - 9 = 0

Uy = 952 = O

'
£
()
I
o

It
o
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TABLE E-8 (Continued)

q89 cos 93 + q90 sin 93 cos Gh - q91 sin 63 sin eh

* qgq sin ) (L) sin 6, + L, cos 23]

- qg), cos 6, {Lh sin 63 + L3 cos 63] - Qgg = 0
~dgg sin 63 + g COS 63 cos Gh - 4y cos 63 sin Gh

* agy sin 8 (L), cos 65 - L, sin 93]

- qg), cos Sh [Lh cos 63 - L3 sin 93] - Qgg = 0
dgp COS 63 - Qg3 sin 63 cos Gh - dg), sin 63 sin Gh - Qg7 = 0
q90 sin eh + Qgp cOs eh + L3 q92 - q93 Lh cos Bh

- q9h Lh sin eh - q59 =0
Ay sin 63 + 493 CcOS 93 cos Sh + qg), cos 63 sin eh * Qe =
~dg3 sin eh + q9h cos Gh - dgg = 0

~996.* Ts Yoo ~ gy = O

|
(o]

Q95 = Y90 = ©

Qg7 = b5 9gg = dgy = O
Q99 = 9gp = O

d9g * g3 = 0

900 = %y = O

Yor ~ %5 =0

Yoy " % = ©

Yo7 = Yoy = °

%08 ~ %02 = °

%09 = Yoz = ©

“Qi0 * Yoy =0
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TABLE E-8 (Concluded)

=9133 * g5 =0

930 = Y6 = °

9113 [-cos 62 cos 65 + gin 92 sin 65] + 43 [cos 62 sin 95

+ sin 92 cos 65] * 4,8 L7 cos 92 -q, =0

13 [sin 6, cos 95 + sin 95 cos 62] * Q504 [~sin 62 sin 65

+ cos 6, cos 65] - 448 LT sin 92 0

"918 * Yo =0
4y, €08 96 + 4 35 sin 66 =0

=Qy),), ©0s 65 sin 66 + 93, CO8 65 cos 96 + 95 5), sin © 0

5~ %15 %

Q) sin 65 sin 66 = 935 sin 65 cos 66 + q,,), cos ) 0

57 L3 =
9130 08 O = a15g 8In B + g5 = 0
=d;),q €08 65 sin 66 = 4,8 ©O8 95 cos 96 + 9 36 sin 95 =0

9440 sin 65 sin 96 + 908 sin 65 cos 66 + %36 cos 65 =0
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TABLE E-9

IDENTIFICATION OF DEGREES OF FREEDOM FOR
ANTI-SYMMETRIC VIBRATION ANALYSIS

FUSELAGE
Beam #1 .
q - qs‘ Displs.
‘ Side Bending
q6 - %9 Slopes
Qg - q15 Torsion
Beam #2
Q. g - Displs.
16 to1 Side Bending
Lo - q27 Slopes
q28 - q33 Torsion
Beam #3
Q. =~ Q Displs.,
34 b1 Side Bending
Qo ~ qh9 Slopes
qSO - qu Torsion
Wing Carry-Through Structure
458 = Y69
WING
- Displs.
%70 ~ %16 Verticsl Bending
q77 - q83 Slopes
Qq) = Displs.
8k qgo Chordwise Bending
q91 - q97 Slopes
q98 ~ 4 0) Torsion

%05 Axiel Rigid Body Transletion
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TABLE E-9 (Concluded)

PYLON

Transmission/Engine Assembly

q106 - qlll Rigid Body Translations & Rotations
Mast

%312 7 %123
PROPROTOR

q12h - q129 Rigid Body Translations & Rotations
EMPENNAGE

Vertical Tail

q -q Displs.
. %130 13k
¢ 13 3 Side Bending
U35~ %39 Siopes
qlho - qlhh Torsion
Horizontal Tail
a -q Displs.
145 148 Vertical Bending
qlh9 - q152 Slopes
a -q Displs.
153 156 Chordwise Bending
qlST - ¢4 Slopes
ql6l - ql6h Torsion

q165 Axial Rigid Body Translation
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TABLE E-10

CONSTRAINT EQUATIONS FOR ANTI-SYMMETRIC VIBRATION ANALYSIS

|
(o]

qso sin 62 + Q,, cos 62 - "
U459 L3 % =0

U5 =Ly Qp -y =0

360 = ©
Qo * W3 = O
%, =0
%3~ By =0
%) ~ 58 = O

o5 208 93 - ag), 8in 05 -~ g =0

%05 sin 93 + qg), cos 63 = Qs =0

470 =~ %6 = ©

Qg cOS 63 + U sin 63 - Y = 0

q98 sin 63 - q77 cos 83 - Qg = 0

%1 = %9 = ©

4 gg COS 63 + %07 sin 63 cos Gh - 9)og 8in 63 sin 6)

sin eh L, sin 6, +1L

* 930 )y 3 *+L3 cos 8]
- Q4 cos Gh E‘h sin 63 +L3 cos 63] - 495 = 0
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TABLE E-10 (Continued)

=906 sin 63 + Q) g7 COS 63 cos eh = 408 ©OS 93 sin Gh
+ qy,, 5in Bh [Lh cos 63 - L3 sin 93]
- Q44 ©OS Gh [Lh cos 63 —.L3 sin 63] - g = 0

4309 €08 63 - 949 sin 63 cos Gh = 997 sin 93 sin Sh - Yoy =

Qo7 510 8, *+ qypg c08 Oy + Ly ay49 = 954 Iy, cos G
"7 Ly sin 8 - qp = 0

'q109 sin 63 = ;14 ©O8 63 cos eh - 9y ©08 63 sin eh + 4g3 =

~9yy0 8in Oy * q;,; cos ) - g5, = O

=413 * Lg Q77 = 06 = O
930 ~ 9397 = O

4 ~ Ls 416~ %08 =©
%96 - 909 = ©

“915 * 930 7 O

37 ~ %31 = ©

9118 = %330 = 0

9101 7 Y35 = O

404 = 38 = ©

105 = 9134 = O

406 = Ypo = O

“Qo7 ¥ Y T O

"8 * Y 7 O

909 = Y303 = O

ql30 - ql35 L7 cos 65 + %0 L7 sin 65 - Q= 0
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TABLE E-10 (Concluded)

9 35 [-cos 62 cos 95 + sin 62 sin 65] *ay), [cos 62 sin 65

+ sin 62 cos 65] - dgp = 0

Q) 35 [sin 6, cos 95 + cos 62 sin 65] *+ )0 [-sin 92 sin 95

+ cos 6, cos 95] - Qg = 0
65 €08 66 + 953 sin 66 = Q3 T 0
-4 g5 COS 65 sin 66 + 453 CO8 95 cos 66 + Q5 sin 65 =0
q165 sin 65 sin 66 - q153 sin 65 cos 96 + qth cos 05 =0
Qg COS 66 - q1h9 sin 66 =0
=Gy, ©OS 65 sin 66 - qlh9 cos 65 cos 66 + ql57 sin 65
~Gy37 = 0

‘2161 sin 65 sin 66 + qlhg sine5 cose6 + q157 coses - Q)5 = 0
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SYMMETRIC MODES

Fuselage J

Wing {

Dispis.
Beam #1
Slopes
Axial RB
Displs,
Beam #2 <
Slopes
r Axial RB
Displs.
Beam #3 <
Slopes
\. Axial RB
Wing carry~through
-
Displs.
VerﬁcalJ
bending
Slopes
>
Displs,
Fore and aft {
bending
Slopes
b
Torsion Twists
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TABLE E-12

OF MODEL 266 TILT-ROTOR (ec

First elastic mode
,—.—/\_ﬁ

~ 1459266 79E-01
~1.4951070E~01
~1.4254418E-01
~1.3559451E=01
~1.2550424E-01
2.1951211E-04
2.7852656E-04
24 T830655E-04
2.71568196-04
2.7582053E-04
~ 1.4043819€~02
- 1.2645548E-01
~ 1. 1550644E~01
~1.0601149E-01
~$.9319096E=02
~9.4037936E-02
~£.8836919E~02
2.75820536-04
2.7294514E~04
2.6937382E-04
2.6580766E-04
2.6217616E-04
2.5778788E-04
6.9281822£-03
- E.5C89005E-02
-8.0141184E~02
- 7.3065378E-02
=€.2531948E~02
-£.1292771€~02
~4.1816B00E~02
-3.0098341E~02
~1.7107264E-02
2.5778788E~04
2.53605036-04
2.5177358E-04
2.5015376€-04
244950409604
2.4929164E~04
2.4943236E-04
2.50307T0E-04
~1.7739865E-03
4.9558391E~03
-8.8836919E-02
~2.5778788E~04
0.
e
1.2151127€-16
5.03CB3L5E-03
- £.3315755E=02
-2.5178788E~04
~2.54906586~04
3.4254823E-06
- 8.3315755E~02
~1.2052205€-02
-449351751E~02
- 1.6824€38E-03
4. 7816933E-02
$-$056072E=02
1.1917052E-01
2.3389693E-04
4. 2158145E-04
6.697T1867E~04
$.8308683E-04
1.3099311E-03
1.5174160E~03
1.57500896-03
5.0153231E-03
5.1728598€~03
5.464G151E~03
5.9502156E~03
£.5186934E-03
6.9757517€-03
1.13979288-03
3,4254823E~06
5.7604190E-06
8.3116032E-06
1.0903137E-05
1..2512905E-05
1,2703199E~05
1.25136586~05
-2.7699315E-04
=2.7C70781E-04
-2.6201822E-04
~2.4879165E-04
-2.3141536E~04
1-2.1385121E-04
-2.0621554E~04

Axial RB{, 3.9471/541E-04

Second elastic mode

T

Be43LC 325E~G2
5.6642165E~C3
3.65C5669E-03
L.7167022E~03

-1.038€6461E~C3

~1eU4ETTTECS

~7.897€386E~C5
~7.89CE551E~CS
~7.8834898E-C5

-7 HT246 T6E-C5
8.3722416€+02
1+2753C16E~C2
9.65069546-C 3
6.9223407€~03
%.9922614E~03
3.4632477TE~C3
1.95C83816~C3

~7.8124616E=C5

~7.8264355E~C5
~1.154896 1E-(5
~7.6812109E~05

-7.606C7476-0%

~7.5152421E=05
8.21458126-C2

~6.1331777E~C3
~8.861C579E-C3
~1.11672€2E~C2

-1.4801107E-02

~1.8925702E=-02

~24267€193E~02

-2.7T6$15%E=C2

-3.4217858E-C2

~1.5152427€=05

~B8.0535342E-C5

-8.40755176=C5

~8486920026-C5

-9.45£4596E~05

-1.0245818€~34

~1. 145€248E~C4

-1.3185848E=04
8.2541259E~C2

~8.6210339€~C2
1.95CE361€~C3
7451£2427€-C5
0.

0.
244222367E-15
~8.01C5320E=02
1.4C9%548E=G3
7.5152421€~05
6.8051756E~C6
2.5665844E~C4
1.8C55944€=C3
1.7155558E-C3
1.4224768E~C3
6.6454889E=04

-7.0676209€-C4
-2.3571245E~C3
-3,12C2722E~(3
-8,91779€5E~C1
~4.4550210E~C€

-1.01256(7E-05

~2.03747S3E-C¢

~3.7035759E-C5
~5.49C52556~C5
~6.2560268E~0¢
~84046(519E~02

~6,8345 71216-02

~4.4882521€-02

-3.1904117E~C3
4.9846837E~C2
9.6861543E~C2
1.1502654E-01
2.5665844E~04
4.5152867E~04
6.8586671E~C4
9.67SEC39E=C4
1.2248821E-0%
1.376CC31E~C3
1.41€63CS5E-C2
7.5454999E~C5
1. 1742T37E=C4
L.7722299E~04
2.656(ET1E-C4
3.966C991E=04
5.0862270E~C4
5.948576GE~04

~6+33231950€~C3

= 90°)

Third elastic mode
mentiaasss

6. 1801437€-02
T.11735656~02
6436359506~ 02
5o 6152093E-02
4. 57T9231TE~02

~3,0429986E~04

-3.02 568 14E-- L

=3.003€ 13204
2.960513TE-04
245299 718E~C4
8.74124176-03
4.66CB00BE=02
3.5013655L =02
2.91€344BE-02
1.835023H6-C2
1.3020409E-02
7.5751464E~03

~2.9299718E-04

~2.E536CS5E~04

‘2. 1653576E-C4

~24 €8C66C5E ~04

+245963402E 04

~2.496C644E~04
1.C6S¢58%5E-03
7.8327009€-03

*1.4967363E~03
19, 7245164E~03

~2.3166916E~02

“3.5064C64E~(2
+5.4073832E~02

~1.5255 LT1E~C2
1.0225993E~01

«~2.4960644E~04
+2.E246959E+-G4

~3,0456161E~04

~3.3351678E~04
~3,1073026E~04
441722547E-04
~4,8005114E~04
~5.5115406E~04
1. 842£040E-03
~1.2576516E~02
1.5751464E-C3
2.4960644E~04
C
0.
6.3391115¢-16
1e1240328E~G2
B.B212669E~0 3
2. 496C644E~U4
~1.95€12L8E-CY
6.29C4912E~0%
£.8212669E~03
1.0965762¢-02
1. 388C372E-02
1. 1B 15040E-02
2.20CB1506-G2
2.5657318E-02
2.7180723E-02
5.50232C5€-C5
6,68E5349E~05
1.45C2515E-05
8.2277238E-05
$.3132650E~05
1.1149881E-C4
142374092604
-1.12C56786-C2
~8.2015934E-03
~2.2315373E-C3
6.7745850E~C3
2.35312C9E-02
3. 743034 7E~C2
4.3037242E~02
6.2904912E-05
1. 1309230E~ 04
1. 7685136E~04
2.6059139E~C4
3.5106870E~04
4. 193€826E~C4
4.4312986E~C4
2.45133C4E~0%

-1.0944181E~C4

-641541086E~04

~1.39€3080E-03

-2.4166022E~03
+3.4013435E~03

-3,7912780£-03

-B. 8190B0SE-0%
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TABLE E-12 (CONCLUDED)

First elastic mode Second elastic mode Third elastic mode

r 4,6C4T831E~-05 8.7394562E~C3 3.2113413E-03

7.3614844E=-03 1.3825277E~C1 5.036€586E=-02

s : 1.4753338E-01 -1.4241383E-C2 G4 6422665802

Transmission/engine{  _*50c55056 05 5.4827869E=04 -3.76588216~03

1.58€3379E-03 =1.059G429E-04 4.2082041E~04

1. 2513658E=05 1.41€30956~C3 4443129 86E-04

1.3614844E-03 1.3825277€-C1 5,036€586E-02

€.4220339E=04 6.91575656-02 2.1094795E~C2

Pykm< 1.4301977E-01 1.59139456~C2 ~1.C8920856~61

1.58€3379€~03 -1.0590429€E=04 4.2082041E-04

~ 8. 2065592E=05 5.482T869E-C4 ~3,7698821E~03

Mast < 1.2513658E=-05 1.4163095€-C3 44 4312586E-04

7.361484%E-03 1.3825277E-C1 5.036E586E=C2

1,0003864E-03 1.10€6805E=C1 3.5625460E-02

1+4566661E=01 -2.5267681E~(5 1.C032911€=-02

1.58€33796=-03 ~1.059C429E-C4 4+2082041E-04

-1.0155637E-04 5.9023436E-04 ~4,1244149E=(3

\  1.3033502E-05 1.5550369E=-C3 5.8625214E~04

7436 14844E~03 1.3825277E=C1 540368586E~02

1.0003864E~03 1.10668C5E-C1 3.5625460E-02

Rotor 1.45€6661E~01 -2.5261681E~05 1.0032911E-02

1.58€3379E-03 ~1.055C429E~C4 4.2082041E-04

-1.C155637E~04 5.9022436E-C4 -4.7244149E~C3

- 1.3033502E-05 1.555G369E~03 5.8625214E~04

F ~3,1779922£~03 -9,0258G36E-C2 -60113C881E-C2

£.3449225€-03 -9.5217829E~C2 ~8.1780206E-02

Displs, 1.41€1658E~02 -1.0026723E-01 -1.0276112E~01

. 2433462T9E-02 -1.0565410E=C 1 -1.2532098E=01

Vertical Chordwlse< 3.20668229E-02 -1.1128767E-01 -1.4853214E~01

tail ¢ bending 2.503C770E-04 ~1.3185648E-C4 =5.5115406E~C4

2.5CE96GBE~04 ~1,3987968E~C4 ~5.8100100E~04

Slopes 2.5138789E~04 -1.4660358E-C4 ~6.1055€51E~04

2.5180924E=04 ~1.5013029E~04 -6.2338419E-C4

L 2.5201228E~04 -1.517014TE-C4 -6.293C054E~04

Axial RB{ -1.7214854E-02 1.3397245E-C2 -8.35893296-02

~ ( -9.6116307€~03 ~3,022561TE-02 -1.1918452E-01

Displs -1.3684701E-03 -3.1952963E-02 ~1.2946CC5E-C1

15pis. -5.47168333E~03 ~3.393$866E~C2 -1.4438611£~01

Vertical -3.,28CC790E=-03 -3.64C0908E~C2 “1.€351556E~C1

bending < €.50€4122E-05 ~3.79438E5E~CS -1.5802401E~C4

Slopes €.3634862E-05 =5.8062343E-05 -3.5949467E~04

€.27€4410E<05 ~7.0314927€E-CS ~5.,4655515E=C4

6.27€4410E=05 ~7.0314937E-C5 -5.4655575E~04

> 1.9424593E-02 -9.324€416E~(2 ~5,584(821E=C2

. Displs. 1.9439569E~02 ~9.3410269E=C2 ~5,612C310E~C2

H"r":z!’l“tal p 1.947068TE-02 -9.315C55TE~G2 ~5.67C1033E-02

A Chordwise{ 1.9511804E-02 ~9.420C253€E-C2 -5,14€6€319E-02
bending Q. O. 0.

Stopes 1.6217444E=-07 ~8.335E445E=C6 = 1.42235826~-(5

1.1747801E-06 ~1.2846462E-G% ~2.19241826=-05

L 1.1747801E-06 ~1.2846482E~05 ~2.1924182E~G5

~2.4282202E~04 1.416C616E~C4 5.E915220E~04

. : -2.4291298E-04 1.41728T8E-C4 5,5L1T443E~04

Torsion Twists -2.4302638E~04 1.4167916E-G4 5.52941596~C4

~2.4302638E=-04 1.4187916E~C4 5.5$254159E-04

L Axial RB{ ~5.2048168E=03 2.4965379E-C2 1.49€2539E-02
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First mode

Figure E-5.- Symmetric elastic modes of Model 266 tilt-rotor.



APPENDIX F

SOME RESULTS BASED ON THE USE OF
COMPONENT MODE SYNTHESIS
Presented herein ere some comparative studies based on the
gpplication of the direct and component mode synthesis vibration
analysis procedures developed in Chapter 6 to two simple structural
systems. A comparison of the theoretical solutions with experi-
mentally measured modes and frequencies of a model of one configura-
tion is also presented. These studies are not intended to be an
exhaustive or systematic comparative investigation for the purpose
of delinesting all the remifications associated with the use of
component mode synthesis. Rather, they are intended solely to
provide an indication of the accuracy associated with partial modal
coupling and to establish the validity of the theoreticsal analyses.
Reference is also made to some anelytical studies by others
employing the component mode synthesis computer program developed
in this dissertation.

Free~-Free Beam

Consider a uniform beam of constant cross-section having the

following properties¥:

¥ These particular properties were employed in a different and
unrelated study and simply adopted here for convenience.

566
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=
il

total length = 54 inches

W

total weight = 29.25 1b

EI = sectional stiffness = 50,000 1b--in2

section moment of inertis

_ . 2
ares of cross section =29.16 in

I
==

The distributed mass is taken to be lumped at ten equelly spaced
stgtions along the lengthwise axis of the beam in the manner shown
in Fig. F-la. Each station so established has two degrees of
freedom: vertiesl translation end rotation. The direct solution
is based on the 20 degree-~of-freedom beam,g: Fig. F-la. For the
corresponding esnalysis by modal synthesis the complete beam was
partitioned into the three unequel length beam segments shown in
Fig. F-1b, In this partitioned form the unassembled beam segments
have a total of 24 degrees of freedom. Table F-1 summarizes the
physical properties of these lumped-mass systems.

Results showing a comparison of frequencies obtained by direct
analysis of the complete beam with those obtained by both full
modal synthesis and four combinations of partial modal synthesis
employing only a few of the lower modes from each beam segment
are given in Taeble F-2. A comparison of the displacements and
slopes in the first four elastic modes, as obtained from a direct
eneglysis, full modal coupling, and two combinations of partial
modal coupling, is made in Teble F-3, The results of the direct
snalysis constitute the basis from which to assess the accuracy of

results obtained by partial modal coupling. The use of full modal
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coupling is seen to yield results which are identical to those ob-
tained by direct analysis. Good agreement is indicated in the modes
shown for the case in which only half of the modes from each beam
segment are employed. It is interesting to note that even when
only one elastic mode from each beam segment is used the three
predicted elastic frequencies still compare favorably with those
given by the direet solution.

Airplane Beam Assembly

The availability of the lower modes and frequencies of a
model consisting of an assembly of "beams" configured in the shape
of en airplsne provided the additional opportunity to compare the
results of analysis with experimental measurements. This model
is shown in Fig. F-2 as it appeared during the sheke test.¥* TFig,
F-3 summarizes the geometric properties of the model.

The partitioning scheme employed in the vibration analysis of
this model is schematically depicted in Fig. F-L4. Since only the
symmetric modes of the model were available the analysis was
restricted to the symmetric case. This permitted the analysis to
be based on the explicit consideration of the fuselsge and only
one wing and tail. The fuselage, wing, and tail were treated as
beams, the distributed mass of which was lumped at discrete

points along the elastic axes of the respective members. Each

¥ Thanks are extended to Mr. Robert V. Doggett of the Aercelasticity
Branch of NASA-Langley for meking the modal and geometric infor-
metion pertaining to this model availeble to the author for the
studies herein.
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fuselage station hed two degrees of freedom: vertical translation
end rotation. In addition to these two degrees of freedom, each
wing and teil station also had associated with it a torsional
degree of freedom. Fach member was also allocated a rigid body
degree of freedom directed along its axis. The rotary inertis
associated with each lumped mess was teken to be zero. The model
properties, as discretized for the analysis, are given in Table F-k.
68 degrees of freedom are associated with the uncoupled system, 26
of which correspond to "messless" coordinates.

The results of some comparative studies pertaining to the
model are summarized in Tebles F-5 and F-6 and Fig. F-5. The
results shown in the first two columns of Tebles F-5 and F-6
indicate that the results of the direct analysis do not agree
exactly with those obtained by modal synthesis using all of the
calculated component modes. This discrepancy is a consequence
of the fact that a modal expansion using all the calculated com-
ponent modes is reelly incomplete since a set of modes equal in
number to the number of massless degrees of freedom has heen
"lost" in solving for the subsystem modes and hence are
"unavailasble" for use in the synthesizing procedure. This incom-
plete expansion is equivalent to placing constraints on the beam
segments, which will tend to give frequencies which are sljightly
higher than those obtained from & direct anselysis. This is sub-
stantiated in Table F-5. A complete set of linearly independent
shapes was established by calculating the component "modes"

using an arbitrary value of 1.0 for all the rotary inertias.
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Employing these shapes in a full modal synthesis then gave results
which agreed exactly with those of the direct analysis.

Modal synthesis results employing only a few of the lowest
modes from each subsystem are compared with solutions by the direct
method and with experiment in Tables F-5 and F-6 and Fig. F-5. The
results shown in Tables 5 and 6 for partisl modal synthesis are for
e single combinsation of the lowest component modes. In addition
to the rigid body modes, these include: 6 fuselage bending modes,

5 wing modes (3 bending and 2 torsion), end 2 tail modes (1 bending
end 1 torsion). The wing and teil modes corresponding to clamped-
free*, pinned-free, and free-free beam end conditions, respectively,
were used in conjunction with free-free fuselage modes to provide
an indication of the type of component modes which lead to results
most nearly in sgreement with those obtained from a direct analysis.
As might have been anticipated use of clamped-free modes for the
wing and tail gave the best results. A comparison of the calcu-
lated mode shapes of the first four elestic modes is made in

Teble F-6.%% Aggin, the direct solution results should be teken as
8 basis for the assessment of the accuracy of the results of partial
modal synthesis. An assessment of the accuracy of the direct

analysis procedure can be made by compering the results obtained by

* A sample input for this case is included as part of the listing
of the modal synthesis computer progrem in Appendix H.

*#* The zero rows correspond to the rigid body degree of freedom
along the axis of each beam.
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this method with those obtained experimentally. The frequency
comparison, given in Taeble F-5, is considered to be quite good in
view of the rather coarse spacing between stations, particularly on
the fuselage and wing. The modes calculated by the direct method
are compared with those obtained experimentelly in Fig. F-5.
Excellent agreement is shown through the highest mode for which
data was svailable (the Tth elastic mode).

Additional Applications

The computer program for natural mode vibration analysis by
component mode synthesis which has been developed in this disserta-~
tion has additionelly been employed in two analytical studies by
others.* The first study, directed at assessing the dependency
of the rate of convergence on the type of component deflection
shapes employed in the synthesizing procedure, concerned itself
with comparing the free-free inplane frequencies and modes of
a rectangular frame calculated on the basis of using selected
free-free or clamped-free component modes by themselves and in
conjunction with component static deflection shepes. The second
application was to a dynamic model of an early space shuttle concept.
This model consisted of a pair of tube-~like beams arrenged in a
parallel "piggy-bank" fashion and Joined together by two spring
assemblies. The frequencies of the complete structure were

calculated using 8 booster modes and T orbiter modes, each group

* Fralich, R. W., C. E. Green, and M. H. Rheinfurth: 'Dynamic
Anslysis for Shuttle Design Verification", Paper no. 9, NASA
Space Shuttle Technology Conference, April 12-14, 1972 (NASA
TMX~-25T70, July 1972).



°T2

consisting of a mixture of free-free elastic modes, rigid-body modes,
and static deflection shapes. The calculated frequencies are com-
pared with those obtained experimentally in the reference cited in
the footnote, to which the reader is referred for additionsal

details.
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TABLE F-1

DISCRETIZATION EMPLOYED FOR FREE-FREE UNIFORM BEAM

i

Direct Approach

Local
Station Coordinate Mass RI EI
Position
(inches) ' lb—sec2/in lb-sec2-in (1b-in2)
1 0.0 .00k215 .136 50000.
2 6.0 .008L30 271
3 12.0
’4 18.0
5 24.0
6 30.0
7 36.0
8 42,0
9 48.0 .008430 271 50000
10 54.0 .00L4215 - T S —
Modal Synthesis
Beam #1
1 0.0 .00k215 .1360 50000
2 6.0 .008430 L2710 50000
3 12.0 .008430 .2710 50000
L 18.0 .00L4215 1355 | e
Beam #2
1 0.0 .00k215 .1355 50000
2 6.0 .008430 L2710 50000.
3 12.0 .00k215 21355 | mmem———
Beam #3
1 0.0 .0ok215 .1355 50000.
2 6.0 .008430 2710 50000
3 12.0 .008430 L2710 50000
4 18.0 .008430 L2710 50000
5 2k.0 .00k215 1360 | memeee
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DISCRETIZATION EMPLOYED FOR AIRPLANE BEAM ASSEMBLY
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TABLE F-4

Local Torsional EI
Station Coordinate Mass Inertia vertical GJ
Position
2. 2 . . 2 . 2
(inches) |[1b-sec”/in|lb-sec™-in (1b-in®) | (1b-in“)
Fuselage
1 0.0 .0002083 N/A 47790. N/A
2 L.o .000L4166
3 8.0 .000L4166
L 12.0 .0004166
5 16.0 .0003750
6* 19.2 .0030066
7 24,0 .0004583
8 28.0 .0004166
9 32.0 .000L4166
10 36.0 .0004166
11 40.0 .0003750 Y
12 k3.2 .000L4166 47790.
13 48.0 .0002500 v ———— *
Wing
1 0.0 .0003704 |.0001235 g9Lko. 15720.
2 4.0 .000TL0O9 | .00024T0
3 8.0
N 12.0 ¢ t
5 16.0
6 20.0 .0007TL09 | .00024T0 9LLo. 15720.
7 2h.0 .0003704 |.0001235
Horizontal
Tail
1 0.0 .0001852 |.0000617T 9lko, 15720.
2 2.0 .000370k |.0001235k4
3 L.o + + l l
I 6.0
5 8.0 .0003704 | .00012354 9LLo. 15720.
6 10.0 .0001852 |.000061TT

¥Mass of shaker stem and coil included

Total Masses:

Tuselage

= ,005, Wing = .00L4L, Tail = .00185
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TABLE F-6

COMPARISON OF CALCULATED SYMMETRIC MODE SHAPES FOR AIRPLANE BEAM MODEL

Direct solution

First elastic mode

Fill modal synthesis

Partial modal synthesis

r NS
free-free free-free clamped-{ree pinned-free free-free
RI : 0 RI=0 "Dummy™ RI RI=0 Rl =0 RI=0
r Ba199446TEX00 *Be ACATZE2F 400 8.1994463E400 84 2301 T40E+90 =8.8329738E+00 845524582E400
T+ 2145753E+00 =T 531317CE 4N T+2145750£400 -T42221876€400 =7.511 TCA9F 00 746944781400
6,2350589E+00 ~€33796957 400 £42350586E400 ~64 2453095 409 -6.4207874F +0C 644760659E+00
5.27726325400 5.27T2629E400 =50 28463465400 ~5,26728T9E+00 52799637400
4,3590319E +0C 4.3550316E400 —44 3350461E +00 =4,1223557F 400 4,1C16349E+00
3.6716820E400 ‘303PETICTF 40D 3.6716817€+00 30 656680085 +00 +3.308369%E+00 3,2644699E400
Displs. 2499912795400 =2, 611R347F+00 2.9951296E¢00 22587360 3E400 ~2,51672165400 2445187376400
285976518400 ~204E48TREF400 2.8597647E+00 =20 8319021E400 ~243519€ 365 400 242843689E+00
3,0203286E+00 ~20 675811 EF 40N 3.0263282E+00 ~340027260E 400 =2,58937TAF+00 245218037£+00
3,4C6B848RE+00 =34 15711406400 3.4068483€+00 =34 40324805430 -3,1112302€400 3,0726899E+00
3.9490108E 00 -1,8249225E 400 3.9490183E400 +3.64929596 +0C »3,8139554E+00 3,8002935E+00
4,45014235+00 4o 66C11CAE 4NN 44450141 6E200 who 450096 5F 400 =4.6559383E 4NN 40 4E4T444E400
Fuselage \ 5.2306733E+00 297A62CF 400 306727€400 50 250906 2E 400 -5.4802669F 400 5.5247183E+00
 ~2e4642260E-01 » BOEALS2F=01 -244642259E~01 245375983601 3.0767735F-01 +3.1671968E~01
-2.4580837E-01 2,8B728PSF-C1 +2.4580836E~01 20484701 7€ ~01 3.0099823€=n1 *3.41C04570€-01
-2.42884785-01 24 ASROG21E-01 +2.62884TTE=01 24100783201 2.915727aF-n1 -2, 0040376E-01
~2.3563663E~01 74 7454 B60E=C1 »2,3563€63E-01 244066 3226-01 2.90667415-0} -209922508E~-01
~2.223389TE-N1 24£4392€5=01 +2.223389TE-0L 24 2903683E-C1 247556059E-01 =248350722€-01
~2.0639969E-01 2,26€187CE-01 +2.CE39569E-01 1, 88545505 ~C1 2,2551758F=01 -2+31633526~01
Slopes { =7.,87135156«02 Se 250220 CE=02 +7.8713£23€-02 9.8520202¢=02 “140CB9500E-01
5. 8047472603 ~1a2€561296-02 5.8047374E-03 -1.3287098F-02 144355918E-02
7.13935508-02 -84 9A904B4E02 70 1393542E~02 +9,9866362E02 1.1364385€=01
1..1893386E-01 ~le4ASEIS2F=01 1.1693345E-01 =1, %670558EN] 1,6230961£-01
1.4938842E=01 4C0P48F-01 1.4538861E=01 S1a9174T 34F N 1.9P6B58TE-01L
1,6215916€-01 5140675E-01 1.6215915€=01 =2407837026=n1 2415C9825E~01
~ x $283636E-"1 Z 00E3135F-01 1.6263635€-01 10 6908046501 ~2.1618480F-01 2423697726~01
. N 0 a. 0.
s.eneaznsmo *3, 326TLCIE4N0 3.6716U17E400 -3, 5566 888E400 +3,3083597Ee00 34 26446 98E+00
2.357521CE+00 +20532%94GE+00 2.3575207E400 ~2.516K153E 400 2.4873B23E+00
~4,9587356E=01 143135622F-01 -4.968T391E-01 -5.4563652F =02 1.1685655E-01
Displs. ~4,4838233£+00 4o 16RECIRE SO0 4.4838237E+00 o 4634 TBIE 490 §,0820565E400  -4,021T537E400
~34203048%E+N0 9, 071206 2E+00 +9.2030489E400 9 1938445£400 9.00974235 00 -8.9913169E+00
“1.4303972E+01 14437003ISE 0] »1.4303$73E401 14430066 36401 1.6342569F+01 1,4232634E+0%
~1.553601TE+0L 14 G8E6223E+01 - 1. 9536018E+01 14 $556109E 4C1 1.5998137E¢01 -24CC4B062E+01
+1.7320006E-01 141230§FCE=n] 140320006E~01 944325 148E-C2 1,127<008F=01 ~1.1591701€~01
-5,3773995E-01 4o 15SHRESET L +5.3713995E-01 *.433695026~C1 3,6837212E~01 3450981 65E-01
~8,7225684E~01 P65 BELOSE-01 - 7225685E-01 84 70928235-G1 8.541N696F-01 -8,4086635E-01
Wing Siopes Lo 1042409 «00 14127¢13CE470 1. 1042409E+00 14 10595156 400 1.1641278E400 1.1769050E¢0)
=12 2664 10TE +00 1. 25 285547 400 1.24C4107E+00 1224392915490 142876112E00 1429064 39E¢00
~1.2992283E+00 1436322918400 14299228 3E400 1030295576400 1.3808134F +00 -1,3881798E40D
=1.31240275400 TS4E0PE 400 131240266 20C 14315946 9E 470 L.4306311F ¢n0 *1u4491953E400
1.7874 725801 4T2234FuC ] 1-7874725E~01 ~14£3375495=01 1.9%3r390F =01 2.0CT7358E-01
1.7888022€=01 ~leSLAE#1E=NT 1. 7888023E-01 -1e 6349371E-C1 =1.9536924€=01 240CR42T1E=01
1.7898904E=01 “1094836T6F =01 1.7658905E-01 -1€1598249E-C1 1.,9882303€-91 24010062RE~0L
Twists 1.79073T0E~01 2124968 TBF=)1 1.79CT370£-01 -1 6367973E-C1 +1.9%57843FN] 2,0116987€-01
1.7913418E01 *1.9%02167¢~C1 1.7913414E=01 ~1e€373684E=C1 1, 98TETTIFe01 2401266 34E-01
1.791704T£~01 165507041601 1.1917047€=01 ~1e €375%4TE=CL 1,95791465=01 2401289568601
1.19xazsee-m 10 9F L89G 01 1. 151625 TE=u1L ~1a 63TTAL2E-CL ~1.9579148€=-01 24012R970E-01
Co [N o, o,
».uqungooo ~44€401 1CRE$OC 404501418E+00 ~6e 45009€ 3E49) -4.4589363E 400 40 4E4T444ESDD
4463153756400 ~hehe R H13F 400 40£215369E400 =44 £3056T0E4C0 6,666 TDREE 4ND 446815061E+00
Displs. 4,8417X70E400 4o RLTBEIELOC 4.8417505E400 =64 840CBLIE4CO. 16, B9ISHANELD 449093117400
5.£4686966E+00 “%e 16£1€£TE 470 5. 066696 1E€00 =54 0586193E 400 =8 4144 2730F +00 5. 157T3511E+00
543035 189F +0C ~£4 4161 1T4F +00 503035184400 -84 30658606430 =5.4183764F¢D0 5.4263242E400
5,5408055€ ¢00 S4ARGDSGOE 400 5,5408050E400  «%, 58014155400 R ,6G6094&F ¢ £.7059413E400
3. 1CTIT54E~02 «ATCIECEED2 €« 1C29749E~02 -Bo 1172T46F-02 +1.0391873F =01 1.07546356-01
9.904548TE=02 « 1075246601 9.9044483E~02 94 837G7766-C2 ~1.0831€607=0L 1.1020378£-01
Tail Slopes 1.1916461E-01 «2675C86E-01 1 101€440E=01 -1s 1028539E-01 -1.192212%E=-p1 1.,1849146£-01
op 1,16036626-01 2316411E=-01 1.1603¢62E~01 -1e17287228-C1 ~1,3116084F =01 142574793E~01
l.lB)!l‘HE-Ol 6134376-01 1.1833193E-01 12032267501 ~1.388%891€-01 1.3803560E~01
1.1873899€-01 ‘le 3EE3RSAE=D] 1. 1875899E=01 14 2100530£~01 ~1.4114657E-01 1.4C69502E-01
-1040433866-91 17097 §18F =01 +1.4043385E-01 144059492E=01 1.7999701E-01 1.8627175€~01
«1.4045520E=-01 1o 16€8552F=01 »144045519E=01 14 40614056 ~C1 1.7999953¢-01 -1,8€27976€~01
Twists 1.4047180E-01 1471013826-C1 »1,4047180E=01 1s4053131E-C1 1.8001921€-1 +1..8630072E~01
-1.4048366E-01 14 7103CS1E-11 *104048366E-01 144064501E~C1 1.80063%3E-0] ‘1+B€32663E-01
~1.4047076E=-01 h‘”'.‘l\l:F-':: »1.4049077€=01 1040653805-C1 1.8006321F-01 1. RE34T59E-01
14 710445760

- l 4049315601

Ce

*le4C45314E-01
Ce

Lle 40 5% ARIE=CL
[ 2%

1.8037073€=-01
04

-1.863%5560E-01

Co



COMPARISON OF CALCULATED SYMMETRIC MODE SHAPES FOR AIRPLANE BEAM MODEL
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‘Wing

Tail
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~
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TABLE F-6 (Continued)

Second elastic mode

Full modal aynthesis

Partial modal synthesis

[e A\ R4 N
free-free free-free clamped-free pinned-free free-free
RI-:Q Ri=90 "Dummy* RI Rl=0 RI=0 RI=0

r 3.1432093E401 341377025E+40L 314328948401 =3.1445878E+01 3.1439939E+01 *3.1424168E+01
2.2R880832E4+01 ie2B3TA%0E401 2.288C832E401 =2+2889095€+01 2.2975090E+C) “2.286823€£401
1.4527396€4C1 14449819TE401 1.4527396E4C1 =1,45292356+01 1.4513085€+01 ~1.4502568E£401
6.7509T0LE+00 € aTALENKRLELQC 6.7505T02E¢CO ~5aTH9455IE+00 £.738503TE€+00 "6, 725€352£400
7.8666463E-02 £e68792T0E-02 T.86£€524E-C2 ~7094086 T4E-02 9.2781066E~02 ~849214040E~C2
=4,0631702€4C0 =457123153€4C0 “6+0631701E4C0 420662239€+00 =6,01597268+39 4.C11C0O31E+0Q
Displs. ~7.8515473E+400 *1eT4ITIL2ENC <T485154T3E4CL T48451431E+00 *T. T145T40E+00 1.£916089E +00
=-£.8791451£+00 “BeT27CITBE+GO ~B.8791451E¢C0 B848669283£400 “BLERTVSENGF400 8.£180421E+00
-8.15781395+00 ~Te55TT1856E400 ~8+1578139E4CC Bel4546£2E+00 ~7.85293435+00 748012790€+00
=5,95568TLESCO ~5 o136 R8LGE400 =5.95566 TLE#LG 509226794 E+00 -5, R722354E400 5.5025980E400
=2,€213553E+00 +2032343CPE+00 ~2.6213553E4(C 25626310E+00 ~2.158T3%NELON 2.,C74T1TIE+CO
5.89053338-01 £434T2502E-01 5.89G5327E-01 ~%42345628E-01 1.06T1362F 400 -1.1552738E+0C
v 5.56284383Z400 £451AED12E40C 5.662E43TEXCO ~547333370E+00 542219200%+00 ~54320229QE+00
r "2, 1646T53E+CC ~2e1415317F4CC =2+ 144€TE3E4CL 201461146E+00 =2.1467459TE+00 2.1581837E+00
=2,12469525¢00 2e1214319€4C0 ~2.124€952E4CC 201261084E+00 *2,127%876E+Q0 2412608126400
=2.0356669E¢00 ~2+0715642E4C0 ~240350669E4CL 240369343E400 -2,0372102E+00 24 C374413E+00
=1.8300338€+00 ~1e8 2474 24E4CL +1.8300338540C 1+8301265E+00 “1.8267811E400 1.8261046£400
=1.,480T450F+r0 ~1a4TC5CEEF4CO ~1+4807450E¢C0 1a4799291E400 "1 46TNBA34ECDN) Le4688204E4CO
=1.0921464505en0 “1e785CBTISESNC ~1.09186450E4C0 12C96T104E+00 1. 082TAB2Re NN 1aCTS56TCE4CO
Slopes ~4,9231796E-01 ~4 4753718 2E~01 49231796601 44B8813453E-01 -4, 896T9TGE=-01 he£536984E-01
~2.B89614TOE-C2 *109965T6E-C2 ~2.89416726-C2 209267329E-02 =5,9659539F~03 5eB117795E-C3
3.7233392E~01 203715420E-01 3.T183£391E-C1 ~347996149€=01 3,90805906E~01 v4sCL1BEA3ITE-DY
7.07999385~-01 7613031116~C1 T.0195936E=C1 ~7215610799¢=01 T.3173109F=0]1 »743462733E-01
9.4196238E-01 SeeES4TA2F-01 9.419£2586~C1 ~9442T732508E~01 ©,%8330T8E-0L ~9.578CTTZE~0L
105289230 L1eD4228C1E40C 1eUD2BS23E400 ~1e0362608E+00 1,04568219F 00 "l C4BTATIE+00
L 1.0591134E+n0 1,C5TCNELESOC LeU591133E¢00 «1+078T0 T3F+09 1.06489351%e00 -1.0896861E4C0

€ Ce Ve O o (-9
k0631702€400 *443123192E40C ~4.U631701E+00C 420662239400 ~%,0159726€+00 4s011CC31E+0D
~5.7230907E+n0 ~£eB8GE22C1E400 ~5.T23CSCTESCT Se«TIT4%53E+00 *2,R04101554D0 528929111E4C0
«5,86813169E400 ~€e TH646GE4NN ~5.8681369E¢00 888242 19F+0n 8. L89%324E400 8226261616400
Displs. ~4,1913669€40C ~&e3ELCINIESTC ~4+1913669E+00 4e218 6,41 F 4462631 TEH00
~B.5538277601 542530935 ~01 ~He9b3£281E~01 Be¢B80814E~01 =9,304394TE=N] Fe3844564E~C1
3,4582143E400 245305642E40C 345821426400 =304 7516 T5E+30 3,6515147F+30 32 ERBESGBECOD
8.2418573£400 Lot 2014CE4CD He241E512E4C6 =042564396E+400 A.TAOR]14E+DD ‘ReB94EB51CESCN
=5.4582364E-01 "L ek 2844 EFEC] ~2e45823¢64E~01 544036037F~01 =¥, 4137808 F=D] 5.297P466€~01
=2,4941994E-01 *Ee3§39502F=C1 *204941994E~01 2.4925150€-01 =3, 1840423801 32312€340F -CY
1.8977832€-01 1471214 RE-C2 1.8577831€~03 ~1,8321788E-01 1.848301%F~nt *1e77771226-01
Slopes 6.3909955€-01 €ab159COTF=0) &0 39049556=C1 -£44095926E-01 5,79 78228F=01 ~54€34P51 SE-CL
9.83404096~01 1472815%4E+C0 9+83404098~C1 ~94906%622E-01 1.0234104F 400 “1oC421¢29E 400
144640699S400 1e2198120F 400 1.1€44655E00C ~141£63072F+00 1.2363832F 400 ~1+2518833E 400
1.211€312€400 1e255T12L €400 Le21163L1E+0C =122090959E+00 1,30998272400 “1e22£2254E4C0
9.,4539)60E-01 Sa3§T12¢LE~CL Y.4535161-01 ~Qa4978% 34 E-01 9.376867T4F~0L *9.3692182E-01
9.,5163913E-01 Se¥5T8I56E~CL Yo5143914E=-C1 ~9.E564559E-01 9.3990462F=01 ~Fe3715244€-CL
9.%2639659€-01 Se"CT55T4F=-C1 ¥+56396596-C1 ~9+6083192E6-01 945 15339E-01 94240 T79E-CL
Twist 546025029801 SeShb44tIF-C1 9460256 30E=C1 =9,6487T17E~0L 9.5040%63€~01 ~9,4T66671E 0L
9.6301992E-01 Se5741£13E~-01 Yob3015€2E-C1 “926T61998E-01 G %344370F~D1 =9+ 50T 856F-01
9.6467900E-01 Ce%908364E-01 9.64671800E-01 “~Fek F146 23E-01 0,54 2438 7F-01 ~9.5152979¢-C1
9.6523093E-01 CeTSE39C2E-C) 9.6522094E-01 3462628 22E=01 QL RL2ETLYR=0Y “9eS1%2335E-C)

D. . (123 . 0. Te
5.8905333¢=01 Fel4726(3E-01 5.89C£327€E~C1 6423456 28£-01 1.C6T1962E+00 ~1e1552732E+0C
1.8317064E400 169420304F40F LH317CE3E+C0 *1a864T206E+ 00 241375820F+00 2178188£400
Displs 3.3T31439E+C0 24238722184 C0 3.3731438F+0C ~343631710E+00 3,7378473F«00 =32 26445656400
‘ 5.1015979E+00 £eI1AT0EZTCC 5.1015GTEEPCC *540737620€+00 & 73N91BHF+ON 4o 6TCHRSAE4CD
£.92473C3E4(0 €e3BICOTLFLCN 6.92478CTE+00Q 6 BR4TB43E+00 £.2880133€400 -4e1357B53E+00
B.TT96872F+0C 027435216400 8. 77566 TCE+CC «847304351E400 1.923%240E+00 -T+6852181LE+00
5.26644725E-01 £,2114115E~C1 542644128E-C1 ~541813149E-01 5.2341159€-01 ~5+24354TEE-CL
T.05865856-01 £e159741RE-C] T.CHES5E4E~CL 6493397 2%E-01 5.%R90907¢-01 -5¢4502789E~01
Stopes 8.26105]14E=01 T 5371 26E-C1 de2010£13E-C1 -801561166£-01 6.4£93178F~01 +6e(932772E~01L
P 2,64%52C91E-01 Bolst }CE-01 8.9452090E-01 “Bo87158 25€-01 7.43218085-01 =6 566611 2E~01
942326662E~01 Eas465466E~01 942326660E-C1 ~3e1817522E-01 8. P8 44LARE=D] “T7e£098096€-01
94 29545645€~01 £05965368€~01 F02954644E=01 -942515050E~01 A,21910%6£-01 ~7+81584609€-0]
«9,1183007E-01) ~CeQ268540F=C1 ~¥.1183C8TE-C1 B29742753F-01 0, 065T290F-01 9.C827580E~C1
=5.1300963E=01 ~Se23815 A £-C1 *9.13CC5€62E-C1 84986487 1TE-01 “9,06837928-01 F4(8542426-01
Twist ~9.,1392680£-01 Ca"47135PE-CL ~9.1392679E~(1 BeSF38L 02601 =9.PTE31TEE0L e {9Z4CH5E~0
=9.1458710E-01 ~Ga)53ICLGTF=-C1 "9 145€209E~C1 94(012316E-01 -0, 0834919E-01 9.1010226F-01
=9, 1487536€-91 *S4I5T1E52PE-01 -9,1491535€~01 Q.0M59643E=01 w9 DOPGI2FEL0] 941080129601
=9, 151064¢E=01 ~Sa(551638F=CY “9¢1510645E-C1 3400759%1E~C1 =0,003492%5E-01 9.11C6791E-01

[ Co V. Oa * L1
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TABLE F-6 (Continued)

Third elastic mode

BEAM MODEL

Direct sojution Full modal synthesis Partial modal synthesis
~ N N ~
free-iree 1 1 ped-; pinned-free {ree-free
RI=0 RI=0 "Dummy" RI RI=0 R0 RI=0

- =2.1632855E4C0 4o TLI561T3E~CL 2.1632655€400C 2041 ICESTE+OO =4.1272633E¢00 5.9515454E+L0
+7.59342295-01 1a1113112E-91 7.5934222E-01 9e6517439E-01  ~1.98843085+00 2.9702894E+00
« 884746 3E~T1 648152897501 5. 8847450E~01 -5e5439672E-01 2.0940100€-01 -143595892E-02
1.8050776E+0C «237796374C0 +8050778E+00 « 8875C01E4+00 1.98261545400 *243722846€+C0
2.84170215400 1.817C4T8E 400 -2.6417021E+00 > 208365 T91E 400 2.8976361E+00 +2,5138035E4C0
3.55874405400 2436529¢ 26403 »3.558T440E+00 *3e6506715E 400 3,4296666F¢n0 ~3.9306164E400
Displs. 5.7466620E400 50£36T664E40C +5.746€620E4+00 ~54821437CE40C 5.23335T0E+00 -5,1788833E4C0
B8, 190£29254£C 84.2839478E400 -8.1904293E+00 ~8a 15 35059E40C T.5121605E400 -6.8826851 €400
9.93102506+00 14CS8A5TBE4C] 9493102516+ 60 09119£53E400 9.30073215400 -8.188403TE4C0
1.0174970%¢91 1015362705 4G1 <140174970E+01 -1eCCEBBTIEHCL 943362221400 -7+958781BE+00
2,5705382540C 9452525925400 +8.57£53483E400 4 T0CRAE +00 7.1755388F +00 +5,8254451E400
6,03659705490 %o TP5TTEIE 460 +6.0355572E 40U 53710%640¢C 4, 20493R5F+00 ~3.0604280E«C0
N 1.80$579TE€+C0 1e 07523905400 +1.5055758E 400 * 20783736450 -1, 25288385400 1.8822721E+00
r 34530T946E=71 1,45924226-r1 3.5307545E=01 -3.86£3299E-01 %26 T4T00Ew0] *7438A2865E~CL
3.46T798%4E-01 1,45189T1E~C} *3.4679853E-0] 13475252536 -C1 %,50630625-01 ~7+5828468E-C1
3423566415-01 1. 3812899E-C1 *3.23%464GE=0L ‘327090375601 5.2322956E-01 7.0189160E =01
208233086E-C1 1. 4725676501 -2.8233C86E-C1 248053838801 343473899601 ~4e4307945€-01
2.3705086E=01 1a26483C9E~C1 »243705CH6E~01 ~20 1810454EC1 1.5400283F =01 ~1.5894333E~C1
201595360801 2095589225 =01 201495 3¢1E-G1L ~3,2292817E-C1 2.25%9201F 01 -1.5061390E-C1
Slopes 6.07611665=01 TeT75971256=C1 C781167E~01 “5.59557526-C1 5. 16510025 -01 -3,7482%6¢6E-CL
5.6455529E=11 Be 102244045401 "5 6459930E-G1 +5,5882271E~C1 S, 665b128F=01 ~4.2811948E~01
$72079425-01 £483NE=01 ~241207943E-01 20 7300789E-C1 2.6737621°<01 1,6983690E-01
~1.8450T67E=31 14 1691884E-C] 1.6450767E~01 10993342361 =2.6361993F-01 3.003983CE-01
~6420841384E=01 ~Te 71372173601 642041364E=01 644933864E-01 -7.8279297F=n1 Te4047469E-01
+5.67970236-01 <12 11977017400 5+ 4757024€~01 8485222796 ~01 1. 0463964€ 400 95849255E~C1
\ -q,40395306=-71 1o 22462732430 9u 4U39530E~CL 1,0051740€400 ~1.1823713%+00 1.3679098E 400

0. Oe 0o [N 0. Oe
355874408400 203E32962E4C0 =3.55874406+400 1306506 T1SE+LC 3,4295666E+00 -3.9306164F4C
-443171297E~01 1421005305400 42 3171299E=01 303481389E=C1 2.2944%33°400 ~2.704%8754E4C0
=8, N403009E +00 =60 2527525540 £.0%03C09E+G0 8,0158 B68E+00 ~8,3%09232F 4N 5.991C658E+00
Displs -1, 20989245401 %949TTEC L 1.2058524E401 152873616£401 =1, 31ABEAIF +DY 1.35502CBE+0L
5487¢ 9E¢00 £1£3107406 62 S54E TCBE +00 80 T146TE4F +00 =1.1036973F+n] 1.167S827E+¢1
2.114176 75400 12232731 754C0 411417676400 2604 13514F $00 1.3866776E409 +143245108E4C0
1.63491435431 1e5772275E4CL *1.6349143E401 1 €537TTIE+CL 1.7699145F 401 ~1,83CE393E4C)
1.P74TT03ENL 1647794925 ~01 ~1.(747703E~01 *1o 614654 3E-01 1.1279624£=01 <7.5307110€=-02
“LeTT4412254C0 ~le 1420168E43C 1.7744 122400 147536 250£4C0 1. 0770024F 400 1.0701420£+00
1. TCLLL9E+OC -14$53272654CC 1.7051119€+00 1. 7298€83E4Ch =2.3902288€ 00 2.493504CE4C0
Slopes { ~1.39%4832E-01 4o 11T556E=C1 1.3954831E-C1 106814910601 -9.7290895F-01 1.146$331E400
1.8813777E+0C 1e£53R174S54C0 *1.8813777€400 -1e 8712910 ¢0C 2.0171269¢400 ~2.0721685E¢CO
3,273863034C0 3427918625400 3 273E629E400 ~323244610F 400 3,833%59627400 “4o01425 TIE4QC
3. TO11BCIE+OC 9311905 490 *3.7C1L8ULE #0Q 34773101 8E40C 4, 2003TTAE 40D +4e36LR0TLECN
~1.85155156~01 24 5:987595-C1 1.6615515€=01 26 T96T244E~01 ~1.9536827F-01 1.3043537£-01
<1.919€TT1E=NL ~2e £ SPTO665 =T 1.51SCT7LE=CL 28834 221E-01 -1.9837152F~01 143252402E-C3
«1.496655975=01 -2 7404491551 1.96€559TE=01 20950601 2E~C1 =2.0848803E-01 1.3747359£-C1
Twists { =2¢0C37508E-1 =24 804£780E=01 2.6C375C9E=01 34018548 TE~01 ~2,1263391F-01 144244438E~C1
=2.0304559E=11 24 850£€105=01 2.0304558E=01 340534103601 =2,1680594F~01 1.45334775E-03
~2.04££349E~01 24 8796618E=01 2.L465349E-U1 340784184€~C1 ~2,17974728-01 1.461£246E-01
=2.0519040E~01 =24 RETTH2E~11 240515040E~01 3.0855974F=C1 -2.190041CF-01 le4618368E~C1

n. 18 0. [
4.03559TOE4CO » TASTTAIE4CO +G355972E 400 +54 85 371CSE+CC 4.204938%5C 400 -3.06A6280E+C0
4223896955400 502113917249 «2385696E 40U ~44G78004TF 400 3,0130884E 400 ~240449280E +01
Displs 9,986 57037E~21 14 6€6307TE490 +£657041€~01 +BaT197094E +C1 1.0690 6485400 ~642241143E-C1
=3,29036635400 44285152400 3.29G63643E+00 3025€7€3TE4CL ~2.0177262E+0C 1.55529C6E+4C0
-8 1392754E4CC (502615400 €. 1352755E400 T 8T287TIE4CO 4, NT1CBLIED0 40488 TB2E+CO
»1. 31950965401 “ho S46E42VEHD] 10 2196056E4G2 10265345364C1 ~1,0%5865385401 7.819882264C0
-4,73986125=01 E H 4 135E612E=01 404265 234E-01 ~5.23189326-01 447926749E~01
1L 294TF73E+40C 1.2947573E400 1e2R8829E400 =7.3238108E-01 547705513E~C1
Slopes -109205249E400 1292082498 v00 16874385 4E400 -1.2510869E +00 8.9185689E=01
«2.3171439E+0C 2,31 T144UE+00 26 21 ET2T4E+0C ~1.81B84888F 400 1.2958452E+C0
-2, 4996680400 2.4996681E+00 20 368CCT12E40C -2, 18%1826F 470 1.6006469€4L9
1254278146400 2010079142409 24542TEL4E +0U 244015 TAGE+0C -2.2939985€400 1.69€456€£E4C0
8420965726=01 G4 LATARESZ=T] ~£.205€513E-CL 7o 8667114 9E=C1 9,0620%23°-01 ~8,30CTE66E-01
8,2585943E=01 94 70867535 -C1 ~8.25E5943E=01 TeTCR2RT2E-C1 9.07823%5€-01 ~8,3161823E-C1
Porist 9.2967230E=11 1 ~E.2967230E=01 -74 745372 3~01 94 1206038E=A] *8.3564LETE=C]
4432399355=91 04 £6387C IE~C] +B.32399356=01 “Te TT48279E=C1 3.1729732¢-01 *844063101E-Q1
843603701E<71 €e8ETT16TE=CL ~B.3403T01E=01 ~Ta793T381E-CL 9,2153412€-01 +84446€1¢5E~C1
8e34583146E01 SeB855669632C1 -84345E314k=01 *Te BOC2Z44E=CL 94 2315263F=n1 +8.4620122E-C1

L8 ‘ 0a 0. D o, o



584

TABLE F-6 (Concluded)

COMPARISON OF CALCULATED SYMMETRIC MODE SHAPES FOR AIRPLANE BEAM MODEL

Fourth elastic mode

Direct solution Full modal synthesis Partial modal synthesis
f—_—‘A—_\ . S
- N Al
free-iree free-iree clamped-free pinned-free free-free
RI=0 RI=0 “Dummy" RI Ri=0 RU=0 RI=0
s r 1+6521193E+401 147304901F+CL 1.6521193E+01 1e46594463E¢01 1.7608114E401 J.783917064+C)
B.9877509E+00 941300285F+00 8. 98BTT505E+00 FeC384215E+00 9. 1448802E400 5409999 T6E +C0O
2.0329730€+00 14¢326833F+00 2.032973CE+00 149812090E+00 35676627 ¢00 1413589116406
=1.3890805£+00 - BH1526F+00 - =345027696E+00 264 15989E 400 -4« TOO9CTBE+OO
=5.1805494E+00 ~ STA3FTE+OQ =6 20113ATE+00 =6, T8963869% 400 ~649039300€ +CO
=5.9109087E+00 ~6411615T1€400 =50 9109087E+00 =% 458" 0o -5, ~£2371878SE+00
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APPENDIX G

A GYROSCOPIC FINITE ELEMENT FOR USE IN DYNAMIC ANALYSES

OF GYROSCOPICALLY COUPLED ELASTIC SYSTEMS

In dynamic analyses* of elastic systems having large rotsting
components, such as propellers or proprotors on propeller-— or
proprotor-driven aircraft or the fans of high bypass ratio ducted
fanjet engines on turbo-fan jet powered sircraft, the gyroscopic
effects arising from rotation mey have a non-negligible influence
on either the overall or local system dynamic characteristics.

For dynamic snalysis purposes the primary gyroscopic effects of
such rotating components can be accounted for by idealizing each
component as & rigid rotating disc. A finite element stiffness
model besed on this idealizetion which has the convenience of being
regadily incorporated intc either a direct or modal formulation for
dynamic analyses within the Lagrangien scheme for establishing
equations of motion is derived below. The approach taken here

is that of modifying the Lagrangian potential for the uncoupled
system to account for the gyroscopic effects of any rotating

components.

# Within the context of this discussion "dynamic analysis" includes
both natural mode vibration enalysis and structural response to
time-dependent external excitation.

, 290
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Within the finite element methodology the complete structure
is partitioned into a number of simpler substructures. The spin-
ning component is teken to be one such discrete substructure which
is idealized s a rigid disc rotating with constant angular velo~
city 2 about its polar axis. The kinetic energy of a spinning
disc performing translational and angular motions in space can be
derived on the basis of the three sets of orthogonal axes shown
in Fig. G-1. Coordinate axes xoyozo, the primary reference axes,
are fixed in space. The axis systems xryrzr end xyz are both
moving coordinate systems located at the disc center of mass,
denoted by 0. The xryrzr system moves only in translation, its
coordinate axes remaining parsllel to the corresponding axes of
the space-fixed axes. To maeintain the identity of the spin speed
of the disc sbout the x axis as a distinct quantity the body axis
triad xyz is fixed in the disc only to the extent that it
participates in the veriable (perturbation) angular motions of the
disc in space. These axes are oriented such that the x axis
remains normel to the plane of the disc; the plane formed by the
¥z axes lies in the plane of the disc. The disc spins about the
x axis with angular velocity @ with respect to the xyz system.

Eulerian-type¥* angles ©, Y, and ¢ are taken to define the

¥Here the angles refer to rotations about mutuelly perpendicular
axes in contrast to the unsymmetric definition of the Euler angles.
A discussion of these alternative angles for describing the
angulsr motion of a rigid body in space is given by L. A. Pars:

A Treetise on Analytical Dynamics, John Wiley and Sons, Inc.,

New York, 1965, pp. 103-10k.
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orientation of the disc with respect to the translating axes
xryrzr. The Cartesian coordinates of the center of mass in space-
fixed axes together with the "Eulerian" angles completely describe
the position of the disc in space and thus constitute a suitable
set of generalized coordinates for the substructure.

The order of rotation in trensforming from the translating
axes xryrzr to the body sxes xyz 1is & positive pitch © about
the Y, axis, followed by a positive yaw ¢ sabout the displaced
L axis, followed by a positive rotation sbout the displaced X,
axis, as indicated in Fig. G-1. Bince the axes moving with the
disc are at the center of mass, the motion of the center of mass
in the space-fixed system can be treated independently of the
angular motion of the disc esbout its center of mass. The disc
has velocity components ;0, io’ ;o’ é, &, &, and . If W, s wy,
and w, ~are the angular velocity components relative to the body

axes xyz, the total kinetic energy of the disc cen be written in

vector notation as

—L ;.L ;___._
TG =3 Mr sr + 5 W H (G-1)
where
;=‘—+'—+O-
T xolo yo‘jo Zoko
w=wx1+wyj+wzk (G=2)

H=eT wi+Iw]+Iwk
X X Yy z 2z
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Because of polar symmetry the mass moments of inertie in the ex-
pression for H are constant even though the body axes xyz are
not fixed in the disc. From Fig. G-1 the angular velocity compon-

ents relative to the xyz coordinate system can be written as

W, =0+0sin P+ ¢

x
w = 6 cos VY cos ¢ + @ sin ¢ (G-3)
w_ = @ cos ¢ - é cos Y sin ¢

For small angles, such as assumed in smell vibration theory, Egs.

G-3 reduce to

Wy X0+ éw + é
W, & + ¢ (G-k)
w, % @ - é¢
We can also write
Vo =Y (&-5)
z %z
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Substituting Eqs. G-2, G-4, and G-5 into Eq. G~1 and noting that

Iy = Iz from symmetry, the kinetic energy of the disc, to second

order in the perturbetion quantities, is given by

—l £ ] .2 .2 i 2 -
TG_QM(X +y +z)+21x(§2 + 206y
+ 6% + 209) +22‘-Iy (6% + ) (G-6)

The gyroscopic coupling term occurring as & consequence of spin is

underlined. Eq. G-6 can be writtten in the matrix form

~ T | _— O™
:ncW M 0 0 0 0 o t o0 x
y 0 M 0 0 0 0 : 0 ¥
zZ 0 0 M o] ] 0 : 0 2
=1 0 L 0 0 o L o 0 :mx (e > (G-T)*
P 0 0 0 0 Iy o | o P
s 0 0 0 o o I :_o__ LB
¥ 0 0 0 s 0 ) : o "
L~ P -~ ! p— \ J
or, in sbbreviated notation
r \Tr— | 1 £
. I .
{v} [M], 1 [E] {v}
= L I & G-8)
e =3 <___> ______ S I <___ (
- |
{} 21T v [o] | |{w}
. / L | -4 U J

*#The term 1/2 Ix(Q2 + 29@) has been deleted because it will
not contribute to the final equations of motion.
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To accommodate a spin direction opposite to that shown in Fig. G-1
simply replace § in Eq. G-7 by ~{i. Gravity has been removed
from explicit consideration by assuming that all perturbations of
the coupled system are to be measured from the static equilibrium
position assumed by the structure with all the components spinning
and gravity acting.

The corresponding potential energy expression is given by

v, = = (v K], ) (6-9)

where

(x] o = [vull] (G-10)

since a rigid body has no strain energy associated with its
displacement.

Egs. G-8 and G-9 constitute the desired kinetic and potential
energy expressions for s rigid rotating disc approximation to a
spinning structural component such as a propeller, proprotor, or
fan. There is one such pair of expressions for each rotating com-
ponent of a partitioned structure. These are simply grouped with
the kinetic and potential energy expressions for the nonrotating
substructures, a transformation to system generalized coordinates
effected by enforcing inter-substructure displacement compatibility,
and the resulting expressions substituted into Lagrange's equation

to obtain the system equations of motion.
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APPENDIX H
COMPUTER PROGRAMS

This appendix contains e listing of the computer programs
employed in the numerical studies of this dissertation. These

include three proprotor programs:

PRSTAB6 - Proprotor/Pylon Staebility
HFORCE1l -~ Proprotor Force and Moment Derivatives

ROTDERL - Proprotor Flapping Derivatives

and two computer "packages" for natural mode vibration analysis,
each "package" consisting of an assembly of programs executed

sequentially with disc communication between them:

DSTIFF/BJD5 - Vibration Analysis by & Direct Method

COSMOS/MODALC/BJD5M -~ Vibration Anslysis by Component Mode Synthesis

A sample input is included with each of the programs.

The programs are written in FORTRAN IV for the CDC 6000 series
computers with the Langley Research Center version of the SCOPE 3.0
operating system and the RUN compiler.

The author takes this opportunity to again acknowledge the

programming assistance provided by Barbara J. Durling®* and

# Structursl Mechanics Branch, NASA-Langley
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Robert N. Desmarais.* In addition to providing consultative services
several subroutines from their personal computer program libraries
were made available to the author for use herein. Specifically,
computer program BJDS5 and subroutines WMIXC, FREQ, and ZEROM used
in the computer package for natural mode vibration anaslysis by the
direct method were written by Barbara Durling. Program BJDSM and
subroutine ALLEIG represent modifications of BJDS by the author for
use in the computer package for natursl mode vibration analysis

by component mode synthesis. The subroutines WMIXC, FREQ, and
ZEROM were also employed in this latter assembly of programs. The
function subprogram CIRC for evaluating Theodorsen's Circulation

Function in program PRSTAB6 was written by Robert Desmarais.

¥ Aeroelasticity Branch, NASA-Langley
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PROPROTOR/PYLON STABILITY

PROGRAM PRSTAB6(INPUT,DUTPUT,TAPEL,TAPE2,TAPE 3, TAPE4.TAPES=INPUT)

e ek e ok e ok ek R dok gk Aok o e ok ok ol ik ok o e ke e e Aok o e ol ok ok 8k ook ek ik sk ek e sk ok ol ik o ke ook ok ok

R B N BE SR B BE N CEE OB SR CBE L N B AE BE A

YOOI NANON

[aNalal

[aN el [aEaNe]

1
2

.DIMENSIDN IPIVOT(8) o INDEX(84+2), INTH(16+2),VKNOTS(60),.FREQ(20),

1

THIS PROGRAM FORMULATES THE LINEAR EIGENVALUE PROBLEM
FOR THE DETERMINATION OF THE FLUTTER MODES AND
FREQUENCIES OF AN ISOLATED PROPROTOR/PYLAN SYSTEM. THE
MATHFMATICAL MODEL ASSUMES A RIGID PYLON HAVING THREE
TRANSLATIONAL AND THREE ROTATIONAL DEGREES OF FREEDOM
ANO A RIGID-BLADE GIMBALED ROTOR HAVING TIP=PATH=-PLANE
FREEDOOMS IN PITCH AND YAW. THE PROPROTOR 1S TAKEN TO
BE FULLY CONVERTED FORWARD,REPRESENTING A HIGH=SPEED
AIRPLANE CRUISE MODE OF OPERATION. EITHER THEQDJRSEN
UNSTEADY AERCDYNAMICS 3R QUASI-STEADY AERQDYNAMICS

MAY BE EMPLOYED FOR THE DISTRIARUTED BLADE LUADING.,
BECAUSE THE RESULTING EQUATIONS CONTAIN NONPROPORTIONAL
DAMPING, THE N EQUATINNS OF SECOND ORDER ARE TRANSFORMED
TO AN EQUIVALENT SEY OF 2N FIRST OQRDER EQUATEIONS IN
ORDER T0O REDUCE THFE MATRIX EQUATIONS TO STANDARD
ETGENVALUE FCRM.

Aok ek ke kol e ke ofe ko ok ok ool ol e ale Ak o s ok e 0 ek ok ol ajeak ok A o o ok Aok deok kol ok Al ok Kok ek ok & ok ok R Kk

KASE=1 <=TPP PITCH AND YAW AND PYLON PITCH AND YAW

KASE=2 ~PYLCN PITCH AND YAW

KASE=3 =~TPP PITCH AND YAW

KASE=4 <«PYLON PITCH,YAW,AND VERTICAL TRANSLATION

KASE=5 =TPP PITCH AND YAW AND PYLON PITCH,YAW, AND
VERTICAL TRANSLATION

KASE=6 =TPP PITCH AND YAW AND PYLON PITCH

KASE=7 =TPP PITCH AND YAW AND PYLON PITCH,YAW,
AND AXIAL TRANSLATION

KASF=8 =TPP PITCH AND YAW AND PYLON PITCH,YAW,
VERTICAL TRANSLATION AND AXTAL TRANSLATION

KASE=9 =TPP PITCH AND YAW AND PYLON VERTICAL TRANSLATION

T AERO=]1 ~THECDORSEN UNSTEADY AEROCYNAMICS
1 AERO=2 —QUASTI-STEADY AERODYNAMICS
T AERO=3 ~NO AERODYNAMICS (SOLUTION GIVES NATURAL MODES)

IMACH=]1 —PRANDTL-GLAUERT MACH NUMBER CORRECTION

TMACH=2 =~MACH AND COMPRESSIBLE FLOW ASPECT RATIO CORRECTIONS

IMACH=3 =NO CORRECTIONS

IDAMP=]1 =VISCOUS STRUCTURAL DAMPING EMPLOYED FOR PYLON/WING
I1DAMP=2 -COMPLEX STRUCTURAL DAMPING EMPLOYED FOR PYLON/WING

CCMPLEX BM(B8+8)+BCIB+8)oBKIBsBIyH(16916),W(16516).LAMBDALL6) DET,

A{B+8)sB(8+8)sP(L16),Q(16)+,AS(16416)+CoAT(164+16),
POR(16).,AST(16,1T)

TU16+93)1,U(868).TT{8,8),IR(B),RQ(B),FREQL(20)

REAL MACH

*
*
*®
*
*
*
*
*
*
t
*
*
*
*
*
*
%
*
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8999
1000

1010

1009
10290

6

10

600

COMMON HEADL(12)

DIMENSION 7416}
COMMON/UNSTDY/SUM(1603¢S eHSQeMACH Ry BCHs VEL.FREQL 11+ I AERQ, [MACH
COMPLEX A1,A2,A3,A4,A5,B1.,82,83

EXTERNAL AERQO

NAMEL IST/ROTOR/NBoRI osRYUoBUe PRECONE)HL yH2 4Ry BCHe DEN, DENSL o

1 AQ,DELTA3, HSLONG+HSL AT ;HOLONG, HDLAT s REF ¢ SWPLONG,

2 SWPLAT EPSTLON,TD, VS
NAMEL IST/PYLON/PM, PIROLLPIPITCH,PIYAW,HB1,HR 2, PSROLL ,PSPITCH,

PSYAWPSXe PSYs PSZ,POX,PDY,,POZ,PDROLLWPDPITIH,
PDYAWCB WEMZ

READ 1000,(HEADL{IYeI=1,12)

IF(EOF+.518998,8999
FORMAT(1H1//* PROGRAM PRSTAB6 STOIPPED ON (EOF,5)%)
CCNTINUE
FCRMAT(8A10)

READ 1010.KASESNFREQ.NVEL +1AERD, IMACH,IDAMP
FORMAT(2014)

READ 10204 (FREQ(I)+I=1+NFREQ}

READ 1020 (VKNOTS(L1,1=1,NVEL)

READ 1009.€TAL.ETA2,INC
[F{TAERD.EQ.1) READ 1020, (FREQLII )+ I=1,NFREQ)
FCRMAT{2F10.4,110)

FCRMAT(B8F10.4)

READ ROTOR
READ PYLON
RI=(NB%BI}/2
HDLONG=HDLONG*2*SQRT{RI*HSLONG)

HOLAT=HDL AT#24%SCRT{RI*HSL AT )

[F(IDAMP.EQ.1} GO TQ 5
PGX=24#PNX $ PGY=2%PDY $ PGZ=2%PDZ
PGPITCH=2%PDPITCHr $ PGYAW=2#PDYAW $ PGROLL=2%PDROLL
PEX=PDY=PDZ2=PDPITCH=PDYAW=PDROIL=0.0
CO TO 6
PCX=PGY=PGI=PGP ITCH=PGYAW=PGROLL=0,0
PCX=PDX*2 #SQRT( (PM+RM) %P S X)

PCY=PDY %2 #SQRT{ { FM+RM) %xPSY)
PL7=PDNZ*2%*SORT({FM+RM+WEMZ)%*PSZ )
PDPITCH=POPITCH*2%SQRT{ (RME{HL*%2 )} +PIPI TCH+PM*(HR [ %x%2)

1 +PMA(CB*%2) ) %xPSPITCH)
POYAW=PDYAW*2*SQRT { (RM*(H2%%2 ) +PI YAW+PMR(HB2%*2 ) ) %P SYAW)
PDROLL=PDROLL*2ASQRY ( (NBBI+P [ROLL +PM*(CB*%2) }%PSROLL}
CONTINUE
RiJ=(NB*BU)/2
NDELTA3I=DELTA3/57.2957T795130823
EPSILON=EPSILON/57.2957795130823
PRECONE=PRECCNE/57.2957795130823
IF(IAERD.EQ.3) DEN=0.0
GAMMA={DEN*AO*BCH*(R*%*4) ) /B1
RB=REF*R
CC 500 Il=1,NFREQ
AF=FREQ(IT)

FRFQUIIN=(6.28318531%FREQ(IT)1}/60
IF(IAFRO.EQ.L1) FREQL(II}=6.2831853L%FREQLIII)
N0 500 J4J=1,NVEL

Co 10 I=1.8

b0 10 J=1.8

BM(1,J)=0.0

BC(TI+J)= 0.0

BK{I,J)= 0.0

DN -
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AN(1411=BM(242)=BM(3,3)=RM+PM § BM(4,4)}=BM({5,5)=R1
BM{3¢3)=BM{3,3) +WwEMZ

BM(6+6)=NB2RI+P [ROLL +PMR(CB*%2)
BM(T.7T)=RI+RM#(H1*#2 )42 . %RUKPRECONE*HL¢PIPITCH+PMH( HB L *%2)

BMUT o 7T)=BM(7,7) +PME((CB%%2 )
BM(8,8)=RI+RM¥(H2#%%2 )42 ,%RU*PRECONE®H24P I YAW#PM*( HB 2%%2 )
BM(245)=RU*PRECONE $ BM(2.:8)=RMRH2 +RUXPRECONE+PM*H{B2

BM(34 4)=-RU*PRECCNE $ BM(3,7)==RM*H1~-RU*PRECCNE=PM*HB]

BM(4, 7)=RI+RUXPRECONE®H] § BM(5,8)=RI+RUXPRECONE*H2
BM(542)=RM(2,5) $ BM(T«3)=BM(3,7) $ BM(T,4)=BM(4,7)
BM{B,2)=BM(2,8) & BM(8.5)=BM{(5,8)

BM{le 7)=BM(Ts1)=~PM2CB

VEL=VKNOTS{JJ¥/.592

MACH=VEL/ VS

S=VEL/(FREQ(ITI}*R)

HSQ=S%%2

PHI=ATAN(VEL 7/(FREQUIT)*RB )]}

IF{IAERD.EQ.3) GO TO 11

CALL MGAUSS(ETALLETA2,INC.SUM,AER(,2416)

AL=CMPLX{SUM(9)oSUM(10)) % A3=CMPLX(SUM(3),SUM(4})
AS5=CMPLX{(SUM(S)SUM(6)) $ BL=CMPLX(SUM(T),SuM(8]))
B3=CMPLX{SUM{ 1) .SUM(2)) & B2=CMPLX{SUM(11),SUM(12)}))
A2=CMPLX(SUM(13),SUM(14}) $§ A4=CMPLX{SUMI15),SUM(16))

CFM= SEGAMMAX(FREQ( 11 )%%2 )xR]

CFH=CFM*%S /R

CFMR=CFM&S*PRECCNE

IF(IAFRO.NE.3) GC TO 12

A1=A2=A3=A4=A5=81=82=83=0.0

CCNTI NUE

BC(L.1)=TD*( (GAMMA*RI*FREQUIT }*A3)/(R**2) }+PDX
RC(2,4)=BCL2,7)=CFH*A3/FREQUII)

BL(2:2)=CFHRALIRS/{FREQ{T1 )*R )} +PDY
BC(2¢81=CFHEALXS*H2/(FREQ(IT)*R)
3C13,3)=CFHRAL*S/(FREQUTII }*R})+PDZ

RC{3,5)=BC(3,8)=CFHXAB/FREQ(II) $ BC(4+4)=CFMeAS/FREQUIT)+HOLING
BC(3, 7)==~CFH*AL%xS*H]1/(FREQ(II)*R}
BCl4s7)=CFM*AS/FREQUITI+CFMBRA2*HLIXS/{FREQ(IT)*R)

RCL4 0 2)=CPMRASRS/(FREQUITI* R}

BC(4+8)=2 . %RI*FREFOUTT)+CAMEAIRSHH2/ (FREQIIT)I*R)~-CFMB*AG/FREQ(IT)
BC(4+5)=2.%RI*FREQ({IT1)-CFMBR*A4/FREQ(IT]}

RC{4.3)=~CFMB*A2%S/ (FREQUIT)*R) $ BC(595)=CEM*AS/FREQUIT}+HDLAT
BC(5,8)=CFMxAS/FREQUII)+CFMBRA2%SxH 2/ (FREQIIT }1*R)
BL(5+3)=CFM%A3*S/(FREQIUITI }*R)} § BC(5¢2)=CFMB*A2*S/{FREQ(IT}*R)
BC(S5, Ti==2.%RI*FREQUITI-CFM*AIRHLI*S/{FREQ(ITI*R }+CFMB*AG/FREQ(IT)
RC(S544)==2.%*RI*FREQ(II)+CFMB*A4/FREQ(II) $ BC(7+4)=CFMXAS/FREQLIT )
RCU6+ 1 }==(GAMMA*RI*FREQ(TII)*S*A3)/R § BC(6,6)=PDROLL

BC(To T)=CFMxAS/FREQUIT)+CFMBRARHLI*S/(FREQITII*R)+CFH*AL*S*H1*HL/
1 (FREQ(ITI®*RI4POPITCH ¢ BC(7+2)=CFMAA3XS/(FREQUIT)}*R)
BC(T+8)=2.#RI*FREQ( I T )¢ CFMRABRSHH2 /(FREQUIT ) *R)-CFMA%XAG/FREQIIT )}~
|1 CERH*A3*hL/FREQ(IL)
BCU{T+5)=2.%RI*FREQIIT)=-CFMBXA4G/FREQ(IT)=CFH*AIXHL/FREQ(II)
BC(T+3)==CFMB2A2#S/ (FREQUIT }*R)-CFH*AL*S*HL/(FREQ(TI)*R)
BC(B,5)=CFM*AS/FREQIII} & BC(843)=CFM*A3%S/{FREQ(III*R)

RC(B, B8I=CFMRAS/FREQ(IT)+CFMB*A2%SkH2/(FREQ(IT )*¥R)+CFHEAL*SeH2%H2/
1 (FREOQ(IT)*R)+POVAW

BC(B,y T)==2. %R IXFREQ(II)=~CFM*A3xH]1%S/(FREQ(IT)*RI+CFMB*A4L/FREQ(IT)
1 +CFHEATXH2/FREQ(IT)

BC(B+4)==2 . ¢RI*FREQ(ITI+CFMB*ASL/FREQ( I ) +CFH®A3XH2/FREQ(IT}

RC(Bs 2)=CFMB*AZ2*S/(FREQUII)*R ) +CFH*AL®S*H2/ (FREQ(II ) *R)
BK(1al}=CMPLX(PSXsPSX®PGX) $ BK(2,2)=CMPLX(PSY,PSY*PGY)
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BRA293)=0 ¥PLXUPSLyPSZEDPGL) $  BK{Ls6)=CMPLX(PSRTLL,PSROLLEPORNLL)
BR(244)=T FHEF LXTAN(OELTAZ) & RK(2,9)=CFH%A3

PKL248)==C FH*HSO*AL+C FHESYPL AT#*RLXCNSIEPS TLSY)

PR35S h=CFHRRIxTAN(DELTAS) & BK{2,7)=CFH®SAFLONARSTINGEPSTLON) %121
RK(39 7 )=C FHRALZHSO=CAH®R_*SWPLIMGRCAQSIEPSTLAN) & BKI3,4)=-CFH%A3
BK(348)=CFHERP L7 SwPLAT®SIN(EPSILNN)
BR4y&)=HSLIMNGHCFMRB3IRTAN(DEL T23) +CFMA%A4L 5 BK(4,8)=—CFM%A3%HSQs
1 CFMARIUSWDLATHCCS{EPSTLAM J—CRMR%¥A 2% SHOLLTASINIEPSILNAN)

PR 495)=CFMRAS-CFMB%A32%TAN(DELTAS)

EK{ Ay T)=CrMeRTASWPL NG SINIEPSTL P NI~CFMREA KL SO+ FARKSWPL UNGR B2 *
1 COS{eEPSILON)

RK{595)=HSLAT# FM&s3xTAN(UELTA3) +CFMB2ASL

FK{5y4)=—C FMEAGSHCFMEBAR2XT AN(DELTA3)

BRK{S ¢ T)=r F*AIEHSQ-CF MRB3XSWPL INGRCOS(EPS ILCN) #CRVRER2ASHPLING X

1 STMHIEDPSTLIND ¢ 2K(S8)=C FMRRIXSWPLATXSIN(EPSILCHN)~CFUR%
2 LIXHSQ+CFMRRA2ASWELATRCNS (EPSILAN)

KEK( Ty )=l FMERIXTAN(OELTAZ) $CHMARAG+CFH%A3 %H]

AK( 745 )= FMRAS—CFMRAXB2xTAN(OELTA3 )~CFH*BL *H1*TAN(DELTAZ)

BKAT 9 T)=CMTLX(OSPITCHA 4P SPITCHAPGP ITCH) +CEMRRARSHELONT S TH{EPSILON)

1 =CFMBH A 2%HSQ+CF MR XSWPLONG*B2%COS{EPSTLON)-CFRHERALRHSO®HL +
2 CE AP )% SWPL INGFHLACNS(EPS ILON)

RE(T48)=C rMARIxSWP L AT CS{EPSTLON)-CFMBRR2ESWPLAT*SIN(EPSTLUN)=-CFH
1 *¥B1ASWPLATRHLASIN(EPS ILON )-CFM%A3 %xHSQ

BK{8yS5)=(FMRRIXTAN(DELTAZ)+CFMBxAL+CFHZA3 RH2

PK{B 44 ) == FMEASACEMBRR2RTANIOELTAZ I 4CFHER LXK 2ETAN(DELTA3)
BK(ByT)=r FURL3XHSO4LF 4%31 ¥ SWP LANG#H2%SIM{ EPSTLIN)~CFU%R3%
1 SwEINNGRCIS{FPSILONI+CFMR %3 2%SWPLONGRSIN(IEPSILON)
RK{B98)=CMPLX(PSYAW, PSYAWREGY AW )+ CFMERBIXSWPLATH*SIN(EPSTIL N )-CFMA
1 AZEHSQ+CFMBRH 2% SWPLAT*COS{EPSILON) ~CFHAAL *HSD&H2
2 FOFHERLASWPL AT%H2%COQS(EPS ILON)

FEWIND 1

FEWIND 73

WRITECL)((RM(T,4J)yJ=1+8),1=1,8)
WETTECLY ({87 (1 sd)ed=198)s 1514 8)
WPITELL)((RK(T )y J=14B8),1=1,8)

G 8 I=1e9

cC 8 J'-'l,ﬂ

U{Ted)=0.0

o 9 I=198

L IyT)=1.0

GE TN(21922923424¢25926927928929)KASE

NDF=4

IR(1)=4 ¢ IP(2)=5 § I%(3)=7 & 1R(4)=8

GO TO 30

ANDF=2

ir{1)=7 s 1F(2)=8

¢Oo 17O 39

NDF=2

R{1)=4 % 1IK(2)=5

GC 10 30

NDF=3

IR(1L)=3 & IP(2)=7 & IR(2)=8

GC T0 30

NDF=5

TR{1)=3 ¢ IR{2)=% ¢ [R{(3)=5 & 1IR(4)=7 ¢ IR(5)=8

GO T0 30

NQF=3

IR(1)=4 & IR({2)}=5 % IR(3)=7

GC T0 30
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271 NDF=S
IR(L)=1 ¢ IRt2)=4 $ [R(3)=5 % [R(4)})=7 s [R(5)=8
GO TO 30
28 NDF=6
IR{1)=1 &6 TR(2)=3 ¢ IR(3)=4 $ [R(4)=5§ IR(5)=7 ¢ IR(6)=8
GO TD 30
29 ND#=3
IR(1})=3 ¢ IR(2)=4 ¢ [R(3]=5
GC T 30
30 CCONTINUE
£C 50 KK=1.NOF
I=1R (KK}
DO 50 J=1,8
50 TTIKK,J)=Ul1.,J)
REWIND 2
CC 330 I=1.NDF
330 WRITE(21(TT(1,J3¢J=1+8)
REWIND 1
£Q 333 KL=1,3
READ{(LI{(BM(Ied)+J=1+8)41I=1,8)
RFWIND 2
£C 331 J=1.NDF
READ(2)}(RO{1),1=1,8)
nC 3371 1=1.8
BC(le¢J3}=0.0
NC 331 1J=1.8
331 ABC(LJ)1=BCOI JI+BMII,TJI%RQLT Y}
REWIND 2
B0 332 I=1.NDF
READ{2)(kQ(JDsJ=1,8)
DC 332 4=1,.NDF
8M(I,J1=0.0
DC 332 1J4=1.8
332 BM(I1.J)=BMUI.J)+RQELII*BC(L1J,J)
WRITE(IV((BM(I,0)eJ=1,NDF )¢ I=1,NDF)
333 CCNTINUE
REWIND 3
READ (3} {(BM(1.J)sJ=1,NDF)}+I=1,NDF)
READ{3X((BC(I4J)eJ=1:NDF),1=1,NDF)
READ(3I((BK{T43)eJ=1oeNDF)oI=1,NDF)
NDFT2=2%NDF
CAMLL EIG2N(BM,BC+BK +NDF.NDFT24W,L AMBDA)
DC 13 I=1.NDFT2
T(I.1}=AIMAG(LAMBDA(]1))/6.28318530717959
T(I.2)=tT{T1+1)%60.)/AF
IF{AIMAGLLAMBDA(T)} ) .EQ.0.0) GO TD 13
T{ly3)=(REAL(LAMBDA(T))/ABS{AIMAG(LAMBDA(I))) )*100.
13 CCNTINUE
PRINT 1014.HEADL
1014 FORMAT(LHL//12A10//77)
VKEAS=VKNOTS(JJI*SORTIDEN/DENSL)
AR=3,14159265358GT9*VEL /{FREQU(II)*R)
PHI=PHI*5T7,.295717165130823
TF(DEN.NE.O.0) GC TO 1015
VEL=VKNOTS( JJ)=AR=PHI[=0.0
1015 PRINT 1013
1013 FCRMAT(1HO,3X*ROTOR RPM%,28X,*VELOCITY #, 27X, *ADVANCE RATIOX*,
18Xs*LOCK NUMBER*,9X,*INFLOW ANGLE®/ /26X ¢*FT/SEC*411Xs*KNOTS*,
213Xe XKEAS®, LTXy %)% 39X %P HI %/ /)
PRINT 1012,AFVELs VKNOTS(JJ )} VKEAS AR ¢GAMMA , PHI
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1012 FORMATUIXsF1549,6X4F19.8,2XKsF19.8¢2X5E15.8,5X401%.8,5%X.E15.8,
LoXsF15.8/7/7771)
IFIKASE.FQ.2) GC TO 123
TF{HSLONG JNELHSLAT) GO TO 123
SAVEL=1.0+HSLONG/(RI*FREQ(IT ) %%2) ¢, 50%GAMMA*B 3% TAN( DELTA3}
[F(SAVEL.LT.0.0) GO TO 123
RFF=SQRT{SAVEL)
ANR=25%GAMMAXAS JBFF
PRINT 1016+.BFF.BLCR
1016 FCRMAT(1X.43Hex%% BLADE FLAPPING FREQUENCY(CYCLES/REV) =,F10.3,

1 20X, 38H*x%%x BLADE DAMP ING(PERCENT CRITICAL) =,F10.37//7)
123 CONTINUE
PRINT 1011
1011 FNRMAT(LLX,*SYSTEM EIGENVALUES#*,28X ¢ *FREQUENC Y* 24X 4 *DAMP ING*///
1 BX o #*REAL® 12X % IMAGINARY*, L TX,*CPS*, 13X, *CYCLES/REV®,
2 10Xs *PERCENT CRITICALX)

PRINT 1040+ (LAMBCACTI)2(TUI+Jd)5d=14+3),1=1,NDFT2)
1040 FORMAT(//(2X+E1548+%XeE15.898XsE15.8+4X+E15.8+8X,E15.8))
CALL WCM{W.NDFT2,NDFT2)
500 CCNTINUE
GO TD 1
8998 PRINT 8997
END

SUBROUTINE EIG2N{BMyBC,BK ¢NsNT2,W,LAMBDA)
COMPLEX BMIB8+8)+BC{8+8)+BK(8¢8)4H(L16,16),W(16+16),LAMBDA(LG6),DET,

1 A(Bs8)eBI(848)+P{16):0(16):AS(16:16)+CsATI16416),
2 PQRIL6) AST(164+1T7)

CIMENSION IPIVOT(8)«INDEX(Be2)y INTH(16,2) VKNOTS(20).,FREQ(20),
1 T16+43)4U(8e8),TT(B,8),IR(8),RO(8)

INTHOL,1)=NT2 & INTH(2,1)1=NT2
CALL CXINVIBMIN.C+0,0FET. IPIVOT, INDEX, 8y {SCALE)
CALL CMULT(BM,BC.A.N)
CALL CMULTIBM.BRK,ByN)
CC 20 I=1.N
CC 20 J=1.N
Allod)==Al1,J)
20 B(led)==R{1,J)
CD 50 I=1.N
DO 50 J=1.NT2
50 F(1+33=0.0
DC 55 I=1.N
J=N+1
55 F(1.J)=1.0
MN = N+l
CC 60 I=MN,4NT2
K=l=N
BC 60 J=1,N
60 F{leJ)=B(KoJ)
0C 65 1 = MN.NTZ2
K=J=N
DO 65 J = MN,NT2
L=J=-N
65 H{l.J)=A(K,L)
CALL CEIG(HoLAMBLAINT2,16+PoQyPQRAST W ,NT2)
RFTURN $§ END
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SUARQUTINE CMULT(A,B,C,N)
CCMPLEX A(8+8),B(8.8),C(8,8)
0C 10 I=1.N

N0 10 J=1,N

Cll.J}=0.0

0C 10 K=1.N
CALaJ)=CLLsJI+ALTKI*BIK, J)
RETURN $ END

SUBROUTINE WCM{A.NR,NC)

CCMPLEX A(16,.16)

COMMON HEAD1(12)

KE=0

KSFT=NC/4

KLEFT=MODINC 44}

TF(KLEFT.NE.O) KSET=KSET+1]

DO 10 KT=1,KSET

KB=KE +]

KE=KE +4

IFIKTLEQ.KSET) KE=NC

PRINT 5001.HEADLs(JsJ=KB.KE)

FCRMATULHL//12A10// /71X, % SYSTEM EIGENVECTORS *//710H ROW COL.BXy
1T4¢3026XT14)/7 710X %REALK Xk IMAGINARY#*, 3{ 8X,*REAL *, X, * [IMAGTINARY*)
2//7)

CC 10 TI=1.NR

PRINT S002¢14{A(IsJ)+J=KR,KE)

FCRMAT(I4,.,8E15.7)

RETURN

FAD

SLBROUTINE AERO({X.Z)

CIMENSION Z2(16),FREQL(20)
COMMON/UNSTDY/SUMI 16195 eHSOeMACH, Ry BCH, VELFREQL, [ 1, [AERQ. IMACH
CCMPLEX CIRC+Co CONST

REAL MACH

IF(TAERN.EQ.2) GO TO 91

RFREQ=FREQL (I 1) *RCH*S/{ 2% VEL*SQRT(4SQ+X*%2))
C=CIRCIRFREQ.F,G)

GC TN 92

C=(1+0+0.0)

[FOIMACH.EQ.1) CCMCOR=1.075QT{1.0=((MACH*%2/HSQI®(HSQ+X%%2)))
IF{IMACH.EQe2) CCMCOR=R/(2,*BCH+RASQRT(1e={ MACHXX2/HSQ) ¥
1 (HS Qe X%%2}) )

IF(IMACH.EQ.3) CCMCOR=1.0

CCNST=C*CQOMCOR

PC=SORT{(HSO+ X%*%*2)

7(1)=REAL (CONSTR({X%%2}%PQ) $ Z(2)=AIMAGICINST®(X*%2)%*PQ)
Z(3)=REALICONST*(X%%2)/PQ) ¢ 7(4)=AIMAG(CONST*(X%%2)/PQ)}
7(5)=REALACONST®{X%%4)/P0Q) $ Z(6)=AIMAGICONST*{Xx%4)/PQ)
7(T)=REAL (CONST*PQ) & 7Z(8)=AIMAG(CONST*PQ)
7{9)=REAL(CCNST/PQ) & Z(10)=AIMAG(CONST/PQ}
7(11)=REAL(CONST*X%PQ) $ Z(12)=AIMAG(CONST*X%PQ)
7(13)=REALICONST*X/PQ) $ Z2(1l4)=AIMAG(CCAST*X/PQ)
Z(15)=REAL(CONST*(X*%3})/PQ) $ Z{16)=AIMAGICONST*(X%*3)/PQ}
RETURN $ END
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COMPLEX FUNCTIUN CIRCI(XoF+G) $ REAL JOyJ1l $ COMPLEX DePyrkys CSQRT
CUMP ILATION FIELD LENGTH IS 36300. SUBPROGRAM LENGTH IS 504.
DATA PIyGAMMA/3.14159265358979,.577215664901533/
IFiXelTalaE~4) GO TO 2 § IF(X.GTe20) GO TO & $ Z=2/X
A=GAMMA-ALOGEL) $ N=1.3+.75%SQRT(X€{(X+28)) $ K=N+#1 $ S=-(-1)%=N
JL=Y1=0 $ JO=1.E-100 $ YO0=—5%JO/K $ DO 1 I=1,N $ K=K~-1l
JI={2%K#2)%72%40~J1 $ YI=Y1+#S%¥(2%K+1)*J1/(K*{K+1l.))
JO={2%K+1)¥2%J1-JU0 $ YO=YQ+5%J0/K
I 8=~5 $ J1=2%7%J0-J1 $ JO=.%J1-J0 $ YO=A*J0+2%Y0
Y1=—JO/X+(A—1)¥J1+Y1l $ Jl=.5#P[%J1 $ JO=.5%PI*J0
D=CMPLXIYOsJO)/CMPLXI(YLsJLl) $ CIRC=1/(14(Je9sl.)*D) $ F=REAL{CIRC)
G=AIMAG(CIRC) $ RETURN
2 IF{XeLEaQ) GU TU 3 $ D=GAMMA+ALOG(.5%X)#({0.s.5)%P]
D==X*¥D/{1-(0-1)*%.5%X*X) $ CIRC=1/({1+(0.91.)%0) $ F=REALICIRC)
G=AIMAGI{CIRC) $ RETURN
F=1 $ G=0 $ CIRC=UMPLX(F»G) $ RETURN
W= (Depde )X $ N=120/S5ARTIX) $ P=.5%(~1+CSARTIL+4*¥N/W)) $ N=2%Ne¢]
N=N—-2 & P=N/(WtN/(L1+P)) $ IF(N.GT.1l) GO TO 5 $ CIRC=1-.5/{1+P)
F=REAL(CIRC) $ G=AIMAGICIRC) $ RETURN
END COMPLEX FUNCTICN CIRC

LS SN

PROPROTUR STABILITY CURRELATION — LANGLEY TOT TEST 139 - RUN ND.3
PYLON YAW UNLOCKED (298 RPM)
8 L 21 2 3 2

298,

100. 140. 140. 160. 180. 200. 220. 240,
260. 280, 300, 320. 340. 360. 330. 400.
420. 440. 460. 480. 500.

.12 1.0 10

$SROTOR NB=3,81290049RM=45498U=13849PRECONE=3¢941=6.92)H2=6.92:R=19.25
BLH=1.929)DEN=.00222¢yDENSL=4002227A0=5.85¢DELTA3=-22.5 yHSLONG=0.0,
HSLAT=0e0 9 HDLUONG=0 «0 sHULAT=0,0sREF=o75y SWPLUNG=04+ 0, SAdPLAT=0.0,
EPSILUN=0409TD=1.09V5=1116.0%

SPYLON PM=84.2+PIR0OLL= 0.0 +PLPITCH=845.,PIYAN=845.94B1=22.394HB2=2.39,
PSRULL=0.0,PSPITCH=23000004+PSYAW= 5000000, sPS5X=423004,P5Y=0.0¢
PS52=25200e sPDX=2013,PUY=0.0+P0L=.013yPDROLL=0.0:PDPITCH=.013,
PUYAN=.0139CB=1a10sWEML=5.3T$
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PROPROTOR FORCE AND MOMENT DERIVATIVES

FROGRAM HFORCEL{ INPUT,OUTPUT , TAPES=INPUT)

Feok e e e e e ok o Tk e ok o e ok o A o ol e o e sk e el o S oo o o o o e e e ik e e ok ok o e o e o ol o o o e o ok e e o X e e e e ok e ke e e ok o

*
%*
&
%*
*
*
%
*
*
*

8307
8999
1000

1010

1320

THIS PROGRAM CALCULATES YHE DYNAMIC FRCPRUTOR FORCE
AND MCMENT DERIVATIVES ARISING FROM SINUSOIDAL

PITCHING OSCTILLATICNS OF THE PYLON.

THE RIGID-ELADE

AND YAW AND PYLON PITCH DEGREES OF FREEDCM. A QUASI-STEADY
AERCDYNAMIC THEUORY IS EMPLOYED FOR THE OISTRIBUTED

BLADE LNADING.

*

*

*

*

MATHEMATICAL MODEL EMPLOYED HAS TIP-PATF=PLANE PITCH *
£ 4

*

*

£ 3

a*
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COMPLEX A(242),R{2)+DET,HZ(BO),AY(80),MY(8B0),MZ(80)
DIMENSION HEADL(12),RPM{20),VKNOTS(20),FREQ{B0),IPIVOT(2),T(80,3),

INDEX(2:¢2) 3 TT(80,4),TU(B0,y4)

NAMELTST/ROTOR/NB,BI,BU+PRECONEyHL14RyBCHyDEN,AOyDELTA3,HSLONG,

HSLAT, SWPLONG,EPSILON

NAMELIST/PYLON/PHIYO
READ 1000, (HEADL(TI),I=1,12)
IF{EDF,5)89%8,3999

FCRMAT (1H1//%* PROGRAM HFCRCELl STOPPED ON (ECF,5)%)

CONTINUE

FORMAT(8A10)

REAC 1010,NRPM,NVEL 4NFREQ
FORMAT (2016)

READ 1020, (RPM{T),1I=1,NRPM)
READ 1020, (VKNDRTS(I},1=1,NVEL}
READ 1020,(FREQ{I),I=1,NFREQ)
FURMAT (RE10.4)

READ 1020,FTAL,ETA2

READ ROTOPR

RFAC PYLON

RI=(NRXRI}/2

FU={NR%BUY)/2
DELTA3=NELTA3/57.2957765130823
EPSILON=FEPSTLON/57.2657765130823
PKECONE=PRECONE/57.2957795130823
GAMMA={ QENZAQXRCH%*(R¥%4)} /81
PA=PHIYO
PHIYO0=PHIY0/57.,2657795130823

0C S00 II=1,NRPM

AF=RPM{IT)

RPMUTT ) =(F.2831R8531%RPMIIT))/50
N0 500 JJ3=1,NVEL

DC 490 KK=1,NFREQ

BF=FREQ (KK)

FREQIKK )=FREQIKK)*RFM(T T}
T(KK,41)=BF

TIKK,2)=FREQ(KK)/£€.28318530717959

T(KK 43 )=FREQ(KK)
VEL=VKNCTSU 1) /.592
S=VFL/{RPM(ITI*R)



450

W
W

103¢

608

FSQ=S%%2

WW1=SQRT{HSQ+ETAL**2)

WW2=SQRT(HSQ+ETA2%%2)

FO=ETA2%WW2-ETAL*WW1

A1=ALNGI{ETA2+4WW2)/(ETALEWWL) )

A2=WW2—-WW1

A3=.5%({PQ-HSO*A1)

A4=(1e/3 VHIWW2%%I~WW 1% %3 )-HSQ*(WW2-WHW1)

A5=.25% ({ETAZR#3)kWW2~(ETAL*%3 )*WWL)={34/ 8. ) ¥HSQ* {PQ-HSC*AL)
Bl=S%(PQ+HSO%*AL)

P25 {lo/3e )X {WW2¥E3-WHW]%%3)

B3= . 25%(ETA2HWW2%% 3-ETA L hWl*%3) = (1. /8. ) *HSQ*(PC+HSQ*AL)
CFM= SEGAMMAX (RPM(T] ) %2} *R ]

CFH=CFM=%S/R

(FMB=CFMxS*PRECOME

FS=FREQIKK)*%2

£{1y1)=CHPLX{=P IXFS+HSLINGH+CFMEB3IXTAN(DEL TA3) +CFMEXAL,

1 FREQUKK) #CFM*AS/RPM{TI)})
Al192)=CYPLX(CFEMEAS-CFURXB2%TANIDELTA3) yFRECIKKI* (2% I*FPMIT])
1 ~CEMBEAG/EPM{TT ) )

A(Zy1)=CMPLX(—CFM*A5+CFMB*HZ*TAN(DELTA3),FREQ(KK)*(—Z*Ri*RPM(II)
1 +CEMBEAL/ROMTITI )
AIZ'Z)=CMPLX(—PI*FS+HSLAT4CFM*83*TAN(DELTA3)+CFM8*A4v

FEED(KK)RC FMAAS/RPM{TIT)})
P(1)=CNPLX((FS*(FI+RU*PRECCNE*H1)—CFM*B3*SWPLONG*SIN(EPSILON)
+CEMRENSOXA2—CFMBR B2 %SWPLONG*CCS(EPSTLOND ) %¥PHIYOD,
~FREQ(KK)®PHIYOX(C FM¥AS/RPM{TIT Y +CFMBRSHA2%H]L/
(FPM(IT)I%R)I) I
F(2)=C“PLX((—CFM*HSQ*A3+CFM*SWPLONG*B3*COS(FPSIL”N)—CFVB*BZ*
1 SWELONG*SIN(EPSILON) )% PHIYO,,FREQIKK }#PHIYD*
2 (Q*FI*RPM(II)+CFM#S*A3*H1/(PPM(II)*°)—CFV%*A4/PPM(II))!

CALL CX!“V(A,Z,R,I'DET.IPIVDT,INDEX,21!SCALE)

DET=(0.04 1.0}

FY(KK)=CFH*(—R-*R(L)*TAN(DELTAB)—A3*B(2)—SWPLHNG*P[*SIN(EP%ILON)*

PHIYO)—( FH%DET*AF* A3%(8(1)+PHIYD)

FZ(KK)=-CFH*(",*R(2)*TAN(DELTAS)+HSQ*A1*PH!YO—A3*E(19—SHPL”NG*
1 BI*C"S(ﬁPSILON)*PHIYd)—CFH*DET*(BF*E(2)*A3-BF*S*A1*

2 H1*PHIYQO/R)
“Y(KK)=—CFM*(E3*“(1}*TAN(D&LTA3)+A5*B(2)+SNQLPNG*83*SIN(EPSILON)*

—

W N

1 PUIYO)-CFM%DETH(RF%B{ 1)+BF=PHIYD) *AS+CFMB*(B2%E (2)

2 #TAN{DELTA3) +HSQRA2 4P HIYO—-A4%*B(1)-B2*SWPLONG*COS(EPSILON)
3 #DHTYD) +CFMB%DE T* (BF* B(2) *44—BF%S*A2*H1*P+IYO/R)
NZ(KK)==CFME(83%R(2) ¥ TAN(DELTA3) +HSQ*AIRPHIYD-AS*B(1)-B3%SWPLONG

1 #POGUEDSTLON) #PHI YO}~ CRME DET#( RFXP (2} %A5-BF#S*A3¥HI*PHIYY)
2 JEVHCEMBR(—R2%3 (1 )*TAN(DFLTA3)-A4*B(2)~B2*SHPLONG*
3 S.N(EPSTLONI*PHIY J)I-CFMRADET*(BF#B(1)4BFAPHIYY)

CC 2332 TJ=1,NFPFQ

TTC1Js 1 =T EAL(HZ(II))/PHIYY

TT(1J¢2)=2IMEC(HZ{II) V/(FREQITJII*PHIYO)
TT{IJy3)=FEAL(Y(TJ)/PHIYO)
TT{TJdy4)=ATMAGIMY (IJ) )/ (FREQU TS I*PHIYO)

TUL TSy 1I=FRALIHY(T NI /PHTYD)
TUCTSy2)=ATMAGUHY(IJ) )/ (FRED(TII*PHIYO)
TU(TJ3)=FEALIYZ{IJ)}/PHIYO)

TUC TSy @)= THAGIMZI T M/ (FREQ(II)*PHIYO)
VKEAS=VKMCTS(JJ)I2SORTIDEN/ .00 238)
AR=3,141592653585T9%VEL/{RPM{TT)*%F)

FRINT 103a3,HEADL

FORMAT{1H1//12020/777)

FRINT 103
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1931 FOPMAT(LIHO,3X, #ROTCR RPM&,, 28X, *VELOCTTY*,27X,*ADVANCE RATIO®, 10X,
i *PYLIN PITCH AMPLETUDE®//25X*¥FT/SEC*, 11Xy *KNCTS*,13X,
2 HKEAST ) 17X g% J%y L SX 9y ¥DEGREE S%, 10Xy #*RACTANS®/ /)
PRINT 10324AF,VELyVKNOTS(JJ)VKEAS,AR,PA,PHIYO
1332 FORMAT(IX1EL1SeR35K1EL15eB 12K 9ELS5e8 92X 9EL15e814XsEL15e893X9EL5e842Xy
1 E15.8//7/17)
PRINT 1033
1033 FCRMAT (16X %PYLON PITCH FREGUENCY #*,28X,*ROTGR INPLANE H-FORCEX,
i 14Xy %*H~FORCE DERIVATIVES*////5Xy*CYCLES/REV%X,11X,*CPS*,
2 12Xy *RAD/ SEC* 9 16Xy *REAL %) 11X, *IMAGINARY*, 1CX, *¥H=ALPHA*,
3 Xy ¥H=ALPHA DOT2)
PRINY 1034, (U{T(T9ddad=1s3)eHZ{ID o {TT(I 1K) sK=1,42))41=1,NFREQ)
1034 FORMAT(//(2X9F15.892XyE1543912XsE15+898X+E15+4892XeE1548+2X4E1548
1 2X4E15.8))
PRINT 1035
1035 FORMAT(IHI/16X,*PYLON PITCH FREQUENCY*,28X,*ROTOR INPLANE Y-FORCE*
1 116Xy *Y-FORCE DERIVATIVES®////5X+*CYCLES/REVE, 11X, *CPS*,
2 12X 9 #RAD/SEC*, 16Xy ¥ REAL*, LIX) ¥ IMAGINARY* ) ICX*Y=ALPHA%,
3 TXy*Y=-ALPHA [OT%)
PRINT 10364 ({{T(I4J3)9)=1s3)yHY{LI) o (TUCI K)o k=1,42}),1=1,NFREQ)
1036 FORMATL//(2ZXyE15e8 92X 1E15e892X91E15:B98XE152842XsE15.8B92XyE15.8,
1 2X+E15.81)
PRINT 1C37
1027 FORMAY (LH1/16X,%PYLON PITCH FREQUENCY*,28X,*ROTOR PITCHING MOMENT*
1 eLDXy*PTTCHING MOMENT DERIVATIVES®////5X%CYCLES/REV*, 11X,
2 XCPS# 12Xy *RAD/SEC* 416Xy *REAL* 11X *IMAGINARY%*, 10X,
3 AM=ALPHA%,, TX % M= ALPHA DOT*}
PRINT 1034, (0(T(TyJ)oJ=1e3)yMY{I) o (TTLI oK) sK=3,44))4+I=1,NFREQ)
PRINTY 1038
1038 FORMAT(LIHL1/16X,%PYLON PITCH FREQUENCY*,29X,*ROTOR YAWING MOMENT*,
1 12Xy *YAWINGC MCMENT DERIVATIVES*4//7//5X¢*CYCLES/REVY:, 11X,
2 *CPS*k 912X o *RAD/SEC* 3 1 TX o ¥REAL%Ry L1 Xy ¥ IMAGINARY %4 93X,
3 *N—~ALPHA#%, TXy ¥N=ALPHA DOT*)
PRINT 1034, {0UT{T9d)9J=1932sMZUI} o {TULT 1K) oK=3,4)),1=1,NFREQ)
f0 22 I=1,NFREQ
22 FREQUII=T(I,1}
500 CCATINUE
GC T0 1
8998 PRINT 8c97
END

PROPROTOR OSCILLATORY FCRCE AND MCMENT DERIVATIVES - SAMPLE INPUT LISTING

2 1 32
238. 298,
3%0.
0.0 02 « 04 <06 .08 -1 .12 .14
16 .18 2 <24 28 -3 b b
iy 1.0 1.2 1.4 1.5 1.6 L.64 1.7
1.74 1.8 1.84 1.9 2.0 244 3.0 10.0
0.0 1.0

$ROTOR NB=3,BI=791.0,BU=138.,PRECONE=0.09H1=6.92+R=19.25,BCH=1.92,
DEN=.00238,A0=5,73,DELTA3=-22.5,HSLONG=20000.C,HSLAT=20000.0,
SWPLONG=0.0,EPSILON=0.08

$PYLON PHIYO=6.0%
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PROPROTOR FLAPPING DERIVATIVES

PROGRAM RNDTNERL L INPUT,DUTPUT ,TAPES=INPUT)

B e S o e e ofe e e deofe e o oot e e e e e o e ok e o e oo ko e ok kol ok o e ool o o ok o o ok o otk ok ol o e et o o e e e e e ok ok ok e ok K

EE N B B R EE G

THIS PROGRAM CALCULATES THE DYNAMIC PROPROTOR FLAPPING

NER IVATIVES ARPISING FROM SINUSOIDAL PITCHIAG CR YAWING

OSCILLATIONS OF THE PYLDON. THE RIGID-BLADE MATHEMATICAL

MODEL EMPLAOYED HAS TIP-PATH-PLANE PITCH AND YAW AND

PYLCN PITCH AND YAW DEGREES OF FREEDOM.

A QUAST~-STEADY

AERQODYNAMIC THEORY IS EMPLOVEN FOR THE DISTRIRUTED

BLADRE LOADING.

LR BRI B B

Koo A e e e e e Koo e ok g el ol e ot o o ok ook e oeale e ook a e ok ol e e o ool o o o o o o o ot o e e ok o o e ok o ok o o o e o

1
8337
8229

10060

1010

1020

COMPLEX Al1,212+821,A22,811,B214812,822,0EL+CALY(R0),DBLY(8D),

1 DALZ(B0O),CRLZ(B0),DBETAY(80),UBFTAZ(80)

DIMENS ICN HEADI{12),RPM(20),VKNITS{20),FREQ(BO),T(B0,3),TT(RO,6),

1 TU(BD,.6)

NAMELIST/ROTOR/NB,BI,B8UPRECONE,HLyH24RyBCH,DEN,ACyDELTA3,HSLONG,

1 HSLAT, SWPLCNG s SWPLAT ,EPSTLON,REF

READ 10CO,(HEADI(I),I1=1,12)
IF(50F,5)8998,8999

FORMAT (1H1//% PROGRAM ROTDER4 STOPPED ON

CONTINUE

FORMAT(RA10)

READ 1010 NRPM,NVEL ¢NFREQ
FCRMAT {2014)

READ 10204{RPM{1),I=1,NRPM)}
READ 1020, {VKNOTS(I),I=1,NVEL)
READ 1020,(FRED{1)sI=1,NFREQ)
RELD 1020,ETAl,ETA2

FORMAT (RF10.41}

READ ROTNPR

RI={NR%BT}/2

FU=INB%BY) /2?2
DELTAI=DELTA3/5T7,265779S130823
PRECOMNF=PRECONF/5T7,2357755130823
FPSILOM=FPSILON/%®7.,2957765130823
GAMMA= (DEN%AO*BCH* {R*%4 ))/B1
RB=REF %P

DN 500 II=14NRPM

AF=RPM{IT1)
REMIITI=(6,,.28318E31%RPM(I1))/60
DO 500 JJ=L.NVEL

D0 490 KK=1,NFREQ

BF=FREQ (KK)

FREQ(KK )=FREQIKK}*RPM(IT)
TIKK,1)=BF

T(KK,2)=FREQIKK)/€.2831€530717959

TIKKy3)}=FREQ(KK)
VEL=VKNCTS(JJ)/.5¢2
PHI=ATAN(VEL/{RPM(IT)*RB))
S=VEL/(RPM(IT)*R)
HEQ=5%%2
Wh1=SQRT{HSQ+ETAL**2)
WW2=SQRT(HSQ+ETAR%%2)

(ECF,5)%)
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Pu=ETAL*nnl-ETAL*nanl

AL=ALUG({ETAZ+hnc )/ (ETAL MW L))

Ac=nwdi—nnl

Ad=e S*(Py—HSU*AL)

A4l Lle/3e ) ¥ nnld*¥ 3-nnl* %23} -HSU*{nhnl~nnl)

ADZ  2O%((ETAL¥*¥3 )} ¥ nnl—(ETAL*33 ) ¥ Rnl)— {37840 *HSQ*{PC-rH>U*AL)
Bl=e5%(PutHSu*Al)

B2= {la/do) ¥ {wnl®%3~nnl%%3)

BI3= o 2D¥ (ETAL¥ nnc¥# 3—ETAL* W1 *%3 )~ (Lo/0 o ) FHOGE(PY+HOUSA L)

CHFM= o 520 AMMAX (RPMIL L )*%2 ) *K 1

CFMa=LFMES*PRECUNE

FO=FREW{KR ) %%y
ALLZLMPLAL=FSE*RI+ASLUNLGHLFMFEIRTAN(VELTAS) +LFMo¥Ad b ¥ LFMEAY)
ALes U MPLAGCHFM*RALS—CFMBRB2Z¥TAN(UELTAS ) yFREWIRKI® (2 JXRPM( T )%RI~
1 LEMokA4/RFMILT) )

Ac b=LHMPLAL=CFMEASHLFMOB*Bo*TAN(CELTAS ) 9 FREGIKKIH{ CFMB®AG/RPM(L L)~
1 Lo ¥RPMLLIT)*RL))
ALLRCMPLAL~FS*RIAHDLAT+CEM3B3%TANIOELTASI+LFMB*A 4,08 FMEAS)
BLIZUMPLXLFS* (RI4RU¥PRECONE*FL )-CFM*Ba%*5wP LGNU*S IN(EFPS TLON) +

L CFMB* (h5w*AZ2-82%5wPLUNG*COSIEPSTILUN) )y ~BF*(AYECFM+

Z CRMb%3%AZ%¥HL/R))
BL2=CMPLALLFME(HOI*AI-B3%SWPLAT*LCO(EPSTILUN) D LF Mo*oc*xswbL AT

i SINCEPOLLUND yBF ¥ (L HFME*AQ— 22 SR [F¥RIPM L LT ) % 2= FMES®ASEHL/R) )
B L=l MPLAILEMELBO*SWPLUNGRCUSLEPSILUN)=HSJ*A3 ) ~LFMB*EL %Sk LUNL*

i SINAEPSILUN) o BF ¥ 2 kRI*RPMIL L) ¥ 2¢LEMES*ASEH L /R~

rd LFMo*A4) )
B22=LMPLAXLES¥(RIFRUFPRECONERFZ ) -CRM¥ 3% SWPLATHSINIEPSILULN) +

i CEABE (HOWFAL=SWPLATRI2¥COSIEPSILUND )y

P4 =BFF (CFM%AY L FMEAX3 & LLRH2/R) )

VEL=ALLl%ace—~Alc¥nc
VALYInK)={oli*ace~Alc¥vel )/ utEL
LBLYARK)I=(ALL*B2i-81Li%Aci)/LEL
LUALLIRK)=(ble*acs-AL2%bel )/ VEL
UBLLEIRK)I=(ALL*0ed—bLL%ACL )/ UEL

CunT INUE

DU 33 [Jd=1leNFibw

TH{lJdyr)=ReALluALY(iJ))
TTHLTus2)=AIMALILALY(EJDI/FREGLTY)D
IT(LJy3)=REALIOBLY (LJ))
TT{igsa)=AtMAGILDLY(LJDD/FREGLT )
FIALO99)=0uRTUT I Lo s 1) %% ¢TT ([Jgs)b%s)
ITLIJso)=SunTITT(1Je2)%8c+TT(1ldya)%%2)
TULlLlurl)=REALIBALL(LI))
Tullve)=AIMALIUALLILIY I/ FREGLLY)D
TUlluss)=REAL(UBLLETI Y
lulldya)=aiMbolLoactiv) )/ Frbwlig)

TULlT o5 ) =0uRTITULLJy LIFR2¢TU (L dy3)%%s)
Tullioso)=Suki(Tulldeg)*¥c+Tulliyad®es)

CUNT [ wUE

VREAS=SVRNUTS(Ud ) ¥5uRT(DEN/ULL30)

ARZ34 L@l 926530897 9%VEL/ (REMLL 1 )*K)
PHI=ZPHL%*D Tacd9 27199130025

PRINT lu3osHEAUL

FusMAT(LlHL// Lealurs//7)

PrInt wucy

FURMAT (LU 3A 9¥RUTUR RPNM¥ 320X ¥ VELJCITY*327A s ¥ AUVANLE RATLIU%,
LoAKp* LUK NUMBERF 3G A ¥ INFLUN ANULE®*// oA o¥ET/ 3 L% 9 LAX o ¥KNUT 0¥
ChaoAySKEAS* gL TA ¥ J¥ 339Ky BPHI*//)

PRINT LUcooAb s vELe VANLTS(JU) yVREADY AKy UAMMA PHI
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1028 FORMAT(IX 1F15eB 16X 1EL5uB2XsEL5e892X9EL56895X4EL15.8,5X,E15.8,
15X+E15.87/7/71)
IF{RSLONG.NE.HSLAT} GOJ TO 123
BFF=SQRT{L.+HSLONG/(RI*RPM{IT)1*%2)+.50%GAMMARAZ*TAN(DELTAZ))
BCR=25%CAMMA*AS/RFF
PRINT 1014,BFF,BCR
1016 FORMAT(1X,43H**%%x BLADE FLAPPING FREQUENCY(CYCLES/REV) =,F10.3,

1 20Xy 38H*x%%x BLADE DAMPING{PERCENT CRITICAL) =,F10.3///7)
123 CCNTINUE

PRINT 1031
1031 FORMAT{31X,73H%*%x&xx PROPROTOR DYNAMIC FLAPPING CERIVATIVES DUE T
10 PYLNN PITCH *%%k%%%///)
PRINT 1032
1032 FNRMATLAX,*PYLON PITCH FREQUENCY®*,24X,*CCMPCNENT FLAPPING DERIVATI
LVES* 416X *TNTAL FLAPPING DERIVATIVE®R//2Xy#¥CYCLES/REVX, TX*CP Sk,
2 BXy*RAD/SEC* ¢ BX o*AL/PHIV% 34Xy %AL/PHIY COT*,4X, *BL/PHIY %,
3 4Xo*BL/PHIY DOT#, BX *BETA/PHIY%43X%#BETA/PHIY DOT*)
PRINT 1033, 0{T(11J)eJ=1e3 ) (TT(IK)sK=1,6)0,I=1,NFREQ}
1033 FORMAT(//{1XeF1l1o492X 1ELLe492XyELLa%95XsELLed9s2XsE11eb 92X yELL 4%,
1 2XaFELlebay TXWELL 492X sELL4))
PRINT 1034
1034 FORMAT(////22X, T 1H&kXkk%%k PROPRITNR DYNAMIC FLAPPING DERIVATIVES D
IUE TO PYLCN YAW *4%x&k&&///)
PRINT 103%
1035 FORMAT({10X*PYLCN YAW FREQUENCY*,25X,*COMPONENT FLAPPING PERIVATIV
1FS%, 16X % TATAL FLAPPING DERIVATIVE® //2X,*%CYCLES/REV%., TX%CPS%,
2 BXy*¥RAN/SECH; BX y%AL/PHIZ* 46X, %¥AL/PHIZ COT*,4Xy%R1/PHIZ %,
3 4X s %BL/PHIZ NOT#, BX *BETA/PHIZ®,3X,*RETA/PHIZ DUT*)
PRINT 10369 {{T T 4d}ed=193)s(TULL +K)9sK=1961)41=1,MNFREQ)
1034 FORMATU//UIX9F11e492X1EL1La492XsElleb95XsELlL0b92XeELLle%e2XsELL 4,y
1 2X9F1le49yTX9ELLe4y2X,EL1041})
G 22 I=1,NFRED
22 FREQUIN=TI(I,1)
500 CONTINUE
Go TO 1
8998 PRINT 89297
END

PROPRATOR NSCILLATCRY FLAPPING DERIVATIVES - SAMPLE INPUT LISTING

2 1 20
238. 238,
350.
.0001 N it -10 «2 o4 b -8 1.
1.2 1.4 1.6 1.3 2.0 2.2 2.4 2
2.8 3.0 50 10.0
o‘o l‘o

$ROTOR NB=3,RI=791.0sBU=1388+PRECONE=0,0,H1=6+929H2=6.92,R=19.25,
AC4=1.G2yDEN=.00238,A0=5.73,0ELTA3=-22 .5,HSLONG=20000.0yHSLAT=20000.0,
SAPLING=0,0, SHPLAT=0.0,EPSILON=0,0,REF=.75%

0
6
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ANALYSIS BY A DIRECT STIFFNESS METHOD

IFF{INPUT, JUTPUT s TAPES=INPUT,TAPEE,TAPES,
TAPE3TAPE4,TAPE30,TAPE3L)

X AR ok ko R ok ok e o A ok e e ok e ok ok ok e ok AR ok e ok ek ik o o ok o ook ok e ot ol ke e R e ok ok okl ool ok oK e ok ok

PROGRAMS CSTIFF AND BJDS COMPRISE A COMPUTER PACKAGE

FOR THE

VIBRATION ANALYSIS OF COMPLEX STRUCTURAL

SYSTEMS BY A DIRcCT STIFFNESS TECHNIQUE.

THE STRUCTURE IS IDEALIZEO AS AN ASSEMBLY OF REAM,

SPRING,

AND RIGID MASS SUBSYSTEMS. A FINITE-ELEMENT

APPROACH IS EMPLIYED TO GENERATE THE MASS AND STIFFNESS
MATRICES FNR THE UNCOUPLED SUBSYSTEMS. USER WRITYEN

COMPATI
NASA TR
STIFFNE

BILITY ARE APPLIED ACCORDING TO THE METHCD OF
R-326. A CONDENSATION OF THE SYSTENM GENERALIZED
SS MATRIX IS PERFORMED,IF NECESSARY,ANC THE

RESULTANT EQUATIONS CAST INTO A FORM TO WHICH THE
THRESHOLD VARIATION GF THE JACOBI ALGORITHM FCR FINDING
EIGENVALUES AND EIGENVECTORS IS APPLIEC.

B o8 2k 3 o e e ok ok ok ok ook e ok kol o ok o e e o e ok dk ok sk ok de Aok kol okl ok b ok otk R ko ok b ok Rk K Kok ok

C KASE=1y
C KASE=2,
C KASE=3,
C

c KASE=4,
C

c KASE=5,
C

C

C LoC=1,
C LCC=2,
C an=31
C LOC=4,
c

C

C MK=
C

C

»
%
*
»
*
*
*
*
]
* CONSTRAINT EQUATIONS ENFORCING INTER-SUBSYSTEWM DISPLACEMENT
*
*
%
*
¥
*
*
»

DIAGONAL ™MASS ONLY (NO NULL VALUES)

DIAGTNAL MASS AND ROTARY INERTIA (NT KULL VALUES)
NON-DIAGINAL MASS AND ROTARY INERTIA (NULL VALUES
CAN BE ON DIAGCNAL)

DIAGONAL TORSIONAL INERTIA OR AXIAL MASS (NC NULL
VALUES ON DIAGONAL)

DIAGONAL THRSICNAL INERTIA OR AXTIAL MASS {NULL
VALUES CAN BE ON DIAGONAL)

KK=0RCER OF BLOCK

BEAM BENDING

BEAM TOFSION

BEAM AXIAL

SPRING OR RIGID BODY ELEMENT

FOR SPRING OR RIGID BODY ELEMENTS -——-
MK=1y READ STIFFNESS MATRIX FROM CARCS

0y MO READ

MM=]1, READ MASS MATRIX FROM CARDS
MM=0, NN READ

=
£
*
£ 3
*
*
*
L
*
%
*®
L
*
*
*
*
*
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FOR A SYMMETRIC NP ANTI-SYMMETRIC FORMULATION DF THE
PRNALEM, THE MASS ANT STIFFNESS MATRICES TNRRFSPONDING
TO STRYCTURAL BLOCKS OUT OF THE VERTICAL PLANE NF SYMMETRY
MUSYT AF MULTIPLIED RY 2.0
ISYM=1, MULTIPLY ARLOCK MASS AND STIFFNESS MATRIX BY 2.0
ISYM=0y NO MULTIPLICATION

[ TR W eniihe M Bin |

MASS AND/OR STIFFNESS TERMS ARISING FROM WING AND TAIt STATIC
UNRALANCE AND FROM ASSIMILATING THE MASS MATRIX OF A RIGID
RONY DR THE STTFFNESS MATRIX OF A MASSLESS SPRING ELEMENT
INTO THF CORRFSPONNING MATRICES OF THE MEMBER(S) TO WHICH
THFEY ARE CONNFCTED WILL COUPLE BLOCKS IN THE UNCOUPLED
SYSTFM MASS AND STIFFNESS MATRICES. THESE TERMS ARE
INTRPOOUCED SEPARATELY,
“AS ADD = NUMBER OF MASS TERMS TD BE ADDED ON AND ABOVE
DI AGONAL OF THE UNCOUPLED SYSTEM MASS MATRIX.
PROGRAM WILL PROVIDE SYMMETRY AS RFQUIRED.
NSPAND = NUMBER OF SPRING TERMS TJ BE ADDED ON AND ABOVE
DTAGONAL OF THFE UNCOUPLED SYSTEM STIFFNESS
MATRIX. PROGRAM WILL PROVIDE SYMMETRY.

OO A A DN

DIMENSTON A(12,12),8(12,12)9C(12912)5DM(12),R1(12),X(8)+5(8),
1 EL16),ES(8) ,ECIBIQIR(16,2),AA(16,16),88(16,161),
2 BK(144,144)+AM(144+144)90(49,144),DTD(144,144),
3 EIGV{144) 48L(144,144),RETA{1444144)}+R{144)
COMMON HMTX (12)
EQUIVALENCE (BM(1,13,DTDC141)1,BETA{ 141} )+(BK(1,1),8C(1,10),
1 (D(Le1)ETRVI(L))
MaX=12
MAXT2=16
MAX2=2
FCUN=1.0
1 RFAD 1010, {HMTX(J)43=5,12)
1010 FOPMAT(8A1D)
IF{EOF,5) 8698,8999
3¢33 WRITE(6,3997)
GO 70 2300
3997 FORMAT(1H1//% PROGRAM BBSTIFF STUPPED ON (EQF,5)%)
3999 CONTINUFE
C READ NUMBER OF BLOCKS IN UNCOUPLED SYSTEM MASS AND STIFFNESS
€ MATRICES, NRDER OF SYSTEM, AND NUMRER OF CONSTRAINT EQUAYTIONS
RFAD 1020,NRLKSyNIRDFR,NCEQS
WHRITE(6,41011) NBLKS,NORDER,NCEQS
PRINT 1011,NBLKS,NORDFR ,NCEQS
1011 FORMAT(1HL//* NUMBER BLOCKS IN UNCOUPLED SYSTEM MASS AND STIFFNESS
1 MATRICES = *,13//% QPNFR OF SYSTEM = *,13//% NUM3ER OF CONSTRAINT
2 EQUATIONS = %*,13)
P EAD NUMBER OF MASSES TO BF ADDED ON OR ABOVE OTAGONAL OF
MASS MATRIX AND/OR NUMBEF OF SPRING CONSTANTS TO BRE ADDED ON
OR ABOVE DIAGONAL OF STIFFNESS MATRIX
READ 1020,MASADDNSPADD
WRITE(6,1012) MASADD,NSPADD
PRINT 1012,MASADD,NSPADD
1012 FORMAT(1H //% NUMRER OF MASSES TO BE ADDED = *,13///% NUMBER OF SP
LRING CONSTANTS T(Q BE ADDED = %,13}

OO0
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CALL ZFROM{BK,NCPDER,NCRDFR ,NORDER,NORDER)
CALL IFRCM{PM,NORNDFR,NORCER,NORDER,)NORDER)
NCB=1 ¢ NRR=1

NCF=0 $ NRF=0

10=0 ¢ MI=0 ¢ KI=0

DO 200 NBLOCK=1,NBLKS

WRITE(6,1019) NRLOCK

PRINT 1019,NBLOCK

1019 FORMAT(LIH /771X, 1GHERRkxkkbkkkikkhihktr/ 1Ky 1 IN* x/
1 1X9el4H% BLOCK NUMBER 413,2H %*/1X,19H% */
2 1 Xy 1 GH Bk dook de ook Akt et o )

READ 1020,KK,L0C,MKyMM, ISYM
1020 FORMAT(2014)

10=1D+1

IF{ID.EQ.1) GO 7O 1021

MI=K1
1021 CONTINUF

NRF =NRF +KK

NCF=NCF+KK

GO TO {110,120,120,1303,L0C

dokdk X Xk Aok R Aok ok fok
* BEAM AENDING *

o ek ok ko ok K ko ok ok

c FOR BEAM BENNING, FREE-FREE STIFFNESS MATRIX 1S
c GENERATED IN THE PARTITIONED FORM (A B}

c {87 C)

c WHERE A=(K%K), R={K%N), BT=(N*K}, C={N%N)

c FOrR YHE FREE-FREE CASE, K=N

110 READ 1020,K,N,KASE
WRITE(691020) KyN,KASE
PRINT 1030,K,NsKASE
1030 FORMAT(//9Xy%K%,9Xy%kN*,BXy*KASEX//3110)
1040 FORPMAT{S5E14.8)
KM1 =K-1
CALL ZEROMUA,K KyMAXyMAX )
CALL ZFROM(B,KyNyMAX,MAX)
CALL ZERCM{C,NisNyMAX,MAX)
CALL ZEROM(DM,K,1yMAX,1)
CALL ZEROM(RI, Ny 1lyMAX,1)
READ 1040y (X(1)yI=1,K)
READ 1040,(S{1),1=1,KM1)
READ 1040, (CM(I),1=1,K)
IFIKASE.NE.1) READ 1040,(RI(I),I=1,N)
PRINT 1050y (39X J)sSCU)yDMOI}4RILI}I=1,KML)
WRITEL6+ 10503 Cdy XU IV oSS}, OMUIY,RICI)y I=1,KMY)
PRINT 1051,KsX{K),DM{K),RI(K]}
WRITE(691051 1Ky X{K) DM(K)},RI(K)
1050 FORMATI/ /773X g% J% g TX ok XU 3% LIX o %ET L JD*, LOXy *MASS{ ) *, 10Xy %RI{S) %,
1 I/7116,4E16.8))
1051 FORMAT(14,E16.8,16X,2E16.8)
00 40 L=1,KM1
40 E(LI=1.0/70X(L+1}=-X(LD})
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N 41 t=1,KkM1
41 FSOL)=F(LI*F(L)
MY 42 L =1,KM]
42 ECAL )=F(LI*ES(L)
C FORM MATRIX A
All,10=12.0*S(LI%EC(1)
Al{1,2)=-4(1,41)
A(K gKML)==12,0%S{KML)%EC{KM1)
A(KyK)==BA(K,KM1)
M=0
00 50 L=2,KM1
M=M+1
A{L yM)==12.0%S(M)XEC(M)
A{LyM+2)==12.,0*S (ML) *EC(M+1)
SO A(LyM#LY==(A(L,MIFA{L M#2))
FORM MATRIX 8
R{1s1)=6.09%S{L)%ES(1)
Bll142)=B8(1,1)
BIK,KML)=—6,0%S{KMLI*FS(KML)
g‘KyK,=R(K'KM1)
M=0
DD €1 L=2,KM]
M=M+1
BL yMi=—6.0%S(M)*ES (M)
BILyM42)=6,0%S(M+1) ES(MEL)
61 BlLyM+1)=RB{L MI+B(L,M42)
C  FORM MATRIX C
Clly1)=4.0%S{1)%F(1)
C{1+2)=2.0%S{1I%E(1)
ClKyKML)=2,0*S(KML)%E(KM])
CAKyK)=4 0%S{KM]L I%E(KM1)
M=0
DO 71 L=2,KM1
M=M+1
ClLyMI=2 J0%SIMIRE(M)
ClLyM#2)=2,0%S(M+1 ) xE(M+1)
TL C{LyM+1 } =4, 0% {S{MFL)IEE(M+L}+S{MIREL{M))
C FORM FREE-FREE RENDING STIFFNESS AND MASS MATRICES
KPN=K+N
KP1=K+1
CALL ZEROM{AA,KPA,KON,MAXT2,MAXT2)
CALL ZFROM(BBKPN,KPN,MAXT2,MAXT2)
REWIND 3 ,
WRYITE(3M(UA(T 1) g 351, Ki o=l Kl o (UBLI )0 d=1sNVoT=1sK)s((B{1,s ),y
1 T=11K’1.’=11N"((C(!'J’oJ=1'N"l=lv~'9’(D"‘J”Js’.y’("
2 (T (31, 3=1,N)}
PEWIND 3
READ|3,((AA(IVJ’9J=1'K,11=1'K)v HAA(I.J).J:KPI.KP’\I),X=1.K).
1 (ARG T 9 3) e 213K T=KP L KPN) oy {{AA(],J)sJ=KPL,KPN),I=KPLKPN],
2 (BR(J93)¢3=1,KPN)}
f MULTIPLY FREE-FREE STIFFNESS MATRIX BY 2,0 IF ISYM = 1
IF(ISYM,EQ.0) GO TO 1068
DO 1065 I=1,KFN
DO 1065 J=1.,KPN
1065 AA(1+20)1=2.0%RA(14+J)
1068 CONTINUE

(al
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C MULTIPLY FREF-FRFF MASS MATRIX AY 2.0 IF ISYM = 1
IFCISYM.EN.0) GO TO 95
00 96 [=1,KPN
DO 96 J=1,KFN
96 BB(I,J)=2.0%RR(1,J)
95 CONTINUE
DO 11 I=NRB,NRF
DO 11 J=NCB,NCF
BK(1,J)=AALT~MI, J-MI)
11 8MET, 3)=RA(I-MI,)-MI)
KI=KI+KK
NRB =NRR +KK
NCB =NCB +KK
60 TO 200
e e ok Aok o ok o o oo e ook ok o ok e ek ok
* BEAM TORSION OR AXTAL *
Aok e Ak ok A ook e e o ek ok ok e o o ok ol kol ook 3k

c FREE-FREE STIFFNESS MATRIX IS OF ORDER K

120 READ 10205,KyKASE
WRITE(6+1090)K,KASE
PRINT 1090yK,yKASE
1090 FORMATU(///9X *K%8X s *KASE®//2110)
KML =K-1
CALL ZERCM{ A K K¢MAX,MAX)
CALL ZERODM{B,KyK,MAXyMAX)
READ 1040s(X(I)s1I=1,K)
READ 10400 (S(I)yI=1,yKM1)
READ 1040, {RI(I),1=1,K)
IF(LOC.EQ.2) GO TO 1098
WRITE(6,11023 0o XE3)9SUS)HRI{ J),yJI=1,KM1)
WRITE(6,1101) KoyXIKI,RT{K)
PRINT 11025 (JyX(d)ySUI)sRICI}pI=1,KML)
PRINT 11014K,X{K},RI(K)
GO Ta 1099
1098 WRITE(6,1100)(3sX(J)sSC3),RI{S)yJ=1yKML)
WRITE(6,1101) KyX(K}PI(K)
PRINT 11005 (doX(J)yS{IVPIT4),yd=1yKM1)
PRINT 1101¢Ky¢X{K}4RT(K)
1100 FORMATU//7/3Xe%d% 9T Xo*X{ J) %y 11Xo*xG Il D%y 10X *¥RI{I)*,//11443EL6.8))
1101 FORMAT(I4,F16.8516X,E16.8)
1102 FORMATU///3X o % 3% 0T Xo2XL JV¥, LIXy *AEC J)* 10X %DM )} %,/ /(14,3EL16.8))
C FDORM FREE-FREE STIFFNESS MATRIX
1099 DO 121 L=1,KM1
121 E(LI=1.0/7(X(L+1)-X(L)})
DO 122 J=1,KM1
122 SUJ)=StJII*E(Y)
Al(l,1)=S(1)
Afl1,2)=-5(1)
A(KyK=-1)==S{KHM1)
A(KyK)=S{KM1)
KTB=0
DO 123 )=2,KM1
KD=KTB+)
A(KDyKD~1}=-S(J=-1)
A{KDKD)=S{J-11+SLJ)
123 A(KDyKD+1)==5(J)
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©  MULTIPLY FREE-FREE STIFFNESS MATRIX BY 2.0 IF ISYM = 1
IF(ISYM.E0.0) GO TO 123
DO 129 1=1,K
NN 129 J=1,K
129 A(I1,J)=2.0%A(T, 4}
128 CONTINUE
DO 13 J=1,K
13 BUS, JI=RI())
C MULTIPLY FREE-FREE MASS MATRIX RY 2.0 IF ISYM = 1
IFCISYM.EQ.0) GO TO 1261
DO 1262 T=1,K
DO 1262 J=1,K
1262 R(I+J1=2.0%R(1,J)
1261 CONTINUE
DO 1267 I=NRB,NRF
DO 1263 J=NCB,NCF
BK{T,d)=A(T=MI,J=-MI)
1263 BM(1,J)=B(1=MI,J-MI)
KI=K I +KK
NRB=NRB+KK
NCB=NCB4+KK
GO TO 200
i ok 2 Ok e ol e s o ol o o o o o ok o o o ofe e ok ok ol e ok
* SPRING OR RIGID BNCY FLEMENT *
o e e e ok sge e sk sl e 9 Kotk A ok o ok e sk al e ol o ke e e ot ek

130 CALL ZEROM{A,KK,KK,MAX,MAX)
CALL ZERCM{B,KKsKK,MAX,MAX)
IFIMK.EQ.0) GO TO 121
PRINT 1301
WRITE(6,1301)
1301 FORMAT(1H //1X* SPRING ELEMENT - STIFFNESS MATRIX WILL BE READ
1FROM CARDS, MASS MATRTIX IS NULL.*)
READ 1040, ((A{T,3),5=1,KkK},1=1,KK)
131 IF{MM.FQ.0) GO TC 132
PRINT 1302
WRITE(6,41302)
1302 FOPMATLLIH //71X,% RIGID BODY ELEMENT - MASS MATRIX WILL BE READ F
1ROM CARDS. STIFFNESS MATRIX IS NULL.x)
READ 1040,((R(1yJ),J)=1,KK)yI=1,KK)
132 CONTINUE
C MULTIPLY FREE-FREE MASS AND STIFFNESS MATRICES BY 2.0 IF ISYM = 1
IF{ISYM,EQ.0) GO TO 135
DO 134 I=1,KK
DO 134 J=1,KK
AT 51)=2.,0%A11,))
134 B{I,4)=2.,0%B(1,J)
135 CONT INUE
DO 138 I=NRB,NRF
D0 138 J=NCB,NCF
BK{Ty)¥=A(I-FI,)-MI)
138 BM(I41)=B{1-MI,-M1}
IF{MK NE.Q.OR. MM NELO) GO TO 132
PRINT 1303
WRITE(6,1303)
1303 FORMAT(LIH //1X¢% MASS AND STIFFNESS MATRICES ARE BOTH NULL *)
133 CONTINUE
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KT=KT+KK
NR B =NRH+ KK
NCB=NCR+KK
200 CONTINUE
C NOTF —-— FOR SYMMETRIC OR ANTI-SYMMETRIC FORMULATION THE MASSES
C AND/OR SPRINGS YD BE ADDED MUST BE MULTIPLIED RY 2.0
IF(MASADD.EQ.O) G3 YO 20
READ 1060, {IR(J,1),IR(J,2),FE(J), j=1,MASADD)
1060 FORMAT{4(213,E14.8))
WRITE(65106101J,IR(I51)TRUIG2)4E(J) 4d=1,MASADD)
PRINT 10614 (JysTR{J»1D}IR{J42)5E(J)y d=1,MASADD)
1061 FORMAT(/7/4X %1%y 2X o %ROWK ¢ 2X y*COL%,BX % MASS{ J)%//(315,E22.14))
DO 20 J=1,MASADD
NROW=IR{J,1)
NCOL=IR( 4,2}
BM{NROW, NCOL )=BM{NRQOW; NCOL)+E(J)
TFINROW.NE NCOL) SMUNCOLs NROW)=BM{NROW,NCOL)
20 CONTINUE
IF{NSPADD.EQ.O) GO TO 90
READ 1060, (IR{JIs1),IR(J42)4E(J),3=1,NSPADD)
WRITE(H,1062V(JsIR{I1)4IR(Iy2)4E(I)2J=1,NSPADD)
PRINT 1062, (JsTR(Jo1}3IR(142),E( ),y d=1,NSPADD)
1062 FORMAT{/ /74Xy % J%32Xs ZROWR 42Xy XCOLKy TX 9%« SPRING( I I%//(315,E22.14))
DO 90 J=1,NSPADD
NROW=IR{ J,1}
NCOL=1IR{ ), 2}
BK{NROW, NCOL)=BK{NROW,NCOLI+E( J)
IF{NROW,NE.NCOL) BKINCOL yNROW)=BK{NROW,NCOL)
90 CONTINUE
C WRITE SYSTEM FREE~FRFE STIFFNESS AND MASS MATRICES ON TAPE 6
HMTX{1)=10H €REE~FRFE $ HMTX{2)=10H SYSTEM ST
HMTX(2)=10HIFFNESS MA ¢ HMTX{4)=10HTRIX
CALL WMTXC{RBK,NGORDER,NORDER,NORDER s NORDER)
HMTX(1)=10H FREE-FREE ¢ HMTX(2)=10H SYSTEM MA
HMTX {3)=10HSS MATRIX $ HMTX(4)=10H
CALL WMTXC(BM,NORDER,NORDER,NDRDER, NORDER)
C WRITE MASS MATRIX ON TAPF 30 BY ROWS, ONE RECQORD
REWIND 30
WHRITE(30 M (BM(T,3),yJ=1,NORDER), I=1,NORDER)
C WRITE STIFFNESS MATRIX ON TAPE 31 BY ROWS, ONE RECORD
REWIND 31
WRITE(31M(BK{T,))yJ=1,NCRDER), I=1,NCORDER}
CALL TONEQS(D,NCEQS.+NORDER)
C EVALUATE D TRANSPCSE * D 8Y CALLING ROWS OF D AS COLUMNS OF DT
DO 300 J=1,NORDER
DO 300 I=1,NORDER
DTD{(1,4)=0.0
DO 300 I J3=1,NCEQS
300 OTD(1,J))=DTOLT434D(1),1)%D(14, })

C SOLVE FOR EIGENVALUES AND EIGENVECTORS OF DTD
CALL JACTV(NORDERyNORDER,140DTDyEIGV,RC,DUM],DUM2,IUM3,DUM4E s NERR}
IFINERR.EQ.1) GO "0Q 2200
C TEST FOR NUMRER OF FINITE(POSITIVE) EIGENVALUES OF DTD. MODAL
C COLUMNS OF DTD CORRESPONDING TO THE ZERO EIGENVALUES ARE THEN TAKEN
C TO BFE THE COLUMNS OF THE BETA MATRIX
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NFEV=NORDER

DO 75 J=2,NORNDER

1)=4-1

IF(FIGVIJ).LEL0.0) GO TO 76

TF{LEIGVLT )} /EIGVI J)).5F.1000000.0) G3 TO 76
75 CONT INUE
76 IF{NFEV.NE.TJ)} NFEV=T1Y

PRINT 14,4.NFEV

14 FOPMAT(//% NUMRFR OF FINITE ETGENVALUES OF DTD = %,13//7)

WRITE EFIGENVALUES OF D TRANSPOSE * D ON TAPE 6

WRITE(641121){EIGV(T),]I=1,NORDER)}
1111 FORMAT(//* EIGENVALUES OF DTD %//{2XyE15.8})

WRITE(6,14) NFEV
NCRFTA=NGRDER-NFEY
DO €0 I=1,NOPDER
D0 80 3=1,NCRETA

80 BETA(I,J)1=RC(I,NFEV+ )
NRBETA=NCRDER

BETA WRITTEN ON TAPE 3 FOR USE IN BID5

WRITE ORDER AETA CN TAPE 3,0Nf RECORD

WRITE BETA ON TAPE 3 BY POWS, NRBETA RECORNS
REWIND 3
WRITE{3INRAETANCRETA
DO 66 I=1,NRRETA

66 WRITE(3) (BETA(I+3),J=1,NCRETA)

WRITE BETA CN TAPE 8 BY COLUMNS, NCBETA RECORDS
REWIND 8
DO 251 J=1,NCBETA

351 WRITE(BI(3ETA(I,3),1=1,NRAETA)

FORM COUPLED MASS MATRIX BY THE MATRIX PRODUCT

RETA TRANSPOSE * BM * BETA

RFAD MASS MATRIX FROM TAPE 130
PEWIND 30
READ(30)U(PM(T,J)y }=1,NORDFR) ,I=1,NORDER)
REWIND 8

POST-MULTTPLY MASS MATRIX PBY BETA
DO 114 J=1,NCBETA

READ CCLUMN OF RETA
READ(BI(RIT),1=1,NRBETA}
DO 114 I=1,NRBETA
BC(1,4)=0.0
NO 114 TJ=1,NRBETA

114 BC{TI+J)=RCLTJI+BM(TI, LJI*RLT])
FEWIND 8

PRE-MULTIOLY MATRIX JUST COMPUTED BY BETA TRANSPOSE

00 115 I=1,NCRETA
READ CGLUMN OF BETA AS ROW OF TRANSPGSE
READ(B){(R(J)yJ=1,NRBFTA)
DO 115 J=1,NCBETA
BM(1,4)=0.0
N0 115 T4=1,NRBETA
115 BMUT, 3)=BM( T, J)4+R(TJ)I%BC{TI)y )
WRITE COUPLED MASS MATRIX ON TAPE 4 BY COLUMNS,
REWIND 4
WRITE(4) ((BM{I,3),1=1,NCBETA), J=1,NCBETA)

CNE RECORD
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FORM COUPLFD STYIFFNFSS MATRIX BY THE MATRIX PRODUCT
BETA TRANSPOSE * BK * AFTA

READ STIFFNESS MATRIX FROM TAPE 31

REWIND 31

READ(31)((BK{144)y J=1,NORDEP),1=1,NORDER}
REWIND 8

POST-MULTIPLY STIFFNESS MATRIX BY BETA

00 352 3=1,NCBETA

READ CCLUMN OF BETA

352

READ{S}(R{1),1=1,NRARETA)

DO 352 1=1,NRBETA

BETA{1,J)=0.0

DO 352 1d=1,NRBETA
BETAUIJ)=BETAII,J)+BKII,T10)*R{1J)
REWIND 8

PRE-MULTIPLY MATRIX JUST COMPUTED BY BETA TRANSPOSE

00 113 I=1,NCBETA

READ COLUMN OF BETA AS ROW Of TRANSPOSE

113

READ(BI(R{ I}, }=1,NRRETA)

DO 113 J=1,NCBETA

BX(I5J)=0.0

DO 113 TJ=1,NRBRETA
BKUTy21=BKAT,J)+R{TJIXBETA(TI I3}

WRITE COUPLED STIFFNESS MATRIX ON TAPE 4 8Y COLUMNS, ONE RECORD

2200

2210
2300

WRITE(4) ({BK{I,3),1=1,NCBETA}, J=1,NCBETA)
REWIND 3

REWIND 4

IFINERR.EQ.O0) GO O 2300

WRITE(6,2210)

PRINT 2210

FORMAT(//* ERROR RETURN FROM JACTV - DTD CALL *)
CONT INUE

END

SUBROUTINE CONEQS{D,NCEQS,NORDER)

C MATRIX OF CONSTRAINT EQUATIONS IN PHYSICAL COORDINATES

DIMENSION DINCEQS,NORDER)

CALL ZEROM(D,NCEQS 4NORDERyNCEQS,NORDERY}

D{1,24)=-1.0 ¢ D{15111=C0S(.1658) $ D(1l,51=-SIN(.1658)
D(2,12)=~-1.0 $ D{2,11)=SIN{.1658) $ D{2,5)1=C05(.1658)
D(3,18)=1.0 $ D(3,10)=-1.0 $ D{4524)=-1.0 $ D{4,41)=C0S(.09774)
D(4925)==SIN(.02774) $ DI(S5,17)=-1.0 % D(5,41)=SIN(.09774)
D{5,25)=C0S(.09774) $ ©D(6,23)=1.0 $ D(6+33)=-1.0
D{7524)=1.0 & N(7,42)=1,0 $ DI(T7+44)=46.1 $ D{(8,45)=-46.1
0l9,17)=1.,0 $ DI9,43)=~-1.0 $ ©D{10,45}=-1.0 % D{11,23})=1,.0
D(11s44)=1.0 $ D{12,46)1=1.0 % D(13,50)=1.0 % DI(13,44)=-1.0
D(144471=21.0 $ D(15,47T)=-1.0 § D(15,88)=C0S{.07854)}
D{15,67}=-SIN(.07854) $ D(16,48)=—1.0 $ D(156,88)=SIN{.07854)
D(16467)=COS{.07854) & D(17,491=-1.0 % D(17+531=1.0
D{18,50)=~1.0 ¢ D(18,811=C0S{.07854) $ D{18,601=SIN(.078541)
D{19451)=-1.0 $ D(19,81)=SIN(.07854) % D(19460)=~COS(.07854)
D{20,52)=~1.0 $ D(20474)=1.0

D(21,88)=-1.0
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D{21,891=L0S{.07854) $ D(21,90)=SIN(.0785%)
D{21,94)=-{17.0*SIN(.07854) +17.0*C0OS(.078541))
D(22,73)=-1.0 ¢ D(22,901=C0S(.07854)
D(22+94)=~{17.0%C0S(.07854)~1T.0*SIN(.07854))
D1224R9)=-SIN(.073854) &8 0(23,87)=-1.0 ¢ D(23,92)=C0S(.07854)
D(23,93)=~SIN{.07854) $ D{(24,59)=-1.0 $ D(24,91)=1.0
D{244921=17.0 $ D{24,93)=-17.0 $§ D(25466)=1.0
D(25,92)=—SIN(.07854) $ D{25,93)==-COS({.07854) $ D(26,480)=-1.0
D(264943=1.0

D(27,89)=-1.0 ¢ 0D(27,96)=~1.0 $ D(27,100)=55.0
0{28,90)=-1.0 $ 0(28,95)=1.0 % D{(29,91)=~1.,0 $ D(29,97)=1.0
D129+99)=-55.0 ¢ D(30,92)=-1.0 $ D(30,99)=1.0
D(31,93)=1.0 $ DI(31,98)=-1.0 ¢ 0N(32,94)=-1.0 $ D(32,100)=1.0
D(33,101)=1.0 $ D{(33,95)=-1.0 $ 0D{34,104)=1.0
D(34,98)=—~1.0 $ N(35,101)=-1.0 $ D(35,107)=1.0 $ D(36,102)=-1.0
D(36,108)=1.0 % DN{37,103)=—1.0 & DI(37,109)=1.0 $ D(38,104}=-1.0
0{(38,110)=1.0 $ 0{39,105)=-1.0 $ 0D{(39,111)=1.0
D{40,106)=-1.0 ¢ D(40,112)=1.0 $ D(41l441)=-1.0
D{414113)==COS(.097741%COS(+4363)+SIN{.09T774)*SIN(.4363)
D{41,123)=COS(.097T74)*SIN(.4363) + SIN(.09774)1*%C0OS(.4363)
D(41,118)=15.0%C05(.09774) $ ©0{(42,32)=~-1.0
D(42,113)=SIN(.09774)*%C0S(,.4363) + SIN(.4363)%C0OS{.0977%)
D(42,123)=-SIN(.02774)%SIN(.4363) + COS(.09774)%C0S(.4363)
D(42,118)==15.0*SIN(.09774) $ D(43,40)=1.0 ¢ D(43,118)=~1.0
Dl44,144)=C0S(.2618) $ D(44,132)=SIN(.2618) ¢ D(45,115)=~1.0
D(45,1241=SIN(.4363) & D(454144)=-CO0S{.4363)%SIN(.2618)
D(45,132)=C0S(.4363)%C05(.2618) § D(464123)=-1.0
Dl4641241=C0S(,4363) § D(469144)=SIN(.4363)%SIN(,.2618)
D{46,132)1=-SIN(.4363)%00S(.2618) $ D{47+120)=1.0
DI47,140)=C0S(.2618) $ D{47,128)=-SIN(.2618)
DI48,140}=-C0S(.4363)%SIN(.2618)}
D{48,129)=—-C0S{.4363)%C0S(.2618) $ D(48,136)=SIN(.4363)
D{49,140)=SIN[.4363)*SIN(.2618)
D(49,128)=SIN(4363)%C0NS(.2618) $ D{49,136}=C0S(.4363)
RETURN
END

SUBPBUTINE WMTXC{A,NP ,NC,MAXR,MAXC)
C  NR=ROWS OF A, NC=COLS OF A, MAXR=MAX ROWS OF A, MAXC=MAX COLS OF A
DIMENSION A{MAXR,MAXC)
COMMON HMTX1(12)
KE=0
KSET=NC/8
KLEFT=MOD(NC,8)
IF(KLEFTNELO) KSFT=KSET+1
DO 10 KT=1,KSET
KBR=KE+1
KE=KE +9
IF(KTLEQ.XKSET) KE=NC
WRITE(6,5001) HMTX,{J, J=KB,KE)
D0 10 I=1,NR
10 WRITE(6,5002) I1,(A{1,1),J=KByKE)

5001 FORMAT{1H1//12A10////10H ROMW COL,y T4, T(11X14))

5002 FORMAT(14,8F15.7)
RETURN
END
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SUBROUTINF ZERCM{A,M,L ,MMAX,LMAX)
DIMENSINN A{MMAX,LMAX)
DO 10 I=1,M
DO 10 J=1,L
10 A(1,1)=0.0
RETURN
END

FULL-SCALE TILT FOTOR SYMMETRIC FREE-FLIGH™ MODES~--90 DF5 CONVERSION ANGLE
20 144 49

10 0
10 1 0 Q 0
5 5 1
0.9 35.0 60.0 35.0 120.0
3400000000.0 8920CQC0000.0 16000000000.0 32000000020.0
«1040 .1200 « 3000 1.4400 2.1600
1 4 0 1 0
4,124
12 1 0 0 0 )
6 6 1
0.0 40.0 75 .0 100.0 120.0
140.0
80000000000. 136C00000000. 160000000000. 166000000000. 168000000000,
2.160 5.280 2.040 «240 «960
340
1 4 0 1 0
11.520
16 1 0 Q 0
8 8 1
0.0 35.0 63.0 105.0 150.0
188.0 235.0 287.0

168000000000, 1660C0000000. 146000000000. S0700000000. 45000000000.
30000000000. 130Q0000000.

«340 1.878 2.900 10.560 24556
«720 «350 «600

1 4 0 1 0
20.404

11 4 1 0 1
5920000.0 0.0 2.0 0.0 125400000.0
0.0 -5580000%.0 0.0 0.0 0.0
125400000.0 0.9 2550000.0 0.0 -53400000.0
0.0 0.0 0.0 ~-2550000.0 0.0
-53400000.0 0.0 N.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0
0.0 .0 7.0 0.0 -53400000.0
0.0 150CCC0000.0 0.0 0.0 0.0
53400000.0 0.0 750000000, 0 0.0 125400000.0
0.0 0.0 0.0 3520000000.0 0.0
-125400000.0 0.0 0.0 0.0 1760000000.0
0.2 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0
0.0 -5980C00.9 3.0 0.0 0.0
-125400000.0 0.0 5980000.0 0.0 0.0
0.0 -125400000.0 0.0 -2550000.0 0.0



534000C0. 0
0.2
0.0
0.0
~53400000.0
0.0
125430000.0
0.0

352000000040
14 1 0
7 7 1
0.0
209,.0
15000000000.
4150000000,
«381
1.48
14 1 0
7 7 1
0.0
209.0
35000000000.
14200000000.
.381
1.48
7 2 0
7 4
0.0
209.0
12300000000.
4200000000.
389.0
526.0
1 4 0
4,59
6 4 0
Te25
-226.0
0.0
226.0
226.0
0.0
-22¢€.0
13180.0
12 4 1
0.0
0.0
0.0
0.0
0.0
0.0
0.9
0.0
0.0
0.0
-19132653.06
0.0
0.0
357142857.1
0.0

0.0
534CCCCO.T
0.0

0.0

0.0
534CCCC0.0
0.0
~1254C0009.0

0 1

34,0
222.0
124000000920.

+ 705
0.0
0 1

34.0
222.0
3000CCC0000.

34.0
22240
10400000000,

414.0
0.0

6618.076

[»HeoNeNeoRoR NoReNo No o]
¢ o & o ¢ W e 2 e 0 O
[eReoNoRoRol. WeReNolo Nel

19122€¢53,06
19122€53,06
o'o
178571428.55

62)

000000.0

COONOOO O
e o ° \Nle o o ®
OOV OOODO

75.0
9200000000.0

.518

75.0
24000000000,

517

75.0
8200000000,

246.0

De o o

DOVOONOOOWOO=OOO

32653.06

666138.076

142857.1

132653.06

QIlOQUWOOOI VDO-OOD

o pde 6 Ne & & o @

QOO0
OO0

.
-
°
-

0.0
1500000000.0
0.0
0.0

125.0
6000000000,

«648

125.0
18000000000,

«648

125.0
6000000000,

231.0

0.0
0.0
0.0
0.0
0.0
6417.0
0.0

0.0

0.0
1366618.076
0.0
19132653.06
-19132653.06
0.0

0.0

0.0

0.0

0.0
178571428.55
0.0

0.0

0.0

0000000.0

173.0
4600000000.

»357

173.0
15000000000.

357

173.0
4600000000.

251.0

137.8
137.8
7.25
137.8
137.8
~4297.8
-4297.8

0.0
0.0
o.o
~1366618.076
0.0
0.0
-19132653.06
0'0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
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0.0 240 0.0 0.0
c.n 0.0 0.0 0.0 0.0
-1366618.076 0.0 0.0 0.0 ~19122653.06
0.0 1366618.076 9.9 0.0 0.9
-19132653.06 0.0 0.0 ~1366618.076 0.0
15132€£3.06 0.0 0.0 0.0 1366€18.076
C.C 19132653.06 0.0 0.0 0.0
C.0 0.0 0.0 0.0 0.0
G.0 0.0 0.0 0.0 0.0
C.0 0.0 -19132653.06 0.0 178571428.55
C.0 0.0 9.0 19132653.06 0.0
3571428571 0.0 0.0 19132653.06 0.0
C.0 0.0 178571428.55 0.0 -19132653.06
C.0 0.0 0.0 357142857.1
&6 4 0 1 1
2.64 0.0 0.0 0.0 0.0
C.0 0.0 3.64 0.0 0.0
0.0 0.0 0.0 0.0 3.64
0.0 0.0 0.0 0.0 0.0
C.0 28476.0 0.0 0.0 0.0
C.G 0.0 0.0 14238.0 0.0
C.0 0.0 0.0 0.0 0.0
14238.¢
16 1 0 © O
5 5 1
C.C 3644 71.5 108.0 145.0
152000C000C. 0 8C00000000.0 3400000000.0 1800000C00.0
.C863 «1306 <1244 .1166 .0833
1 4 0 1 o0
0542
8 1 0 o0 1
4 & 1
€.0 35.0 65.0 100.0
45C0C0C00.0 2C0000000.0 120€00000.0
C.0 0.0 «36 0.0
8 1 0 0 1
4 4 1
.0 35.0 65.0 100.0
30€C0CCC00.0 1500000000.0 7500000000
€.0 0.0 .36 0.0
4 2 0 0 1
4 4
C.0 35.0 65.0 100.0
4CCCCC000.0  27500C000.0  1G0000000.0
0.0 0.0 21.8 0.0
1 4 o 1 1
.36
17 17 .88 23 23 2595.0 23 24 -40.6 24 24 .88
53 £1 ~-1C.36 54 82 =-12.96 55 83 -9.84 56 84 -1l.14
€7 €5 -12.96 58 86 -18.64
FROGRAM BJDS( INPUT,OUTPUT ,TAPE3,TAPE4,TAPES, TAPES,TAPEY,
1 TAPESO, TAPES=INPUT )
DIMENSION CM{99,99),V{99,99) yEM{99)yCS(99,99),E(99) 4BETA(144:99),
1 R(99),P(99),C (99499 ),CINVBT(99,99),BCBT{99,99),
2 1PIVOT(99) , INDEX{99,2)

COMMON HMTX(12),FCON
EQUIVALENCE(BETA(191)+CM{19o1),CS{1s2),CINVBTLL1,1), INDEX{LsL)},
i (V(191)4CC1s1)4+8CBT(Ly1))



aA

626

MAX=99
MRETA=144
ON ENTRY TO THIS PROGRAM - - - -
TAPE3 HAS CPDFR AND BFTA MATRIX
TAPE4 HAS COUPLED MASS AND STIFFNESS MATRICES
1 PEAD(5,5001) (HMTX(3)44=5,12)
5001 FORMAT(8A10)
IF(ECF,5) 8998,8999
8998 WRITE(6,8997)
PRINT 8997
STOP 500
3997 FORMAT(//* PROGRAM BJDS STOPPED ON (EDF,5)%)
8999 CONTINUE
READ(5,5001 ) (HMTX{ 1)y J)=1,4)
NERR=0
FCON=1.0
REWIND 3

RFEAD ORDE® OF BETA FRNM TAPE 3
READ(3) NRR,NCSH
REWIND 4

READ COUPLED MASS MATRIX FROM TAPE4
READ(4)((CMUT,43),T=1,NCB), J=1,NCB)

SOLVE FOR FIGENVALUES AND EIGENVECTORS CF COUPLED MASS MATRIX
CALL JACTVINCB,MAXs1,CMyEMyV,DUML,DUM2,DUM3,DUM4, IERR)
IF(IERR,EQ.1) GO TO 1500

TEST FOR NUMAFR OF FINITE EIGENVALUES OF COUPLED MASS MATRIX
DO 10 J=2,NCB
1J=4d-1
IF(EM(J) .LEL.O0.0) GO 7O 11
IF((EM{TJI)/EM(I}).GEL.1000000,0) GO TO 11
IF (J.EQ.NCR) TJ=NCAR

10 CONTINUE

11 NFMEV=TJ

WRITE FEIGENVALUES OF COUPLED MASS MATRIX ON TAPE 6
WRITE(6,12)0(EMIT), I=1,NCB)

12 FORMAT(/ /% EIGENVALUES OF COUPLED MASS MATRIX *//(2X,E15.8))
WRITE{6+13) NFMEV

13 FORPMAT(/ /% NUMBER OF FINITE MASS EIGENVALUES = *,13//)

READ COUPLED STIFFNESS MATRIX FROM TAPE4
READ(4)(L(CS(T,J),1=1,NCR),J=1,NCB)

REWIND TAPE4 AND WRITE COLUMNS OF VECTOR MATRIX NN TAPE4

REWIND TAPE9 AND WRITE ROWS OF VECTOR MATRIX ON TAPEQ
REWIND 4
REWIND 9
DO 20 J=1,NCB
WRITE(9MIV(JI,1),1=1,NCB)

20 WRITE{(4){VI{I,4),1=1,NCB)

MULTIPLY STIFFNESS BY VECTOR AND STORE IN V
REWIND 4
DO 30 J=1,NCB

READ COLUMN OF VECTOR MATRIX
READ(4){R{TI),1=1,NCB)
D0 30 I=1,4NCB
V(14d)=0.0
DO 30 IJ=1,NCB
30 VI1,0)=VII,J04CS(T,TI)%R(1I)
COMPUTFE  VT®(CS*V)
REWIND &
DO 40 TI=1,NCB
READ COLUMN OF VECTOR MATRIX AS ROW OF VECTOR TRANSPOSE
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RFAD(4I{R{S),4=1,NCB)

D0 40 4=1,NCA

CS(1,41=0.0

DO 40 TJ)=1,NC8
CSUT,J)=CSIT,)+RITIIAVITY, $)
K=NFMEY

N=NCB-NFMEV

IF THE NUMBER OF FINITE MASS EIGENVALUES [NFMEV) IS EQUAL TO THE
ORDER OF THE COUPLED MASS MATRIX CM, BYPASS PARTITIONING OF THE
COUPLED STIFFNESS MATRIX CS.

50

IF{N.EQ.Q) GO TO 79
KPl=K+]
CS WILL BF PARTITIONED AS FOLLOWS-~--- (A 31
(AT 2}

WHERE A={K*K), B={K*N}, BT={(N*K), C={(N*N)

REWIND 4

STORE MATRIX A ON TAPE4 BY COLUMNS, 1 RECORD
WRITEL4) ((CS(I51)31=14K1,y3=1,K)
REWIND 8

STORE MATRIX C ON TAPE 8 BY COLUMNS, 1 RECO2D
WRITEAB)L(CS{T,J),1=KP1yNCB),J=KP1,NCB)

STORE MATRIX 3 ON TAPEB BY ROWS, K RECORDS
D0 50 I=1,K
WRITEL9) (CSUI,4)yJ=XP1,NCR)

READ MATRIX C FROM TAPES AND COMPUTE THE INVERSF QOF C

60

THE NEXT READ STATEMENT IS A DUMMY READ TO POSITION TAPES

70

79

REWIND 8
READ(BI{(C({I+J),1I=14N)yJ=1,N)
CALL MATINV(C4N,BI,0,DET,IPIVOT, INDEX,MAXsISCALE)
COMPUTE € INVERSE TIMES 8 TRANSPOSE
DO 60 J=1,K
READ ROW OF R AS COLUMN OF B TRANSPOSE
READ(B)I(P(I)y1=1,N)}
DO 60 I=1yN
CINVBT{1,J)=0.0
DO 60 1)=1,4N
CINVBY(1,3)=CINVBT(T,))4C(I,130%P{1})
REWIND 8

READ(8) SKIPREC

COMPUTE R * (C INVERSE * B8 TRANSPOSE)
DO 70 1=1,K

READ ROW OF 8
READIBI{P(I),yJ=1,N}
DO 70 J=1,K
BCBT(I,J)=0.0
DO 70 1J=1,N
BCBTU1,d0=BCBTH{T,))+P(1J¥XCINVBT(IJ,J)
REWIND 8

STORE € INVERSE TIMES B TRANSPOSE ON TAPER BY COLUMNS,

WRITE(S) {L(CINVBT(I,J)sI=1sN)}yJd=14K)
REWIND 4
READ MATRIX A FROM 4
READ(4I(LCS{T45),1=1,K),y J=1,K)
COMPUTE A - (8%CINV*RT)

1 RECORD

REPLACE THE FIRST K (FINITE) EIGENVALUES 0OF THE MASS MATRIX BY

1.0/({SQUARE ROOT OF EIGENVALUE)
D0 81 I=1,K
EM{T)=1.0/SQRT(EM(I])
IFI{N.EQ.0) GC 7O 81
DO 80 J=1,K
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CSUT,3)=CSUT,3)-8BCBTL(T,3)
CONTINUE

PRE~ AND POST-MULTIPLY THE CS MATRIX BY 1./SQRT{MASS FIGENVALUES)

90

DO 30 I=1,K
DO 20 J=1,K
CSUTy J)=EM{T)%CS(], )}
DO 100 J=1,K
DO 100 I=1,K

100 CS( T, J1=CSUT, 1)%EM( )

CALL JACTVIK;MAXKyCSyEsVsDUML1,DBUM2,0UM3,DUMS s NERR)
IF{NERR.NE.O) GO TO 1500
CALL FREQUE,CS,K,MAX)

PRE-MULTIPLY VECTOR MATRIX BY 1./SQRTIMASS EIGENVALUES)

110

115

120

125

144

145

146

DO 110 I=1,K
DC 110 J=1,K
VI, JI=EM{T)%VII,))
REWIND 4
STORE X SuB 1 VECTORS ON TAPE4, RY COLUMNS, K RECORDS
DO 115 J=1,K
WRITE(4)(VIT44),1=1:K)
IF{N.EQ.0) GO TO 144
REWIND 8
READ C INVERSE * B TRANSPOSE MATRIX FROM TAPES
READ(BI((CS{I 1) el=14N)y d=14K)
REWIND &
MULTIPLY {C INVERSF % 3 TRANSPOSE) B8Y X SUB 1 VECTOR MATRIX
DO 120 J3=1,K
READ COLUMN OF X SUB 1 MATRIX FROM TAPE4
READ{(4M(PITdoI=14K)
DO 120 I=1,N
VilyJi=0.0
DD 120 1d=1,K
VIT 2 3)=V{T,J)4CS{T,130%P(1))
X SuUR 2 VECTOR MATRIX = - VECTOR MATRIX JUST COMPUTED
DO 125 1=1.N
DO 125 J=1,K
VIl 3)==Vv{1,J)
STORE X SUB 2 VFECTOR MATRIX ON TAPF4 8Y ROWS, 1 RECORD
HRITE(4’((V(YvJ’9]=vi,’I=19N’
REWIND 4, THEN RFAD X SUB 1 VECTORS INTO FIRST K ROWS OF CS AND
READ X SUBR 2 VECTORS INTO (K+1) TO NCB ROWS OF CS
THE ©S MATRIX IS NOW {NCB * K}
REWIND 4
DO 145 J=1,K
READ{4I(CS(T,43)y1=1,K}
IF{NJNE.O) READ(4II(CSIT3)y3=14K),I=KP1,NCB)
MULTIPLY MASS VECTOR MATRIX BY CS MATRIX
PEWIND 9
DO 146 I=1,NCB
READ ROW OF MASS VECTOR MATRIX
READ(9)I(R(I),3=1,NCB)
DO 146 J=1,K
Vil,J3)=0.0
DO 146 1J=1,NCB
VI )=V T, J)+RITII%CSLT S0 D)
COMPUTE BETA # THE FINAL VECTOR MATRIX
REWIND 8
00 151 I=1,NRB
READ ROW OF BETA MATRIX
READ(3I(RI{J) o 3=1,NCB)
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DO 150 J=1,K
P(J1=0.D
NG 150 1J=1,NCB
150 PLI)=PLS)I+P (T N)% VIT],]))
151 WRITELS)(2(J),4J=1,K)
FEWIND 9
CO 160 T=1,NRR
160 READ{(B)I{(BETA(TI,J)y3=1,X)
CAalL WMYXC{PRFTA,NR3,KyMRETA,MAX)
REWIND SC
WRITE(SOI({RFTA(L, J)yI=1,NB),J=1,K)
GO 70 1
1500 YF{IEPQ,EJ.1) WRITE(6,1501)
IFINERRNF.0) WRTTE(6,1507)

1501 FORMAT(//%* FRROR FTURN FEOM JACTY - FIRST CALL - COUPLED MASS*)
1502 FORMAT(/ /% EFROR PETURN FPUM JACTY - SFCOND £ALL - STIFENESSY)

G0 TO 1

END

SURF OUTTINE WMTXC {Ag NP NC,MAXR,MAXC)

C  ANR=RCOWS OF 8, NC=COLS OF A, MAXI=MAX ROWS OF 2, MAXC=MAX fOLS OF A
DIMENSINN A (MAXR (MAXC)
COMMON HMTX (12)
KE=0
KSET=NC/8
KLEFT=MOD(NC ,8)
IFUKLFFT (NE .0) KSFT=KSFET 4]
DO 10 KT=1,KSFET
KB=KE+1
KE=K E+8
IF{KT EDKSFT) KE=NC
WRITE(6,5001) HMTX, (], I=KR,KF)
Pd 10 I=1,NP

10 WRITE(6,5002) T,02(T44),J=KR,KF)
5001 FOOMAT(141//712810/7//104 £0W COL, T4, T(11XI4))
5002 FOOMAT(14,8F15.7)

RETUPN
END

SURFOUTTINE FREQUE, A ,K,MAX)
CIMENSION FAMAX) oA{MAX,MAX)
COMMON HMTX {12),F7ION
DO 10 1=1,K
AT ,,1)=6(T1})
A(T 9 2)=FCONXELT)
AT 43)=SQRTLAPS(A(T,2)))

10 Al1,4)=A(1,2)/6.223185307176G59

PRINT 50149 (HMTX( 3 ) 9 3=5412)FCONs{ To (A{T 43Dy 3=1,4),1=1,K)
WRITE(6,5014) (HMTX( J) 3J=25412) oFCON Ty (A{T,3)y)=1,44)yI=1,K)

5014 FORMATIIHIZ/IXBALID//TH FCON =,822.,14//74X1HIOXIHLAMBNA( J) 14X1 2HOMEC
1A SO (JI14XBHCMEGA(II14X1I3HFRENL( 3}y CPS/34XTI3HIFAON * LAMBDAL ) )1
22X6H(REALY//(15,4E24.14))

RETURN
FND

FULL-SCALE TILT KQTCR SYMMFTRI( FREE-FLIGHT MODFS--90 0FG CONVERSION ANSGLE
FINAL MODAL MATRIX
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VIBRATION ANALYSIS BY COMPONENT MODE SYNTHESIS

PEOGRAM COASMUS{INPUT JUTPUT W TAPES=INPUT,,TAPE3,,TAPEL,TAPES, TAPES,

TAPEGTAPELN TAPELL,TAPEL 2, TAPE20)

By s ek ook e ke A e o o o ke e e e e Sl e o e e o e o e ok e o et el kol ole e ot st ol S A e ok e ok o ok o o ot A ok e X ol R ke ek

PRI W A N I A A IR B BECE BE RPN NE NN CER B

[aksNsNaNaNaNaNyl

PRAGRAMS CrSMOS,MIDALC,ANU BIJDSM CCMPRISE A COMPUTER
PACKAGE FOF THe MATURAL MODE VIBRATINON ANALYSIS F
CNMPLEX STFUCTUSAL SYSTEMS BY THE METHCD OF COMPONENT
MNDF SYMTHESIS,

THE STFUCTHRE IS INDEALIZED AS AN ASSEMBLY COF BEAM,SPRING,

AND RIGID MASS SUBSYSTEMS. A FINITE-ELEMENT APPRIACH

IS EMPLOYED T GENLRATE THE MASS AND STIFFNESS MATRICES

FOP THE UNCOUPLED SYSTEM AND THOSE REQUIRED FCR

SUBSYSTEM 3DAL ANALYSES. SUBSYSTEM BEAM ROCT CONDITIONS
CAN BE FREF-FREE, PINNED-FREE, OR CLAMPEC-FREE. PROGRAM

PERMITS OPTION JF EXPRESSING MODAL EXPANSION MATRIX

AS A CNMBIMATIMNN OF CALCULATED SUBSYSTEM MATURAL MODES
AND ADDITIANAL USEF-INPUT DEFLECTION SKHAPES (SUCH AS
MEASUFED ™IDE SHAPES,STATIC DEFLECTINN SHAPES,MR
ASSUMFD DEFLECTINN SHAPES). USER-WRITTEN CCONSTRAINT
FOUAT INNS ENFIRCING INTEF-SUBSYSTEM DISPLACEMENT
COMPATIRILITY AR= APPLIED ACCORDING TO THE METHOD DF

NASA Tk F=3264 A CLNDEMSATION OF THE SYSTENM GENERALIZED

STIFFMESS MATRIX IS PERFOKMED, IF NECESSARY,ANC THE
PESULTANT FQUATIONS CAST INTN A FORM TC WHICH THE

THRESHOLD VARIATION OF THE JACOBI ALGORITHM FOR FINDING

EIGENVALUES AND EIGENVECTORPS IS APPLIED.

G603 3 X O % g+ B ¥ B O B O 6 % % ¥ ¥ WO R OF o OH
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E9G7
8999

DIMENSION A(13,13),8(13513),C(13,13),DM(13),21(13),X(13),5(13),
E(20)95S(13),ECIL3),ER12692)sAA(2642€)9BBl2€42¢c)y
EIGVI26)4VI(26426):8M{26),R(26), IPIVOTIL3), INDEX(13,2),

CINVBT(L3,13)9P(13)BCINVBTI(13,13),EV(26)
CUMMON/ SAME/HMTXLL2) y+COMGKASE, TFFPC, IRITALL
MAX=13 % "MAXT2=26 % MAXT3=39
VAX2=2
FCON=1.9
FEWIND 11
FEWIND 12
FEWIND 20
FEAD 117 o (HMTX L J) 40=5,12)
FOCPMAT(8A 10D
IF(EYF,5) 8998,89%G
FORMAT(1HL/ /% PRAGPAM COSMCS STOPPED CN EQOF,5 *1)
COMNTINUE

KASE=1, ODIAGUNAL MASS ONLY (NN NULL VALUES)

KASE=2, DTAGOMAL MASS AND POTARY INERTIA (N NULL VALUES)
KASE=3, NOM-DIAGONAL MASS AND ROTARY INERTIA (NULL VALUES

CAN BE ON DIAGUNAL)

KASE=4y DIAGONAL TORSICNAL INERTIA NDF AXTAL MASS (N2 NULL

VALUES ON DIAGNNAL)
KASE=5, DIAGUNAL TORSTCNAL INERTIA NF AXTAL MASS (NULL
VALUES CAN BE ON OIAGONAL)
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--~BEAM EMD CONDITINNS-—~~
IFFPC=1, FREE-FREE

IFFPC =2, PINNED-FREE
IFFPC=3, CLAMPED-FREE

STATIC UNBALANCE TERMS ARISING FROM MASSES OFF THE
ELASTIC AXIS COUPLE BENDING AND TORSION
1CBT=1, COUPLED BENDING~-TORSION
ICBT=0, BENDING AND TORSION UNCOUPLED (DR NOT APPLICABLE)

FOR SPRING OR RIGID BDODY SUBSYSTEMS NO MODAL EXPANSIONS
WILL BE PERFORMED. USER HAS OPTION T3 BYPASS MODAL
EXPANSIONS FOR ANY BEAM SUBSYSTEM.
IEXPAND=1, MODAL EXPANSION WILL BE PERFORMED
IEXPAND=0, NO MODAL EXPANSION {(OR NOT APPLICABLE)

NSPADD = NUMBER OF SPRING CONSTANTS TO BE ADDED ON AND ABOVE
DIAGONAL Of FREE-FREE STIFFNESS MATRIX IN A GIVEN
BLOCK. PROGRAM WILL PROVIDE SYMMETRY AS REQUIRED.
~—NOTE--THESE SPRINGS TIE BEAM 0OR RIGID 80DY
ELEMENTS TO GROUND ONLY AND NOT TO OTHER ELEMENTS.

MASADD = NUMBER NF MASSES TO BE ADDED CN ANC ABOVE
DIAGONAL OF THE FREE-FREE MASS—ROTARY INERTIA
MATRIX IN A GIVEN BLOCK. THE PROGRAM WILL
PROVIDE SYMMETRY AS REQUIRED.

MASCBY = NUMBER OF STATIC UNBALANCE TERMS ABOVE D IAGONAL
OF COUPLED BENDING-TORSION MASS MATRIX. THE
PROGRAM WILL PROVIDE SYMMETRY AS REQUIRED.

IRITALL CCNTROLS INVERMEDIATE OQUTPUT TC TAPE 6 WHICH
MAY BE ROUTED.
IRITALL=1, SUBSYSTEM MASS AND STIFFNESS WATRICES
FOR FREE-FREE AND RESTRAINED CONDITIONS
WILL BE OUTPUT
IRITALL=0, ABOVE NOT OUTPUT

NBLKS = NUMBER OF BLJICKS IN UNCOUPLED, FREE-FREE SYSTEM
MASS AND STIFFNESS MATRICES

NORDER = CRDER OF UNCOUPLED, FREE-FREE SYSTEM

REAC NUMBER OF BLOCKS IN UNCOUPLED SYSTEM MASS AND STIFFNESS
MATRICES AND DRDER OF SYSTEM

FEAD 1020,NBLKS,NORDER

WRITE(641011) NBLKS,NORDER

PFINT 1011,NBLKS,NORDER
1011 FORMAT{1H1//%* NUMBER BLOCKS IN UNCOUPLED SYSTEM MASS AND STIFFNESS

1 MATRICES = *,13//% ORDER OF SYSTEM = #,13)

DO 200 NBLOCK=1,NBLKS

WRITE(6,1019) NBLOCK

PRINT 10194NBLOCK
1019 FORMAT(LH //1X, LOHRE®K s dkhh dk sk kkkd / 1X o LIH® */

1 1X, 14H* BLOCK NUMBER 4 I3,2H #/1X,19H#* ®/

2 1 X g LOH %ok k dok ke Kok ok Rokok ok ko )
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C KK=0F UER MF BLOCK

C LOC=1, BEAM BENDING

C L3C=24 BEAM TIRSIMN

C L3C=3, BEAM AX]IAL

C LOC=4, SPPING NR RIGID BODY ELEMENT

C FOR SPRING 2R RIGID BODY ELEMENTS ———--

C MK=1, PEAD STIFFNESS FROM CARDS

c MK=)y NO READ

C MM=1, PEAD MASS FPOM CARDS

C MM=0, NO READ

c FOR A SYMMETRIC OR ANTI-SYMMETRIC FORMULATION OF THE
C PROBLEM, THE MASS AND STIFFNESS MATRICES FOR BLOCKS

C CORRESPOMDING TO SUBSYSTEMS OUT OF THE VERTICAL PLANE
C OF SYMMETRY MUST BE MULTIPLIEO BY 2.0

C ISYM=1, MULTIPLY BLICK MASS AND STIFFNESS MATRIX 8Y 2.3
C 1SYM=0, NOQ MULTIPLICATION

READ 1920 ,KKeLNC yMK oMM, [E XPAND, ISYHM
1020 FCRMAT{2014)
GC TO (112+120,120,130),L0C

8 %k ek o e 2 ok o sk ok R X

* BEAM BENDING *

A% %Ak b ok ok ok ok ok kX

c FOR BEAM BENDING, FREE~FREE STIFFNESS MATRIX IS
C GENERATED IN THE PARTITIONED FORM (A 8)

c {BT )

c WHERE  A=(K%K), B={K*N), BT=(N*K), C={N#N)

c FOR THE FREE-FREE CASE, K=N

117 READ 1020 9KyNyKASEICBYT s IFFPLoNSPADD,MASADD, IRITALL
WRITE(64+1030) KoNyKASE,ICBTy IFFPC yNSPADDo MASADD,IRITALL
FRINT 10309KyNyKASE, ICBT, IFFPCyNSPADDsMASADD, IRITALL

1030 FORMAT (/79X % K¥ yGX o ¥N*y 8X o ¥KASE*, 6 X9 ¥ ICBT *9 TXy ¥ IFFPC*, TXy *NSPADD*,
1 6 Xy #MASADD* 9SXy ¥ IRITALL*//411044112)
1C4C FORMAT(5E14.8)
IF{ICBT.E0.1) KASESAV=KASE
K¥l=K=1
CALL ZEROM(A,K,KqoMAXKyMAX)
CALL ZERDM{B,K,NyMAX, MAX)
CALL ZEROM{CyNyNyMAXyMAX)
CALL ZEROM(DM Ky 1yMAXy1)
CALL ZEROM{RI 4Nyl yMAXy L)
READ 1040,(X{1),1=1,K)
READ 1040,{S( 1) I=1yKML)
FEAD 1040,{(DM{TI)yI=1,K)
IF(KASESNE.L) READ 1040y (RILI)I=1sN)
PRINT 105Cs(JIsX{J)+S{J)sDM(IIHRI(I)yI=1,KM1)
WRITE(6,10500(JsX(J),SUJI),OMUIY}yRILI)»I=15KM1)
PRINT 10519KeX{K)DM(KDIsRI(K)
WRITE(6,1051 1Ky X{K}+DM(K]} 4RILK)
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1050 FURMAT L/ /7 /73X s %)% s T X2 X{ J) 23 LA R *ET ()% LOXs#MASSII)®, LOXy*RI( S)¥,
1 //(14,4E16.8) 1}
1051 FORMAT([4,EL6.84516Xy2E16.8)
DC 40 L=1,KM1
40 E(L)=1.07(X{L+1)-X(L})
OC 41 L=1,KkM1
41 ES{L)=ELLI*®E(L)
DO 42 L=]1,KM1
42 ECILI=E(LI*ES(L)
FCRM MATRIX A
A{le2)=~A(1,1)
A(K ML )=~12,0%S{KMLIREC(KM1)
A(KyK}=—-A(K,KM1)
M=0
00 50 L=2,KM1
M=M+1
A(LyM)=—12-O*S(M,*EClM)
A(LyME2)=-12,0%S{M+1) *EC(M+])
50 A(LoMeELl)=—(A(L,MI+ALL, M#2))
FCRM MATRIX B
B(lyl)=6,0%S(LI%ES(1)
B{ls2)=8{1,1)
BAKsKMLI==6.0%S{KMLI*ES(KM])
BIKeK)=BIK,KM1)
M=0
DO 61 L=2,KM1
MM+
BILyM)=~6.0%S(MI*ES(N)
BILyM#2)=6.0%SIM+L)IXES(M+L)
61 BiLsM+L)=B{L,M)+B(L,M+2)
FORM MATRIX C
Clle1)=4,0%S{1)*E(1)
C{1y2)=2.0%SC1¥%E( 1)
CIKyKML)=2,0%SIKML)®E(KM] )
ClKyK)=4e O%SIKML)*E{KML)
¥=0
DO T1 L=2,KM]
M=M+1
C{LyMI=2,0%5({M)%E(M)
C{LyM#2)=2.0%S{M+LIRE(M+])
71 C(LyM#1)=4, 0% (SIMELIRXE(M+LI#SIMI*E(M))
IF(NSPADD.EQ.Q) GO TO 90
READ 1060 {IR(Jy1)IR(JI$2),E(J)J=1,NSPADD)
1060 FORMAT(4(213,E14.8))
WRITE(6910611 19 IR(I1)yIR{IIy2)V,ELJ) 0J=1yNSPADD)
1061 FORMAT(//4Xo®J% 32X #¥RIWK, 2Xo *¥COLK, TX oy *¥SPRINGIII*/ /1315,E22.14))
CC 90 JJ=1,NSPADD
NROW=IR(JJ,y1)
NCOL=IR(JJ,2)
IF{NROW.GT.K) GO TO 89
IF{NCOL.GT.K} GO TO 88
AUNROW, NCOL)=A(NROW,NCOL) ¢+E(JJ)
IF{NROW.NEJNCOL) A(NCOL NROW)=A{NCOL, NROWI+E(JJI)
G0 TO 90
88 NCOL=NCOL-K
BINROW, NCOL )=B{NKOW, NCOL) #+€{J J)
GO T0 90
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NE OW=NRDW-K

NCOL =NCOL ~K

CUNROW,NCOL )=CUINROW, NCOL) +ELJ J)

IF{NROWNEF.NCGLY CUNCOLyNROW I=CINCOL yNROW)+E(JJ)
CONTINUE

C FORM FREE-FREE BENDING STIFFNESS AND MASS MATRICES

KPN=K&N

KP 1=K+1

IF(ICBT.EQ.1) KK=KK#+KK/2

IF(ICBT .EQ.1) KKSAV=KK
IF(ICBT.EQel) MAXT2=MAXT3

CALL ZEROMUAA KK KKy MAXT2 yMAXT2)
CALL ZEROM(BB¢KKoKKyMAXT2Z2,MAXT2)

REWIND 3

WRITE(3)I(ALT 9J) 3 d=1 s KD oI=1 oK) 8(BLT o3 d=1sN)oI=1 K)o ((BlTyd),
1 121 4K )9 d=1aN) g LUC{L g3y UL yND) I=L N} (DML J) 9d=15K),
2 (PI(J) 9J=1,N)

REWIND 3

FEAD(3) (LAALT 9y} ad=loK)p1=2sK)y {{AA(T 2 d)y J=KPL,KPNYgI=1,K),

1 (LAAL T 0) 9d=1 s KD E=KPLyKPN) » (TAALL3J) g J=KPLyKPN)» I=KPLl,KPN),
2 {BBLIeI) s J=1,KPN)

IF{ICBT.NE.1) GO TO 1064

REWIND 9

WRITE(IVULAALT 3 J) s d=1¢KPNDsI=1KPN)

C MULTIPLY FREE-FREE STIFFNESS MATRIX BY 2.0 IF ISYM =1

1064

1G€5
1066

C WP
1C68

169

g3

IFLISYM.EQ.O) GO TO 10¢t6

DO 1065 I=1,KPM

D0 1065 J=14KPN

AALT 3J)=2.0%AA(1,J)

IF(ICBT.NE.L) GO TO 1068

KP=K $§ NP=N

GC TO 1069
ITE ORDER AND FREE-FREE STIFFNESS MATRIX ON TAPE 11, 1 RECCRD
WRITE(LLIKPN, ((LAA{Td),J=1,KPN)s1=1,KPN)
IF(IRITALL.EQ.O) GO TO 1069

EMTX{(1)=10H FREE-FRE ¢ HMTX(2)=10HE BENDING
HMTX{3)=10HSTIFFNESS $§ HMTX{4)=10HMATRIX
CALL WMTXCCAAZKPNyKPN,MAXT2,MAXT2)

CCNTINUE

IF{MASADD.EQ.0) GO 7O 93

FEAD 10609 IR(Js1)sIRLJI$2)9ELJ) »J=1,MASADD)
00 93 4=1,MASADD

NRCW=IR{J, 1)

NCOL=IR(J,2)

BB(NROW,NCOL )=BB(NROWSNCOL)I+E(J}
IF(NRNWH.NENCCL) BBINCOL NROW)I=BB{NROW,NCOL)
CUNTINUE

IF{ICBT ,NEL)) GO TO 99

REWIND 10
WRITE(LOYU{BB(T4sJ)9d=1+1KPNIyI=1,KPN)

C MULYIPLY FREE-FREE MASS MATRIX BY 2.0 IF ISYM = 1
9% IF{ISYM.EQ.0) GO TO 98

FEWIND 8
WRITE(8I((BBIIyJ)yJ=14KPNDyI=1,KPN)
L0 96 T=1,KPN

DC 96 J=1,KPN

96 B8B(1yJ)1=2.0%BB( 1,4}
98 IF(ICBT.NE.1) GO TO 95

GO 1O 97
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s7

1071
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WRITE ORDER AND FREE-FREE MASS MATRIX ON TAPE 124 1 RECORD

WRITE(L2IKPNy ((BBUEsJ) s J=19KPN) 1 21,KPN)
IFCIRITALL.EQ.O) GO TO 94

HMTX(1)=1CH FREE-FRE $ HMTIX(2)=10HE BENDING
HMTX (3} =10HMASS MATRI $ HMTX{4)=10HX
CALL WMTXCIBBKPNyKPNyMAXT2,MAXT2)
CONTINUE

IFLISYM.EQ.0) GO TO 97

REWIND 8
READIBI((BB(19J)yJd=1oKPN)yI=1,KPN)
IF(ICBT.EQ.1) GO TO 200

IF(IEXPAND.EQ.1) GO TO 1070

CALL ZEROM(VyKKKKyMAXT 2y MAXT 2)

CO 1071 I=1,4KK

J=KK+1-1

VilyJdi=1.0

KPN=KK ¢ K=KK

G0 70O 7000

C APPLY BCUNDARY CONDITIONS TO FREE-FREE STIFFNESS AND MASS MATRICES

107C

W N e

1080

11

I8A=1

18t=1

IF{IFFPC.GE.2) IBA=2

IF(IFFPC.EQ.3) 1IBC=2

KA=K+IB8C

REWIND 3
(LCUT9J)9J=IBC NIy I=IBCyN)» {I{BBII3J)eJ=IBA:K)yI=IBAK)},
((BB((pJ’1J=KA'KPN)|I=‘BA1K" ‘(BB",J),J=IBA,K"

[2KA s KPN) o ((BB(1sJ) 9 J=KAKPND I =KA4KPN)

IF(IBA.EQ.2) K=K-1

IF{IBC.EQ.2) N=N~-1

HMTX{1)=10H K,N AFTE $ HMTX(2)=10HR APPLICAY

HMTX({3)=1CHION OF 8DR $ HMTX{4)=10HY. COND.

WRITE(641080)HMTXyKyN

PRINT 1080,HMTX KN

FORMATU(//7/7/712A1L0/75X %K = *,13,10Xs%N = %,13})

REWIND 3

KPN=K#+N

KPLl=K+1

READ{3) {(AALL3J) 9J=1¢K) 1=K}y {CAALL )y J=KPLyKPNIyI=1,K1},

1 ((AA(!QJ’9J=KPIQKPN),1=KP1,KPN"((BB([9J’9J=11K"I=IQK)"
2 ({BBIT,J)sJd=KPLyKON)oI=1 oK) (U{BB{IyJ)sJ=1yK}se I=KPL,KPNI},
3 ((BBLIJ) sy J=KPLyKPN) s I=KP1,KPN)

00 11 I=KPl,KPN

D0 11 J=1,K

AA(T,J)=AA(D, 1)

IFUIRITALLLEQLD) GO TO 12

HMTX(1)=10H FINAL ST $ HMTX(2)=10HIFFNESS MA
FMTX{3)=10HTRIX $ HMTX{4)=10H

CALL WMTXCUAA,KPNyKPNyMAXT2,MAXT2)

HMTX(1)=10H FINAL MA $ HMTX(2)=10HSS MATRIX
HMTX{3)=1CH $ HMTX{4)=10H

CALL WMTXCI(BB.KPNsKPN,MAXT2,MAXT2}

12 FEWIND 4

C WR

ITE ORDER, MASS MATRIX, AND STIFFNESS MATRIX ON TAFE 4, 1 RECORD
WRITE(4IKPNy ({BB(LsJ)sJ=1sKPN) s I=1oKPN)s (AACT ) 2 J=1+KPN),
1 I=1yKPN)

C CALL EIGENVALUE SUBROUTINE

CALL ALLEIG(AA,BByKPNyMAXT2, MAX;MAX29KoNyCo IPIVIT, INDEX+P,
1 CINVBT,BCINVBT,EM,EIGV,V4EVsR KPR, ICBT)



GC TO(105,1024102}IFFPC
C ADD RIGID BNDY TRANSLATION MCDE TO MODAL MATRIX
102 N=KPN/2
K=K+l $ J=N
DO 103 I=1¢N
J=Jtl
VilysKi=1.0
103 V{J:K}=0.0
IF{IFFPC.EQ.2) GO TO 105
C ADC RIGID BODY ROTATION MODE TO MODAL MATRIX
K=K+l § J=N
DO 1C4 I=1yN
J=d+l
VII,K)=X(])
104 V{JyK)=1.0
105 CCNTINUE
C WRITE CRDER AND MODES (8Y COLUMNS) ON TAPE 20, 2 RECCROS
T700C WRITE(20) KPN,K
WRITE(20) (IVII 9 J) sI=1,KPN)oJ=14K)
IF{NBLICK.EQ.NBLKS.AND.NBLKS.EQ.1) GO TO 1
GO T0 200

B3 0 e 2 ok e o ok ool ok ke ok ok e s ol ook ok

* BEAVM TORSION 0OR AXIAL *
kR ARk R AR R kR KR ok ok

c FREE-FREE STIFFNESS MATRIX IS OF ORDER K

120 FEAD 1020,K,KASE, LFFPC ¢ NSPADD ,MASADD, IRITALL
WRITE(641090)K,KASE, IFFPC 4yNSPADD, MASADD, TRITALL
PRINT 1090,KysKASEy IFFPC 4NSPADD,MASADD, IRTTALL
1090 FORMAT(///9X %K% ,8Xo*KASE®,;5X ¢ *IFFPC%,5X, *NSPADD* 44X, *MASADD*,

1 3Xy*IRITALL*//6110)

KMl=K-1

IF(ICBT.EQ.1) KASE=KASESAV

CALL ZERAOM{A KKy MAXs MAX)

CALL ZEROM[ByKyK,MAX4MAX)

FEAD 1040, (X{I}eI=2]1,K)

PEAD 1040,(S(I),I=1,KM1)

KEAD 10404 (RI(I)sI=1,K)

1F(LOC.EQ.2) GO TO 1798

WRITE(691102) 009 X03),SLI)yRICI) 9I=1,KML)

WRITE(641101) KyX{K)4RI(K)

PRINT 1102, {39 X{J1,S{JIDsRI(JI) yJ=1,KML)

PRINT 11019Ke X(K)3RE{K)

G0 TO 1099
1098 WRITE{6, 110030 X{I)9S{J) sRI(I) 9d=1,KML)

WRITE{651101) KoX{K)RI{K)}

PRINT 1102,(JsXT{d)yS0JI)RILJ) 9 J=14KML)

PRINT 1101,KoX{K)RI(K)
1100 FORMAT(///3X X% 3TX %k X{ J) ¥y L1Xo*GI(J)*, 10X *RI(II*y// (1493EL6.8))
1101 FORMAT(I4,E16.8,16X,EL16.8)
1102 FORPMAT(//7/3Xs%J% 3 TXy*X{ I} % L1 Xy *AE(J ) *, 10X, *¥DM(J) %5/ /(149 3EL16.8))

C FORM FREE-FREE STIFFNESS MATRIX

1099 LO 121 L=1,KM1

121 E4L)=1.0/(X{L+1)-X(L))
00 122 J=1,KM1

122 S(J)=S{JI*ELJI}
All,2)=5(1}
A{l,2)=-S(1)
ALKy K-1)==S{KM1)
A(KyK)=S({KML)



637

KT8=0
DO 123 J=2,KM1
KC=KTB+J
ALKD sKD-11=-S(J~1)
A{KDKD)=S{JI~114S50J)
123 A(KDKD#1}=-5(J)
IF{NSPADD.EQ.0) GO TO 124
READ 10604, (IRLJ1)oIR{IH2),ELJ)9d=1,NSPADD)
WRITE(H,1CHLII LI IR(ISLI JIR(J22)4EL(JD,J=1y NSPADD)
D0 124 JJ=1yNSPADD
NROW=IR{JJ,1)
NCOL=IR{JJ,2)
ACNROW, NCOL )= A{NROW, NCOLI+E(JJ)
IF (NROW.NELNCOL) AINCOL,NROW )}=AUNROW,NCOL )
124 CONTINUE
IF{ICBT.EQ.L) GO TO 125
IF{IRITALL.EQ.O0) GO TO 125
HMTX({1)=10H FREE~-FRE $ HMTX(2)=LOHE TORSION
HMTX{3)=10HSTIFFNESS $ HMTX{4)=10HMATRIX
CALL WMTXCUA,KyKyMAXyMAX)
125 CONTINUE
IFL{ICBT.NEL.L) GO TO 119
WRITE(ION(LALT 9J)pJ=1sK)pl=1,K)
C MULTIPLY FREE-FREE STIFFNESS MATRIX B8Y 2.0 If ISYM = 1
119 IF(ISYM,EQ.0) GD TO 128
FEWIND 8
WRITE(BI((A(TI J)d=1eK)yI=x]l,yK)
DC 129 I=1,K
D0 129 J=1,K
129 A(12J)=2.0%A(1,J)
128 CONTINUE
IF{ICBT.NEo1) GO TO 1292
C FORN FREE-FREE COUPLED BENDING-TORSION STIFFNESS MATRIX
KPNPK=KPN+K $ KPNPLI=KPN+l
DC 1293 I=KPNP1,KPNPK
I1=1-KPN
00 1293 J=KPNP1,KPNPK
JJ=4-KPN
1293 AA(LJ)=A(11,4J)
C WPITE ORDER AND FREE-FREE COUPLED BENDING-TORSION STIFFNESS MATRIX
C  {(BY ROWS) ONTO TAPEll, 1 RECCRD
WRITECLLIKPNPK, {{AAl LS}y =1 KPNPK) ,I=1,KPNPK]}
GO TC 1294
C WRITE ORDER AND FREE-FREE STIFFNESS MATRIX (BY R0WS) ON
C TAPE 11y 1 RECORD
1292 WRITE(LLIKy({ALT o) yJd=19K)el=1,K)}
1254 IFLISYM.EQ.O0) GO TD 1291
REWIND 8
READ(B) (LAl IyJ)J=12K)sI=14K)
1291 CCNTINUE
BC 12 J=1,K
12 BlJseJ)=PLILJ)
IF{MASADD.EQ.O0) GO T3 126
READ 1060+ (IR{Js1)4IR(Jy2)5E(JI)0=14MASADD)
00 126 J=1,MASADD
MROW=IR{J, 1)
RCCL=IR{J,2)
B{NROW, NCOL )=B(MROW,NCOL) +E(J)
IF{NROW.NE.NCOL) B(NCOL,NROW)}=B{NROWsNCOL)
126 CONTINUE



638

IFCICAT.NELL) GO TN 1259
WRITECLO} (EBIT40)0d=1,K D,y 1=1,K)
C MULTIPLY FREE—FREE MASS MATRIX BY 2.0 IF ISYM a |
1259 IF{ISYM.EC.0) GO TO 1260
REWIND 8
WRITE(BM{(BLIJ)J=1,K)sI=1,K)
DC 1262 1=1,K
DC 1262 J=1,K
1262 Bl14J)=2.0%B(1yJ)
126C IFIICBT<NE.1l) GO TO 1261
€ FOFM FREE-FREE COUPLED BENDING-TORSIGN MASS MATRIX
DO 1264 I=KPNP1,KPNPK
11=1-KPN
DO 1264 J=KPMP1,KPNPK
JJ=J-KPN
1264 BB(I,J1=8(11,J4)
FEAD 1020,MASCBT
FEAD 1060, (IR{ 911 IR{I92)4ELI) s J=1,MASCBT)
IF(TSYM.EQ.0) GO TO 1265
CO 1266 J=1,MASCBT
1266 E(JI=2%E(J)
1265 ©C 127 J=1,MASCBT
NROW=IR(J,2)
NCOL=IR(J4+2)
B8 (NROW ¢ NCOL } =BB { NROW , NCOL ) +E { J)
127 BBUNCOL,NROW}=BB(NROW,NCOL )
C WPITE ORDER AND FREE-FREE COUPLED BENDING~TORSION MASS MATRIX
C (BY ROWS) ONTO TAPE12, L RECORD
WRITE(12) KPNPKs ({BB(1yJ)sJ=1,KPNPK}yI=1,KPNPK)
REWIND 10
CALL ZEROM{BB,KPNPK,KPNPK,MAXT2,MAXT 2}
READ (10U (BBII,J)yJ=1,KPN),E=1,KPN)
READ(LOM({BB( o), J=KPNPLKPNPK ] I=KPNPL, KPNPK)
DO 1267 J=1,MASCBT
IF{ISYM.EQ.1) E(JI=.S%E(S)
NROW=IR{J,1}
NCOL=IR(J,2)
BBANROW s NCOL ) =8B {NROWs NCOLI +ELJ)
1267 BBINCOL yNROW) =BB { NROW ¢ NCOL )
GC TO 1268
C WRITE ORDER AND FREE-FREE MASS MATRIX (BY ROWS) ON TAPE 12, 1 RECORO
1261 WRITELL2YK, ({BLId)p =1 ,K)s0=1,K)
1268 IF(ISYM.EQ.0) GN TO 1263
REWIND 8
READ (8} {IB(1,J)sd=1,K),1=1,K)
12¢3 REWIND 3
IF{ IEXPAND.EQ.1.AND. [CBT.NE.1) 6O TO 1270
IF{ TEXPAND-EQeD« ANDoICBTNE.1) 1275,1276
1275 CALL ZEROM{VyKK KK,MAXT2,VAXT2)
CO 1075 I1=1,KK
J=KK#1-1
1075 V{I,J)=1.0
KPN=KK § K=KK
GO TO 2051 _
¢ APPLY BCUNDARY CONDITIONS TD FREE-FREE MASS AND STIEFNESS MATRICES
127¢ RFEWIND 9
REAC(9) ({AA(Tod)yd=1sKPND g I=1 (KPN)
PEAD(9) { (AALT 9J) » J=KPNP 1y KPNPK) » I =KPNP1,KPNPK)
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IF{IEXPAND.EQ.1) GO TO 1277
CALL ZERIMIV,KKSAV KKSAV, MAXT 2, MAXT2)
DC 1278 1=1,KKSAYV
J=KK SAV+1-1
1278 VilyJ)=1.0
KPN=KKSAV $ K=KKSAV
GC TC 2051
1277 IF(IFFPCL.EQ.1) GO TO 1269
I8A=1 ¢ IBC=l
IF(IFFPL.GEL.2) 1IBA=2
IFIIFFPCL.EQ.3) IBC=2
FEWIND 3
J1=KP+IBC & J2=KPN+IBC
WRITE(3) ((AA(T34)sJ=0BAyKP )y I=IBAsKP )Y (LAA[T,J)pd=JlKPN),
I=18A3KP)s {1AALI3J )y d=J2,KPNPK) » 1=1BA; KP), ({AA(I,J),
JIBAKP) y I=J1 o KPN Yo (LAACT 3 J) 9 0= Lo KPNYsI=J01,KPN),
((AA([uJ,1J=JZ'KPNPK)p!=leKPN,’((AA(['J,'J=!BA9KP,Q
1=J2,KPNPK ) 5 (LAALT 3 0) o J=J1 s KPN) ¢ 1232, KPNPK D},
(CAAL T 0) 435 J2 0 KPNPK Jo 1252 KPNPK)

[S R R E S

REWIND 10 )
WRITE{LOY((BAIT sJ)sJ=IBAsKP)yI=IBAKP) o ({BR(TI9J)sJ=ILsKPN),
I=1BAKP) ¢ (({BBUL,J )y J=J2,KPNPK ), I=IBA,KP), ((BBL{1,J),
J=1BAIKP) y 12J1 +KPN ) L{BBL L)y J=J1,KPN), I=J1,KPN),
({BBCIyd)y J=J2,KPNPK Y, I=J14KPND 4 (IBBII,J),J=1BA,KP),
[=J2 KPNPK)Yy ((BBET )y J=JL2KPN}, I=J2,KPNPK ),
((BBLIod)sI=J2 s KPNPK), I=J2yKPNPK)
IF{IBA.EQ.2) KP=KP-1
IF(IBC.EN.2) NP=NP~1
KPN=KP+NP $ KPPI=KP+1l
KPNPL=KPN+1 $ KPNPK=KPN4+NP
REWIND 3
READ(IIL(AALT 3 J) 0=l o KPPy IsL s KP)y (LAA(T 305 J=KPPLyKPN)yI=1,KP),
((AA(I,J,9J=KPNP1|KPNPK,'l’lyKP)y(‘AA‘I'J,szl,KP,’
T=KPPLoKPN) s ({{AA(LsJ )y J=KPPL,KPN)y I=KPPL o KPNJ,
(CAALT 4 J) 9y J=KPNPL1,KPNPK) ¢ I=KPPLyKPN )y ({AACT; JD 9 I=14KP,
ISKPNPLsKPNPK) o { [AAT 153} s J=KPPLyKPN)» I=KPNPL,KPNPK]),
({AA(T 9J) s J=KPNP L, KPNPK) 9 I=KPNPL s KPNPK)
REWIND 10
READ(LO)M (BBl Iy JbeJ=lsKP)yI=1oKP)y{IBB{1,J),J=KPPL,KPN}yI=1yKP),
(UBBUI 9J) s JaKPNPLyKPNPK) oI xLoKP) o ({BBULIJ)J=1,KP),
I=KPPLyKPN)y ((BBUI,J)yJ=KPPLyKPN)} s I=KPPLyKPN),
({BBLT 4J) 9 J=KPNPL,KPNPK) y T=KPPL,KPNIy ((BE(L,d)sd=1,KP),
1=KPNPL KPNPK) » { {B8B(10J) v JEKPPL,KPN) , I=KPNPL ,KPNPK),
({BBII 4J) 9y J=KPNP1,KPNPK) s I=KPNPL  KPNPK )
C WRITE ORDER AND FINAL MASS AND STIFFNESS MATRICES ONTO TAPE 4
126S REWIND 4
WRITE(4IKPNPK, ( (BB 2J) 2 d=1 KPNPK ), I=1,KPNFK), ({ARLI,J),

[ N

VLW N

WA e

1 J=1y KPNPK) s I=1, KPNPK)
CALL ALLEIG(AA,BB)KPNyMAXT2,MAXMAX23KsNyCy IPIVIT, INDEX,yP,
1 CINVBT BCINVBT yEMHEIGVyVHEVR 4KPR,ICBT)

GO TC(205,206,206) IFFPC
C ACC RIGID BODY TRANSLATION MODE TO MODAL MATRIX
206 N=KPN/3
K=K+1
DO 2C7 I=1,N
207 V(14K)=1.0
NT2=2%N & J=N
CC 208 I=14NT2
J=J+1
2C8 V{JyK)=0.0
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IFUIFFPL.EQ.2) GO TO 205

C ADD RIGID BODY ROTATIONAL MODE TO MDDAL MATRIX

206

K=Ke¢l & J=N $ JI=NT2
CC 209 I=1N

J=J+l $ JI=JdJ+1

VUL K)=X(T)

VIJyK)=1.0

ViJJ4K}=0.0

C ADD RIGID BODY TORSION MODE TO MODAL MATRIX

21¢C

211
202

CUTOLY

127¢

120¢

K=K+1
DO 210 I=1,NT2
V(I+K}=0.0
J=NT2
CC 211 I=1,N
J=J+1
ViJeK)=1.0
CONT INUE
GC TC 2051
1184
1BA=1
IFUIFFPCL.EQ.3) IBA=2
WRITEIB M (A(T yJ)yJ=1B8AsK),I=1BA K+ (BT oI} ¢J=1BA,K),1=1BA,K)
IF(IFFPC.EQ.3) K=K-1
HMTX{1)=10H K AFTER $ HMTX{2)=10HAPPLICATIO
HMTX(3)=10HN OF BDRY. $ HMTX{(4)=10HCOND.
WEITE{641200)HMTX4K
FORMAT(////12A10/7/75Xs%*K = *,13)
REWIND 3
KPN=K
READ{3I((A(T94)93=14KoI=14K) o ((BlLeIdrd=14K}el=14K)
HMTX(1)=10H FINAL ST $ HMTX({2)=LOHIFFNESS MA
HMTX (3) =10HTP IX $ HMTX{4}=10H
CALL WMTXCUA,KyKoMAXy MAX)
HMTX(1)=10H FINAL MA § HMTX{2)=10HSS MATRIX

HMTX {3} =10H $ HMTX(4)=10H
CALL WMTXC{B,KyKyMAX,MAX)
REWIND 4

C WRITE CRDER AND FINAL MASS AND STIFFNESS MATRICES ON TAPE 4, 1 RECORD

WRITELGIKPNy {UBLIyJ)yJd=1sKPN) sI=L oKPND) o {{A(Y5J) s J=1sKPN)yI=1,KPN)

C CALL EIGENVALUE SUBROUT INE

CALL ALLEIG(AA,BBsyKPNyMAXT2yMAXyMAX2 yKyNyC oy IPIVOT ) INDEX,P,
CINVBTyBLINVBTEMyEIGVIV+EVR, KPR, ICBT)

1
GO TC(2044+204,202) IFFPC

C ACC RIGID BODY TORSION OR AXIAL MODE TO MODAL MATRIX

202

203

K=K+1
DO 203 I=1,K
V{l,K}=1.0

2C4 CCNTINUE
C WRITE CRDER AND MODES (BY COLUMNS) ON TAPE 20, 2 RECGRDS

2051

WRITE(20) KPN,K
WRITE{20M((V(1,J)3I=1,KPN},J=1,4K)
IFINBLICK.EQNBLKSAND.NBLKS.EQ.1) GO TO 1
GO TC 200
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LEA 2RI R 2 222 22 22t R a2 £ 2 2 Bt 22 R 22

* SPRING OR RIGID BODY ELEMENT *
FAFBAAAXE KRR ERERRRE KRR KRR RS Kok &

130 CALL ZERMM{ASKK pKK ¢MAX,MAX)
CALL ZEROM{B,KK sKKyMAXy MAX)
IFIMK.EQ.O) GO TO 131
PRINT 1301
WRITE(6,1301)
1301 FORMAT(1H //1Xy%* SPRING ELEMENT — STIFFNESS MATRIX WILL BE READ
1FROM CARDS. MASS MATRIX IS NULL.*)
READ 1040, {{A{I3J)yJ=19KK)pI=1,KK)
C MLLTIPLY FREE-FREE STIFFNESS MATRIX 8Y 2.0 IF ISYM = ]
IF{ISYM.EQ.0) GO TO 131
REWIND 8
WRITE(B)I(LALT yJ)ad=1¢KK)yI=1yKK)
DO 135 I=1,KK
£C 135 J=1,KK
135 All1,J)1=2.0%A(1,4)
131 WREITE(LLIKK s ((A(T,0)9J=1yKK)pI=1lyKK)
IF{MM.EQ.N) GC TN 132
PRINT 1302
WRITEL(6,1302)
1302 FORMAT{LIH //1X,* RIGID B0ODY ELEMENT — MASS MATRIX WILL BE READ F
LROM CARDS,. STIFFNESS MATRIX IS NULL.%)
READ 104C,1(Bl14J)4J=1sKK)sl=1,KK)
C MULTIPLY FREE-FREE MASS MATRIX BY 2.0 IfF ISYM = ]
IF({ISYM.EQL.O) GO TO 132
REWIND 9
BRITE(S)((BIT,53)5d=1,KK),I=1yKK)
DC 136 I=1,KK
CO 136 J=1yKK
13¢ B{14Jd)=2.0%B114J)
132 WRITE(LI2IKKo ((BLIyJ)3d=1,KK),I=1,yKK)
IF(MKoNE.O.OR.MM . NE.O) GO TO 133
PRINT 1303
WRITE(641303)
13C3 FORMAT(1H //1X,y* MASS AND STIFFNESS MATRICES ARE BOTH NULL *)
133 CONTINUE
HMTX(1)=10H FINAL ST $ HMTX{2)=10HIFFNESS MA
HMTX{3)=1JHTRIX $ HMTX{4)=10H
CALL WMTXC{A KK KK MAXy MAX)
HMTX(13=1CH FINAL MA $ HMTX{2)=10HSS MATRIX
HMTX{3)=10H $ HMTX(4)=10H
CALL WMTXCUByKKKK,MAX, MAX)
CALL ZEROMIV, KK sKKsMAXT2,MAXT 2}
0O 134 I=1,KK
J=KK+1-1
134 Vil J)=1.0
HMTX(1)=1CH FINAL MO §$ HMTX{2)=10HDAL MATRIX
HMTX{3)=1TH $ HMTX{4)=10H
CALL WMTXC(VyKKKKyMAXT 2, MAXT2)
WRITE(2D) KK,yKK
WRITE(20) ((VII,3),1=1KK)d=1,KK)
IFINBLOCK LEQ.NBLKS AND . NBLKS.EQel) GO TO 1
2CC CONTINUE
89G8 WRITE(H6,89ST7)
PRINT 8997
END
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SUBROUTINE ALLEIG(AA,B8B KPNyMAXT2 ¢MAXoMAX2 9KoNoCy IPIVIAT,, INDEX,P,
1 CINVBTBCINVBY, EM,EIGV,VEV4R,KPR,ICBT)
DIMENSION AA{MAXT2,MAXT2),8B{MAXT2,MAXT2) oC{MAX,MAX ), IPIVOT(MAX),
1 INDEX(MAXsMAX2) yPLMAX); CINVBT{MAXsMAX) s BCINVBT{MAX)MAX),
2 EMIMAXT2),EIGVIMAXT 2) oV IMAXT2,MAXT2) oEVIMAXT2),RIMAXT2)
COMMON/SAME/HMTX12) ¢ FCONKASE, IFFPCo IRITALL
REWIND 4
READ ORDER AND MASS AND STIFFNESS MATRICES FRCM TAPE & BY ROWS
PEAD(4) KPNo(IBBILr»d)sd=LoKPN)oI=1,KPNIe{lAA(LIsJ) sJ=1KPN),
1 I=14KPN)
GO TQ (210¢220,23092209230)KASE
SCLVE FOR EIGENVALUES AND EIGENVECTORS OF MASS MATRIX
230 CALL JACTVI(KPN,MAXT2,1,88,EM,V,DUML,DUM2,DUM3, DUM4, IERR)
IF(IERR .EQ.L)Y GO TO 1500
TEST FOR NUMBER CF FINITE EIGENVALUES
CC 10 J=2,KPN
1J=J-~1
IF(EM({J).LEeQeD) GO TO 11
IF{EMITIIN/EMII) . GELL1000000.0) GO TO 11
IF(J.EQ.KPN) 1J=XPN
10 CONT INUE
11 MFMEV=LY
REMIND TAPE 4 AND WRITE COLUMNS CF MASS VECTOR MATRIX ON TAPE 4

REWIND TAPE G AND WRITE RIWS OF MASS VECTOR MATRIX ON TAPE 9
231 REWIND &

REWIND 9
OO 20 J=1,KPN
WRITE(9)(V(JeI) s I=1yKPN)
20 WRITEL4)(VIIoJd),I=144<PN}
PCST-MULTIPLY STIFFNESS MATRIX BY MASS VECTOR MATRIX AND STORE IN V
REWIND 4
DC 3C J=1,kPN
REAL COLUMN OF MASS VECTOR MATRIX
READ{4) (R (I)y I=1,KPN)
CO 30 1=1,KPN
Vii,3)=0.0
DC 30 {J=1,KPN
30 VUL, JI=VIToJ) +AALT,TJI*RELI)
CCMPUTE V TRANSPOSE * (AA * V)
REWIND &
LC 40 1=1,KPN
READ COLUMNS OF MASS VECTNR MATRIX AS REWS OF VECTOR TRANSPOSE
READ(4) (R (Jd}yd=14KPN)
CC 40 J=1,KPN
AALT ,J)=0.0
00 40 1J=14KPN
40 AALT gJ)=AALT 3D +RUTIIXVITILI)
K=NFMEV
A=KPA-NFMEV
IF THE NUMBER NF FINITE MASS EIGENVALUES (NFMEV) IS EQUAL TO THE
CRDER OF THE MASS MATRIX BB, BYPASS PARTITIONING OF THE STIFFNESS
MATRIX AA
IFIN.EQ.O) GO TN 220
210 KPl=K+l
STIFFNESS MATRIX AA WILL BF PARTIONED AS FOLLOWS ---~(A  B)
(8T ¢)
WHERE A=(K#*K), B=(K%N}, BT(N#*K), C(N*N)
REWIND 4
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STOPE MATRIX A CN TAPE 4 BY COLUMNS, 1 RECORD
WRITE(Q)((AALTI,50)y1=1eK) 5 J=1sK)
REWIND 8
STCRE MATRIX C ON TAPE 8 BY COLUMNS, 1 RECORD
WRITE(BI((AA(T )9 I=KP L KPNDy J=KP 1,KPN)
STORE MATRIX B ON TAPE 8 B8Y ROWS, K RECORDS
DO 50 I=1,K
SC WRITEIBIIAA(I»J)J=KPL1,KPN)
READ MATRIX C FRCM TAPE 8 AND COMPUTE INVERSE OF C
REWIND 8
READI(BI(LCIL yJ}sI=14N))yJ=1,N)
CALL MATINVI{CsNysBI 0 OET, IPIVOT »INDEXsMAX,ISCALE)
CCMFUTE C INVERSE * 8 TRANSPQOSE
CO 60 J=]1,K
KEAC ROW OF B AS COLUMN OF B8 TRANSPOSE
READ(8)(P(I), I=1,N)
DO 60 I=1,N
CINVBTLI,4)=0.0
DO 60 13=1,N
60 CINVBT(I,J)=CINVBTLI,J)+C(I,1J)*P(1J)

REWIND B8

THE NEXT STATEMENT IS A DUMMY READ TO POSITION TAPE 8
REAC (8}

CCMFUTE B * (C INVERSE * B8 TRANSPOSE}
D0 70 I=1,K

REAC ROw OF B
REAC(BY(P(J)sI=1,yN)
€O 7C J=1,K
BCINVBT{I,J)=2.0
PO 70 I4=14N
70 BCINVBT(I,J)=BCINVBT{I+J)+PL{TJI*CINVBT(IJyJ)
REWIND 8
STCRE C INVERSE * B TRANSPCSE ON TAPE 8 BY COLUMNSy 1 RECORD
WRITE(S)((CINVBTLE 4} 1=14N}yd=19K)
REWIND 4
READ MATRIX A FROM TAPE 4
REAC(AIL(AALT )9 I=1 oKD pd=1sK)
CCMPUTE A - (B * CINV * BT)
IF{KASELNE.1)} GO TO 220
DO 212 1=1,K
212 EMITI=BB(I1,1)
220 1IK=K
IF{KASE.EQe2.0R.KASELEQo4) K=KPN
IF(KASELEQe2.0R.KASELEQ.4) N=0
IF{KASE.EQe2+NR.KASE.EQe4) 222,225
222 DO 223 1I=1,4K
223 EM(I)=BB(T1,1)
225 DO 81 I=1,K
EM{T)=1.0/SQRT(EMLI))
IF(N.EQ.0) GO TO 81
DC 8C J4=1,4K
80 AA{I,3)=AA(T,J)-BCINVBT(I,J)
81 CONTINUE
PRE~ AND POST-MULTIPLY STIFFNESS MATRIX BY 1.0/SQRT(NMASS)
D0 90 I=1,K
DO 9C J=1,K
90 AA(IJ)=EM(TI*AA(T.J)
DO 100 J=1,K
CO 100 I=1,K
1CC AALT 2 J)=AA(T,J)*EM{J)
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CALL JACTVIK MAXT2,1,AA4EIGV,V,DUMLl,DUM2,DUM3, DUM4&,NERR)
IF(NERR.NE.O) GO TO 1500
CALL FREQLEIGV,AA K, MAXT2}

PRE~MULTIPLY VECTOR MATRIX BY 1.0/SQRT({MASS)
D0 110 1=1,K
CC 110 J=1,K

110 Vi1 J)=EMITI)%V(1,4)
REWIND 4

STORE X SUB 1 VECTORS DN TAPE 4 BY COLUMNS, K RECORDS
CO 115 J=1,K

118 WRITE(4) (VI d)el=]1,K)
IFIN.EQ.0) GO TO l4ao
REWIND B

REAL C INVERSE * B TRANSPOSE FROM TAPE 8
READ(B) {(AA(T yJ) 9 1=14N)yJd=1,K)
REWIND &

MULTIPLY (C INVERSE * B TRANSPOSE) BY X SUB 1 VECTOR MATRIX
00 120 J=1,K

READ CCLUMN NF X SUB 1 MATRIX FROM TAPE 4
READ(4)(P(I),4I=1,K)
DO 120 I=i,N
Vilyd)=0.0
D0 120 1J=1,K

120 Vi1 J)=VEii,3)4AACL,1JD)*P( 1)

X SUB 2 VYECTOR MATRIX = - VECTOR MATRIX JUST CCMPUTED
D0 125 1=1,N
DO 125 J=1,K

125 Vil d)==V(I,J3)

STCKE X SUB 2 VECTOR MATRIX CN TAPE 4 BY ROWS, 1 RECCRD
WRITECSGI (L V{T 300 9d=19K) oI =1,N)

REWIND TAPE 4, THEN READ X SUB 1 VECTORS INTO FIRST K RONWS OF AA AND

READ X SUB 2 VECTORS INTO (K+#1) TO KPN ROWS OF AA

THE AA MATRIX IS NOW (KPN * K)

144 REWIND 4
DO 145 J=1,K

145 READ{&) {AA(LI+ )9 1I=1y<)
TFINGNELO) READI4IILAALTL 2J)9J=1,yK),yI=KPLl,KPN)
IF{KASE+LE«2.0R KASELEQ.%) GO TO 150

PCST—MULTIPLY MASS VECTOR MATRIX BY AA MATRIX
PEWIND 9
CC 146 I=1,KPN

READ ROW OF MASS VECTOR MATRIX
READ(9)(R(J)yJd=1,KPN)
CO 146 J=1,K
Vvile J)=0.0
CC 146 1J=1,KPN

146 VIT,00=VII,J)+RUTII*AA{(TI,J)

150 CCATINUE
IF(KASE «LE«2.0FPKASE.EQe%4) 151,160

121 DO 155 I=1,KPN
DO 155 J4=1,K

155 VviI,Ji=AA(],9)

160 CCNTINUE
IF{N.EQ.0.AND.KASE.EQe3) KASE=2
IF(IFFPC.EQ.1) GO TO 170
GO TO (16141629161,1639163)53KASE

1€1 KPR=KPN
KPN=K
GO T0 169
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162 k=IK
KPR=KPN
GG TO 169
1€3 IF(IFFPC.EQ.2) GO TD L70
IFFPC=2
KPR=KPN
169 CALL ADDBACKAV,EIGV)KyKPNyKPR,MAXT2, ICBT)
IF(KASE«EQe%4.ORKASE.EQS) IFFPC=3

K=KPN
KPR=KPR

170 KMTX{L)=10H FINAL MO 8§ HMTX(2)=10HDAL MATRIX
HMTX(3)=10H $ HMTX{4)=10H

CALL WMYXC(VKPN,K MAXT 2, MAXT2)
150C IF(IERR.EQ.1) WRITE(6,41501)
IF{NERR .NE.O) WRITE(6,1502)
1501 FORMAT(//%* EFROR RETURN FROM JACTY - FIRST CALL -~ MASS *}
1502 FORMAT(//* ERROR RETURN FRCM JACTV -~ SECOND CALL ~ STIFFNESS %)
RETURN
END

SUBROUTINE ADCBACKIV,E4KyKPNy KPRy MAXT2,1ICBT)

DIMENSION VIMAXT2,MAXT2),E(MAXT2)

COMMCN/ SAME/HMTX(12), FCON,KASE, IFFPC, IRITALL

CALL ZEROM(ELKPN, LyMAXT2,1)

REWIND 4

IF(IFFPCL.EQ.3) GO TO 9

WRITELSILECI) 9I= Ly KPN)y LEVI(Ty ) 9d=1,KPN},1=21,KPR])

KPR=KPR+1

GD TC 20
9 IF(ICBT.NE.L} GO TO 10O

KLMN=KPN/3 $ KLMPL=KLM+1

KLMT2=2%K(M $ KLMT2PL=KLMT2+1

WRITELQI(E(ID o I=LoKPNDy (UVII s J)od=1sKPNIs I=1oKLMIy(ELI)d=14KPN),
1 (IVIT3J) pd=19KPN)y I=KLMPL,KLMT2); (ELJ)sJ=1,KPN),
2

((VIT4J)9J=1oKPNDs I=KLMT 2P 1 4KPN)
KPR=KPR+3

GO TO 20
10 KPl=K¢l
WRITE(LMIE(I) 9y Iy KPNDY» ({V(I3J) 3= KPN) 131Ky
1 (ECSYpI=LoKPNYy ({VIEyJ)9d=1oKPN)y [=KPL4KPR)
KFR=KPR+2
20 FEWIND &
FEAD (4) LUVIT4Jd) 4 3=1,KPNDy I=1, KPR)
RETURN
END

SUBROUTINE ZEROMU{A,MyL s MMAXsL MAX)
DIMENSTON A{MMAX,(LMAX}
00 10 I=1,M
EC 10 J=1,1
10 Al1,41=0.C
RETURN
END
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SUBROUTINE WMTXC({AZNR,NCyMAXR ¢ MAXC)
=ROWS OF A, NC=COLS OF A, MAXR=MAX ROWS OF A, MAXC=MAX COLS OF A
CIMENSION A(MAXR,MAXC)

COMMON/ SAME/HMTX(12) ,FCONSKASE, IFFPC,y IRITALL
KE=0

KSET=NC/8

KLEFT=MOD{NC,8)

IF(KLEFTNELO) KSET=KSET+1

CO 10 KT=1,KSET

KB=KE+1

KE=KE+8

IF(KTLEQ.KSET) KE=NC

WRITE(695001) HMTXy{JsJ=KByKE)

L0 10 T=1,4NR

WRITE(6,5002) I,(ALL,J)¢J=KB,KE)
FORMAT{LHL//12A12//7/10H RCM COLy Y4, TLL1XI4))
FORMAT(14,8E15.7)

RETURN

END

SLBROUTINE FPEQUE,AyKyMAX)

CIMENSION E(MAX) A(MAX,MAX)
COMMCN/SAME/HMTX(12), FCON,KASEy IFFPC, IRITALL

CO 10 I=1,4K

AlT,1)=E( 1)

ACL,2)=FCON*E(T)

AlL,3)=SQRT(ABS(A{I,2)))

A(1,4)=A{1,3)/6.28318530717959

PRINT S014y (HMTX{J) 0J=5412) ,FCONs (T (A(T,5)4J=1,4), I=1,K)
WRITE(655014 ) HMTX(J) 9J=5412} oFCONGLTI4{ALTI4d)9d=194)s1=14K)
FORMAT(1H1//1X8AL0//TH FCON =9E22.14/74X1HIIXIHLAMBDA(JIDI14X12HOMEG
1A SQ (JI14XBHOMEGA(J) 14X13HFREQ.(J)y CPS/34X1BHIFCCN * LAMBDA(J)IL
22XEHIREAL)I//(1544E24.141))

RETURN

END
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AIIPLANE BEAM ASSEMBLY ~ SYMMETYRIC M3DES - CLAMPED-FREE MODES FOR WING AND TAIL
g €8

26 i 0 0 1 0
13 13 1 0 1 o] 2 ¢

C.0 4.0 8.0 12.0 16.0
19.2 24.0 28.0 32.0 36.0
40.0 43.2 48.0
47790.0 47790.0 47790.0 477900 47790.0
4779C.C 47790.0 47790.0 47790.0 47799.0
47790.C 47790.0
«L002083 «0004166 «0004160 « 0004166 .0003750
+C030066 - 0004583 « 0004166 « 0004166 «0004166
«C0C3750 + 0004166 «3002500

1 4 0 1 G 0
«C05CC

14 1 0 G 1 1

1 7 1 0 3 [¢] 0 0
C.0 4.0 8.0 12.0 16.0
20.0 24.0
$440.0 9440.0 9440.0 9440, 0 $440.0
5440.C
+0C03704 « 0007409 -« 0007409 « 0007409 0007409
«C 007409 «0037C4

7 2 9 J 1 1
7 4 3 0 ¢ 0

Ce0 4.0 8.C 12.0 16.0
20.0 24.0
15720.C 15720.0 15720.0 15720.0 15720.0
1572C.C _
.0001235 « 0002470 » 0002470 +0002470 « 0002470
.€002470 .0001235

1 4 o 1 0o 1
«C0444

12 1 9 2 1 1

6 6 1 0 3 0 0 O
0.0 2.0 4.0 6.0 8.7
10.0
$440.0 9440.0 9440.0 9440.0 9440.0
.001852 0003704 .0003704 .0003704 .0003704
0001852

6 2 0 ¢ 1 1

6 4 3 0 0 0
.0 2.0 4.0 6.0 8.0
10.0
15720.C 1572040 15720.0 15720.0 157200
.00CC6177 00012354 00012354 00012354 .00012354
.C00C6177

1 4 0 1 0 1
00185
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PFCGRAM MODALCUINPUT (DUTPUT,TAPE2D,TAPE2, TAPE3,TAPE4G, TAPEG,
1 TAPELL1,TAPELZ2,TAPES,TAPES)

A% ek ke e xR Rk R K e kA oK ko Ak KR e R e g kR A Rk ok Rk Rk

*
*
*
*
*
»

(2] slsinXaXnl

o

[ [} [aEaKaRal (]

OO

*
PROGRAM MODALC FORMULATES THE EIGENVALUE PRCBLEM FOR *
THE DETERVINATION OF THE COUPLED MODES AND FREQUENCIES *
OF THE COMPLETE (ASSEMBLED) STRUCTURE. *
x
: 3

% e e e Aok e A ot o oo e e e e o e e e o o ol ool e i ok o ol sk ok ook o o oot ook Kook o ke ke ok ko Kok KK

CIMENSION A(26526),U(68968),C110,68)4D0(10,68),0TD{&8468),
1 EIGV(68),8Bl63+168),BETA(68,68),BK(68,68),84(68,681),
2 R{68)

EQUIVALENCE (BK{ly1)yBMU1s10yUCLy1)9Ce1o13+DTD(L,102,BETA(L,1)),
1 (DLL1s1)48B0Ly1)oA(151 00 (EIGV(1),R{1))

INTEoek BMSTLO) LLEFLL0) #3541 40),ISTATILLG)

COMMUN HMTX(12)

LD SPECIFIES THE SOURCE OF THE MODAL DATA FNR THE SUBSYSTEMS
LD=1 - MODAL DATA ON MAGNETIC TAPE AND COPIED ONTC TAPE20
VIA CONTROL CARDS
LO=2 - MODAL DATA READ FROM CARDS
LD=3 - MODAL DATA GENERATED IN PROGRAM BRANCHB

AB - AUNBER NF SUBSYSTEMS INTO WHICH STRUCTURE IS PARTITIONED
AVMS ~ TCTAL NUMBER OF SUBSYSTEM MODE SETS
NCEQS - NUMBER OF CONSTRAINT EQUATIONS
BF¥S{I) - NUMBER OF MASS STATICNS ON EACH BEAM SUBSYSTEM
DCF{1)} — DEGPEES OF FREEDOM IN EACH MODE SET
SM{I) - NUMBFR OF CALCULATED MODES SELECTED FRCM EACH MNDE SET
ISTATIC(I) - NUMBER OF ADDITIONAL OEFLECTION SHAPES (SUCH AS
MEASURED MODES, STATIC DEFLECTION SHAPES, DR ASSUMED
DEFLECTION SHAPES) TO BE ADDED TO THE CALCULATED
MODES SELECTED FROM EACH SUBSYSTENM MODE SET
NVMC —~ TCTAL NUMBERP OF DEGREES OF FREEDOM FOR UNCOUPLED SYSTEM
N¥T = TCTAL NUMBEP OF MODES SELECTED FOR SYNTHESIS
CN EATRY TO THIS PROGRAM —-
TAPE 11 HAS ORDER AND FREE-FREE STIFFNESS MATRIX FOR
EACH SUBSYSTEM

TAPE 12 HAS ORDER AND FREE—-FREE MASS MATRIX FOR EACH SUBSYSTEM
TAPE 20 HAS ORDER AND MODES FOR EACH SUBSYSTEM
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READ L4l {(HMTIX(T1),1=5,12)
141 FCRMAT(BA10)
FEAD 1C+LDyNByNMS,NCEQS
10 FCRMAT{2014}
KEAD 10+(BMS({1),5=1,NB)
READ 10,(DOF£{1),1=1,NMS)
FEAD 10,(SM{T),yI=1,NMS)
READ 10, (ISTATICUI }eI=1,NMS)
PRINT L1,LDyNByNMS,NCEQS
WRITE(6+11)LDyNBoNMS, NCEQS
11 FORMAT(LHL//% L D=%,13,10Xs*NB=%413,10Xs%NMS=%,13,10X,*NCEQS=%,13)
PRINT 12911 +BMSLI),DOF{I)ySMIT),ISTATIC(I),I=1,NB}
WRITE(6912V (T yBMS(L)},D0F(I)ySMII),ISTATIC(I),1=1,NB)
12 FORMAT{LHO/ /74Xy IHI s9Xy6HBMS{J ) 99X 3 6HDOF{J) 9 IXy SHSML D) yTXy
1 10HESTATIC(JY//7015,99Xe13512X913412X%X,13,13X,13))
IF(NB.EQ.NMS) GO TO 9
IM=NB+1
PRINT 13, (14DOF(T1)ySMLI), ISTATIC(I), I=IMyNVMS)
WRITE(6213){I,DOF(E) o SMIT), ESTATICII) s I=IM,NMS)
2 FORMATI(15,24Xs13902X413y13%X,13))
9 COMTINUE
IF(LDeEQeleOR.LD.EQe3) GD TO 5000
REWIND 20

1

FCR EACH SUBSYSTEM MODAL SET ——-

REAC ORCER OF MOCAL MATRIX

REAC MODES (8Y COLUMNS) FRGM RIGHEST TO LOWEST
WRITE ON TAPE 20

DU 5C50 IK=1,AMS
READ 15,KeN
15 FCRMAT(214)
READ 164 {{A(I4J)yi=1,K)sJ=1yN)
16 FCRMAT{4E16.8)
WRITE{20)KyN
5050 WRITE(20)((A{I4J0)98=19K}yJ=1eN)
S0CC CCNTINUE
REWIND 20
AMC=0
CC 30 I=14+NMS
30 NMC=NMC4+DOFLI)
PRINT 31,NMC
WRITE(6431) NMC
31 FORMAT(//* TOTAL NUMBER OF DEGREES OF FREEDCM = *,13)
NMT=0
C0 40 I=1,NMS
4C AMT=NMT+SMIT)}«ISTATIC(I)
PRINT 41,NMT
WRITE(6941) NMT
41 FORMAT{//* TOTAL NUMBER 0OF MODES EMPLOYED = *,13}

FCRM THE MODAL EXPANSION MATRIX FROM THE SELECTED MNCES

NRF=0 & NCF=0 $ KK=0 $ D=0
NCB=1 & NMRB=1

CO 100 IJ=1,NMS

READ (201K N
READ(20){ (A(I4J) s I=14K}4d=14N)
IFCISTATIC(IJ).EQ.0) GO TO 42
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IST=LS5TATICLL )
DU 43 J4=141ST
43 KREAU LT+ (AlLlsdtndsi=14K)
17 FURMAT (St 14.8)
A=N+ISTATIC(14)
42 NPF=NRF+K
I0=1D¢1
NCE=NCF+SMITJI+ISTATIC(IY)
M=Q
IF(IC.EQ.1) GO TO 11)
M=KK
110 JJ=N+NCB
DO 120 I=NRByNRF
DO 120 J=1,NMT
120 UlTI4J4)=0.2
DO 130 I=NRByNRF
CC 130 J=NCByNCF
13C Ul d)=AL1-M,J3-J)
NCB=NCB+SMUTJI+ISTATICL(IY)
ARB=NRB+K
KK=KK+K
100 CCNTINUE
HMTX(Ld=12H MODAL EX ¢ HMTXI2)=10HPANSION MA
HMTX(3)=10HTFIX U $ HMTX(4)=10H
CALL WMTXC (U oNMC ¢ NMT s NMC o NMC)
WRITE ORDER U ON TAPE 2y ONE RECORD
WRITE U MATRIX ON TAPE 2 BY ROWS, NMC RECORDS
REWIND 2
WRITE{2 )NMC ,NMT
CO 150 I=1,NMC
15C WRITE(2M(U(TL9d) oJd=1,NMT)
REWIND 2
WRITE U MATRIX ON TAPE 8 BY COLUMNS, NMT RECORCLS
PEWIND 8
0O 151 J=L1,NMT
151 WRITE(8) (U(I4J)41=1,NMC)
CALL CONEQS(C,NCEQS:NMC)
MATFIX CF CONSTRAINT EQUATIONS IN PHYSICAL COCRDINATES IS
TRANSFORMED TO ONE IN MODAL COORDINATES VIA THE MATRIX
CPERATICON C * U = D,
REWIND 8
CC 152 J=1,NMT
READ({8) (RUI),I=1,NM])
CC 152 I=1,NCEQS
C(IyJ)=0.7
CC 152 1J=1,NMC
152 DU1y3)=D{1,J)+CLI, LJD%R(T )
WRITE D MATRIX ON TAPE 9 B8Y COLUMNS, NMT RECORDS
FEWIND 9
CG 153 J=1,NMT
152 WRITE(I) (D(I,J)yI=LyNCEQS)
FEWIND 9
REAC COLUMNS OF D AS ROWS OF O TRANSPOSE
CC 154 l=14NMT
154 FEAD(9) (BB(I:J},J=1,NCEQS)
EVALUAT E MATRIX PRODUCT D TRANSPOSE * D
REWIND 9
CC 155 J=1,NMT
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FEADI9) (RII),I=14NCEQS)
DO 155 I=1,NMT
0T0(1,J)=0,0
DC 155 1J=1,NCEQS
155 DTOU s 3)=DTOCI,J)4BB{I 1JD*RUTI)
C SCLVE FOR EIGENVALUES AND EIGENVECTORS OF DTD

CALL JACTVINMT,NMC,1,0TD,EIGV,BB,0DUML,0UM2,DUM3,DUME,NERR)
IF(NERR.EQ.1) GO TO 2200

C TEST FOR NUMBER OF FINITE{POSITIVE) EIGENVALUES OF DTD. MODAL
C CCLUMNS OF DTD CORRESPONDING TO THE ZERO EIGENVALUES ARE THEN TAKEN
C TC BE THE COLUMNS OF THE BETA MATRIX

LEEV=NMT

DO 75 J=2,NMT

1d=4-1

IF(EIGV(J).LE.O.0) GO TO 76
IF((EIGV{TJI/EIGV{JI) ) GE,. 1000000.0) GO T 76
7% CONTINUE
76 IF(NFEV.NELIJ) NFEV=LJ
PRINT 14,NFEV
14 FORMAT(//%# NUMBER OF FINITE € IGENVALUES OF DTD = #,13//7)
C WRITE EIGENVALUES OF D TRANSPDSE * D ON TAPE 6
WRITE(6,1LLL)LEIGVII ) I=1 4NMT)
1111 FORMAT(//#% EIGENVALUES OF DTD *//{2X+E15.8))
WRITE(&414) NFEYV
NCBE TA=NMT—NFEV
DO 80 I=1,NMT
DC 8C J=1,NCBETA
8C BETA{I,J}=BB{I1,NFEV+J)
C WRITE BETA MATRIX ON TAPE 9 BY COLUMNS, NCBETA RECDRDS
REWIND 9
DC 81 J=1,NCBETA
81 WRITE(9) (BETA({I1,J),I=1,NNT)
NREBE TA=NMT
WRITE ORDER BETA ON TAPE 3,0NE RECORD
WRITE BETA DN TAPE 3 BY ROWS, NRBETA RECORDS
FEWIND 3
WRITE{3INPBETA,NCBETA
DD 66 I=1,NRBETA
66 WRITE(3) (BETA(T,J)9J=1,NCBETA)
€ REAC MATRIX U FFOM TAPE 8
PEWIND 8
DD 82 J=1.NMY
82 FEAD{8) (U(TyJd)yI=1,N4C)
REWIND 9
L0 83 J=1,NCBETA
READ{9) (RII),1=1,NMT)
00 83 I=1,NMC
BB8(I1,8)=0.0
DO 83 1J=1,NRBETA
83 BB+ J)=BB{I,J1+U(I, [J)*R(LS)
C WRITE U#*BETA ON TAPE 8 BY COLUMNS
REWIND 8
DC 84 J=1,NCBETA
B84 WRITE(8) (BBLI,J),1I=1,NMC)
C FCRM MASS MATRIX OF UNCOUPLED SYSTEM
REWIND 12
NRB=1 § NRF=0 $ KK=0 $ ID=0
NCBl=1 % NCF1=9

oo
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OC 200 1J=1,NMS
READ(12) KPNy((A(I4J),J=13KPN),yI=1,KPN)
NRF=NRF #KPN
10=1C+1
NCFL1=NCFL+DOF (I J)
M=0
IFUIC.MEL.1) M=KK
DO 220 I=NRByNRF
0O 220 J=1,AMC

220 BM{1,J)=0.0
DO 231 I=NRByNFF
CC 231 J=NCBL,NCF1

231 BM(T,Ji=A01-MyJ=M)
NCB1=NCBL+DOF (14}
NRB=NRB+KPN
KK=KK+KPN

2CC CCNTINUE
HMTX{1)=10H UNCOUPLE $ HMIX{2)=10HD SYSTEM M
HMTX{3)=1D0HASS MATRIX $ HMTX{(4)=10H
CALL WMTXCIBM,NMC,NMC yNMC 4NMC )

GENERATE MASS MATRIX FOR COUPLED SYSTEM

FCRM MATRIX PRODUCT ME{U%BETA)
REWIND 8
D0 85 J=14NCBETA
RPEAD(B) (F(I)eI=1yNMC]
CC 85 I=1,NMC
BB(1,4)=0.0
D0 85 1J=1,NMC

85 BBI,J)=88(I,J)+BM(I,1J)*R(1J)

WRITE PRODUCT ON TAPE 9 BY COLUMNS
REWIND 9
00 86 J=1,NCBETA

8¢ WRITE(9) (BB{1,J)yI=LyNMC])

REAC COLUMNS OF U%BETA AS ROWS OF TRANSPOSE
REWIAD 8
DO 87 1=1,NCBETA

87 FEAD(8) (BB(I,J)yd=1,NMC)

FORM MATRIX PROODUCT BETA TRANSPOSE * U TRANSPOSE * (M % U % BETA)
FEWIND 9
CC 88 J=1sNCBETA
READI9) (RIT),I=1yNMC)
DC 88 I=1,NCBETA
BM{1,4)=0.0
CC 88 TJ=1yNMC

88 BM(IJ)=BM(I,3)488{1, 10 )*R{1J)

WRITE COUPLED MASS MATRIX ON TAPE 4 BY COLUMNS, ONE RECNRD
FPEWIND 4
WRITE(4) ((BM{T,J)sI=1,NCBETA},J=1,NCBETA)

FCRM STIFFNESS MATRIX OF UNCOUPLED SYSTEM
REWIND 11
NRB=1 ¢ ANRF=0 $ KK=0 $ 1ID=0
NCB1=1 & NCF1=0
DO 300 [J=1,NMS
READILL) KPNy {{A{I4J)sJ=1,KPN),I=1,KPN)
NEF=NRF +KPN
1D=1D+1
NCF1=NCF1+DOF (1)
M=0
IF{IDNESL} M=KK
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DO 320 I=NRB,NRF

CO 320 J=1,NMC

320 BK{I1,4J}=0.0
CO 331 I=NRB,NRF
DO 331 J=NCBLl,NCFL

331 BKII4Jd)=A(I~MyJ=M)
NCB=NCB+SM(1J)
NCBL=NCB1+DOF(1J)
NRB=NRB4KPN
KK=KK+KPN

300 CONTINUE
HMTX(1)=10H UNCOUPLE $ HMTX(2)=10HD SYSTEM S
HMTX(3)=1OHTIFFNESS M $ HMTX{4}=10HATRIX
CALL WMTXCUBK 4tiMCyNMCyNMC o NMC }

GENERATE STIFFNESS MATRIX FOR COUPLED SYSTEM

FCRM MATRIX PRODUCT K*{U%BETA)
REWIND 8
00 95 J=1,NCBETA
FEAD(8) (RFUI),yI=1,NMC)
D0 95 I=1,NMC
BB(I,3)=0.0
DO S5 1J=1,NMC
S5 BBUI4J)=BB{I,J)+8K(T,13)*R(IJ)
WRITE PRODUCT ON TAPE 9 BY CCLUMNS
REWIND 9
DC 96 J=1,NCBETA
S€¢ WRITE(9) (BBLI,J)el=1,NMC}
READ COLUMNS OF U*BETA AS ROWS OF TRANSPOSE
PEWIND 8
D0 97 1=1,NCBETA
ST READ(8) {BR{I,J3),J=1yNMC)
FCRM MATRIX PRODUCT BETA TRANSPOSE # U TRANSPOSE * (K * U * BEVA)
REWIND 9
DN 98 J=1,NCBETA
READ(9) (R(I)sI=14NMC)
0C 98 I=1,NCBETA
BK{I,3)=0.0
DC 98 TJ=1,NMC
98 BKII4J)=BK(1,J}4BBLI,1J)}%R(1J)
WRITE COUPLED STIFFNESS MATRIX ON TAPE 4 BY COLUMNS, CNE RECDRD
WRITE(4) ({BKUL,J),0=14NCBETA),J=1,NCBETA)
REWIND 3
REWIND 4
IF{NERR.EQ.0) GO TO 2300
2200 WRITEL6,2210)

PRINT 2210
2210 FGRMAT(//* ERRDP RETURN FROM JACTV - DTD CALL *)
2300 CGNTINUE

END
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SUBROUT INE CONEQS{C,NCEQS yNMC )

MATPIX OF CONSTRAINT EQUATIONS IN PHYSICAL COORDINATES

DIMENSION C(NCEQS,NMC)

CALL ZEROM{CyNCEQS sNMCyNCEQS,NMC)

Cl1ly27)=-1.0 & CL1,49)=SIN(.52360) 8 C{(2,49)=C0S(.52360)
Cl34€)=~1.0 % (C(3428)=1.0 % C(4,35)=C0S(.52360)
Cl4+42)=SIN{.52360) § C(5919)=1.0 ¢ C{(5935)=—1.0%SIN(.52360)
C{5442)=CNS(.52360) $ Cl6927)=-1.0 $ C(6,68)=SIN{.52360)
C(7468)=C0S{.52360) $ C{8y12)=~1.0 ¢ C(8450)=1.C
Cl9+56)=C0S5{.52360) $ C(9,62)=SIN(.52360}

Cl10425)=1.0 $ C(10956)=~1.0%SIN(.52360) $ C{10,62)=C05(.52360)
RETURN

END

SUBRCUTINE ZEROM{A;MyL yMMAX,LMAX)
DIMENSTON A({MMAX,LYAX)
DC 1C I=1,M

CO 10 J=1,L
1C A{1,J)=0.0

RETURN

END

SURRCUTINE WMTXCUAJNRyNCyMAXR y MAXC)

NR=ROWS OF A, NC=COLS OF A, MAXR=MAX ROWS OF A, MAXC=MAX COLS OF A

DIMENSTON A(MAXR,MAXC)
COMMCN HMTX(12)

KE=0

KSET=NC/8

KLEFT=MOD(NC,8)
IFIKLEFT.NE.O) KSET=KSET+1
DO 10 KT=1,KSET

KB=KE+1

KE=KE+8

IF{KT.EQ.KSET) KE=NC
WRITE(645001) HMTXy(Jsd=KByKE)
DO 1C I=1,NR

10 WRITEL655002) Ty (A(1+J)sJd=KByKE)
£001 FORMAT(1HL1//12A10////10H ROW COL,T4,7811X14))
5002 FORMAT(14,48E15.7)

RETURN
END

AIRPLANE BEAM ASSEMBLY - SYMMETRIC MODES - CLAMPED-FREE MODES FOR WING AND TAIL
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PROGRAM BJDSMU INPUT,DUTPUT ¢TAPEZ2, TAPE3 ,TAPE4,TAPES,VTAPES, TAPED,

1 TAPES=INPUT )

DIMENSTON CM(68,681,V(68,68)EMI68),CS(68,68),E(68)1,BETA(684068),
1 R{68),PL6B),CL68,68),CINVBT(68,68),BCBT(68,68),
2 IPIVAT(68) s INDEX{68,2),RUL6B),PI(68),XVECLI68468)

COMMON HMTX(12),FCON

EQUIVALENCE (XVECE1¢1)yBETA{L1),CMIL,1),CS5{ky1), CINVBT{1,1),
1 INDEX(La L) Do dVILo1)eClLlyLIsBCBTCL,1))p(R(1},RUL(L) )y
2 (PLit,PULL))

MAX=68 $ MBETA=68
ON ENTRY 70O THIS PROGRAM - — - -
TAPE2 HAS CRDER AND U MATRIX
TAPE3 HAS DRDER AND BETA MATRIX
TAPE4 HAS COUPLED MASS AND STIFFNESS MATRICES
1 FEADI(5,5001) (HMTX(J),J=5,12)
5001 FCRMAT(8AL1Q)
IF{ECF,5) 8998,8999
8967 FORMAT{//* PROGRAM BJDSM STOPPED ON {EOF,5)%*)
8955 CONTINUE
HMTX{L)=10H FINAL MO $ HMTX{2)=10HOAL MATRIX
HMTX(3) =10H $ HMTX({4)=10H
FCON=1.0
REWIND 3

€ REAC ORDER OF BETA FROM TAPE 3
FEAD(3) NFB,NCB
PEWIND 4

C REAC COUPLED MASS MATRIX FROM TAPE4
READ (4} (L(CMUT 3Dy D=Ly NCB)oJ=1,NCB)

C SCLVE FCR EIGENVALUES AND EIGENVECTORS OFf COUPLED MASS MATRIX
CALL JACTVINCByMAX NCByCMyEMy VyDUML,DUM2; DUM3, DUM4, TERR )}
IF(IERR.EN.1) GO TO 1500

€ TEST FOR MUMBER 0OF FINITE EIGENVALUES
DO 10 J=2,NC8B
14=J-1
IFIEMIJI.LELOLC) GO TO 11
IF(CEMUTII/ZEM{I))GEL1000000.0) GO TO 11
IF (JoEQNCB) TJ=NCB

10 CONTINUE

11 NFMEV=1Y
WRITE(E s 1111 (EM(I ) I=1,NCB)

1111 FORMAT{//% EIGENVALUES OF COUPLED MASS MATRIX *//(2X4EL5.8))

FRINT 14 .NFMEV
WRITE(6,14) NFMEV

14 FORMAT(//% NUMBER OF FINITE EIGENVALUES OF COUPLEDC MASS MATRIX = %
1,137/

C REAC COUPLED STIFFMESS MATRIX FROM TAPE4
FEAD(4)LICS(I,J),1=1yNCB),J=1,NCB)

C REWIND TAPE4 AND WRITE COLUMNS OF VECTOR MATRIX ON TAPE4

C REWIND TAPE9 AND WRITE ROWS OF VECTOR MATRIX ON TAPE9
REWIND 4
REWIAND 9
DO 2C J=1,NC8B
WRITE(OM(VUJ1),1=14NCB)

2C WRITE(4)(VIT,J),1=1yNCB)

C  MULTIPLY STIFFNESS BY VECTOR AND STORE IN V
REWIND 4
00 3¢ J=1,NC8

c READ COLUMN OF VECTOR MATRIX
READ{4)(R{I),1=1,NCB)

(N aRalal
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L0 3C I=1,NCB
Vil,d)=0.0
DC 30 1J=1,NCB
30 VUL, 3)=VUT,J04CSTI, 10 0%R 1Y)
COCMPUTE  VT*((S*V)
CEWIND 4
CO 40 I=1,NCB
READ COLUMN 0OF VECTOR MATRIX AS ROW OF VECTOCR TRANSPOSE
FEAD(4) IR (J)yJ=1,NCBY
00 40 J=1,NC8
CS(1,41=0.0
CC 40 1J=1sNCB
40 CSULdY=CSUTJ4R{LIDRVET S,3)
K=NF MEV
A=NCB-NFMEFV
IF THE ANUMBER OF FINITE MASS EIGENVALUES (NFMEV) 1S EQUAL TD THE
CRDER OF THE COUPLED MASS MATRIX CM, BYPASS PARTITIONING OF THE
CCUPLED STIFFNESS MATRIX CS.
IF(N.EQ.0) GO TO 79
KPl=K+]
FEWIND 4
CS WILL BE PARTITIONED AS FOLLOWS=—-~ (A 8}
(BT C)
WHERE A=(K%xK}y B=(K%N), BY=IN%*K), C=(N*N)
REWIND 4
STORE MATRIX A ON TAPE4 B8Y COLUMNS, 1 RECORD
WRITE(4I((CSI{I,3)51(=1K)sJ=1,K)
REWIND 8
STNRE MATRIX C ON TAPE 8 BY COLUMNS, 1 RECORD
WRITE(SI(UICS{I I I=KPLNCB); J=KP1,NCB)
STARE MATRIX 8 ON TAPES BY ROWS, K RECODRDS
DC 5C 1=1,X
50 WRITE(8) (CS{I,J)+0=KPL,NCB)
READ MATRIX C FROM TAPES AND COMPUTE THE INVERSE CF C
REWIND 8
FEADASY((C(IyI)yE=1,N)sJ=1¢N}
CALL MATIMVICMN,8I,0,DETy IPIVOT,,INDEXyMAX, [ SCALE)
CCMPUTE ¢ INVERSE TIMES B TRANSPOSE
CC 6C J=1,4K
READ ROW NF B AS COLUMN 0OF B TRANSPOSE
READ(BI{P(I)},1=1,N}
L 60 I=14N
CINVBTI1,J)=0,0
CC 60 IJd=1,N
€7 CINVBT(I2JI=CINVEBT{I,J)+C(1,1J)%P (1Y)
FEWIND 8
THE MNEXT READ STATEMENT IS A OUMMY READ TO POSITION TAPES
READ(8) SKIPREC
coMpytTE B * (C INVERSE * B TRANSPOSE)
CC 70 I=1,K
READ RNW OF B
READ(BY(P{J)yJ=1yN)
BC 7C J=1,K
BECBT({1,4)=0.0
CC TC [J=1,4N
70 BCBT(I4J)=BCBT(I14J)4P(TJ)*CINVBT(IJsd)
REWIND TAPES
FREWIND 8
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STORE C INVERSE TIMES B TRANSPOSE ON TAPES BY COLUMNS, 1 RECIRD
WRITE(B)L(CINVBT(I4J)yI=1 N}y J=1,K)
REWIND 4
READ MATRIX A FROM 4
READ(4YLLCSUT4J) pE=1yK)sJ=1sK)
CCMPUTE A - (B*CINV*BT)
REPLACE THE FIRST K (FINITE) EIGENVALUES CF THE MASS MATRIX 8Y
1.0/7({SQUARE ROOT OF EIGENVALUE)}
DO 81 I=1,K
EM{I1=1.0/SQRTIEM(IY)
IF(N.EQ.0) GO 10O 81
CO B8C J=1,K
CS(I4J33=CS(T,J)-BCBTLI,J)
CONTINUE

PRE~ AND POST-MULTIPLY THE CS MATRIX BY 1./SQRTIMASS EIGENVALUES)

9cC

1ce

DO 90 I=1,K

D0 90 J=1,K

CSULJ)=ENMLINRCS(I,4)

DC 1CO J=1,K

CO 100 I=1,K

CSUIoJ)=CSIyJ)%EM(Y)

CALL JACTVUKyMAX K sCSoE o VoDUML,DUM2,DUM3, DUM4 4 NERR)
IF{NERR.NE.O) GO TO 1500

CALL FREQUE,CSyKyMAX)

PRE-MULTIPLY VECTOR MATRIX BY 1./SQRT(MASS EIGENVALUES])

110

115

120

125

144

14£

CG 117 I=1,4K
CO 110 J=1,K
VI J)=EM(T}*V{],J)
REWIND 4
STORE X SUB 1 VECTORS ON TAPE4, BY COLUMNS, K RECORDS
DO 115 J=1,K
WRITE(4I(VIIyJI)yI=1,yK)
IF{N.EQ.D) GO TO 144
REWIND 8
READ C INVERSE * B TRANSPOSE MATRIX FROM TAPES
FEAD(BILLCSET ) o1=1,N),J=1,K)
REWIND 4
MULTIPLY (C INVERSE * B TRANSPOSE) BY X SuB 1 VECTOR MATRIX
G0 120 J=1,K
READ CNLUMN OF X SUB 1 MATRIX FROM TAPE4
READ(4)(P(1)s1=1,4K)}
CC 120 I=14N
VilyJi=0."
DC 120 1J4=1,K
VITd)=VITIJI+CSUL,TII*PLTI)
X SUB 2 VECTOR MATRIX = - VECTOR MATRIX JUST CCMPUTED
CC 125 I=1,N
DO 125 J=1,K
VI J)==V(I,J)
STORE X SUB 2 VECTOR MATRIX ON TAPE4 BY RCWS, 1 RECORD
WRITE(4IUAVIILJ)»d=1eKDeIl=1sN)
REWIND 4, THEN READ X SuB 1 VECTORS INTC FIRST K RCWS OF (S AND
READ X SUB 2 VECTORS INTO (K+#1) TO NCB ROWS OF CS
THE CS MATRIX 1S NOW (NCB * K)
REWIND 4
CC 145 J=1.K
READ(4){CS(I+d) ¢I=1,K)
IF(NNELO) READ{4I((CS(I,J)9d=14+K),yI=KP1,NCB)
MULTIPLY MASS VECTOR MATRIX BY CS MATRIX
REWIND 9
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CO 146 1=1,NCH
READ RCW NF MASS VECTORP MATRIX
FEACI9)M(R(JD s d=1,4NCB)
CO 146 3=1,K
VilsJ)=0.0
DC 146 IJ=1.NCB
14¢ VI Ji=VI1,0)4R{TD)IXCS(1I,J)
COMPUTE BETA *x THE FINAL VECTOR MATRIX
REWIND 8
CO 151 I=1,NRB
READ ROW OF BETA MATRIX
READ{3M{R(J)oJ=1,NCB)
CC 150 J=1,K
P{J)=0.0
€0 150 IJ4=1,4NCB
150 PUI)=PLJU)+R(TJ}% VIIJ,yJ)
151 WRITE(B)(P(J);0=1,K)
REWIND 8
DC LE0 I=L4NRSB
160 READ(B8I{BETA(I,J)yJ=14K)
CCMPUTE U * BETA MATRIX
REWIND 2
READ(2) NRUyNCU
REWIND 8
CC 166 I=14NRU
READ ROW OF U MATRIX
FEAC (21 (RU(S)9J=1,NCU)
DC 16€5 J=1,4K
PU(JU)=0.0
CC 165 TJ=1,NCU
165 PULII=PULJI+RUTII*BETA(IJ,yJ)
166 WRITE(BM(PU(J),J=1,K}
FEWIND 8
EGC 169 I=14NRU
165 FEAD(8) (XVEC{I,d)yJd=1,K)
CALL WMTXC{XVEC 4NRUsKMBETA,MAX)
FEWIND 9
WRITE(9) NRU,K
WRITE(OI(E(I) »J=14K)
BC 170 J=1,4K
17C WRITE(I){XVEC{IyJ)sI=1,NRU}
GC 101
150C IF(TERREQ.1) WRITE(6,1501)
IF{NERRNE.N) WPITE{6,41502)
15C1 FORMAT(//* ERROR RETURN FRCM JACTY ~ FIRST CALL -~ COUPLED MASS*)
1502 FORMAT(//* EPROR RETURN FROM JACTV - SECOND CALL — STIFFNESS*}
GO TC 1
8GG8 WFITE{6,8697})
FRINT 8997
END
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SULBFOUTINE WMTXC(A,NRyNCyMAXR ¢ MAXC)

C MNF=FCWS OF Ay NC=COLS OF A, MAXR=MAX ROWS OF A, MAXC=MAX COLS OF A
CIMENSION A(MAXPR,MAXC)
COMMON HMTX{12)
KE=0
KSET=NC /8
KLEFT=MOD(NC,8)
IF(KLEFT.NELG) KSET=KSET+1
O 10 KT=1,KSET
KB=KE+1
KE=KE+8
IF(KT.EQ.KSET) KE=NC
WRITELH,5001) HPTX,1JyI=KB4KE)
CO 1C I=1,NR

IO WRITE(E45002) Iy(ALI+J)4J=KByKE)
5001 FORMATULIHL1//12A10/7/7/710H ROW COL,14,7(11XI4))

5002 FCRMAT(T14,8E15.7)
RETURN
END

SUBROUTINE FREQ(E,AsK,MAX)
DIMENSION E(MAX) A(MAX,MAX)
COMMCN HMTX(12),FCON
CC 10 I=1,K
AT, 1d=ECL)
ALT,2)=FCNN*E(1)
At1,3)=SQRTLABSIA(I,2)})
10 A(1,4)=A(1,3)/6.2831853CT17959
PRINT 5014, (HMTX(J)1J=5'12'1FCONO(I,(A( l.JhJ=1,4hI=1.K)
WRITE(645014) IHMTX(J) 9J=5412) yFCONs (I (AT 4J)pd=ly4dyI=1yK)

5014 FORMAT(LHL//1X8ALQ//TH FCON =,E22.14//74X1HJIIXIHLAMBDA( I} L4X12HOMEG
1A SQ (J)14X8HOMEGALJ}14X13HFREQ.(J)y CPS/34X1LBH(FCCN * LAMBDA(J))1L
22X6HI(REAL)I//(15,44E24.14))

RETURN
END
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