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THE TWO OBSTACLE PROBLEM
FOR THE PARABOLIC BIHARMONIC EQUATION

M. NOVAGA AND S. OKABE

ABSTRACT. We consider a two obstacle problem for the parabolic biharmonic equation
in a bounded domain. We prove long time existence of solutions via an implicit time
discretization scheme, and we investigate the regularity properties of solutions.

1. INTRODUCTION

The present paper is devoted to discussing a two obstacle problem for the parabolic bi-
harmonic equation. The obstacle problem for second order elliptic and parabolic equations
has attracted a great interest in the past years, and there is an extensive mathematical
literature (e.g., see [6] and the references therein). On the contrary, much less is known
on the obstacle problem for higher order elliptic or parabolic equations.

The biharmonic operator can be regarded as a prototype fourth order differential op-
erator. Indeed, elliptic and parabolic PDEs for biharmonic operator are under intensive
investigation in recent years (see for example [2, 9, 10, 12, 13, 14, 15, 16]). Although the
obstacle problem for the biharmonic equation has been studied in the 1970s and 1980s
(see [?, 5,7, 8, 11, 20]), some results on the obstacle problem for the corresponding para-
bolic equation have only been obtained very recently. In particular, in [19] we considered
the case of a single obstacle, i.e., the solution u satisfies u > f in §2 for a given obstacle
function f in a domain €2, and it is natural to ask whether the results can be extended
to the case of two obstacles. Indeed, in this paper we prove the existence of solutions for
the two obstacle problem, and we investigate their regularity properties.

Let Q ¢ RY, with N < 3, be a bounded domain with 9Q € C*. Let f: Q — R and
g : 2 = R denote the obstacle functions satisfying

(1.1) feCi ), geC(Q), f<g in Q
(1.2) f<0<g on 0N
We consider a two obstacle problem of the type

((Byu+ A2u)(u— f) <0 in QxR,,

(Opu + A%u)(u—g) <0 in QxRy,
(P) Opu + A?u =0 %n {(z,t) e A xRy | f(x) <wu(z,t) <g(x)},

f<u<yg in QxR,,

u=Vu-v%=0 on 00 xRy,

u(+,0) = up() in Q

\
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where ! denotes the unit normal vector on 052, and the initial datum g :  — R satisfies
(1.3) up € HZ(Q), f<up<g in A
Here we define a weak solution of (P). To this aim, we set
(1.4) K:={ue€ L*0,T; H3(2)) N H(0,T; L*(Q)) | u(z,0) = up(r) a.e. in Q,

f(z) <u(z,t) < g(zr) ae in Qx(0,7)}.
Definition 1.1. We say that a function u is a weak solution of (P) if

(i) ue K,
(i) for any w € K,

T
(1.5) / / [Oru(w — u) + Aul(w — u)] dedt > 0.
0Ja
Let us denote by 2y the coincidence set of f and g, i.e.,
(1.6) Qo ={zeQ] flz) =g(x)}
The main result of this paper is the following:

Theorem 1.1. Let N < 3. Let f and g satisfy (1.1)-(1.2). Then, for any initial datum
ug satisfying (1.3), the problem (P) possesses a unique weak solution

(1.7) ue LOO<R+§H3(Q))mHl(R+§L2(Q))-

Moreover the quantity p; = Owu(-,t) + A*u(-,t) defines a signed measure in S for a.e.
t € Ry, and for any T > 0 there exists a constant C' > 0 such that

T
(18) / Q)2 dt < C + T)A%F |2
0

Furthermore the following reqularity properties hold:
(i) u € L*(Ry; W2>(Q)). In particular, if N =1,

1 1-—2
(1.9) we COP(Ry; CMUQ) with 0< 7 <5 and 0< B < — T

if N € {2,3},

Y

4—N 4—N -2
(1.10) u € C¥P(R,; C%(Q)) with 0 <y < 5 and 0 < B < T7

(i) the signed measure p; satisfies

(1.11) pel o= A%,
(1.12)  supp peove, C { (2,1) € (2\ Qo) x Ry | u(x,t) = fz) or u(z,t) = g(z) },
with
>0 in {(z,t) € (Q\ Qo) xRy u(x,t) = f(z) },
(113 : {g 0 i {(50)€ @)\ %) xRy |ulet) = g(o) ]

In particular, u satisfies (P) in the sense of distributions.
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The restriction on the dimension N < 3 in Theorem 1.1 has two motivations. The first
is related to the continuity of the approximate solutions. We construct the solution of
(P) as a suitable limit of solutions of the obstacle problem for the corresponding elliptic
equation, which is a biharmonic equation with a lower order perturbation. Here a difficulty
arises from the presence of the set €)y. To overcome this difficulty, first we construct the
solution of the two obstacle problem replaced f with f —e, for e > 0. If the solution u. of
the modified two obstacle problem is uniformly continuos with respect to ¢ in €2, then one
can obtain a solution of the original obstacle problem as a limit of u. as € | 0. Thus the
point is to obtain the uniform continuity of u., and this is given by Sobolev’s embedding
if N < 3. For the same reason, the two obstacle problem for the elliptic biharmonic
equation was studied in [8] under the same assumption N < 3.

Even if Qg = 0, we still need the restriction on the dimension in order to prove the C1:*
regularity of the approximate solutions. Here the difficulty proving the continuity of the
discrete velocities, which converge to d;u. Again, such continuity can be obtained from
Sobolev’s embedding if N < 3.

We note that Theorem 1.1 can be extended to the problem (P) replaced Neumann
boundary condition by Navier boundary condition, i.e., v = Au = 0 on 0. Indeed,
replacing H3(Q) by H?*(2) N Hy (), we onbain the same conclusion as Theorem 1.1

The paper is organized as follows: We shall construct the solution of (P) by way of
an implicit time discretization so called minimizing movements, which was given by De
Giorgi. We give a formulation via minimizing movement in Section 2. In Section 3, we
construct an approximate solution of the problem (P) and investigate its regularity. In
Section 4, we prove Theorem 1.1. Indeed, we first prove that the approximate solution
converges to a function in a suitable sense. And then we observe that the limit is the
required solution of (P).

2. NOTATION

In this paper, we shall construct a solution of (P) via minimizing movements (i.e., see
[1]). We first note that the problem (P) is the L*-gradient flow for the functional

(2.1) Blu) = %/Q\Au(a:)\2 do

with constraint u € . Let ' > 0 and n € N, and set 7, = T'/n. We define a sequence
{u;n}? inductively. To begin with, we let ug,, := ug. Let us denote by u; ,, the minimizer
of the problem

(M; ) min{ G; ,(u) |u e K}

with

(2.2) Gin(u) == E(u) + P, ,(u)

where

(2.3) Po(u) = % [ u(@) = vicr (o) d

The set K is given by
(2.4) K={ueH;Q)|f<u<gin Q}.
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Let us set
(2.5) Vi(r) = @) = ti1n),
Tn
Definition 2.1. Let us define u,(z,t): Q x [0,T] = R as
(2.6) Un (2, 1) = Wiy p(2) + (t — (1 — 1)7) Vi (2)
in QX [(i — 1)7,i7,) for eachi=1,2, ---, n.
Definition 2.2. Let us define t,(z,t) : Q x (0,7] — R and V,(z,t) : Q@ x (0,7] — R as
(2.7) U (x,t) = uip(z),
(2.8) Valz,t) = Via(2),
in Qx ((i — )7, i1,) for eachi=1,2, ---, n.

3. EXISTENCE OF APPROXIMATE SOLUTION
To begin with, we show the existence of the solution of (M, ).

Theorem 3.1. Let [ and g satisfy (1.1)-(1.2). Let uy satisfy (1.3). Then there exists a
unique minimaizer of (M, ).
Proof. Let {u;} C K be a minimizing sequence for the functional (2.2). Since
0< i%f Gin(u) < Gin(Uicin) = E(tiz1,),
we may assume {u;} that sup ey Gin(u;) < 0o. Recalling that ||Av||z2(q) is equivalent to

[0]l 2 () on H3 (), we deduce that {u;} is uniformly bounded in Hg(€2), and then there
exists u € HZ(Q) such that

(3.1) uj —u in  H*Q),
in particular,
(3.2) Au; — Au in  L*(Q),

up to a subsequence. Since (3.1) implies that u; uniformly converges to u in © up to a
subsequence, we have f < u < g in €). It follows from Fatou’s Lemma that

P, ,(u) < liminf P, ,,(u;).

J1—
Moreover we infer from (3.2) that
E(u) < liminf E(u;).

J—00
The uniqueness of the minimizer of (M, ,,) follows from the convexity of G, ,. [
Set
(3.3) fe(@) = f(z) — €.

We denote by (M;,) the problem (M;,) replaced f by f.. The proof of Theorem 3.1

implies that the problem (Mf, ) has a unique minimizer «¢,. From now on, let us set
£ £
im Uy

u i—1l.n

(3.4) Ve, =

Tn
Moreover let V7 denote the piecewise constant interpolation of V.
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Lemma 3.1. u;,, uniformly converges to u;, in € ase — 0.

Proof. By the fact that ||uf,,[|g2@) < C, for any sequence {&,,} with &, — 0 as m — oo,
there exist {e,} C {&,n} and @;,, € HZ(Q) such that

(3.5) u;w' = U, weakly in H?(Q) as m' — oo,

in particular,

(3.6) Au;m — A, weakly in  L*(Q) as m' — oo.

Since N < 3, Sobolev’s embedding theorem implies that ufﬁ' uniformly converges to
as € | 0. Recalling that the solution u;7" of (M) satisfies
/ [Aw7 Afw —ugn') + Vi (w—u;w')] de >0 forany we K, ,,
Q

we deduce from (3.5)-(3.6) that

/ (AT A(w — Ui y) + Vip(w — Wp)] da
Q

> lim inf/ [Au; A(w —u; ) + Vi (w— ;)] de >0 forany we K,
0

n i,n
m/—00

where we used the fact K C K. ,. Moreover it follows from the uniqueness of the solution
of (Mz,n) that ai,n = Ujn- O

Along the same lines as in the proof of Theorem 2.2 in [19], we obtain the following
uniform estimates:

Proposition 3.1. Let ui,, be the solution of (M;,,). Then, for any n € N,

T

(3.7) // V,f(m,t)2 dzxdt < 2E(up),
0Jo

(3.8) SL}P ||Au§,n||%2(9) < 2E(uo).

Since N < 3, combining Proposition 3.1 with Sobolev’s embedding theorem, we have

(3.9) u; ,, is uniformly continuous in €2, with modulus of continuity

independent of ¢, i, and n.
Set
Cif = {w € Q) ui,(0) = L)},
Con ={reQ|uj,(z)=9g(z)}

By the fact that f. < ¢ in €2, we observe from (3.9) that the sets Cf; and Cfn_ are disjoint.
Here we set

€ __ 2, € €
:ui,n =A ui,n + ‘/i,n'



6 M. NOVAGA AND S. OKABE

In the following, we show that p, is a signed measure in (). To this aim, let us define

/\2

2 if A<,
Yp(A) =19 p

0 it A>0,

Bp(A) := 7,(N),
for each p > 0. Regarding the following minimization problem

MY min G357 (v
(D) min G0)

with
€,0 1 2 1 € 2
Giaw) = [ [ S0P+ 5= =iy ,) 470 = £) + (g —v) | da,
Q Tn

we show the following:
Proposition 3.2. The problem (M;}}) has a unique solution wy), with

(3.10) wit — s, weakly in H*(Q) as pl0.

i,n
Proof. By a standard argument, we deduce that the problem (Ml‘S ) has a unique solution
wyy satisfying

1
NP+ = — ) + Byl — 1)~ Blg —wif) =0 i ©

n

in the classical sense. Since it follows from the minimality of wy}, that

(3.11) Gin(wiy) < Gip(uiy,) = E(ui_y ),

we observe from Proposition 3.1 that

(3.12) 1AW Pl Z2 ) < 2E(uo),

.13 a0t = ey < Bwo)

and

(3.14) max{ [|(wiy) = £2) "2, 109 — wil) " Ilia0) } < pE(uo).

The inequality (3.12) yields that there exist a sequence {p,,} with p,, — 0 as m — o0
and a function @ € HZ() such that

(3.15) wit™ — 4 weakly in - H?(€),
in particular,
(3.16) wih™ =4 ae. in Q,

as pm — 0. Recalling (3.14) and (3.16), we deduce from Chebyshev’s inequality that
f- <4 < gin Q. This implies @ € K..
We claim that @ is a minimizer of (M;,). Indeed, for any v € K., it holds that

(3.17) Gin(v) =G (v) 2 G (win™) 2 G (win™).

@,n

Recalling (3.15)-(3.16) and letting p,, — 0 in (3.17), we infer that

G, (v) > liminf G5, (i) = G5, ().
Pm
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This implies that @ is a minimizer of (M;,,). Then it follows from the uniqueness of the
solutions to (M) that @ = ug,. We thus completed the proof. O

Theorem 3.2. Let ¢ > 0 and i € {1,2,--- ,n}. Then the quantity y5, is a signed
measure in 2 with

>0 in CoF
3.18 su € C‘?’+ C‘?7_7 € z,n_’
(318) PPUL CCLTVCL M2 o

Moreover there exists a positive constant C' > 0 independent of € and n such that
(3.19) T 3 15,()* < C.
i=1

Proof. To begin with, we shall verify that the quantity

it = NPt 4 (Wil — sy ,) /T

defines a signed measure in €). Let us set
+ — 57 - 87
Iy ={zeQ|uwij(z) < f(z)}, I, ={zeQfwj(x)>g(z)}
It follows from 8, < 0 that

WP — >0 in I},
g, in  Yi—-1ln g, €, . _
Azwiﬂf + — = —Bp(wil — fo) + Bplg —wiy) § =0 in Q\([fuUl)),
" <0 in I,

i.e., y1; defines a signed measure in Q.

We claim that the measure p;}; converges to s, as p | 0 up to a subsequence. Indeed,
we shall show that, for each ¢, 7, and n, the quantity ufﬁ(U ) is uniformly bounded with
respect to p for any U CC Q. From now on, we write p;} = v — v2, where v are
positive measures with their support in Ipi, respectively. For any ¢ € C°(Q2) with ¢ =1

in U and 0 < ¢ < 1 elsewhere, we observe that

1
() < [ it = [ [Suitne+ (@it -l )e | do
U U

n

2 1 E,p € 2 % 2 %
+ - (E/Q(wzn —Ui_1,) dx) (/Q‘P dm) :

Since it follows from (3.11) that

N|=

< B(wl)E(p)

(3.20) — [ (Wi =i ,) de < B(uf_y,) — B(w),

i,n i—1,n i—1n i,n

we observe from (3.12) and (3.20) that

E(ui,) — E(wi)
()

é}'

Thus there exist a sequence {p, } C {pm} and measures fiy such that

(3.21) (U) < C(U) | Blu)?

(3.22) im =iy as m/ — oo,
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i.e., for any ¢ € C.(2)

/Cdyi’”' —>/§d,ui as m' — oo,
0 0

where {p,,} is the sequence obtained in the proof of Proposition 3.2. Since Proposition
3.2 asserts that

& / 1 [ ’
/ Cdvim' = j:/ [ Aw; P AC+ —(w; ™ — s )¢ | do
Q Q ’ Tno ’

n

— j:/ [Aus ,AC+ V(] de forany (€ C2Q) as m' — oo,
Q

the relation (3.22) implies fix = £(A%u5, + V5,), respectively. We claim that
(3.23) supp jiy C Ci’rf, supp fi- C C;, -

It is sufficient to show the former relation. Let zy € Q\ C; " be chosen arbitrarily. Then
there exist a neighborhood W of zy and a constant ¢ > 0 such that

u,(v) = fe(xr) >0 in WCQ.
Since wi’f:m' uniformly converges to u, as m' — oo, there exists a constant M > 0 such
that for any m’ > M

g, .
lwilm —ug,| < - in W

2,
Thus we deduce that, for any m’ > M,

wip™ (@) = fo(z) = (4

in iwn

e, WCQ\IL forany m' > M. Hence we see that for any ¢ € CZ(WW)

/Cdu+: lim /Cdl/im' =0.
Q m'—o00 Jo

This is equivalent to the former relation in (3.23). Recalling that C;  and C;), are disjoint
set, we observe that yf,, is a signed measure satisfying (3.18).
We turn to the proof of (3.19). For any U CC €, it follows from (3.21) that

( B(uf_y,) — Ewin™) >é

Tn

1 < 4 oo < C(U)E(ug)? + C(U) lim inf
i,n Pt

= C(U)E(uo)? + C(U

) ( Euiy,) — Eui,) >%

Tn

and

E(us — B(w?P) (L
in 2 Mf,n |-Cf,}f > _O(U)E(Uo)% — C(U) liminf < ( Zfl’”> ( i\n ) )2

wn —

£

) ( E(U§—1,n) - E(uzn) >§ .

Tn

= —C(U)E(up)? — C(U




THE TWO OBSTACLE PROBLEM FOR THE PARABOLIC BIHARMONIC EQUATION 9

Multiplying 7,, and summing over ¢ =0, 1, ---, n, we find

@%Jm}:@Amz<OWﬂM@T+CHU@W@—Ewm»gCﬂD@+UEm@

It follows from the condition (1.2) that there exists a constant d, > 0 such that

d(9Q,C5F) > 6,

» Yin

Thus it follows from (3.18) that supp p5,, C €5, /2, where Q, := {z € Q | dist(x,0Q) > p}.
Letting U = (15, /2, we obtain the conclusion. O

We shall now prove the C1! regularity of u; , in €. In the following, for each h € L*(Q),
we denote by A~'h the solution of

—Aw=~h in €,
w=20 on O0f).

We start with the following lemma:

Lemma 3.2. For each ¢ > 0, n € N, and i € {1,---,n}, there exists a function v;,
satisfying the following:
(a) o5, = Au, + AT'VE a.e in
(b) v5,, is upper semicontinuous in Q\C;". On the other hand, v5,, is lower semicon-
tinuous in Q\ C;);

(c) for any xo € Q\ C;,, and any sequence of balls B,(x0) C Q\ C;,, , it holds that

1
‘Bp(x(])’ By (o)

Viad L, (o) as pL 0.

On the other hand, for any x1 € Q\Cf;r and any sequence of balls B,(x1) C Q\Cf;,

we have
1 e TS (e) as p L0
_— v;pdr T v, (r1) as plO0.
|Bo(21)] /B, 1)

Proof. Let us set

1
Vi (@) = Aus,, (y) + ATV (y)] dy.
7 = B )] Sy ) AR

If u5,, € C*(Q), then Green’s formula yields that for each zy €

1
0B, (o) dB,(z0)

- / (A% (2) + VA, (2)] Gl — 20) do,
Bﬁ(f’?O)

(3.25) Aug ,(z0) + Aflvifn(:co) = [Auf’n + A*IVifn} ds
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where G, is Green’s function defined by

(1
5(7’ —p) if N=1,
1 P .
(3.26) G,(r) = %log; if N=2
1 N-2 _ N-2 :
— f N>3.
N2 " pr) N2

We note that w(N) denotes the volume of unit ball in RY. Thanks to (3.18) and the fact
that G, > G, if p’ > p, we observe from (3.25) that

(3.27) v (o) < 'Ui’,,’fl (zo) if p<p’ and By(xe) CQ\C;,
and
(3.28) v (o) > vf’;’l’/ (mo) if p<p and By(zg) CQ\Ci)

For general v, € H{ (), making use of the molification of Au;, + A~V , we are able

to verify (3.27) and (3.28). Hence it follws from (3.27) and (3.2573) that
V() LT, () as pl0 in Q\C5
and

V(@) 1, () as pl0 in Q\C

i,mn )

for some functions v;,, and o5,,.
Since v;* is continuous in 2, setting

. U5, (T if zeQ\C,
Vi (I) - ~a7 ( ) : \ 57,+
0g () if zeQ\C;

M n

we deduce that v, is upper semicontinuous in €\ Ci ., and is lower semicontinuous in
Q\ C;7'. Recalling that Au, + A™'VE € L3(Q), we sce that

vt = AuS, +ATVE as pl0 ae in Q.
Therefore we conclude that v, = Auf, + A7V, a.e. in Q. 0

Lemma 3.3. For any xo € C..", it holds that

i,n 7

(3.29) v (0) — ATV (@) 2 Af(wo).
On the other hand, for any x| € Ci’n_, we have
(3.30) V5 (1) — A_lvfn(xl) < Ag(zy).

Proof. Since the proof of (3.29) is similar to the proof of Lemma 3.3 in [19], we shall
prove the latter assertion. Let 1 € C;, . Since C;; and C;,, are disjoint, it holds that
Com c Q\ CiF. Then there exists a sequence {y,,} C Q\ C.;F with y,,, — 21 as m — oo
such that ,

(3.31) s, (Ym) — 9(ym) 0.
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For each yy,, let p be small enough such that B,,, :={y € RN | [y —yn| < p} C Q\C;.
It follows from Green’s formula that

1
330 i) =y [ wiadS— [ MG - 0y
| p,m’ OBp.m Bom
and
1
(3.33) 9(Ym) = gds — / Ag(y)Gplym —y) dy,
‘aBP7m| 6Bp,7n Bp,'rn

Since u;,, < g in €2, we infer from (3.31)-(3.33) that

lim inf / [Ag(y) — Aug,(y)] Golym — y) dy = 0.
By m

m—00

Thanks to Lemma 3.2, the relation is reduced to

(3.34) timinf | [Ag(y) — v, (y) + ATVE(W)] Golym —y) dy > 0.

Recalling that V5, € HF(Q), we observe from the elliptic regularity, e.g., see [17], that
ATYVE, € H'(Q). We note that Sobolev’s embedding theorem implies that AV}, is
continuous in © provided N < 7. Since vf,, is lower semicontinuous in Q \ C; " there
exists a point Y, , € B,y such that the maxmum of Ag(y) — o5, (y) + A7V (y) in B,
attains at y = y,, ,. Hence it follows from (3.34) that there exists a sequence {d,,} with
Om 4 0 as m — oo such that

Ag(ym70> - Uf,n(ym,p) + A_lvfn(ym,p) Z _5m

As m — 00, Yy, converges to a point y, € {y € RY | |y — 1] < p} up to a subsequence,
for the sequence {ym, ,} is bounded. Thanks to the lower semicontinuity of v{,, we find

Ag(yﬂ) - Uin(yﬂ) + A_l‘/z:n(yﬂ) Z 0

for any p > 0 small enough. Letting p | 0 and making use of the lower semicontinuity of
v5 ,,, we conclude (3.30). O
Lemma 3.4. For each e > 0, n € N, and i = 1,...,n, it holds that Aui, € L>(€).
Moreover, there exists a positive constant C' independent of €, n, and i, such that

(3.35) AU, [[2o() < CE(u0)? + ||V, ll2(@) + max{|[|Af || @), [|Ag]| L) }
B ) — B(w,)\?
+C( ( z—l,n) ( z,n)) )

Tn

Proof. Let us set
(3.36) Us, = us, + (A%) 7V

where (A?)7'Vy, denotes the unique solution of
Aw =V, in €,
w=0, Aw =0, on Of).

Fix oy € Q arbitrarily. Let B, denote the ball center xy and the radius p. For any R > 0
with Br C €, let ¢ € C®(Bg) be a test function with ¢ = 1 in Bygrys, 0 < ¢ <1
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elsewhere. By the same argument as in the proof of Lemma 3.4 in [19], we see that for
any r € Bgs

(3.37) vin(a) = — / Grle — y)dit () — Li(2) + a(2)
Br/o
with
I(z) = / C(y)Crlx — y)A2UE, (y) dy.
Dr/2

and
la(z)| < CLl|AUG, |2 in - Bryo.
Here G is Green’s function given by (3.26) with p = R. We note that for any « € Bg/;

E
1(2)| < C|ps,.| (Dryj2) < CoE(uo)? + Cy (
where the constants Cy and C'5 are independent of £ and n. Set
Gr(z) = / Grlz = y)dus,(y)-
Br/2
Thanks to Lemma 3.3, we observe from (3.37) that
Gr(r) = =05, (2) = L(2) + a(r) < —ATWE (2) = Afo(z) + |L(2)
1
E(”?—l,n) - E(”in)) 2

Tn

+ a(x)

< G| AUE, [l 12y + CaEluo)? + C (

+ CullVillzz + 1A fllio 0 €, N Bays,
and while

Gr(x) = v}, (x) = Li(2) + a(z) 2 =AWV, (2) = Ag(z) — | Li(2)] + a(w)

€ 1 E(ui—l,n) B E(“f,n)
> —Ch[|AUS, || 2 — C2E(ug)? — Cs

[NIES

Tn
= CullVillzz@) = 1Agll~@)  in Ci, N Brys.

Then, along the same lines as in the proof of Theorems 1.6 and 1.10 of [18], we deduce
that

limsup Gr(z) < C[|AUL, | 12@) + CoE(u0)? + Cs
d(x,C5 )0

E(ui_y,) — B(u,)\?
Tn
+ CullVE ey + 1Al ey
and

limsup GR(JZ') > _Cl”AUin”LQ(Q) — C2E(u0)% — Cg
d(x,Cf"n_)—>0

— CullViaull2) — 1AG]l 2 (-
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Thus the maximal principle implies that

. 1 B(i_,,)— Bu,)\ 2
i) < CUlAUE s+ Caf(uo’ + 0 (21t = Elia))

+ CullVioull ez (@) + max{ [[Af: ||, [AgllL=@) } in Bgys.
Combining (3.37) with Theorem 3.2 and Lemma 3.2, we obtain (3.35). O
Lemma 3.5. ([8]) Let N < 3. Let w € H*(Q)) be a non-negative function satisfying

[Aw| o (0) < Mo.
Then there exists a constant M depending only on My such that if
zo € J :={re€Q|w() =0}
then it holds that
(3.38) lw(z)| < M|z — z0|?,  |Vw(x)| < M|z —x0|, in B(xo,p/2),
where p = dist(xg, 0N2).
Lemma 3.6. For any x € Q\ (C;,) UCS,), it holds that
D22, ()] < CUIAGE oy + [Vl + 1D Flumy + 1822
+ID%gllz(@) + 1A% L2 ()-

Proof. Since u;,, is continuous in €2, we see that ¢ := dist(C;}, U Cih »082) > 0. To begin
with, recall that

A%, + Vi, =0 in Q\Q,

where Q5 = {z € Q| dist(z,0Q) > §}. By the elliptic regularity theory (i.e., see [17]), we
deduce from 992 € C* that

(3.39) AU, [m20ne,) < CUIAY ,ll20) + [Viall2@)  forany 0 <p <4,

where the constant ¢' > 0 is independent of i, n and . Setting @ := nu;,, where
neCr(Q\ Q) with 0 <7 <1 and

1 in Q\Q
n(x)—{ 2 s

0 in Qrs)s,
we find
{ 0 = (> ug,) =0V, in QN Qgsps,
u=0,u= on  9(2\ Qrs/s),
where

F(n,u,) = A%nus, + 2V AR - Vs, + 2A(Vn - Vug,,) + 2AnAuS, + 2V - VA,
Thanks to Theorem 2.20 in [14], we observe from (3.39) and 9Q € C* that

||a||H4(Q\Q75/8 < (HF(n7 zn)||L2 (\Q7s/8) + Hn zn||L2(Q\Q75/8))
< CUlAull2e) + Vil 22@)-
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Since [[ug,, || r1@\0s5/0) = l@llH2@\045,0) < [0l 1000155): the estimate implies
I1D%us, || 12 (@\0a5,0) < CUIAYS | L20) + Vi 22(@)-

Then it follows from Sobolev’s embedding theorem that

(3.40) D05 || (@25, < CUIAU 220 + Vim N 220,

where the constant C' is independent of i, n, and ¢.
Let @o € Qg2 \ (C7 UC;, ) satisfy dist(xo,C;, UC;,, ) < 6. Here we may assume that

dist (o, C;; U C; ) = dist(zo,Cf)y ).

From Lemmas 3.4 and 3.5, there exists a constant C' > 0 independent of i, n, and & such
that

(3.41) (w5, — 9)(@)] < CllAWE, — g)llL=@dist(z,C;;, ),
(3.42) V(15 = 9)(@)] < CllA(uz, — )l @dist(z, Ci3, ),
in B(xo, d), where d = dist(zo,C;,, ). We consider

1

£

wa(w) = (0, — g)d(z — 20)) in Blao. D).
For the simplicity, we may assume xo = 0. Then it follows from (3.41)-(3.42) that
lwa(z)| < ClA(uZ, = 9llre@), [Vwa(@)] < ClAuZ, = g)llz~@, in B(0,1).
Since
Awy(z) = —d2\/fn(d(a: —10)) — d*A%g(d(z — x0)) in B(0,1),

we observe from the same argument as in the derivation of (3.40) that

2
|D2wa()| < CUIAU, 2@ + IVinllze + ) IAglz@) in B(0,3).
i=1

Thus it holds that
(343) D%, (@) < CUIAU llz2e) + Va2
+1D%gll L) + 1A%l r2@)) in Blzo, d/2).
If dist(zo,C;,y UC;, ) = dist(xo,C;,), then we obtain (3.43) replaced g by f. We thus

n

completed the proof. O

Theorem 3.3. [t holds that ug,, € W2>(Q). Moreover, there exists a positive constant
C independent of € and n such that

7o Y 1 D% ) < C(E(uo) + |D? i@y + 1% fl 200
i=1

+[1D%g )l o) + 1A% L2(@)-
Proof. Let e; be the unit vector in the direction of the positive z; axis. Fix x € 2. For
|h| € R small enough, we consider the second order differencial quotient
us, (v + hej) +us ,(x — hej) — 2us ()
2h? ‘

Diyug, () =
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If dist(z,C;; UCS, ) < 4h|, then there exists zy € C;); UC;,, such that

|x — @o| = dist(x,C;; UC, ) < 4]h).

»Min

We may assume o € C;,, Making use of (3.41), we find
| Dii(ug,, — g)(x)]
< %HA(Uin — 9)|lz(o) [dist(z + he;, C;)? + dist(z — he;, Cf)? + dist(x, )7
< Ol A(us,, — 9)ll = (9)-

On the other hand, if dist(z,C;;" U Ci), ) > 4|h|, then we observe from Lemma 3.6 that

|Djus ()] < |Dyyous, (3)] < CUAUS, [ 1200) + Vil z2) + 1D fll @)
+ | A% fll 2@ + 1D%gl () + [1A%g] 120

where & € B(x, 2dist(z,C;; UC;;, ). Consequently we see that, for any « € Q, if |h| is
small enough,

| Dy (2)] < C(1AU | =) + Vil 220 + 1D* fll e (o)
+ 1A% fllz2() + [ D?*gll () + 1A% £2(09)
where C' > 0 is independent of x and h. Therefore we deduce that
(3.44) | Dy 5 (2)] < CIAU | o) + [Visa 220y + 1D fll oo (o)
+ 1A fllz2@) + [D*gll (@) + A%l r2@)) in Q.

Combining (3.44) with Proposition 3.1 and Lemma 3.4, we obtain the conclusion. 0
Let us set

(3.45) Citn = {2 € Q\ Qo | win(z) = f(2) },

(3.46) Cin={2€Q\ Qo |uin(x) =g(x) },

where () is defined in (1.6).

Theorem 3.4. As e | 0, the signed measure p;, converges to a signed Radon measure

Wi 0 Q defined by
o A%u;p + Vi in Q\ Qo,
Hin =9 a2¢ in Q.
Moreover it holds that supp fi;,, C C;rn UC;,, U,

>0 m Ci'fn,
Hin <0 in C

©,n)

and there exists a positive constant C' > 0 independent of n such that

(3.47) T Y Hin(Q)? < CE(ug) + TIA f |7 (0)-
=1
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Proof. To begin with, we shall prove that 4, [o,— A®f as e | 0, i.e.,

(3.48) / [Au;nAgo + V5 <p d:r; — / AfApdr as €0 forany ¢ € C°(Q).
Q

Since it holds that

W5, (z) = f(z)| <e in Qo

i,n

we infer that

(3.49) ' /Q (Au;,, — Af) Apda

On the other hand, from

<l = Flima [ %] dr<e [ [a%] an

€ 1 € € 3
“/;7n| < T_n {|ui,n - fl + ‘ui—l,n - f‘} < Tn€7

/anwdx < —6/ o] da.

Then (3.49) and (3.50) implies (3.48).

we have

(3.50)

e+ . .
From now on, we write u5, |o\0,= V5 o+ v;, » where v; " are positive measure in

. + . .
with supp Vf ’ Cf ., respectively. By the proof of Theorem 3.2, there exist measures

ﬂfn in (2 such that
y,fnié,um as €0,

ie.,

/{dl/ —>/Cdum forany (€ C.(2\ ) as e]0.
Since
/Q(dz/f”f = j:/Q [AuinAC + and dr — i/Q [Au; ,AC+ V0 (] da
for any ¢ € C*(Q2\ Q) as € | 0, it holds that ﬂfn = +(A%u;,, + Vi) We claim that
(3.51) supp fi;, C Cf,, supp fi;,, C C; ..

It is sufficient to show the former relation. Let xzy € Q '\ (Cjn U Q). Then there exist a
neighborhood W C 2\ g of xy and a constant 6 > 0 such that

Uin(z) — f(x) >0 in W.

Since u;,, uniformly converges to u;,, there exists €, > 0 such that for any ¢ < .

in W.

Wl >

‘u"? () — um(x)‘ <

i,n

Thus, for any € < min{e,, d/3}, we have

0 @) = o) > (@) = () = [6,0(2) — win()| = 1) = @] > 5 im W
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e, W CQ\ (qu;r U Q) for € > 0 small enough. Hence we infer that for any ¢ € C.(W)

/ (dif, = lim / Cdvit =0.
Q ’ 0 Jo ’

Therefore the relation (3.51) holds.
Finally we turn to (3.47). It follows from the proof of Theorem 3.2 that

+0OU) (E(“?—l,n) - E(u;n)); |

Tn

[l

/jfn(Q) < lim inf yff(Q) < C(U)E(uo)

el0

Moreover it holds that

n

Tay tinloo (@)’ =70 D |A (@) = T |2 f(@)]” < T|A |3y 0 Q.
=1

i=1
Recalling that sup p;, C CJ,, UC;,, U Qp, we obtain

o Y 1) < CITE(ug) + Co Y {B(ui_y,) — E(u5,)} + TIA (o)
i=1

i=1

< CE(uo) + TIIA* f |7 ()
We thus completed the proof. 0

4. PROOF OF THE MAIN THEOREM

In this section, we prove Theorem 1.1. First we shall prove the convergence of the piece-
wise linear interpolation w, of {u;,}. The proof is followed from the uniform estimates
on {u,}. Since the estimates have already obtained by Proposition 3.1, we are able to
prove the following result along the same lines as in the proof of Theorem 4.1 in [19].

Theorem 4.1. Let u,, be the piecewise linear interpolation of {u;,}. Then there ezists a
function

we L%(0,T; Hy () N H'(0,T; L*(Q))
such that for any T < oo
u, —=u in L*0,T; H*(Q)NHY(0,T; L*(Q)) as n — oo,

up to a subsequence. Moreover

T
/ / |Oyu|? drdt < 2E(ug),
0JQ

f(z) < wu(z,t) < g(x) for x € Q and every t € [0,T], and for each o € (0,1/2), it holds
that

u, —u in C%([0,T);L*(Q) as n — oo.

Next we investigate the regularity of the limit u obtained by Theorem 4.1. The proof
depends only on the uniform estimate on w,, obtained in Theorem 3.3. The same argument
as in the proof of Theorems 4.2 and 4.3 in [19] gives us the following:
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Theorem 4.2. Let u be the function obtained by Theorem 4.1. Then it holds that
u, —u  weakly* in  L*(0,T;W*®(Q)) as n — oo.
Moreover, if N =1,
u, —u in CYP([0,T];C*(Q) as n— oo
for every a € (0,1/2) and 8 € (0, (1 — 2a)/8), and if N =2, 3,
u, —u in COP([0,T];C*(Q) as n— oo

0<a<?2 N 0<pB< LN 1 a
“ 2 27 % 2-NJ2)

In order to complete the proof of Theorem 1.1, we make use of the convergence result
on the piecewise constant interpolation of {u;,}.

for every

Lemma 4.1. ([19]) Let u, be the piecewise constant interpolation of {u;,}. If N =1,
U, —u in L®0,T;CY*(Q)) as n— oo

for every a € (0,1/2), where u is the function obtained by Theorem 4.1. If N =2, 3,
Uy —u in L®(0,T;C%*(Q)) as n— oo

for every o € (0,2 — N/2). Moreover, for any N > 1, it holds that
At, = Au in L*(0,T;L*(Q)) as n — oo.

We are in a position to complete the proof of Theorem 1.1. Let us define

(4.1) pn(t) = pin if t € ((i — 1)7, 07,

and set

(4.2) Cr={(2,1) € (Q\ Q) xRy [u(z,t) = f(2) },
(4.3) C, = {(2,1) € @\ Q) x Ry | ulz,t) = glx) )

Proof of Theorem 1.1 Let u be the function obtained by Theorem 4.1. To begin with,
along the same lines as in [19], we see that

T
(4.4) / / [Oru(w — u) + Aul(w — u)] dedt >0 for any w € K,
0Jo

i.e., u is a weak solution of (P). Moreover the uniqueness follows from the results in [4].
By virtue of Theorem 3.4, we deduce that

T n_ pir, n
NZEREDS /( el =7 Y (@) < CE () + TIA
i=1 =T i=1
Thus, as n — oo,
fn — i weakly in  L*(0,T; M(Q)),

ie.,

T T
//(pdundt%//gpdudt for any o € L*(0,T;C>(Q)) as n — oo.
0JQ 0JQ
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Since ft; | 0= A%f, we observe from the definition of y,, that
tn(t)[0o=A%f in [0,T) forany n€N.
From now on, we set i, | o\0,= v — v, with
vE(t) = ,u;tn if te((i—1)m,, i,

where 1, and y;,, denote respectively the positive part and the negative part of ; , |\qq-
Since Theorem 3.4 deduces that

T
/ vE(Q)2dt < C,
0
there exist measures fi+ such that
vE =y weakly in L0, T; M(Q)) as m — 00,
i.e., for any ¢ € L?(0,T;C>(Q\ Qo)),

T T
//gpdufdt%//gpduidt as n — oo.
0JQ 0JQ

On the other hand, it holds that

T T
/ / pdvrdt = + / / (A, Ap + V] dodt
0JQ 0JQ

T
—>j://[AuA<p+8tucp] dxdt as n — oo.
0Ja

Thus we infer that fip = £(A%u + dyu). We claim that
(4.5) supp jip C Cy, suppfi— C C,.

We shall prove the former relation. Let zp € Q\ (C; U €)). Since u is continuous in
) x Ry, there exist an open set W C Q\ Qg, 0 < t; <ty < T, and § > 0 such that

u(z,t) — f(x) >0 in W x (t,t).

It follows from Lemma 4.1 that there exists a constant N > 0 such that

Up(x,t) —u(z,t) > —g in W x (t1,t3) forany n> N,

so that

Up(x,t) — f(z) > g in W x (t1,ts) forany n > N.
This means that, for any n > N,
(4.6) W x (t1,t3) C Q\ (C:“n UQy) for each {i—i] <i< {j—j )

Thus we deduce that for any ¢ € C.((t1,t3); C2(W))

T
//gpdmdt hm //gpdu+dt lim //[AﬂnAg0+Vng0] dxdt

hrn / / [Au; A + Vi ] dedt = 0.
(i—1)m

n—oo
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The last equality follows from (4.6). This implies the relation (4.5). O

[1]
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