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We discuss the role of the U(1) axial symmetry for the scalar and pseudoscalar meson mass spectrum of
QCD at finite temperature, above the chiral transition at 7, using a chiral effective Lagrangian model,
which, in addition to the usual chiral condensate (gg), also includes a (possible) genuine U(1),-breaking
condensate that (possibly) survives across the chiral transition. The motivations for considering this
Lagrangian (and a critical comparison with other effective Lagrangian models existing in the literature)
are presented. A detailed comparison between the case Ny =3 and the (remarkably different) case
Ny =2 is performed. The results obtained in the case Ny = 2 are also critically compared with the

available lattice results.
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L. INTRODUCTION

It is well known that, at zero temperature, the SU(N f) ®
SU(Ny) chiral symmetry of the QCD Lagrangian with N/,
massless quarks (the physically relevant cases being
Ny =2 and Ny = 3) is spontaneously broken down to
the vectorial subgroup SU(N)y by the condensation of
qq pairs, i.e., by the nonzero value of the vacuum expec-

tation value (Ggq) EZ;\L@,q,) (the so—called chiral
condensate), and the N]% —1 JP =0 mesons are just

the Goldstone bosons associated with this breaking (see,
e.g., Ref. [1] and references therein). One expects that
this scenario not only holds for massless quarks but also
continues for a small quark mass region, in which the
Goldstone bosons become pseudo-Goldstone bosons,
with small (if compared with other hadrons) nonzero
masses. The chiral condensate (gGg) is an order parameter
for the chiral symmetry breaking: at high temperatures, the
thermal energy breaks up the ¢g condensate, leading to
the restoration of chiral symmetry for temperatures above
the chiral phase transition temperature 7., defined as the
temperature at which the chiral condensate {(gGg) goes to
zero (in the chiral limit my = - -+ = my_= 0). From lat-
tice determinations of (Gg), it is known (see, e.g., Refs. [2])
that this critical temperature is of the order 7, ~ 150 +
170 MeV and practically equal to the deconfinement tem-
perature T, separating the confined (or hadronic) phase at
T <T,, from the deconfined phase (also known as quark—
gluon plasma) at T > T,. But this is not the whole story
since, in addition to the SU(N,) ® SU(N/) chiral symme-
try, QCD with N, massless quarks also has a U(1) axial
symmetry (at least at the classical level) [3,4]. This sym-
metry is broken by an anomaly at the quantum level, which
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in the Witten—Veneziano mechanism [5,6] plays a funda-
mental role (via the so-called topological susceptibility) in
explaining the large mass of the %’ meson.

The role of the U(1) axial symmetry for the finite
temperature phase structure has been not well understood
so far. One expects that at very high temperatures also the
U(1) axial symmetry will be (effectively) restored (since,
at least for 7 >> T, the density [in the partition function]
of the instanton configurations, responsible for the U(1)4
breaking, are strongly suppressed due to a Debye-type
screening [7]); but it is still an open question of hadronic
physics whether the fate of the U(1) chiral symmetry of
QCD has or has not something to do with the fate of the
SU(Ny) ® SU(Ny) chiral symmetry. This question is surely
of phenomenological relevance since the particle mass
spectrum above T, drastically depends on the presence or
absence of the U(1) axial symmetry. From the theoretical
point of view, this question can be investigated by compar-
ing the behavior at nonzero temperatures of the two-point
correlation functions for the following gg meson channels
(we consider for simplicity the case of Ny, =2 light
flavors) [8,9]: the isoscalar (I = 0) scalar channel o (also
known as f, in the modern language of hadron spectros-
copy), interpolated by the operator O, = ggq; the isovector
(I = 1) scalar channel 5 (also known as ), interpolated
by the operator 55 = (}%q; the isoscalar (/ = 0) pseudo-
scalar channel 7, interpolated by the operator O, =
iG7ysq; and the isovector (I = 1) pseudoscalar channel 7,
interpolated by the operator 0. = igys % g. Under SU(2),
transformations, o is mixed with 7r; thus, the restoration of
this symmetry at T, requires identical correlators for these
two channels, which implies, in particular, identical chiral
susceptibilities, x, = X [x;= [ d4x(T0f(x)O}(O))],
and identical (screening) masses, M, = M. Another
SU(2) chiral multiplet is (7, 5). On the contrary, under
U(1)4 transformations, & is mixed with 7, so, an effective

© 2013 American Physical Society
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restoration of the U(1) axial symmetry should imply
that these two channels become degenerate, with identical
correlators and, therefore, with identical chiral susceptibil-
ities, Ys = x> and identical (screening) masses, My =
M .. Another U(1) chiral multiplet is (o, ). (Clearly, if
both chiral symmetries are restored, then all o, 77, 1, and 5
correlators should become the same.)

In this paper, we shall analyze the scalar and pseudoscalar
meson mass spectrum, above the chiral transition at 7,
using a chiral effective Lagrangian model (which was
originally proposed in Refs. [10-12] and elaborated on
in Refs. [13-15]), which, in addition to the usual chiral
condensate (Gg), also includes a (possible) genuine
U(1)4-breaking condensate that (possibly) survives across
the chiral transition at T, staying different from zero at
T > T.. The motivations for considering this Lagrangian
(and a critical comparison with other effective Lagrangian
models existing in the literature) are presented in Sec. II. The
results for the mesonic mass spectrum for 7 > T, are derived
in Sec. I, for the case Ny = 3, and in Sec. IV, for the case
N, = 2. Finally, in Sec. V, we shall summarize the results
that we have obtained, and we shall make some comments on
(i) the remarkable difference between the case Ny = 3 and
the case Ny = 2 and (ii) the comparison between our results
and the available lattice results for Ny = 2.

II. CHIRAL EFFECTIVE LAGRANGIANS

Chiral symmetry restoration at nonzero temperature is
often studied in the framework of the following effective
Lagrangian [16—19] (which had been originally proposed
to study the chiral dynamics at T = 0 [20-22]), written in

terms of the (quark-bilinear) mesonic effective field U;; ~

dirqir = q j(#)q,- (up to a multiplicative constant),’
B
Ly(U, U = Ly(U, Ut) + —= TiMU + MUt
1( ) = Ly ) Wi [ ]

+ L,(U, U, (2.1

where L,(U, U') describes a kind of linear sigma model:

1
Lo(U U = 3 Tr{o,Ud* U] - V,o(U, UT),

1 1
Vo(U, UT) = = A2 Te[(UUT — p, 1) + Z N2ATr(UUT) .

4
2.2)
I is the identity matrix, M = diag(m,, ..., me) represents
the quark mass matrix, which enters in the QCD
Lagrangian as 8[8“8‘55) = —GgMgq, — G M'qg, while

L,(U, U") is an interaction term of the form:

"Throughout this paper, we use the following notations for the
left-handed and right-handed quark fields: g; x = 1(1 * ys)q,

with ys = —iy0yly2y3.
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L,(U, U = ¢/[detU + det U], (2.3)

Since under U(N;);, ® U(Ny)g chiral transformations the
quark fields and the mesonic effective field U transform as,

UNy), ® UNpg: g1 — Viqp,

A (2.4)
gr — Vraqr = U — VUV,

where V; and Vj are arbitrary Ny X N unitary matrices,
we have that £,(U, UT) is invariant under the entire chiral
group U(N;), ® U(Ny)g, while the interaction term (2.3)
[and so the entire effective Lagrangian (2.1) in the chiral
limit M = 0] is invariant under SU(N;), ® SU(N/)g ®
U(1)y but not under a U(1) axial transformation:

gr — €'%qr = U — e 22U,

(2.5)

U()a: g — e "qy,

It is often claimed (see, for example, Ref. [23] and refer-
ences therein) that instanton processes, which are known to
break the U(1), symmetry by means of an effective
2Nj-quark vertex that is invariant under SU(Ny), ®
SU(Ny)g ® U(1)y but not under a U(1) axial transforma-
tion, can be modelled using the interaction term (2.3).

However, as was noticed by Witten [24], Di Vecchia,
and Veneziano [25], this type of anomalous term does
not correctly reproduce the U(1) axial anomaly of the
fundamental theory, i.e., of the QCD (and, moreover, it is
inconsistent with the 1/N, expansion). In fact, one should
require that, under a U(1) axial transformation (2.5),
the effective Lagrangian, in the chiral limit M = 0, trans-
forms as

U, LUV, Ut, 0) — LUV (U, Ut, Q) + a2N;0,
(2.6)

2

where Q(x) = 2 e*"P7Fy,,(x)F§,(x) is the topological
charge density and L.y also contains Q as an auxiliary
field. The correct effective Lagrangian, satisfying the trans-
formation property (2.6), was derived in Refs. [24-28] and

is given by

B,

22

+ i.QTr[log U—logU']+ LQ2
2 247

LU, U, Q)= LU, U + Ti[MU + MTUt]

2.7)

where A = —i [ d*x(TQ(x)Q(0))|yy is the so-called topo-
logical susceptibility in the pure Yang—Mills (YM) theory.

For the case of N '+ = 2 flavors, two other four—point cou-
plings with the same property, i.e., invariant under SU(N,), ®
SU(Ny)g ® U(1)y but not under U(1)4, could be considered
[16,19]; however, these terms are not relevant for the type of
analysis that we are going to perform in this paper.

096010-2



REMARKS ON THE U(1) AXIAL SYMMETRY AND THE ...

After integrating out the variable Q in the effective
Lagrangian (2.7), we are left with

LU, UYY = LyU U+ B Ti(MU + MTU']

242

+ %A{Tr[log U—1logUTT? (2.8)
to be compared with Egs. (2.1), (2.2), and (2.3).

For studying the phase structure of the theory at finite
temperature, all the parameters appearing in the effective
Lagrangian must be considered as functions of the physical
temperature 7. In particular, the parameter p ., appearing
in the first term of the potential Vy(U, U') in Eq. (2.2), is
responsible for the behavior of the theory across the chiral
phase transition at T = T,. Let us consider, for a moment,
only the linear sigma model L,(U, UT), i.e., let us neglect
both the anomalous symmetry-breaking term and the mass
term in Eq. (2.8). If p (T < T.) > 0, then the value U for
which the potential V, is minimum (that is, in a mean-field
approach, the vacuum expectation value of the mesonic
field U) is different from zero and can be chosen to be

_F, prAZ
V=57 \}W (2.9)

which is invariant under the vectorial U(N), subgroup;
the chiral symmetry is thus spontaneously broken down to
U(Ny)y. Instead, if p (T > T,) <0, we have that

Ulpﬁ>0 = UI;

01, <o =0, (2.10)

and the chiral symmetry is realized a la Wigner—Weyl. The
critical temperature 7, for the chiral phase transition is
thus, in this case, simply the temperature at which the
parameter p, vanishes: p .(T,) = 0.

For T > T,, where p,, < 0and U = 0, it is convenient to
use for the matrix field U the simple /inear parametrization

U,»j=a,»j+ib,-j, (211)

where a;; and b;; are 2N]2¢ real fields, for which the vacuum
expectation values vanish (a;; = b, ;= 0). Inserting
Eq. (2.11) into Eq. (2.2), and putting p, = —1B%, we
find that, up to terms of second order in the fields, L,=
%a#aija’uaij +%3Mb,/8'“b,] _iA%B%(ai + blz]) + .- 5 i.e.,
we have 2N]% mesonic excitations with equal squared
—1

masses M}, = 3 AZBZ. )

Instead, for T < T,, where p,, >0 and U = %I, it is
more convenient to use for the matrix field U the nonlinear
parametrization (polar decomposition)

UG) = HO)T(x) = (5—%

where H = %I + H is a Hermitian Ny X Ny matrix,

- 5
I+ H(x)>e'ﬁ‘b("), 2.12)

. V2 . . L. -
while I' = ¢+® is a unitary Ny X Ny matrix; i.e., H(x) =
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%Zaha(x)T“ + ﬁho(x)l and ®(x) = %Zaﬂ'g(x)r" +
\/;X/' S ()T are two Hermitian matrix fields, where 7% (a =
;

L .. .,N} — 1) are the generators of the SU(N/) algebra in
the fundamental representation, with the normalization
Tr(r7") = 28, (for N; = 2, they are the Pauli matrices,
while for Ny = 3, they are the Gell-Mann matrices), and 4,,,
hq are scalar mesonic fields, while 7, S, are pseudoscalar
mesonic fields, for which the vacuum expectation values
vanish (h, = hy = 7, = S, = 0). Inserting Eq. (2.12) into
Eq. (2.2), and making use of Eq. (2.9), we find that the fields
m, and S, are massless, and they are just the N% (pseudo-
scalar) Goldstone bosons generated by the spontaneous
breaking of the chiral symmetry down to the U(N)y sub-
group, while the (scalar) fields 2, (a = 1, ..., N} — 1) and
ho have nonzero squared masses, respectively, given by
M2 = A2F% and M} = (A2 + N;A2)F2.0

If we now take into account the anomalous term in
Eq. (2.8) (while keeping, for simplicity, the chiral limit
M = 0), it is easy to see that, for T < T, it modifies the
result simply by adding a quadratic term in the pseudosca-
lar singlet field S,

- 1/2N:A
LYY =1, - E( Fé )wa

(2.13)

from which one derives the famous Witten—Veneziano
formula for the singlet squared mass (in the chiral limit):
M%W = y;—ﬁ'A. However, the anomalous term in Eq. (2.8)
makes sense only in the low-temperature phase (7 < T,),
and it is singular for T > T, where the vacuum expectation
value of the mesonic field U vanishes. On the contrary, the
interaction term (2.3) behaves well both in the low- and

high-temperature phases.

A. Effective Lagrangian with the inclusion
of a U(1) axial condensate

The above-mentioned problems can be overcome by
considering a modified effective Lagrangian (which was
originally proposed in Refs. [10-12] and elaborated on in
Refs. [13-15]), which generalizes the Lagrangian £, written

3If one is interested, e.g., at T = 0, only in the lowest-energy
effective states, i.e., only in the pseudoscalar mesonic excitations,
one can formally decouple the massive scalar excitations H by
taking the limit )\fr — oo, which is a “static,” i.e., infinite-mass,
limit for A and thus implies # — 0. In this limit, the expression

L,

(2.12) for the mesonic field U reduces to U = %e 7 1e.,

vut = FT’ZTI, and the effective Lagrangian with this constraint
become a nonlinear sigma model. We also observe that the
quantity F, defined in Eq. (29) as F, = V2v, is just the usual
pion decay constant, since the SU(N,) axial currents turn
out to be, using Eq. (212), Af =ITTo*U, U'}]~
ITTYorUT, UY] = —V2votm, + -+ = —F okm, + - -.
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in Eq. (2.7), so that it correctly satisfies the transformation
property (2.6) under the chiral group but also includes an
interaction term containing the determinant of the mesonic
field U, of the kind of that in Eq. (2.3), assuming that there is a
U(1),-breaking condensate that (possibly) survives across
the chiral transition at 7', staying different from zero up to a
temperature Ty(;) > T,. (Of course, it is also possible that
Ty(1) — o0, as a limit case. Another possible limit case, i.e.,
Tyq) = T,, will be discussed in the concluding comments in
Sec. V.) The new U(1) chiral condensate has the form
Cyqy = (Oyq)), where, for a theory with N, light quark
flavors, Oy, is a 2N -quark local operator that has the
chiral transformation properties of [4,29,30] @U(1) ~
det ,(7,rq,) + det,(g,1.qr), Where s,t=1,...,N; are
flavor indices. The color indices (not explicitly indicated)
are arranged in such a way that (i) Oy, is a color singlet and
(ii) Cy(y = (Oyq)) is a genuine 2N ;-quark condensate, i.e.,
it has no disconnected part proportional to some power of the
quark-antiquark chiral condensate (gg); the explicit form of
the condensate for the cases Ny = 2and N, = 3 is discussed
in detail in the Appendix A of Ref. [15] (see also
Refs. [12,31]).

The modified effective Lagrangian is written in terms of
the topological charge density Q, the mesonic field U;; ~
djrqir (up to a multiplicative constant), and the new field
variable X ~ det (g,zq¢,.) (up to a multiplicative constant),
associated with the U(1) axial condensate [10-12],

LU, U X, X, 0)
1 1
=3 Trlo,Us+* U] + iaﬂxaﬂx*
— v, ut, x, xt + %leTr[log U—logUt]
i 1
+§(1 - wl)Q[logX—logX*]wLﬂQz, (2.14)
where the potential term V(U, Ut, X, XT) has the form
v(U, Ut X, x1)
1 1
= AZTUUY = p 1]+ 2 AZTH(UUN

1 B
+ Z/\g([xx* — px ]} — = TrMU + MTUT]

242

— L [xtdetU + X det U]

242

Since under chiral U(Ny), ® U(N)g transformations [see
Eq. (2.4)] the field X transforms exactly as det U,

(2.15)

[i.e., X is invariant under SU(N;), ® SU(Ny)g ® U(1)y,
while, under a U(1) axial transformation (2.5), X —
e 2NreX] we have that, in the chiral limit M = 0, the
effective  Lagrangian (2.14) is invariant under
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SU(Ns), ® SU(Ns)g ® U(1)y, while under a U(1) axial
transformation, it correctly transforms as in Eq. (2.6).

After integrating out the variable Q in the effective
Lagrangian (2.14), we are left with

1 1
LU, U, X, XT) = 3 Ti{o, U UT] + Eaﬂxaﬂxf

- V(U, Ut x, x1), (2.17)

where

VU, Ut X, xt)
1
= VU, Ut X xt) - gA{a)l Tr{log U — log Ut]

+ (1 — w)[logX — log X1]}°. (2.18)

As we have already said, all the parameters appearing in
the effective Lagrangian must be considered as functions
of the physical temperature 7. In particular, the parameters
p- and py determine the expectation values (U) and (X),
and so they are responsible for the behavior of the theory
across the SU(N,) ® SU(N;) and the U(1) chiral phase
transitions. We shall assume that the parameters p, and
Py, as functions of the temperature 7', behave as reported in
Table I; T, _is thus the temperature at which the parameter
p - vanishes, while Ty > T, _is the temperature at which
the parameter py vanishes (with, as we have said above,
Tyay — o, i.e., px >0 VT, as a possible limit case). We
shall see in the next section that, in the case N = 3, one
has T. = T, (exactly as in the case of the linear sigma
model L, discussed above), while, as we shall see in
Sec. 1V, the situation in which Ny = 2 is more compli-
cated, being T, <T, <Ty) in that case (unless T, =
T, = Ty(); this limit case will be discussed in the con-
cluding comments in Sec. V).

Concerning the parameter @, in order to avoid a sin-
gular behavior of the anomalous term in Eq. (2.18) above
the chiral transition temperature 7., where the vacuum
expectation value of the mesonic field U vanishes (in the
chiral limit M = 0), we shall assume that (T = T,) = 0.

Finally, let us observe that the interaction term between
the U and X fields in Eq. (2.15), i.e.,

KN
242

is very similar to the interaction term (2.3) that we have
discussed above for the effective Lagrangian L ;. However,
the term (2.19) is not anomalous, being invariant under the

Lo = [XTdetU + X det U], (2.19)

TABLE I. Dependence of the parameters p, and py on the
temperature 7.

T < Tp,, Tp” < T < TU(]) T > TU(])
pr=>0 pr<0 pr<0
px >0 px >0 px <0
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chiral group U(N),, ® U(N/)g, by virtue of Eqgs. (2.4) and
(2.16). Nevertheless, if the field X has a (real) nonzero
vacuum expectation value X [the U(1) axial condensate],
then we can write

— (X + hy)e'T  (with: 7y =Sy =0),  (2.20)

and, after susbstituting this in Eq. (2.19) and expanding in

powers of the excitations iy and Sy, one recovers, at the

leading order, an interaction term of the form (2.3)

C X

242
(2.21)

Lo =c/detU +detUt]+ -+, with: ¢, =

In the rest of this paper, we shall analyze in detail the
effects of assuming a nonzero value of the U(1) axial
condensate X on the scalar and pseudoscalar meson mass
spectrum above the chiral transition temperature (T > T..),
both for the case Ny = 3 (Sec. III) and for the case N, = 2
(Sec. IV).

III. MASS SPECTRUM FOR T > T,
IN THE CASE N, =3

The results for the scalar and pseudoscalar meson mass
spectrum for T >T, in the case Ny =3 were rapidly
sketched in Ref. [10] and, in this section, we shall rederive
them in a more detailed and accurate way in order to allow
for a more clear comparison with the novel results that we
shall obtain in the next section for the case Ny = 2.

Let us suppose to be in the range of temperatures 7, <
T <Tyq, where, according to Table I,

- le <0 = lF2 > 0.
20T Py

Since we expect that, due to the sign of the parameter py in
the potential (2.15), the U(1) axial symmetry is broken by a
nonzero vacuum expectation value of the field X (at least
for A — oo, we should have XTX — 1F%), we shall use
for the field U the linear parametrization (2.11), while for
the field X, we shall use a nonlinear parametrization,
similar to the polar decomposition in Eq. (2.12),

Pr = (3.1)

X = aelf = (@ + hy)e B+,
(3.2)

Uij = a;; + iby,

where X = ae’? (with @ # 0) is the vacuum expectation
value of X and a;;, b;;, hy, and Sy are real fields. Inserting
Eq. (3.2) into the expressions (2.15) and (2.18), we find the
expressions for the potential with and without the anoma-
lous term (with w; = 0),
. 1
V=V- gA[logX -

1
logXtP=Vv+ 5A32 (3.3)

and

PHYSICAL REVIEW D 88, 096010 (2013)

N 1
V= lgA2B4+4A2 Tr[(UUT)(UUT)]Jr A’Z[Tr(UUT)]Z

1 1 1

—2(m;;a ——[acosB(detU + detUT)

\/— ij ]l 1] ]z) \/—

+ iasin B(detU — det UT)], (3.4)

where we have assumed the most general (complex) mass
matrix M;; = m;; + in;;, with m;; and n;; real. Let us first
look for the equatlons for a stationary point (S) of the
nonanomalous potential V, indicating with U and X the
values of the fields U and X in this point:

v 1 B,,

aas |5 = EAETB%,aU v +-=0,

:b‘; . %/\3733,151] + B—\/’%nﬁ +-o=0,

2—5 S = A§<d2 - };’2()& - 2\/_[005 B(det U + det U1)
+ isin B(det Ut — det U)] = 0,

% S = 7 a[sin B(det U + det U')

— icos B(det Ut — detU)] = 0. (3.5)

From the first two equations, where we have omitted terms
that, for N = 3, are of order 2 or higher in the fields a and
b, we find that, at the leading order in M,

7 — 2B, mt o+
V2ALB2
Let us now consider the second derivatives of the potential

V with respect to the fields, calculated at the stationary
point S:

(3.6)

a2V 1
| =S ALBL8 0, e,
dap,da;; |s 2
% 1
——— | =ZA2B%5;6,,+ -,
ablm(:)b,-j S 2 it m
FR% F%
— | =r(3a®- —X>,
da? s X( “ 2
%
W | = 7_ @[cos B(det U + det UT)
+ isin B(det Ut — det U)],
82V C - - =
= —[sin B(det U + det U'
dadp | s 2ﬁ[ A )

— icos B(det Ut — det U)]. 3.7)

The first two equations are given at the leading order in the
quark masses, and all the second derivatives, which are not
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shown in Eq. (3.7), are of order @(m) or higher in the quark
masses. From the third equation of Egs. (3.7) it is clear that
the stationary point can be a minimum of the potential only
for & # 0. If we now take for M the physical real diagonal
matrix M = diag(m,, ..., me), we have that M = Mt and
therefore, by virtue of the result (3.6), also U = U'.
Indeed, this is a more general result, not directly related
to the particular solution (3.6) (which, as we shall see in the
next section, is valid for Ny = 3, but not for Ny = 2),
being due, when M is a real diagonal matrix (or, more
generally, when M is Hermitian), to the invariance of the
theory under parity (P) transformations [i.e., being U;; ~
Girgi. and X ~det(7,rq,), UK, )—="UTRO, %),
X(x°, #)—PXx1t(x%, —%)], which requires that U = U' and
X = X't.From the last of Egs. (3.5), we thus find that sin 3 =
0, ie, B8 =0, 7, which also implies that f;—avﬂ ¢ =0.
Moreover, from the fourth Eq. (3.7), using the result (3.6),
itis clear that, for the stationary point S to be a minimum, we
must require, assuming c¢; >0 and B,, >0, that also
& COS B > (0; so, finally, we can take & > 0 and B = 0. We
can then determine & using the third equation in Egs. (3.5)
and so find

a =

Cq ( ZBm

FX N/
ﬁ + \/§A§(F§ ﬁA%B%) detM + ---, (3.8)

which gives L% |g = A} F} + O(det M). i

If we now consider the full potential V, with the inclu-
sion of the anomalous term, see Eq. (3.3), it is trivial to see
that the solution that we have found for the minimum of V,
given by Egs. (3.6) and (3.8) with 8 = 0, is also a mini-
mum for the potential V, the only modification being in the
second derivative of the potential with respect to 8, which
is now given by [see the fourth equation in Egs. (3.7)]

Ihls=Lls + A=A+ OdetM).

In particular, in the chiral limit M = 0, we find that
U=0and X =a = %, which means that, in this range
of temperatures T, <T < Ty, the SUN,), ® SU(N/)g
chiral symmetry is restored so that we can say that (at least
for Ny =3) T, =T, , while the U(1) axial symmetry is
broken by the U(1) axial condensate X. Concerning the
mass spectrum of the effective Lagrangian, we have 2N}%
degenerate scalar and pseudoscalar mesonic excitations,
described by the fields a;; and b;;, plus a scalar singlet field
hy = o« — a and a pseudoscalar singlet field Sy = af
[see Eq. (3.2)], with squared masses given by

N

, A 2A
Msx—ﬁ——%.
3.9

MBL  M; = A%F%,

| =

M3 =
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While the mesonic excitations described by the field U are
of the usual gg type, the scalar singlet field hy and the
pseudoscalar singlet field Sy describe instead two exotic,
2N-quark excitations of the form hy ~ det(g,.q.g) +
det(7,rq,) and Sy ~ i[det(G,.q.z) — det(Grqy)]. In
particular, the physical interpretation of the pseudoscalar
singlet excitation Sy is rather obvious, and it was already
discussed in Ref. [10]: it is nothing but the would-be
Goldstone particle coming from the breaking of the U(1)
axial symmetry. In fact, neglecting the anomaly, it has zero
mass in the chiral limit of zero quark masses. Yet, consid-
ering the anomaly, it acquires a fopological squared mass
proportional to the topological susceptibility A of the
pure YM theory, as required by the Witten—Veneziano
mechanism [5,6].

IV. MASS SPECTRUM FOR T >T,
IN THE CASE Ny =2

In this section we shall derive the results for the scalar
and pseudoscalar mesonic mass spectrum for 7 > T, in
the case Ny = 2, with a quark mass matrix given by M =
diag(mw md)-

As in the previous section, we start considering the range
of temperatures 7, <T < Ty, with the parameters
p- and py given by Eq. (3.1) (see also Table I). We shall
use for the field U a more convenient variant of the
linear parametrization (2.11), while for the field X, we
shall use the usual nonlinear parameterization given in
Eq. (3.2),%

1 >
U= —2[((7 + i) + (6 +im) - 7],

: sy 4.1
X = ae'P = (a + hy)e's,

where 7 (a = 1, 2, 3) are the three Pauli matrices [with the
usual normalization Tr(7¢7%) = 28,,] and the multiplica-
tive factor 715 guarantees the correct normalization of
the kinetic term in the effective Lagrangian. The fields o,
n, 5, and 7 describe, respectively, the isoscalar (I = 0)
scalar gg mesonic excitation o (also known as f; in the
modern language of hadron spectroscopy), the isoscalar
(I = 0) pseudoscalar ¢gg mesonic excitation 7, the isovec-

tor (I = 1) scalar gg mesonic excitation 5 (also known as
dy), and the isovector (I = 1) pseudoscalar gg mesonic
excitation 7.

Inserting Eq. (4.1) into the expressions (2.15) and (2.18),
we find the expression for the potential V, without the
anomalous term,

4Here, we immediately put B = (), since, as one can easily see,
the arguments leading to 8 = 0, which we have given in the
previous section, are valid also for Ny = 2.
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1 o, 1 " " 1 " .
V=g ABL + S A0+ 7 5% + EA%,(U%SZ + 206 - 7+ 9P + 5)‘3’[%252 — (7 8)]

8

1 " 1
+ - ALBLo? + 2 + & + 7]+ Z/\§<a2

4 2

— i[a cos B(o? — 2 — &% + #2) + 2assin Blon — & - 7))

242

where

AZ = A2 + 2172 4.3)

while the full potential V, including also the anomalous
term (with w; = 0), is still given by Eq. (3.3), ie.,
V=v+1Ap%

When looking for the equations for a stationary point (S)
of the potential V, indicating as usual with U and X the
values of the fields U and X in this point, we can immedi-
ately make use, with M being a real diagonal (and, there-
fore, Hermitian) matrix, of the invariance of the theory
under parity (P) transformations (as already observed in
the previous section), which requires that U = Ut and
X = Xt. That is to say, using the parametrization (4.1),
7 = i, = B = 0. This automatically guarantees the van-
ishing of the first derivatives of the potential V with respect
to the pseudoscalar fields at the stationary point S, i.e.,
%IS = % lg = %Is =0, as one can easily verify using
Eqgs. (4.2) and (3.3).

Moreover, the vanishing, at the stationary point (S), of
the derivatives of Eq. (4.2) with respect to the fields o,
(a =1, 2, 3), gives the following three equations:

v 1 32
=_[AZ(6> + &) +2A%52
55, | ~alAH@ &)+ 2ne
+ (A2B2 +2c,a)18,
1
- EBm(mu - md)5u3 = O (44)

For a = 1 and a = 2, using the fact that ¢c; > 0 and & > 0
(or, more generally, c;& > 0; see the discussion in the
previous section, which can be easily extended also to
the case Ny = 2 considered here), one immediately finds
the solution §; = §, = 0. Let us also observe that, in the
chiral limit m,, = m,; = 0, or, more generally, in the limit
of equal quark masses m, = m,, one also has §; =0
so that U = %I, which is invariant under the SU(2),

(isospin) symmetry, as it must be.
So, finally, we are left with the following three equations
for the values &, & and 6 = d5:

_Fx

B

= [y + mg)or + (m, = m)35]

4.2)

v 1 = =
o | =5lARE + 5+ 2028+ (8L — VI @)]a
ols
1
—EBm(mll-i-md):O,
8‘7 1 2(=2 Q2 2 =2 2 np2 \1S
o5 | =5lAk@ + 8 +2Mka +(A2B2 +2c,@)]6
318
1
- EBm(mu - md) =0,
oV F? ¢ =
v =A2(a2__X)a—_1 52— §2)=0. 4.5
Ja S X 2 2\/5( ) ( )

It is easy to see that Egs. (4.5) admit the following solution
(at the first nontrivial order in the quark masses m,
and my),

B

F = m + + .-
TR - gy e )
- B
6 =—F———(m, —my) + -,
AWBﬂ. + CIFX
a = Fx + V2eiAL B B2 (m2 + m3)
V2 AFx(A%BS — mee

AR

V2¢,(A3B} + c1FY)

B2 + e, 4.6
RV B — gy DM 0
which, in the chiral limit m, = m,; = 0, reduces to
< F

F=56=0  a=-%

V2 4.7)
. ~ - Fy
re.: U =0, X=a=—,
V2

signalling that the SU(N), ® SU(N)g chiral symmetry is
restored, while the U(1) axial symmetry is broken by the
U(1) axial condensate X.

To see if this stationary point is a minimum of the
potential (and, eventually, in order to derive the mass
spectrum of the effective Lagrangian), we must study the
matrix of the second derivatives (Hessian) of the potential
V with respect to the fields at the stationary point S. By
virtue of the parity invariance of the theory, one immedi-
ately has that the mixed second derivatives of V with
respect to a scalar field and a pseudoscalar field vanish at
the stationary point S, as one can easily verify using
Egs. (42) and (3.3). In other words, the scalar sector
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(hy, o, 5) and the pseudoscalar sector (Sy, m, 7) are de-
coupled in the matrix of the second derivatives of V at the
stationary point S, and, therefore, they can be studied
separately.

A. Scalar sector
From Egs. (4.2) and (3.3), it comes out that the Hessian
matrix (evaluated at the stationary point S) is already
J

where A, =3A257 +1(AZ +212)6%> and A, =
T(AZ +2A%2)3? + 3 A2 5. Therefore, in the chiral limit
m, = my =0, see Eq. (4.7), the Hessian matrix of the

scalar fields (hy, o, 5) turns out to be diagonal, with
squared masses given by

_%5-
%()‘%TB%T - C]\/EC_Y) + Ao’
(A2 +2A2)G 6

PHYSICAL REVIEW D 88, 096010 (2013)
diagonal with respect to the fields 6, and &,, with a

common value of the squared masses given by
1

1 _
M3, =5 (B + cV2a) + S AL@ + 8) + Ao

(4.8)

The Hessian of the remaining scalar fields (hy, o, 83) turns
out to be

%5
(A2 +2A2)G 6 ,
LAZB + ¢ \2a) + As

4.9)

I
B. Pseudoscalar sector

From Egs. (4.2) and (3.3), it comes out that the Hessian
matrix (evaluated at the stationary point §) is already
diagonal with respect to the fields 7y and 7, with a
common value of the squared masses given by

M}, = NiF} M2, = S ORBE — e3a) + S MG + 57) + AL
M2 = %um o Fy), (4.10) @.11)
N AT The Hessian of the remaining pseudoscalar fields
M _E(A”BW-'_ c1Fx). (Sy, m, 73) turns out to be
sk (0 =)+ 4 — %0 %0
Hps) = v LAZB% + c1\2a) + A 256 , (4.12)

where A = %Ai((}z + 62). Therefore, in the chiral limit
m, = my =0, see Eq. (4.7), the Hessian matrix of the
pseudoscalar fields (Sy, , ) turns out to be diagonal,
with squared masses given by

24 1
ng =ﬁ’ M%] =§(/\%TB%+01F>(),
X | (4.13)
M% = 5()137337 — ¢ Fy).

Therefore, in the case N = 2, the restoration of the
SU((2); ® SU(2)x chiral symmetry manifests itself in the
appearance, in the mass spectrum of the effective
Lagrangian, of two ¢g chiral multiplets (3, 1), namely,

(0, 7): My = M7 = S (ALB7 — ¢, Fy),

— N =

(4.14)

(1, 8): M3 = M2 = 5(/\3,33, + ¢ Fy).

LA2BL — ¢V3a) + A

Instead, the squared masses of the gg mesonic excitations
belonging to a same U(1) chiral multiplet, such as (o, 1)

and (7, &), remain split by the quantity

2
AM,

proportional to the U(1) axial condensate. This result is to
be contrasted with the corresponding result obtained in the
previous section for the Ny = 3 case, see Eq. (3.9), in
which all (scalar and pseudoscalar) gg mesonic excitations
(described by the field U) turned out to be degenerate, with
squared masses M7, = 1 A2 B2.

We must now make an important remark about the solu-
tion (4.7) that we have found. From the results (4.10) and
(4.13), we see that this stationary point is a minimum of the
potential, provided that AZB2 > c¢,Fy; otherwise, the
Hessian evaluated at the stationary point would not be posi-
tive definite, being 2% | = g% s =1(A2BL — ¢ Fy) <0.

—-1B2 <0,

Remembering that, for 7, <T <Tyq), p,
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the condition for the stationary point (4.7) to be a minimum
can be written as

Gr=c\Fx +2)3p, = c\Fx — A%B% <0,
. c1Fy (4.16)
.e.: < — .
Mo P =T o2

In other words, assuming c¢;Fy > 0 and approximately
constant (as a function of the temperature 7) around 7',,_,
we have that the stationary point (4.7) is a solution, i.e., a
minimum of the potential, not immediately above T, _,
where the parameter p, vanishes (see Table I) and G, is
positive, but (assuming that A2B2 becomes large enough
increasing T, starting from AZB% = O atT = T, ) only for
temperatures that are sufficiently higher than 7', , so that
the condition (4.16) is satisfied, i.e., only for T > T.., where
T. is defined by the condition G (T = T,) = 0, and it is
just what we can call the chiral transition temperature.
In fact, for T > T, the solution (4.7) is valid, and the
SU(2); ® SU(2) chiral symmetry is restored. Therefore,
differently from the case Ny = 3 discussed in the previous
section, where T. = T, _, we have here that T, > T,_

Now the question is as follows: What happens for
T, <T<T.??

C. Study of the solution for T, <T<T,

One immediately sees that, when
G,=c Fxy +2)2p, =cFxy—A2B2 =0, (4.17)

Egs. (4.5) also admit the solution (in the chiral limit m,,
my = 0)

1 -
&:r C]\/E&_A%TB%TE(T(), 5:(),

w

(4.18)

with @ defined implicitly by the third equation in
Egs. (4.5), i.e.,

, F3\ .
)@((oﬂ—?’()a 2[/\2 (c;\2a — A2B2).  (4.19)

This solution, being of the form U = %I, with o > 0,
spontaneously breaks the chiral symmetry down to the
vectorial subgroup U(2)y. It is easy to verify that, by virtue
of the condition (4.17), Eq (4.19) admits a unique solution

such that @ = % = )‘753—” [where the last inequality comes

from the condition (4.17)], thus leading to a well-defined
solution (4.18) for &. When, in particular, G, = 0 (i.e.,
when T = T,.), then the_solution coincides with Eq. (4.7),
being @ = FTand g=0= 0 Instead, for G, > 0 (i.e., for
T <T,), one has that @ > % \/_ and & > 0. By studying the
matrix of the second derivatives of the potential, calculated
in this stationary point, one immediately verifies that this

solution is a minimum of the potential and that the masses
of the pseudoscalar gg excitations 7, (the pions) vanish;

PHYSICAL REVIEW D 88, 096010 (2013)

i.e., the 7, are the three Goldstone bosons coming from the
breaking of SU(2); ® SU(2)g down to SU(2)y. Obviously,
the solution (4.18) and (4.19) continues to be valid also for

T <T,_ ,wherep, = ATZW > 0, provided that one substitutes
B2 with —2p,, = —A2.

D. Chiral condensate for 7> T, and for T < T,

It is well known that, since the derivative of the QCD

Hamiltonian with respect to the quark mass m; is the opera-
(mass)

tor g;q; (being 6 Loy = — Z;v:fl m;q;q;), then the corre-
sponding derivative of the vacuum energy represents the
vacuum expectation value of g,q,, i.e., the so-called chiral
condensate. In terms of the effective Lagrangian, this means

av

<611611> =T
ml

where V = V(U, Ut, X, X1) = v(U, U1, X, X?) is the vac-
uum expectation value of the potential of the effective

Lagrangian. Using the fact that B=n=m,=6 =
8, = 0, we find, from Eqs. (3.3) and (4.2),

o1 1 < 1 -
V=_AB: + gA%T(&2 + 6% + 5)&,&252

8
1 F3\2 1
—)@( —X) + (A3 B% - V2¢,@)5?

(4.20)

4 2

_ B
+ Z()@,B% +2c,a)8% - Tm[(mu +my)a

+ (m, — my)8], (4.21)
which, when inserted into Eq. (4.20), gives
_ oV B, _ -
<ququ> = 9 = _7(0- + 6);
my (4.22)
V. B, _ =
(Gaqa) = ——= ——-(6 = 9),
md 2

having used Eqgs. (4.5) for the vacuum expectation values
o, 6, and @. Substituting the solutions (4.6) into the
expressions (4.22), we find that, for 7 > T,

_ B;
(Guqu) = — W(MMA%B% + myci Fy),
7 ”Bz X (4.23)
(Gaqa) = _W(’”Mz B% + m,c Fy).
T

As we see, the chiral condensate vanishes in the chiral limit
m, = my = 0, signalling the restoring of the chiral sym-
metry. Concerning the dependence on the quark masses,
we observe that, in agreement with what was already found
in Ref. [10] for Ny = 3, also for the case Ny =2 the
expression (4.23) for the chiral condensate comes out to
be the sum of two contributions, {(7;q;,) = O,(m;) +
O,([Tx,mi), for which the diagrammatic interpretation
is rather simple (see Fig. 1): the first term O;(m;) corre-
sponds to a diagram with the insertion of a mass operator
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—im

<Q\Q\> = Q\Q\inm\ + @\Q\ >

—im
= 0,(m,) + O,(Mm,)

FIG. 1. The chiral condensate above T..

—m;q,q;, while the second term O,([]i-;mi) clearly
corresponds to a diagram with the insertion of the
2N-quark effective vertex (“y”’) associated with the
U(1) axial condensate X.

Instead, for T < T, one finds, using the solution (4.18)
(with the substitution B2 — —2p_ = —AZ, if it is also
T< Tp“), that, in the chiral limit m,, = m,; = 0,

_ _ 1 1
<thQLt> = <Qde> = __Bmo-O = - _BmFﬂ'! (424)

2 2

since, in this case, U = % I, and, therefore, on the basis of

what we have observed in Sec. II [see, in particular,
Eq. (2.9) and the third footnote], o, must be identified
with the pion decay constant: oy = F .

V. COMMENTS ON THE RESULTS
AND CONCLUSIONS

Let us first summarize the results that we have found.

Chiral symmetry restoration at nonzero temperature is
often studied in the framework of the effective Lagrangian
(2.1), (2.2), and (2.3) (see, e.g., Refs. [16-19]), written in
terms of the (quark-bilinear) mesonic effective field U as
(in the chiral limit M =0) L, = Ly + L;, where L,
describes a kind of linear sigma model [see Eq. (2.2)],
while L; is an interaction term of the form L; =
c/[det U + det UT]. However, as was noticed by Witten
[24], Di Vecchia, and Veneziano [25], this type of anoma-
lous term does not correctly reproduce the U(1) axial
anomaly of the fundamental theory (i.e., of the QCD),
which is instead correctly implemented in the effective
Lagrangian £,, written in Eq. (2.8), which was derived
in Refs. [24-28]. For studying the phase structure of the
theory at finite temperature, all the parameters appearing in
the effective Lagrangian must be considered as functions
of the physical temperature 7. However, the anomalous
term in Eq. (2.8) makes sense only in the low-temperature
phase (T <T,), and it is singular for T > T, where the
vacuum expectation value of the mesonic field U vanishes.
On the contrary, the interaction term L; behaves well both
in the low- and high-temperature phases.

To overcome the above-mentioned problems, we have
considered a modified effective Lagrangian (which was
originally proposed in Refs. [10-12] and elaborated on in
Refs. [13-15]), which generalizes the two effective
Lagrangians £, and £, mentioned above, in such a way
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that it correctly satisfies the transformation property (2.6)
under the chiral group but also includes an interaction
term containing the determinant of the mesonic field U,
of the kind of that in Eq. (2.3), assuming that there is a
U(1)4-breaking condensate that (possibly) survives across
the chiral transition at T, staying different from zero up
to a temperature Ty > T,. The modified effective
Lagrangian is written in terms of the gg mesonic effective
field U and of the 2N-quark (exotic) mesonic field X,
associated with the U(1) axial condensate, and it is given
by Eqgs. (2.17) and (2.18). In particular, the potential term
V(U, U, X, X1), written in Eq. (2.15), contains an interac-
tion term between the U and X fields, i.e., L;, = 2% X
[Xtdet U + X det U], which is very similar to the inter-
action term [L; that we have discussed above for the
effective Lagrangian L. Even if this term is not anoma-
lous, being invariant under the chiral group U(N;), ®
U(Ny)g, by virtue of Egs. (2.4) and (2.16), nevertheless,
if the field X has a (real) nonzero vacuum expectation
value X (the U(1) axial condensate), then, writing X =
X+n X)eiSTX (with iy = Sy = 0) and expanding in powers
of the excitations hy and Sy, one recovers, at the leading
order, an interaction term of the form £;: L;,, = c;[detU +
det Ut] + - -+, with ¢; = £ In Secs. 1T and IV of this

paper, we have analyzed in detail the effects of assuming a
nonzero value of the U(1) axial condensate X on the scalar
and pseudoscalar mesonic mass spectrum above the chiral
transition temperature (7' > T,), both for the case Ny = 3
(Sec. III) and for the case Ny = 2 (Sec. IV).

In particular, in the chiral limit M = 0, one has that, for
T>T, U=0, X:\/ZJ—E% [where pXEFT)Z(, see
Eq. (3.1), is the parameter appearing in the potential term
(2.15)], which means that the SU(N;), ® SU(N;) chiral
symmetry is restored, while the U(1) axial symmetry is
broken by the U(1) axial condensate X. Concerning the
mass spectrum of the effective Lagrangian, first of all we
have two exotic 2N -quark mesonic excitations, described
by the scalar singlet field hy ~ det (G,; q,) + det(Gsrq.r)
and by the pseudoscalar singlet field Sy ~ i[det (G, q.r) —
det (G,pq,)], with squared masses given by M%X =
205p% = A3F% and M5 =4= %—2. In particular, the
physical interpretation of the pseudoscalar singlet excita-
tion Sy is rather obvious, and it was already discussed in
Ref. [10]; it is nothing but the would-be Goldstone particle
coming from the breaking of the U(1) axial symmetry. In
fact, neglecting the anomaly, it has zero mass in the chiral
limit of zero quark masses. Yet, considering the anomaly, it
acquires a topological squared mass proportional to the
topological susceptibility A of the pure YM theory, as
required by the Witten—Veneziano mechanism [5,6].

In addition, we have the usual 2Nj% g g mesonic excitations
described by the field U. In the case Ny = 2, the restoration
of the SU(2); ® SU(2)g chiral symmetry manifests itself
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in the appearance, in the mass spectrum of the effective
Lagrangian, of two ¢g chiral multiplets (%, %), namely, using

>

for U the parametrization (4.1) in terms of the fields o, 7, 6,
and 7, (o, ), with masses M2 =M% =1(A2B% —
\/zcl):(), and (7, 8), with masses M?% = M35 =3 (AZB3 +
\/zch). Instead, the squared masses of the ¢gg mesonic
excitations belonging to a same U(1) chiral multiplet, such

as (o, 1) and (7, &), remain split by the quantity’

AM?

= M2 — M2 = M2 — M2 = v
20 = M3 — M = M} — M3 =2¢,X,

5.1

proportional to the U(1) axial condensate X = % This

result is to be contrasted with the corresponding result ob-
tained in Sec. Ill for the Ny = 3 case, see Eq. (3.9), where all
(scalar and pseudoscalar) gg mesonic excitations (described
by the field U) turned out to be degenerate, with squared
masses M7, = 1 A2 B%. (The result that we have obtained for
Ny = 3 is in agreement with the result that was found in
Ref. [33], where simple group-theoretical arguments were
used to demonstrate that in the high-temperature chirally
restored phase of QCD with N, massless flavors, all
n-point correlation functions of quark bilinears with
n < N are invariant under U(1) axial transformations; in
particular, for Ny = 3, all two-point correlation functions of
quark bilinears are invariant under U(1) axial transforma-
tions, and, as a consequence, all gg mesonic excitations are
degenerate.)

This difference in the mass spectrum of the ¢gg mesonic
excitations (described by the field U) for T > T .. between the
case Ny = 2 and the case Ny = 3 is due to the different role
of the interaction term L, = c,[detU + detU'] + -- - in
the two cases. When Ny = 2, this term is (at the lowest order)
quadratic in the fields U so that it contributes to the squared
mass matrix. Instead, when N, = 3, this term is (at the lowest
order) an interaction term of order N in the fields U (e.g., a
cubic interaction term for Ny = 3) so that, in the chiral limit,
when U = 0, it does not affect the masses of the ¢ mesonic
excitations.

Alternatively, we can also explain the difference by
using a ‘‘diagrammatic” approach, i.e., by considering,
for example, the diagrams that contribute to the following
quantity Dy, defined as the difference between the
correlators for the 8 and 7+ channels:

Dyp)(x) = (T05+(x)0}.(0)) = (TO,+(x)O1 . (0))

= 2[(Tiigdy (x)dgur (0)) + (Tii; dg(x)d; ug(0))]
(5.2)

SSince, as we have seen in the previous section, \/EC]X =
c¢1Fy = 0, where we have also included the equality sign to take
into account the limit cases in which ¢; = 0 and/or X = 0 (see
the discussion below), Eq. (5.1) implies that M, = M5, which
can be proved to be an exact inequality in QCD (see, e.g.,
Ref. [32] and references therein).
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What happens below and above T.? For T < T,, in the
chiral limit m; = - - - my ;= 0, the left-handed and right-

handed components of a given light quark flavor can be
connected through the ¢4 chiral condensate, giving rise to
anonzero contribution to the quantity Dy;(;)(x) in Eq. (5.2).
But for T >T,., the gg chiral condensate is zero, and,
therefore, also the quantity Dy (x) should be zero for
T > T., unless there is a nonzero U(1) axial condensate X;
in that case, one should also consider the diagram with the
insertion of the 2N ;-quark effective vertex (7y; see Fig. I in
Sec. IV) associated with the U(1) axial condensate X. For
Ny = 2, all the left-handed and right-handed components
of the up and down quark fields in Eq. (5.2) can be con-
nected through the four-quark effective vertex y, giving
rise to a nonzero contribution to the quantity Dy (x).
Instead, for Ny = 3, the six-quark effective vertex 7y also
generates a couple of right-handed and left-handed strange
quarks, which, for T > T, can only be connected through
the mass operator —m,g,q;, so that (differently from the
case Ny = 2) this contribution to the quantity Dy ;)(x)
should vanish in the chiral limit; this implies that, for
Ny = 3and T > T, the 5 and 7 correlators are identical,
and, as a consequence, also Ms = M .. This argument can
be easily generalized to include also the other meson
channels and to the case Ny > 3.

Finally, let us see how our results for the mass spectrum
compare with the available lattice results.

As we have already said in the introduction, information
on the mass spectrum of the ¢gg mesonic excitations of the
theory can be obtained by studying the two-point correla-
tion functions of proper quark-bilinear operators; lattice
results for the case N, = 2 already exist in the literature,
even if the situation is, at the moment, a bit controversial.
In fact, there are lattice results [34—41], some of them
obtained using the so-called staggered fermions on the
lattice and some others using the so-called domain-wall
fermions on the lattice, which indicate the nonrestoration
of the U(1) axial symmetry above the chiral transition at
T,, in the form of a small (but nonzero) splitting between

the & and 7 correlators above T.,upto ~1.27..° In terms

“We must point out that some of the above-mentioned lattice
results [39—41] refer, properly speaking, neither to the case Ny =
2 nor to the case Ny =3 but to the (more realistic) case
“Ny =2+ 1,” in which there are two (up and down) very light
(eventually massless) quark flavors and one massive strange
quark with a realistic mass m, ~ 100 MeV. However, it is
commonly believed (see, e.g., Refs. [19] and references therein)
that, due to the large mass of the strange quark, this case, at least
in the vicinity of the phase transition at 7, is closer to the ideal
case Ny = 2 (obtained in the limit m; — oo) rather than to the
ideal case Ny = 3 (obtained in the limit m, — 0). Moreover, the
fact that also, in this case, a splitting is observed between the &
and 7 correlators immediately above T, can be considered (on
the basis of our previous arguments) as an a posteriori confir-
mation of this expectation.
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of our result (5.1), we would interpret this by saying that,
for T > T, there is still a nonzero U (1) axial condensate,

X >0, so that ¢; = % > 0 and the above-mentioned in-

teraction term, containing the determinant of the mesonic
field U, is still effective for T > T,.

However, recently, other lattice results, obtained using
the so-called overlap fermions on the lattice, have been
reported [42], which do not show evidence of the above-
mentioned splitting above T, so indicating an effective
restoration of the U(1) axial symmetry above T, at least, at
the level of the ¢4 mesonic mass spectrum (see also
Ref. [43], where the same conclusions have been derived
analytically but always using the overlap lattice fermions,
with the help of certain assumptions). In terms of our result
(5.1), we would interpret this by saying that, for T > T,
one has ¢, X =0, so that ¢; = % = 0 and the above-

mentioned interaction term, containing the determinant
of the mesonic field U, is not present for 7 > T,. For
example, it could be that also the U(1) axial condensate
X (like the usual chiral condensate {Gg)) vanishes at
T =T, i.e., using the notation introduced in Sec. II (see
Table I), that Ty = T.. (Or, even more drastically, it
could be that, at least for Ny = 2, there is simply no
genuine U(1) axial condensate.) In this case, to preserve
the consistency of our effective model, we should require
that also the pure-gauge topological susceptibility A(T)
vanishes immediately above the critical temperature 7;
otherwise, the anomalous term in Eq. (2.18) would be
singular above the critical temperature 7., where the vac-
uum expectation values of the mesonic fields vanish (in the
chiral limit M = 0). However, lattice results show that the
pure-gauge topological susceptibility A(T) is approxi-
mately constant up to the critical temperature 7., and
then it has a sharp decrease above the transition, but it
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remains different from zero, at least up to ~1.27, (this
suppression for T > T, however, increases when increasing
the number N, of colors, thus hinting at a vanishing large-N..
limit of A(T) for T > T., as it was suggested in Ref. [44].
See Ref. [45] for a recent review on these problems.) We
recall that, in the Witten—Veneziano mechanism [5,6], a (no
matter how small) value different from zero for A is related
to the breaking of the U(1) axial symmetry, since it implies
the existence of a pseudoscalar and flavor-singlet would-be
Goldstone particle; thus, a (small) nonzero value of A(T) for
T > T, should imply a (presumably small) nonzero value of
the U(1) axial condensate X.

Alternatively, one could of course explain the (possible)

vanishing of the coefficient ¢; = ;7')% of the interaction term

containing the determinant of the mesonic field U above T
simply by assuming that the coefficient c¢; (possibly)
vanishes above T.. (The possibility that ¢; = 0 at every
temperature 7, including 7 = 0, must be discarded if we
also assume that there is a genuine nonzero U(1) axial
condensate X, since, as it was shown in Appendix B of
Ref. [15], this hypothesis would lead to wrong predictions
for the pseudoscalar-meson mass spectrum at 7 = 0.)

In conclusion, further work will be necessary, both from
the analytical point of view but especially from the nu-
merical point of view (i.e., by lattice calculations), in order
to unveil the persistent mystery of the fate of the U(1) axial
symmetry at finite temperature.
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