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Abstract

The theory of intersection spaces assigns cell complexes to certain topo-
logical pseudomanifolds depending on a perversity function in the sense
of intersection homology. The main property of the intersection spaces
is Poincaré duality over complementary perversities for the reduced sin-
gular (co)homology groups with rational coefficients. Using differential
forms, the resulting generalized cohomology theory for pseudomani-
folds was extended to 2-strata pseudomanifolds with a geometrically
flat link bundle in [Banll]. In this thesis we use differential forms
to generalize the intersection space cohomology theory to a class of
3-strata spaces with flatness assumptions for the links. The case of a
zero-dimensional bottom stratum is treated as well as certain cases of
positive-dimensional bottom strata. In both cases, we prove Poincaré
duality over complementary perversities for the cohomology groups.

Zusammenfassung

Die Theorie der Schnittrdume ordnet gewissen topologischen Pseudo-
mannigfaltigkeiten Zellkomplexe zu, die von einer Perversitéitsfunktion
im Sinne der Schnitthomologie abhéngen. Fiir zwei Schnittrdume kom-
plementéarer Perversitdaten existiert dann ein Poincaré-Dualitédtsisomor-
phismus zwischen den reduzierten singulidren (Ko)homologiegruppen
mit rationalen Koeffizienten. Unter Benutzung von Differentialformen
wurde diese verallgemeinerte Kohomologietheorie in [Banl1] auf Pseu-
domannigfaltigkeiten mit zwei Strata und einem geometrisch flachen
Linkbiindel erweitert. In dieser Dissertation erweitern wir die Schnitt-
raum—Kohomologietheorie auf eine Klasse von Pseudomannigfaltigkei-
ten mit drei Strata und geometrisch flachen Linkbiindeln. Dazu benut-
zen wir ebenfalls Differentialformen. Der Fall eines nulldimensionalen
tiefsten Stratums wird genauso behandelt wie einige speziellere Fille
von positiv-dimensionalen. In beiden Féllen beweisen wir die Poincaré
Dualitédt zwischen den Kohomologiegruppen komplementéarer Perver-
sitaten.
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1 Introduction

The topic of this thesis is the description of the generalized intersection space
(co)homology theory HI via differential forms on Thom-Mather-stratified
pseudomanifolds with three strata. The result is a generalized cohomology
theory with some kind of Poincaré duality. Since ordinary (co)homology
theories such as singular (co)homology do not satisfy Poincaré duality for ar-
bitrary pseudomanifolds, one has to generalize the concept of (co)homology
if one wants the resulting theory to satisfy Poincaré duality on pseudomani-
folds. Historically, the first approaches to Poincaré duality on singular spaces
were Goresky-MacPherson’s intersection homology, cf. [GM80, GM83], and
Cheeger’s L?-cohomology with respect to some conical metrics on the reg-
ular part of the pseudomanifold, see [Che79, Che80, Che83]. Intersection
homology was first defined using a suitable subcomplex of the simplicial
chain complex on the pseudomanifold X depending on a perversity function
and later axiomatized using sheaf theory. Moreover, there are descriptions
using singular chains and differential forms. For Witt spaces Cheeger proved
in loc. cit. that the L?-cohomology with respect to the mentioned conical
metric on the regular part of the pseudomanifold is isomorphic to the linear
dual of middle perversity intersection homology with coefficients in R.

The HI (co)homology theory was first defined in [Banl0] for pseudomani-
folds with two strata and trivial link bundle using spatial homology trun-
cation on the links of the singular stratum. The basic idea is the following;:
To get a generalized homology theory satisfying Poincaré duality for pseu-
domanifolds one truncates the links of the singular strata spatially to get
a new space, which is actually a cell complex, such that Poincaré duality
is satisfied for the singular (co)homology groups of that new space. For a
pseudomanifold with only isolated singularities one, roughly speaking, cuts
cone neighbourhoods of the singular points, then removes some high dimen-
sional cells of the connected components of the boundary of the resulting
manifold and glues back the cone on this new cell complexes. In other words,
the fundamental principle is to replace links by their Moore approximations,
which is Eckmann-Hilton dual to the concept of Postnikov approximations
from homotopy theory.

This process results in the the intersection spaces I? X, which depend on a
perversity function p and a choice of a subgroup of the cellular chain complex
Ck(L) of the link in the truncation degree (the homology of the intersection
space is independent of that choice). It is a generalized geometric Poincaré
complex, i.e. for closed oriented X, there is a Poincaré duality isomorphism
HY(I’PX;Q) = H, ;(I7X;Q) on reduced singular (co)homology with p, g
complementary perversities, n the dimension of X. See Section 3.1 for a
more detailed explanation of intersection spaces.

In [Banll], M. Banagl used differential forms to give a description of the
intersection space cohomology with real coefficients. This approach allows
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to apply the HI cohomology theory to a larger class of spaces: Let X
be a Thom-Mather stratified pseudomanifold with a single singular stra-
tum ¥ C X and a geometrically flat link bundle p : E — B (see Defini-
tion 4.1.3), with fiber a closed Riemannian manifold L. Then one defines
the subcomplex of fiberwise cotruncated multiplicatively structured forms
ft>rkQs(B) C Q°(E) on E (see [Banll, Sections 3-5]). Afterwards one
defines the complex Q13 (M) C Q°*(M) on the regular part of the pseudoman-
ifold by taking forms with restriction to some open collarlike neighbourhood
equaling the pullback of a form in ft>xQ%,s(B). For spaces with isolated
singularities only, Banagl proved that integrating forms over some distinct
smooth chains (that are part of a partially smooth cycle, see [Banl11, Section
9.1]) induces an isomorphism between the cohomology groups of QI (M) and
the linear dual of the homology groups of the intersection space I’ X with
real coefficient. That result was extended by the author to pseudomanifolds
with one singular stratum of arbitrary dimension and trivial link bundle in
[Ess12].

More recently M. Banagl and E. Hunsicker (see [BH15]) gave a Hodge the-
oretic description of H*® (QII;(M )) on pseudomanifolds with one singular
stratum and trivial link bundle. They proved that the space of extended
weighted harmonic forms with respect to a product type fibered scattering
metric is isomorphic to H*(QI3(M)). Moreover the authors gave a con-
nection between HI and intersection homology IH and prove that for X
a Witt space with one smooth singular stratum and trivial link bundle the
signatures of TH and HI agree.

The theory of intersection space (co)homology (either via the actual intersec-
tion space or via the differential form approach) has applications in various
different topics. Examples are K-theory ([Banl0, Chapter 2.8] and [Spil3]),
deformation of singular varieties in algebraic geometry ([BM12]), perverse
sheaves ([BBM14]), geometrically flat bundles and equivariant cohomology
([Ban13]) and string theory in theoretical physics ([Banl0, Chapter 3] and
[BBM14]).

In this thesis we extend the definition of intersection space cohomology to
pseudomanifolds with three strata, i.e. Thom-Mather stratified pseudoman-
ifolds X with filtration

X=X,20X,D>0X;,=X D 0.

First cases of intersection space homology of such spaces were investigated in
[Ban12]. In Section 9 we recall the construction of intersection spaces in this
setting. We tackle a much more general class of spaces here, starting with
zero dimensional bottom stratum and treating a non-negative dimensional
bottom stratum afterwards. As in [Banl2], we need additional assump-
tions on the spaces aside from the geometrical flatness condition for the link
bundles from the two strata setting. Note that the case of a non-negative
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dimensional bottom stratum is not a generalization of the first case.

We define a complex QI3(M) depending on a perversity function p on the
regular part M of the pseudomanifold (also called the blowup) as before. In
the three strata case one obtains M by removing first a tubular neighbour-
hood of the bottom singular stratum resulting in a Thom-Mather stratified
pseudomanifold-with-boundary X’ and singular set X,,,NX’. Afterwards one
removes a tubular neighbourhood of the singular stratum in X’. The result
is a specific type of a smooth manifold with corners, a so called (2)-manifold.
The boundary 0M of M consists of two parts, IM = E Ugg—gw W, with
E,; W smooth compact manifolds with boundary. Each of the boundary
parts has a collar in M which fit together nicely, i.e. the restriction of the
collar of each boundary part to OF x [0,1) = OW x [0, 1) is a collar of the
boundary in W or E, respectively.

To obtain a generalization of the {2/5-complex of the two strata setting we
then define QI3 as the complex of forms on the (2)-manifold M that satisfy
the following pullback conditions on the collar neighbourhoods of E and
W. Restricted to the collar of E the forms shall be pullbacks of fiberwisely
cotruncated multiplicatively structured forms on E. The condition on the
collar of W depends on the dimension of the bottom stratum s. If s = 0
the restriction of the forms to the collar of W shall equal the pullbacks
of cotruncated forms on W. If s > 0 we demand that the restriction of
the forms to the collar of W equals the pullback of (in respect to a different
degree and bundle) fiberwisely cotruncated multiplicatively structured forms
on W. The main statement proved in this thesis is the generalized Poincaré
duality over complementary perversities for the cohomology of €2I3:

Theorems 8.4.1 and 10.5.2: (Poincaré duality for HI)
Integration induces nondegenerate bilinear forms

/ HIN(X) x HIZ'(X) = R

(1w [n]) H/ w A,

M
with HIZ(X) == H" (QI3(X)).

The strategy of the proof is as follows: The difficult part of the definition
of QI3(M) for pseudomanifolds with three strata is, that restriction of the
contained forms to the intersection of the two collar neighbourhoods of the
boundary parts E and W has to be both the pullback of an appropriate
form on E as well as the pullback of an appropriate form on W, hence the
pullback of some form on OF = OW. In order to deal with this we first
prove a version of Poincaré-Lefschetz duality for an intermediate complex
97 ;(M ). This is the complex of forms on M with restriction to the collar
neighbourhood of E equaling the pullback of some fiberwisely truncated mul-
tiplicatively structured form and the restriction to the collar neighbourhood
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of W the pullback of any form on W (this last requirement can be obmit-
ted up to quasi-isomorphism). We prove the mentioned Poincaré-Lefschetz
duality theorem for QI ;(M ) using a 5-Lemma argument that involves some
distinguished triangles in the derived category over the reals and pulling
back forms to the boundary part E (see Section 7).

Afterwards can use the complex QI ;(M ) to prove the above theorem. Again
we use a 5-Lemma argument involving the long exact sequences of two dis-
tinguished triangles in the derived category over R. These distinguished
triangles contain the pullback to the boundary part W. Unfortunately in
order to deal with the difficulties arising from the two independent condi-
tions for the forms in QI3(M) on the overlap of the collar neighbourhoods
of the two boundary parts ¥ and W we need an additional analytic assump-
tion that allows us to cotruncate the complex Q13 (W) in one special degree,
which is determined by the perversity. See Sections 6.4, 8.1 and 10.2.

In Section 9, we test the de Rham approach by applying it to the 3-strata
pseudomanifolds of [Banl2]. We show that all the additional assumptions
are satisfied in this setting and moreover that the cohomology of the complex
of intersection differential forms QI3 (M) with respect to the lower middle
perversity is isomorphic via integration of forms over cycles to the linear
dual of the reduced homology groups of the intersection space with real
coefficients.

2 Notation

All manifolds are assumed to be smooth, possibly with boundary or corners.
X will always be a pseudomanifold with two or three strata. If we work with
differential forms on the top stratum, the pseudomanifold is assumed to be
Thom-Mather stratified.

We work with fiber bundles of different type, with closed Riemannian fibers
and bases compact manifolds with boundary or with base spaces closed
manifolds and fibers compact Riemannian manifolds with boundaries.

p : E — B always denotes a fiber bundle with closed Riemannian fiber L
and base B, a compact manifold with boundary 0B and ¢ : W — ¥ always
denotes a fiber bundle with closed base manifold ¥ and link F', a compact
Riemannian manifold with boundary 9F.

By a collar we denote one of the following: For a manifold M with boundary
OM, a collar is an embedding cops : OM x [0,1) — M with c|[grrx 0y (2,0) =
x for each x € OM. In some cases we also consider other half open intervals
but [0,1). For a smooth manifold with corners M and boundary OM =
OM; U ... U OM, a collar of a boundary part dM; is an embedding c¢; :
OM; x [0,1) = M again with ¢;|gns, oy = idons,- We mainly work with (2)-
manifolds, i.e. manifolds with corners and two boundary parts OM; = E
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and OMy = W, OM = E Ugg—gw W. The inclusion of the boundary parts is
denoted by jg : F — M and jw : W — M and the inclusion of the corner
OF = OW by jow = jor : OW < M. The image of a collar, imc C M is
called a collar neighbourhood.

For a real vector space V, we denote the linear dual Hom(V,R) by V1.
Additionally, let us give an overview about the complexes of differential
forms we use (if they are definable): Q%,s denotes the complex of multi-
plicatively structured forms on the total space of a geometrically flat fiber
bundle. Its truncation and cotruncation are denoted by ft<x€%,s and
ft>k Q% s, respectively.

The complex of partial intersection forms (Aﬁ; is the complex of forms on a
(2)-manifold with restriction to a collar neighbourhood of one boundary part
equal to the pullback of a fiberwisely cotruncated multiplicatively structured
form on that boundary part.

Finally, Q7 is the complex of intersection forms on a (2)-manifold, the

subcomplex of QI ; of forms with restriction to a collar neighbourhood of
the other boundary part equaling the pullback of some either cotruncated
form if the bottom stratum is zero dimensional or a fiberwisely cotruncated
multiplicatively structured form on that boundary part otherwise.

Note that all of the above complexes are also used in a relative notion,
relative to some collar neighbourhood.
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3 Revision of Intersection Spaces

The extension of intersection space cohomology to three strata pseudoman-
ifolds was first treated in [Ban12] for oriented, compact, PL stratified pseu-
domanifolds X™ of even dimension n = 2k with stratification

X=X">X; 25" > X,=npt

and an additional assumption satisfied for the link of the codim (n — 1)-
stratum (see [Banl12, section 5]). We will return to this class of pseudoman-
ifolds in Section 9.

Let us recall the definition of a topological pseudomanifold:

Definition 3.0.1 A 0-dim topological stratified pseudomanifold is a count-
able set of points together with the discrete topology.

A n-dim topological stratified pseudomanifold is a paracompact topological
Hausdorff space X together with a filtration by closed subsets X = X,, D
Xn1=Xpn 22X 3D...0X9D X_1 =0 such that

1. All non-empty X; — X;_1 are topological manifolds of dimension 1,
called the strata of X.

2. X — X,,—2 is (open and) dense in X.

3. Local triviality: For every k we have the following: Let x € X,,_) —
Xp_g—1- Then there exists an open neighbourhood U, of x in X and a
compact (k — 1)-dim topological stratified pseudomanifold L = Ly_1 D
Li_3DLp_4D..DLyDL_1=0 and a homeomorphism

®: U, = R x cone(LF)
which is stratum preserving. L is called the link.

In order to have some concept of smoothness, which we need to define e.g.
differential forms, it is not sufficient to have just topological pseudomani-
folds. Instead we use Thom-Mather stratified spaces, a concept worked out
by Mather in [Mat12]. The definition will be recalled in Section 5.1.

3.1 Intersection Spaces

After recalling the definition of a topological pseudomanifold we will recap
the basics about intersection spaces of topological pseudomanifolds. The
idea is to use the homotopy-theoretic method of spatial homology trunca-
tion on the links, to assign a cell complex I? X to an n-dimensional pseudo-
manifold X, depending on a perversity function p, called the p-intersection
space, such that for complementary perversities p and ¢ there is a Poincaré
duality isomorphism

H(I"X;Q) = H,1(I"X; Q)



3 REVISION OF INTERSECTION SPACES 9

on reduced singular (co)homology with rational coefficients.

Spatial homology truncation is based on Moore approximation, a concept
that is Eckmann-Hilton dual to Postnikov approximation, but not functorial.
Hence, the full homology truncation machine needs a category with objects
not mere cell complexes but CW complexes with some additional structure
and cellular maps that preserve this additional structure as morphisms. See
[Ban10, Chapter 1.1] for more details. To form the intersection space it is
sufficient to use spatial homology truncation on the object level, which is
much simpler:

Definition 3.1.1 (Spatial homology truncation of CW-complezes)

Let K be a CW-complex. A spatial homology k-truncation of K is a CW-
complex K.y, together with a cellular map f : Koy — K with flgr—1 =
idgr—1, such that fi : H" (K<) = H"(K) is an isomorphism for r < k and
H" (K<) =0 forr>k.

The 1-truncation of a path connected CW—complex K ca be chosen to
be K.1 = kg, where kg is a zero-cell of K. For K simply connected, a
2-truncation is also given by K.o = kg. Using [Banl0, Proposition 1.6] for
k > 3 we get that for any simply connected CW-complex and any k € Z that
there is a spatial homology k-truncation of K. This result was generalized
by D. Wrazidlo to arbitrary CW-complexes in [Wral3, Corollary 1.4]. Note
that in general K is not a subcomplex of K, whereas this is trivially true
for k < 2 by definition.

For a stratified topological pseudomanifold X™ with filtration X = X,, D
¥* 5 ) and trivial link bundle E = ¥ x L for the singular set, with L a
connected manifold of dimension [, set k := [—p(l4+1) and let f : L. — L be
the spatial homology k-truncation of L. Let further M be the blowup of X,
a compact manifold with boundary OM =3 x L,and let g: X X Loy — M
be the composition

id x f
XX Loy —>YXL=0M— M.

Then the p-intersection space of X is defined as the homotopy cofiber, i.e.
the mapping cone, of g

IPX := coneg = M U, cone(X x Ly).

In this setting Poincaré duality for reduced cohomology with rational co-
efficients was proved in the following form in [Banl0, Theorem 2.47]: For
complementary perversities p and ¢ there is an isomorphism

D: H" "(I"X) = H,(I"X)
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which is compatible with Poincaré-Lefschetz duality on the blowup M of X,
i.e. the diagram

H" " (IPX) —— H""(M)

=~|p %J—O[M,BM]

H,(ITX) —— H,(M,0M)

commutes. Moreover the duality isomorphism D is also compatible with a
kind of Poincaré duality on 3 x L_g, i.e. the diagram

H 1S x Loy) —2— H " (IPX)

%jﬁ[aM] ~|D

Hy(OM,% x Le-1-¢) — H,(I7X).

commutes, too.

Note that while the Poincaré duality isomorphism for intersection spaces
is compatible with taking the cap product with the fundamental class on
the smooth parts of the pseudomanifold in the above sense, it is in the
best case questionable whether it can be written as a cap product with
some fundamental class. This question has been tackled by M. Klimczak
in [K1i15]. He uses the intersection spaces to construct a new space which
he calls a ”Poincaré duality space” DP(X). He introduces a fundamental
class for this space such that capping with that class is a Poincaré duality
isomorphism on rational (co)homology (see [Klil5, Theorem 3.2]).

We would like to mention that although the construction of a spatial ho-
mology k-truncation of the link L involves the choice of a subgroup of the
cellular cell group Ck(L), the rational, reduced cohomology groups of the
intersection space is independent of this choice. This was proven for iso-
lated singularties in [Ban10, Theorem 2.18] but should be true for the above
setting by an analogous argument.

Finally we want to mention that intersection spaces can be constructed in
more general settings by generalizing the fiberwise truncation to non-trivial
bundles, as done by F. Gaisendrees in [Gail2]. For some special cases of
pseudomanifolds with more than two strata the intersection spaces have
been constructed in [Banl2| using so called 3-diagrams of spaces.
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4 Technical Preliminaries

4.1 Properties of Fiber Bundles

Remark 4.1.1 It follows from the definition of smooth fiber bundles that the
total space E of any fiber bundle p : E — B with closed fiber and base space
a manifold with boundary is itself a manifold with boundary OE = p~1(0B).

4.1.1 Flat Fiber Bundles

Definition 4.1.2 (Flat fiber bundles)

A fiber bundle p : E — B of smooth manifolds with fiber L is called flat
if there is an atlas 4 := {Uy}aer of the bundle such that the correspond-
ing transition functions are locally constant. That means that for the local

trivialization maps ¢o : p~ 1 (Uy) = Uy X L, m 0 ¢ = p, it holds that
(ﬁﬁoqﬁ;l =id xgap: (UaNUg) x L = (UsNUg) x L
with gop € Diffeo (L) if Uy N Upg is connected.

To be able to define the complex of multiplicatively structured forms on a
total space of a fiber bundle, we need a refinement of flat bundles, namely

Definition 4.1.3 (Geometrically flat fiber bundles)

A fiber bundle is called geometrically flat if it is flat and if there is a Rie-
mannian metric on the fiber such that the structure group of the bundle is
the isometriy group of the link with respect to that metric, i.e. the gog in
the above definition are isometries of L.

Next we give a statement about (geometrically) flat fiber bundles over base
manifolds with boundaries:

Lemma 4.1.4 Let E¢, B be compact manifold with boundaries andp : E —
B a (geometrically) flat fiber bundle with closed Riemannian fiber L. Then
the restriction

p|: 0F — OB

also is a (geometrically) flat fiber bundle.

Proof: We first show that p~'(0B) = OE, i.e. that p| : 9E — OB is actually
a fiber bundle. If z € 0B then there is a neighbourhood x € U C B with
U = R, x R~ and so for each y € p~'({x}) there is a neighbourhood
ED>V, 2R, xR ! of yin E. Hence all those y € p~!({z}) belong to IF.
The bundle is flat since any (finite) atlas U := {Ua}a ¢; of the bundle with
locally constant transition functions induces a finite atlas

Ul = {U,n 0B}

ael
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such that the bundle ¢ := p| : dE — OB trivializes with respect to this
atlas and the transition functions are locally constant since they are the
restriction of the transition functions of the bundle p: £ — B:

—1
(UanUsn0B) x L5 o) (UanUs n0B) 5 (Uan U5 1 0B) x L.

For z,y € (UoNUgN9IB) x L lying in the same connected component we
have that

$slodal TH(x) = dalody |(x) = (dp0da ) |(x) = (dp0¢a ) |(y) = dslodal ~ (v),
where the third equality holds since ¢g o ¢t is locally constant. O

By an analogous proof one gets the same statement for bundles over closed
manifolds with fiber a compact manifold with boundary:

Lemma 4.1.5 Let W, Ff be compact manifolds with non-empty boundary,
Y% a closed manifold and let g : W — X be a (geometrically) flat fiber bundle
with fiber F'. Then the restriction

ql: OW — X

also is a (geometrically) flat fiber bundle with fiber OF.
Note: As Riemannian metric on the boundary OF of F we take the restric-
tion of the metric on F.

Proof: The first steps of the proof are the same as in the previous one:
Of course ¢| is surjective and smooth. Since the local trivializations ¢, :
g 1 (Uy) = Uy x F' and their inverses are maps between manifolds with
boundary one has diffeomorphisms ¢, : ¢~ (Uy) N OW =, U, x OF with
inverses ¢, !|y, xor. For the transition maps of ¢| we get:

dal 0 d5'| = id Xgag| : (Ua NUs) x OF = (U NUg) x OF.

In the geometrically flat setting g, is an isometry and since we take the
restriction of the Riemannian metric on F' for OF, the restriction g,z is also
an isometry.

O

4.2 Collars on Bundles and Manifolds with Corners

4.2.1 Width of a collar

In order to prove Poincaré duality for the later defined complexes on man-
ifolds with boundaries we need the following simple relation between good
open covers and collars on manifolds with boundary. Before stating the
result we recall the definition of good open covers:
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Definition 4.2.1 (Good open covers)
Let B® be a b-dimensional manifold (possibly with non-empty boundary 0B ).
A cover {Uy}acr of B is called good if every nonempty finite intersection

p
Uag...ap = ﬂ Uai
1=0

is diffeomorphic to R® (or RZ if it has non-empty intersection with the
boundary).

Note that manifolds without boundary always have good covers and finite
good covers if they are compact (see [Bot82, Theorem 5.1]). The same is
true for manifolds with boundary.

Lemma 4.2.2 Let B be a manifold with non-empty boundary 0B, let ¢ :
0B x [0,1) < B be an open collar of 0B in B and let U := {Uy}acr be a
finite good open cover of B such that the bundle trivializes with respect to
each Uy € U. Then there is an € € (0,1] such that for the subcollar

c|:0B x [0,¢) - B

it holds that
Uy N B_ 0, (1)

for every o € I, where B_ := B — c(@B x [0, e)) We call a collar satisfying
the relation (1) small with respect to the given cover.

Proof: Let C' = ¢(0B x [0,1)). If there are no U, € U such that U, C C
we take o = 1 and are done. So suppose U, C C. Since U, C B is open,
there must be an N, € N such that Uy ¢ ¢(B x [0,1/n)) for all n > N,.
(Otherwise U, would be contained in 0B = ¢(0B x {0}).)
Choose such an N, for each o € I and set € := (maxqe; No)~™ ! € (0,1].
This is well defined since the index set I is finite and the above relations are
satisfied for that e.

U

4.2.2 p-related Collars on Fiber Bundles

We start with a proposition on p-related collars on a fiber bundlep: £ — B
over a base manifold B with boundary dB.

Definition 4.2.3 (p-related collars)
Let p: E — B be a smooth fiber bundle with closed smooth fiber F' and B a
compact smooth manifold with boundary 0B. Let

cop : OE x [0,1) > E
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be a smooth collar on the manifold with boundary E and
cop : 0B x [0,1) - B

a smooth collar on B. Then cagg and cgp are called p-related if and only if
the diagram

Co

OE x [0,1) —22

Ly E
lp| xid JP
5. B

OB x [0,1) —22
commutes.

Example: Let E = L x B be a trivial link bundle. We then can take any collar
cop : 0B x[0,1) < of OB in B and take cyp := idy, xcgp : OE x[0,1) — E.
cog 18 indeed a collar of OF = 0B x L, since we work with closed fibers L.
Hence the diagram

OE x [0,1) 225 E=Lx B

lﬂ'Q xid lﬂ 2

OB x [0,1) —22_ B

commutes and the collars are p-related.

Proposition 4.2.4 For any smooth fiber bundle p : E — B with base space
a compact smooth manifold with boundary (B,0B) and closed smooth fiber
L there is a pair of p-related collars

cop 1 OF x [0,1) <= E,
cop : OB x [0,1) — B.

Moreover, if a collar cogp : OB x [0,1) < B is given then a collar cyp :
OF x [0,1) — E can be chosen such that copp and cyp| are p-related for
some subcollar of cop. (In detail, we take a subcollar CBB|8B><[0,a) for some
a € (0,1] and reparametrize it to get a map OB x [0,1) < B.)

Proof: We start with the first part and therefore proceed as follows:

1. First we construct a vector field X on B which is nowhere tangent to
0B. The flow of this vector field will then give the collar cyp on B.
One can compare this approach to the proof of [Hir76, Theorem 6.2.1].

2. By locally lifting this vector field, we construct a vector field Y on E
that is nowhere tangent to OF and p-related to X, i.e. for each e € E
we have

PYe = Xp(e)-
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3. By [AMRSS, Prop 4.2.4], we then have the relation
pomy =mn; op.

for the flows X of X and ¥ of Y. That relation implies the statement
of the proposition.

The first step is quite simple and standard: Take a finite good open cover
{Ua}a I of B such that the bundle trivializes with respect to this cover.
Then let J C I denote the set of those a € I with U, N 0B # (. For each
a € J define a vector field X,, on U, by taking the induced vector field of 9,
on Ri by the coordinate map ¢,. Then take a partition of unity {pas}acr
subordinate to the cover {U,} and define

X = ZPO‘X“'

acl

To obtain the vector field Y € X(E) = I'(T'E) we proceed as follows: Since
there is a natural isomorphism between vector bundles

T(Us) x T(L) —» T(U, x L)

for all @ € I, we can lift the vector field poXo € X(Uy) to (paXa,0), a
section of T(U,) x T(L) = T(U, x L), which still has compact support in
U, x L.

Since p : £ — B is a fiber bundle with fiber L and {Ua}ael a covering of the
base B with respect to which the fiber trivializes, we have a diffeomorphism

Yo : Uy X L = p 1 (Uy,), for all a € I, such that the diagram

pil(Ua) t Ua x L
k /
Ua

commutes. Note that since the 1, are diffeomorphisms, there exist push-
forward vector fields ¥, (paXa,0) € X(p~!(Ua)), which still have compact
support (in p~*(Uy,)). Since the family {p~'(Ua)} _, is an open cover of
E, such that the sets in {pil(Ua)}
boundary OF of E, we can set

acl

wey cover an open neighbourhood of the

Y= da(paXa;0)

acd

to get a vector field Y € X(FE) that is nowhere tangent to OE. Let x € OF,
then z € p ' (Uny..ap, = Uay N ... N U,,) for some ay,...,a, € J. Then
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Y, is not tangent to F if and only if ((¥5!)s Y)yo1 () is not tangent to
31
0B x U,, x L.

(Ya)eY )z (@) = Z pa; (p(2)) ([id X (3 0 Y| © Yo, )] (Xas N

= Z Pay; (p(l‘)) (Xo‘i)p(x) ’
=1

Now this is of course not tangent to the boundary since by definition of the
Xqo € X(U,) we have (with agaln the ¢, the coordinate maps of the base):
((ﬁ;}) o= (qbal 0 )x0p = ZZ 1 a;0; with ap > 0 since the transition maps
are maps between manifolds with boundary.

Further, we have to show that X and Y are p-related, i.e. it holds that
p+Ye = X, for every e € E. This is equivalent to the statement that for
all smooth functions on an open subset of B it holds that

Y(fop)=(Xf)op.
(see e.g. [Leel3, Lemma 3.17]). For let f : U — R be a smooth function on
an open subset U C B and let z € p~1(U). Then
Y(fop)(x) =Ya(fop)
= Zwa*(anmO)w;l(x)(f op) with J={a € Jlze€p ' (Ud)}
ac]
= Z(anaa O)zp;l(w)(f opo ¢a)
act
= Z Pa (p(.’E)) ((Xa)p(z):wlodz;l(m)’ 07rgo7,[1a )(f ° ﬂ-l)
act

= Z Po (p($))(Xa)p(z)(f) = Xp(m)(f) = (Xf) (p(.’L‘))

ae]
As mentioned, for every ¢, this implies the relation

pon =nfop (2)

for the flows nX of the vector field X € X(B) and ¥ of Y € X(E). This
relation implies the claim since there are open neighbourhoods Wy C 0B x
[0,00) of 9B and Wg C OF x [0, 00) of OF respectively, such that the flows
n* and nY are defined on these open subsets. But then there are constants
€p, €g > 0 such that

0B x [0,63) Cc Wg

and
OF x [O,GE) C WEg.
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Let € := min(ep, eg) and let f :[0,00) — [0,€) be a diffeomorphism. Then
we have collar embeddings

con - OB x [0,00) 4 9B x [0,¢) 7% B

and
cop 1 OF % [0,00) “L5 9B % [0,¢) -2 E

such that

pocor (z,t) = (poniy)(x) = nj, (p(x)) (by eq. (2))
=cgp o (p x id)(z, 1)

For the second part of the proof we proceed likewisely, but take a special
vector field in step 1: The collar allows us to define a vector field X € X(Cyp)
(with Cpp = imeyp) by taking the pushforward of 9;: X = ¢,.0;. Then for
any ¢ € 0B and any f € C*°(Cpsp) it holds that

(XP)(elra)) = @f o) (ra) = | (7o)t a)

This means that the flow of the vector field restricted to the boundary 0B
is the given collar cgg. We then "lift” this vector field as before, not to
a vector field on the whole total space E but rather to a vector field Y €
X (p_l(C’aB)), where p~!(Cyp) is an open neighbourhood of the boundary,
by setting
Y = Z wa*(pOtXL 0)
acJ

As before this defines a nowhere vanishing vector field which is nowhere
tangent to the boundary 0F. The rest is a complete analogy to the first
step. Note that it suffices to have the vector fields on open neighbourhoods of
the boundary since we later only need the flow of the vector fields restricted
to the boundary. O

4.2.3 Fiber-related Collars on Bundles

In analogy to the previous subsection we now establish that on a geomet-
rically flat fiber bundle ¢ : W — ¥ with fiber F', a compact Riemannian
manifold with boundary dF, there is a collar on the fiber F' which gives rise
to a collar on the total space W.

Definition 4.2.5 (Fiber-related collars) Let q : W — X be a fiber bundle
over a smooth closed base Y with fiber a compact manifold F with boundary
OF. Two collars cgp : OF x [0,00) — F and cow : OW x [0,00) — W are
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called fiber-related if there is a finite good open cover 4 = {Ugy}aer with
respect to which the bundle trivializes such that for each o € I the diagram

dallxid

Uy x OF % [0, 00) OW x [0, 00)

lid XCcoF
—1
Ugx F—2 g (Uy) ——— W

commutes.

Proposition 4.2.6 For a geometrically flat fiber bundle ¢ : W — % owver
a smooth closed base ¥ with fiber a compact Riemannian manifold F with
boundary OF there exist fiber-related collars

cp: OF x [0,00) = F,
ew : OW x [0,00) — W.

Proof: The basic idea of the proof is the same as in Proposition 4.2.4, but
the technical details are a bit more involved:

1. We use Gaussian coordinates to define a vector field Xz on F' which
points in the normal direction of the boundary 9F, is invariant under
push-forwards of isometries and the flow of which gives a collar Cyp
on F.

2. This gives vector fields on U, x F and hence on ¢~1(U,). Since the
bundle is geometrically flat, they coincide on the overlaps and hence
give a global vector field Xy on W. This field does not vanish on OW
and points inwards everywhere, thus its flow yields a collar on W.

3. Again by [AMRSS, Prop 4.2.4] we then have on each of the coordinate
domains ¢~(U,) that the flows n® on U, x F and n"V| on ¢~ 1(U,)
satisfy the relation

ba' omp =m0 ¢gll. (3)
This relation implies the statement of the proposition.

We start with the construction of a normal Gaussian collar C’gF of OF in
F, i.e. a collar such that the collar coordinate 20 = dyp is the distance
to the boundary and such that the Riemannian metric of F' on C’gF can
be expressed as ds®> = (dz°)? + 0;;dz® da? with o;; = 045(2%,2%) a semi-
Riemannian metric. That is, CgF is covered by a normal Gaussian coordi-
nate system. Note that the 2’ are local coordinates but z° = dyp is globally
defined.
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Using [Ger06, Theorem 12.5.13] one finds such a normal Gaussian collar as
follows. The cited theorem says that any connected, oriented hypersurface
of a closed Riemannian manifold has a tubular neighbourhood covered by
a normal Gaussian coordinate system such that z° is the distance to the
hypersurface, cf. [Ger06, Definiton 12.5.3]. To apply this result in our case,
we take any collar of F' in F', form the double of the manifold F' and extend
the metric on F' to OF using a partition of unity. We then apply the cited
theorem and get the described tubular neighbourhood. The intersection of
this tubular neighbourhood with the original manifold F' is then the desired
normal Gaussian collar.
We proceed with the first step by using this normal Gaussian collar to define
a vector field X on F' that points in the normal direction of F by extending
the vector field 8y € X(CJ) to all of F with the help of a smooth cutoff
function in normal ( = x°) direction. Since this vector field is in particular
nowhere tangent to OF and does not vanish on a neighbourhood of OF its
flow defines a collar of OF.
We use the normal vector field X, since for isometries f : F' — F' it holds
that

[« Xp = Xp.

To prove this, we use the fact that if two isometries between connected
manifolds coincide in one point and the same is true for their differentials
at that point, then they are equal. The proof of this simple result can be
found for example in [Pet06, Proposition 22]. We apply it to the isometries
f| and id x f|or on C§hp.

Let z € OF. Since f| is a map between manifolds with boundaries it holds
that f(0,2) = (0, flor(z)) = (id X f|s#)(0,z). The fact that f maps OF to
OF also implies that for the differential of f it holds that

f*az = f*]*az = ]*(f|8F)*az = (id Xf|8F)*az

for all ¢ # 0. The same is true for the vector Jy, pointing in the normal
direction, since for all ¢ # 0 the fact that f is an isometry and therefore an
diffeomorphism gives

(£+00,0i) = (f00, f(f~1)s0s) = (Do, (f1)40s) =0

due to the fact that (f~1).0; € T(0,2)0F C T(p4)F as before. Hence f.0p =
s0y for some s € R. Since isometries preserve the length of vectors, s = 1
and therefore f,0yp = 0y = (id X f|gr)«0o-

In summary, f(0,z) = (id Xf‘BF)(OPT) and (f*)(O,m) = ((ld Xf\aF)*)(ow),
implying f = id x f|sr on CaGF. But this equation directly implies that
[+ Xr = XF.

In particular this result holds for the elements g, of the structure group of
the bundle, which are isometries of F' since the bundle is geometrically flat.
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For the second step we define the vector field (0, Xr) on U, x F, via the

isomorphism of vector bundles T'(U,) x T(F) — T (U, x F'). By the above
relation (gag)«Xr = Xp, we have (¢51).(0, Xp) = gbgl(O,XF) for all o, 8 €
I. Hence we get a vector field Xy on W by gluing the ¢, (0, X ) together.
It does not vanish on OW, points in the normal direction (and is therefore
nowhere tangent to W) and satisfies the relation (¢q)«Xw = (0, Xp) by
definition. Hence the equation (3) holds by [AMRSS, Prop. 4.2.4]. This is
the third step. The proof is finished by the same argument as in the proof

of Proposition 4.2.4.
O

4.2.4 Collars on Manifolds with Corners

We are going to work with differential forms on a smooth manifold with
corners M", the boundary of which can be subdivided as OM = F Ugg—agw
W, satisfying certain conditions near the boundary parts E and W. In order
to define "near E, W” precisely we have to investigate how the concept of
a collar on a manifold with boundary generalizes to manifolds with corners
of that type.

We first follow [J&n68] and [Lau00] to the definition of (n)-manifolds:

Definition 4.2.7 (Manifolds with Faces)

Let M™ be an n-dimensional manifold with corners and for each x € M let
c(x) denote the number of zeroes of ¢p(x) € Rt = [0,00)" for any coordinate
chart ¢ : U — R} with x € U. A face is the closure of a connected compo-
nent of the set {p € M|c(p) = 1}. Then M is called a manifold with faces if
each x € M is contained in c(x) different faces.

Example: A 2-dimensional disc with one corner is a manifold with corners
but not with faces, since the corner point does not lie in 2 faces but only in
one.

Definition 4.2.8 ((n)-manifolds) [See [Jin68, Def. 1]]
A manifold with faces M together with a n-tuple of faces (OgM, ..., Op—1 M)
is called an (n)-manifold if

1. M =}y 9: M,

2. O;M NO;M is a face of both O;M and O;M if i # j.
Note that a (0)-manifold is just a usual manifold (without boundary) and a
(1)-manifold is a manifold with boundary. Simple examples of (n)-manifolds

for arbitrary n € N are R} or the standard n-simplex. We will focus on
n=2.
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So let M™ be an n-dimensional (2)-manifold with faces E, W (hence O0F =
OW). By [Lau00, Lemma 2.1.6] there are collars

CHE - OF x [0, 1) — F,
Cow - oW x [0,1)‘—>I/V,
cg: Ex[0,1) — M and
et W x[0,1) — M,
with Cx := ¢ex (X x [0,1)) for X = 0F, oW, E, W such that

CE|8E><[0,1) = Cow

and
ew low x[0,1) = CoE-

This is illustrated by the following picture:

Crp N Cw

E OE = oW

Proposition 4.2.9 Let M"™ be a (2)-manifold with boundary OM = EUW
as before. Then any two collars cogp : OE x [0,1) — E and cow : OW x
[0,1) < W extend to collars

CE:EX[O,l)‘%M,
C]/V:VVX[O,l)‘—)]W7

i.e. cElowxjo1) = cow and cwlopx(o,1) = CoE-
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Proof: The proof is simple: Interpret the collars as flows of vector fields on
E, W which do not vanish on the boundaries and point inwards and extend
them to vector fields on M (for example using an arbitrary collar on M)
which do not vanish anywhere on W, E, respectively, and point into M. The
flows of these vector fields are collars ¢y and cg with the desired properties.

O

Corollary 4.2.10 As before, let M be a (2)-manifold with boundary OM =
E Ugp W. Assume furthermore that E is the total space of a geometrically
flat fiber bundle p : E — B with closed fiber L and a compact base manifold
with boundary B. Then there are collars cg, cw of E, W in M and cgp of
0B in B such that CW’(‘)EX[O,l) and cyp are p-related.

Proof: Take a pair of p-related collars of OF in F and of B in B and any
collar of W in W. Then use the previous Proposition to extend them to
collars of £, W in M.

O

Except of Section 10, in all of the following we use collars as in Corollary
4.2.10. In section 10 we use collars as in the following corollary:

Corollary 4.2.11 Let M, E, W be as in the previous Corollary 4.2.10.
In addition, suppose that W is the total space of a geometrically flat fiber
bundle q : W — X with fiber a compact manifold F with boundary OF and a
closed base manifold . Then there are collars cg, cw of E, W in M, cyp
of OB in B and cpr of OF in F such that cw|awx(o,1) and cap are p-related
and CE|3E><[071) and cyp are g-fiber-related.

Proof: The proof is the same as that of Corollary 4.2.10. O

5 Set—Up

5.1 Thom-Mather Stratifications

If one wants to work with differential forms there has to be some smooth
structure. Hence we do not work with topological stratified pseudoman-
ifold as defined for example in [Ban07, Definition 4.1.1] but use Thom-
Mather smooth stratified spaces. We use the definition of B. Hughes and S.
Weinberger, cf. [HWO01, sect. 1.2]. (Another older reference would be e.g.
[Mat12].)

Let X be a locally compact, seperable metric space and S = {X;} a stratifi-
cation, that is a locally finite decomposition of X into pairwise disjoint,
locally closed subsets of X with every X; € S a topological manifold.
We always assume that a stratification satisfies the Frontier Condition:
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c(X;) N X; # 0 if and only if X; C cl(X;). The elements of the strati-
fication are called (open) strata and their closures X* = cl(X;) are called
closed strata.

Definition 5.1.1 (Thom-Mather stratified space)
Let k € [0,00]. A C*-Thom-Mather stratified pseudomanifold is a triple
(X,S,T) such that

1. S = {X;} is a stratification of X such that each stratum X; is a C*-
manifold.

2. T = (T;, m;, pi), called a tube system, consists of open neighbourhoods
T; of X; (called tubular neighbourhoods), retractions m; : T; — X;
(called the local retraction of T;) and maps p; : T; — [0,00) such that
Xi = p; 1(0).

3. For each pair X;, X; € S the map
(mij, pig) : Tij — X x [0, 00),
where Ty; = T; N X, mj = Tri]Tij and p;; = pi|Tij, is a C*-submersion.

4. (Compability Conditions) For each triple X;, X;, X, € S and x € Tj,N
T N 71';,{/,1 (T3;) it holds that

5 © k() k(7).

pij © Tik(z) = pik ().

In this paper we will only work with C**°-Thom-Mather stratified pseudo-
manifolds. In [Mat12] and [Mat73], Mather proved that every Whitney strat-
ified space has a C°°-Thom-Mather stratification. Since Whitney showed in
[Whi65] that any complex or real analytic set admits a Whitney stratifica-
tion, those are examples for the type of spaces we consider.

Note further that Mather also proved, using Thom’s isotopy lemmas, that
any stratum X; in a Thom-Mather stratified space has a neighbourhood N
such that the pair (N, X;) is homeomorphic to the pair (cyl(f), X;), with
cyl(f) the mapping cylinder of some fiber bundle p : E — X;, which is called
the link bundle of the stratum. We will later assume these bundles to satisfy
some flatness conditions.

By a theorem of Goresky (see [Gor78]), each C'*°-Thom-Mather stratified
pseudomanifold can be (smoothly) triangulated by a triangulation compat-
ible with the filtration and hence is a PL-pseudomanifold.
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5.2 The Two-Strata Case

In [Banl1] M. Banagl investigates oriented, compact smooth Thom-Mather
stratified pseudomanifolds with filtration

X=X,>X,=%

with 3% a b-dimensional connected closed manifold with geometrically flat
link bundle. That means there is an open neighbourhood N of ¥ in X, such
that the boundary of the compact manifold M = X — N is the total space
of a geometrically flat link bundle p : 9M — X with fiber an oriented, closed
smooth Riemannian manifold L™ of dimension m = n — 1 — b. There are
two strata in this setting: X, =¥ and X,, — Xj.

Banagl defines a complex of differential forms (213 on the nonsingular part
M of X using cotruncation in the fiber direction for multiplicatively struc-
tured forms on the boundary 0M.

The flat link bundle condition allows us to define a complex of multiplica-
tively structured differntial forms on the boundary. Let therefore U :=
{Uas}aer be a good open cover of ¥ such that the bundle trivializes with
respect to this cover, i.e. for each o € I there are diffeomorphisms 1, :
U, x L — p~1(U,) such that the following diagram commutes:

~1(U,) e Uy x L
k /
Ua

We are then able to define the following subcomplex of the complex Q*(9M)
of differential forms on M, using the projections 7 : U, x L — U, and
o : Uy X L — L:

Vs () i= {w € Q°OM)| wlv, = 6 Y 7imy Am3y
J

with 1, € Q*(Ua),; € Q’(L)}.

b

These forms can be truncated or cotruncated in the link direction (see
[Ban11, section5]) and the mentioned complex /5 is defined as containing
the forms that look like the pullback of a fiberwise cotruncated multiplicative
structured form near OM in a collar neighbourhood of the boundary.

The cohomology of that complex then satisfies generalized Poincaré-duality
over complementary perversities and is isomorphic to the cohomology of the
associated intersection space if the link bundle is trivial. For arbitrary flat
link bundle we do not yet know how to construct the intersection space.
The de Rham result for the cohomology of I3 and the cohomology of
intersection spaces was proven by Banagl for pseudomanifolds with isolated
singularities in Theorem 9.13 of loc. cit. and by the author in [Ess12].
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5.3 The Three-Strata Case

The aim of the thesis is to generalize the above construction to certain classes
of pseudomanifolds with three strata. Strictly speaking we consider smooth
Thom-Mather stratified pseudomanifolds X of dimension n with filtration
X =X, D X, DX, with n —2 > m > b and additional conditions on the
regular neighbourhoods of the singular strata. The strata here are X3 and
X, — Xp, which are the singular strata, and X,, — X;. We begin with zero
dimensional bottom stratum, i.e. b = 0 and X, = {xo,..., 24}, and treat
a setting with positive dimensional bottom stratum afterwards (see Section
10).

5.3.1 Zero Dimensional Bottom Stratum
We first consider stratified pseudomanifolds X with filtration
X=X,D0Xp, D Xp= {QJQ, ...,xd},

where the bottom stratum is zero dimensional and the middle stratum has
some flatness condition described below.

To define intersection space cohomology on these stratified pseudomani-
folds we first remove a regular neighbourhood Ry of Xy homeomorphic to
cone(Lg), with Lg a stratified pseudomanifold of dimension n—1. The result
is a stratified pseudomanifold X’ = X — Ry with boundary and one singular
stratum

B::X{,:Xb—RoﬁXb,

a b—-dimensional compact smooth manifold with boundary 9B. We assume
that this singular stratum has a geometrically flat link bundle in X', i.e.
there is an open tubular neighbourhood T}, of B in X’ such that

M :=X — R,
is a smooth (2)-manifold with boundary decomposed as
OM = EUggp—gw W.

Flatness in this setting means that E is the total space of a flat link bundle

L— F

|

B

over the compact base manifold with boundary B with link a closed smooth
Riemannian manifold L™, such that the structure group of the bundle is the
isometries of L. The manifold with boundary W is

W = Lo — T, N Lo,
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with boundary OW = 9FE. The manifold W can be seen as the regular part
of the pseudomanifold Ly = X', the link of Xj.

Note that in order to prove Poincaré duality for HIj over complementary
perversities, we have to impose an additional Witt-type condition on W.

5.3.2 A Positive Dimensional Bottom Stratum

Afterwards we will treat 3-strata stratified pseudomanifolds X with positive
dimensional bottom stratum. That means X has a decomposition into closed
strata

X=X, D X; DXy,

with b > 0. The details of this setup are explained in subsection 10.1. In
short we again get a (2)-manifold M with boundary OM = E Usg—sw W
as regular part of the pseudomanifold. However, here W is not the regular
part of the link of the bottom singular stratum X, = > anymore. Instead
there is a geometrically flat link bundle

F—W

Elq

)

with fiber a compact smooth manifold F with boundary 0F. In order to
prove Poincaré duality we need additional assumptions on W = 9F and
the restrictions of the flat bundles p (which is as in the b = 0 case) and ¢ to
these boundaries.

Therefore this setting is not a generalization of the previous case.

5.3.3 Cotruncation Values

If we have a stratified pseudomanifold X with stratification X = X,, D X, D
X and complementary perversities p, ¢, then, unless otherwisely stated, we

set dim(L = Link X3) := m :=n —1—b and dim(F = Link X;) := f :=
n — 1 — s and define the cutoff values
K:=m-pm+1), K':==m—¢g(m+1) and
L:=f—-p(f+1), L':=f—q(f+1).

These cutoff values are the cotruncation degrees for complexes of multiplica-
tively structured differential forms near the respective strata.
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6 Cotruncation on Manifolds with Boundary

In this section we establish the cotruncation of the cochain complex of
smooth differential forms on manifolds with boundary. Recall that on a
closed Riemannian manifold M the Hodge decomposition provides orthog-
onal splittings

Q" (M) =imd®kerd" =imd®imd* & H" (M) (4)

with H"(M) := {w ’ Aw = (d d*+d* d)w = 0} the harmonic r-forms on M.
This allows us to define the cotruncated subcomplex of smooth differential
forms:

Q% (M) := ... = 0 = kerd* — QI (M) — QF2(M) — ... c Q°(M).
By the Hodge decomposition this complex has the following properties:

0 for r < L,

HT(TZLQ.(M)) - {H’"(M) forr > L

and
TZLQ.(M) BT =Q%M),

where 7..Q%(M) := ... = QY (M) = imd — 0 — ... C Q*(M).

For manifolds with boundary the Hodge decomposition (4) is not true in gen-
eral, so we cannot define the subcomplex of cotruncated differential forms
7>1,Q°%(M) in the same way as before. But there is a natural substitute for
the Hodge decomposition: The so called Hodge—-Morrey—Friedrichs decom-
position. In principle, the difference to the Hodge decomposition for closed
manifolds is that one has to impose boundary conditions for the differential
forms. In particular, if the boundary is the empty set (M closed) these
conditions vanish and the decomposition reduces to the well known Hodge
decomposition on closed manifolds.

6.1 Tangential and Normal Components of Differential Forms

Let (M™, g) be an oriented and compact smooth Riemannian manifold with
boundary OM and Riemannian metric g. Let w € Q"(M) be a smooth
r-form on M. Then we call

Wlont : T(TM|oar) X oo x T(TM|gar) — C=(M)
(Xl, ...,Xr) — w(Xl, ...,Xr)

the boundary value of w. It is a smooth section in the restricted r-form
bundle A"(M)|sns, i.e we can write w|gnr € Q7(M)|ans = T'(A"(M)|anr)-
We emphasize that

wlonm # jou w € Q" (OM),
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the pullback of w to OM under the inclusion jgus : OM — M.

Restriction to the boundary is both compatible with the wedge product and
with the Hodge star operator corresponding to the metric g, i.e.

(wAN) o = wlans Anlom and * (wlanr) = (xw)|anr-

The boundary value w|gys can then be decomposed into a tangential and
normal part as follows: Using a collar of the boundary 0M and the corre-
sponding (normalized) normal field ' one can decompose every vector field
X € T(TM|spr) into its tangential and normal parts by setting

Xt = g(X,N)N, xlh.=x-x*

Then we define the tangential and normal component of w € Q"(M) as
follows:

tw(Xy, .. X,) =wXl, X)) vXy,.., X, eT(TM|sy) and

nw:=wloy — tw.

forr>1and t w:=w for r=0.
Note that the tangential component t w is uniquely determined by the pull-
back j3,; w of w to M under the inclusion jops : OM — M.

Lemma 6.1.1 (Dirichlet and Neumann boundary conditions)
The spaces
Qp(M) :={w e QT(M)‘t w=0}

of smooth r-forms on the manifold with boundary M satisfying a Dirichlet
boundary condition form a subcomplex (3, (M),d) C (Q*(M),d).
The spaces
Qy(M) :={w e Q"(M)|n w=0}
of smooth r-forms on the manifold with boundary M satisfying a Neumann

boundary condition form a subcomplex (23 (M),d*) C (2°(M),d*), where
d* denotes the codifferential with respect to g.

Proof: As mentioned above t w =0 << jj,,w = 0. But since pullbacks
commute with the exterior differential, the first part of the lemma is es-
tablished. The second part follows from [Sch95, Prop. 1.2.6], which states
that the normal and tangential components of a differential form are Hodge
adjoint to each other, i.e.

x(nw)=t (xw) and *(tw)=n (+w),

where *(n w) and *(t w) are understood by the action of the Hodge star on
any extension of n w, respectively t w, followed by restriction to OM.
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Hence for w € Q"(M) with n w = 0 we have 0 = *(n w) = t (*w) and
therefore
nd'w=n(+ xdxw)=tx(tdxw)=0

by the previous result.

6.2 The Hodge—Morrey—Friedrichs Decomposition

As before, let (M™, g) be a compact, oriented smooth Riemannian manifold
with boundary OM.

Definition 6.2.1 (Some subspaces of Q" (M))

For r € Z we define the spaces of coclosed Neumann forms cCy (M), exact
Dirichlet forms ET, (M), coexact Neumann forms cEX (M), exact harmonic
forms H[, (M) and Neumann harmonic forms Hy (M) as follows:

cCy(M) = {w € Qy(M)|d*w =0}

Ep(M) == {da]a € Q51 (M)}
cEN(M) = {d*¢|¢ e Q1 (M)}
He, (M) = {dn’n e QO Y (M), d*dy = 0}

2
Hy (M) == {n € Qy(M)|d*n =0, dn=0}

Note that by 6.1.1 it holds that E},(M) C Q (M) and cE} (M) C Q5 (M)
for all r € Z.

We then have the following decomposition of Q" (M) into orthogonal direct
summands established by C. B. Morrey and K. O. Friedrichs:

Theorem 6.2.2 (The Hodge—Morrey—Friedrichs Decomposition)
On a compact oriented smooth Riemannian manifold (M™, g) with boundary
OM we have, for each r € Z, the orthogonal direct sum decomposition

Q' (M)=Ep(M)®H, (M) D cENy(M)® Hy(M).

Proof: By [Sch95, Corollary 2.4.9] the above orthogonal decomposition holds
for L?-forms and forms of arbitrary Sobolev class. But then a standard
argument involving the Sobolev lemma and some regularity results gives
the desired decomposition for smooth forms. For more details, see page 85
of [Sch95] and [Sch95, Section 2.2]).

O

Corollary 6.2.3 Let v € Z. Then for E"(M) = {dw|w € Q"1 (M)} and
cC\ (M) there are orthogonal direct splittings

E"(M) = Ep(M) @ Hc, (M)

and

cCh (M) = cEY (M) @ Hiy (M).
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Proof: The main tool for proving this corollary is Green’s formula ([Sch95,
Prop. 2.1.2]). It implies that for two smooth forms w € Q"~Y(M), n €
Q" (M) we have

Ldw,n> =< w,dn> +/ twAxn 1,
oM
where < o, 3> = [, & A % denotes the L?-metric on Q"(M). We first
show that
E'(M) = Ep(M) © He, (M) : ()

For let dw € E"(M), d*o € cEW (M) and 8 € H)(M). Then by Green’s
formula

<<dw,d*a>>:<<w,(d*)2a>>+/ t wA*n a =0,
oM

since (d*)?> =0 and n @ = 0. On the other hand

< dw, B> :<<w,d*ﬁ>>+/ t wAxn =0,
oM
since § € H\(M). Therefore by the above Theorem 6.2.2 we have w €
EL(M)eH,, (M), ie E"(M)C EL(M)&H,,(M). This implies (5), since
the converse is trivially true.
The second step is to show that

cCN(M) = cEN(M) @ Hiy(M). (6)

For let w € cCN (M), da € E}(M) and df € H.,(M). Again by Green’s
formula we obtain

<<w,da>>:<<d*w,a>>+/ taAn*xnw=0
oM

and

<L w,df > :<<d*w,[3>>+/ t BAsnw=0
oM
(by definition of cC} (M)). Therefore by Theorem 6.2.2 w € Ej (L) @
Hy (M), ie. cCy(M) C Ey(L)® Hy(M), and since the converse inclusion
is trivially true, the corollary is established.
O

6.3 Cotruncation on Manifolds with Boundary

Using the results of the previous subsection, in particular the Hodge-Morrey—
Friedrichs decomposition we now can establish the cotruncated subcomplex
of the complex of differential forms on a Riemannian manifold with bound-
ary M.
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Definition 6.3.1 Let k € N. Then we define
s,k QN (M) := ... = 0 = cCX (M) — Q" (M) — QF2(M) — ...

Lemma 6.3.2 The subcomplex inclusion i : 7>,Q%(M) — Q*(M) induces
an isomorphism

i* H (160 (M)) = H"(M) forr>k.
On the other hand
H" (r6Q°(M)) =0 forr < k.

Proof: For r > k+2 the statement is obvious since then 75;,Q" (M) = Q" (M)
and TZkﬂril = Qril(M).

Let r =k + 1.
ker dFt1

HEH (a2 () = Grcer oy

But Corollary 6.2.3 implies that
d* (cCF(M)) = d¥(cCh (M) @ E¥(M)) = d*(QF(M)) = im d*

and hence -
R ker d
HY(r2£Q°(M)) = T dE
Now let r = k.
ker d¥ N cCk (M
HF (rop (M) = —2 € NM) v db A el (M) = 15 (M)

dkfl(o)

Let w € QF(M). By Theorem 6.2.2 and Corollary 6.2.3 there are forms
da € EX(M), d*B € cE},(M) and o € HY (M) such that w = da +d*B + 0.
Now if w is closed, dw = 0, then dd* = dw — d?« — do = 0 and by Green’s
formula we therefore have

<<d*5,d*6>>=<<dd*ﬁ,ﬁ>>—/ td*BANn B =0
oM

by the definition of Q% (M). Therefore d*3 = 0 and we have
wekerd < w=da+o.

Hence, by the orthogonality of the Hodge—-Morrey—Friedrichs decomposition
we have

ker d*

H(72102° (M) = ker d" 01 cOR (M) = Hy (M) = —

= H*(M).
The second statement is obvious since, by definition, 7>,Q"(M) = 0 for
r<k.

O
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6.4 Cotruncation of other Complexes of Differential Forms

To be able to prove Poincaré duality for HI on 3-strata pseudomanifolds we
will need cotruncation of subcomplexes of the complex of differential forms.
Even more we need this cotruncation to be consistent with the cotruncation
7>,Q%(M). This means, if we have a subcomplex S®* C Q°(M), where
M is a smooth compact manifold (with or without boundary), we want a
cotruncated subcomplex 7>5,5® that satisfies

0 if r <k,

1. H"(12,5°) =
(r248%) {H’"(S’) it >k,

2. 7518° C 7>Q°(M) is a subcomplex.

Definition 6.4.1 (Geometrically cotruncatable subcomplexes of Q*(M))
A subcomplex S®* C Q°*(M) is called geometrically cotruncatable in degree
ke N if

imdh NSk =db i (sh.
Note that the inclusion "D in the relation is satisfied for any subcomplex
while the inclusion "C”7 does usually not hold.

Lemma 6.4.2 (An equivalent condition for cotruncatability)
Let S* C Q*(M) be a subcomplex. Then S® is geometrically cotruncatable
in degree k € N if and only if subcomplezx inclusion induces and injection

H*(S®) — H*(M).
Proof: This is just the definition of the geometric cotruncatability and co-
homology. O

The next lemma shows why we call a complex satisfying the condition of
Definition 6.4.1 geometrically cotruncatable: The intersection of S® with the
cotruncated complex 75;Q°(M) is a cotruncation of S*® in degree k:

Lemma 6.4.3 If S®* C Q*(M) is geometrically cotruncatable in degree k €
N, then there is an orthogonal direct sum decomposition

Sk = dFY(s5 1) @ S% N eCk (M)
and the complex 7>,S*® defined by
kS = .. = 0= SFN Oy (M) — SFH — L

is a suitable cotruncation in the above sense, i.e. T>pS® C T>pQ%(M) is a
subcomplex and
0 if r < k,
7 (r25°) = I
- H"(S®) ifr>k.

(Note that if M is closed then cCy (M) = cC"(M) = {w € Q"(M)|d*w = 0}
forallr.)
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Proof: The first equation follows from the orthogonal direct sum composition
QF (M) = imd*~t @ cCk (M)

for Q¥(M) given by Theorem 6.2.2 and Corollary 6.2.3. This gives the direct
sum decomposition

St =5k NQF (M) = §* Nimd* L @S* N ek (M).
:dkfl(skfl)

It remains to prove that the complex 7>;.5® from above is a suitable cotrun-
cation: It is obvious that, with the definition in the lemma, 7>,5° is a
subcomplex of 7542 (M). We have to prove the cohomology relations: Of
course, if r < k, then kerd N 755" = 0, implying H"(7>;S®) = 0. If
r > k+ 1 then 755" = S” and 755" = S™*1 and hence H"(7515°) =
H"(S*®). The only nontrivial degrees are r = k and r = k + 1: We have

Sk =8k N Qk(M) = S* N (cCK (M) & imdF 1)
= (S*neCk (M) @ (SFNnimd™).
N—_———

=dF=1(SkT)
Hence
kocey _ Kerd NSt K k_ 7k .
H"(S*) = F1(5T) © S¥NeCyn(M) Nkerd® = HY(1>1S°®)
and
R (5%) ker ' NS kerdMtnSHT 4 (o 5%).

d5(SF) T dR(cCk (M) N SF)

Remark: Note that the subscript "N” in ¢Cy (M) stands for Neumann
boundary conditions and can be dropped if the manifold M has empty
boundary. O

Example 6.4.4 Let S* C Q*(M) be a subcomplex with H*(S®) = 0, for
some k € Z. Then imd*~1 N S* C kerd* N S* = d*=1(S*1) c imd*~' n S*
and hence S*® is geometrically cotruncatable in degree k.

Remark 6.4.5 (Truncation of arbitrary subcomplexes S® C Q*(M))
Note that it is always possible to define truncation for arbitrary subcomplexes

S® C Q°(M) (without additional assumptions on S°®) as a subcomplex of
T<kQ.(M):

TexS® = ... = S g sk 50—
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Indeed, T, S® satisfies

H™(S*) ifr <k,

0 else.

H" (1< S*%) = {

If in addition S® is geometrically cotruncatable in degree k, then there is an
orthogonal direct sum decomposition

S® =75 D TZkS'
(induced be the direct sum decomposition Q*(M) = 7« Q* (M) & 7>, (M))
and hence the composition

S.

TopS® s S5 P
Tzks.

s an isomorphism of differential complezes.
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7 The Partial de Rham Intersection Complex

Instead of starting with the final complex ¢ of mtersectlon space forms on
M, we first define intermediate complexes Or, 5(M) and Or, (M, Cw). They
consist of forms whose restriction to Cg is the pullback of a ﬁberw1sely trun-
cated form on E and whose restriction to Cyy is either the pullback of some
form on W or zero for the relatlve group. We show that the correspond-
ing cohomology groups H" (QI (M )) and H™~ 7"(QI (M, CW)) are Poincaré
dual to each other, see Theorem 7.5.5.

Not till then we define the actual complex of intersection space forms on M,
Q1I7, and show Poincaré duality for it.

Before we give the definitions of QT I;(M ) and QI ;(M ,Cw) we recall the
definitions of the complex of multiplicatively structured forms as well as the
complex of fiberwisely truncated and cotruncated multiplicatively structured
forms from [Banll, Sections 3 and 6]:

Definition 7.0.1 (Multiplicatively structured forms)

Letp: E — B be a flat bundle with base B a compact manifold with boundary
0B and fiber a Riemannian manifold L and let U = {Uy}aer be a good open
cover of B such that the bundle trivializes with respect to that cover. Let
further U C B be open. We then define

Dis(U) = {w € 0 U) Ve € T wly) = 6 3 wim A,
Ja
with n;, € Q*(UNU,), 7). € Q°(L)}
(7)

Here, the ¢o : p~1(Uy) =N U, x L deonte the local trivializations of the
bundle.

To define the complexes of fiberwisely truncated and cotruncated multiplica-
tively structured forms we need the complexes of truncated and cotruncated
forms of the closed (Riemannian) manifold L from [Banll, Section 4].

Definition 7.0.2 (Fiberwisely (co)truncated forms)

Letp: E — B be a flat bundle with base B a compact manifold with boundary
OB and fiber a closed manifold L and let U = {Uy}aer be a good open cover
of B such that the bundle trivializes with respect to that cover as in the
previous definition. Let further U C B be open. We then define, for any
integer K, the complex of (in degree K ) fiberwisely truncated multiplicatively
structured forms by

FtexQus(U) = {w € Wys(U)|Va € I : wly1way = 65 Y Tinj0 A T340
Ja
with YVia c T<KQ.<L)}
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If the fiber is a Riemannian manifold and the bundle is geometrically flat,
we moreover define the complex of fiberwisely cotruncated multiplicatively
structured forms by

ftoxkQus(U) = {w e Q}VtS(U)Wa €l:wl,1p,) = asin (7)
with Vi € TZKQ.(L)}.

All of these complexes Q9% ,5(U), ft<xQ%,s(U), and ft>xQ%,s(U), for U C
B open, are subcomplexes of the complex of forms Q° (p_l(U ))

Definition 7.0.3 (The partial de Rham intersection complex)

Q?;(M) = {w € Q°(M)|cpw = wgn for some n € ft>rQyys(B)
Gyw = iy p for some p € QX (W)}

Here mg, mw denote the projections
g Ex[0,1) = F

and
mw W x [0,1) — W.

This is a subcomplex of the complex Q°®(M) of forms on M.
Definition 7.0.4 (The relative partial de Rham intersection complez)
QI (M, Cw) == {w € QI (M)|cfyw = 0} € Q*(M, Cy).

In the rest of this section we prove Poincaré duality between QI ];(M ) and
QI (M, W).
Theorem 7.5.5 (Poincaré Duality for partial Intersection Forms)

For complementary perversities p and q, integration induces a nondegenerate
bilinear form

HI (M) x HI; (M,Cw) —R

(). []) /Mwm,

where HI,(M) := H"(QI(M)) and HI, ' (M,Cw) := H" " (QI(M,Cw)).



7 THE PARTIAL DE RHAM INTERSECTION COMPLEX 37

7.1 Proof of Poincaré Duality for Partial Intersection Forms

The proof of the Theorem 7.5.5 is geared on the proof of Poincaré duality for
intersection forms in the two strata case, see [Banll, Sect. 8]. However, the
additional stratum produces additional technical difficulties, as one might
have expected. .

We first want to deal with the fact that in QI; we do not just demand that
the forms restricted to a collar neighbourhood of E come from a form in
ft>kxQ%s(B) but also that they are constant in the collar direction in a
collar neighbourhood of W.

Definition 7.1.1 (Fiberwise cotruncated forms that are in Q% (E))
We recall that the collar cop : OE x [0,1) — E of OF in E is the restriction
of the collar of W in M, cygp = CW|an[0,1); and define
P*(B) :=A{w € Vys(B)| 31 € Wus(0B) : chpw = mHpn}-
Analogously, we define
PLr(B) = A{w € fizxWus(B)| 31 € ft>xQus(9B) : cppw = mopn}

and
2k(B) ={w € ftaxWus(B)| 31 € ftaxQus(9B) 1 chpw = mhEn}.

We want to show that those complexes are quasi-isomorphic to the analogous
complexes without the condition at the end of the manifold. The final
statement can be found in Lemma 7.1.4. Compare that result to [Banll,
Prop. 2.5]. As before, let cop (0F x [0,1)) = Cop = OF x [0, 1) be the collar
neighbourhood of OF in F together with the collar map

cop : OFE x [0,1) — E.

Lemma 7.1.2 Let X35 = chp(Qs(B)), mor : OF x [0,1) — OF denote
the collar projection and ogp : OF < OF x [0, 1) the inclusion at % €[0,1).
Then the map w4y, restricts to a map Q%,5(0B) — X3,g and

95
XMS S QMS (aB )
ToE
are mutually homotopy inverse chain homotopy equivalences.
Proof: Since myg o 0gr = idgr and therefore o}, o 5, = idjg, we only have
to show that 75, 0 05, ~ idcy . We consider the homotopy operator

K :Q%0E x [0,1)) — Q" Y(9E x [0,1)),
f(z,t) m5pp — 0,

t
flx, t)dt Nmjpp— g(x,t) Thpp, with g(z,t) = f(z,1)dr,
1/2
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and claim that it restricts to K : X 3,5 — X/'\;é:

We first show that for a multiplicatively structured form w we have that
K (w) is also multiplicatively structured. For w = f(x,t)7}yp this is obvious,
since 0 is multiplicatively structured. So let us consider K (f(x,t)dt A7}p):
Ifw = f(x,t)dt AT}y p is multiplicatively structured, then so is 7} p and that
means that for each coordinate chart U,, where the flat bundle trivializes,
we have that:

Plol-1Wanom) = 05 > TN AT
J
with n; € Q*(U, N 0B) and ~; € Q°*(L). Denote by y the coordinates on
L and by z the coordinates on dB. Since w is multiplicatively structured,
without loss of generality we can assume that f(x,t) is independent of y:
The compatible collars (cg, cp) allow us to write

f( ) f(¢a ( Y, )7 ):g(y) h(Z,t),

where the last equality is implied by the multiplicative structure of w. But
then also

flz,m)dr = g(y)/ h(z,T)dr

1/2 1/2

and we can write
K(w)lpj-1vanom) Z?ﬁ / T)dr 1) AT5(g - 5)-

Therefore, K (w) is multiplicatively structured.

We now show that K(X$,s) C X/'\/Té:
Let copp—2 : OF x[0,2) — E be a slightly larger collar with cor—2|agx(0,1) =
caor and define

Ky : Q%(0F x [0,2)) — Q* Y (9F x [0,2))
f(xvt)ﬂ-ng =0

t
[z, t)dt N Thpp — ThEp / f(z,7)dr
1/2

Let jo : OF x [0,1) — OF x [0,2) be the inclusion. Then we have for
wi = f(x,t)mhpp € P(OE % [0,2)), wo = g(x, t)dt ANmhpp € QP(OFE x [0,2)):

K(jswi) = K((f o j2) A jamypp) = 0 = j3(Kaw1),

t
K (jaws) = K((g 0 j2)dt N jamopp) = (/1/2 g(x,7)dr) j5mopp = j3 (Kaws).

If we restrict to multiplicatively structured forms, we thereby get the fol-
lowing commutative diagram:
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O%,5(OF x [0,2)) —2 Q% L(OE x [0,2))

Js Js

O%s(OF x [0,1)) —2= Q% LOE x [0,1))

So let w € X ,g. Then by definition of X3},g there is a n € Q',5(B) such
that cjpn = w and hence there is £ := cjjp_on € Q) 5(OF x [0,2)) with
J3€ = w. Now for a smooth bump function ¢ on [0,2) with 9| ;) = 1 and
Yl(3/2,2) = 0 and for 7 : OF x [0,2) — [0,2) the projection,we have that

75 (T (¥) K2(€)) = j3(K2(€))
and hence for 77 € Qﬂé(B) the extension of 7 (¢)) K2(§) by zero to the
whole of E we have:
ChETl = Js Cop—aT = J5 (T° () K2(£))
= Jak2(§) = Kj3(§) = Kw.
Hence the homotopy operator K restricts to a map
K: Xtys = Xis-

By standard computations dK + Kd = id —mj o 05, and hence the lemma
is established.
O

Lemma 7.1.3 The statement of Lemma 7.1.2 is also true for the complexes
of fiberwisely truncated and cotruncated forms

Jtex Xs = Hp(ftaxWBus(B)) and  ft>xX{ys = chp(ft>xQUus(B)),

i.e. the maps

*

99E
Jt<x X3us ;) ft<xys(0B),
ToE

*

99E
FtoxXjus &= [tk Uus(9B)
OFE

are mutually homotopy inverse chain homotopy equivalences.

Proof: The proof is literally the same as the proof of Lemma 7.1.2. This
works out since there we do not change anything in the link direction. [

Lemma 7.1.4 The subcomplex inclusions i : P*(B) — Qf,s(B), i>K :
P;K(B) = floxQus(B), ick @ P2p(B) — ftexQ\s(B) are quasi-
isomorphisms.
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Proof: We will give a proof for the non-truncated case that transfers literally
to the truncated and cotruncated one.
Set

Qus(B, Cap) :={w € Ly5(B)|cppw = 0}.

Then there is a short exact sequence
C*
Notice that the maps
5E
moptus(0B) —= 2s(9B)
OF

are mutually inverse cochain complex isomorphisms. Further any form
TN € THr%s(0B) can be extended to a form in P*(B) C Qf,s(B)
by taking the extension by zero of the form

7T (¥) ma(n),

with ¢ € C2°([0,2)) the same bump function as in the proof of Lemma 7.1.2.
This fact implies that

1. The inclusion ¢ : 755Q%,5(0B) — X},s is a homotopy equivalence,
since for 73,0 € 75505 s(0B) holds:

WgEagE(WgEn) = WBE(UEEW:%E??) = 7T5E77 = L(”BETI)

and hence ¢ = 75, 0 0, which is the composition of an isomorphism
with a homotopy equivalence and therefore also a homotopy equiva-
lence.

2. The restriction cjyp| : P*(B) — 75,0%,5(0B) is surjective (with kernel
also = Q% ,5(B,Csp)) and hence there is a short exact sequence

00— Q%s(B, Cop) —— P*(B) —22 5, (Vs (0B)) — 0.

The subcomplex inclusions P*(B) — Qf,s(B) and ¢ : 735Q%,5(0B) —
X%s vield the following commutative diagram:

0 —— Q%5(B, Cop) —— Q%s(B) —2E— X%s 0

| I

0 —— Q% s(B,Cop) — P*(B) —=— 15pQ%5(0B) —— 0
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Now the fact that ¢ is a homotopy equivalence implies, together with the
5-Lemma, that i : P*(B) — Q%,5(B) is a quasi-isomorphism. O

7.2 Two Distinguished Triangles for (AZ./T;

To prove Theorem 7.5.5 we need some additional lemmata. We want to
use a five lemma argument and therefore need two distinguished triangles
in D(R), the derived category over the reals.

Definition 7.2.1 (Forms that are multiplicative near E)
Ems (M) = {w € Q’”(M)| dne Qus(B): cpw= 7T*E77}.

Lemma 7.2.2 In D(R), the derived category of complexes of real vector
spaces, there is a distinguished triangle

QI3 (M) Q15 (M)

k / (8)

Jt<x Q5 s(B)

Proof: There is a short exact sequence

0 QI3 (M) = Upis(M) = Q(M) = W S0

We have to show that there is a quasi-isomorphism Q%,(M) — ft<xQ%,5(B).
Let o : E — FE x [0,1) be the inclusion at 0. Then the map Jg := cpoog
induces maps

*

* ° °E e
Jp  Qpms(M) = Qpps(E x [0,1))

[

||zlw

Qus(B)
Te' QM) 5 Q1 (E x [0,1)) 2 P2 (B)

_ . TEE . TE* e QS (B
Te Q00 T Qu(E x 0.1) E @1(8) = us'D)

= 2k (B)
The induced maps Jy, and :]E* are surjective by the standard argument of
enlarging the collar and using a bump function (compare e.g. [Banll, Prop.
6.3]). By a 3 x 3-lemma argument the map Jg : Q%(M) — Q*(B) is an
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isomorphism (see [Banll, p.44]). By Lemma 7.1.4, subcomplex inclusion
induces a quasi-isomorphism

<. e qis Q;MS(B)
P (B

and since we work with a flat bundle E over B, there is a quasi-isomorphism

s (B)
ft>kQys(B)

by [Banll, Lemma 6.6]. All in all we get a fraction of quasi-isomorphisms

YB : ft<KQ;\AS(B) — (10)

Q%s(B)
ftZKQR/ts(B)
qis qis

Qr(M) Jt<xQs(B)

in the derived category D(R) which allows us to replace Q% (M) in (9) to
get the desired distinguished triangle in D(R).
(]

What we want to have is a second distinguished triangle in D(R) such that
together with the distinguished triangle (8) both give a commutative dia-
gramm on cohomology that enables us to prove the Poincaré Duality state-
ment, Theorem 7.5.5.

Definition 7.2.3 (Relative de Rham complezes)
As before let Cp = imcg, Cyw = imcw and set C := Cg U Cy . We define

ret(M) = {w € Q*(M)|w|c = 0}

QIL(M, Cw) = {w € QI (M)|w|c,, = 0}
FtokQus(B, Cop) = {w € ft>xQys(B)|chpw = 0}.

Remark 7.2.4 Note that since we work with p-related collars Cor, Cyp
on E and B, we can rewrite ft>x$Q5,s5(B,Csp): For each coordinate chart
U C B with respect to which the bundle trivializes we have

du(CopNU) = (CogpNU) x L.
Hence we have for w € ft>gQ%,s(B,Csp) and each coordinate chart U C
B:

0 = (chpw)lp-1(y = O Y_ michpny A3,
J
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implying cypn; = 0 for all j. To see this, we use that U is a coordinate
chart. Therefore, we can write

kr
Zﬂfnj ATy =)D fidat e

J I j=1

where we sum over all multi-indizes I. We then can treat each multi-index
I seperately. Assume that there is an jo € {1,...,kr} and an x € Cpp such
that fjlo (x) # 0. Contracting with 0% and evaluating at x, this gives:

fi(x)
’YJI'o == Z f]]I (x)fyjl

J#Jo

Therefore we can write

ifld I, I_Z(ff_ fjl(w) 1) dzd A~
g4 A= I () T
j=1 i#do 70
:;CI.
J

If these new coefficient functions ij — cjfjl0 vanish on Cyg we are done.
Otherwise, repeat this process inductively to reduce the above sum to just one
summand fldx" AT, for some v, which still must equal the sum we started
with and is thereby zero on Cop x L. Then either v1 =0 or fI\CBB =0.
The result of this discussion enables us to write

ft=xQus(B, Cop) = {w € ft>kWus(B, Cop)|wly-1ny = > win; A3y,
J
with n; € Q'(U, Un CaB), v € TZKQ.(L)}.

Remark 7.2.5 Later, in Section 11, we will see, that the cohomology groups
of the above defined complexes do not depend of the choice of a pair of p-
related collars.

The next lemma provides the second distinguished triangle:

Lemma 7.2.6 There is a second distinguished triangle

Q.

rel

(M) incl QI (M, Cw)

x % )

Jt>xQs(B,Con)
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Proof: The map Je QNI;(M, Cw) — ft>rQs(B,Cap) is surjective by

the same arguments we gave in previous proofs. The kernel of j};* are those
forms w € QI;(M, Cy) with

wlep =0=w|lc =0

and hence ker Jp = Qr, (M) and we therefore have a commutative diagram

L] ~7° T* )
0= Qpy (M) — QUI(M,Cw) == ft>rQys(B,Cap) — 0

and in particular the distinguished triangle (11).
O

7.3 Poincaré Duality for Fiberwisely (Co)truncated Forms

The next step is to prove the following proposition:

Proposition 7.3.1 For any r € 7Z, integration induces a mondegenerate
bilinear form

/ H N (ft g Qs (B)) X HY " (o Qs(B.Con)) — R,

(M,[W])H/Eww-

For being able to prove the above Proposition 7.3.1, we need two Poincaré
Lemmata and a Bootstrap Principle:

Lemma 7.3.2 (Poincaré Lemma for fiberwisely truncated forms)
Let U C B be a chart intersecting the boundary, i.e. there is a diffeo-

morphism ¢ : U SV .= R%, such that the bundle p : E — B trivial-

izes over U, i.e. there is a diffeomorphism ¢y : p~1(U) =5 U x L with
p=mioo¢y. Let further denote my : U X L — L the second factor projection

at x

and Sy : L — U x L the inclusion at x € U — (0BNU). Then the induced
maps

*

ftexQ5us(U) Po— T<xQ*(L)
(m200y)*
are chain homotopy inverses of each other. In particular both are homotopy
equivalences.

Proof: The standard approach to prove such Poincaré Lemmata works also
in this special case:
We will use an induction on n, the dimension of B. The induction basis is
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obvious, since for n = 0 both S, and 75 are the identity. For n > 0 we assume
without loss of generality that ¢(z) = e; = (1,0) € [0,00) x R"! = R" and

factor S, as
S UXxL
/ %w

L:ROXLLRLXL%..»LHRQXL
atl

UXL\

|
R x L—2» R xL—%% . — 23 ROxL=L

and 7y as

We now show that for all 1 < k£ < n the maps S : Ri‘l X L — R'jr x L
and @ : Ri X L — Rﬁ_l x L induce mutually homotopy inverse homotopy
equivalences

S* -~
FtanQus®E) == ftanQUus®IT.

By the above factorization the claim of the lemma is then established by the
principle of induction.

First Case: k=1

S
This case is distinct from the other ones because here we embed L — R}F x L
at 1 € int(RL) = (0,00). We will construct a homotopy operator K :
ftexQusRY) = ftaxQs(RY) such that

dK + Kd =id —Q* o S*.

Let w € ft«xgQ),s(RL). Then

@ = Do i+ 3w () A
Jo J1

with fj,, fj, € C®°(RL), vj, € T<xQ"(L) and v;, € T<xQ"1(L). We then
define K : fto Q% s(RL) = ftoxQys(RL) by

K@) i= Yori([ ()i,
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The form K(w) is obviously multiplicative and fiberwisely truncated. By
the standard computation (compare to the Second Case below) we get that
dK + Kd =id —Q* o 5*.

Second Case k > 1:
The second case is slightly more complicated but works in principle in

the same way with the difference that now S : Rk L&y — R x ]Rk b=
Rﬁ (Remark: Note that the distinguished factor ]R is descrlbed by the

first coordinate): Again we want to construct a homotopy operator K :
ftexWus®E = V) = ftoQy5(V) such that

dK + Kd =1id —Q" o ™.
For w € ftoxQ,s(V) we have
w=Y_ 7 AT,
J
where 7; € Q*(V) and v; € T« g Q°(L).
In Q°*(V) there are two types of forms:

1. f(t,7)Q%a, with a € Q* (R,

2. f(t,x)dt A Q*a, o as above.
Define Ky : Q*(V) — Q*~1(V) by

Ky(f(t,z)Q*) =0
Ky (f(t,,z)dt A Q*a)(t,z) /fx z)dz")
Ky induces a map
K ftexQus(U) = ft<xQysU),
K(mi(f(t,2)Q"a) Amyy) =0,
K (7)1 Qo) Ami) = wi ([ 12, 2)d)Q"0) A

Let us compute (dK + Kd)w for w € ftQ5,5(U):
Define w, := 7f(f(t,2)Q*a) A 73y and wy := w5 (f (¢, z)dt A Q*a) A 5ry.

(dK + Kd)wg, = Kdw,
- K[ﬁ{(atf)dt AQ*a

n—1

+ Z (Dif)dzt A Q% + f(t,x)Q*da} A T3y

=1
(@@QMAﬁm]

] [ ( f(0, LIZ)]Q*Oé/\ﬂ'Q’)/
= (id oS*)wa.
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dKwy, = d(ﬁ(/t f(z°,2)dz®)Q*a A m37)
’ n—1 t
=7 (f(t,z)dt N Q¥+ Z(/ Oif(t, x)dt)dz' A Q%
— Jo
t 1
+ (/ f(2°, 2)da®)Q*der) A w5y
0

t
(1)) / £(t,2)d0)Q o A midy
0
n—1

Kday, = K |wi{} Oif da’ NdEAQ e — fdt A Q*da} A3y
i=1

— (—1) O (f(t, 2)dt A Q * ) A il
n—1 . . t
= ﬁ{;(/o 0; fdx®)dx' A Q*a + (/0 fdz%) A Q*da} A hy

t
(1Bl (( / Fd1%)Q%a) A mdy
0
= (dK + Kd)wp = wp = (id —Q* o S™)wy,

Remark: For charts R = U C B, with respect to which the bundle

trivializes, the statement of the above lemma is also true by [Banll, Lemma
5.1].

Definition 7.3.3 For any open subset U C B we define
Qus(U,UNCop) = {w e QMS(U)’w\p_l(Um Cop) = 0},

=p~L(U)NCyE

Qs (U, UNCyp) = {w € QM‘g’C(U)‘w‘p_l(U A Cop) = 0}

=p~L(U)NCyE

Analogously, we define the fiberwisely truncated and cotruncated subcom-
plexes.

In the following lemma we give the induction start for an inductive Mayer
Vietoris argument, which makes use of the fact that the collar we work with
is small with respect to the chosen good open cover U (compare to 4.2.2).
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Lemma 7.3.4 (Poincaré Lemma for relative forms with compact supports)
Let U € U be an open chart (with respect to which the bundle trivializes, i.e.
there is a diffeomorphism ¢y : p~*(U) — U x L with Plp-1) = ™0 v ).
Then in particular there is a diffeomorphism ¢ : U SV withV = R7
or V.= R" and, by Lemma 4.2.2, U is not completely contained in the
collar neighbourhood Cogg O OB of the boundary of B. Then there is a form
ec QXU UNChp) ={we Q2U) | wlunc,z = 0} such that the maps

(m2)0(dp )"
Ftok Qs (U, U N Cop) T 5 Q0* (L),
where
. . v ifne QXU UNCyp),
mau(nin ams) = { o) el )
0 else,
and

ex(7) = oy (e Amay), (12)

are chain homotopy inverses of each other and in particular are both chain
homotopy equivalences.

Proof: First step: (Definition of the form e)

Independent of U being diffeomorphic to R™ or R} we can assume that
Y(U) =V C R" is arranged in such a way that for, say the z° component of
elements € V large enough, 2° > s, one has z & ¢(CypNU) (for V = R7,
20 is also a component such that OR? = {2° = 0}). We then take bump
functions ¢; € Cg°(R) with [pe = 1 for i € {0,...,n — 1}, such that in
addition supp(eg) C (s,00). But then

n—1
e:=" (H ei) dz’ A .. Adz™t € QMU U N Cyp).
=0

The map e, : > (L) — ftZKQﬁg,C(U, U N Cyp) is defined by relation
(12) and by the definition of the form e it holds that (m2). o ¢f; 0 e, = id.

Second step: (Construction of the homotopy operator)

As in the proof of [Banll, Lemma 5.5] and in the proof of the previous
Lemma 7.3.2, we prove by induction on n that e, o (mg). 0 ¢}; ~ id. In detalil,
we proceed as follows:

1. First we show that the maps
€os t [tk Vs (R* ™) = [tk Qs (U, U N Cop)
defined by

eo.(min A myy) = ¢y (mi* (eo AT n) A T5)
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with 7 : V' — R"~! the projection, and
Tt [t>xQus(U,U N Cop) = ft>xWys (R™)
(integration along the first fiber coordinate) defined by

m (0 (r1*( f (@, )du? ) A73y)) =0

no dt contained

(68 (10" (gl £)dt A du”) A i) = ot / oz, )t du’ A ey
R

satisfy the relation eg, o 7* ~ id. (Actually the two maps are again
mutually inverse homotopy equivalences.)
The homotopy operator

K : ft>xus (U, UNCop) = ft>xQys (U, UNCop)
satisfying dK + Kd = eq, o 7, is defined by
K (¢ (mi 0" (f (2, t)du”) Am3y)) =0
K (¢ (w4 (g(t, m)dt A du”) A 75)

t t
= g5 (nf( / g, 2)dr — /( o) /R o(r,x)dr)du’ Agy),

—0o0

as usual. Note that by our definition of ey, K respects the vanishing
condition. A standard calculation shows that Kd+ dK = ep, o, —id.

2. The second step is to put together the first step with the result of
[Banll, Lemma 5.5]: The following diagram commutes

sk Vs, (U,U N Cap)

ex ftzKQMéc(Rnil) ma.0(by )"

>k 7(L)

Note that e, and 7, denote the mutually inverse homotopy equiva-
lences of [Banll, Lemma 5.5]. The commutativity of this diagram
then implies the statement of the lemma: Since e, = €, o ey, and
T, = T OT, are the composition of mutually inverse homotopy equiv-
alences, they are also mutually inverse homotopy equivalences. O
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To use a Mayer—Vietoris type argument we need a bootstrap principle. The
following lemma will provide one in our case:

Lemma 7.3.5 (Bootstrap principle)
Let U,V C B be open sets and let b:=dim B, m = dim L. Then if

/ D H (ftexQus(Y)) x HOtmor (ftZK*Q;W&C(Y,Y NCyp)) = R

is nondegenerate for Y = U, V,UNV, so it is forY =UUV.
Proof: We show that

1. There is a short exact sequence

00— flex Qs (UUV)

|

JtexQus(U) @ ftexQys(V)

|

0 ¢——— fterQs(UNV)

2. There is also a short exact sequence

0 Ftok Qs ([UNV,UNV N Cop)

|

ftZK*Q:\A&C(U, UnN CaB) D ftZK*QR/lS,c(V7 VN CaB)

|

0¢——— ftzK*Q'.Mg’C(U UV, (UUV)NCsp)

The proof of the first statement just follows the argument of Banagl’s proof
in [Banll, Lemma 5.10]. The fact that B is a compact manifold with bound-
ary instead of a closed manifold does not give rise to any problems here.
The proof of the second statement makes use of the following Claim: For
w € ftor+Qys.(U,UNIB) and f € C*°(U) it holds that

P*(f) w € ftox-Qus (U.UNChp).

Proof of the Claim: Since, by definition of a fiber bundle, for a coordinate
chart U, it holds that m o ¢ = plu,, p*(f) w € ft>r+Qys (U). Further
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we have (p*(f) w)|c,, = 0 since wl|c,, = 0. Hence the claim is established
and the argumentation of [Banll, Lemma 5.10] is applicable.
The two short exact sequences induce long exact sequences on cohomology,
which are dually paired by bilinear forms due to integration. By [Bot82,
Lemma 5.6, p.45] the originated diagram commutes up to sign and hence
the 5-Lemma implies the bootstrap principle.

O

Remark 7.3.6 Note, that the compactness of B implies that
ft>kQus, (B, Cop) = ft>kQus(B, Con).
The proof is literally the same as the proof of [Banl1, Lemma 5.11].

Together with the bootstrap principle of the above Lemma 7.3.5, we need an
induction basis for being able to use the inductive Mayer-Vietoris argument.

Lemma 7.3.7 (Local Poincaré Duality)
For U € U a coordinate chart, the bilinear form

/ t H' (ftexQys(U)) x Hb+m*’”(ft2K*Qj\437c(U, UNCyp)) = R,

where again b = dim B, m = dim L, is nondegenerate.
Proof: By the Lemmata 7.3.2 and 7.3.4, we have isomorphisms:

¢ 0ms

= H' (ft<xQus(0))

H" (1< Q*(L))

2.0(05 )"

Hb+m_r(ft2K*Q;\Asyc(U, Un CaB)jT — H™™" (TZK*Q.(L)).
Since the map

/ : HT(’T<KQ.(L)) — Hm_T(TzK*Q.(L))T

[w]'—>/L/\w

is also an isomorphism, proving the commutativity of the diagram

~

Hr(ft<KQ,7\/lS(U)) (Goma)” H" (7'<KQ’(L))

I |

~

HY 7 (fto e Qs (U, U N Cop)) | e H™ 7 (1o Q°(L))

(W2*0¢71*)T
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will prove the lemma.
Let v € T« g Q" (L) and w € ftok Qs (U, UN Cyp) closed. Then

/ng*qﬁUl*w/\v = /Lﬂz*(zﬁfﬁj A7) Ay

J

7o () wim A (v A )
J

Il
— =

(Z TN A Wé"yj) A 5y
J

o5 { O mins Amiy) A}
J

x L

,1U

S s

w A Gy,
where the fourth equality is due to the transformation law, see e.g. [Leel3,
Proposition 10.20 (d)]. O

So now we have all the tools to establish the Poincaré Duality of Proposition
7.3.1:

Proof of Proposition 7.3.1: By Remark 7.3.6, the statement of the proposi-
tion is equivalent to the statement that integration induces a map

/ P H' (ftexQus(B)) x HV™ 7 (fts e Qs (B, Cop)) — R

that is nondegenerate for all r.
In fact, we prove that the bilinear map

/ CH (ftexQys(B)) x H 7 (fto i Qs (B, Cop)) = R
is nondegenerate for all  and all open subsets U C B of the form
U= U Uag...a;i
i=1

with s < |I| by an induction on s.
For s = 1 the statement was already proven in Lemma 7.3.7. Suppose the
statement is true for all open subsets U C B of the form

s—1
U=/ Ui ., -
=1
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Let now .
U= U Uag...a;',i
=1

and set V = UC“S"'O‘ZS)S and U = U — V. Then the statement holds for
Vv, U, UNYV, since

s—1
U:UU%ﬂ%
i=1
s—1

s—1
unv = (U Uaé...a;i) N Uag‘..ags = aé...a%ia‘a...ags'
=1 =1

By the bootstrap principle of Lemma 7.3.5 the statement also holds for
U=UUV.
Therefore the statement also holds for U = B since B is the finite union

B = Uaer Ua-
(]

7.4 Integration on fAZj;(M)

We recall the definition of the subcomplex Q% \,s(M) C Q°(M) (see Defini-
tion 7.2.1):

bms(M) = {w € Q*(M)|cpw = 7pn for some n € Vy5(B)}.
We now deal with integration on Q% (M) and afterwards on STI;;(M ):

Lemma 7.4.1 For any r € Z, integration defines a bilinear form

Proof: Bilinearity is obvious and the finiteness of the integral is ensured by
the compactness of M.
O

Corollary 7.4.2 For any r € Z, integration defines bilinear forms
—~r ~n—r
P QIG(M) x QI; (M, Cw) = R.

To be able to prove Poincaré duality for KTI;;(M ) we need two technical
lemmas:

Lemma 7.4.3 For 1y € ftzKQTA;}S(B) and o € ft>i-Qys(B,Cop) we

have
/1/0/\7’]0:0.
E
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Proof: The proof is literally the same as the proof of [Banll, Lemma 7.3].
O

~r—1 ~n—
Lemma 7.4.4 Forv € QI; (M), ne QI;-L T(M, Cw) we have

/ d(v An) =0.
M
Proof: The boundary of M is

OM = E Ugp W.

To prove the lemma we compute

/ dlvAn) = / (v Ap)lam by Stokes” Theorem
M oM
:/ V0A770+/ ar(vAn)
E w
for some 1 € ftzKQZQ}S(B), no € ft>r+Qys(B,Con)
=0+ / ay(v) Acy(n) by Lemma 7.4.3
w

=0 sincen € ﬁjgir(M, Cw).

7.5 Poincaré Duality for (Aﬁ;(M )

Proposition 7.5.1 For any r € Z, integration on S/)VI;(M) induces a bilin-
ear form

/ :HI(M) x HI, (M,Cw)—R

(), [n]) H/ WA

M

—~ ~r—1 —~
Proof: Let ci € QI;(M) closed, w € QI; (M), n e Qlgz(M,Cw) closed and
e

ne QIq (M,Cw)

/M(w+dc~u)An:/Mw/\n+/Md(c~u/\n):/Mw/\n,

where the last step holds by the previous Lemma 7.4.4. By an analogous

argument
/w/\(n+dm=/w/\n.
M M
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Lemma 7.5.2 The subcomplex inclusion
BEms(M) = Q*(M)
18 a quasi-isomorphism.
Proof: By the usual arguments (taking a slightly larger collar) the pullbacks
g Qpms(M) = mpQiys(B)

and
cp QN (M) — Q% (E),

with 7 : Ex[0,1) — E the projection, are surjective with kernel Q°*(M, CFg).
Hence there is a commutative diagram

0 —— Q% (M, Cp) — Q% (s (M) —E— 75,08 5(B) — 0

| [,

0—— Q*(M,Cg) — Q* (M) —E 5 7Q%E) —— 0
As in [Banll, Lemma 6.2] and the subsequent, the map

E <% B x0,1)

o

induces isomorphisms 750%,5(B) — Q%s(B) and 75Q°(E) — Q°(E).
The commutativity of the diagram

T ys(B) —— Q%s(B)

L

QY (E) — = Q*(E)

together with an analogous statement as [Banll, Theorem 3.13] for geomet-
rically flat bundles over compact base manifolds with boundary, gives that
the subcomplex inclusion 75Q%,5(B) — 75Q°(E) is a quasi-isomorphism.
If we then apply the 5-Lemma to the commuting diagram on cohomology
induced by the above diagram of short exact sequences we get the statement
of the lemma. O

Lemma 7.5.3 For any manifold X (compact or not compact, possibly with
corners) and any a < b € R it holds that

H?(X x [a,b)) =0.
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Proof: There are two types of forms w € Q. (X X [a, b)):

Low=f(z,t) mn
2. w= f(z,t)dt ANmin.

Here f is a smooth function with compact support on X X [a,b) and n €
Q2(X). If wis closed and of the first form, then w = 0: dw = 0 implies
Oif = 0 and hence f(z,t) = lim,; f(x,7) = 0 for each t € [a,b), since f
is smooth with compact support. So let w be closed and of the first type.
Then the form 7jn fbt f(z,7)dr has compact support since f|x(p—cp =0
for some € > 0 due to the fact that the support of f is compact in X x [a, b).
Moreover

t t
d(ﬂn /b f(x,7)d7'> —f(x,t)dt/\ﬂ’fn—i—/b d(f(x,7)dT A7in)
t

—w+/b (é%)/) = w.

and therefore there are no forms in €2 (X X |a, b)) that are closed but not
boundaries. 0

Proposition 7.5.4 Let N := M — OM and

*(N) = Q*(N,N N C) = {w € Q*(N)|wlorw = 0}.

rel

Then the subcomplex inclusion

rel(NV) = Q2(N)

rel
1S a quasi-isomorphism.
Proof: Recall that for X = E, W we denote
Cx =cx((0,1)x X) C N

(with cx the collar and hence a diffeomorphism onto its image). We then
set _
Cx :=cx((0,1+€) x X) CN,

for a small € > 0, i.e. C 'x is a slightly larger collar neighbourhood. This is
always possible as one can see for example by viewing the collar as the flow
of a vector field that is nowhere tangent to the boundary, as we did before.
We first show that for the smooth open manifold

N> =N — [cg((0,1+€¢/2] x E) Uew ((0,1+ ¢/2] x W)]
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extension of forms by zero
p: Q(N>) = Q2N)

is a quasi-isomorphism: Let 1%, s € R, be a smooth one-parameter family
of diffeomorphisms X : N — N such that g = idy, 92X (Cx) C Cx for
all s € [0,1] and ¢¥ (Cx) = Cx. By the same arguments as in the Lemmata
2.6, 2.7 and 2.8 of [Banll, section 2.2], the maps ¢ : Q2 (N) — Q2 (N)
are homotopic to the identity.

Now set 11 := 9}V o ¥, Then o} : Q2 (N) — Q2

*.(IV) is homotopic to the
identity. Denote Cyys := Cp U Cy and

Q- (N) == {w e Q*(N)|wlg,,, =0}

rel
Then 7 factors as

Y} 1 Q0 (N) = Q% (N) = Q2(N>) < Qpy(N)

rel
with p the extension by zero (compare to the proof of [Banll, Prop. 2.9]).
Since, on the chain level, 9] is homotopic to the identity, the composition

*/(N) = HS(N=) 5 H2,(N)

rel rel

is equal to the identity and hence p* is surjective. To verify that it is also
injective we prove the following claim:

Claim: Extension by zero defines an isomorphism v : H(Ns) — H2(N).
For convenience we visualize the setting of this proof:

€/2

CeE/2 w

We use the definition C’;/Q = cx((0,14 §] x X) for X = E,W and set
Nws = N = C{l?,

which is a smooth open manifold.



7 THE PARTIAL DE RHAM INTERSECTION COMPLEX o8

1. The first step of proving the above claim is to show that extension by
zero defines an isomorphism
HZ(Nw,>) — HZ(N).
Since C;[//z C N is a closed subset, forms on 0%2 are extendable to all of
N. (By definition every form on a closed subset is locally extendable
and hence also globally by using partitions of unity.) By the same

%2 can be extended

to a form with compact support on N. The embedding j : CI%Q — N

gives rise to a map

argument, each form with compact support on C

7 QN = Q)

since for each K C N compact we have that K OCEI//Z C K is also com-
pact as a closed subset of a compact set. By the previous argument,

this map is surjective. Hence we get a short exact sequence

0 — ker j* — Q8(N) — Q2(C{*) — 0

with ker j* = {w € Q2(N)|j*w = 0}. Since C? =W x (0,14 §] we
have that its cohomology with compact support vanishes (compare to
Lemma 7.5.3). Therefore, proving that the subcomplex inclusion

Q8 (Nw>) = ker j*

is a quasi-isomorphism finishes the first part of the argument. We
focus on the induced map

HY (Nis) — H* (ker j°).

Injectivity: Let w € Q2(Nw ) be a closed form such that the cohomol-
ogy class [w] =0 € H®(ker j*) is zero, i.e. w = dn for some 7) € ker j*.
To prove injectivity, we have to show that then the cohomology class
of win H?(Nw,) is also zero. We first split 7|¢,, into its tangential
and normal component:

Al = Ar(t) + dt Adin (2)
We then define a new form
t
ﬁ::ﬁ—d(g/ ﬁN(T)dT)
1+€/2

with £ a smooth cutoff function on N with &{|n_¢,, = 0 and £|C(A/ =1,
where Cfy, := e ((0,1+ 2¢)).

t
1+e€/2
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since j*7)y = 0. Hence 7 € ker j*, dij = w and 7j|¢; = 77 (t) + dt A 0.
Since w € Q2(Nw,>) there is a § > 0 such that w|C€V = 0, where
Coy =cw((1+€/2,14+¢€/2+6) x W). Since w = dij and Cf, C C},
this gives

0= (dles, = (dwitr(t)les, +dt ATl s .

This gives ?){F(t)\cgv =0, i.e. Nr|ps is independent of the coordinate
in the collar direction. Equivalently, this means that the form is the
pullback of its restriction to ¢y ((1 4 €/2) x W), which is zero. Hence
77|C€V = 0 implying 7 € Q2(Nw,). This finishes the proof of the
injectivity.

Surjectivity: Let & € ker j* be a closed form. We want to show that
there is a closed form w € Q2(N~) and n € ker j* such that @ = w+dn.
As in the previous step we have @\éw = wr(t) + dt NN (t) and define

t
w ::@—d(ﬁ/ Wy (1)dr).
1+¢/2
Hence as before the normal part of w|cy, is zero and since w is closed
also w.(t) = 0, implying that w € Q2 (N>).

2. N» < Ny~ is a smooth submanifold and Ns = Ny~ — CZ/2 with
CfE/Q = Nw>cg((0,1+¢/2) x E). By the same arguments as in the
first step, we have that extension by zero induces an isomorphism
H?(N>) =, H?(Nw,>). (Recall that the collar ¢y restricted to OW x
[0,1) gives a collar of the boundary OE C E.) Composition of these
maps gives the desired isomorphism

~v: H(Ns) — HS(Nws) —» HE(N).

Since «y factors as

HZ(N>)

Y
lp =

H3y(N) —5— HE(N),

rel

with o : H? ;(N) — H?(N) induced by the subcomplex inclusion, p is also

injective and hence an isomorphism. Therefore, « is also an isomorphism.

O

Finally we are able to prove Poincaré Duality for QI ;(M ):
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Theorem 7.5.5 (Poincaré duality for I/ﬁp(M))
For any r € Z, the bilinear form

HI(M) x HI, (M,Cy)—R

of Proposition 7.5.1 is nondegenerate.

Proof: First Step

For Q*(M,C) := {w € Q*(M) |w|c = 0} and H"(M,0M) := H" (Q*(M, C))
(by an analogue to the de Rham Theorem, this is isomorphic to the relative
singular cohomology complex) integration induces an isomorphism

/ CH"(M) — H" " (M,0M)}

for all r € Z:
By the previous Lemma 7.5.2, the subcomplex inclusion Q% (M) C Q°(M)
induces an isomorphism

Hyps(M) == H" (Qs(M)) = H" (M)

for any r € Z. The inclusion ¢ : N — M is a homotopy equivalence and
hence induces an isomorphism

&+ H"(M) = H"(N)
for all r € Z, as well as the isomorphism

i« H"(M,0M) = H';(N).

rel

Since integration gives an isomorphism
/ . H"(N) — H"(N)!

for all r € Z and the diagram

(M) — s i (ar,00m)t

l‘*TT\’

o | Hn—r(N)T

rel

incljﬂ\%’
/

H'(N) —5— H7"(N)f

~

IR

commutes for any r, the first statement is established.
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Second Step
By Proposition 7.3.1, integration gives an isomorphism

/ H (ftexQus(B)) — Hn_r_l(ftZK*th(RCBB))T-

Third Step
The distinguished triangles of the two Lemmata 7.2.2 and 7.2.6 give the long
exact sequences on cohomology

o H Y (ft gy 5(B)) ——— HI (M)

J

o — H”(ft<KQJMS(B)) —— Hp v s(M)

and

o —— H" Yt - Q% (B, Cop)) —— H™™"(M,0M)

J

o H(fts - Qs (B, Cop)) ¢ HI (M, Cyy)

Fourth Step We prove that the diagram

HY (e Qs (B)) —2— B (ftore-Qyys(B,Con))'

0

—~r I ~ n—r

HI,(M) HI; (M,Cw)T
T / n—r
Hpps(M) = H™ " (M, 0M)’
Q D

H (ftoics(B)) —L— HY™ = (ftor-Qs(B, Cop))'

oY
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commutes (up to sign). Once we have done that, the statement of the
theorem is implied by the 5-Lemma.

We first prove that the top square (TS) in the diagram commutes and there-
fore describe the connecting homomorphism

§: H (ftexQus(B)) — HI(M) :

Let w € ftexQ),s(B) closed, i.e. dw = 0. Then dypw = 0 holds as well,
where v : ftexgQ%,s(B) — Q°(B) is the quasi-isomorphism defined in
equation (10). Since the map

Ti: Qu(M) = Q*(B)
defined in Lemma 7.2.2 is an isomorphism, there is a @ € Q' (M) : Jpw =
vpw. Since TfE is an isomorphism and 0 = dypw = dj*Ew = 7}}@, we
have dw = 0 in Q% (M). Let £ € Q% ,,5(M) be a representative of @ , i.e.
q(§) =w. Then d¢ € QI;(M) since

q(d€) = dq(§) = dw = 0.

Hence (—d§,&) € C"(i), the mapping cone of the subcomplex inclusion i :
QI;(M) — Q% ys(M) with d(—d§,§) = 0. Therefore by the definition of
distinguished triangles and the induced long exact cohomology sequences,

Olw] = [—dg].

Since
q(incl w) =t yp(w) = Jpq(§) = q(J5€) = q(ohckE) € Q"(B)

it holds that
a:=opcpé —w € ft>gNs(B).

For closed forms w € ft<KQ§\;‘1S(B), n e (AZ./T;—Z_T(M, Cw) we hence get:
/ 5(W)/\77=—/ d«SAnz—/ d(§ Am)
M M M
=—/ d(Mn)—/ (& Am)
M—Cg Cg
M—Cg

d(§ An)log = VETE(S A o)
for some &y € Q},4(B), no € ft>r-Q,5(B,Csp) and hence

since

/cEd(“"):/Ed(foAno)zo
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as an integral of an n-form over a (n — 1)-dimensional manifold. Let Jy :
W —Cow — W — M. Then by Stokes’ Theorem for manifolds with corners

_/ d(gAn):—/afEcggAE*n+/ Ty (€ A )
M—Cg E W—Cow

:—/wAE*n—/aA%*nz—/wAE%
E E E

/ Jiv(EAn) =0,

W—Coaw

/a/\jé*n:O
E

by Lemma 7.4.3. Thus (TS) commutes up to sign.

where

since n|¢,, = 0, and

The commutativity of the middle square (MS) is obviously fullfilled since
both the vertical maps are induced by the subcomplex inclusions Q1;(M) —
O3 i (M) and Q2 (M) < QI (M, Cy).

rel

To prove the commutativity of the bottom square (BS), we first investigate
the connecting homomorphism

D : H" " (ft>g-Qus(B, Cop)) = H" (M),

rel

We look at the distinguished triangle (11). For n € ftzK*Q’HS’”*l(B, Can)
—~n—r—1

closed, the surjectivity of j;k implies that there is a form 77 € 21 (M, Cw)
such that :]E*ﬁ = n. Since Jg is a chain map, dn € ker Jg = QT (M).

rel

Let p: Q° (M) — QNI;(M, Cw ) denote the subcomplex inclusion and C*®(p)

rel
its algebraic mapping cone. Then the map

—~ %
f : C.(p) — ftZK*Q;\/lS(BvcaB>v (Ta J) = Jp (U)
is a quasi-isomorphism (by the standard argumentation). The cocycle
¢ = (=dn,7) € """ (p)

satisfies the equation f(c) = :]E*ﬁ = n and hence DIn] can be described as

We next describe the map

Q: H (Qpms(M)) = H' (ft<xUus(B)),
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induced by the corresponding map in the distinguished triangle (8).
Let w € Q% s(M) be a closed form. Then Jpw € Q) 5(B) represents the
image of w under

bas(M) —1 Q% (M) —Z— Q*(B).

Since vp : ft<xQ,s(B) = Q°*(B) is a quasi-isomorphism, there are forms
W e ftexQys(B), do =0, and € € Q' 5(B) such that

(@) = Jg q(w) + dgp(£).

The above map @ is then described by

Note that the form o :=w — Jpw — d§ € ft> Q5 s(B). We can now verify
the commutativity of the (BS) by proving

/Mw/\(—dn):j:/Ew/\n, (13)

with [—dn] = D[n] and [0] = Q[w].
/ /w/\dn :t/ d(w/\n)—/ wAdnf
M M M—CE CE
i/ d(wAT) (since dij € Qo (M))
M—-Cg
i/ Ew/\JE ni/ Jiw(w A7) (Stokes)
E W—Cow

:I:/ (W — o — df) /\JE 7 (above + nlcy =0)
E

j:/w/\r],
E

/ aAn=20
E
by Lemma 7.4.3 and

/EdﬁAn=/Ed(€/\n)=/aE€/\n=0

by Stokes’ Theorem and since 7|¢,, = 0 and hence n|spg = 0. Thus (BS)
commutes and the theorem is proven. O

since :]E*ﬁ =,
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8 The De Rham Intersection Complex 2I5(M)

8.1 Truncation and Cotruncation of Q/3(WV)

To be able to define the de Rham intersection complex QI3(M), we need to
note some obeservations about the boundary part W C M.

Remark 8.1.1 The (n — 1)-dimensional compact manifold with boundary
W is the top stratum of the singular stratified space X' mentioned in sec-
tion 5.3. The boundary OW of W is the total space of the flat link bundle
q: OW = 0FE — 0B, with B = X the bottom stratum of the stratified
pseudomanifold-with-boundary X'. Hence, following [Banll], we can con-
struct the chain complex of intersection forms QIS(W) as a subcomplex of
the complex of differential forms of the top stratum for the stratified pseu-
domanifold 0X' with two strata and regular part W .

Additional assumption

To be able to cotruncate QI5(W), we additionally demand the following
condition for W: Let L := n — 1 — p(n) and demand for W that the sub-
complex QI3 (W) C Q*(W) is geometrically cotruncatable in degree L, see
Definition 6.4.1.

Remark 8.1.2 Recall that, by Example 6.4.4, QI3(W) is geometrically cotrun-
catable in degree L if H" (QIy(W)) = 0.

Definition 8.1.3 (Truncation and Cotruncation of QI3(W) in degree L)
Define in analogy to subsection 6.4

T QIN(W) == ... = QIFH (W) = imdG — 0 — ...
p
and

=L QUN(W) == .. = 0= QI (W) N ecCHW) = QIFTH (W) — ..

8.2 Definition of the De Rham Intersection Complex

In this section we finally give the definition of the de Rham intersection
complex QI2(M). Recall the setting of our considerations:



8 THE DE RHAM INTERSECTION COMPLEX QI5(M) 66

C:=CgnNnCyw

As before, for X = E, W, we denote by cx : X x [0,1) < M the collar of
X in M and by mx : X x [0,1) — X the projection to the boundary factor
of the collar.

Definition 8.2.1 (The de Rham intersection complexr QIS(M))

QI3 (M) = {we (Aﬁ;(M)} InemQ(W): cyw = myn}.

Remark 8.2.2 Let C := CgNCy,C =2 0F x[0,1)2, a collar neighbourhood
of OE = OW in M. Then for w € (fl\j:—)(M) with cjyw = wyyw for some
nw € 1> (W) and cpw = npne for some ng € ft>gSV)s(B) we have
that

wle = (cgw)lc = (mgne)lc =7 (nelor), (14)

with 7™ : C = Cyp x [0,1) — Cyp the projection, as well as
wle = (cyw)le = (mymw)le = 7 (mwlaE), (15)
with ™ : C = Cow X [0,1) — Cow also the projection. Let now (z,t,s)

denote the coordinates on OE x  [0,1) x [0,1) = C. Then by (14),
~—~— ~—~—

directed to E directed to W
w|c is independent of s and by (15) it is independent of t. Hence there is

a formn € Q(OE = W) such that w|c = ©*n with 7 : C — OF the
projection.
In particular we get

JOENE = THEn

and hence n € ft>gQ),5(0B). Since also

Jownw = Thwn
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holds, we deduce that
QIy(M) ={we Q?;(M)’cf/vw = myn for some n € T> QU (W)}

and .
w € QL(M) = oy o cjpw € QIS (W).

We now start to give the preparational material for the proof of Poincaré
duality for QI3(M):

Lemma 8.2.3 There is a distinguished triangle

QIS (M, W) QI3 (M)

in D(R).

Proof: The kernel of the surjective map ojy, o ¢}y - QII;(M) — TELQII;(W)
is

{we QIN(M)|cyw = 0} = QIS(M,W).

Hence there is a short exact sequence
0 —— QIN(M, W) —— QIS(M) "% 7 L QIS (W) —— 0

and in particular a distinguished triangle of the desired form in D(R).
O

Lemma 8.2.4 There is a short exact sequence
0 — QIS(M) — QI (M) — T, QIS (W) — 0.

In particular this induces another distinguished triangle

QI3(M) QI3 (M)

R

T QUIS(W)

in D(R).
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Proof: Since QI3 (M) — (Aﬁ;(M) is a subcomplex, there is a short exact
sequence
. . QI (M)
O%QIﬁ(M)%QIﬁ(M)%W%O (16)
By Remark 8.2.2, for any w € m;(M) one has that oy, o cjw € QIZ(W)
and for w € QIZ(M) one has oy, o cjpw € 7> QI5(W). By the standard
arguments (enlarging the collar and using a cutoff function) the maps

QIﬁ(M) oW QI;(W)
and L
QI;(M) oW TZLQI]g(W)

are surjective and by the same argument as in [Banll, sect.6,p.43] (using
the 3 x 3-lemma) we get an isomorphism

QI (M) ojyociy  QIS(W)

QI];(M) >~ TZLQIZ;(W).

By Remark 6.4.5, we have QI3 (W) = 7. QI3 (W) © 7>, Q15(W) and hence
the map

projoincl QI3 (W)
= TZLQIZ; (W) :

<1 QU5 (W)

By composition we get an isomorphism

M) = Tl QIS (W).

Lemma 8.2.5 Integration induces a nondegenerate bilinear form
/ L HID(W) x HIP™'" (W) — R.
Proof: Notice that QI3 (W) = QI3 (W — 0W) and consider [Ban11, Theorem

8.2].
O

Lemma 8.2.6 Also integration induces a nondegenerate bilinear form

/ CH (1<, QIN(W)) x H ' (150-QI5(W)) — R.
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Proof: For » > L we have that n — 1 — r < L* and both complexes are
zero and therefore also the cohomology groups. For r < L we have that
n—7r—12> L* and hence

H" (r< QIS(W)) = HIL(W)

as well as

H" 1 (1o QIY(W)) = HIZT(W).

Therefore we traced back the statement of the lemma to the result of the
previous lemma.

O

8.3 Integration on Q/3(M)
In analogy to [Banll, Lemma 7.1,Cor. 7.2] we have

Lemma 8.3.1 Integration defines bilinear forms
/ CQIZ(M) x QIFT" (M) — R.

The following lemma is the extension of [Banll, Lemma 7.4] to the 3-strata
case:

Lemma 8.3.2 Letw € QI (M), n € QI'""(M), Then

/M d(wAn)=0.

Proof: By Stokes” Theorem on manifolds with corners we get:

[awnm= [ gi@nn+ [ it
M W B
By definition of QI5(M), we have
Jiv(wAn) =ww Anw, ww € Qp (W), nw € QY (W)
and
JE(wAD) =wE Anw, wi € ftsxQys(B), nE € ftox- QN 5(B).

Forr—1>L=n—1-p(n—1)=2+q¢(n—1) wegetn—r <n—-3—¢g(n—1) <
n—1—g(n—1)=L* and hence

Qi (W) = QI (W) N 721 Q" (W) = 0.

This implies that [j;, ww Awp =0 forr —1> L.
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For r — 1 < L we have
QW) =QI ' (W) N1 QN (W) =0

and therefore also fW ww Anw =0forr—1< L.

/wE/\nE:O
E

The relation

holds by Lemma 7.4.3.

With the help of the previous lemma we get:

Proposition 8.3.3 Integration induces bilinear forms
/ rHIG(M) x HIZ7" (M) — R,

(L], [n) H/ w A

M

Proof: Let w € QIF(M) and n € QI7"(M) be closed forms and ' €
ngfl(M), n € ngfrfl(M) be any forms. We then have

/(w—i—dw’)/\n:/ w/\n—i—/ dw' A

M M M

w/\n—i—/ d(w' Am) since dnp =0
M

I
ST

wAn by Lemma 8.3.2.

and

/w/\(n—l—dn') w/\n—l—/ wAdn
M M

w/\n—i—/ dwAn') since dw =0
M

I
ToE T

wAn by Lemma 8.3.2.
O

8.4 Poincaré Duality for the Intersection De Rham Complex

Finally we can state and prove the Poincaré duality theorem for QI3 (M):
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Theorem 8.4.1 (Poincaré duality for HI)
Integration induces nondegenerate bilinear forms

/ L HIZ(M) x HI? (M) = R,

(1) > [ wnon
M
Proof: The two distinguished triangles
97} ‘(M W) QI3 (M)
T>LQI
and
QI3 ( QI3 (M)

7'<LQI
of the Lemmata 8.2.3 and 8.2.4 induce long exact sequences on cohomol-

ogy. We claim that these sequences fit into a commutative diagram of the
following form:

H (e QISW)) —L s v (e ers ()
5 (o ocy)’
HIZ(M) J HIPT (M)t
(17)
HI(M) ———— 71 (g, W
A At
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To show the commutativity of the diagram we will prove step by step that
the individual squares in the diagram commute:

We start with the top square (TS):

We first describe the connecting homomorphism & : H"~* (7 L3 (W)) —
HIZF(M). Let w € T<LQI§_1(W) be a closed form. Then

dfw] = dyww = yw (dw) = 0,

where [w] € %I._’;((VV;)) denotes the equivalence class of w in the quotient and
p
o incl QI (W) QI (W)
yw = projoincl : 7o QI3 =
T QW)

is a chain map. Let i : QI3 (M) — QI ;(M ) denote the subcomplex inclusion
and C*(7) its algebraic mapping cone, defined by

C7 (i) == QILYY (M) @ QI (M),
d(a, B) = (—da, o+ dp).

Since the map J := ¢y o o induces an isomorphism

there is exactly one & € ?2%’7% with representative x € QI ;(M ) (note that

we will always denote equivalence classes of elements a € @;(M ) in 3;27%
as @) such that

J(R) = [J*k] = [w].
We further have

dr = proj(dk) = d(proj k) = dk = 0

since dfw] = 0 and J  is an isomorphism. Hence dr € QI5(M) and
(—dk, k) € C*(i) with

d(—dr, k) = (d*k, —dk + dr) = (0,0).
Finally, §([w]) is described by
§([w]) = [~dr] € HI}(X).

To show that (T'S) commutes we must show that for w € 7 Lngl (W) closed
and n € QI7 ™" (M) closed it holds that

/w/\a}}voc}"/v(n)::t/ —dk A 1. (18)
w M
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Since dn = 0, —dk A = —d(k A n) and hence by Stokes’ Theorem for
manifolds with corners

[ cawyan== [ oiociptenn - [ gpocitenn.
M %% E

. -1 - .
Since k € QI; (M) and n € QI7~"(M), it holds that
opocpk € ft>kQUys(B) and opocgn € fi>r-Q5(B)
and hence 7.4.3 implies that

/O'*EOC*E(H/\U):O.
E

What remains is to calculate the integral [y, o3y o ¢jy (K A n):
By definition we have

[oivcly ()] = [Ty (k)] = Typroj(x) = Tk = [w]
and hence there is a form « € Qg_l(W) such that
owew (k) =w+ a.
That result gives
/ owCy(kAn) = / wA J{jvc*wn—i-/ a A oyeyyn = / w A oy ciyn
w w w w

since v € Q) H(W) and oycfyn € Qf " (W) and hence

/ a A oyeyyn =0,
w

by the same arguments as in the proof of Lemma 8.3.2. Summing up, we
have shown that (T'S) commutes.

Before proving the commutativity of the bottom square (BS) in (17), we
describe the connecting homomorphism

A HY o QIS(W)) — HI, (M, W)

and the map .
A:HI; (M) — HT(7'<LQI;,(W)).
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1. We first describe An] for n € 7>+ QIgiT*l(W) closed.
Let .
p: QUMW) < QIZ (M)

denote the subcomplex inclusion and C*(p) the corresponding map-
ping cone,

—~r+41
C'(p)=Q; (M,W)o QI (M),
d(a, B) == (—do, . + dp),
and let g : C*(p) — 7>1~QIZ (W) be the quasi-isomorphism defined by
9(e, B) = oy B

Let then n € TzL*QIZ;_’"_l(W) be a closed form. By Lemma 8.2.3,
there is a form w € QI;‘T_I(M) such that

§=n—ojypciyw € d(r> QI (W)).
Further we have

owew (dw) = d(oyycyw) = dn+ d§ = 0,
and therefore dw € (/ﬁg_r(M, W) and ¢ := (—dw,w) € C" " 1(p)
with dc = (d*w, —dw + dw) = (0,0).

Since [g(c)] = [owelw] = [n], we get
Al = [~dw] € HI; (M, W). (19)

2. Secondly y we give a description of the map A:
Let 6 € QI;(M) be a closed form. Then proj(oyy,cjy0) = [oy,cpy 0] €
% is also closed. By the arguments in the proof of Lemma 8.2.4,
subcomplex inclusion followed by projection is a quasi-isomorphism
T< QU (W) — % and thus there is a § € 7 QI (W) closed such
that
[owewt — ¢ = d[v] (20)

for some v € QI;—;_l(W). We can then describe A by
Alf] = [¢] € H" (7«3 (W)). (21)

To prove the commutativity of the (BS) we have to show that for n €
TZL*QIgfrfl(W) and 6 € QI;(M) closed with A[n] = [—dw] and A[f] = [¢]

as above it holds that
/ 9/\(—dw):j:/ Enn.
M w
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By Stokes’ Theorem on manifolds with corners, we get
/ O N (—dw) = / A0 ANw) = / 0pCE(0 A w) +/ owew (0 Aw).
M M E w

By definition, there are 05 € ft>xQs(B), wp € ft>x-Qy 5 ' (B) with
opcpl = 0, opcpw = wp. Hence by Lemma 7.4.3,

/O'*EC*E(Q/\Q}):/QE/\WE:O.
E E

This implies that
/ 0N dw= / oy (0 Aw) = / owewf A (n+da),
M w w

for some 7 € TZL*QI(?_T_Q(W). Since jow 0 € ft>xQ\s(0B), jhwT €
ft>k+Q%,5(0B), applying Stokes” Theorem and [Banll, Lemma 7.3] after-
wards we get

/J;Vc’gveAdT:/ o (@A) = 0.
w ow

So we arrive at the equation

/9/\dw:/ ow 0 An.
M w

On the other hand, by (20) we get

/5/\77:/ U%C*W(G)/\T]-i-/ oz/\n—/ dv A n,
w w w w

where o 1= § + dv — ojycjy0 € Qp(W). As before we have: If r > L, then
n—r—1< L* and hence n € TZL*QIg_T_l(W) = {0}, implying n = 0. If
r < L, then o € 7>1Q" (W) = {0}, and hence a = 0. In both cases we have

/ ann=0.
w

Since v € ng_l(W), there is a vy € ft>gQf\5(0B) such that jh,, v =
Thwto and n € TZL*QI;_T_l(W) implies that there exists a form 7y €
Jt>r+ Q%5 (0B) with j5m = 7hn0. Therefore (and since dn = 0), we get
by Stokes” Theorem :

/du/\n:/ d(u/\n):/ (V/\n)\aW:/ vo Ao =0
w w ow oW

by [Banll, Lemma 7.3]. Hence

| enn= [ civeiv@)an= [ on(-do)
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which means that (BS) commutes (up to sign).

The middle square in (17) commutes, since the vertical maps are just in-
clusions and the horizontal maps both integration of wedge products of two
forms.

The commutativity of the diagram (17) together with the fact that the map
/ c H (e QUS(W)) — H"—T—l(TZLmL;(W))T

is an isomorphism for all » € Z by Lemma 8.2.6 as well as the map

/ t HIG(M) — HI; (M, W)}
by Proposition 7.5.5 then enables us to apply the 5-Lemma to conclude the

statement of the theorem.
O
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9 A De Rham Theorem for Three Strata Spaces

To justify that our definition of the intersection form complex Q17 is plau-
sible, we look at the pseudomanifolds with three strata for which Banagl
defines an intersection space in [Banl2]. We will show that the additional
assumption on QI3 (W) is satisfied in this setting, such that Theorem 8.4.1
holds, and that for p = m, the lower middle perversity, the cohomology
groups HI (X) are isomorphic to the linear dual of the intersection space
homology groups with real coefficients H,. (I X). This de Rham type theorem
will use an alternative description of I.X (we use a space that is homotopy
equivalent) and the de Rham results of [Banll, Section 9] and [Ess12]. But
let us first recall the class of spaces we work with and the results of [Ban12]:
We work with pseudomanifolds X" of even dimension n = 2k and filtration

X=X D Xy DX():{.Z‘(]}
1
=S

satisfying the strong Witt condition. To explain this condition let L be the
link of X; in X. Then X satisfies the strong Witt condition if and only if the
link L posseses a CW-structure such that the cellular boundary operator

0 : Ckfl(L) — Ck,Q(L)

is injective (note that £k =n — 1 — m(n — 2) is the truncation value). This
clearly implies Hy_1(L) = 0, the original Witt condition of [Sie83]. To be
able to use differential forms we further demand that X is Thom-Mather
stratified. For such spaces Banagl uses 3-diagrams to define intersection
spaces as follows.

9.1 Intersection Spaces of such Pseudomanifolds

The bottom stratum Xy = {xo} has a tubular neighbourhood Ny = cone Ly
with Lo the link of Xy = {z}. The space X’ := X — Ny is a pseudomanifold-
with-boundary Lo and singular stratum X := X; N X’ = Al a closed
interval. The link of X] is L, for which one chooses a CW-structure such
that the strong Witt condition holds with respect to this structure. L is a
pseudomanifold with two isolated singularities Lo N X] = 0A! = AJ U Af
and link L.

In order to be able to perform spatial homology truncation we assume the
links L and Lg to be simply connected. Note that by the work of Wrazidlo,
[Wral3], we would not have been forced to make this assumption to choose
mere truncations on the object level. But we also want truncate the mor-
phism f below so we need the simple connectivity assumption since one
needs more assumptions to truncate a map otherwise (compare to [Wral3,
Proposition 1.11]).
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Regular neighbourhoods of the isolated singularities are PL-homeomorphic
to cone L. We remove them from Lg to get a manifold W with boundary
OW = LU L. We fix a CW-structure on W. By the arguments of Banag],
a regular neighbourhood of the singular set X{ C X’ is PL homeomorphic
to Al x cone(L). If we remove that regular neighbourhood of X’ we get
a compact n-manifold M with boundary M, which is up to homotopy
equivalence the homotopy colimit |H (I')| of the following CW-3-diagram I':

wel j T

with L = L x A, L =L x A' and f : L — W a cellular approximation
of the composition of the above PL homeomorphism L — W with the
inclusion OW — W. So OM ~ |H(T')| and that will be the homotopy
theoretic model of OM one uses to define the intersection space of X.

We will review the construction of the lower middle perversity intersection
space I™X here and do not recall the argument that by the strong Witt
condition the intersection space for the upper middle perversity is equal to
the lower middle perversity one: I™X = I"X. The (co)truncation values in
this setting are

K=2k—2-m(2k—1)=Fk and
L =2k—1—m(2k) = k.

We note that W is also simply connected (see [Ban12, p.18] for an argument)
and choose a completion of W to an object (W, Yy ) in CW,,~y and note
that by the strong Witt condition (L,Y7 = 0) is a completion of L to an
object in CW 5. Since for f; = f| : L = A} x L — W it holds that
(f1)«(0) C Yy we can truncate these maps and hence also f: L x A — W

to amap for = (fo)<r U (f1)<k : Loy — Wep.
Let L.y, := A' x L.;, and A™ be the 3-diagram

fer = _
W < Ly - L.

Then the following commutative diagram induces a cellular morphism € :
rm 1.

W & z:/<k — Z</Ic

L

Wl je T

Here ey is a cellular rel (k — 1)-skeleton representative of emby (W, Yy)
of [Banl0, Theorem 1.41]. Again, see [Banl2] for more details. The map e
then induces a cellular map |H (¢)| : |[H(T')| — |H(I'™)| and the lower middle
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perversity intersection space of X is defined as the homotopy cofiber, i.e.
the mapping cone, of the composition

~

|H(T')| —=— OM « M.

i ()|

As already stated, the strong Witt condition implies "X = I"*X and hence
we define IX := I"X and can state the Poincaré duality theorem as proved
in [Ban12, Section 6]:

Theorem 9.1.1 (Poincaré Duality for Intersection Space Cohomology in
Depth 2)

Let X" be an n-dimensional, compact, oriented PL pseudomanifold with
n = 2k that can be endowed with a PL filtration of the form X = X, D
X1 D Xo = {z0} with X1 = S', such that the links of the two strata are
simply connected and X satisfies the strong Witt condition. Then there
exists a Poincaré duality isomorphism

D: H""(I1X;Q) = H.(IX;Q)
that extends Poincaré-Lefschetz duality for the regular part (M,0M) of X.

9.2 QI;— Differential Forms in this Setting

Since the pseudomanifolds treated in [Banl2] are the only 3-strata pseu-
domanifolds for which intersection spaces are defined yet such that they
inherit Poincaré duality, we clearly want to be able to apply our differential
forms approach. As mentioned at the beginning of this section, we therefore
additionally assume that the pseudomanifolds are Thom-Mather stratified
with strata X7 — Xo = A! and Xo = {0} and that the regular neigh-
bourhoods in the discussion above are tubular neighbourhoods contained in
the control data. We additionally demand that the restriction of the PL
homeomorphism Nj = Al x cone(L), where N is the apropriate tubular
neighbourhood of X{ C X', to Nj — X] — Al x (0,1) x L is a diffeomor-
phism (some authors call such maps controlled isomorphisms, see e.g. [Pfl01,
p.127]).

We then are able to define the intersection form complex Q12 (M) for M
defined as above. In this smooth setting it is a smooth (2)-manifold with
boundary parts W an E = A! x L. To be able to apply the Poincaré
duality Theorem 8.4.1 for HI} (X) in this setting, we need QI3 (M) to be
geometrically cotruncatable in degree k = n/2. But this follows from the
strong Witt condition for X:

Since Lo is a pseudomanifold with two isolated singularities A, Af. Hence
by [Banl0, Theorem 2.12] there is a short exact sequence

0 — Hy(W) — Hp(I™Ly) = im 8, — 0
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where 0% : Hy,(W,0W) — Hj_1(0W) is the connecting homomorphism of
the long exact homology sequence of the pair (W,0W). The strong Witt
condition in particular implies in particular that Hy_1(L) = 0. But oW =
L U L and hence Hi_1(0W) = 0, implying 0* = 0. That gives that the
inclusion W < ILg induces an isomorphism Hj (W) = H (ILg).

Moreover using the differential complex C,(go), with go : Loy — OW —
W, to describe the intersection space cohomology (making use of the fact
ILy = cone(gp)), together with the complex of partially smooth chains
S(go) defined by SX(go) := Hy,_1(L<i)®S°(W) and with suitable bound-
ary operator (see [Banll, Section 9]) and the complex U,(go) defined by
Ur(g90) = Sr—1(Lo) & S°(W) with analogous boundary map we get the
following commutative diagram:

SE(W) —— S&(90)
|
(90)
[

)

Se(W) ——— Ce(90

3

This induces a commutative diagram on homology with the horizontal map
on the bottom an isomorphism by the above argument and the vertical
maps all isomorphisms by the Lemmata 9.1 and 9.2 of [Banll] and for
example [Leel3, Theorem 18.7]. Therefore the induced map on homology
H (W) < Hy (5% (g0)) is also an isomorphism.

Together with the de Rham Theorem [Banll, Theorem 9.13] and the com-
mutative diagram

HI}, (Lo) ———— H¥(W)

inct
Hy (S5(90)) —5 Hi(S2(W)'
of [Banll, Lemma 9.11] this implies that subcomplex inclusion induces an
isomorphism HI% (Lg) = HF (W), in particular this map is injective, im-

plying that QI% (W) is geometrically cotruncatable in degree k& by Lemma
6.4.2.

9.3 A De Rham Theorem in this Setting

To prove a de Rham Theorem in this setting we will use the de Rham
theorems for HI of [Banll] and [Ess12]. The approach will be similar to
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the proof of the Poincaré Duality Theorem 8.4.1: We first s}lgvz that in-
tegrating forms over cycles induces an isomorphism from H" (QI (M )) to

(H,(I™X' ))Jr and then use this result to prove the de Rham Theorem for
HI.
Note that /™ X’ = coneg’ with ¢/ : Loy x A = Lo, — Lx Al =L — M.

Remark 9.3.1 (On Lee’s smoothing operator on smooth (n)-manifolds)
The de Rham statements that follows will use the partial smoothing tech-
nique of [Banll, Section 9] which makes use of Lee’s smoothing operator
s:8e(M) — S°(M) on smooth manifolds with boundary M. The question
is whether there is also a smoothing operator if M is an (n)-manifold. As
one might expect, the answer is yes: It boils down to the fact, that Whit-
ney’s approximation Theorem (see [Leel3, Theorem 9.27] for a version for
manifolds with boundary) is also true for (n)-manifolds. The proof is the
same as the proof of [Leel3, Theorem 9.27]:

By choosing a compatible system of collars as in [Lau00, Lemma 2.1.6]
one gets proper smooth embeddings Ry : M — M — OMy, where the set
{OM,;}o<i<n—1 denotes the boundary parts of M such that the following
holds: For vy : M — dMy — M each of the two maps Ryoty: M — My —
M — OMy and 1o Ry : M — M are smoothly homotopic to the iden-
tity (the proof is the same as the proof for manifolds with boundary, see
[Lee13, Theorem 9.26]). Inductively one gets proper smooth embeddings
Ry : M —0My — ... —0M;,_y - M — 0My — ... — OM; such that for
i : M —0My—...—0M; — M — 0My — ... — OM;_1 both compositions
R;o0u; and 1;0 R; are smoothly homotopic to the identity and hence the same
result holds for R:= R, _10...0Ry: M = M —0M and¢: M —OM — M.
To see that int(M) < M is a homotopy equivalence you show by induction
that removing the boundary parts OM; one after another yields to homotopy
equivalences.

Hence by the same arguments as in [Leel3, pp. 473-480], there is a smooth-
ing operator on (n)-manifolds. In particular it can be chosen such that for
any j < k <n and for any iy, ...ix € {0,...,n — 1} one has that

S.(@Mil Nn...N 8Mzk) _— S.((?Mil N...N 8Mij_1 N BMZ-HI N aMzk)
S.oo(ale n...N 8Mzk) —_— Sfo(ﬁM“ N...N OMij_l N 8Mij+1 N 8M2k)

commutes, i.e. each simplex in a boundary part or the intersection of bound-
ary parts is smoothened within the same. Finally this allows us to use partial
smoothing as in [Banl1l1] here.

To prove the de Rham Theorem for HI we will use the following homotopy
theoretic description of the intersection space of X. The idea is to write the
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intersection space (up to homotopy equivalence) as the mapping cone of a
map h: (ILg)<r — I X', where (ILg)< is a spatial homology k-truncation
of the middle perversity intersection space of the link Ly (in the sense that
the homology conditions hold) and I X’ is the middle perversity intersection
space of X'.

Proposition 9.3.2 (Alternative description of the homotopy type of I.X)
. Uy, id
Let h: Wy, Uy, cone(Loy) ——5 TLy < IX', where I Ly is the middle

perversity intersection space of Lo and I1X' is the middle perversity inter-
section space of X'. Let c € ILy denote the conepoint. Then collapsing
¢ x [0,1] C cone(W}, U cone(L<y)) C coneh in the mapping cone of h to a

point yields a homotopy equivalence cone h = IX.

Proof: Since h is a cellular map between CW-complexes, the mapping cone
of h is a CW-complex. ¢ x [0,1] is a 1-cell in this CW-complex, so the pair
(cone h,c x [0, 1]) has the homotopy extension property. Also, ¢ x [0, 1] is
contractible, so by the homotopy extension property, the homtopy between
¢x [0,1] and ¢ x {0} together with the identity on cone h can be extended to

a homotopy equivalence cone h —» f‘;‘fgﬁ = I X which is the mapping cone
of the map |H(I'"™)] LGN |H(I')| = dM < M, see Subsection 9.1. O

We will henceforth use coneh as model (up to homotopy equivalence) of
IX. To describe the reduced homology of cone h, we will use the algebraic
mapping cone together with the following lemma. There and henceforth for
a topological space X, S¢(X) denotes the singular chain complex of X. For
amap f: X — Y between topological spaces, Co(f) denotes the algebraic
mapping cone of f, : Se(X) — Se(Y).

Lemma 9.3.3 Given the following diagram in the category Top

A—" B
; lg
X1,y

there is a continuous map ¢ : cone(f) — cone(g) given by j on X and by
(x,t) — (z(m),t) on cone A. Further there is a chain complex Co(f,j,1,9)
given by Cr(fvjv /iv g) = Cr—l(f) @ Cr(g) = ST—Q(A) @ ST—I(X) S5 ST—I(B) @
Sy (Y) and the boundary formula
a(a,x,b, y) = (—8(a,m),8(v,:v) - (Z*(a)aj*($)))
= (8a, =0z + fi(a),—0b — i.(a),dy — gu(b) — ji()).

Then the chain map

a:Co(f,,1,9) = Ce(8), (a,z,b,y) = (—c(fea) +x,—c(g:b) +y),
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with ca, cb the cones of the singular chains a,b, see e.g. [Dol80, pp. 34-35]
for a definition, is a quasi-isomorphism.

Proof: We will first show, that « is indeed a chain map. We use the formula
d(ca) = a — ¢(da) for the cones of singular chains:

8C¥<CL, z, b, y) = (ac(f*a) - 81'7 83/ - a(C<g*b)) - (b*(x) + ¢*<C(f*a)))
= (fra — c(0fsa) — 0z, 0y — gib + c(3(g:d)) — jux + c(gsiva)),

while

ad(a,z,b,y) = a(da, —0x + fra, —0b — ixa, 0y — g«b — jux)
= (—c(@f*a) — 0z + fra,c(0gb) + c(guiva) + Oy — gub — j*x).
So both are equal, showing that « is indeed a chain map. The commuta-

tivity of the following diagram together with the 5-Lemma then implies the
statement:

0 ——— Culg) —2 s Cu(f,jyir 9) — 2 Cor(f) —— 0

qisl{ loc qislp

0 — So(cone g) —2L 5 Cy(¢) —2— Se_1(cone f) — 0

where £(b,y) := —c(g«b) + vy, pla,z) := —c(fea) + x. O

This is .‘.che ﬁnai tool to be able to prove the de Rham T heqrem for HI:
Leti: Loy — Lo, j=jwoew :Wep > W > M, fop : Lo, — Wop and
g : Loy = L — M. These fit into a commutative diagram

f/<k —— L

b T

W<k%M

and hence by the previous lemma there is a quasi-isomorphism

o C'(f<k7j7iag/) — Co(h),

where h = ¢ of the lemma and h is the map of Proposition 9.3.2. This gives

isomorphisms H, (Ce(f<k,j,4,9")) = Hy(Ce(h)) = H,(coneh) = H,(IX)
for all r € Z.

Theorem 9.3.4 (A de Rham Theorem in a 3-strata setting)
There is an isomorphism @, : HIL (X) — H, (C.(f<k,j,i,g'))T ~ 0.(IX)F.
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Proof: We use the following short exact sequences:

0= Colg') = Co(farsdrisg') = Co1(f<r) = 0
and the sequence of Lemma 8.2.4

0 — QIR(M) — QI (M) = 7o, QIS (W) — 0.

To get the isomorphism @5, we use the maps go : L<r, — W and ¢/ : Loy, —
M. Choose chain maps § : He(L<j) = Se(L<i) and G : Ho(Loi) — Se(S<)
as in [Banll, Section 9.1], i.e. such that [j(z)] = = for every z € Ho(Ly,)
and the same for g. Then the partial smooth chain complexes S(gp) and
SX(¢') are defined by setting

S(g0) = Hy—1(L<k) ® S2(W)

Az, w) = (0,0w — s5g0,(x))
and

Sy(g') = Hy—1(Ley) © SO (M)

8(y,’0) = (Oa Ov — Sg,*é(y))a

where s : Se(-) — S°(+) is Lee’s smoothing operator, see [Leel3, Proof of
Theorem 18.7]. The cohomology groups of these complexes are isomorphic
to the cohomology groups of the ordinary mapping cones by the Lemmata
9.1 and 9.2 of [Banll]. In detail, for a map g : X — M from a topological
space X to a smooth manifold M, Banagl uses the complex U,(g), defined
by

Ur(g) :

Srfl(X> @ Sq?o(M)v
Oz, w) = (-

0x, 0w — 5g.x).

He proves that the chain maps id ®s : Ce(g) — Us(g) and ¢ & id : S*(g) —
Us(g) are quasi isomorphisms, where S¢(g) is defined in analogy to the
complexes SX(go), S(¢"). We will apply this to the maps gg and ¢’. Before
doing so, note that the de Rham Theorem for HI in the two strata setting
implies that the following maps induced by integration of forms over cycles
are isomorphisms:

By H (O (M) = Hy (SX(g))]

\I/m([w])[(az,v)] = /w

v

and
Oy HIL (L)) = Hy (S3(g0))

@W([w])[(x,v)] = /w.

v
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As in [Essl12, Proposition 3.3.2], these are well defined maps. @y is an
isomorphism by [Banl1, Theorem 9.13] and @3, is an isomorphism by [Ess12,
Theorem 9.4.1], which is applicable analogously.

We use @y to define the map ®5F : H, (7, QI% (W) — H,(Co(f<i)). To
do so, we need to investigate the mapping cone Co(f<f) first. For r > k,
the homology groups H,(f<x) vanish by a Mayer—Vietoris argument and
the strong Witt condition. For a detailed proof, we refer to [Ban12, Lemma
5.1]. For r < k, the chain map id®ew, : Co(f<r) — Co(go) is a quasi
isomorphism by an argument using the 5-Lemma, the commutativity of the
diagram

0 —— Se(Wep) —— Co(fer) —— Se_1(Let) —— 0

le w Jid Dew Jid

0—— S.(W) e C.(g()) EE— S._l(l.:/<k) — 0

and that ey : Se(W<) — Se(W) induces an isomorphism on homology in
degrees r < k. Note, that id Geyy, is a chain map since gg = ey o for. We
then define @37 as follows: For r > k, we set ®5F = 0. For r < k we let ®5;F
be the composition

”J [eia)s!]’

er H, (Co (90)) m H, (U, (90))

HT(CO(f<k))T(
We further define @, : H® ((Aﬁ;n(M)) — Ho(g)! as the following composi-
tion:

T

HYQT0(M)) 275 7 (52 (g) 2 B (Ua(g)T 927

H’(g/)Tv

where a := (q®id); ! : He(Ua(9')) = H, (S(d))-
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We claim that the following diagram commutes for arbitrary r € Z :

H™Y(QI,,(M)) % H,_1(Cu(g))"

1%

Hr—1 (T<kQI,.7L(W)) T Hy (C’o(f<k:))]L

=A

HIE(X) H (Co(ferrirgrg)' (22)

o)

(M) ——=—— H(Cu(g")’

3 e

H" (Q1

3

H' (70 Q3 (W) ——— Hy(Ca(f<r))]

w

This is the case if and only if the square

H Q15 (M) —22 5 H,(Cu(g)))!

l f*% (23)

<k

HY (rx QU8 (W) —s H, (Co(fr))!

commutes for arbitrary r € Z. This is trivially true for r > k since the
groups H, (C’.( f<k)) are zero in these degrees. We will subdivide the proof
for r < k into several steps:

(i) First note that by definition j = jyoey and hence the triangle diagram

ld @SW *

CO(QO) Ct(f<k)
i*@jw\ /@]
Ce(g")

commutes.

(ii) Remark 9.3.1 implies that the smoothing operator s commutes with
the inclusion of the boundary part W, i.e. so jw, = jw,. o s. Hence
the square

id
Co(g') 2% Uu(y)

Ca(go) 22

— Us(90)
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(iii)

comimutes.

The main point of the proof is the commutativity of the following
diagram for r < k:

o

H (@15 (M)) —2ms H, (53 (g)) 75

H,(Ud(¢))'
Jjév J(i*@j*)f

HIL(W) —2Y 5 1, (52 (90)) 9 B, (Ua(g0))

Let w € QVI;,L(M) be a closed form and (x,v) € SX(go) a cycle. We
show that

O, ([w]) (7 @ id); M isdi(2), jw0]) = @w (G [w]) ([, 0]) = / Jiyw.

(%

We must find a closed representative of (g @ id);![i«G(z), jw,v] in
S5(g'). Since g(ivx) and i.j(z) are closed with [q(ixz)] = i.(z) =
is[G(z)] = [i+G(x)], there is a form a € S, (L<x) with (i) — ivg(z) =
da. Consider the form (i.z, jw v + sg,(a)) € SX(¢'). It is closed since
(x,v) € SX(go) is closed:
A (ix, jw,v + sgi(a)) = (0, 04w v — sg.(Givz — a))
= (0,jw.(9v — sgo.4(x))) =0,
where we used that ¢’ o7 = jy o go to get the second equality. It is the
desired representative of (g @ id); H[i«d(), jw .v]:
= (Z*Q(x)’]W*U) + (aav ngka“) = (Z*Q(x)aJW*U) - a(a7 0)

Again by Remark 9.3.1, sg/(a) = jr.s(a) and therefore we have
By ([w]) (7 @ )7 [inii(2), v 10])

= &)m([w]) ([ixz, jw v + jr,sa)) = /j{},w +/ Jrw

:/jévwzq)w(ﬁv[w])([%v])’

v

where we used the definition of QNI;L(M ) in the last line: jjw €
[tV s(I) = {0} for r < k.

Putting the three commutative diagrams of (i)—(iii) together, we get the
commutativity of the square (23), since for r < k the map H" (U, (M)) —
H" (T<kQIp§(W)) is the pullback to the boundary part W, jy;,. This implies
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that diagram (22) commutes and hence [Banl0, Lemma 2.46] finishes the
proof of the theorem.

O
Note that we would like to write the de Rham isomorphism &, as integration
of forms over some smooth cycles. In analogue to the two strata setting, we
would need a paritial smooth version of the mapping cone Ce(f<g,i,7,9).
But this is not defineable analogously. The reason is that the maps

q: H.(Z<k;) - So(z<k) and ¢: H.(L<k) - SO(L<I€)

do not commute with the inclusion map i,: Embedding a cycle in Se(L)
into L.y at zero or one gives different chains but the same homology class
in He(L.y).
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10 A Positive Dimensional Bottom Stratum

In this section we deal with stratified pseudomanifolds with three strata and
a bottom stratum of positive dimension.

10.1 Matching Flat Bundles

Let us start with a compact n-dimensional smooth (2)-manifold M™ with
OM = EUgg—aw W.

For a definition see [Lau00] or Section 4.2.4.
We demand that EF and W are the total spaces of geometrically flat fiber
bundles

p:E—B

and
q: W — 3.

The fiber L™ of p shall be a closed Riemannian manifold and the base B? a
compact manifold with boundary dB’. In contrast, the fiber of ¢ shall be a
compact Riemannian manifold F/ with boundary OF = Z x L and the base
385, Z% of q a closed manifolds. In addition we demand that

OW =Y X0F=Y%xZxL=0BxL
and that the bundle maps restrict to projections
plop =m :0E =0B x L — 0B

and
q|3W:%1:8W:2><8F—>2.

Note, that we in particular want that the restriction of the local trivial-
izations to the boundary equal the identity: There is (a good open) atlas
3 = {Uy}aer with respect to which the bundle trivializes, i.e. there are
diffeomorphisms ¢, : ¢~ (Us) — U x OF with q|y, = 71 0 ¢o. What we
demand is that the following diagram commutes:

Uy x OF = 0W Nq Y (U,) == U, x OF
Jjaw Jid Xjor
g (Uy) - Uy % F

foralla € I.

We construct a stratified pseudomanifold with three strata out of M by the
following process:
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1. First, add E x [0, 1] to M via gluing the bottom E x {0} of the cylinder
to the boundary part E C 9M. Then by collapsing the fibers in Ex {1}
we get a pseudomanifold X’ with boundary

W Ugw (2 X Z x cone(L)) =3 x (F Ugp Z x cone L)
and singular stratum B.

2. We get X by coning off F'U Z x cone(L): Glue the bottom W x {0}
of the cylinder W x [0,1] to W = 09X’ and then collapse F' U Z x
cone(L) in W x 1 to a point. The result is a compact n-dimensional
pseudomanifold

X = Xn D) Xmiddle D) Xbottom
with
Xbottom = 27

Xmiddle - Xbottom = B7
X — Xniddie EN =M — 9M.

The question is: Given a perversity p, how do we define the differential
complex QI (M) such that its cohomology HI3(X) := H*(QU5(M)) satis-
fies Poincaré duality over complementary perversities and is an invariant of
X7 The idea is the same as in the previous case, where the bottom stra-
tum was an isolated singular point: On both boundary parts of M we have
geometrically flat link bundles £ — B and W — X. So on both we can
cotruncate the complex of multiplicatively structured forms in link direc-
tion. The intuitive idea is to let Q2I3(M) be the complex of forms which are
the pullback of fiberwisely cotruncated multiplicatively structured forms on
E in a collarlike neighbourhood of £ C M and the pullback of fiberwisely
cotruncated multiplicatively structured forms on W in a collarlike neigh-
bourhood of W C 9dM. Of course, on the intersection of both collarlike
neighbourhoods the forms must satisfy both conditions. We use a pair of
p-related collars for B and E and a pair of fiber—related collars for F' and
W. As in the previous sections, where Xyottom = pt, we prove Poincaré
duality for a complex quasi isomorphic to 213 (M) by using the method of
iterated triangles:

Definition 10.1.1 For (2)-manifolds M with boundary OM = WUgw—opE
as above we define

QIZ(M) = {w € QT(M)‘ dE Cc Ug € Cg, 3W C Uw C Cyw, both open :
wlvy = TENE, ME € ft>xQWus(B)
wluy = mynw, mw € ft>r1Qus(E)},

f:

where K =m —p(m+1), m:=dimL and L= f —p(f+1), f:=dimF.
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As in the previous setting, where ¥ = pt, we encounter one major problem
proving Poinaré duality for the cohomology groups of QI3(M) with our
above method of iterated triangles: It is very difficult to prove Poincaré
duality for the complex ft>12%,5(3) NQIZ (W), at least directly. As before
we will replace this complex by a complex which is quasi isomorphic to it
and then prove Poincaré duality for that complex.

Remark 10.1.2 Note that this setting is not a generalization to what we
have done before: In the previous sections we did not demand the bundle on
the boundary part E to be trivial on the corner OE = OW of M and did also
not demand that OW = OE = 0B x L, which we do in this section.

10.2  Fiberwisely Q/;-Cotruncated Forms

Remark 10.2.1 Since OW =X xJF = ¥ x Z x L, the notion of QIS(W) is
not unambiguous in this setting. So what complex is QL (W)? The answer
to the question becomes clear as soon as we ask ourselves why to consider
forms in the intersection ft>1Q%,s(X) N QIZ(W): The restriction of forms
w € QIF(M) to a collarlike neighbourhood E C U C Cg of E C M must be
the pullback of some form in ft>gQ%,s(B):

wly = m'n, for somen € ft>xQi\s(B).
Pulling w|y back to W gives:
jwwlo = 7"y (1)
with jyyn € ft>xQ%,s(0B =X x Z). Hence we define and use henceforth
QII(W) :={w e Q*(W)|3OW C U C Cow : wly =7,
N E ft>kWus(E x Z)}
The candidate to replace ft>1Q%,5(2) N QIZ(W) in the above argument

will be defined in 10.2.3. To do that, we first note that since 0F = Z x L,
we can define

QIN(F) := {w e Q"(F)| 30F C Upp C Cor : wly,, = 7"n,
N € ft>xUys(OF)},
where as before K = m — p(m + 1). In analogue to the previous setting,
where we used an additional assumption to cotruncate QI3 (W), we need the
following assumption to be able to cotruncate QI3 (F):

Additional assumption: We assume that the complex QI3 (F) is geomet-
rically cotruncateable in degree L = f — p(f), i.e.

imd"~' N QINF) = d" N (QIXN(F)).
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Then we can cotruncate QI3(F) in that degree.

Later, in the proofs of Proposition 10.2.7 and Lemma 10.2.10 we will need
the following fact:

Lemma 10.2.2 If QI3(F) is cotruncateable in degree L, then so is
ft>kQus(Z2) C Q*(Z x L).

Proof: We must show that imd“~! N ft> Q% ,5(2) = d&! (ftzKQ/LVTSI(Z)).
So let n = dB € ft>xQ%,s(Z) Nimd*~!. We will extend 8 to a form in
Q5 (F) using the usual approach: Taking a smooth cutoff function ¢» on R
with ¢(z) = 0 for < —1 and ¢(x) = 1 for > 1, we use a collar neigh-
bourhood Cpyp (slightly bigger than Cyr) to get a smooth cutoff function
(also denoted by) ¢ on F with ¢|c,, =1 and ¢|_ = 0. Then using the

pullback 7*3 € Q*(Cyr) extension by zero gives a form
Y B € Q3 (F).

We look at the derivative of this form:

d(p7*B) = (dip)7* B + Yr*dp = (dy)7* 8 + Yr™n.
Restricted to Cyp this gives:
(d(d)ﬂ*ﬁ)) ’CBF = (d¢)|CaF 77*5) + 7/}|ch 77*77
=0 =1
= 7'(*’]7

Hence d(y7*B) € QIL(F) Nimd = d-=1(QI}(F)), ie. d(yr*B) = do
with a € QI3(F), so in particular jjpa € ftZKQﬁ/TSI(Z), and djjpa =
Jhp(d(@m*B)) = n. O
Let 4 := {Ug }aer be a finite good open cover of ¥ with respect to which ¢ :

W — X trivializes, i.e. there are diffeomorphisms ¢, : ¢~ (Uy) =, Uy x F
with ¢ = 71 o ¢o. Let further U C X be open. We then define

Definition 10.2.3 (Fiberwisely Q1I3-cotruncated forms)
Fr=Up) Qs (U) == {w € Qys(U)|Va e I :
wlg1wnva) = $a D TG, AT

Ja
with 7§, € 7> QI3 (F)}
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Lemma 10.2.4 f(7>10Q15)Q5,5(X) C QI5(W) is a subcomplex.

Proof: Let w € f(7>1;)2%5(X) such that

Wl = Gh > TG ATEE € f(r>L Q) QWus(D).
Jja€Ja

Further let, for each « and each j,, OF C V2 C Cpr denote the collarlike
neigbourhood where 77 is the pullback of some form o3 € fi>r Q5 s(OF).
Let {pa}tacr be a partition of unity with respect to 4.

Claim: w:= 3, >, 71 (panf,) A 7505 € ft>rQ%s(0B) C Q*(OW).
Proof of the claim: Since 0F = Z x L, we can write 0§ = >, ™10, A2,
with &, € 7>gQ*(L). Hence

T=> > ) Fmi(para) A T6) AT,

& Ja l=l(aja)

which shows that @ € ft>xQ%,5(0B).
Since all of the index sets J, are finite,

OF V= () V{2 CCor
jaeJ&

are all open collarlike neighbourhoods of OF in F. They gives rise to an
open collarlike neighbourhood of W in W by taking the union

V=] 63" (Ua x V) C Cow.
acl

For this collarlike neighbourhood W C V C Csw, Lemma 4.2.6 implies

il = Y lwoa) v = 3(68 Y07t (parmsa) A Tin 0% v

ael acl Ja
_ * % * ) * o % * * ) * _«
= E P E 71 (panj.) N Ta05, = E Do E 71 (PaNj.) A 13075,
acl Ja acl Jo
= 1'w.

(The mentioned Lemma was used in the second line.) This implies w €
QI (W).
O

Remark 10.2.5 Note that obviously f(m>rp)Q%,s(X) is also a subcom-
plex of ft>rQ5,s(X).

Before formulating the proposition which allows to replace ft>7Q%,5(X) N
QI (W) by f(r>1015)Q%,5(%), we prove the following technical lemma:
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Lemma 10.2.6 The pullback of any form w € ker djyNQS (F) to the bound-
ary OF is coclosed, i.e. jhpw € ker dp.

Proof: Since w € Q13 (F), there is some collarlike boundary neighbourhood
OF C U C Cyr with w|y = 7*(jjpw). Then

0=dp* (w|ly) = dF(d.’L'O AT (% ngw))
= —da® A (dap * 5hpw)

and hence d*(jjpw) = £ * d * (j5pw) = 0. U

Proposition 10.2.7 For any L € 7Z, the subcomplex inclusion
F(r=0U5) Vs () = f1=0005(2) N QI (W)
18 @ quast isomorphism.

Proof: We will use a Mayer-Vietoris argument:
We define

ftZLQMS,rel(Z) = {w € ftzLQ'MS(E)EaW CcUCCoypy: OJ|U = O}

and note that w € ft>1Qumsre(X) if and only if
g1 wa) = $a DTG, AT,
Ja

with v [v;, = 0 for some collarlike neighbourhood 9F C Uj, C Cyp. This
is the case since we work with fiber-related collars on F' and W. Hence we
have subcomplex inclusions

ft>LQmsre(X) = ft>LQ0s(X) N QS (W)

and
ftZLQM&rel(E) — f(TZLQIﬁ)Q;\AS(E).
Restriction of forms to the boundary 0W gives the following surjections:

Jow : Jt>1Qus(E) N QUFW) = ft>1Qys(3) N forQus(Ex Z2) (24)

(which is obvious) as well as

o+ F=0Q05)Qys(5) - D winy Amsojlo; € mon(floxWus(2)) )
j

::ftftZK,LQEMs(E)
(25)
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(The well-definedness of this complex follows from Lemma 10.2.2.) We will
prove that ji,, really maps f(7>1Q1;)Q%,s(X) to ftftsk,rQ5,,s(2) and
that the map is surjective:

First we show that for w € f(7>100;)Q%,5(X) it holds that

Joww € ftft>r 1 QBms(X) (26)

Let po be a partition of unity of 3 with respect to the cover L. Then

0= (puoa) @ =363 mi(pa 1) AT

a€el acl Jo

and hence the relation ¢, o jow = id Xjgr gives

Goww =YY i (pa 15) AT3I5EY-

& Ja
Therefore, equation (26) holds for all such w if and only if for all v €
7> QU5 (F) it holds that jj.v € >1 (ft>k2%s(Z)). The only degree that
is non-trivial is » = L, since for » < L both complexes are zero and for r > L
the cotruncated complex is equal to the initial one. So let v € 7> LQIﬁL (F),
then v € kerd},. By definition of QIZ(F'), we have ji.v € ft>xQ%,s5(Z).
We must show that j3,v € kerd*:
Since v € QI3(F), it is the pullback of a form on JF for some collarlike
boundary neighbourhood 0F C U C Cyp: v|y = 7*n. Then we have:

0=dp * (1‘55) = dp(dz° A 7 (x1))

*

=m*n
= —da® A*(d x 1)

and hence d*n = 0, i.e. j5,7 € kerd*.

Secondly, we show the surjectivity:

Let w = iji‘nj N7sy; € ftftsk, Qv s(Z), degy; = r; and let o :
[0,00) — R be a smooth cutoff function with (o) = 1 and |3 ) = 0.
This defines smooth cutoff functions on F' by setting 1 = 1 o proj, o cor.
Extension of the forms 1 pm*y; defines forms in QI (F) = 7>,QI (F) for
rj > L (and zero for r; < L). Hence in this degrees we have a preimage of
’)/j in TZLQIZ;(F)

It remains to construct a preimage for r; = L. In this degree we have
7; € kerdy. By the additional assumption on QI3 (F') we have a direct sum
decomposition

QIY(F) = ker diy N QI (F) @ d(QIL 7 (F)).

Hence, we can write ¢ 7*y; = a; + df; for some «; € kerdy N QIS (F),
B; € d(QlﬁLfl(F)). We consider the form

* *
m175 A T 0.
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Since dj}(85) = j5p(dB)) = jhp(Ym*y; —ay) = vj —jhpoy € kerd*Nimd =
{0} (by Lemma 10.2.6), we have jjnc; = ; and hence Proposition 4.2.6
implies that w{n; A w50 € f(7>1U5)Q%5(X) is the desired preimage:

Jaw (Tinj Amyag) = win; ATajipa; = Tinj ATy,

We define
B =Y O8> mi(pa nj) AT5(05)
ael J

with

> {wp m*y; if degy; # L

! a; if degy; = L.

Since we work with fiber-related collars on F' and W, this form is well
defined. It extends w to all of W

Fw@ =Y _q*(pa) > Tinj AT jhpo; =W
o€l J \_’-/
=7,
=1
Obviously, the kernel of jj;, in both (24) and (25) is ft>1.Qms ra(W). We
get the following commutative diagram:

0 0

ftZLQ;\/lS,rel(W) ftZLQ;\/lS,rel(W)

F(r>0005)Q05 () —— ft>1Q5(X) N QI (W)
Jow Jow

ftft=k LB s (X) —— fi=rs(X) N fizxQy5(5 < Z)

0 0

In the following Lemmas 10.2.9, 10.2.10, 10.2.11 and 10.2.12 we will prove
that the latter subcomplex inclusion

Ftite k1D (5) = FrorQus(E) N fraxQus(Sx 2)  (27)

is a quasi isomorphism. That will, together with the 5-Lemma, finish the
proof. O

Before finishing the proof of the above proposition, we will state the following
corollary:
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Corollary 10.2.8 The subcomplez inclusion
fQUp) Qs (X) = QUF(W)
18 @ quast isomorphism.

Proof: Take L < 0 in the above Proposition 10.2.7. U
We will use a Majer-Vietoris argument to prove that the subcomplex in-
clusion in (27) is a quasi isomorphism. We need an induction start, i.e. a
Poincaré Lemma, and a Bootstrap Lemma. For an open subset U C X we
define ftft> 195,,5(U) in the obvious way: The 7;’s in the sums are re-

quired to lie inside Q°*(U). Let zp € U and let Sp : {zo} x Z XL — UXZ XL
denote the inclusion at z.

Lemma 10.2.9 (Poincaré Lemma for ftft>x 195, )
If U C X is a coordinate chart, then

So : ftft=rLBms(U) = 1oL (ft>xQus(2))

is a homotopy equivalence, with homotopy inverse the induced map of the
projection o : U X F' — F.

Proof: It is obvious that S§ maps ftft> Q8 \s(U) to 7> (ft>kQ%s(2)).
Using the homotopy operator Kys of [Banll, Prop. 3.9], which is also
applicable in this setting, since it does not change anything in the Z x L = F'
direction, one gets id —m3S; = Kmsd + dKpms. Since Sgmy = id, the
statement of the lemma is true. O

Lemma 10.2.10 (Poincaré Lemma for ft>1Q5,s(U)N ft>x Q35U x Z))
If U C X is a coordinate chart, then

So : [t Qus(U) N ft>xWus(U x Z) = >0 (ft>rWus(2))

s also a homotopy equivalence with homotopy inverse induced by the pro-
jection mo : U X ' — F.

Proof: As before, the main point of the proof is the fact that
S5 (ft>Lus(U) N ftokQus(U x 2)) = 71 (ft>xQWus(2)).
First, note that
S (ft>xQus(U x 2)) = ft>xQus(Z) € Qus(Z x L),
since the inclusion Sy : {zo} X Z — U x Z induces a surjection

S QU x Z) — Q(2).
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We further have
So (ft>us(U)) = 7>19°(F)

and hence by Lemma 10.2.2
S5 (ft>12us(U) N ft>xQys(U x 2)) C ftoxQiys(Z2) N1>1Q°(F).

=r>1 (2 x%s5(2))

The equality follows, since for each n € 7>, ( Jt>r Q5 s(Z )) we have m3n €
Jt>1Q5s(U) N ft>x Q5 s(U x Z) and Sgmin = 1.

That S is a homotopy equivalence follows as before from using the homo-
topy operator Ks to show that 7557 ~ id. U

To finish the proof of 10.2.7 we make use of the following bootstrap state-
ment:

Lemma 10.2.11 (Bootstrap Lemma)
Let U,V C X be open subsets such that

ftft>k LB ms(Y) = ft>rQus(Y) N ft> ks (Y x 2) (28)

is a quasi isomorphism for' Y € {U, V, UNV}. Then the subcomplex
inclusion in (28) is also a quasi isomorphism for Y = U U V.

Proof: We will show that there are short exact sequences
0—-X*UUV)=- X U)X (V)= X (UNV)—=0 (29)

for both X°® = ftftZK,LQ§M$7 ftZLQ;\/IS N ftZKQ;\/lS<_ X Z) The ar-
gument is the standard one: See for example the proof of [Banll, Lemma
5.10], where the argument is given for fiberwisely cotruncated multiplica-
tively structured forms. In principle, one uses a partition of unity {py, pv }
of UUV with respect to the open cover {U,V'}. Then for w € X*(UNV) one
has 7*pyw € X*(U) and m*pyw € X*(V) (recall that 7 : X x Z x L — X),
for either X® = ftft>r 1O s [t>1Q0%s N fi>xQys(— % Z):

For min A5y € ftft>k 195 s(UNV) or ft>10%,5(UNV) one gets

(7" pv)(min A m3y) = w1 (pvn) A sy € ftftsrrQams(U) or ft>rQ%s(U).
while for Tin A T3y € fl>xQYs(UNV) x Z)
(7" pv)(Tin A T37y) = T (T pvn) ATy € ft>xQys(U x Z),

where 7 : ¥ X Z — Y. The analogous statements for U and V interchanged
are true by the same arguments and hence surjectivity at the latter group
of (29) follows, since w = —(—7*pyw) + 7*pyw.
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The exactness of (29) at the middle group follows since for two forms o €
X*(U), pe X*(V) with a|yny = B|uny there is a unique form k € Q*((UU
V) x Z x L) with k|y = a and k|y = 5. But then

k= (m"py + 7 py)k =1 pra+ mipy € X*(UUV).

The two short exact sequences of (29) give rise to a commutative cohomology
diagram

H Y (R(UNV)) ————— H ' (Z°(UnV))

H"(R*(UUV)) H"(Z*(UUV))

H™(R*(U)) @ H"(R*(V)) —— H"(Z2*(U)) @ H"(Z*(V))

1%

H"(R*(UNV)) H"(Z*(UNV))

with
RYY) = ftft>k, L ums(Y),
and
Z°(Y) = ft>rQus(Y) N fi>r Qs (Y x Z).
The statement of the lemma is then implicated by the 5-Lemma. (]

Lemma 10.2.12 The map
Jtit>k 1B ms(E) = ft>rQus(X) N ft>kQys(E x Z)
1S a quast isomorphism.

Proof: Let {U,}aer be a finite good open cover of ¥. We will show by
induction that for all open subsets U C B of the form

s

U= U Uaé...a;i
=1
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the map
H (ftft>krBms(U)) = H (ft>1Qs(0) N ft>xQyus(U x Z)), (30)

induced by subcomlex inclusion, is an isomorphism. For s = 1 we have
U = ﬂ?:o Ua; = R, since the cover is good. Therefore by the Lemmata
10.2.9, 10.2.10 we have a commutative diagram

ftft>rk, 15 0s(U)

St s(U) N ft>x Q5 s(U x Z)

and the induced diagram on cohomology gives the statement for s = 1.

Now suppose that the map in (30) is an isomorphism for all U = | JiZ] U 0l -

Let V = UO‘S---%‘ZS C X. Then by the induction hypotheses the map on coho-
mology is an isomorphism for U and U NV, since

P

s—1 s—1
unv = (U Uaé...a;i) N Ua8-~~oczs = U Uaé...aii .o,
=1 =1

Since the same is true for V' by the induction basis, Lemma 10.2.11 implies
that the cohomology map is an isomorphism for

UUV:OU%

i=1

7 .
...Oépi

The statement of the lemma is then implied by the above, since ¥ = Jc; Ua
and |I] < oo. O

10.3 Poincaré Duality for f(7>.01;)Q%,s(2)

To prove Poincaré duality for HI3(X), we use the method of triangles as be-
fore. To apply the argument, we first have to prove that the QI3-fiberwisely
truncated and cotruncated forms satisfy Poincaré duality (over complemen-
tary perversities).

Let U C X be an open subset. We then define

Definition 10.3.1 (Fiberwise QI forms)
FQ)ys(U) = {w € Wys(U)|Va e I :
W’qfl(UmUa) = ¢, Z Wi‘?ﬁ; A W;’Y]qaa
Ja

with ~§, € QIS (F)}.
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This defines a subcomplex f(€2;)Q%5(U) C Q5,5(U) as well as, for U = X,
F(Q;)Q5s(X) C QI (W). Further we define

Definition 10.3.2 (Fiberwise QI3 forms with compact support)

FQUp) s o(U) = {w € f(QUp) Vs (V) : w € Wiy (V) }-
This defines a subcomplex f(Q215)Q0s .(U) C Qs .(U).
Definition 10.3.3 (Fiberwise L3 -truncated forms)
f<T<LQIﬁ)Q;\/l$(U) = {w S Q;\/ls(U)|VOJ el:
Wl 1. = Pa Z TN ATV s
Jo
with v € T« QI3 (F)}.
Again, there are subcomplex inclusions f(7<1Q15)Q5,s(X) C QI5(W) and
J(r<U5)Q%s(E) C ftaxQ%s(X). These are proved as in Lemma 10.2.4.

In the same manner, we define fiberwise (2/3-truncated and cotruncated
forms with compact support.

Lemma 10.3.4 (Poincaré Lemma for f(1<1Q;)Q% s and f(7>1.Q15)Q%s)
Let U C X be a coordinate chart and let my : U X F — F' denote the projection
map. Then my induces homotopy equivalences

5 T QU (F) > f(T< Q) W5 (U)
and N
Mo 1 f(rope Q) Wys o(U) = (2,015 (F)) "
with s = dim Y.

Proof: As in [Banll, Lemmata 5.2 and 5.5]. O

Lemma 10.3.5 (Poincaré Duality for (co)truncated QI3 forms)

Let f ;= dim F' and p,q be complementary perversities and L := f — p(f +
1), L*:= f —q(f +1). Then integration induces a nondegenerate bilinear
form

/ P H (1< QIS(F)) x H 77 (15 -QI3(F)) — R.
Proof: For r > Lyouget f—r<f—L=p(f+1)=f—-1-q(f+1) < L*

hence both cohomologies groups are zero. For r < L we have f —r > L* so
the statement reduces to the nondegeneracy of

/ L HIN(F) x HIZ"(F) - R

which is fulfilled by [Banll, Theorem 8.2]. O
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Corollary 10.3.6 (Local P.D. for fiberwisely QI3 -(co)truncated forms)
Let U C X be a coordinate chart. Then integration induces a nondegenerate
bilinear form

/ H(f(re Q) s (U)) X HY 17 (f (7512 QL) Vs o(U)) — R.

Proof: This is true by the two preceding lemmata: By [Banll, Lemma 5.4]
the following diagram commutes:

1R

H" (1< [ QU (F)) ——— H"(f(1<0Q)Q5(U))

s ” |

HI = (o QIS (F) —— H" V7 (f(21-Q05) Q5. (0))]

T2 %

N %

(Recall that n —1=s+ f ). O

By the same arguments as in [Banll, Lemma 5.10] we have a bootstrap
principle:

Lemma 10.3.7 (Bootstrap Lemma)
Let U,V C X% be open subsets such that

/ FH (f (1< QUp) Qs (V) x H' 7 (f(120-Qg) Qs (V) = R.

is nondegenerate for Y € {U,V,U NV}, then so it is for Y =U U V.

Using the Bootstrap Lemma 10.3.7 and Corollary 10.3.6, we arrive at the
following proposition:

Proposition 10.3.8 (P.D. for fiberwisely Q1I3-(co)truncated forms)
For complementary perversities, integration induces nondegenerate bilinear
forms

/ cH'(f (7<) Qs (X)) % H”_l_r(f(TZL*QIq)Q;MS(E)) — R.
Proof: Since X is compact, it holds that

f(r>0- Q) Qs () = f(r>0- Q) Qs (X).

Now let {Uq}aer be a finite good open cover of ¥. We show that

/ FH (f(rerQp) Qs (U)) x H' 1 (f(r20-Qg) s (U)) — R.
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is nondegenerate for all U C X of the form

t

U= U Uaé...a;i
=1

for arbitrary ¢ by induction. Since the cover is good, Uy,...q, = R?, and hence
the statement for ¢ = 1 holds by Corollary 10.3.6. Suppose the statement is
true for all

t—1
U == U Ua%)a;rl
1=1

Let V:= Uyt ot then

t
..apt

t—1
unv = U Uaé...a;iaé...a;t'

i=1
Hence by induction hypothesis, the statement holds for U and U N'V. Since
the statement is also true for V' by the induction base, the Bootstrap Lemma
10.3.7 gives the nondegeneracy for U U V.
Since ¥ = (J, ¢ Ua, we have the nondegeneracy for U = X. O

10.4 Distinguished Triangles for QI3 (M)

Inspired by the previous setting, with an isolated bottom stratum, we want
distinguished triangles for QI3 (M) analogous to the distinguished triangles
of the Lemmata 8.2.3 and 8.2.4. The first one is rather obvious:

Lemma 10.4.1 Subcomplex inclusion and pullback to the boundary part
W C OM induce the following distinguished triangle in D(R):

QI (M, W) QIS (M)

X / o

F(721.015) Q55 (%)

with ST]/I;(M, W) defined as in Definition 7.0.4.
Proof: Restriction to the boundary part W C 0M defines a surjective map
QIS (M) = fo1Q0us(5) N ftox Ly (S x 2)

with kernel QNI;(M, W). But since the complex ft>70% 5(X)Nft>r Q% 5(Xx
Z) ist quasi isomorphic to f(7>78;)2% ,5(X) by Proposition 10.2.7, we can
replace it in the distinguished triangle in D(R) that is induced by the re-
sulting short exact sequence. O
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To state and prove the second distinguished triangle we need the following
map, which is analogous to the one used in [Banll, p.40] and the previous
chapters, see e.g. equation (10):

f(QU)Q5,5(U)
f(r>15)Q%,s(U)
=QI*(U)

Yo f(T<LUp)Bus(U) = f(QUp)Bys(U) —

Lemma 10.4.2 (Bootstrap for vy )
Let U,V C X be open sets. Then if vy, yv and yyny are quasi isomor-
phisms, so is yyyy -

Proof: The proof is an analogy to the proof of [Banll, Lemma6.5]: One
checks that there are exact Mayer—Vietoris sequences for f(7>7Q15)Q%,s
and f(7<1Q1;)Q% 5. Hence by the 3 x 3-Lemma there is also a short exact
Mayer—Vietoris sequence for QI°. The 5-Lemma then concludes the proof.

O

Lemma 10.4.3 (vx is a quasi isomorphism)
For U = X the map vs : f(1<1p)Q2%,s(3) = QI*(X) is a quasi isomor-
phism.

Proof: Again, we use a good open cover {Uy, }oer of ¥ and the above boot-
strap principle. Before we apply the bootstrap argument we will show that
for any Uay...a, = R, Y0, ..., 18 @ quasi isomorphism:

Since Q13 (F') is geometrically cotruncateable in degree L, we have QI3 (F) =
T< QU (F) © 7> QU5 (F), and hence the map

QrIs(F)

: QI2(F QIN(F _
Y iT<L p( );> p( )_»TZLQIZ;(F)

is an isomorphism. Making use of Lemma 10.3.4 and the commutativity of
the following diagram:

T Q) —E F(re Q0D (Uag..o)

:l’y kUaOmap

QIE(F) qis .
>0 QUG (F) * QI*(Uay...a)

2

we get that yu, . ,, 1S a quasi isomorphism. The rest of the argument is
as in previous proofs: We make use of the Bootstrap Lemma to show by
induction over s that for all U of the form

S

U= U Uaé...a;i
=1
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it holds that ~y is a quasi isomorphism. Then the statement of the Lemma
is implied by the fact that ¥ = (J,c; Ua- O

We next construct the other distinguished triangle for QI3(M), which we
need to prove Poincaré Duality for HI(X):

Lemma 10.4.4 Subcomplex inclusion and pullback to the boundary part
W C OM induce a distinguished triangle

QIS(M) QI (M)

X / 2

f(r<rp)Q5,5(X)

in D(R), where QVI;(M) is defined as in Definition 7.0.3.

Proof: Let Cap®*(W) := ft>.0%,5(X) N QI;(W). Then pullback to the
boundary part W C M induces the following comutative diagram of short
exact sequences:

0 —— QIN(M) — QI(M) ggg%g 0
. . Qrs(w
0 —— Cap®*(W) —— QIS(W) A 0

Here the dotted arrow in the last column denotes that this map is induced
by the two pullbacks at the left and in the middle. The kernel of both maps

g« QUF(M) — Cap®(W)

and .
Jw QIf,(M) — QI;(W)

is Q*(M, W) and hence the ker jy;; = {0}. Hence by the 3 x 3-Lemma,

L QIM) = QI3(W)
Iw QIS (M) — Cap® (W)

is an isomorphism. We therefore get a distinguished triangle

QIS(M) QI (M)
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in D(R). Now by Proposition 10.2.7 and Corollary 10.2.8 we have the fol-
lowing commutative diagram:

0 —— f(r>0Up) Qs (B) —— f(QU) Q% s(X) —— QI*(X) —— 0

qs qis
<

. ° QIs(w
0—— Cap™(W) — > QIS(W) ol L 0

(Recall that QI°(X) = f(J: gg}g‘éi (SE()E) ). By the 5-Lemma, the map in the

last column is also a quasi isomorphism and hence together with the result

of Lemma 10.4.3 we can replace % in the distinguished triangle (33)

by f(T<LQ15)Q5,5(X) to get the desired distinguished triangle (32). O

10.5 Integration and Poincaré Duality for HI3(X)

By the same arguments as in subsection 8.3, we get for positive dimensional
bottom stratum:

Proposition 10.5.1 Integration induces bilinear forms
/ P HIG(X) x HIFT"(X) - R
(s ) = [ wnn.
M

Proof: As in subsection 8.3. O

So finally we can prove Poincaré Duality for HI(X) over complementary
perversities:

Theorem 10.5.2 (Poincaré Duality for HI in the positive dimensional bot-
tom stratum case)
The above bilinear form

/ L HID(X) x HIZ'(X) - R

(), ) H/ WA,

M

which is induced by integration, is nondegenerate.

Proof: We make use of the long exact cohomology sequences induced by the
distinguished triangles (31) and (32). We show that the following diagram
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commutes (up to sign):

fw
5 Ut
HIL(X) ” HIP(X)f
(34)
HI;(M) = HI, (M, W)
Jas
A AT

Note that the horizontal maps
[ (i) B () =5 B (0100 B ()]

and
/ tHIG(M) — HI; (M, W)}

are isomorphisms by the Propositions 10.3.8 and 7.5.5. We will be very brief

in the arguments that imply the commutativity of the above diagram, since

they equal the arguments used in Theorem 8.4.1.

We first show the commutativity of the top square (TS) in the above di-

agram: Let w € f(7<QU3)Qms(X) a closed form. We want to describe
QIS (W)

dlw] € HIF(X). Since ysw € capery s still a closed form, there exists
a unique closed element k € g;’fi% with representative x € Sﬁ;(M ) such
p

that jj& = ysw. (This uses the fact that jy is an isomorphism). Then
dw] = [—dk].

Now let n € QI7""(M) be a closed form. To show the commutativity of
(TS) we must argue that

/M(dn) A=t /W K A ().
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Since dn = 0, Stokes Theorem for manifolds with corners (see e.g. [Leel3,
Theorem 10.32]) gives

/ (dn)/\n:/ d(k A n) :/ C*EHAc*EU+/ vk A cyyn
M M E W
= / ayk A cyn by Lemma 7.4.3.
w

But by definition of &, there is an o € Cap®(W) such that cjyx = w +
a. But again, by an analogous argument as in Lemma 7.4.3 (definition of
cotruncation: 7 > L = dim(F') —r < L* and vice versa), it holds that

/ aAcyn =0, (35)
w

since ¢y € ft>rQ%5(X). Therefore

/(dﬁ)An:/ w A ey,
M w

i.e. the top square commutes.

The middle square (MS) commutes obviously since both vertical maps in-
volved are induced by subcomplex inclusions. So it is only left to show that
the bottom square (BS) commutes:

Note, that for a closed form 1 € f(7>QI;)Q% 5 () it holds that Afn] =
[— dw] for some w € QI (M) with cjyw — 1 € d(f(r>1- Q) Q% 5(2)).
Let us describe the map

A HI(M) = H'(f(r< Q1) s (2)) :

. ~T X
For this purpose let 6 € QI;(M) be a closed form. Then of course [c};, 0] €

gﬁ.((ww)) is also closed and hence there is a closed form £ € f(7<Qp) ) 5(W)

such that ars(w)
et — €] = dfv] € G hers

for some v € QIZ(W). Then Alf] = [£] € H"(f(>05)Qs(X)). To
prove that (BS) commutes we show that for n € f(7>pQ7)Q% s~ ! and
el 5(M) closed, with A[n] = [~dw], Alf] = [£] one has

/0/\dw— /5/\7}

By Stokes Theorem for manifolds with corners we get

/0/\dw— d(0 A w) / (0/\w)+/EC*E(c9/\w)

= (@ Aw) by Lemma 7.4.3

(36)

%\%\:\

el A (n+dr),
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for some 7 € f(TZLQIq)Q;L\/ng(E). Since by Stokes Theorem and [Banll,
Lemma 7.3] it holds that [}, ¢jy,0 A dr = 0 we arrive at the equation

/QAdw:/ cayd An.
M W

By (36) there is a v € QI3 (W) such that a := { +dv — cjy,0 € Cap®(W) and
thus we get

/5/\77:/ c’{,VH/\n—i—/ oz/\77—/ du/\n:/ ' A,
w 1% W w 1%

since [;;; @ An = 0 as in equation (35) and [};, dv An = 0 by Stokes Theorem
and [Banll, Lemma 7.3] as before. Thus (BS) also commutes (up to sign).

Using diagram (34) and applying the 5-Lemma to it then finishes the proof
of the theorem. O

Remark 10.5.3 Note, that we have also shown that the complex defined by

r

QIL(M) := {w € QUI(M) | cdyw € f(T>10)Wys(S)} C QUS(M)
18 quasi isomorphic via the subcomplex inclusion. This fact simply follows by
applying the 5-Lemma to the cohomology diagram induced by the following
commutative diagram:

—

0 —— Qo) —— QL (M) —— f(r>12L,)Q%5(X) —— 0

] -

0 —— Qo) —— QM) ——— Cap*(W) ——— 0.
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11 Independence of Choices

In this last section we want to discuss whether or not and to what extent
the choices we made to construct the complexes of differential forms we used
influence our results. There are two types of choices we made

1. Choices on collars of the boundaries and boundary parts 0B of B, 0F
of E, OF of F', OW of W and E, W of M.

2. Choices of good open covers of the base manifolds B of the bundle
p: E — B with fiber L and ¥ of ¢ : W — X with fiber F' with respect
to which the bundles trivialize.

We want to show that for each perversity p the cohomology groups HIj(X)
do not depend on the choices we made for all r € Z.

11.1 The Choice of the Collars
11.1.1 The Two—Strata Case

Let us first have a look onto the HI-cohomology of a pseudomanifold X
with two strata X = X,, D X, = B such that the link bundle p : ¥ — B
is geometrically flat with link L. Then one defines the complex /7 on the
regular part M of X (defined by deleting a distinguished neighbourhood
of the singular stratum) by choosing a collar cgps : OM x [0,1) — M and
setting

QI (M) = {we Q'(M)‘chw = 7m*n, with € ft>xQys(B)}

with 7 : OM x [0,1) — OM the first factor projection. Note that in the
original paper [Banll] the author defines this complex as a subcomplex of
N = int(M) but those two complexes are isomorphic.

That means that Q2I3(M) is defined as the subcomplex of Q°(M) consisting
of forms satisfying a certain relation on a collarlike neighbourhood of the
boundary. More precisely QI3(M) consists of the forms with restriction to
such a neighbourhood equaling the pullback of a form in some subcomplex
of Q*(OM). By a standard argument using integration in the collar direction
this gives cohomology groups that are independent of the choice of a collar:

Proposition 11.1.1 Let M be a compact manifold with boundary OM and
let S®* C Q*(OM) be a subcomplex. Then any two collars ¢,¢ of OM in M
define quasi-isomorphic complezes

Q* (M) :={w € Q*(M)|c'w =7*n, n € S°*}

and

Q' (M) :={w e Q*(M)[¢*w =n"n, n€ S}
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Proof: This proof is given for the above complex I3 (M) in a slightly dif-
ferent version in [BH15, Lemma 6.7].

We let j : OM < M denote the inclusion of the boundary in M and set
P*(M) :=={w € Q*(M)|j*w € S*}. Since ¢ and ¢ both are collars of M in
M we have subcomplex inclusions Q*(M) C P*(M) and Q*(M) C P*(M).
We show that these subcomplex inclusions are quasi-isomorphisms:

Let w € P*(M) be a closed form. First note that we can enlarge the collar
a little bit to get an embedding ¢; : OM x [0,2) < M. Denoting C; =
c(OM % [0,2)) we have w|c, = wp(t) + dt Awn(t). Using a smooth cutoff
function & : [0,2) — R with §[jo;) = 1 and &]|[3/2,1) = 0 we define a form

t
Wi=w— d(wgf/o wn (7)dT)

by using extension by zero of the second summand and using the slightly
sloppy notation g = 7rgocl_1 : Cy — OM x[0,2) — [0,2). Then 0 = dw = di
and hence 0 = d&|c = dt A &' (t) + dgp@(t). Moreover

t
Ol o=c,(amx[0,1)) = Wlo — dt Awn(t) — / dopwn (T)dT
0

and therefore dts @ = 0. This implies that 0 = dts dw|c = @' or, equiv-
alently, @W|c = 7} (j*@) = 7} (j*w). Hence W € Q(M) is a representative of
the cohomology class [w] € H®*(P®) and we have shown that subcomplex
inclusion @® C P* induces a surjective map on cohomology.

Now let w € Q°® be a closed form with w = dn for some form n € P*. We
must show that then also w = dij with n € Q®. The arguments follow the
above: n|c, = nr(t) +dt Ann(t). Set

t
n:=mn-— d(wgrm'/ nn(7)dr)
0

Then di = dn = w and hence (7|¢)’ = 0 giving 7|c = 75 (5*7) = 75 (5*n).
U

Corollary 11.1.2 For a pseudomanifold with two strata, the subcomplex
inclusion QIS (M) — AZZ(M) = {w € Q*(M)|j*w € ft>xQ,s(B)} is a
quasi-isomorphism. Hence HIZ;(M) is independent of the choice of a collar.

Proof: Apply the previous Proposition.
O

11.1.2 Pseudomanifolds with Three Strata

Note that we restrict ourselves to the setting of Section 10. The setting
with isolated bottom stratum can be treated by analogous proofs using the
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analogous statements in that setting . To show that for pseudomanifolds X
with three strata as in Section 10 it also holds that HI7(X) is independent
of the choices of collars of £ and W in M and of 9B and OF in B and F
we will make use of the distinguished triangle of the Lemma 10.4.4.
In detail we will prove the following: Let jg : £ — M and jy : W —
M denote the embedding of the boundary parts. We will show that the
subcomplex inclusion QIS (M) < AZ3(M) with

AZH(M) = {w € Q*(M)|jpw € ftoxQus(B), jiyw € ftor+Qus(D)}
is a quasi-isomorphism. This shows that the cohomology groups H I;J—"(X ),
r € Z, do not depend on the choice of the collars.

Proposition 11.1.3 Let KI;(M) ={w € Q*(M)|jpw € ft>xQs(B)}.
Then the subcomplex inclusion m;(M) — .ANI;(M) is a quasi-isomporphism.

Proof: We will use the distinguished triangle of Lemma 7.2.2. Note that the
standard argument of Lemma 11.1.1 is also applicable to collars of bound-
ary parts of manifolds with corners. This implies that the subcomplex in-
clusion Q% \s(M) = Apys(M) = {w € Q*(M)|jpw € QYs(B)} is a
quasi-isomorphism. Taking also the result of Lemma 7.1.4 into account we
get the following commutative diagram of distinguished triangles:

I L.

AL (M) —— AL s(M) —— ftog Q5 s(B) ——

Note that the bottom line is a distinguished triangle by the same argu-
ment as in the proof of Lemma 7.1.4. Looking at the induced sequence on
cohomology and applying the 5-Lemma finishes the proof.

O

Lemma 11.1.4 Let f(t<p AZ3)Q55(X) = {w € Qys(E)Va eI : wy-1(y,) =
> TN ATEYs, my € Q(E), v € <L AZH(F)}. Then the subcomplex inclu-
sion f(T<L AL s(2) = f(r<rQ)Q2%,5(2) is a quasi-isomorphism and

in particular the cohomology groups of the latter complex are independent of
the choice of a collar.

Proof: We will not give all the details since they are similar to previous
proofs. By the result of Corollary 11.1.2 the subcomplex inclusion Q13 (F) —

ATZ3(F) is a quasi-isomorphism and hence also 7 QI3 (F) — T< AZ3(F).
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The rest is based on the usual Mayer-Vietoris argument which needs a boot-
strap principle and as induction start the local Poincaré statements for co-
ordinate charts U:

Frer Q) Vs (U) — <L QI3 (F)
as well as N
f(T<L.AI;3)Q_7MS(U) — T<LAI;(F).

O
Finally we will use the preciding lemma and proposition to prove that
HI3(X) is independent of the choice of collars:

Theorem 11.1.5 (Independence of collars)

The subcomplex inclusion QIS(M) — AL (M) is a quasi-isomorphism. In
particular, the cohomology groups HIZ(X), v € Z, are independent of the
choice of collars.

Proof: We first argue that there is a distinguished triangle in D(R) of the
following form:

A5 (M) AT, (M)

T

F(r<L AZ) Qs (%)

The proof is an analogon to the proof of Lemma 10.4.4. One starts with the
short exact sequence

0 — AZZ(M) —>,zle;(M) — ——

As in Lemma 10.4.4 pullback to W C M induces an isomorphism

AT (M) = QIS(W)
AZZ (M) jx, " Cap(W)”
. .. . . QIs(W)
Using the quasi-isomorphism f(7.7Q;)Q%,s5(X) — #(W) of the men-

tioned lemma and the result of the previous Lemma 11.1.4 then gives the
above distinguished triangle in D(R).

For the second step of the proof we note that the above distinguished triangle
and the distinguished triangle (32) of Lemma 10.4.4 together give rise to the



11 INDEPENDENCE OF CHOICES 114

following commutative diagram on cohomology

HIZ(M) H"(AZ3(M))
H (QL,(M)) - H' (AZ;(M))

where the horizontal maps are all induced by subcomplex inclusion. The
statement of the theorem is then implied by the 5-Lemma.

O

11.2 The Choice of an Atlas of the Flat Bundle

To define complexes of multiplicatively structured forms on the total space
of a (geometrically) flat bundle one must choose an atlas of the bundle, i.e.
a cover of the base with respect to which the bundle trivializes. In practise
one often chooses a good open cover to make Mayer-Vietoris type arguments
easier. A priori the cohomology of these complexes depends not only on the
bundle but also on this atlas. As shown in [Banll, Theorem 3.13], sub-
complex inclusion of Q%,¢(B) into Q*(E), the differential form complex on
the total space, induces an isomorphism on cohomology. Hence these coho-
mology groups are independent of the atlas. A correspondent independence
result for the cohomology groups of the complex of fiberwisely cotruncated
multiplicatively structured forms is not that easy to show, however. To do
so we use the results of [Ban13].

11.2.1 The Two—Strata Case

Again we first look onto the HI-cohomology of pseudomanifolds X with
filtration X = X,, D X, = B and geometrically flat link bundle p : £ — B
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for the singular set. The main tools for showing that the cohomology groups
HI"(X), r € Z, are independent of the choice of a good atlas of the flat
bundle, i.e. a good open cover L = {Up, }qer such that the bundle trivializes
with respect to that cover, are [Banl3, Lemma 4.1 and Theorem 5.1].

Lemma 11.2.1 (H*(ft>xQ%s(B)) is independent of the atlas)
The cohomology groups H™ (ftZKQ}vlS(B)), r € Z, are independent of the
choice of a good atlas for the bundle p: E — B.

Proof: Let U := {U, }aer denote a good open atlas for the bundle p : E — B.
We follow the notation of [Banl3] and let K>p denote the cotruncated
double complex defined by

Kgg( = Cp(u; (ftZKQ;\/lS)q) = H ftZKQ(/IMS(Uao...ap)'

By [Bot82, Theorem 14.14] this double complex defines a spectral sequence
E(K>k) = (E>k,r, d>Kk,) which converges to the total cohomology of the
double complex which is by the generalized Mayer Vietoris principle iso-
morphic to the de Rham cohomology of ft>xQ%,s(B) (compare to [Bot82,
Prop. 8.8]) and with second page

Ep? = HP (U, HY (L))
with HY ;. (F') the Cech presheaf defined by
H  (F)(U) = H(ftsxQs(U)) YU € Ob C(4), U # 0.

The arguments in the proof of [Banl3, Theorem 5.1, p.15] give that d>x 2 =
0, i.e. the spectral sequence collapses on the second page, E5y? = EX!. So
proving that the second page of the spectral sequence is independent of the
atlas will show that the cohomology of ft>x € ,s(B) is independent of the
atlas. We will distinguish the cases ¢ < K and ¢ > K.

q < K: By [Banl3, Lemma 4.1] we have H% ,(F) = 0 the trivial Cech
presheaf in this degrees and hence for all p € Z we have ED? = 0 which is
independent of 4.

g > K: Again by [Banl3, Lemma 4.1] and the arguments preceding this

lemma for these ¢ there is an isomorphism of Cech presheaves
quK(F) — HY(F).

(H4(F) the Cech presheaf defined by U + H9(p~!(U)).) This isomorphism
induces isomorphisms HP (4, HZ ,.(F)) =, HP(U, HY(F)) = EP? for all
p € Z, with E the second page of the cohomology spectral sequence of the
fiber bundle (see [Bot82, Theorem 14.18] ). Since B is a manifold, [Spa82,
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Corollary 3.2] gives an isomorphism HP? (4, HI(F)) = HP (B,HI(F)) to the
singular cohomology with local coefficients HY(F') which ist independent of
the atlas.

O

Proposition 11.2.2 (Independence of HI of the atlas)
Let p be a perversity. Then the cohomology groups HI;(X), r € Z, are

independent of the choice of a good open atlas of the bundle p: E = 0M —
B.

Proof: Let OM C C' = 9M x0,1) be a collar neighbourhood of the boundary
and recall the definition Qf (M) = {w € Q*(M)|w|c = 0}. Then there is a
short exact sequence

0 —— Q2 (M) —— QIN(M) —— ft,Q%5(B) — 0

with ¢+ the subcomplex inclusion and j : OM < M the inclusion map of the
boundary. This gives the following long exact sequence on cohomology:

L H Y (fto g Q0y5(B)) —%— H" (Q0(M)) —“— HIZ(X)

6*

e Q2 (M) T HT ([t ys(B))

By linear algebra we get that
HI"(X) = kerj* @imj* = im " @ ker 90"
H” Qe Qe
( rel( )) @kera* _ ( rel( ))

ker ¢* im 0%  ker 7.

Since for all & € Z the cohomology groups H® (Q:el( )) and by Lemma
11.2.1 also H® (ftZKQjMS(B)) are independent of the choice of an atlas, all
that is left to prove is that the map 0* : H" (ft>xQ%,s(B)) — H™™ (Q;el( )
is independent of the atlas as well. By the results of [Banl3, Lemma 4.1
and Theorem 5.1] we have

Hr(ftZKQ;\AS(B)) gH}J(quzK @ Eoo >K = @ E2>K
pFq=r pFq=r
_@E’” 1 — @E ~49 C H'(E).
=K

As mentioned, the groups E; 7 = H"9(4; HY(F)) are independent of the
atlas. Let us recall the definition of the map 9*:
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For n € ft>kQ};5(B) closed there is a preimage w € QI3 (M) with n = j*w.
Then 0*[n] = [dw] € H™ ™ (Q2,,(M)). Now if there are two different good
open atlases 4 and $/'of the bundle p : F — B with corresponding complexes
ft>kQs(B) and (ft>kQ%s(B))" of fiberwise cotruncated multiplicatively
structured forms, then for two cohomology classes [n] € H" (ft>rQ%,s(B))
and [0]' € H"((ft>xQ%s(B))’) that correspond to the same cohomology
class in P,_g H (L HI(F)) we have that n — 0 = da for some form
a € QO YHE). Let 0 € Q""1(M) be a form with j*o = a.

Then take an explicit preimage w € QI3 (M) be letting 1) € C°°(M) denote a
smooth cutoff function in the collar direction of a larger collar M x [0,2) =
C D C with ¢(t) =1 for t € [0,1) and ¥(t) = 0 for t > 3/2 and defining
w = Yr*n extended by zero to all of M. Analogously take & = ¢7*0, a
preimage of 6. Then

d(W'dt A ) = —'dt A (n — ) = dé — dw.

Since ¢'dt A v € (M) this implies that

rel

") = [dw] = [d¢] = 8" [0 € H™™(Q(M)).

rel

Alltogether we have shown that HI7(X) is independent of the atlas for all
r € Z.
O

11.2.2 Pseudomanifolds with Three Strata

Finally we will show that also for pseudomanifolds with three strata, zero
dimensional bottom stratum and the additional condition of Section 8.1, the
cohomology of QI3(M) is independent of the choice of a good open atlas
for the flat bundle p : £ — B. The proof is inspired by the proof of the
indepndency of choices of the homology of the intersection spaces in [Ban10,
Theorem 2.18].

Note first that Lemma 11.2.1 is still true for a compact base B with boundary
9B, ergo applicable in the three strata case. The arguments about Cech
cohomology can be transferred literally and the result of [Spa82] does not
require B to be a manifold (without boundary) and is also applicable to
manifolds with boundary:

Lemma 11.2.3 (H*(ft>xQ%,s(B)) is independent of the atlas)

The cohomology groups H™ (ftZKQR/ts(B»: r € Z, are independent of the
choice of an good open atlas for the bundle p : E — B also if B is a compact
manifold with boundary.

Proof: Literally the same as the proof of Lemma 11.2.1. O

We are then able to prove that the cohomology groups of QNI;(M ) do not
depend on the choice of an atlas for the bundle p : E — B:
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Lemma 11.2.4 (I?I;(M) is independent of the atlas of p: E — B)

The cohomology groups ﬁv[;(M), r € Z, are independent of the choice of
an good open atlas fOUQ6 bundle p : E — B. Moreover, for v € Z the
image of the map i* : HIﬁ(M) — H"(M), induced by subcomplez inclusion,
s independent of the choice of the atlas for the bundle.

Proof: The proof of the first part of the statement is the same as the proof
of Proposition 11.2.2 and will hence not be repeated. To prove the second
part we will need the distinguished triangles

Q% (M, C) — QI(M) s fts Qs (B)

of Lemma 7.2.6 and

*

J
O (M, Cg) = Q° (M) 2 Q*(E) 15
Those induce the following commutative diagram on cohomology

S H'(M,Cp) — HI(M) —"— H"(ft>xWys(B)) —2— ...

H J* \[ 8

—  H"(M,Cg) —2— H' (M) —2 s H'(E) —2 5 .

0

Note that the map H" (ft>xQ%s(B)) < H"(E) is injective by the Poincaré-
Lefschetz duality statement of Proposition 7.3.1 or by the argument in
the proof of 7"Lemma 11.2.1 and further that we have renamed the map
h:=Jj: HI;(M) = H" (ft>xQ%s(B)) to distinguish it from the map J},
defined on the ordinary cohomology groups. By linear algebra, HI :—,(M ) =
kerh@ U =im f @ U with U = imh.

By the above diagram we have

i (Iﬁ;(M)) = img @ imh.

To prove this we first show that ¢*(im f) = img : The ”C” part of that
proof is obvious since the diagram commutes. Let g(y) € H"(M). Then
g9(y) =i"f(y) € i*(im f).

For z € keri* NU we have 0 = Jji*(z) = h(z). The injectivity of h|y then
implies z = 0 and therefore keri* N U = {0}. Next we use that H" (M) =
ker J, @ V with V = im Jj,. Let i*(x) € ker Jj, then 0 = J5i*(z) = h(z)
and hence x € kerh, implying *(U) C V. This means that J|im -
im¢* — imhA is an isomorphism. Last note that in particular the above
gives i*(U)Ni*(im f) = {0}. Hence we have proven that im ¢* = im g ®im h.
Both of these vector spaces are independent of the choice of the atlas, the
latter by the proof of the first statement and since im A = ker 0.
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O
At last we are able to prove the independence of the cohomology groups
HI;(X), r € Z, of the flat atlas of p: E — B.

Theorem 11.2.5 (Independence of HI3(X) of the atlas of p: E — B)
The cohomology groups HII’;(X), r € 7, are independent of the choice of the
atlas of the bundlep: E — B.

Proof: We distinguish the cases r > L, r < L and r = L.
For r < L we use the long exact cohomology sequence induced by the dis-
tinguished triangle of Lemma 8.2.3:

o= H' Y (12, QIS(W)) — HIZ(M,Cw) — HIZ(X) — H' (r=,QIS(W)) — ...

=0 =0

since both r and r — 1 are smaller than L. This gives

—~r —~n—r
HI;(X)= HI;(M,Cw)=HI; (M),
where the last isomorphism is Poincaré-Lefschetz duality for HI over com-
plementary perversities, see Theorem 7.5.5. Therefore HI;(X) is indepen-
dent of the atlas in that degree by Lemma 11.2.4. For r > L we use the long
exact cohomology sequence induced by the distinguished triangle of Lemma
8.2.4:

= BN (et QW) = HI(M) = HI(X) —» B (r< QB (W) = .

=0 =0

~Y

since here both r and r — 1 are bigger or equal than L. Hence HIJ(X) =

fﬁ;(M ) and hence independent of the atlas of the bundle p.

The case r = L is the only difficult one. We will also use the above long
exact cohomology sequences. However for r = L the result we can deduce
is not as before. Since

H N1 QI(W)) = HILY (W)

and
H" (7=, QI3(W)) = HIL(W),

~ I
all we can say is that the map HI;(M,Cw) < HI;}(M) is injective and

~ L
that the map HI;,:(M) — HI;(M) is surjective. Taking into account the
long exact cohomology sequence induced by the distinguished triangle

QI (M, Cy) — QI (M) 255 ars(w) 5,
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these maps induce in the following commutative diagram fitting into the
long exact sequence of this distinguished triangle:

. — HI, (M,Cy) HI, (M) 2% HIEW) — ..
HIL(X)

This gives a short exact sequence

I
0— HI (M, Cw) 5 HIF(X) 2% im gy — 0

and hence (since this are all real vector spaces) an isomorphism
~ L . .
HINX)= HI;(M,Cw) & im Jj.

Since by Lemma 11.2.4 and Poincaré-Lefschetz duality for HI the vector

L
space HI; (M, Cyw) is independent of the atlas, proving that im Jj, is inde-
pendent of the atlas of the bundle p : £ — B will finish the proof of the
theorem. We use the following commutative diagram:

HE(M) —>HL( )

—~ L Iy I
HI; (M) " HIZ(W)

Note that the map iy, : HIF(W) < HY(W), which is induced by sub-

complex inclusion, is injective since QI3(W) is assumed to be geometri-

cally cotruncateable in degree L. This implies that Jjj, (keri*) = 0. Hence
—~ L —~ L

iy (HI; (M) = iy Jy, (HI; (M)) = Jjy(imi*). But since im¢* is inde-

pendent of the choice of an atlas by the previous lemma, Jyj, (imi*) is also

independent of the choice of an atlas of p: £ — B.
O
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