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We investigate the deflection of light by a cold atomic cloud when the light–matter interaction is locally tuned via
the Zeeman effect using magnetic field gradients. This “lighthouse” effect is strongest in the single-scattering
regime, where deviation of the incident field is largest. For optically dense samples, the deviation is reduced
by collective effects, as the increase in linewidth leads to a decrease in magnetic field efficiency. © 2014 Optical
Society of America

OCIS codes: (020.0020) Atomic and molecular physics; (020.1670) Coherent optical effects; (020.7490)
Zeeman effect; (290.4210) Multiple scattering.
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1. INTRODUCTION
The interference of light scattered by different particles of an
ensemble is at the origin of a variety of collective phenomena
such as superradiance [1], Bragg scattering, or collective fre-
quency shifts [2–4]. The phenomena can be classified in two
distinct regimes according to whether the scatterers interact
with each other via mediation of the incident light or not.
Bragg scattering, for example, is the result of a far-field inter-
ference of the light waves scattered by an optically dilute,
periodic structure. In this case, even in the absence of com-
munication between the scatterers, the radiated light pattern
provides information on the scattering structure, a fact that is
extensively used, e.g., in crystallography. On the other hand,
optically dense structures lead to multiple scattering and
strong interference in the near-field (i.e., within the structure)
between the light waves scattered from different particles.
One example is the opening of photonic bandgaps in period
structures [5–9].

Cold atomic clouds are particularly attractive experimenta-
tion platforms as powerful techniques not only to shape the
density distribution but also to fine-tune the light–matter in-
teraction over wide ranges. Here, we show that sufficiently
cold atomic clouds exposed to a gradient of the strength of
the light–matter interaction deflect light due to collective scat-
tering in the single-scattering regime. We propose to imple-
ment the required gradient by an inhomogeneous magnetic
field exploiting the Zeeman effect. Because this phenomenon
is reminiscent of an effect studied in nuclear physics called
the “lighthouse effect” [10–13], we call this effect the “atomic
lighthouse effect.”

The nuclear lighthouse effect was used to perform spec-
troscopy and the transformation from time to angular coordi-
nates allowed us to detect timescales difficult to achieve with
present detection schemes. Similar light deviation effects
have been experimentally observed for light passing through
an atomic vapor in slow light and electromagnetically induced
transparency schemes using either magnetically [14,15] or
optically induced gradients [16,17].

We will show in this paper that the atomic lighthouse effect
can be obtained on a two-level scheme and is a result of the
interference of the light radiated by independent atoms.
Similar to Bragg scattering, it is thus fully determined by
the single-photon structure factor of the atomic cloud. How-
ever, light-induced interatomic cooperation dramatically al-

ters the lighthouse effect in the case of optically dense
samples. We prove this via calculations and simulations ac-
counting for the light-induced interactions between the atoms
in the multiple-scattering regime. The alteration can be under-
stood as an increase in the atomic linewidth, due to the atoms’
cooperation, that reduces the Zeeman effect. Hence, the re-
duction of the lighthouse effect provides a direct signature
of cooperativity.

2. COUPLED DIPOLE MODEL
We describe the light deviation by a cloud of atoms with a
model treating all atomic dipoles as being coupled via the in-
cident light. This allows us to account for interferences be-
tween these dipoles in the optically dense regime. Photon
random walk approaches are not sufficient. Furthermore,
all dipoles are exposed to a locally varying atom–light inter-
action inducing an inhomogeneous phase profile of the dipole
excitation across the atomic cloud.

Let us start by considering an ensemble of N two-level
(g and e) atoms, each at a position rj (j � 1; 2;…N), driven
by a uniform laser beam with wave vector k0 � k0ẑ. The de-
tuning of the light from the atomic resonance is Δ0 � ω0 − ωa,
and the Rabi frequency is Ω0 � dE0∕ℏ, where d is the dipole
matrix element, E0 is the field amplitude, and ℏ is the Planck
constant. The atom–light interaction is locally tuned with a
inhomogeneous magnetic field in the quantization direction
B�rj� � ẑB�rj� (see Fig. 1).

Let us consider an electronic transition with a structureless
ground state and single excited state Zeeman level. This
system is described by the following Hamiltonian [18] in
the rotating wave approximation:
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Ĥ � ℏΩ0

2

XN
j�1

�σ̂�j�
−
eiΔ0t−ik0·rj � h:c:�

� ℏ
XN
j�1

X
k

gk�σ̂�j�− â†ke
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Δk � ωk − ωa is the detuning between the field emitted into
mode k and the atomic transition ωa. gk � d
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ωk∕ℏε0V ν

p
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the single-photon Rabi frequency for a photon volume V ν.
Δ�rj� � μBmjB�rj�∕ℏ describes the (inhomogeneous) Zeeman
effect, σ̂�j�

−
� jgjihejj and σ̂�j�z � jejihejj − jgjihgjj are the Pauli

matrices describing the de-excitation and the excited state
population of atom j, respectively, whereas âk describes
the photon annihilation in the mode k. Note that the above
model describes scalar light, an approximation valid for
low density of atoms.

Under the Markov approximation and neglecting recoil or
inelastic scattering, in the linear optics regime a scattering
equation for the dipole excitation βj can be derived (see,
e.g., Ref. [2])

dβj
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where Γ � V νg
2
k0
k20∕πc is the transition linewidth, and jβjj2 cor-

responds to the probability for atom j to be excited. Since the
laser Δ0 is equivalent to a magnetic field offset, under the
assumption of a single excited state Zeeman level, we may
set Δ0 � 0 without loss of generality.

As the lighthouse effect relies on a global phase contrast in
the dipole field rather than on disorder effects, we adopt a
fluid description of the system introducing the local density

ρ�r� and dipole field β�r�. Then, in the steady state regime,
Eq. (2) turns into a Fredholm equation of the second type,

β�r� � β�1��r� �
Z

d3r0ρ�r0�K�r; r0�β�r0�; (3)

where we have introduced the single-scattering dipole
excitation,

β�1��r� � Ω0

Γ
eik0·r

i� 2Δ�r�∕Γ ; (4)

and the scattering kernel,

K�r; r0� � 1
2iΔ�r�∕Γ − 1

eik0jr−r
0 j

ik0jr − r0j : (5)

The consequence of a differential Zeeman effect is intuitive
in the single-scattering limit Eq. (4), where the field Δ�r�mod-
ulates spatially the phase (and amplitude) of the dipole field,
thus modifying the direction of superradiant emission of the
cloud. In the multiple-scattering regime, a more detailed study
must be performed in order to understand how the rescatter-
ing of the photons alters this new phase profile (see Section 4).

3. SINGLE-SCATTERING REGIME
For the sake of simplicity, we focus on a constant magnetic
field gradient, which is orthogonal to the laser beam and can-
cels at the cloud’s center: B�r� � ηx. We found the lighthouse
effect to be strongest is this geometry. Indeed, for a central
detuning Δ�r � 0� much larger than the one created by the
gradient of the magnetic field bR (R the cloud radius), the re-
sulting gradient of phase is tuned down by a factor
1∕�1� 4Δ�0�2∕Γ2�, thus reducing the deflection angle.

We describe the cloud’s density distribution by Gaussian
spheres, which presents the analytical advantage of having
a factorizable density in Cartesian coordinates:

ρ�x; y; z� � N

�2π�3∕2R3 e
−
x2�y2�z2

2R2 : (6)

The far-field radiated electric field is given by

E�k� � ℏΓ
id

eik0r

r

Z
d3r0ρ�r0�β�r0�e−ik·r0 ; (7)

where, for clarity, we have omitted the time-dependent oscil-
lating term e−ik0ct. The field resulting from single-scattering
E�1� is then calculated by replacing the complete dipole exci-
tation β in Eq. (7) by the single-scattering excitation β�1� [see
Eq. (4)]. For a Gaussian cloud, introducing the normalized gra-
dient α � 2μBη∕�ℏk0Γ� and the normalized cloud size σ � k0R,
it reads (see Appendix A)

E�1��k� � −
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−
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2
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�
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1
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���
2

p � sign�α�σ sin θ���
2

p
�
; (8)

with α ≠ 0, ϕ � 0, and 0 ≤ θ ≤ 2π. As can be seen in Fig. 3, this
formula describes very well the scattering process in the

Fig. 1. Scheme of the atomic lighthouse effect. An incident laser
beam labeled by its wave vector, k0, is scattered from a cloud of cold
atoms to which a transverse magnetic field gradient,∇B, is applied. As
a consequence, the light is deviated by an angle θL.
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single-scattering regime, i.e., for low optical thickness
b0 � 2N∕σ2. Let us remark that the normalized gradient α
scales with the transition linewidth Γ, so different transitions
may produce very different deviations.

The expansion in scattering orders is also investigated nu-
merically, using Gaussian distributions frig for direct simula-
tions of the microscopic problem. Then, the single-scattering
contribution is obtained by considering the single-scattering

dipole excitation β�1�j � �Ω0∕Γ�∕�i� 2Δ�rj�∕Γ�, from which

the radiated field is derived. The following scattering order

is obtained as β�2�j �P
mKjmβ

�1�
m , where the scattering matrix

K has components Kjm � K�rj ; rm� for j ≠ m and Kjj � 0.
Each higher scattering order is obtained by applying K on
the previous one.

An illustration of Eq. (8) exhibiting the lighthouse effect is
shown in Fig. 2. It clearly demonstrates how the transverse
phase gradient deflects the incoming light. Furthermore,
Eq. (8) appears to be in excellent agreement with numerical
simulations of the microscopic problem of Eq. (2) realized in a
regime where the cloud is optically thin (b0 � 0.16). Indeed,
the only difference between the two radiation patterns is an
(apart from some noise) isotropic background present in the
microscopic simulations. This background has its origin in the
atomic disorder, which is naturally absent from our analytical
approach.

The deflection angle θL is obtained by maximizing Eq. (8)
over θ, which leads to

1
α
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2
π

r exp
h
−

1
2

�
1

jαjσ � sign�α�σ sin θL
�
2
i

erfc
�

1��
2

p
�

1
jαjσ � sign�α�σ sin θL

��
� σ2 tan θL�1 − cos θL�: (9)

Figure 3 compares the calculated deflection angle to micro-
scopic simulations of Eq. (2), confirming the validity of the
above formula. Under the approximation of a small total de-
tuning over the cloud (ασ ≪ 1), we get

θL � sin−1
 
1 −

����������������������
1� 4α2σ2

p
2ασ2

!
≈ −α: (10)

In the other limit of large α, note that the deviation angle is
not limited by the diffraction limit from the cloud size. Indeed,
an increasing gradient of the magnetic field means that only a
smaller volume of atoms scatter the light efficiently, thus
reducing the effective size of the macroscopic scatterer
(see Fig. 7).

Yet, as one increases the optical thickness of the cloud (see
Fig. 4), the single-scattering prediction loses its accuracy,
pointing to the fact that the optically dense regime is ruled
by photon rescattering. While an exact solution of the
three-dimensional scattering problem including interference
does not, to the best of our knowledge, exist, it is possible to
probe the dense regime using, for example, a multiple-
scattering expansion [19–22]. As we will see now, the double-
scattering contribution can be evaluated, providing valuable
hints of the dense regime.

4. MULTIPLE-SCATTERING REGIME
An analytical treatment of the multiple-scattering regime in-
volves solving the problem of N fully coupled atom dipoles

Microscopic simulations
Analytics

1 20.50.2

Fig. 2. Radiation pattern of light scattered (jEj2) by an atom cloud
under the influence of a differential Zeeman effect. Incident from the
left, the light is deflected by a transverse magnetic field gradient. The
analytical curve (red dashed) corresponds to Eq. (8), whereas
the microscopic curve (blue solid) is obtained from simulations of
the stationary solution of Eq. (2). The simulations are made for a cloud
of N � 100 atoms with radius σ � 35 (b0 � 0.16) and α � 1. The mi-
croscopic simulations are averaged over 500 realizations. jEj2 is in
arbitrary unit, the dotted contour lines stand for its level.

Fig. 3. Deflection angle θL as a function of the scaled magnetic field
gradient α. The curves correspond respectively to single- (solid blue)
and double-scattering (dashed red) contributions. The crosses, plus
signs, and squares stand, respectively, for microscopic single-,
double-, and full-scattering solutions. The simulations were realized
for a cloud with radius σ � 21 (b0 � 0.5) of N � 113 atoms, and aver-
aged over 100 realizations.

Fig. 4. Deflection angle θL as a function of the optical thickness b0.
The curves correspond respectively to single- (solid blue) and double-
scattering (dashed red) contributions. The crosses, plus signs, and
squares stand for, respectively, microscopic single-, double-, and
full-scattering solutions. Simulations realized for a cloud of radius
σ � 21, varying the number of particles N according to b0 �
2N∕σ2, and averaged over 100 realizations. The inset shows the con-
vergence to the single-scattering prediction for vanishing b0. The latter
simulations were realized for a system size σ � 57, in order to get
sufficient a particle number at low optical thickness.
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[23–25]. Mean-field approaches such as the timed Dicke state
[26] (TDS), or random walk approaches neglecting phase
coherences, obviously cannot capture the modification of
the atomic phase field. We thus resort to a multiple-scattering
expansion, an approach that has proved particularly useful in
the treatment of, e.g., coherent backscattering [20,27–29].

The double-scattering contribution to the field is obtained
in Appendix A as

E�2��θ� � NE0

���
π

p
e1∕�4α

2σ2��sin θ∕�2α�−σ2�1−cos θ�2∕4

16jαjσ
eik0r

r

× erfc
�

1
2jαjσ �

sign�α�σ sin θ

2

�

×
b0

cos θ
2

�e−σ2�1�sin θ�2 erfc�−iσ�1� sin θ��

− e−σ
2�1−sin θ�2 erfc�−iσ�1 − sin θ���: (11)

In Eq. (11), the first line describes the light deviation, while
the second line yields the double-scattering process: the pre-
factor containing the optical thickness is typical for such an
expansion. The validity of this expansion is delimited by the
condition b0 < 1, when single- and double-scattering are the
dominant contributions.

In Fig. 5, the first-, second-, and complete-scattering solu-
tions for the microscopic problem are plotted and compared
to the analytical solution. The single- and double-scattering
contributions are correctly predicted by the theory. Further-
more, the figure shows a reduction in the deflection angle as
the optical thickness increases. Thus, the rescattering of the
light by the atoms tends to erase the dipole phase gradient
imposed by the magnetic field.

We note that the single- and double-scattering fields inter-
fere destructively, since their electric fields have opposite
signs. Thus, a careful treatment of the light field amplitude
rather than the intensity is crucial, as already noted in [22].

As the optical thickness increases beyond unity, the
numerical full-scattering solution, which contains all scatter-
ing orders, deviates from the prediction obtained for double-
scattering. This is confirmed by the analysis performed in
Fig. 4, where the deviation angle appears correctly predicted
by the single-scattering approach for b0 ≪ 1 and by the
double-scattering calculations for b0 ≤ 1. The extremum equa-
tion for the deflection angle θL including double-scattering is
straightforwardly derived from Eq. (11), yet cumbersome, for
which reason it is not presented here.

Features of the deep multiple-scattering regime can be
captured using a modified timed Dicke state: this mean-field
ansatz assumes a perfect synchronization of all atomic dipoles
[26] and, as a consequence, a broadening of the atomic line-
width. For a Gaussian cloud, the collective linewidth is
ΓN � Γ�1� b0∕8� [30]. In our case, we also need to account
for an effective reduction in the optical thickness due to the
inhomogeneous detuning imposed by the gradient of the mag-
netic field. The average detuning of the atoms compared to
those on the optical axis being δLH � ασ, the effective optical
thickness for the cloud is beff � b0∕�1� 4δ2LH�.

Replacing the atomic linewidth by the collective one
Γ�1� beff∕8� in the single-scattering prediction, we predict a
reduction in the lighthouse effect as the optical density in-
creases: the increase in linewidth leads to a decrease in the
normalized gradient α. Simulations of the microscopic prob-
lem confirm that result and show a qualitative agreement with
the prediction of the modified timed Dicke ansatz (see Fig. 6).

5. DISCUSSION AND EXPERIMENTAL
PERSPECTIVES
We investigated the deflection of light by an atomic cloud
under the influence of a differential Zeeman shift and found
that the single-scattering regime yields maximum deflection.
Calculations and simulations for clouds of larger optical den-
sity, which are dominated by multiple scattering, revealed a
reduction in the effect. This observation points to the fact that
the lighthouse deflection is clearly not a cooperative effect in
the sense that it does not result from light-mediated interac-
tion of the atoms. It is rather similar to Bragg scattering, where
the scattering pattern generated by the interference of the
radiated waves provides information about the atomic cloud’s
structure. As soon as the atoms interact through their radia-
tion, the emergence of multiple scattering washes out the
phase gradient imposed externally by the magnetic field.

Our predictions can be experimentally verified, e.g., with a
cloud of spatially confined cold atoms exposed to a uniform
magnetic field gradient. Measurable deflections are expected
when the parameter α is not too small compared to 1. Accord-
ing to the definition of α [below Eq. (7)], for a typical magnetic
field gradient of η � 100 G∕cm, this requires rather small line-
widths of the atomic transition. A possible system would be a
cloud of ultracold strontium driven on its intercombination
line at λ � 2π∕k � 689 nm. The transition linewidth being

Fig. 5. Radiation pattern jEj2 for different scattering orders (see
legend), for the microscopic system. The solid thick and thin lines cor-
respond respectively to the numerical full-scattering solution with and
without the gradient of the magnetic field. Simulations realized for a
cloud ofN � 225 atoms, σ � 21 (b0 � 1), and α � 0.013, and averaged
over 500 configurations. jEj2 is in arbitrary units, the solid contour
lines stand for its level.

Fig. 6. Deviation angle for optically thick samples. Simulations
realized for a cloud of size σ � 21, the number of particles being
determined by the optical thickness, and α � −0.01. The timed Dicke
state (TDS) symbols refer to single-scattering calculations using the
collective linewidth.
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Γ � �2π�7.6 kHz one could reach α � 0.8 with the specified
gradient.

In our derivations we assumed a single excited state
Zeeman level. However, if the atomic cloud is trapped in a
magneto-optical trap (MOT) we would rather have a distribu-
tion of atoms in all Zeeman levels. Furthermore, the magnetic
field does not have the geometry of a uniform gradient but of a
quadrupolar field. These problems, can, however, be circum-
vented by suddenly applying a magnetic field offset B0 and
simultaneously detuning the probe light beam to the Zeeman-
shifted resonance. In that way, one spectrally filters out a
single Zeeman state, i.e., the probe light predominantly inter-
acts with atoms occupying a single Zeeman level. This re-
quires B0 ≫ Γ, which is easy to satisfy in the case of a
narrow linewidth Γ.

Typical values for a strontium MOT operated on the narrow
intercombination line are an atom number ofN � 2 · 107 and a
radial size of R̄ � 70 μm (or σ � kR̄≃ 640) [31], giving an op-
tical density of b0 � 2N∕�kR̄�2 ≃ 100 for the intercombination
line. In practice, however, narrow transitions are generally do-
minated by Doppler broadening. At a temperature of 4 μK, for
example, the Doppler broadening of the intercombination line

is kv̄ � k
����������������
kBT∕m

p
� �2π� 28 kHz. Even if the temperature is at

the Doppler limit of the intercombination line, TD �
ℏΓ∕kB � 365 nK, the Doppler width still is 8.5 kHz.

To prevent blurring of the lighthouse deflection by the ther-
mal atomic motion, it is important that the Doppler shift be
smaller than the Zeeman shift, kv̄ ≪ R̄∂rB. In this case, the
main effect of the thermal motion is to reduce the optical
thickness of the atomic cloud, by a factor corresponding to
the spectral overlap between the natural linewidth and the
Doppler broadened width, bD � b0Γ∕kv.

Another point ruling the detectability of the lighthouse
deflection is, whether it exceeds the probe beam divergence
angle. Assuming that it is optimally matched to the size of the
cloud, w0 � R̄ � 70 μm, we obtain the divergence angle
αdiv � λ∕πw0 � 0.18°. Since σ � 70 μm∕689 nm ≈ 101 and
α ≈ 0.4, the deflection angle predicted by Eq. (9) is θL � 1.34°,

so that the deviated beam is easily separated from the incident
laser (see Fig. 7).

Even on regular MOTs operating on strong transitions, the
atomic lighthouse effect should be detectable. Considering,
for instance, the broad 1S0 −

1P1 transition in strontium
[Γ � �2π�32 MHz], we estimate a deflection angle of θL �
0.026°, which is of the same order of magnitude as the diver-
gence angle, which for a MOT radius of typically R̄ � 3 mm,
would be αdiv � 0.028°.

The experimental verification of the lighthouse effect
would represent a nice confirmation that our actual under-
standing of how light is cooperatively scattered by ensembles
of particles is correct, as the reduction in the deviation angle
provides a direct measure of the collective atomic linewidth.

APPENDIX A: SINGLE- AND DOUBLE-
SCATTERING STRUCTURE FACTOR
In the far-field limit and at a distance r, the single-scattering
field is given by

E�1��k� � −

NE0

�2π�32R3

eik0r
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∞
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∞
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e−ik0x sin θ cos ϕe−x
2∕2R2

1 − iαk0x
dx:

The first integral gives exp�−�1 − cos θ�2σ2∕2� that yields
the forward emission of Rayleigh scattering, in a cone of width
∼1∕σ. The second integral produces a exp�−sin2 θ sin2 ϕσ2∕2�,
yet since the problem is symmetric with respect to the �x̂; ẑ�
plane, we restrict ourselves to this plane, taking ϕ � 0; π.
Finally, the integral over x, that contains the deviation is

Z
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with a � k0 sin θ and γ � 1∕αk0, and where the � signs refer
to the cases ϕ � 0; π. Both integrals are solved using integral
formula [32]

Z
∞

−∞
e−x

2∕2R2
sinax

xdx
γ2�x2

�−

π

2
eγ

2∕2R2

�
eajγjerfc

�
1���
2

p
�jγj
R
�aR

��

−e−ajγjerfc
�

1���
2

p
�jγj
R
−aR

���
; (A1)

Z
∞

−∞
e−x

2∕2R2
cosax

dx
γ2�x2

� π

2jγje
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Fig. 7. Radiation pattern normalized by the incident intensity
jE∕E0j2 for the microscopic system, with (thick red) and without (thin
blue) the gradient of the magnetic field. The inset allows us to observe
that the lighthouse angle is not diffraction-limited (cone of black
dashed lines; see main text). Note that the strong background radia-
tion is due to the limited number of particles that can be simulated.
The reduced radiated intensity in the presence of the gradient of the
magnetic field is due to the fact that many atoms are driven out of
resonance by it, so their coupling with the light is reduced. Simula-
tions realized for a cloud of N � 15000 atoms, σ � 101 (b0 � 2.94)
and α � 0.4, and averaged over 10 configurations. jEj2 is in arbitrary
units, the dotted contour lines stand for its level.
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Consequently, we have

Z
∞

−∞

e�i sin θk0xe−x
2∕2R2

1 − iαk0x
dx � πjγje

γ2

2R2e�sign�γ�ajγj

× Erfc
�
1���
2

p
�jγj
Rx

� sign�γ�aRx

��
:

This leads to Eq. (8), since the � can be replaced by � by
extending the angle range to interval 0 ≤ θ ≤ 2π.

The double-scattering field is given by the expression

E�2��k� � ℏΓ
id

eik0r

r

Z
d3rρ�r�e−ik·r

Z
d3r0ρ�r0�K�r; r0�β�1��r0�:

(A3)

These integrals can be decoupled for a Gaussian density dis-
tribution, using the following change of variables

u � r − r0���
2

p ; w � r� r0���
2

p ; (A4)

so that ρ�r�ρ�r0� � ρ�u�ρ�w�, and assuming that the quadratic
terms in u2 and v2 can be neglected in the Zeeman term
(approximation of small frequency shift 2α2σ2 ≪ 1). Then
we obtain

E�2��k� � E0
eik0r

r

Z
d3uρ�u� e

i
��
2

p
u

i
���
2

p
u
e−iu·�k0�k�∕

��
2

p

×
Z

d3wρ�w�eiw·�k0−k�∕
��
2

p

1� i
���
2

p
αw · x̂

: (A5)

Similar to the single-scattering case, the second integral Iw in
Eq. (A5) leads to

Iw�θ� �
���
π

p
2

N

jαjσ exp
�

1

4α2σ2
� sign�α� sin θ

2jαj −

σ2

4
�1 − cos θ�2

�

× erfc
�
1
2

�
1

jαjσ � sign�α�σ sin θ

��
: (A6)

The first integral, Iu, in Eq. (A5) is calculated using spherical
coordinates �u; θu;ϕu�. The integral over ϕu leads to

Iu�θ��
N

i2
���
π

p
k0R

3

Z
∞

0
ue−u

2∕2R2�i
��
2

p
k0udu

Z
π

0

×sin θue
−i

k0u��
2

p �1�cos θ�cos θuJ0

�
k0u sin θ sin θu���

2
p

�
dθu

� N

i
������
2π

p
k20R

3 cos θ
2

Z
∞

0
e−u

2∕2R2�i
��
2

p
k0u sin

� ���
2

p
k0u cos

θ

2

�
du

�−

b0

8cos θ
2

�
exp

�
−σ2

�
1�cos

θ

2

�
2
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×erfc
�
−iσ

�
1�cos

θ

2

��
−exp

�
−σ2

�
1−cos

θ

2

�
2
�

×erfc
�
−iσ

�
1−cos

θ

2

���
; (A7)

where we have introduced the optical thickness b0 � 2N∕σ2.
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