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We have calculated the extent of the E2g phonon anomaly for Mg1�xMxB2 where M = Sc, Ti, Cd and Ba for
0 < x < 1 using ab initio DFT models with the LDA and GGA functionals. Using superlattice models along
the c axis to represent metal substitution in MgB2, we show that phonon dispersion (PD) plots vary sig-
nificantly with x, in particular, the nature and extent of the phonon anomaly around the origin, G, of the
reciprocal lattice. Measurement of this phonon anomaly along the G-K and G-M directions provides an
estimate of the thermal energy, Td, of the anomaly, which approximates experimentally determined Tc
within standard error for Sc and Ti substitution. We demonstrate that substitutions of Cd and Ba in
MgB2 show a higher calculated Td than MgB2 by more than 20 K. Syntheses of these Cd and Ba composi-
tions are not extant and may not be possible given the limited solubility of metals in MgB2. Nevertheless,
ab initio DFT models of phonon behaviour in AlB2–type structures provide an effective tool for prediction
of physical properties and for design of new materials.
� 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

A review of the metal boride and metal borocarbide literature
[1], indicates that more than eighty stoichiometric compounds
are superconductors. The simple diboride, MgB2, shows a super-
conducting transition temperature, Tc, that is higher than all metal
borides at 38.7 K [2] and is about twice as high as the highest Tc for
binary superconductors (e.g. Nb3Ge) [1]. A proportion (<20%) of the
boride and borocarbide suite shows Tc values above 10 K but few
show Tc > 20 K [1]. Despite many attempts [3–5] to increase the
Tc of MgB2 by inserting other elements into the structure [4],
experiment shows that substitution of another metal for Mg
invariably results in suppression of Tc [3].

The limited solubility of many metals in MgB2 suggests it is very
difficult to produce a substituted form of MgB2 (i.e. Mg1�xMxB2,
where 0 < x < 1) let alone one that shows a Tc higher than 39 K
[2]–40 K [6]. A number of authors [3–5,7] show that three substi-
tuted forms – Mg1�xAlxB2, Mg1�xMnxB2 and Mg(B1�xCx)2 – are reli-
able and reproducible compositions for which Tc decreases with
increasing substitution albeit via different mechanisms [6]. Two
other substituted forms are Mg1�xScxB2 [8–11] and Mg1�xTixB2

[12] for which experimental data confirm the trend of a decrease
in Tc with increase in substituted metal. In this study, we evaluate
the phonon behaviour of these compounds as well as other metal
substituted forms that show contrary behaviour (e.g. Ba and Cd
substitution).

Vibrations of boron atoms in the a-b plane, exemplified by the
E2g phonon modes, are shown by experiment [13,14] and theory
[15,16] to be critical to understanding superconducting behaviour
in MgB2 and metal substituted forms [3,17]. Fig. 1 shows the struc-
ture of MgB2 and of Mg1�xMxB2, (for x = 0. 33) with P6/mmm sym-
metry and, along the c-axis direction, alternating layers of boron
and metal atoms in hexagonal configuration. The E2g phonon
modes are ascribed to the motions of boron atoms within the a-b
plane as shown and are readily detected using Raman spectroscopy
[13,18] and inelastic X-ray scattering (IXS) [14,19,20]. The vibra-
tions of atoms are also calculable via Density Functional Theory
(DFT) which presents the collective excitations of atoms at a single
frequency in a solid as phonons, and which by their nature, are
temperature dependent.

The wave vectors and quantized energies of all atom vibrations
are depicted in phonon dispersion (PD) plots which are described
in greater detail in recent reviews [21,22]. In earlier work
[18,23], we demonstrate that the presence or absence of a phonon
anomaly, also known as a Kohn anomaly, particularly associated
with the E2g phonon modes either side of the reciprocal space ori-
gin, is indicative for AlB2–type solids that behave (or not) as a
superconductor. This analysis, based on ab initio DFT calculations,
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Fig. 1. Schematic of the AlB2-type structure and relationship of key atom vibration modes to real space directions. (a) Alternating layers of Mg (gold spheres) and B (green
spheres) for MgB2 viewed at an angle to the a-axis direction and down the c-axis. (b) Schematic of an Mg2MB6 superlattice structure showing alternating layers of Mg, B and
substituted metal, M. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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is robust for Al-substituted MgB2 in that experimental Tc values
and calculated values for the thermal energy of the phonon anom-
aly are equivalent within systematic error [23]. For the case of
Mg1�xAlxB2, and disilicide AlB2-type structures [23], the valence
electrons at or near the Fermi level are in s and p orbitals. In this
study, we examine the influence of d orbitals due to substitution
of transition metals into the MgB2 structure. In addition, we eval-
uate new, predicted compositions that may have superconducting
properties and that may show, via experiment, transition temper-
atures higher than 40 K.

2. Computational methods

DFT calculations are undertaken using the CASTEP module of
Materials Studio 8.0, which provides the functionality to calculate
vibrational properties for a wide range of materials [24,25]. Both
linear response (also known as density functional perturbation
theory, DFPT) and finite displacement (FD) methods from this soft-
ware suite are used. Calculation methods for optimum PD results
on MgB2 are reported earlier [18,26]. The linear response within
the Local Density Approximation (LDA) and Generalized Gradient
Approximation (GGA) with norm-conserving pseudo-potentials, a
plane-wave basis set and a dense k–grid (predominantly at
k 6 0.03 Å�1) provide the most consistent model outcomes for a
wide range of AlB2-type compositions [18,23].

On advice from reviewers, we have also evaluated model calcu-
lations using DFT+U methods in order to include spin polarization
for metals with d orbitals [27,28]. The electronic band structures
and Fermi surfaces of several Sc-substituted cases have been calcu-
lated using both LDA+U and GGA + U methods. Our calculations for
Sc-substituted MgB2 using LDA+U results in almost identical elec-
tronic band structures and Fermi surfaces to those obtained using
LDA and GGA. Calculations using GGA+U results in a small splitting
of the alpha and beta spin-polarized components without signifi-
cant changes to the major features of the electronic bands and
Fermi surfaces. An example of these DFT+U calculations for
Mg5ScB12 is provided in Supplemental Material (Fig. S1). We note
that the shape of a phonon anomaly is largely determined by
nesting across Fermi surfaces [23], but these surfaces have not been
significantly altered by calculations using DFT + U. Hence, we have
not pursued DFT + U methods in any further depth for this study.

We have shown previously that the k-grid value is a critical
parameter for interpretation of PD plots [18,23,26]. While all calcu-
lations for this structure type are not shown in this work, k-grid
values ranging from 0.04 Å�1 to 0.015 Å�1 (in increments of
0.005 of the relative Brillouin zone length 0.5) have been evalu-
ated. When PD calculations with these choices fail to converge,
intermediate k-grid values are also evaluated. In the examples
shown, we present DFT models with the smallest value of k-grid
to achieve convergence. The values for the k-grid mesh density
used in this work are comparable to, or higher than, that shown
in earlier studies [13,16,18,29] that identified key changes in PD
characteristics with this parameter. These potential changes to
the PD include shifts in E2g frequency values at specific reciprocal
lattice points [13,18,29] and the appearance of vibration mode
branches in PD plots [18].

We use the High Performance Computing (HPC) facility at QUT
using numbers of cores that are multiples of the k–grid in a and b
reciprocal space directions [18]. The cut-off energy value �990 eV
is as previously used for the Mg1�xAlxB2 series [23]. Convergence
criteria for most calculations are as follows: energy at
5 � 10�6 eV per atom; maximum force at 0.01 eV Å�1; maximum
stress at 0.02 GPa and maximum atom displacement at
5 � 10�4 Å. For end member compositions, optimized unit cell
parameters are based on literature values for MgB2, AlB2, ScB2,
and TiB2 [18,26,30–32]. Schematic models of crystal structures
shown in Fig. 1 are built using optimized cell parameters from
CASTEP as input to the program VESTA [33].

The current version of CASTEP incorporated into Materials Stu-
dio 8.0 does not adequately support utilization of the Virtual Crys-
tal Approximation (VCA) formalism to calculate PDs for disordered
or randomly substitutional models [34]. Furthermore, when we
use fractional occupancy substitution (rather than doping), geom-
etry optimization for AlB2-type structures often results in a c-axis
parameter that has a large deviation (�1 Å) from experimental.
This phenomena appears unique to the CASTEP code which uses
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full plane waves. Other programs, which use augmented plane
waves, appear to incorporate fractional occupancy in a more facile
manner [35]. Hence, in this work we utilize superlattice models
along the c-axis of the AlB2-type structure to evaluate intermediate
compositions in Mg1�xScxB2, Mg1�xTixB2, Mg1�xCdxB2 and Mg1�x-
BaxB2. This computational strategy, presented in detail in earlier
work [18,23], allows multiple integer constructs to represent sub-
stitution of the relevant metal atom with P6/mmm symmetry. For
example, MgScB4 modelled as a superlattice is equivalent to
(Mg0.5Sc0.5)B2 while Mg4ScB10 is equivalent to (Mg0.8Sc0.2)B2. An
example of an ordered superlattice structure for Mg2MB6 is shown
in Fig. 1b.

Superlattices are observed experimentally in Al-substituted
MgB2 along the c-axis direction and also in the a-b plane
[3,17,36]. These latter superlattices are of �10 nm dimension
[36] and of minimal significance at unit cell scale to the dominant
phenomena along the c-axis described in this work. For Mg0.5Al0.5-
B2, an alternation of Al and Mg layers along the c-axis inherently
results in a superlattice as observed by electron microscopy
[3,37]. We show for the Mg1�xAlxB2 series [23], that calculated
enthalpies favor superlattice constructs with alternating layers of
Mg and Al. In comparison, motifs that develop large segments of
Mg–only or Al–only layers along the c-axis show less favorable
enthalpy values [23]. These superlattice constructs assume infi-
nitely periodic crystals of AlB2–type material yet, in practice, these
materials are likely to display domains with different stacking
characteristics [36], particularly when differences in enthalpy are
small. This computational method to model substituted MgB2 is
suited to the AlB2-type structure but may not be an effective mod-
eling strategy for all crystal structures.

3. Results

We provide details of PD calculations for metal-substituted
MgB2 compositional series that are based on, and related to, elec-
tronic band structure calculations [23] and are computed from
the same DFT algorithms [24,25]. Electronic band structure and
density of states (DOS) calculations for the end-member composi-
tions calculated with k = 0.02 Å�1 using the LDA and GGA function-
als are similar to DFT calculations obtained previously for MgB2

[15,38], AlB2 [39], ScB2 [32,40] and TiB2 [41–43]. As shown in ear-
lier studies, the band structures for these end-member composi-
tions are different in the G–K and G–M directions above and
below the Fermi level. In particular, the complexity of band struc-
Fig. 2. Ab initio DFT band structure calculated for Mg5ScB12 with the LDA functional and k
of s (blue), p (red) and d (green) orbitals at the FS. The critical r bands at the cusp just a
legend, the reader is referred to the web version of this article.)
ture for ScB2 is significantly increased compared with MgB2 and
the influence of d orbital character is evident in the DOS plot
[32,40]. For ScB2, the density of electrons (per eV) at the Fermi sur-
face is �2 times that of MgB2 and AlB2.

3.1. Band structure and density of states – Mg1�xScxB2

For Mg1�xScxB2, the influence of d orbitals on the calculated
DOS at the vicinity of the Fermi level is evident with low amounts
of substitution and the influence increases with increasing Sc con-
tent. Fig. 2 shows the band structure and DOS for Mg5ScB12, calcu-
lated using the LDA approximation with a k–grid of 0.016 Å�1 of
the reciprocal space vector. The r electronic bands of the superlat-
tice appear as a bundle, indicating that a number of similarly
behaved B planes in the superlattice multiply the r band DOS.
Despite a high Mg content, metal contributions to the Fermi level
show significant d orbital character arising from Sc.

This d character influences phonons where electronic transi-
tions between different sections of the Fermi Surface (FS) and its
vicinity are prevalent as in MgB2 [23]. The influence of Sc on the
band structure is also shown in Supplemental Material (Fig. S2)
for which the partial DOS (pDOS) for Mg and Sc are compared for
compositions Mg5ScB12 and Mg2ScB6. As the Sc content increases
in Mg1�xScxB2, the d orbitals and the s and p for both the Mg and
Sc pDOS shift to higher energy.

3.2. Phonon dispersions

A PD plot for MgB2 across all reciprocal lattice directions calcu-
lated using ab initio DFT with the GGA functional for k = 0.02 Å�1 is
shown in Fig. 3. The anomaly reflected in the E2g phonon mode(s)
and centered on the reciprocal lattice origin, G, is highlighted by
the green rectangle in Fig. 3. In the vicinity of the G-point, the
E2g PD bands are degenerate and extend along the basal plane
directions (i.e., G–K and G–M) with a characteristic inflection along
these directions that is limited, or defined, by the B2g mode. This
anomaly for MgB2 is evident in other publications [18,23,26,44]
when there is sufficient resolution of the k-grid and is referred to
as a Kohn anomaly in earlier work [14,19,31]. The depth of this
anomaly, d, provides a measure of the thermal energy of the pho-
non anomaly for this structure type [23]. An alternative way to
consider the anomaly, d, is as the energy required for phonons at
the lower energy region of the E2g mode near the gamma point,
G, to be excited to the B2g mode. For this study, we will focus on
= 0.016 A�1. The density of states section (right hand side) shows the contributions
bove the FS are arrowed. (For interpretation of the references to color in this figure



Fig. 3. Phonon dispersion (PD) plot for the MgB2 structure that shows the
frequencies of vibration with principal reciprocal lattice direction. The principal
direction denoted G is at the origin of the reciprocal unit cell (i.e. [0,0,0]). Phonon
branches that contain the E2g phonon modes are highlighted in red; the B2g mode is
in dark blue. The green rectangle along the G direction is the location of the phonon
(or Kohn) anomaly which varies in extent and form with metal substitution in
MgB2. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)
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partial PD plots for the reciprocal directions between G-K and G-M,
which approximate the [100] and [110] real space directions in
AlB2-type structures.

Partial PD plots for four end-member compositions, MgB2, AlB2,
ScB2 and TiB2, calculated using the LDA functional at k = 0.02 Å�1
B2g

E2g
c

B2g

E2gδ

a

Fig. 4. Partial PD plots along the G-K and G-M directions for end-member compositions
the LDA functional for (d) TiB2. Key optical phonon modes for each composition are ident
are shown in Fig. 4. In each case, the shape, frequency and relative
order of the E2g mode(s) at the G-point vary considerably. The pho-
non anomaly is clearly present in MgB2 (Fig. 4a) and absent in AlB2

(Fig. 4b) and TiB2 (Fig 4d) consistent with experimental data on the
presence and absence, respectively, of superconductivity in these
compounds [45]. While a specific measurement of Tc for TiB2 is
not readily sourced in the literature, experimental data [46] and
computational models [41,46] indicate that electron-phonon cou-
pling is negligible. The partial PD for ScB2 at G suggests a small
anomaly is present in this structure.

The inclusion of d orbitals in DFT models of AlB2-type structures
not only increases computational demand but also adds a layer of
complexity to interpretation. In Fig. 5, there are differences in the
mode order and the shape of the PDs at optical phonon frequencies
(i.e. x > 450 cm�1) for Mg2AlB6 (Fig. 5a) and Mg2ScB6 (Fig. 5b). In
Fig. 5a, the presence of a phonon anomaly at �600 cm�1 around
G is evident for Mg2AlB6. The anomaly is less evident for Mg2ScB6

but is still suggestive of an inflection or change in reciprocal space
direction around G. As shown in Fig. 5b, d for x = 0.33 is smaller,
and occurs at higher frequency, than that for Mg2AlB6. For
Mg2ScB6, and similar compositions for which the phonon anomaly
is small [23], the shape of the high frequency E2g modes flattens or
becomes less concave at, and in close proximity to, G. Similar
behaviour of the E2g mode for x = 0.4 in Mg1�xAlxB2 is observed
experimentally near G using very high resolution IXS [20].

Variations in mode shape and order are also evident with
change in k-grid value for metal substitutions in MgB2 that involve
d orbitals. Fig. 6 shows the partial PD for Mg0.83Sc0.17B2 and
Mg0.8Sc0.2B2 calculated using the LDA functional for k = 0.016 Å�1.
The superlattice models for these compositions are equivalent to
E2g

B2g

d

B2g

E2g
b

using ab initio DFT with the GGA functional for (a) MgB2, (b) AlB2, (c) ScB2 and with
ified. Note the asymmetric nature and higher frequency E2g modes for AlB2 and TiB2.
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Fig. 5. Partial PD plots calculated using the GGA functional for (a) Mg2AlB6 at k = 0.02 Å�1 and (b) Mg2ScB6 at k = 0.017 Å�1. E2g phonon modes are highlighted in red, E2u
modes are orange and B2g modes are blue. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

δ

b

δ

a 

Fig. 6. Partial PD plots along the G-M and G-K reciprocal directions calculated using the LDA functional at k = 0.016 Å�1 for (a) Mg5ScB12 and (b) Mg4ScB10. The E2g phonon
modes are highlighted in red, the E2u modes are orange, the B2g modes are dark blue and B1u modes are light blue. Note that the difference in extent of the phonon anomaly, d,
is evident for a �3% difference in modelled Sc content. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)
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Mg5ScB12 and Mg4ScB10 or ordered multiples of 6� and 5� the
basic MgB2 unit cell. With increased Sc substitution, in this case
a change of only 3%, a decrease in the extent of the phonon anom-
aly is observed and measured as shown in Table 1. Fig. 7 shows
partial PD plots for Mg0.5Ti0.5B2, Mg0.75Ti0.25B2, Mg0.66Ba0.33B2 and
Mg0.5Cd0.5B2 calculated by ab initio DFT using the GGA functionals
for k 6 0.02 Å�1. The presence and extent of a phonon anomaly
clearly varies with composition within a series and with different
metal substituents.
3.3. Phonon anomaly thermal energy

Table 1 summarizes parameters determined by DFT calculations
for selected compositions in the Mg1�xScxB2 series. The examples
shown in Table 1 represent optimized calculations based on evalu-
ation of a much broader range of k–grid values as well as ordered
and disordered compositions. As shown for the Mg1�xAlxB2 series
[23], these variables are first order determinants of computational
convergence and consistency.

The calculated thermal energy, Td, associated with the presence
of a phonon anomaly for a specific composition is listed in Table 1.
The thermal energy, Td, for each composition is based on the
equation:
d ¼ nN
Z

� �
kBTd

2

� �

where d is the phonon anomaly (in cm�1), n is the degrees of free-
dom per atom, N is the number of atoms per unit cell, Z is the num-
ber of formula units per unit cell, kB is Boltzmann’s constant, and
kBTd/2 is the well-known relationship between thermal energy
and degrees of freedom [23].

The method to determine Td is outlined in previous work [23]
and, for the Mg1�xAlxB2 series, the value closely conforms with
experimentally determined values of Tc. For Sc substitution, while
there is greater variability in PDs with k-grid value, we adopt a
similar approach to determine an average Td using the compiled
values calculated from LDA and GGA models. This consistent
approach to determine an average d value allows assignment of
confidence levels to estimates of Td in the transition from Mg–only
to metal–substituted compositions.

Table 2 lists parameters determined by ab initio DFT calcula-
tions for other metal-substituted compositions using the same
computational methods [23] to measure the presence or absence
of a phonon anomaly in PD plots. These metal-substituted compo-
sitions include known compounds such as Mg1�xTixB2 as well as
Mg1�xCdxB2 and Mg1�xBaxB2 [23]. The searchable literature does
not record experimental data on these latter two compounds. They



Table 1
Calculated Parameters for DFT models of Mg1�xScxB2.

Structure x Optimized Unit Cell
Parameters (Å)

DFT type k-grid value d Av. da (cm�1) Av. Tda (K)

a c (cm�1) (meV)

MgB2 0.00 3.0391 3.4866 LDA 0.02 127.0 15.7 131.4 (6.2) 42.0 (2.0)
3.0796 3.5538 GGA 0.02 135.8 16.8

Mg7ScB16 0.125 3.0481 27.9457 LDA 0.032 109.7 13.6 116.2 (9.8) 37.1 (3.1)
3.0860 28.4279 GGA 0.032 122.7 15.2

Mg6ScB14 0.143 3.0520 24.3965 LDA 0.03 103.0 12.8 98.6 (13.9) 31.5 (4.4)
3.0858 24.9029 GGA 0.027 94.1 11.7

Mg5ScB12 0.167 3.0522 20.9534 LDA 0.016 113.9 14.9 112.0 (10.7) 35.8 (3.4)
3.0875 21.3332 GGA 0.028 110.1 13.7

Mg4ScB10 0.200 3.0550 17.4565 LDA 0.016 95.8 11.9 103.2 (9.6) 33.0 (3.1)
3.0917 17.7411 GGA 0.027 110.6 13.7

Mg3ScB8 0.250 3.0584 13.9792 LDA 0.017 36.2 4.5 35.5 (3.1) 11.4 (1.0)
3.0924 14.2013 GGA 0.017 34.8 4.3

Mg2ScB6 0.333 3.0660 10.4817 LDA 0.017 33.6 4.2 31.9 (3.6) 10.2 (1.2)
3.0994 10.6322 GGA 0.017 30.3 3.8

MgScB4 0.500 3.0793 6.9848 LDA 0.017 36.4 4.5 27.6 (11.4) 8.8 (3.7)
3.1097 7.0651 GGA 0.018 18.9 2.3

MgSc2B6 0.667 3.0902 10.4772 LDA 0.021 21.0 2.6 23.0 (4.5) 7.4 (1.4)
3.1176 10.5709 GGA 0.024 25.0 3.1

a Standard deviation in parentheses.
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remain to be synthesized provided the substituted metal is soluble
in MgB2.
4. Discussion

We have used ab initio DFT to estimate the decrease of Tc with
increased substitution in Mg1�xAlxB2 by measuring the thermal
energy, Td, of an associated phonon anomaly [23]. This computa-
tional approach does not invoke post facto modification of band
structure calculations nor new approximations or functionals to
match theory with experiment [47,48]. The extent, or depth, of
the anomaly associated with the dominant E2g phonons is related
to their thermal energy for excitation to higher B2g modes and,
for Mg1�xAlxB2 compositions, matches within calculated error the
experimental values of Tc [23]. The evidence to date suggests that
structures which do not show a phonon anomaly may not be
superconductors (e.g. AlB2). That is, a phonon anomaly may be a
necessary, but not sufficient, indicator of superconductivity for
the AlB2–type structure. To understand this link between materials
theory and experiment, we consider other metal substituted forms
of MgB2 for which there are experimental data.

The Mg1�xScxB2 system shows key differences to Al-substituted
MgB2 not only in the type and nature of valence electron orbitals
but also in physical properties. For example, there is a two phase
region, or solubility gap, at 0.07 < x < 0.13 in Mg1�xScxB2 [8] and
again for x > 0.27 [10]. In addition, the experimentally determined
superconducting Tc shows unusual behaviour at low doping levels
of Sc [11] and approaches 6 K for x � 0.27 [8,49]. In comparison, Al
is soluble in MgB2 over a wide range of substitutions [50] with
experimental evidence for superlattices [36]. Agrestini et al. also
measure [9] the frequency, x, of the E2g Raman mode for x < 0.3
in Mg1�xScxB2. The average value measured for x is �725 cm�1

which is consistent with the broad range of values calculated over
all reciprocal lattice directions using ab initio DFT.

The Mg1�xScxB2 and Mg1�xTixB2 systems show higher complex-
ity in both band structure and PD models compared with Al-
substituted MgB2 due to the influence of d orbital electrons and
the associated metal-boron bonding. However, the fundamental
attribute of the method we describe in this work, that is, to detect
the presence or absence of a phonon anomaly around the recipro-
cal lattice origin, is demonstrable for Mg1�xScxB2 as shown in Fig. 6
for x = 0.17 and x = 0.20. The partial PD for ScB2 shown in Fig. 5c
also indicates a small anomaly of the E2g modes in the G-K and
G-M directions. Experimental data indicates that ScB2 is a super-
conductor at low temperature with Tc at 1.5 K [32].
4.1. Metal atom modelling

Superlattice structures along the c-axis are effective constructs
that explain detailed experimental spectroscopy data for MgB2 [18]
and are also evident using electron microscopy for Mg0.5Al0.5B2

[37] and other Al–substituted compositions [17,36]. For Mg1�xScx-
B2 or Mg1�xTixB2, similar observations of superlattice(s) are not
evident in the literature. However, we have calculated the relative
enthalpies for specific compositions of the Mg–Sc series to evaluate
ordering preference. We calculate parameters for two different
superlattice ordering models for x = 0.33 in the Mg1�xScxB2 series.
In contrast to calculations for Mg1�xAlxB2, our evaluation of the
Mg–Sc system shows that enthalpy favors a double stacking of Sc
layers in an ordered motif. In this case, the difference in enthalpy
between alternating layers and a double motif is �0.02 eV. In com-
parison, the difference in enthalpy for x = 0.33 in Mg1�xAlxB2 with
the same stacking motif is �0.14 eV.

The format of PD plots for a double stacking motif for Sc is sim-
ilar to that for a single stacking motif but with a doubling of pho-
non modes consistent with the superlattice construct. However,
there is a difference in the order of mode assignments when using
LDA or GGA functionals. For doubly ordered motifs at x = 0.33 with
k = 0.02 Å�1, phonon anomalies are of greater magnitude com-
pared with alternating layers of Mg and Sc. For this level of Sc sub-
stitution, the net effect is a higher level of uncertainty for the
determination of Td. For comparison with the Mg1�xAlxB2 series
[23], we evaluate phonon anomalies in the Mg–Sc series by assum-
ing alternate stacking of Mg and Sc layers along the c-axis
direction.
4.2. Phonon dispersion modes

Point group symmetry evaluation of the AlB2-type structure
[13] shows that the E2u and E2g phonon modes are characterized
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Fig. 7. Partial PD plots along G-K and G-M calculated using the GGA functional for (a) MgTiB4, (b) Mg3TiB8, (c) MgCdB4 and (d) Mg2BaB6. For these calculations k = 0.016 Å�1

except Fig. 7d for which k = 0.02 Å�1. E2g phonon modes are highlighted in red, E2u modes are orange, B2g modes are dark blue and B1u modes are light blue. Note the extent of
the phonon anomaly, d, for MgCdB4 and Mg2BaB6. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 2
Calculated Parameters for DFT models of Mg1�xTixB2 and Mg1�xCdxB2.

Structure x Optimized unit cell
parameters

DFT type k-grid value Modelled DFT
parameters
d

Av. da Av. TdA

a c
(Å) (Å) (Å�1) (cm�1) (meV) (cm�1) (K)

Mg3TiB8 0.25 3.0574 13.9913 GGA 0.016 79.8 9.9 79.8 (10.0) 25.5 (3.2)
Mg2TiB6 0.33 3.0517 10.4265 GGA 0.016 55.6 6.9 55.6 (2.1) 17.8 (0.7)
MgTiB4 0.50 3.0003 6.7242 LDA 0.020 20.1 2.5 15.3 (9.3) 4.9 (3.0)

3.0417 6.8459 GGA 0.016 10.5 1.5
Mg2CdB6 0.33 3.0672 10.7772 LDA 0.020 199.6 24.7 207.7 (10.5) 66.4 (3.4)

3.1100 11.0319 GGA 0.022 215.9 26.8
MgCdB4 0.50 3.0811 7.2920 LDA 0.020 195.2 24.2 205.8 (14.4) 65.8 (4.6)

3.1241 7.4802 GGA 0.022 216.3 26.8
MgCd2B6 0.66 3.0896 11.1563 LDA 0.020 183.1 22.7 182.7 (6.0) 58.4 (1.9)

3.1376 11.4232 GGA 0.022 182.3 22.6

a Standard deviation in parentheses.
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by a similar pattern of B atom movement within the a–b plane. The
E2g mode corresponds to the reciprocal space origin, G, and the E2u
mode corresponds to the A boundary along the c-axis direction.
This correspondence introduces a phase shift in the vibrational
motions of these atoms (with displacements having alternating
signs at adjacent boron planes for E2g modes at A for MgB2 [13]).
The relative energies of the E2g and the E2u modes will vary
depending on the shape and orientation of the bonding orbitals
interacting in the a–b plane.

In the Mg1�xAlxB2 system, metal orbitals are p type and all lobes
have alternating signs for electron density at opposite sides across
the atom center (i.e. p orbitals do not have inversion symmetry
with respect to the metal). For bonding states, two overlapping
lobes of the same sign will have a lower energy than antibonding
states, where adjacent lobes have opposite sign. For MgB2, theoret-
ical and experimental evidence [51–53] suggest that pr and pp
orbitals are involved in bonding within the a–b plane. In this case,
the bonding orbitals are combinations of Cartesian p orbitals with
favorable sign overlap. The p orbital character in Mg and Al planes
adjusts to the alternating signs of p orbitals in B planes to produce
an overall favorable overlap and reduced energy.

However, in the Mg1�xScxB2 system, each lobe of the Sc d orbi-
tals shows the same sign with inversion symmetry at the Sc atom
center. If these d orbitals are involved in bonding with p orbitals of



Fig. 8. Plot of experimental Tc values for Mg1�xScxB2 (filled symbols) and calculated
Td values (open symbols) determined by the ab initio method described in the text.
The average Td values (red diamonds) are compilations of estimates from both LDA
and GGA functional models. Error bars (this work) represent one standard deviation
and are as reported by Agrestini et al. [9] Red arrows indicate the likely
experimental values for onset Tc for this compositional series (see text for detail).
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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boron atoms, they will impose a different sign pattern surrounding
the p orbitals of the boron planes. This situation is not favorable for
maximum overlap of multiple layers. This requirement may break
the inversion symmetry of the d orbitals across multiple layers and
hence, will induce an opposite sign for the d orbital compared to
the next nearest Sc layer.

The number of intercalated Mg and B planes between consecu-
tive Sc planes, will determine whether overall inversion symmetry
is manifest within a single superlattice or a double superlattice.
The inversion symmetry (or loss of one) is a key difference between
E2g and E2u modes, which are otherwise associated with the same
pattern of atomic movement. Thus, the E2g and E2u modes in
Mg1�xScxB2 appear to be interchangeable vibration modes for this
AlB2–type structure. In certain cases, such as the partial PDs for
Mg5ScB12 and Mg4ScB10 (Fig. 6) and MgCdB4 (Fig. 7c), the E2u mode
closely follows the E2g mode in form and extent.

4.3. Estimates of Td

Our estimate(s) of the phonon anomaly thermal energy within
the AlB2–type structure for a range of compositions, is at this stage,
dependent on facile comparison with experimental data deter-
mined by a range of techniques. An important caveat for evaluation
of Mg1�xMxB2 is the method used to experimentally determine the
value of x. The three substituted forms – Mg1�xAlxB2, Mg1�xMnxB2

and Mg(B1�xCx)2 – that are considered reliable and reproducible
[3–5] are the result of multiple investigations with particular
emphasis on elemental analysis determined after synthesis. Cava
et al. [3] show that some early reports on metal substitutions in
MgB2 failed to meet this important criterion by assuming that pro-
duct compositions matched the ratio of starting materials in syn-
thesis. In this work, we compare our calculations with
experimental determinations of composition for metal substituted
MgB2 after synthesis.

4.3.1. Mg1�xScxB2
Fig. 8 shows the calculated average temperature Td (open red

diamonds), associated with the phonon anomaly compared with
experimentally determined Tc (solid symbols) as a function of Sc
content in Mg1�xScxB2. Experimental data for Fig. 8 are from the
studies by Agrestini et al. [8,9]. The estimated errors for the calcu-
lated Td are obtained by combining data from models using the
LDA and GGA functionals. The data in Fig. 8 and compiled in Table 1
also infers that compositions for x = 0.33 and x = 0.5 may be super-
conducting at low temperatures. To date, experimental data for
these compositions are not available [8] and, implicitly, are insol-
uble levels of Sc substitution [9].

The ab initio prediction of Td for Mg1�xAlxB2 is consistent with
experimental values determined by resistivity or by magnetic mea-
surements of the Meissner effect using values for the onset of
superconductivity [23]. In contrast, the experimental determina-
tion of Tc for Mg1�xScxB2 compositions [8,9,49] is obtained from
peak values of surface resistance measurements. These peak deter-
minations utilize the derivative of the change in surface resistance
with temperature. For transitions with a substantial width and tail,
this method will bias the estimate of Tc towards a lower tempera-
ture than the onset. For example, previous data [9] presented for
surface resistance measurements on the composition x = 0.2 (i.e.
Mg0.8Sc0.2B2), clearly show that the onset takes place at about
22–23 K while a value from the peak determination is �15 K [9]
(see also similar results for the Mg1�xAlxB2 system [54]). The val-
ues for Td shown in Fig. 8 based on measurement of the magnitude
of the anomaly are higher than that reported from experimental
measurements [8]. However, if the difference between peak value
of surface resistance and onset Tc is considered, the predicted
values for Td obtained for this composition and for other
Sc-substituted MgB2 compositions match closely or are within
the estimated errors.

Calculations using the LDA functional achieves convergence at
lower k-grid values for x = 0.20 and x = 0.17 in Mg1�xScxB2 as listed
in Table 1. For these compositions, calculation with the GGA func-
tional achieves convergence at a higher k-grid value (�0.027 Å�1).
As noted earlier [18,23], the PD mode shape and order may be vari-
able at these less dense grid intervals. Models that converge at dif-
ferent values of k-grid or at higher k-grid value (e.g. k = 0.03 Å�1)
contribute to larger error values for some estimates of Td shown
in Fig. 8. For the other calculated compositions, k-grid values are
similar or equal for both LDA and GGA functional models.

4.3.2. Mg1�xTixB2
There are limited experimental data on Tc values for Ti substi-

tuted MgB2 for which incorporation of Ti into the MgB2 structure
is confirmed. Zhao et al. [55] show that solid state synthesis of
MgB2 with Ti at ambient pressure results in concentration of Ti
at the grain boundaries of MgB2. However, high pressure experi-
ments show that Ti is incorporated into the bulk matrix and that
only minor Ti-rich phases occur in MgB2 when synthesized at 2
GPa and 800 �C or 900 �C for 1 h [56]. We infer from their work that
the MgB2-Ti samples show a sharp transition and that for x = 0.1,
the Tc � 30 K [56]. Lee et al. have shown that Ti is uniformly doped
into MgB2 when synthesized at a higher pressure of 3 GPa and
1000 �C for 2 h [12]. Using transport and bulk sensitivity measure-
ments with varying applied magnetic field, sharp transitions to
superconductivity were observed in these samples [12]. In addi-
tion, magnetic susceptibility data indicate that the volume fraction
of superconducting material is large in high pressure synthesized
Mg1�xTixB2 [12].

Magnetic susceptibility data for Mg1�xTixB2 synthesized by Lee
et al. [12] show a decrease in the onset Tc for Ti substitutions at
x = 0.1, x = 0.2 and x = 0.4 [12]. From Fig. 2 in their work [12], we
estimate the onset Tc for these Ti substitutions at 35 K, 30 K and
26 K, respectively. By measuring the extent of a phonon anomaly
calculated using the ab initio DFT method described above, we also
show that Td for Ti-substituted MgB2 decreases as x increases. For
example, at x = 0.25, x = 0.33 and x = 0.5, the calculated Td values
are 25.5 (3.2) K, 17.8 (0.7) K and 4.9 (3.0) K, respectively (Table 2).
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Note that Table 2 shows estimates of Td using both LDA and GGA
functions for x = 0.5 only. For other compositions in this suite, con-
vergence of LDA calculations was not achieved for the k-grid values
evaluated (i.e. kP 0.016 Å�1). For x = 0.33, an LDA calculation with
k = 0.015 Å�1 gave an E2g mode form and mode order that is incon-
sistent with the GGA results shown in Table 2 and Fig. 7. In general,
we believe optimized models for Mg1�xTixB2 require k-grid values
�0.01 Å�1 which demand computational capacity beyond current
capability or require significant improvements in efficiency and
speed of currently available codes.

4.3.3. Predicted compositions
We have calculated, by the same methodology, the estimated Td

values for two other versions of metal-substituted MgB2 that do
not show a decrease in Td with substitution. These two composi-
tional suites are Mg1�xBaxB2 and Mg1�xCdxB2. Compounds of either
metal-substituted MgB2 are not known nor experimentally verified
at this time.

In earlier work [23], we show that DFT calculations on Ba-
substituted MgB2 indicate a strong E2g phonon anomaly for
0.33 < x < 0.66. An example of this anomaly for x = 0.33 in
Mg1�xBaxB2 is shown in Fig. 7d for which the estimated Td value
is 64.4 (2.2) K. Similar estimated Td values in excess of 60 K are
obtained for x = 0.5 and x = 0.66 [23]. These explicit diboride com-
positions are not yet known and may, indeed, not be possible to
realize as the relative solubility of Ba in MgB2 is unknown. Exper-
imental and computed phase diagrams [57,58] for the intermetallic
BaMg2 and other compositions such as Ba6Mg23 and Ba2Mg17 sug-
gests that these compounds are stable and will form at moderate
temperatures (i.e. 350 �C to 600 �C). Thus, it may be possible to
synthesize a series of Ba-substituted MgB2 phases to validate the
reliability of the methodology described in this work.

Ab initio DFT calculations for Mg1�xCdxB2 show small negative
values for one mode at acoustic phonon frequencies on the G-A
direction for x = 0.33 and x = 0.66. In both cases, the calculation
converges at k = 0.02 Å�1 for the LDA functional and at
k = 0.022 Å�1 for the GGA functional. These minor departures from
a stable configuration suggest that Cd-substitution at these values
is not ideal or that a lower k-grid value (i.e. k < 0.02 Å�1) may be
required to completely describe phonon behaviour. This latter
point is evidenced by the full PD for MgCdB4 (data not shown) in
which all phonon frequencies are positive when calculated with
k = 0.016 Å�1. The partial PD for MgCdB4 shown in Fig. 7c exempli-
fies the nature of the calculated phonon anomaly around the G
reciprocal space point for x = 0.33 and x = 0.66. As with other pho-
non anomalies, the value of d is measured for all branches of the E2g
modes in both the G-M and G-K directions calculated using the
LDA and the GGA functionals [23]. This approach provides a robust
estimate of the error for Td as shown in Table 2.

Table 2 shows the estimated average Td for Mg1�xCdxB2 where
x = 0.33, 0.5 and 0.66. In each case, the calculated E2g phonon
anomaly shows similar magnitude to that for Mg1�xBaxB2 [23].
Thus, the Td values range from �58 K to �66 K across this compo-
sitional range using the E2g modes to estimate d. The estimated Td
for MgCdB4 is 65.8 (4.6) K. For x = 0.5, E2u modes parallel the E2g
mode directions (Fig. 7c) with deeper extent of anomaly. If we
assume that the E2g and E2u modes have similar effect and
influence on superconductivity in metal-substituted MgB2, esti-
mates of d using the E2u modes suggest that the value of Td for
Mg0.5Cd0.5B2 could be as high as 76.9 (2.2) K. Again, these explicit
diboride compositions are not yet known albeit the intermetallics
Cd3Mg, CdMg and CdMg3 are stable and form at relatively low tem-
peratures (i.e. 150–250 �C) [59]. Nevertheless, computational con-
vergence without negative phonon frequencies for Mg0.5Cd0.5B2

indicates that this may be a stable phase if formed. Our experience
with calculations for this structure type suggests that negative
phonon frequencies may be moderated or eliminated by simulat-
ing an applied pressure to the model structure [23].

Table 3 lists selected stoichiometric compositions for which we
have calculated PDs using ab initio DFT. Estimates of Td, the thermal
energy of the phonon anomaly around G, are compared with the
experimentally observed Tc for each composition. The concordance
of values between Td and Tc is remarkable given the estimated rel-
ative errors inherent in computational [66] and experimental
[8,9,62] determinations. For each phase listed in Table 3, the pres-
ence of a phonon anomaly and the extent of the anomaly is consis-
tent with the experimental determination of superconductivity.

4.4. Models and bonding orbitals

A well-known approach to predict, or to explain post-facto,
experimentally determined Tc values involves estimates based on
simplified solutions of the Eliashberg equations for Tc by using
the McMillan formula [48] with assumptions on the value of the
Coulomb pseudopotential, l⁄, and on the effective electron-
phonon coupling constant, k. The McMillan approximation has
been used to estimate Tc for MgB2 [13,47] but few reports evaluate
metal substituted MgB2. Neaton and Perali [67] used the McMillan
approximation for Al-substituted MgB2 to show a calculated Tc
trend that follows experimental values but for a limited range of
substitution (i.e. 0 < x < 0.08). We plot the average of these values
determined by Neaton and Perali [67] in Fig. 9. A modification to
DFT, termed superconducting DFT (SCDFT) [68,69] also matches
the calculated superconducting gaps for MgB2 with experimental
data. SCDFT using a specific functional termed Random Phase
Approximation (RPA) gave an estimate of Tc within 2 K of the
experimental value [70] for MgB2. Along similar lines for AlB2-
type structures, the application of McMillan equations to
symmetry-related [18] ‘‘buckled” structures such as unsubstituted,
end-member di-silicides (e.g. RbSi2) and di-germanides (e.g.
RbGe2) as well as intercalated graphene (e.g. SrC2) shows that
upper limits to the value of Tc can be estimated for these structures
[71]. In earlier work [23], we note the utility of the PD method out-
lined in this paper for estimation of Td for BaSi2 and Ca(Si0.5Al0.5)2
which closely matches experimentally determined values [65,72]
of Tc.

An ab initio VCA method demonstrated the evolution of r and p
bonding with increased substitution of Al in MgB2 [35]. In this
model, substitution of Al results in charge transfer from the Al–B
bond such that an increased fraction of the charge is transferred
to the p bond with an accompanying decreased fraction in r bonds
in the boron planes. This bonding shift results in a small but signif-
icant decrease in the distance between atomic planes along c with
increase in Al composition. Using band structure calculations, de la
Penha et al. [35] estimate a normalized hole density on the FS of
Mg1�xAlxB2 for 0 < x < 0.6 that correlates well with experimentally
determined normalized superconducting Tc (i.e. Tc/T0). A more
complex approach by Kortus [47] used Eliashberg functions for
MgB2 combined with a VCA approximation for Al substitution to
calculate the change in DOS at the FS, then re-calculated the band
structure to solve the scaled Eliashberg functions to obtain a good
correlation of calculated Tc with experimental measurements for
0 < x < 0.4.

We show the estimated Tc values for selected compositions cal-
culated via the McMillan equation using the method described by
Zheng and Zhu [73] in Table 4. This method estimates deformation
potentials using the approach described by An and Pickett [74]
which allows – for reasonable estimates of k and l⁄ – a comparison
with values calculated by others [73,74] and, using our calculated
DOS, an estimate of error for these values of Tc. This method uses
strain-free MgB2 as the geometry optimized reference structure
to compare the DOS. The primary sources of error in this approach



Table 3
Calculated Td compared to experimental Tc for compositions of the AlB2–type structure.

Composition Estimated Td
(K)

Reference Experimental Tc
(K)

References

MgB2 42.0 (3.3) [23] 39.2–40.2 [2,60,61]
Mg0.8Al0.2B2 31.3 (3.4) [23] 25 (2)–33.0 (0.1) [50,62]
Mg0.75Al0.25B2 26.1 (2.7) [23] 19.0 [4]
Mg0.67Al0.33B2 16.2 (3.3) [23] 18.0 (2.0) [62]
Mg0.5Al0.5B2 4.6 (2.5) [23] 4.0–13.5 [17,37,62]
Mg0.33Al0.67B2 0.5 (0.3) [23] 0.0 (0.1) [50]
AlB2 0.0 [23] 0.0 [45]
ScB2 <5.0 This study 1.5 [32]
Mg0.86Sc0.14B2 31.5 (4.4) This study 23.0 (2.5) [8,9]
Mg0.75Sc0.25B2 11.4 (1.0) This study 8.2 (5.0) [8,9]
TiB2 0.0 This study 0.0 [46,63]
Mg0.75Ti0.25B2 25.5 (3.2) This study 30 [12]; x = 0.2
Mg0.67Ti0.33B2 17.8 (0.7) This study 26 [12]; x = 0.4
Mg0.5Ba0.5B2 63.6 (6.6) [23] na –
Mg0.5Cd0.5B2 65.8 (4.6) This study na –
BaSi2 9.3 (0.5) [23] 8.9 [64]
(Ca0.5Al0.5)Si2 7.5 (0.5) [23] 7.8 [64]

Fig. 9. Plot of calculated Td values for metal substituted MgB2 determined by the
ab initio DFT method described in the text except for Na- and Ca-substituted MgB2

which are derived from the McMillan approximation to the Eliashberg equation
[67]. Td values described in the text are averages derived from measurement of the
phonon anomaly using both LDA and GGA functional models for each composition.
Error bars represent one standard deviation.
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rely upon the calculated DOS for the r bands which, for MgB2 and
metal substituted forms, are tubular and warped towards the G
point [75]. Values for the DOS of the r bands are averaged with
consideration for variation of the p orbital DOS close to the cusp
(annotated in Fig. 3) and the different steep slopes of the r band
structures for the heavy and light effective masses. We elaborate
on this approach under ‘‘McMillan Model” in Supplemental
Material.

Table 4 shows that the agreement between the two approaches
to estimate Tc – using a range of values for k and l⁄ or alternatively,
Table 4
Comparison of calculated Tc by McMillan formalism with phonon anomaly method (this w

Tc (K)
MgB2 at �2 GPa

Tc (K)
Mg5ScB12

k l* = 0.15 l* = 0.10 l* = 0.15[73] l* = 0.15

0.94 42.8(4.6) 42.0(3.6) 41.8(0.8)a 29.9(7.6)
0.80 43.9(5.8) 42.7(4.5) – 27.6(9.7)

a Estimated from Fig. 4 of Zheng and Zhu[73].
using measured values of d from LDA and GGA PD plots – is reason-
able within estimated errors. We include in Table 4 data calculated
for MgB2 under �2GPa strain calculated by Zheng and Zhu [73]
which conforms with experiments by Pogrebnyakov et al. [76] in
which the strain-induced Tc = 41.8 K. The relative errors for Tc
determined by the measurement of d are lower than that calcu-
lated using the McMillan formalism due predominantly to the
steep slope of the r bands in the respective band structures. In
addition, measurement of the phonon anomaly as shown in this
work appears to reflect both electronic and phonon contributions
and their interactions.

More recently, d’Astuto et al. [20] deployed the VCA model to
compare with very high resolution IXS data on the E2g phonon
mode(s) at the zone centre (i.e. near and at G along the G-M and
G-A directions) for MgB2 and Mg0.6Al0.4B2. The model for both com-
positions closely follows experimental data particularly in the
regions at low reciprocal lattice dimension close to G (see right
hand panel of Fig. 3 in d’Astuto et al. [20]; equivalent to the range
0–0.2 on the abscissa shown in Figs. 3–6 of this work). In this study
[20], the close match between theory and experiment arises from
inclusion of nonadiabatic effects in calculation of the E2g PD. Thus,
the experimental and computational steep rise in the PD near G
(along G-M; and, we infer, also along G-K) is not an artefact [20].
This steep rise of the PD, for example in ab initio DFTmodels shown
in Figs. 3, 4a, 6a and 7d, and also shown by experiment, is related
to anomalous effects of the electron-phonon coupling near G or the
zone centre [20].

The approach used in this work measures the extent of the pho-
non anomaly, in units of energy or frequency, as it is expressed by
the calculated E2g vibration modes evident in a PD plot. We deter-
mine the average thermal energy, Td, of this anomaly along the two
important bonding orientations in the AlB2 type structure based on
ab initio DFT calculations using two functionals that use different
algorithms to describe electron density distribution [21,66]. In
Fig. 9, we plot metal substituted MgB2 compositions and their
ork).

Tc (K)
MgCdB4

l* = 0.10 d l* = 0.15 l* = 0.10 d

31.6(6.1) 35.8(3.4) 60.2(11.5) 54.5(9.1) 65.8(4.6)
30.1(7.5) 67.6(14.6) 59.5(11.2)
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estimated Td determined via ab initio DFT calculations using LDA
and GGA functionals as described in this work. We also show in
Fig. 9 calculated Tc values determined by Neaton and Perali [67]
using the McMillan approximation to Eliashberg equations [48]
for Na- and Ca-substituted MgB2. Neaton and Perali [67] used this
approach to show that a small decrease in electron density can
increase the DOS at the Fermi level and can also increase Tc. We
re-plot their values for Tc shown in their Figs. 6 and 7 [68] for
l⁄ = 0.1 and for the Gruneisen parameter, c = 1.0 in Mg1�xNaxB2

and Mg1�xCaxB2 for 0 < x < 0.2. In Fig. 9, we estimate errors for
these values by taking the standard deviation of Tc determined
for c = 0 and c = 2.0 due to greater influence of the Gruneisen
parameter on these calculated Tc values [67].

Fig. 9 reveals two general trends as noted earlier for this struc-
ture type [67]. In one case, the Td decreases with substitution of Al,
Sc or Ti (filled symbols) while in the other the Td increases with
substitution of Ba and Cd and the calculated Tc increases as pre-
dicted for Na and Ca [67] (partial and unfilled symbols). For the
metal ions Mg+2, Ca+2, Ba+2 and Cd+2, the valence configuration
involves fully occupied s orbitals and predominantly s–p bonding
as shown for MgB2 [52,62]. Na+ has an unoccupied s orbital and
will also invoke s–p bonding when substituted into MgB2 [67], sol-
ubility permitting. In comparison, Al+3, Sc+3 and Ti+4 bonding with
boron in this type structure will involve unoccupied d or p valence
orbitals. Divalent substitutions show predominantly s–p bonding
while trivalent or tetravalent substitutions will involve d–p or p–
p bonding orbitals. With increased concentration of a substituent
trivalent or tetravalent ion in MgB2, increased transfer of electrons
to p bonding orbitals is consistent with a reduction of cell dimen-
sions along the c axis [35,67] and a reduction in cell volume. Con-
versely, substitution of Na, Ca, Cd and Ba increases the cell volume
and likely reduces transfer of electrons to p bonding orbitals in
preference to r bonding.

Fig. 10 shows the optimized unit cell volume for metal substi-
tuted MgB2 calculated in this study using LDA and GGA functionals.
For superlattice structures in this series, the c axis value is adjusted
to account for the multiplicity of the basic lattice unit. With the
exception of Sc-substituted MgB2, cell volume varies with compo-
sition along similar trends as shown in Fig. 10 for Td. Compared to
the case for Al and Ti, the calculated cell volumes for Mg1�xScxB2

show a small increase (�3.5% on average) with increasing value
of x. Table 1 shows that the a axis dimensions for Sc substitution
calculated by both functionals increase by �2% relative to MgB2

with increased x. This cell dimension trend, particularly for the a
axis, is consistent with experimental data obtained for partially
Fig. 10. Calculated cell volumes determined from optimized unit cell parameters
using ab initio DFT models with LDA or GGA functionals for metal substituted
compositions of MgB2. Data points obtained from models used in this study are
denoted by ‘‘ + ”.
substituted Mg1�xScxB2 for 0.13 < x < 0.27 [8,9]. The increase in
the calculated c axis dimension (Table 1) is �1% relative to MgB2

in contrast to a reduction in c axis value with Al and Ti substitution
at �5% and �10%, respectively. The increase in cell volume for Sc
substitution is minimal compared with Cd or Ba substitution at
�11% and �35%, respectively, for x = 0.66. Thus, the change in c
axis dimension for Sc substituted MgB2 is small in comparison to
other calculated substitutions.

The models for increased DOS [67] and for the change in hole
density [35] at the FS for metal substituted MgB2 are implicitly
attributed to a significant and consistent change in the c axis
dimension which influences the bonding environment for both r
and p orbitals. However, the calculated and experimental data
for Mg1�xScxB2 show that the a axis measurably increases while
the c axis dimension is relatively unchanged. This change in
dimension implies a different influence on the electronic structure
at the FS compared with other models [35,67]. A reduction in the
strength, or extent, of the phonon anomaly is clear from PD plots
(see Figs. 5 and 6 and Table 1) and is noted by Agrestini et al.
[9]. Charge density in the boron layers predominantly influences
the position of the Fermi level relative to the r bands. We suggest
that for the solubility levels of Sc substitution in MgB2, the Fermi
level shifts relative to the r bands due to the influence of d orbitals
and a resultant change in the DOS at the FS.

The method described in this work provides a capacity to
explicitly design other metal diboride configurations that allow a
potentially higher Td value than that currently identified. For
example, substitution of Hg, Zn, or Sr may be interesting composi-
tions to pursue if these elements are soluble in MgB2. Our calcula-
tions and interpretation for this diboride structure implicitly
supports the notion that key aspects of superconductivity includ-
ing the electron–phonon interaction is well modelled by quasipar-
ticle behaviour in PD plots calculated via ab initio DFT methods.
5. Conclusions

For the AlB2–type structure, the orientation and frequency of
the E2g phonons is critical to superconductivity. A phonon anomaly
is observed experimentally and viamodel calculations in MgB2 and
metal substituted MgB2. Calculated values for the thermal energy
of the phonon anomaly using ab initio DFT closely resemble exper-
imentally determined values of Tc for MgB2 with substantive sub-
stitutions of Sc and Ti. This match of the calculated phonon
anomaly thermal energy with experimental data is consistent with
similar analysis of Al substituted MgB2. In addition, this ab initio
DFT method to measure d provides estimates of Tc for known
and predicted metal substituted MgB2 compositions that are simi-
lar to estimates determined by the deformation potential variation
of the McMillan formalism. We extend calculation of the E2g pho-
non anomaly thermal energy to other, as yet not synthesized metal
substituted MgB2, such as Mg0.5Cd0.5B2 and Mg0.67Ba0.33B2. From
this, we predict values of Td for these compositions are 65.8 (4.6)
K and 64.4 (2.2) K, respectively, and propose that the value of Tc
for these putative compositions will be of similar order. Model out-
comes for these phonon anomalies are systematically consistent
for compositional suites of metal substituted MgB2 and for other
compositions within the AlB2–type structure.
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