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Abstract: The purpose of this paper is to generalize Zhu’s theorem about characters of
modules over a vertex operator algebra graded by integer conformal weights, to the set-
ting of a vertex operator superalgebra graded by rational conformal weights. To recover
S L, (Z)-invariance of the characters it turns out to be necessary to consider twisted mod-
ules alongside ordinary ones. It also turns out to be necessary, in describing the space of
conformal blocks in the supersymmetric case, to include certain ‘odd traces’ on mod-
ules alongside traces and supertraces. We prove that the set of supertrace functions, thus
supplemented, spans a finite dimensional SL(Z)-invariant space. We close the paper
with several examples.

1. Introduction

Let g be a finite dimensional simple Lie algebra and let § be the corresponding affine
Kac-Moody algebra. In [19] Kac and Peterson expressed the (normalized) characters of
the integrable g-modules in terms of Jacobi theta functions. In particular they showed
that the normalized characters of the integrable modules at a fixed level k € Z, span
an SLy(Z)-invariant vector space. Later the monstrous moonshine conjecture, relating
the monster finite simple group to the modular j-function, was resolved by Borcherds
[3,4] using generalized Kac-Moody algebras and the monster vertex operator algebra of
Frenkel, Lepowsky and Meurman [12]. Later still Zhu [29] established S L (Z)-invari-
ance of the characters of an arbitrary C»-cofinite rational vertex operator algebra with
integer conformal weights, see Theorem 1.1 below. The modular invariance of the two
prior examples can be recovered as special cases of Zhu’s result. The main result of this
paper, Theorem 1.3 below, is a generalization of Theorem 1.1.

Recall that a vertex operator algebra (VOA) consists of a vector space V, two dis-
tinguished vectors |0) and w (called the vacuum and Virasoro vector, respectively), and
an assignment to each vector u € V of a ‘field’ Y(u,z) = >,z Umz "', where
ue) € End V. These data are to satisfy certain axioms (see Definition 2.1).
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By definition V is Ca-cofinite if V(_»)V has finite codimension in V.

If Y(w,2) = L(z) = 2,7 L,z then the operators L, form a representation
on V of the Virasoro algebra with some central charge c¢. The energy operator Lg acts
semisimply. The eigenvalue of an Lg-eigenvector u € V is called its conformal weight
and is denoted A,. We write Vj, for the set of vectors of conformal weight k.

A module over a VOA V is a vector space M together with a field

YMu, )= ulh " = > u (1.1)

neZ ne—Ay+7Z

assigned to each u € V. These data are to satisfy certain axioms, see Definition 2.2. A
positive energy V-module is an R,-graded V-module M = & ; M, with finite dimen-
sional graded pieces, such that u,’yMj C Mj_,foreachu € V,n € —A, +7Z. We say
that V is rational if it has finitely many irreducible positive energy modules and every
positive energy V-module is a direct sum of irreducible ones.

Given V as above, Zhu introduced a second VOA structure Y [u, z]=2 ", c7 w2 "
on V, and anew Virasoro element @ € V (see Definition 2.3). Let Lo be the new energy
operator and Vi the set of vectors of conformal weight k with respect to @.

Let H denote the complex upper half plane and set ¢ = ¢>™7, where 7 is a variable
on H. Recall the standard weight k action of the modular group SL>(Z) on holomorphic
functions on H:

-1

[f-Al(x) = (ct +d)* f (ZIZ) for A:(‘Z‘ g)eSLz(Z). (1.2)

Theorem 1.1 (Zhu). Let V be a Ca-cofinite rational VOA with non negative integer
conformal weights. Let k € Zy,u € Vi, and let M be an irreducible positive energy
V -module. Then the trace function

Try u([)\/IqLo—c/M
converges to a holomorphic function Sy (u, v) of Tt € 'H. Let C(u) denote the span of
Sy (u, ) as M runs over the set of irreducible positive energy V-modules. Then C(u)
is a finite dimensional vector space invariant under the weight k action of SLy(Z.).

Setting u = |0) shows that the graded characters of the irreducible positive energy
V-modules span an S L, (Z)-invariant space of weight 0. Modular forms of other integer
weights arise from traces of other elements of V.

Theorem 1.1 has been generalized in several directions. Dong, Li and Mason [6]
proved a ‘twisted’ version for a VOA V (again required to be rational, C»-cofinite, and
with integer conformal weights) together with a finite group G of its automorphisms.
We shall describe their result in some detail below.

Dong and Zhao gave further generalizations to the case of a rational C»-cofinite ver-
tex operator superalgebra (VOSA) V (see Definition 2.1) together with a finite group
G of its automorphisms. In [10] these authors dealt with the case of integer conformal
weights, and in [9] with the case in which even elements of V have conformal weights
in Z and odd elements have conformal weights in 1/2 + Z.

In the VOA setting Miyamoto [23] established SL,(Z)-invariance of traces of

2
intertwining operators of type ( MIM MZ)' In this context intertwining operators of type
3
(MIM 42) are certain maps / : M' — Hom(M?, M3)[[z, z~']], where M, M? and M?
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are V-modules, satisfying a natural analog of the V-module condition. Theorem 1.1 is
the special case M' = V. Later Yamauchi [27] proved a twisted version of Miyamoto’s
result. Generalization to traces of arbitrary products of intertwining operators was later
achieved by Huang [13]. Although we do not consider intertwining operators in this
paper, there is a feature in common with these other works: the appearance of modular
forms of non-integer weight.

Finally we mention some other works in the spirit of [29]. In [24] Theorem 1.1 is
generalized to nonrational VOAs [24] (see also [2] in this connection), and in [22] and
[15] Zhu’s recursion relations for n-point functions are generalized to the VOSA case.

The present paper is concerned with VOSAs graded by rational (not necessarily inte-
ger, nor half-integer) conformal weights. There are many natural examples from which
to draw motivation, some of which we review below. We do not assume positivity of
conformal weights, we work in the general supersymmetric setting, and we impose no
relation between the parity of a vector and its conformal weight. To recover SL>(Z)-
invariance of characters in this setting it turns out to be necessary to consider twisted
modules (see Definition 2.2). It is thus natural to follow [6,9, and 10] by working from
the outset in the greater generality of a VOSA together with a finite group of its auto-
morphisms, and our main result, Theorem 1.3, is a generalization of the corresponding
main theorems of those papers. Dealing with superalgebras leads naturally to the notion
of ‘odd trace’ (see below) which we extend to the VOSA setting. Some complication is
introduced into the statement of Theorem 1.3 by the interaction of the odd trace with
the twisting.

We now describe the result of [6] in more detail. Let V be a VOA and G a finite group
of its automorphisms. For g € G a g-twisted V-module is a vector space M together
with fields Y™ (u, z) = " u,’y 77" 2« where the sum runs over n € €, + Z (instead
of —A, +7Z), where €, is a certain real number depending on u € V and g. There is
an obvious notion of ‘g-rational’ VOA. Fix commuting elements g, h € G, and let M
be a g-twisted V-module. Setting YEM(y, z) = Y™ (h(u), 2) equips M with another
g-twisted V-module structure denoted /# - M. Suppose M is h-invariant, meaning that
h - M is equivalent to M, and let y : M — M witness the equivalence, i.e.,

h)M =y~ My forallu e V,nce, + 7. (1.3)
Theorem 1.2 (Dong, Li, and Mason). Let V be a C»-cofinite VOA with integer confor-
mal weights, such that Vi = 0 for sufficiently negative k. Let G be a finite group of
automorphisms of V, and suppose V is g-rational for each g € G. Letk € Z,u € Vi,
let g, h € G commute, and let M be a h-invariant irreducible positive energy g-twisted
V-module. Introduce y : M — M as in Eq. (1.3). Then the trace function

Try u6\4qu0—c/24

converges to a holomorphic function Sy (u, t) of T € ‘H. Let C(g, h; u) denote the span
of Sy (u, t) as M runs over the set of h-invariant irreducible positive energy g-twisted
V-modules. Then C(g, h; u) is a finite dimensional vector space invariant under the
weight k action (1.2) of SLy(Z) in the sense that

(i 3) :C(g, h;u) — C(g%h°, gbhd; u).

We work with superalgebras (see Sects. 2 and 7) and so there is overlap with [9] and
[10] in this respect. One difference, though, is that in those papers a subspace of a vector
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superspace is allowed to be non Z/27Z-graded, while in the present work we prefer to
allow only Z/27Z-graded subspaces.

Let A be a finite dimensional simple superalgebra, and let f : A — C be a super-
symmetric function on A, i.e., f(ab) = p(a, b) f (ba) for all a, b € A. Then one of the
following is true.

e A = End(C™k), and f is a scalar multiple of the map a +— STry(a), where
N = C" is the unique irreducible A-module.

e A= 0, =End(C"[£]/(£% = 1), where & is an odd indeterminate, and f is a scalar
multiple of the map a + Try(a§), where N = C" + £C" is the unique irreducible
A-module.

We shall refer to these two cases as Type | and Type Il respectively. The Type Il super-
algebra Q,, is often called the ‘queer superalgebra’, it can be realized inside End(C"!")
as the set of block matrices of the form (g ﬁ), where A, B € End(C"). The super-

symmetric function on Q,, which becomes (g g) +— Tr(B), is often called the ‘odd
trace’.

Now let V be a VOSA with rational conformal weights, and let G be a finite group
of its automorphisms. Fix commuting elements g, 4# € G. An associative superalge-
bra Zhug (V) was defined by De Sole and Kac in [5], generalizing constructions in
[7,11,20,28], and the original [29] (see Sect. 6). This Zhu algebra has the property that
there is a functorial bijection L from the set of irreducible Zhu, (V)-modules to the set
of irreducible positive energy g-twisted V-modules. The automorphism 4 descends to
Zhug (V') and permutes its irreducible modules. The bijection L restricts to A-invariant
modules.

Let M be a h-invariant irreducible positive energy g-twisted V-module, N the cor-
responding Zhu, (V)-module, and A the corresponding simple component of Zhu, (V).
Let y : M — M satisfy Eq. (1.3). If A is of Type | then y is unique up to a scalar
multiple (and is pure even or odd), but if A is of Type Il then y can be chosen to be either
even or odd. Indeed if A = Ag[£]/(€% = 1) then it turns out (£) = +£, and we shall
choose the parity of y to be even (resp. odd) in the case + (resp. —). We now associate
to M the supertrace function

STrw (woyopy'qh=¢2*) if M is of Type |
Swlu, ©) = (1.4)

Try (uoyo;;(”sqLo—c/“) if M is of Type I,

where by £ : M — M we mean the lift to M of the corresponding £ : N — N. We now
have

Theorem 1.3 (Main Theorem). Let V be a C»-cofinite VOSA with rational conformal
weights, such that Vi, = 0 for sufficiently negative k. Let G be a finite group of auto-
morphisms of 'V, and suppose V is g-rational for each g € G. Letk € Q,u € Vi,
let g, h € G commute, and let M be a h-invariant irreducible positive energy g-twisted
V-module. Introduce y : M — M and Sy as in (1.4). Then Sy converges to a holo-
morphic function of T € H. Let C(g, h; u) denote the span of Sy (u, t) as M runs over
the set of h-invariant irreducible positive energy g-twisted V -modules. Then C(g, h; u)
is a finite dimensional vector space invariant under the weight k action (1.2) of SL2(Z)
in the sense that

(g g) S Clg, b u) — C(g®hC, gPh%; u). (1.5)
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Now we make some remarks. The condition of g-rationality of V in Theorem 1.3 can
be replaced by the condition that Zhug (V) be finite dimensional and semisimple, which
is implied by g-rationality (see [7] Thm. 8.1). In fact finite dimensionality of Zhu, (V)
is already assured by C;-cofiniteness of V (see [5] Prop. 2.17(c)).

The condition of C»-cofiniteness imposed in Theorem 1.3 (and in all works cited
above), can be replaced by the weaker condition described in Remark 5.2. At the end
of the Introduction we explain an application of Theorem 1.3 made possible by this
observation.

The definition of the SL,(Z)-action involves the term y4(t) = (Ct + d)~*, where
k ¢ Z. We resolve the ambiguity by defining this term as a principal value, see Sect. 4.
Because of this the equation

vB(@) *ya(Br)F = yap()7*

(which is true for k € Z) holds up to a multiplicative root of unity factor. Therefore
the space C(u) = ®,4.4eGC(g, h; u) is only a projective representation of SL>(Z) in
general. If A, € Z then it is a true representation.

Let V be a VOSA of the type considered in [9], viz. A, lies in Z (resp. 1/2 + Z) for
u even (resp. odd), and let G = {1, 0y} = Z/2Z. If we restrict attention to u = |0)
then odd trace functions vanish and we may ignore modules of Type Il. We then recover
the result: the vector space spanned by each of the following two sets of functions is
S L, (Z)-invariant of weight 0O:

e The supercharacters STry g=0—</%*

V-modules.
e The characters Trys g and supercharacters STry gL0~%/?* of the 1-twisted
and oy -twisted irreducible positive energy V-modules.

of the 1-twisted irreducible positive energy

Lo—c/24

In the physics literature 1-twisted modules are often referred to as ‘Ramond twisted’
modules, and oy -twisted modules as ‘Neveu-Schwartz twisted’” modules.

Now we indicate the layout of the paper. Like the other generalizations of Theorem
1.1 cited above, our proof follows the pattern of the original paper of Zhu [29]. We have
made some simplifications, on the other hand some complications are forced on us by
the more general setting.

In Sect. 2 we give basic definitions pertaining to superspaces, superalgebras, VOSAs
and their modules. In Sect. 3 we collect some necessary modular form identities. In
Sect. 4 we define a certain space C(g, h) of maps V x ‘H — C (linear in V, holomorphic
in H) called conformal blocks, and we determine how the conformal blocks transform
under SL,(Z).

The C»-cofiniteness condition on V implies that for S € C(g, /) and fixedu € V, the
function S(u, 7) satisfies a Fuchsian differential equation. Moreover there is a Frobenius
expansion of S in powers of ¢ and log ¢ whose coefficients are linear maps V — C. We
sketch the proofs in Sect. 5, referring to [6] for details.

In Sect. 6 we analyze the leading coefficients in the Frobenius expansion of a con-
formal block. These coefficients descend to linear maps Zhu, (V) — C. We establish
that these maps are h-supersymmetric functions on Zhug (V) (see Section 7 for the def-
inition). In Sections 7 and 8 we construct a basis of h-supersymmetric functions on
Zhug (V) and extend each one to a supertrace function on V/, arriving at the definition
in Eq. (1.4) above.

We then prove that the Sy;(u, 7) lie in C(g, /). Finally in Sect. 9 we prove that
the Sy (u, T) span C(g, h). Theorem 1.3 is obtained by combining this result with the
modular transformation property of C(g, h) proved in Sect. 4.
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The rest of the paper is devoted to examples.

In Sect. 10 we consider the neutral free fermion VOSA V = F(¢) and we take
G = {1, oy }. We explicitly compute conformal blocks C(g, h; u) foru = |0) andu = ¢
the weight 1/2 vector. In weight 1/2 the Type Il supertrace function makes an appear-
ance; the corresponding space of conformal blocks is one dimensional and is spanned
by Dedekind’s weight 1/2 modular form (7).

In Sect. 11 we study the charged free fermions VOSA V = F§ (¥, ¥*) which is
equipped with a Virasoro field L¢(z) depending on the real parameter a € (0, 1). This
VOSA admits a group K = S of automorphisms. For each g, h € K we write down the
supertrace of /4 on the unique irreducible g-twisted positive energy V-module, and we
compute transformations of these functions under S L, (Z). The results confirm Theorem
1.3 which applies when a € Q and g, & have finite order.

In Sect. 12 we study the VOSA V|, associated to a positive definite integral (not nec-
essarily even) lattice Q. For G = {1, oy} we describe the 1- and oy -twisted modules
and the spaces C(g, h; |0)).

Finally we discuss here the example of the affine Kac-Moody VOA V = Vi (sl,),
where k > —2is arational number (see [8,18]). This VOA admits a family of ‘perturbed’
VOA structures depending on a parameter z € (0, 1) N Q. This family was studied in
detail in [8] (see also [1]) and it was shown there that V (z) possesses rational (but not
integer) conformal weights, that V (z) is go-rational for a certain finite order automor-
phism go (which depends on z), and that V (z) satisfies the weakened C,-cofiniteness
condition of Remark 5.2 (in the case g = go and arbitrary h € G = (go)). It follows
then from Theorem 1.3 that the trace functions Try uog™©~%?%, as M runs through the
finitely many irreducible positive energy V (z)-modules, span C(go, 1; u). This space is
invariant under the congruence subgroup I'g(N) € SL»(Z) of matrices (g g) satisfying
a=d=0 (mod N)and b = ¢ = 0 (mod N), where N is the order of G. More
refined results are possible, which we would like to deal with in future work.

2. Basic Definitions

We use the notation Z, = {0, 1, 2, ...}. All vector spaces and superspaces are over C.

A vector superspace U is a vector space graded by Z/27 = {0, 1}. We call Uy and
Uy the even and odd components of U respectively. A linear map between vector su-
perspaces is always Z/27Z-graded, and a subspace is always Z/27Z-graded. We use the
following notations: p(u#) = « for homogeneous u € Uy, and p(u, v) = (=1)Pwp®),
Every vector superspace U carries a natural involution oy defined by oy (1) = (—1)” (),
We write C™¥ for the vector superspace with a basis consisting of m even vectors and
k odd vectors.

An associative superalgebra is a vector superspace with an associative algebra struc-
ture compatible with the Z/27Z-grading. A homomorphism of superalgebras is a homo-
morphism of algebras that preserves the Z/2Z-grading. [Isomorphism and automorphism
are now defined as usual. We deal with unital superalgebras in this paper. The unit ele-
ment must be even and a homomorphism of unital superalgebras must therefore be
even. A basic example of an associative superalgebra is End U, with (End U), = {X €
End U|XUg C Ug4p}, for U a vector superspace. A module over an associative super-
algebra A is a vector superspace M together with a homomorphism A — End M. Two
A-modules are equivalent if there is a 7Z/27-graded linear isomorphism between them
which intertwines with the A-action, the isomorphism may be even or odd.
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An associative superalgebra is said to be simple if it has no proper Z/27-graded
ideals apart from {0}, and is said to be semisimple if it is isomorphic to a direct sum of
simple superalgebras.

The commutator of operators X and Y on a vector superspace is definedtobe [ X, Y] =
XY — p(X, Y)Y X. The supertrace of an operator X € End U is STry X = TrUa X —
TrUT X. In general STry[X, Y] = 0.

We write U[z] for the ring of polynomials in z with coefficients in U, U[[z]] for the
ring of formal power series, and U ((z)) for the ring of Laurent series, i.e., expressions
> nez anZ" in which finitely many negative powers of z occur. The space of formal
distributions U[[zT!]] is the set of expressions ZneZ a,z" with no restriction on the
coefficients a,. Finally U{{z}} = @®,crz U[[z*']]. Extension to several variables is
straightforward, but note that U ((z)) (w)) # U (w))((2)).

We write 9, f (z) for the z-derivative of f(z), also z" for z"/n!, and [z"] : f(z) for
fn the z" coefficient of f(z).

A convenient index convention for formal distributions is f(z) = >, .7 f(,,)z_"_l
The formal residue operation Res. (-)dz : U[[zt']] — U is defined by Res, f(z)dz =
z7': f(z2) = f0). We have

Res. . f(z)dz =0 and Res, f(2)d.8(z)dz = —Res, g(2)d, f (z)dz.

Let f(z) € U((z)) and g(w) € wC* + w?C[[w]]. The substitution of z = g(w) into
f(z) gives a well-defined element f(g(w)) € U((w)), and we have the formal change
of variable formula

Res; f(z)dz = Resy, f(g(w))dyg(w)dw.
The formal delta function 6(z, w) € C[[z*, w*!] is defined by
8(z, w) = ZZ”U)_n_l.
nez

The operators

iz Ul w2 = w)™ ] = U(@) (W)
and iy,; : Uz w*!, (@ = w)™' ] — U(w)((2)

denote expansion of an element as Laurent series in the domains |z| > |w|and |w| > |z],
respectively. For example,

izw(Z — w)_l = z /7w and w7 (2 — u))_l = — Z ZlwI T,
JeLs JELy

An End U-valued formal distribution f(z) is called a quantum field if f(z)u € U((z))
foreachu € U.

For definitions regarding vertex operator superalgebras we follow the book of Kac
[18].

Definition 2.1. A vertex operator superalgebra (VOSA) is a quadruple (V, |0) , w, Y)
where V is a vector superspace, |0) and w are even elements of V called the vacuum
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vector and the Virasoro vector respectively, and Y : V — (End W[zt is an injec-
tive linear map such that Y (u, 7) is a quantum field for eachu € V. The map Y is called
the state-field correspondence, and is written

Y(u,2) =D upmz """

nez

The operators u ) are called the Fourier modes of u, and the operation -(,y- : VQV —
V is called the n™ product. The following axioms are to be satisfied:

o Y(|0),2) = Iy.
o forallu,veV,nelZ,

Z Y (U ey, w)B,ﬂf)S(Z, w)
JELy
=Y, )Y, wizgwiz—w)" — pu,v)Y(, w)Y U, 2)iy (2 —w)".

o IfY(w,2)=L&) =2, L,z then the operators L, satisfy the commutation
relations of the Virasoro algebra:

m3 —m
[Ly, Lyl = (m —n)Lpn + Sm,—nTcs
where ¢ € R is called the central charge of V.

e L is diagonalizable on V with rational eigenvalues, and the eigenspaces are finite
dimensional. The Lg-eigenvalue of an eigenvector u € V is called the conformal
weight A, of u. Also Ajgy = 0and A, = 2.

o The set of conformal weights of V is bounded below.

e Y(L_1u,z)=09.Y(u,z) forallueV.

Let Vi = {u € V|A, = k}. A convenient indexing of the modes, called the confor-
mal weight indexing, is defined by u, = u4+a,—1) (for u of homogeneous conformal
weight, then extended to all u € V linearly). Hence

Y, )= D uaz "
ne—[Ay]

where here and below [«] denotes the coset @ + Z of @ € R modulo Z.
The second axiom of Definition 2.1 is called the Borcherds identity. Expressed in
terms of modes it becomes

m+ A, —1
Z j (M(n+j)v)m+kx

J €Ly
i(" n
= D D) [tmen—jvksjn — pt, V) (=D vk jupaj]x (2.1)
J €Ly J
forallu,v,x e V,neZ,m € —[A,],and k € —[A,].

A useful special case of the Borcherds identity is the commutator formula

Ay —1
[ vl = ("” . )(u<,~>v>m+k, (22)

JE€Ly
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obtained by setting n = 0 in (2.1). The commutator formula together with the final
VOSA axiom implies that [Lg, ux] = —kuy forallu € V.

A homomorphism ¢ : Vi — V> of VOSAs is an even linear map such that ¢ (|0),) =
[0),, p(w1) = w2, and @ (uyv) = ¢(u)m¢ (v) for all u, v € V. Homomorphisms
preserve conformal weight. Isomorphism and automorphism are defined in the obvious
way.

Definition 2.2. Let V be a VOSA and g an automorphism of V. Let u(u) denote the
g-eigenvalue of an eigenvector u € V. Pull u(u) back to a coset [€,] in R modulo
7 via the map €™ : R — S (also define €, to be the largest non positive element
of [e,]). A g-twisted V-module is a vector superspace M together with a state-field
correspondence Y™ : V — (End M){{z}},

M _ M_—n—A, __ M _—n—1
Y"(u,z) = Z U, z = Z U2 ,
nele,] nele, ]+[Ay]

satisfying the quantum field property. The following axioms are to be satisfied:

o YM(10),2) = In.
o Forallu,veV,x e M,n € Z,m € [¢,], and k € [¢],

m+A, —1
> (" ol

J€Ly
(n
= Z (_1)]( ) I:urA;;[Ht—j vl%-j—n — plu, v)(—l)”v,?’l_junﬂf_'_j] X
: J
JE€Ly
A positive energy g-twisted V-module is a g-twisted V-module M such that

o M = ®;crM; is R-graded, each graded piece is finite dimensional, and My = 0
for sufficiently negative k,
° u,I:/IMj CMj_pforallueV,nelel, jeRy

There is a ‘dangerous bend’ in Definition 2.2. If u € V has conformal weight A, ¢ Z,
then the modes u, acting on V are indexed by n € —[A, ], so V with its adjoint action
is an e =27 Lo_twisted V-module, not a 1-twisted V-module as one might expect. This
issue is purely notational, and we could change notation so as to have V be a 1-twisted
V-module. We use Definition 2.2 because it is most natural in relation to the modular
transformations of conformal blocks, Eq. (1.5). Our definition coincides with the usual
one when all conformal weights of V are integers.

Definition 2.3. The Zhu VOSA structure is (V, |0), @, Y[u, z]), where
c
5= i) (e — = |0
o= Q2ri)(» 24| )
and
Y[M, Z] — eZm'Auzy(u’ EZJTiZ _ 1).
Ifwe write L[z] = Y[@,z] = > ,c7, L[n]z_"_z, then

Li_o = Qui)*(L_y —¢/24), Li_1y=2mi(L_1+Lo), and

(-1
Logg=Lo— », ———Lj.
!  jG+n’
JE€L>0
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The eigenvalue V, of an eigenvector u with respect to Loy is called the Zhu weight of
u. We write Vigy = {u € V|V, =k} and

Y([u,z] = Zu([,,l)z_”_l = Z gz "V

nez ne—[V,]

Explicitly we have

uqa)v = Res; ZnezmA”ZY(u, o2z Dvdz

= i) "' Resy[In(1 + w)]"(1 + w)2 'Y (u, wyvdw,

where w = ¢**2 — 1. An automorphism of the new VOSA structure is the same as
an automorphism of the old one. Vectors of homogeneous conformal weight are not
generally of homogeneous Zhu weight and vice versa.

We use the following notation below: V is a VOSA, G a finite group of automor-
phisms of V, and g, h € G two commuting automorphisms. Unless otherwise stated an
element of V is a simultaneous eigenvector of g and 4. For such an eigenvector u we
write w(u) and A(u) for its g- and h-eigenvalues respectively.

We define a right action of SL>(Z) on G x G by (g, h) - A = (g2h®, g°h%), where
A= (2 g) Similarly (i1, 1) - A = (u@1°, uP1%). We use the standard notation At for

at+b
ct+d”

3. Modular Forms

In this section we recall some functions that appear in connection with modular forms
and elliptic curves. Consider the ill-defined expression

eZmnz

1 —Ag"’

. /
2mi

nele]

where A is a root of unity and [€] is a coset of Q modulo Z (also fix € € [¢] such that
—1 <e<0,andlet u = e ie). By z/ we mean the summation over all nonsingular
terms, i.e., if [€] = Z and A = 1 then n = 0 is to be excluded from the sum.

To make sense of the sum we first rewrite it as

2788 . e2ninz ) A—leZHinzq—n

nelelso nelel<o

El

1 —r~lg™

where

5 — 1 ifl[e]=Zand X # 1,
| 0 otherwise.

Then we expand in non-negative powers of g to get

2mid 2w 2ri 2 -1 _—
+27.[' JTH’lZ+27T' Ting )\. n\m __ Ting )\. n\m
; i E e i E E e (Ag") E e A"g™)

nelel=o meZxq | n€lel-o nelel<o
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This is still not well-defined, because of the second term. Let us re-sum the second term
using the geometric series formula. We arrive at the following formula, which we regard
as a definition:

Tis ‘627Ti(1+€)z

— ZTT1 -
—x iz —

2
PMz, q) = ]

2 Z Z ezmnz(kqn)m_ Z e2m’nz()\—lq—n)m . 3.0

meZ-q | nelelso nelel<o
Let us write
o0
Pl g) =~ 4 3 R
k=0
The Bernoulli polynomials B, (y) are defined by

[o/0] —
et Z !
et —1 n!

n=0

For example By(y) =1, Bi(y) =y — 1/2, Ba(y) = y2 — vy + 1/6, etc. The Bernoulli
numbers are B, = B,(1). Using the definition of the Bernoulli polynomials and the
series expansion of ¢>72 we directly obtain the following.

B, (y).

Lemma 3.1. For k € Z, we have

2mis  (2mi)kH!

Pl (q) = S0~ Gt D) Biy1 (1 +¢€)
(27”')1(+l o,
+ k' Z Z nk()\’ql’l)m _ Z nk()\’ lq 1)m
’ meZq | n€lelso n€lel<o

We now record the modular transformation properties of the functions Pk” **_ For
(mn, &) # (1, 1), our functions are essentially the same as the Q-functions of [6]. Indeed
forall k € Z,,

Pl (g) = @aiY*! Qrar(u. 2. q) when (11, 2) # (1., 1).

Section 4 of [6], in particular Theorem 4.6, tells us that P,f ’A, when summed in order of
increasing powers of g, converges to a holomorphic function of t € H. Furthermore

P (At) = (et + A PP A (o), (3.2)

Since y and A are roots of unity, there exists N € Z, such that u¥ = A" = 1. Therefore
P,{”’A(Ar) = (Ct+ d)k“P,f’k(r) whenever A = (gg) satisfiesa =d =1 (mod N)

andb=c =0 (mod N),i.e.,if A € ['o(N). Hence P,f”(r) is a holomorphic modular
form on I'g(N) of weight k + 1.
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Now we consider the case (u, A) = (1, 1). Comparing the formula of Lemma 3.1
with the Eisenstein series

2027i)k

G = 2000 + 5=

o
> or1mg" (fork > 2)
n=1

shows that Pkl’l(q) = Gp41(7) for k > 1. We also have Pol’l(q) = —mi. Therefore
Eq. (3.2) holds when (i, A) = (1, 1) and k > 2. It is well-known that G»(g) is not a
modular form, but instead satisfies

G2(AT) = (et +d)?Ga (1) — 2mic(ct +d).

The function P11(z, q) (which we abbreviate to P(z, g) below) is closely related to the
classical Weierstrass zeta function

1 1 2
-1
,T) = + E + +
() =2z (mn)#(oo)[z—mr—n mt +n (mr+n)2:|

o0
=z 1- ZZ’HGk(I),
k=4

(the latter is the Laurent expansion about z = 0). We have

(z,t) = —P(z,9) +2G1(q) — mi.

The Weierstrass elliptic function is o (z, T) = —a%g(z, 7), so we have
)
B—ZP(z, 7)) =9z, 9)+Ga(q). (3.3)

The Dedekind eta function is defined, for T € H, to be

() =q"> ] -q". (3.4)

n=1
From [21] p. 253 we have the following.

Proposition 3.2.
. —1 .
n(z+1) =e"/2y(r) and n(—) = (i) (o).

The Jacobi theta function is defined, for T € H and z € C, to be

0(z:7) = zeninzr+2ninz. (3.5)
nez

From [26], p. 475 we have the following.

Proposition 3.3.

6(2; 2y = (—in) 2" 0(z; 1) and 6z T+ 1) =0(z+ L5 0).

T T
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4. Conformal Blocks

Let My be the vector space of holomorphic modular forms on I'g(N), i.e., the vector
space of holomorphic functions f : H — C such that

o f(At)= f(r)forall A € To(N),
e f(At) is meromorphic at T = ico forall A € SLy(Z).

Definition 4.1. Let V = M |G| ®c V. Define O(g, h) to be the M,g|-submodule of V
generated by

X1(u,v) =Res; Y[u, zlvdz = uqopv for (u(u), A(w)) = (1, 1),
Xo(u,v) = Res; p(z,9)Y[u, zJvdz Jor (u(u), A(u)) = (1, 1),
u Jor (u(u), A(u)) # (1, 1),

X8" (u, v) = Res, PEO20 (2 )Y [u, zlvdz for (u(u), 2w)) # (1, 1).

Definition 4.2. The space C(g, h) of conformal blocks is the space of functions S :
V x H — C satisfying

CB1 S(x+y,7) =S, 1)+ Sy, t) forallx,y € V,and S(f (t)u, t) = f(t)S(u, 1)
forall f(r) e Migl,ueV.

CB2 S(u, 1) is holomorphic in t for eachu € V.

CB3 S(x,7) =0forall x € O(g, h).

CB4 Forall u € V such that (u(u), AM(u)) = (1, 1),

|:(2ni)2q% + VuGz(q):| S(u, t) = SRes; ¢(z,q)L[z]udz, t). (4.1)
An equivalent form of (4.1) is

(2ni)2q%5(u, 7) = —S(Res; P(z, ¢)L[zludz, 7). 4.2)

4.1. Modular transformations of conformal blocks. Let K be a positive integer such that
1/K divides the conformal weight of each vector in V (the C,-cofiniteness condition
implies that K exists, see the first paragraph in the proof of Lemma 5.1 below). Let £/7

denote the principal K™ root of z, i.e., —7/K < arg(X/z) < m/K. In the following
theorem (¢t + d)~* is defined as the appropriate integer power of v/ct + d.

Theorem 4.1. Let S € C(g, h) and A € SLy(Z). Define S - A:V x H — C by
[S-Al(u, ) = (CT +d)_kS(a, At) foru € Vi,
and [S-Al(f(Du,7t) = f(OIS-Alw, 1) forueV, f(r) e Mg|.
Then S - A €C((g, h) - A).

Proof. Fix g,h € G, A € SLy(Z),and let S € C(g, h). It is obvious that S - A satisfies

CB1. Because S(u, 7) is holomorphic in 7, S(u, A7) is too. Because ¢H + d is disjoint

from the branch cut, (ct +d) ¥ is holomorphic in 7. Therefore S - A satisfies CB2.
Clearly (u(u), A(u)) = (1, 1) if and only if (u(u), A(u)) - A = (1, 1).
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Suppose (u(u), A(un)) = (1, 1). We have S(X1(u, v), 7) = 0, hence
[S-Al(X;(u,v), 1) = (Tt +d) "V« Vo= lS(X, (u, v), At) = 0.
Next we have
[S- Al(X2(u,v), 1) =[S - Al(u-2pv, T) +Z(2k — DG (D[S - Al(u2k—2pv, T)

k=2
= (ct+d) VeV S(u_apv, A1)

o0
+ > 2k = DGu(r) et +d) VS (v, A7)
k=2

= (ct +d)_v”_v”_1 |:S(u<[2])v, AT)

o0
+Z(2k — )Gk (AT) S (k2 v, At):|
k=2

= (ct+d) Ve Vo lS(Xo(u, v), AT) = 0.
Now suppose (@, 1) = (u(u), A(u))g.ny 7 (1, 1) (so (u(u), A(u))(g.n)-a # (1, 1) t00).
We have

o0
[S- AN vy, 1) = 1S Awgeyv, 0 + DO PP OIS - Ay, 1)
k=0
= (ct+ d)_v“_v”S(u([,l])v, AT)

o0
—(cr+d) VY > pII A (@) (T4 d) S (i v, AT)
k=0

= (cTt+ d)_v“_v” |:S(u([_1])v, AT)

o
=" PEHAD S (. Ar):|

k=0
= (ct+d) "V Vrs(X" (u, v), AT) =0
(having used the transformation property (3.2) of P,f ’A). Finally note that [S- A](u, 7) =
0 whenever (u(u), A(u)) # (1, 1) because the same is true for S. Thus S - A satisfies

CB3.
Let (u(u), A(u)) = (1, 1) again. By a calculation similar to the one above, we have

[S- A]J(Res; ¢(z, T)L[z]udz, T) = (CT + d)_V”_zS(Resz ¢(z, At)L[z]udz, AT).
On the other hand,

|:2m'i + V,,Gz(r)} [S-Al(u, 7)
dt

= [2m’di + vucz(r)] (ct +d)"VuS(u, A1)
T
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d(At) d
— | —2nicv, (et + d) Vel + (ot + o)V LAD
dt d(At)

+V,Ga(7)(cT + d)—Vu] S(u, A1)

=(ct+d) v« 2 [—2m'cvu(cr +d)+ 4 +V,Gy(t)(CT + d)z] S(u, At)
d(A7)

= (ct +d)Vu2[ +V,,G2(Ar)i| S(u, At).

d(At)
So S - A satisfies CB4. O

5. Differential Equations Satisfied by Conformal Blocks

We recall the crucial Cs-cofiniteness condition introduced in [29]. This condition,
together with the conformal block axioms, implies the existence of an ordinary dif-
ferential equation (ODE) satisfied by the conformal blocks.

Definition 5.1. The vertex operator algebra V is said to be C,-cofinite if the subspace
Cr(V) = Span{u—pvju,ve V} SV
has finite codimension in V.

Lemma 5.1. If V is C-cofinite, then the M,g|-module V/O(g, h) is finitely generated,
foreach g, h € G.

Proof. Since C>(V)isagraded subspace of V (under the A-grading) there exists ng € Z
such that V,, € Ca(V) foralln > ng. Let W = @p<yy Vi S V.

Since Ay = Ay +Ay+ 1, every vector in V with conformal weight greater than

ng can be expressed in terms of —2"¢ products of vectors in W. Therefore all conformal
weights in V are integer multiples of 1/K for some positive integer K.
Let W = M g|W C V. Recall that

Lioy = Lo + Z“Ofo and Lo = Lo + ZﬂmL[i],

i>1 izl

for certain o;, Bo; € C. Suppose u € V,,, i.e., Lou = nu. Then Ljgju = nu modulo
terms with strictly lower A. Similarly if v € V[;,; then Lov = nv modulo terms with
strictly lower V. Thus @x<, Vi = ®k<n Vik) for any n € Q.

We will prove by induction on conformal weight (which is possible since conformal
weights are multiples of 1/K and are bounded below) that Vj,,; € W + O(g, h) for all
n. According to the last paragraph this holds for n < ng already.

Letn > ng, and let x € V[,). Since V.= W + C»(V) we may write x as w € W plus
a sum of vectors of the form

U=2)V = Uq-2pv + Z a2, jU(jDV,
j>-2

where we assume u, v are homogeneous in the V-grading. It is clear that we can choose
all the pairs of vectors u, v so that V,, + V, + 1 < n. Therefore all the terms in the
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j-summation have V < n, hence they lie in W + O(g, h) by the inductive assumption.
It suffices to show that u_ov € W+ O(g, h).
If (u(u), A(u)) = (1, 1) then

00
Xz(u, v) =uq-2pv+ Z(Zk — I)sz(l’)u([zk,z])v € O(g, h)
k=2

The terms in the summation have V < n, hence they lie in W+ O(g, h) by the inductive
assumption. Therefore u_2)yv does too.
If (p(u), A(u)) # (1, 1) then

00
WA
X3(u,v) = —U(-1)V +ZP£(M) (“)(q)u([k])v € O(g, h).
k=0

Substituting L{_1ju in place of u shows that

o0
A
uq-apv — > kPO (@ugeyv € O h)
k=0

too. As before, uq_opv € W+ O(g, h). O
Remark 5.2. Inspection of the proof of Lemma 5.1 reveals that the C,-cofiniteness con-

dition can be weakened to the following: V/C(&" is finite dimensional where C¢" is
defined to be the span of the vectors

u—v for (u), A(u)) =(1,1), and wu—nv for (u(u), A(u)) # (1, 1).

Therefore all results of this paper hold with C»-cofiniteness replaced by this weaker
condition.

The following lemma is stated in [6].

Lemma 5.3. For any integer N > 1, My is a Noetherian ring.

Lemma 5.4. Let V be Cy-cofinite, let u € V, and let S € C(g, h). There exists m € Z.
and ro(t), . .. rm—1(t) € Mg such that

m—1
S(LT . T) + D ri(D)S(L{_yu, ) = 0. (5.1)
i=0
Proof. Let I,(u) € V/O(g, h) be the Mg -submodule generated over Mg by the
images of u, Li_ou, . .. L’[l_z]u. Because V/O(g, h) is a finitely generated M g|-mod-
ule and Mg, is a Noetherian ring, V/O(g, h) is a Noetherian M g|-module: meaning
that the ascending chain Io(u) € I;(u) C ... stabilizes. For some m € Z, we have
Iy, (u) = L,;,—1 (1), which implies
m—1
L’["_z]u + Z r,'(‘l,')Ll[_2]M € O(g, h)
i=0

for some r;(t) € M,g|. Equation (5.1) follows from this formula and CB3. O
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The axiom CB4 states an equality between S(L{_2ju, ) and (q dq )S(u, ) modulo

‘terms of lower order’, i.e., terms of the form S(v, ) with V,, < V We use this to
convert (5.1) into an ODE satisfied by S(u, ). More precisely we have

Theorem 5.5. Let g = q'/1°! and let S € C(g, h). For eachu € V, S(u, ) satisfies an
ODE of the form

m—1 oo

d
@) ST+ Z gi <q)(q—> S+ > hik @@y _>fS<x,k, 1) =0,

=0 k=0

where the x j € V are of strictly lower conformal weight than u and the functions g; (q)
and h ji(q) are polynomials in elements of M| and derivatives of G, with respect to
q. In particular these functions are all regular at ¢ = 0, and so the ODE has a regular
singular point there.

We write g here instead of g because the elements of M| can be expressed as series
in integer powers of g, rather than g. For the proof of Theorem 5.5 see Sect. 6 of [6].

For u® € V of minimal conformal weight the ODE satisfied by S(u(?, 7) is homo-
geneous because there are no nonzero vectors with strictly lower conformal weight. The
theory of Frobenius-Fuchs tells us that S(u®, 7) may be expressed in a certain form
(5.2) below. For arbitrary u € V the same conclusion cannot be drawn directly because
of the presence of the inhomogeneous term. However an induction on V,, shows that
S(u, 7) does take the form (5.2) for all u € V. The form in question is

P
S, 7) =Y (logq)'Si(u, 1),
i=0
b(i)
where  S;(u.7) = > q"iS;;(u. 1), (5.2)

00
where Sij(u, T) = ZCi,j,n(M)qn/‘le
n=0

where A;j; — Aij, ¢ ﬁZ for 1 < ji # jo < b(i). We call (5.2) the Frobenius expansion
of S(u, 7).
A priori the parameters p, b(i), and A; ; in the Frobenius expansion of S(u, 7) depend

on u. However if {u"} is a basis of W then the conformal blocks S(u), 7) obviously
span C(g, h). This implies that C(g, h) is finite dimensional, and that the Frobenius
expansion of S(u, T) may be written with fixed p, b(i), A; ;. independent of u.

6. Coefficients of Frobenius Expansions

In this section we study the coefficients C,, j o : V — C from (5.2). First we recall the
definition of the g-twisted Zhu algebra Zhug (V).

Definition 6.1. Foru,v € V,n € Z let

uop v =Resy w(1+w)2 Y u, wyvdw
= 27i Res, 2™ 1H2 (2712 _ 1Yy [y, Z]vdz.
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Let J, €V be the span of all elements of the form

u for p(u) # 1,

uopv foruwu)=pnw)=1landn < -2,

uoyv foru(u) = ,ud(v)_1 #landn < —1,
and (L_1+ Lo)u for u(u) = 1.

The g-twisted Zhu algebrais Zhu, (V) = V/J, as avector superspace, with the product
induced by o_j.

We denote the projection of u € V to Zhug (V) as [u] or simply u. The following

two theorems are proved in [5]; note that u[o})v in our notation is (27 Y u, v] h=1 In
theirs.

Theorem 6.1. o The product o_ is well-defined on Zhuy(V) and makes it into an
associative superalgebra with unit [|0)]. We denote the product by x.
o The 0" Zhu product - o))- is well-defined on Zhug (V') and we have

uxv—pu,v)v+u =2miuqpv forallu,v € Zhug(V). (6.1)
o [w] is central in Zhugy (V).

Theorem 6.2. e There is a restriction functor S2 from the category of positive energy
g-twisted V -modules to the category of Zhug (V)-modules. It sends M to Mo with the
action [u] * x = ug”xforu € V and x € M.

o Thereis an induction functor L going in the other direction, and we have Q(L(N)) =
N for any Zhug (V)-module N.

e Q and L are inverse bijections between the sets of irreducible modules in each cate-
gory.

The automorphism £ of V' descends to an automorphism of Zhug (V'), which we also
denote h.

Proposition 6.3. Let S € C(g, h) with Frobenius expansion (5.2). Fixj € {1,2,...b(p)},
and let f = C,_jo. We have

o f(u)=0foralluc Jg(V), so f descends toamap f : Zhug(V) — C.

o f(u*xv) =238 uwrwm.1p, VAW f(usu) forallu, v e Zhug (V).

Proof. By definition S(-, T) annihilates O(g, k). Therefore f annihilates the ¢° coef-
ficient of any element of O(g, h). If u € V with u(u) # 1, then u € O(g, h), so
fw) =0.1f w(u) =1, then 2wi(L_1 + Lo)u = oqopu € O(g, h) is annihilated by f.
Now

[qo] P X1(u,v) = X1 (u, v) = ugopv,

[qo] : Xo(u, v) = Res, ([qo] 10, P(z,q) — Gz(q)) Y[u, zJvdz
2mwiz

e
e27rtz _

= Res, |:2m’3 1 2;(2)] Y[u, z]vdz
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2miz

—(27i)* Res, Y[u, z]vdz — 25 (2)u jopv

= —2miu oo v — 2L (Q)uopv,

and [¢°]: X3(u, v) = Res, ([qo] . PRI (o q)) Y[u, zlvdz

—2mi -
1—A(u) emiz |
2mid

= ——-1U V—Uuo_j0.
T o 1

27i8 .62ni(l+eu)z
= Res;, Y[u, zlvdz

Hence f annihilates J,, and descends to a function on Zhug (V).

Now for the second part. Let () = pu(v) = 1. If A(w)A(v) # 1, then u x v, v * u
and uopyv all lie in O(g, h) and so are annihilated by f. If A(u) = A(v) = 1 then f
annihilates u oy v, hence f(u *v) = p(u, v) f(v*u). If A(u)A(v) = 1 with A(u) # 1,
then f annihilates

2mi

——u V—U*xv.
T g 0

Combining this with (6.1) shows that

fuxv) = pQu, v)A@) ™ fvxu),

so we are done. O

7. h-Supersymmetric Functions

Let A be a finite dimensional unital associative superalgebra carrying an automorphism
h of finite order. Let A(a) denote the Ah-eigenvalue of an eigenvector a € A. We consider
linear functions f : A — C satisfying

f(@b) = 8@y 1p(@, b)r(@) " f(ba) (7.1)

for all a, b € A eigenvectors of h. We refer to these functions as h-supersymmetric
functions on A, and write 3, (A) for the space of all such functions. We also write F(A)
for F1(A) and refer to these as supersymmetric functions.

Let A be semisimple now, and let A = @, A; be its decomposition into simple
components. The automorphism / permutes the A;. The following fact is proved in
Lemma 10.7 of [6] (for algebras, but the proof carries over naturally to the Z/2Z-graded
setting).

Lemma 7.1. F,(A) = ®;cyFn(A;), where the direct sum is over the subset J C I of
h-invariant simple components.

For the rest of this section let A be a simple superalgebra, i.e., having no proper
nonzero 7Z/27Z-graded ideals. Note that a simple superalgebra need not be simple as an
algebra. We summarize some well known (see, e.g., [17]) results about simple superal-
gebras in the following theorem.
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Theorem 7.2. Let A be a finite dimensional simple superalgebra over C. Then

e (Superalgebra Wedderburn Theorem) A is isomorphic either to End(C™%) or else to
0, = End(C")[£]/(& 2 = 1), where & is an odd indeterminate. Henceforth we refer
to these cases as Type | and Type ll, respectively.

e A has a unique irreducible module up to isomorphism. It is C"™* in the Type | case,
and C""" = C" + C"& in the Type |l case, with the obvious action in each case.

o (Superalgebra Schur Lemma) Let N denote the unique up to isomorphism irreducible
A-module. Then

C1 if Ais Typel,

Ends(N) = [
Cl1+C¢ ifAisTypell.
Proof. Lemma 3 of [25] states that A is either simple as an ordinary algebra or else
it is isomorphic to @, for some n > 1. In the first case A = End(/N) for some finite
dimensional vector space N which is in turn the unique irreducible A-module. Consider
the involution o4 on A. There exists an invertible element (indeed an involution) b € A
such that o (a) = b~ 'ab for alla € A. Now N decomposes into eigenspaces for b with
eigenvalues 1 and —1. We make N into a superspace by declaring these eigenspaces
even and odd respectively. Then b is just o). Now A = End(C") as a superalgebra
and N is its unique irreducible module. In the second case any irreducible A-module N
is in particular an End(C")-module and therefore a direct sum of copies of C". Since &
maps an even copy of C" to an odd one, and £2 = 1, we deduce that A has the unique
irreducible Z/27Z-graded module N = C" +C"& (observe that without the Z/2Z-graded
condition N would not be unique). This completes the proofs of the first two items.
For the third item: the Type | case follows from the usual Schur lemma by forgetting
the Z/2Z-grading. If A is of Type Il let ¢ € Enda(N)o, then ¢|y, € C1 by the usual
Schur lemma and since ¢ commutes with & we have ¢ € CI1. If ¢ € Endg(N); then
clearly ¢ € End4(N)pandso¢p € C£. O

Supersymmetric functions on simple superalgebras were first considered in [16] and
are characterized as follows.

Lemma 7.3. Let A be a finite dimensional simple superalgebra, and N its unique up to
isomorphism irreducible module. The space F (A) of supersymmetric functions on A is
one dimensional and is spanned by the function

a— STry(a) if Ais of Typel,
ar— Try(a&) if Aisof Typell.

Proof. Let f be a supersymmetric function on A = End(C™%). Fix a Z/2Z-homoge-
neous basis e1, ... eu+x of C™K where ey, ..., e, are even and ey41, . . ., em+x 0dd.
Define E;j € Aby E;j(er) = dike;. If i £ j then

F(Eij) = f(EiiEij) = £f(EijEii) = £f(0) = 0.
Thus f(a) = Y ; kia;; is a linear combination of the diagonal entries of a. We now have
S(Eii) = f(EijEji) = £f(EjiEij) = £ f(Ejj),

where the sign £ is a + if E;; is even (i.e., if ¢; and e; have the same parity) and is a —
if E;; is odd (i.e., if ¢; and e; have opposite parity). Therefore, up to a scalar multiple
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ki=1fori=1,...,mandk; = —1fori =m+1,...,m+k.Hence f is proportional
to STry, where N = C"I¥ is the unique irreducible A-module.

Now let f be a supersymmetric function on A = Q,. Fora € Ag we have f(a) =
fEEa) = —f((Ea)é) = —f(a), hence f(a) = 0. On the other hand g : Ag —
C defined by g(a) = f(a&) is symmetric because g(ab) = f(ab&) = f(béa) =
f(ba&) = g(ba). Therefore g is a scalar multiple of Try, and f is a scalar multiple of
the map a — Try,(a§) = (1/2) Try(@é). O

Now we turn to the description of A-supersymmetric functions. First we need the
following superalgebra analog of the Skolem-Noether theorem.

Lemma 7.4. Let A be a finite dimensional simple superalgebra, N its irreducible mod-
ule, and let h be an automorphism of A. There exists invertible 1 € Endc (N) such that
h(a)x = 'awx foralla € A,x € N. If A is of Type | then t is 7./27-homogeneous
and is unique up to a nonzero scalar factor. If A is of Type Il then ¢ (while not unique)
may be chosen to be 7./27-homogeneous of either parity.

Proof. The map (a, x) + h(a)x defines an irreducible action of A on N which we
denote 4 - N to distinguish it from the original action. By the second item of Theorem 7.2
the A-modules N and /- N are equivalent, i.e., there exists invertible: € Hom4 (h-N, N).
A choice of such ¢ identifies Hom4 (h - N, N) with End4 (N).

Let A be of Type |. Then End 4 (V) = C1 and so ¢ is unique up to a nonzero scalar fac-
tor. By definition 4 commutes with the parity operator 4. This implies (oyt) 'a(ont) =
(LUN)’] a(toy) foralla € A. Hence by the Schur lemma oyt = €toy for some nonzero
constant €. Since the eigenvalues of oy are £1 we have € = %1 and in either case ¢ is
7Z./27Z-homogeneous.

Let A be of Type Il. There exists typ € Ag such that h(a) = Lalato for all a € Ag.
Since we have h(£)> = h(£2) = h(1) = 1 and h(a)h(§) = h(a&) = h(€a) = h(€)h(a)
for all a € A we deduce h(§) = ££&. Write h(§) = (—1)”&. By the Schur lemma
Homy (h - N, N) is two dimensional. One then easily verifies Homy(h - N, N) =
Cuop + Cioohé. The claim follows. O

To facilitate the description of h-supersymmetric functions we make the following
definition.

Definition 7.1. Let A be a finite dimensional simple superalgebra, N its irreducible
module, and let h be an automorphism of A. We define y to be an invertible element
of Endc(N) satisfying h(a)x =y 'ayx foralla € A,x € N.If A is of Type Il we
further require that y be even (resp. odd) if h(§) = & (resp. h(§) = —&).

The map y so defined is unique up to a nonzero scalar factor.

Lemma 7.5. Let A be a finite dimensional simple superalgebra, N its irreducible mod-
ule, and let h be an automorphism of A of finite order. The space Fj,(A) of h-supersym-
metric functions on A is one dimensional and is spanned by the function

a +— STry (ayaﬁ(y)) if Ais of Typell,
ar— Try (ayof\’,(y)é) if AisofTypell.

We shall sometimes abuse notation slightly by writing both cases as a +— F (ayaﬁ(y)),

where F € F(A).
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Proof. Let A be of Type |. Since h(y) = y~'yy = y we have A(y) = 1. Also
h(on) = y~lony = (=1D)PPoy so A(oy) = (1)) Let f € Fj(A) and put
fla) = fay Y ifyisevenand f(a) = f(ay 'oy)if y is odd. Then if y is even we
have
fab) = f(aby™") = M@~ wrwy-napa by ™) fby~ )

= M@ Sr@rp.1pla, b) fby ayy™h

= Sx@arw.1p(a, b) f(bay™")

= Sx@iby.1p(a, b) f (ba), (7.2)

while if y is odd we have
Flab) = flaby™'on) = 1@ 8y apipy-1ay). 1 P@ by ~lon) f(by 'ona)
= (@) Sp@np.—1p(a, by (=P f(by ' aoy)
= M@ Su@pnwy—1p(a, b) f(by rayy o)
= Sr(@arb).—1p(@. b) f(bay oy)
= Sx@b),—1p(a, b) f (ba). (7.3)

In particular f is supersymmetric in both cases and therefore is a multiple of STry.
Therefore f is a scalar multiple of a — STry (ayaﬁ(y)). It remains to verify that the
latter function is #-supersymmetric; for this we need only show that STry (ay o ﬁ(y)) #0
only when A(a) = 1. Well, N splits into eigenspaces for y and a maps the € eigenspace
to the A(a)e eigenspace. In general STry (b) = Try (boy) vanishes unless A(aoy) = 1,
SO STrN(aya]’\;(V)) vanishes unless 1 = A(a)A(y)A(on)?P*! = A(a).
__ Now let A be of Type Il and assume first that 2(§) = &. For f e F,(A) put
f(a) = f(ay~"). We may repeat calculation (7.2) to deduce that f is a supersymmetric
function on A, hence a multiple of a — Try(a&). Therefore f is a scalar multiple of
a> Try(ayé§).

The final case of h(§) = —& is a little more delicate because y = (pony& (where
1o is as in the proof of Lemma 7.4) is not an element of A. For f € F,(A) we let
fla) = f(atal) and repeat calculation (7.2). Since Lalato = (=)’ D} (a) we obtain
this time

F(@b) = 8.1 p(a, b)(=DPVf (ba)
foralla,b € A. Fora € Ay we obtain
fEa) = —8ya),—1f(af),
hence ?(Al) = 0.Fora, b € Ay we obtain
fab) = 8, @ypy,1 f (ba),

hence f is a symmetric function on Ay. It follows that f is a scalar multiple of Try, =
(1/2) Try. This means that f is a scalar multiple of

a > Try(aw) =Try(ay§on) = —Trn(ayoné).

Finally we should verify that Try (ayaﬁ(y)é) # OonlyifA(a) = l.Inthecase h(§) = &
the trace vanishes unless 1 = A(a)A(y)A(E) = A(a). In the case h(§) = —& the trace
reduces to Try, (atg) which again vanishes unless A(a) = 1. 0O
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8. Supertrace Functions

In this section we use the results of Sect. 7 to associate a supertrace function to each
pair (M, h), where M is an irreducible positive energy g-twisted V-module, and % is an
automorphism of V of finite order commuting with g. We show that this function lies in
C(g, h).

The Zhu algebra Zhu, (V) is finite dimensional (because V is C;-cofinite) and is
semisimple by assumption. Let A € Zhu, (V') be a h-invariant simple component, N its
irreducible module, andlet y : N — N be as in Definition 7.1. It follows from Theorem
6.2 that y lifts to a grade-preserving map (which we also denote y) of the associated
V-module M = L(N) satisfying

yully = )l (8.1)

forallu € V,n € [¢,]. Inthe case that A is of Type Il we shall make use of the involution
& of M = L(N) lifted from £ : N — N in the same way, i.e.,

guMe = (— 1Py,

Below we shall drop the M superscripts. We sometimes refer to M as being of Type |
(resp. Il) if its associated simple component Zhu, (V) is of Type | (resp II).

Definition 8.1. Let M be a positive energy g-twisted V -module and h an automorphism
of V of finite order commuting with g. For o : M, — M, an endomorphism of a graded
piece of M we define

STy, (ozyoﬂl,’[(y)) if M is of Typel,
Tr g, (ayo]fj[(wé) if M is of Typell.

We define Ty () = 3, Tu, () whenever the sum is well-defined. Finally we define the
supertrace function associated to M and h to be

Ty, (o) =

Sa(u, 7) = Tar (uog ™0~ /*H). (8.2)
The main theorem of this section is

Theorem 8.1. Let M be a h-invariant irreducible positive energy g-twisted V-module.
Then the supertrace function Sy defined by (8.2) lies in C(g, h). Furthermore the Sy,
as M ranges over all such modules, are linearly independent.

Proof. The Sy are linearly independent because the /-supersymmetric functions on
Zhug (V) are (each is supported on a different simple component). The proof that Sy, €
C(g, h) is carried out in Propositions 8.2-8.6 below.

To summarize: in Propositions 8.2 and 8.3 we show that Tj; annihilates all u € V
satisfying (u(u), A(u)) # (1, 1), and annihilates uo)yv for (u(u), A(u)) = (1, 1). In
Proposition 8.4 we establish an identity which is used in Proposition 8.5 to show that
Ty annihilates the remaining elements of O(g, i). These properties pass immediately
to Sy and thus CB3 is verified.

In Proposition 8.6 we use Proposition 8.4 again to show that Sy, satisfies CB4.

Axiom CB2 is automatic.

To verify CB1, we must show that the power series Sy, converges to a holomorphic
function in |g| < 1. In the presence of the C»-cofiniteness condition CB1 follows from
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the other axioms. This is because the calculations of Sect. 5 show the power series Sy
formally satisfies a Fuchsian ODE and it follows that S, converges to a solution of this
ODE (see [6]). O

Since w € V is h-invariant, y commutes with Ly and ¢Z0. Since w is in the center
of Zhugy (V) and its module N = M) is irreducible, Ly acts on N as a scalar (called
the conformal weight of M and often denoted 4 (M)). Recall that [Lg, ugx] = —kuy. It
foLllows that Ly acts on M, as the scalar h(M) + r, and that 1y commutes with Ly and
q-°.

Proposition 8.2. We have
(a) If (u(u), A(u)) # (1, 1), then Ty, (ug) = 0.
(b) Forallu,v € V we have Ty, (uovo) = Sruyrw),1 P U, v))»(u)_lTMr (vougp).
(¢) If n(v) = ww)~" and n € [ey]-0, then
Ty, upv—py = )»(M)_l[?(“, U)TM,+,, V_plp.

Proof. We begin with (b). We observe that the work has already been done in the proof
of Lemma 7.5. Indeed Ty, is simply the i-supersymmetric function introduced in that
lemma. For r > 0 we define the superalgebra A" to be A" = End¢ (M, ) if M is of Type
I, and A" = Aj + £ Afy, where Ay = Endc (M, )o) if M is of Type Il. Now the proof of
Lemma 7.5 can be repeated, with the pair (A, N) replaced by (A", M,), to establish (b).

In (¢) we may replace M, and M, ., by their direct sum because v_,, annihilates M,
and u,, annihilates M,.. The equation then follows from the same argument as for (b).

For (a): the operators u,, are defined for n € €, + Z, so if u(u) # 1 then ug = 0 and
Twm, (uo) = 0. Once again the proof that T, (uo) = 0 only if A(#) = 1 has been carried
out for » = 0 in the proof of Lemma 7.5, and the general case is the same. 0O

Proposition 8.3. If ;t(u) = 1 then
Tw, (uqopv)o = [1 — A@)1Q27i) ™ Tay, uovo.

Proof. Assume p(v) = 1 and A(v) = A(u)~L, for otherwise both sides of the equation
vanish and the result is trivially true.
The commutator formula (2.2) withm = k = 0 is

[0, vol = D (A“j_ 1)(u(j)v)0 = (Resy, (1 +w)2 'Y (u, wyvdw)o.
J €Ly

2miz

Using the substitution w = e — 1 gives

(uqopv)o = (Res, Y [u, z]vdz)o = (ResZ Py (y 2TIT l)vdz)o
= Qi) (Resw(l +w) e ly @, w)vdw)o
= (2mi) " '[uo. vo).
Now we use Proposition 8.2 (b) to simplify

T, [uo, vol = Tpg,uovo — p(u, v) Ty, vouo
= T, tt0v0 — )iy, 1 P, VIAW) ™ Ty, vouo
= [1 — A)]Tpm, uovo.
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Proposition 8.4.

Ty ((Res; P (2 g)Y [u, zlvdz)og™)
_ [ —Th (uovog™®) if (u(u), 1(w) = (1, 1), 83)
0 otherwise. :

Proof. Lete = e,, u = u(u) and A = A(u). Assume that £ (v) = p~ ' and A(v) = 271,
for otherwise both sides of the claimed equality vanish automatically.
For any r > 0, the ¢+ coefficient of

T (Res, PH*(z, q)Y [u, zJvdz)og™
is X — Y + Z, where

2mid
X =
1—2

Ty, (uqopv)o,

2mi(14€)z

Y = 27iTy, Res, Y [u. 2lud2),

e2m'z _

and Z =2mi Z A Z Tw, ., (Res; e Y [u, z]vdz)o

meZ-q nelel-o

—2mi D A" D Ty, Res; Y [u, z]vdz)

m€Z>O nele]«o

(8.4)

(the sum defining Z is finite since terms with [mn| > r contribute nothing).
Using the change of variable w = ¢>*/% — 1 and the commutator formula, we have

(ResZ Ty [y, z]vdz)o = Qmi)~! (Resw(l +w) A ly (y, w)vdw)o

= Q2mi)~! Z (n+Aju_1)(M(j)v)0=(27Ti)l[lftm V_p]

JELy
(8.5)
for any n € [€,]. Now let n € [€,]~¢. Proposition 8.2 (c) implies that
Z M Ty, unv—y = p(u, V)AL Z )LmTMH”H)nv,nun
meZ-o meZi=g
= p(u,v) Z A TM,-,mn V_ply,
mely
from which it follows that
D N T, [t v_n] = p(u, v)Tag, v ity (8.6)

m€Z>0
If n € [€,]<0 then —n € [€,]~0, and so

D AT Tl vl = —p G, v) D AT Ty [0 ]

meZi~g meZsxo

= =Ty, upv—p. 8.7
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Combining (8.6) and (8.7) yields

Z= D" D Tyl vl = D027 D Tugyy,,, [, v

meZ-g nelelso meZ-g nelel<o
= 2 Twunvon+p.v) D Tigvonttn. (8.8)
nelel<o nelel-o

Next we have

eZni(He)z eZm‘(1+e)z

(Res, Y(u, zJvdz)o = (Res, FTIAY (y P _ 1)udz)

ezniz —1
= Qi) '(Resy w1+ w)2 Y (u, w)vdw)o

Ay
= (27‘[1')71 Z ( j+€)(u(j_1)v)o.

JELy

e2miz _ |

Plugging this into the Borcherds identity withn = —1 and m = 1 + €, = —k yields
Y = Z Ty, (U—jrcVj—e + P, VIV_j_1_clljrise) - (8.9
J€ZLy
Now we see that

_ | =Tm,apby if p =1,
—Y+Z= [ 0 otherwise.

If w # 1then X = § = 0 and we are done, similarly if 4 = A = 1. Finally suppose
=1 # A: from Proposition 8.3 we have

X —Y+Z =Tyu,upvg — Ty, uovp =0
as required. O

In the two following lemmas suppose ((u), A(1)) = (1, 1).
Proposition 8.5. Ty, (Res; e (z, ¢)Y[u, z]v, T) = 0.

Proof. Forallu € V we have (L{—1ju)o = 2mi(L_ju+ Lou)o = 0. By Proposition 8.4
we have
0 = Ty (Li-1ju)ovoqg™)
= Ty ((Res, P(z, )Y[L{_1ju, z]vdz)og™)
= Ty ((Res, P(z, ¢)d.Y[u, zlvdz)og™0)
— Ty ((Res; 3. P(z, @)Y [u, zlvdz)og™)
= —Ty((Res; (9 (2. q) + G2(9) Y [u, zJvdz)og ™).

By Proposition 8.3, the G2(g) term contributes nothing, so the result follows. 0O

Proposition 8.6. [(Zni)zq% + VuGz(q)] S (i, ) = Sy (Res, ¢(z, ¢) Lizludz, 7).
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Proof. We start with Eq. (8.3). Multiply through by ¢~%?* and substitute ¥ = & =
Qi) (w — ¢/240)), so that ug = (2711')2(L0 — ¢/24). The right hand side is

. _ o d _
— Qi) Ty (Lo — ¢/24)vog ™ °/24)=—(2m)2qETM(voqL° /24y,

The left-hand side is

Tm((Res; P(z, q)Llzlvdz)og™0~%**)
= Ty ((Res;[—¢(z. q) +2Ga(q) — wilL[z]vdz)og 0~ /)
= Ga(q)Vy Ty (vog™0=**)
— Ty ((Res; £ (z, q)Llzlvdz)og 0~ %),

having used @((1)yv = Vb and Proposition 8.3. O

9. Exhausting a Conformal Block by Supertrace Functions

Let ¢, ¢ € C. We shall say ¢ is lower than ¥ (and v is higher than ¢) if the real part
of ¢ is strictly less than that of .

Let S(u, t) € C(g, h). In this section we show that S may be written as a linear com-
bination of supertrace functions Sy (u, ) for M € Py(g, V). We need the following
proposition.

Proposition 9.1. Let S € C(g, h) with Frobenius expansion (5.2).

o Letje(l,2,...b(p)}, then Cp jo((w — 2_:4 —Ap,j)*xu)=0forallu € V&.
o Let j € {1,2,...b(p — 1)}, then Cp_1 jo((w — ﬁ — Ap,lyj)z xu) = 0 for all
ueVs.

Proof. Recall Eq. (4.2) — the equivalent form of CB4. Equating coefficients of log?” ¢
shows that (4.2) holds with S, ; in place of S, that is

d
(2m)zqas,,,j(u, 1) = =S, j(Res; P(z,q)L[z]udz, 7). (9.1)
Let us equate coefficients of g*»/ in (9.1). The left-hand side gives (2ni)2kpj Cp,jou),
while the right-hand side gives C,_ ; o applied to
2miz

—lL[z]udz =Resy, w ' (1 +w)2Y (27i) 0w, wudw

2mi Res; I

—(c/24)Resy w1+ w)20 Y ((27i)% |0) , w)udw
= Qi) (w —¢/24) % u.

This proves the first part.
Without loss of generality let A, ; = A, ;. Equating coefficients of log” ~lgin
(4.2) yields

d
(2711')261%51,,1,]-(% 7) = —S,_1.j(Res; P(z, q)Llzludz, ©) — pQ2mi)*S, ;(u, 7).
9.2)
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Equating coefficients of g*»-1./ yields

Cp1,j0l(w—1¢/24 = Ap_1j)*u) = pCp jou).
This, together with the first part of the proposition, implies the second part. O

Let S have the Frobenius expansion (5.2). Following Sect. 7 we have

Cp.jow) =D anTy(w)
N

for some constants ey € C. The sum runs over the i-invariant irreducible Zhu, (V)-
modules N. Proposition 9.1 implies that « is nonzero only for N that satisfy w|y =
Ap,j +¢/24. Now consider

Z anSpvy(u, T) € q*riClg"1eM.
N

The coefficient of g*»./ is nothing but C »,j,0- Therefore the series

S'(u,t)y=Sp j(u,t)— ZOINSL(N)(M, T)
N

has lowest power of ¢ whose exponent is higher than A, ;.

The coefficient of the lowest power of g in S’(u, t) descends to a h-supersymmetric
function on Zhu, (V), so we may write it as a linear combination of T. The mod-
ules N that occur must be different than the ones used in the first iteration because w
acts on them by some constant higher than A, ; + ¢/24. We subtract the corresponding
Sr(vy(u, T) as before and repeat. The process terminates because there are only finitely
many irreducible Zhug(V)-modules. We obtain S, _j(u, T) as a linear combination of
Sy (u, 7). It follows that S, ;(u, v) € C(g, h).

We may repeat the argument above, using the second part of Proposition 9.1, to con-
clude that ),y j(u, ) € C(g, h) also. Hence S,_1,; satisfies (9.1) in addition to (9.2).
Together these equations imply p = 0. Thus S = > j Sp.j s a linear combination of
supertrace functions.

In summary we have following explicit description of conformal blocks.

Theorem 9.2. Let V be a Ca-cofinite VOSA with rational conformal weights and G a
Sfinite group of automorphisms of V. Suppose Zhugy (V) is semisimple for each g € G. Fix
commuting g, h € G. For M a h-invariant positive energy g-twisted V-module, select
y : M — M satisfying

° y’]unyx =h(),x forallu € V,n € [¢,],x € M, and
o ifMisof Type ll, A = Agl£]/(£% = 1) is the simple component of Zhugy (V) corre-
sponding to M, and h(§) = (—1)PE, then additionally y has parity p.

Then a basis of the space C(g, h) of conformal blocks is the set of functions
STry (uoyaﬁ(y)qLO_c/M) if M is of Typel,

Sm(u,7) =
Try (uoycr;;(y)éqLO’c/z“) if M is of Typell,

as M runs over the set of h-invariant positive energy g-twisted V-modules.

Combining Theorem 9.2 with Theorem 4.1 on modular invariance of conformal
blocks yields Theorem 1.3.
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10. The Neutral Free Fermion VOSA

The VOSA V = F(p) studied in this section is well known and goes by several names,
we call it the neutral free fermion VOSA. It is defined ([18], p. 98) to be the vector
superspace spanned by the monomials

©ny - @y 10)

where n; € 1/2+7Z,n; < ... < ng < 0, and the monomial has parity s mod 2. The
VOSA structure is generated by the single odd field

Y(p,2) = th(n)f"*l = Z onz "2

nez nel/2+7Z

The action of the modes on V is by left multiplication, subject to the relations ¢, |0) = 0
for n > 0 and the commutation relation

OmPn + OnPm = m,—n = [Y(9,2),Y(p,w)] =8(z, w).

The Virasoro vector is

1
® = 5¢-3/20-1/2 |0) .
The element ¢ = ¢_1,2 |0) has conformal weight 1/2, and the central charge of V is
¢ = 1/2. This VOSA is C,-cofinite.

LetG = {1, 0y} = Z/2Z. In this section we explicitly compute the conformal blocks
evaluated on the vector u = |0) and u = ¢. To do so we determine the g-twisted Zhu
algebras (see Sect. 6) and their modules, and then write down the supertrace functions
of Theorem 9.2.

Let g = oy. We have ¢, = —1/2 and

@ on v =Resy, w'(1+w)'27 12y (g, wyvdw = PV

(Definitions 2.2 and 6.1). Therefore J,, contains all monomials except |0), hence
Zhu,, (V) is either C|0) or 0. Since V itself is a positive energy oy -twisted V-module
and Vy = C0) we have Zhu,, (V) = C|0). The unique irreducible Zhu,,, (V' )-module
is N = C and the corresponding oy -twisted V-module is L(N) = V.
Let & = 1. Then we can take y = 1. Hence C(ovy, 1; u) is spanned by
STry uggho=/?,

Let h = oy. Although this automorphism acts on Zhu,, (V) as the identity and so
y|n = N, the extension of y to V according to Eq. (8.1) is oy. Hence C(oy, oy; u) is
spanned by

Lo—c¢/24 Lo—c/24

STry upoyq = Try upq
Let g = 1. We have
@ on v = Resy, w' (1 +w)'/?Y (¢, wyvdw,

so in Zhu (V) any mode ¢(,) for n < —2 is a linear combination of modes ¢, for
k > n. Hence Zhu{(V) is a quotient of C|0) + Cg. In fact Zhu;(V) = C|0) + Cp
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which we prove below by exhibiting an irreducible positive energy 1-twisted V-module
M such that My is 2 dimensional. The unit element of Zhu; (V') is |0) and we readily
compute that p x ¢ = % |0). Therefore Zhu; (V) = C[£]/(£2 = 1), where 1 is the image
of |0) and & is the image of v/2¢.

We construct M as follows: it has basis

sof,‘f-“fﬂ,’,‘fl,

where n; € Z,n1 < ... < ng < 0 and the parity of this monomial is s mod 2. The
modes of the field

M@,y => o)z
nez
satisfy ga,f” |0) =O0forn > 1and go,],‘l’[wfl” +<pfl"1<p% = Om,—n- Note that My = (C1+(C(p(1)”1.
The unique irreducible Zhu(V)-module is N = Mj and the corresponding 1-twisted
V-module is L(N) = M.
Let &~ = 1. According to our prescription ¥ = 1. Hence C(1, 1; u) is spanned by

Trps u(l)wé;‘ql‘o_c/m.

Explicitly § : M — M is
Erpl oM V2pM M.

Let h = oy. In this case h|y, = idy, but h(§) = —§&, so yny = oy& which extends to
y = oyé&. Hence C(1, oy; u) is spanned by

Lo—¢/24 _ M Lo—c/24

Try ug youéq —Try udlq

10.1. Conformal blocks in weights 0 and 1/2. We can evaluate the traces and super-
traces above using some simple combinatorics. In terms of the Dedekind eta function
defined by Eq. (3.4) we obtain

2
C(ovy, 1;10)) is spanned by ¢~ /*¥ SCh(V)=¢~1/*8 H(l _ qn+1/2):L/)7
n>0 ﬂ(f)
C( 10)) i dby g~/ Ch(v) = g VS [T (+g"11%) n(r)?
oy,0V; 1S spanne — I P
e ! ! 12On/2)

n=0
C(1, 15 10) =0,
n(7)
nQr)’

and C(1,0v:(0)) is spanned by ¢~ /*8¢'/1 Ch(M) =g~ "> [T(1 + g™ =2

n>0

The third equality is because the trace of an odd linear map vanishes, and in the fourth
we have used Lo|y, = 1/16 which follows by direct computation with the Borcherds
identity.

Theorem 1.3 implies that if f(t) € C(g, h; |0)) then f(At) € C((g, h) - A;|0))
for all A € SLy(Z). This may be verified directly for the generators 7T = ((1) {) and
S = ((1) _01 ) using the explicit forms above together with Proposition 3.2.
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Since Ljgj¢ = Lo, we have V, = A, = 1/2.1f (g, h) # (1, 1) then C(g, h; @) is
spanned by the (super)trace of an odd linear map, and so is 0. The operator (pg’l EonM
is explicitly (ignoring a factor of /2)

M M M M M M 1M M
(pn] .. .(pns 1~ ®o ¢n1 Ce (pns R 1 = iegpnl .. .(pns 1,
where € = (—1)*~! if ny = 0 and (—1)* otherwise. Therefore

o0
C(1, 1; @) is spanned by ¢~ !/4841/16 H(l —q") = (1),

n=1
C(g, h;10)) =0 for all other pairs (g, h).
11. The Charged Free Fermions VOSA with Real Conformal Weights

As a vector superspace, the charged free fermions VOSA V = F (¥, ¥*) ([18], p. 98)
is the span of the monomials

VinVan Y Vi Vi - ¥ 10V (11.1)

where i, js € Z,i] < ... < iy < —1,j1 < ... < ju < —1, and the parity of the
monomial is (m + n) mod 2. The VOSA structure is generated by the two odd fields

Y(W,z2) = Z w(n)z_"_l and Y(y*, 72) = Z w(’;)z_"_l.

nez nez

The action of the modes on V is by left multiplication, subject to the relations ¥, |0) =
I//(*n) |0) = 0 for n > 0, and the commutation relations

Wy Wil = Yom Wity + Vi Wom = men—1 <= [Y (W, 2), Y *, w)] =8(z, w).

(11.2)
All other commutators vanish.
Let 0 < a < 1 be a real number. We define a Virasoro vector ([18], p. 102)
o =a (V2 ¥iy 10) + (1 = a) (Vv 0) (11.3)

and write L?(z) = Y (0%, 7). With respect to this choice of Virasoro vector we have
Ay =1—a and Ays =a.

The central charge of V is ¢ = —2(6a2 — 6a + 1). This VOSA is Cy-cofinite. Note that
o may be defined for any @ € R and is a Virasoro vector. However if a lies outside
the interval (0, 1) then the conformal weights of V might be unbounded below and its
graded pieces might be infinite dimensional. We wish to exclude these cases.
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11.1. Twisted modules. Fix p, A € C of unit modulus and let the automorphisms g and
h of V be defined by

s =p 'y, gt = pyt,
h(y) = 27"y, h(P*) = Ay,

extended to all n' products (note that the Virasoro element is indeed fixed by g and ).
Let u = ¥ and & = ¥ where 8, p € [0, 1), we do not require these to be rational
numbers. Hence g and / need not have finite order.

A g-twisted V-module M will have fields

YM(I/f, Z) — Z ,(!/’{lwz—n—(l—a) and YM(III*, Z) — Z I//:Mz—n—a’
nels]

ne—[8]

and the modes must satisfy
W ™1 = Y ™ + Ml = S0 (11.4)

Letusput M = V, yM(z) = 7% (z) and v*M (z) = Xy *(z), where x € —[8] — [a].
We may easily confirm that

M M
wn zw(”—fl—x) and w: =¢(>kn—1+a+x)

have the correct commutation relations (11.4). Therefore M = M® =V is given the
structure of a g-twisted positive energy V-module (clearly irreducible too), as long as
we choose x so that ¥ and ¥ annihilate |0) for n > 0. This leads to the requirement
O0<a+x<l1.

For g # 1 this requirement fixes x uniquely. If g = 1 then § = 0 and we have the
choice of putting x = 1 —a or x = —a, but both lead to the same module up to isomor-
phism. Indeed if x = 1 —a, then ¥ = (,_1) and y;¥ = Yoy 50 Mg = C0) +Cy.
If x = a then My = C|0) + Cy*. Then f : My — My defined by f(|0)) = ¥* and
f () = |0) lifts to an equivalence from the first to the second module. It is convenient to
use the x = 1—a case, since then in all cases we have the uniform formulaa+x = 1—6.

11.2. Zhu algebras. Let g # 1.1f €, + €, = —1 then
¥ o v = Resy, w" (1 +w) XY (¢, 2)vdw € J,.

Itis possible to write ¥/(,)v as a linear combination of ¥x)v fork > n whenevern < —1.
The same goes for ¢ *. Iterating this procedure reveals that Zhug (V) is a quotient of
C |0). The existence of the positive energy g-twisted V-module exhibited above shows
that Zhug (V) = C|0).

Let g = 1. The same argument as above holds but with n < —2. Thus Zhu; (V) is
a quotient of C|0) + Cyr + Cy* + Cyy—1y¥*. Calculating the products of these four
elements reveals that their span is isomorphic to End((C”l) via y = Ep, ¥* — Epp
and Y—¥* — (a — 1)Ey1 + aEy. Since we have constructed an irreducible positive
energy 1-twisted V-module we have Zhu; (V) = End(C'").

Note that Theorem 1.3 has nothing to say unless g, & have finite order and a € R is
chosen to lie in Q. Even so we can write down supertrace functions in general. The Zhu
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algebras are all of Type I, so there is a single supertrace function associated to (g, k)
and it is

STry ug/lquO_c/M,

where M is the unique irreducible g-twisted positive energy V-module. Here y = h~!,
which we see from Eq. (8.1) plus the fact that & restricts to the identity on Zhug (V).
Now we restrict attention to u = |0) and write

Xu () == STry h_qu"_c/24

for brevity. We shall express the twisted supercharacters x, 3 () in terms of Jacobi theta
functions and derive modular transformations.

11.3. Twisted supercharacters. Recall the conformal weight h = h(M) of an irreduc-
ible V-module M, defined to be the eigenvalue of Lg’[ on the lowest graded piece of M.
We use the Borcherds identity to compute

h(M) =306 —a)@+a—1) =3 [x(x — 1) +2ax] (11.5)

for the twisted V-modules M described above.

Indeed, put u = ¥, v = ¥™* (so that [¢,] = —[§] and [€,] = [8]) in the Borcherds
identity (2.1). Let m = —4§, k = 6 and denote by LHS(n) the left hand side of (2.1) with
these choices of u, v, m, and k. We have

LHS(—1) = ¥y — 6 +a) o v
and  LHS(=2) = (W ¥ ")) — @+ )Wy N +36 + @) +a+ Do v )
Rearranging and using ¥)* = |0) yields
(Y(—2¥*)o = LHS(—2) + (§ + @) LHS(—1) + %(8 +a)(6+a—1).
The corresponding right-hand side of (2.1) is
RHS(1) = > (~1)/ (’;) [Vstnm Vi + (DM Vs
JELy

If we apply this to [0), then the first term vanishes and the second term equals (—1)".
Therefore, when applied to |0),

Wy =1-@E+a)+ 3@ +a)S+a—1).
A similar calculation shows that, when applied to |0),
WP =—@+a)+ 58 +a)S+a+1).

Combining these with (11.3) yields (11.5) above (having alsoused a + x = 1 — §).
Let p(7) = [[02,(1 — ¢™), so that n(z) = ¢"/**¢ (7).
Applying ¥r(_,) = 1//&”” +a+x t0 amonomial in V raises its Lo-eigenvalue by n —a —
x =n—(1-35). Similarly W(*,n) = wf’,‘:’+1_a_x raises the eigenvalue by n — §. We have

o o
X;,L,)L(T) — qh(M)—C/24 H(l _ )\'qn—(l—(s)) H(l _ )\'—lqn—(S).

n=1 n=1



366 J. Van Ekeren

The first product is the contribution of the ¥ terms, the second is that of the * terms.
Note that when g = h = 1 the supercharacter vanishes.
Recall the Jacobi triple product identity:

o0
H(l _ sz)(l +Z2m_1y2)(1 + Z2m—1y—2) — Zznzyb‘t.

m=1 nez
Setz = ¢'/2, and y? = —1g°~!/2. We obtain
h(M)—c/24
¢(q) rgz

Q2ilh(M)—(c—1)/24]z

= pr 06— Hr+(p— i),

2 —
Xua(T) = (—=0)"g" /2+(8—1/2)n

where 6(z; ) is the Jacobi theta function defined by (3.5).

11.4. Modular transformations. Let A =8 — 1 and B = p — . Using Proposition 3.3
we have
27 ilh—(c=1)/24](x+1)

Xuar(T+1) = e (At + D +B;t+1)

2milh—(c—1)/24]t

em‘/12n(r)
2milh—(c—1)/24]t
n(t)

This is proportional to x, ;. (7) the Au-twisted supercharacter of the irreducible u-
twisted V-module.
Using Proposition 3.3 again we have

= milh—(e=1)/241% O(AT+(B+A+1)1)

_ 2rilh—c/241¢ 0((5 — %)T +@E+p— %); 7).

o= 2milh—(c=1)/241/7

X (=1/7) = o 6((Bt — A)/t; —1/7)

—2milh—(c—1)/24
_ e 27l i;z )/241/ (_if)l/ze”i(B’*A)z/IQ(B‘r —AD)
(—=it)/n(7) ’

. . ) ezm[32/2]r
— o 2miAB ~2milh—(c~1)/24—A%/2)/7 0BT — A: 7).
n(7)
Recall the formula for ¢ in terms of a, we use it to obtain
s(c— D)+ 3A% = g(~4a’ +4a — D+ 36 — 3)
=30-3"~3@-3’

=10 —a)@+a—1)=h(M). (11.6)
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Hence

) eZni[Bz/2]r
Xuo(—1/7) =e 7AB________g(Bt — A; 7).
n(7)
But by calculation (11.6) again, %Bz =h(M')— 2—14 (¢—1), where M’ is the irreducible A-
twisted V-module. Therefore x,, ,(—1/7) is proportional to x; ,-1(7) the w™ -twisted
supercharacter of the irreducible positive energy A-twisted V-module.
In summary: x;,; = 0 and for any (A, u) # (1, 1) and A € SL(Z) we have

X, (AT) O X(u0)-A(T).

If a € Q our VOSA has rational conformal weights, and if ;« and A are roots of unity
then g, & lie in some finite group of automorphisms of V. In this case the modular trans-
formations we have just derived follow from Theorem 1.3. The computation holds in
general though.

12. VOSAs Associated to Integral Lattices

Let (Q, (-, -)) be a rank r integral lattice with positive definite bilinear form (-, -). Let
h = O ®7 C with the induced positive definite bilinear form (-, -). The loop algebra
h = h[r*'] is equipped with a Lie bracket as follows:

[t W' 1] = m (h, B S, —n.

Let S_(h) = U()/U(H)b[r]. We write h,, for ht™. Explicitly S_(h) has a basis of
monomials

hy - b1,

where the A’ range over a basis of h, and n; < ...ng; < —1 are integers.

The twisted group algebra C.[Q] of Q is a unital associative algebra with basis
{e%|a € Q}, unit element 1 = ¢°, and multiplication e%eP = e(a, B)e* P, where the
function € : Q x Q — {£1} has been chosen to satisfy

o ¢(0,a)=¢(a,0)=1foralla € Q,
o ¢c(a,b)e(a+b,c)=€(a,b+c)e(b,c)foralla,b,c e Q,
o c(a,b) =e(b,a)(—1)@b+aabb) forallq, b e Q.

It may be shown that such € exists.
Associated to this data there is a VOSA ([18], p. 148).

Definition 12.1. The lattice VOSA (Vo, |0), Y, w) associated to Q is defined to be
Vo = S_(h) ®Cc[ Q] as a vector superspace, where the parity of s ® e“ is (o, o) mod 2.
The vacuum vectoris |0) = 1® 1. Leth € h,a € Q, and n € Z. Define h, : Vo — Vg
by

hy(s @ e*) = (hys) ® e* forn < 0,

h,1®CQ]) =0 forn=>0,
ho(1® e”) = (h,a) 1 ® e,
and [hp, hl) =m(h, h') 8y, —n.
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Puth(z) =2,z hpz "V and

—J —J
Fa(Z)zeazaoexp —ZZT(XJ exp —ZZT(XJ‘ s

j<0 j>0
where by definition ¢“ (s ® P = e(a, B)s ® B, The state-field correspondence is

givenby Y(h ®1,2) = h(z), Y(1 ® e*,z) = I'y(2), and is extended to all of Vo by
normally ordered products, i.e.,

Y (hpa, w) = Res; [h(2)Y (u, w)izw(z — w)" = Y (u, w)h(2)iy,(z — w)"] dz.

Finally, the Virasoro vector is

Il ;
w=3 > aCnbi10),
i=1

where {a'} and {b'} are bases of b dual under (-, -), i.e., <ai, b-j) = §ij.
Some commutators between the generating fields are

[h(2), h' ()] = (h, 1) 08 (z, w),
[7(2), Ta(w)] = (e, h) T (w)8 (2, w).

There is an explicit expression for [y (z), I'g(w)] which we will not require. The con-
formal weight of h = h_1]0) € S_(h) ® 1 is 1, the conformal weight of 1 ® e* is
(o, ) /2. The central charge of V equals the rank r of Q. The lattice VOSAs are known
to be C,-cofinite.

12.1. Irreducible modules and their (super)characters. Let G = {1, oy }. Itis explained
in [18] that Vj is oy -rational. If Q is an even lattice, i.e., (o, o) € 2Z forall @ € Q,
then Vg is purely even and so oy = 1. We focus on the case Q is not even. The same
proof as in [18] shows that V is also 1-rational.

Let Q° C b be the lattice dual to Q and let § € Q°. We define

Yo(h,z) = h(z) + (8, h)z7",

(12.1)
Yo(e”, z) = 29T, (2).

Under this modified state-field correspondence V acquires the structure of a positive
energy oy-twisted V-module (the fields Y8(u, 7) involve only integer powers of z)
which depends on § only through § + Q. Via this construction the cosets of Q° modulo
Q are in bijection with the irreducible positive energy (oy-twisted) Vp-modules [18].
The Virasoro field acts on (V, Y%) as

L3(z) =L(z) + %z_l Zr: [<5 b">a"(z) + <5, ai>b"(z)] + <8’28>z_2.
i=l1

From this we see that the Lg-eigenvalue of IQe*is (o + 5, o +38) /2. The Lg-eigenvalue
of h € his 1 as before.
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In a similar way the irreducible positive energy 1-twisted V-modules are exactly
(V, Y?) (defined as in (12.1)) but for p € | satisfying

(20, ) = (o, ) (mod 2) (12.2)
for every o € Q.

Let {a'} be a basis of Q and let p(a’) denote the parity of (a’, a’). Let {b} be the
basis of Q° dual to {a’}, and let

> b+ Db

plah)=1 p(ah)=0

Clearly p satisfies Eq. (12.2) for « € {a'}. Now let @ = > kia', where k; € Z. Then
(2p,a) = Zk <2,0 a> and (o, o) Zkk<a a1>
but

Zkikj <ai,aj> = Zk?(ai,ai> = Zk,- <ai,ai> = Zki <2p,ai> (mod 2),
i i i i

so p satisfies (12.2) for all @ € Q. Let Q° be the set of all elements of fj satisfying
(12.2) for all « € Q. As we have taken Q not even, Q°® # Q° and Q° U Q° is a lattice
containing Q° as an index 2 sublattice.

All simple components of Zhu, (V) (and hence all irreducible V-modules) are h-
invariant for each 2 € G. For h = 1 this is obvious, and for 7 = oy it follows because
each simple component has a unit element which is even and hence fixed by oy . Let us
consider C(g, h; |0)) only, so that we may ignore any contribution of modules of Type Il.
Thenif h = 1 (resp. oy ) we have y = 1 (resp. o). The space C(g, h; |0)) is spanned by
STry thg_‘/ 24 where M ranges over the set of irreducible g-twisted positive energy
V-modules.

The bosonic part S_(h) of the tensor product S_(h) ® C[Q] is purely even and
g~/ Tr S_(h) g™ = n(r)™". The contribution of C[Q] is given in terms of classical
lattice theta functions:

even(q) Tr(Cg[Q] ng — Z enir(a+3,a+8)
aeQ

and ®0dd (61) — STI‘(C (014 0 _ Z emr (a+8,a+8) nz(a Ol)
acQ

We see that C(g, h; |0)) is spanned by

0579 (@)/n(x)" foré € Q°/Q if (g, h) = (ov,ov),
0570 (@)/n(x)" foré e Q*/Qif (g, h) = (1,0v),
®°dd (g@)/n(x)" foré € Q°/Qif (g, h) = (ov, 1),
®°dd(q)/n(f)’ forsd € 0°/Q if (g, h) = (1,1).
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The transformation

Z e—in(a,a)/r — (diSC Q)—I/Z(_l-_r)r/Z Z einr(ﬂ,ﬂ)
aeQ BeQ°

of the usual lattice theta function under 7 +— —1/7 is proved using Poisson summation
[14] (here disc Q is the discriminant, defined to be the determinant of the Gram matrix
of an integral basis of Q). In the same way the SL,(Z) transformations of ©®'*" and
©°44 may be deduced and it is confirmed that

(2 B):C(g h;10)) — C(gh, g°h% 10)).
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