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Temporal coherence of the acoustic field forward propagated
through a continental shelf with random internal waves

Zheng Gong?
Department of Mechanical Engineering, Massachusetts Institute of Technology, Cambridge,
Massachusetts 02139

Tianrun Chen
Department of Earth Atmospheric and Planetary Science, Massachusetts Institute of Technology, Cambridge,
Massachusetts 02139

Purnima Ratilal
Department of Electrical and Computer Engineering, Northeastern University, Boston, Massachusetts 02115

Nicholas C. Makris
Department of Mechanical Engineering, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

(Received 25 April 2013; revised 13 August 2013; accepted 17 September 2013)

An analytical model derived from normal mode theory for the accumulated effects of range-dependent
multiple forward scattering is applied to estimate the temporal coherence of the acoustic field forward
propagated through a continental-shelf waveguide containing random three-dimensional internal
waves. The modeled coherence time scale of narrow band low-frequency acoustic field fluctuations
after propagating through a continental-shelf waveguide is shown to decay with a power-law of range
to the —1/2 beyond roughly 1km, decrease with increasing internal wave energy, to be consistent
with measured acoustic coherence time scales. The model should provide a useful prediction of the
acoustic coherence time scale as a function of internal wave energy in continental-shelf environ-
ments. The acoustic coherence time scale is an important parameter in remote sensing applications
because it determines (i) the time window within which standard coherent processing such as
matched filtering may be conducted, and (ii) the number of statistically independent fluctuations in a
given measurement period that determines the variance reduction possible by stationary averaging.
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I. INTRODUCTION

During acoustic propagation through a continental shelf
waveguide, random compressibility and density fluctuations
induced by the internal waves can cause significant acoustic
field fluctuations and temporal coherence degradation.'”’
The acoustic coherence time scale is an important parameter
in remote sensing applications because it determines (i) the
time window within which standard coherent processing,
such as matched filtering, beamforming, and synthetic aper-
ture processing may be conducted, and (ii) the number of
statistically independent fluctuations in a given measurement
period that determines the variance reduction possible by
stationary averaging.®” To model and characterize acoustic
field fluctuations, earlier work in the 1970s and 1980s
focused on ray theory to estimate temporal coherence by
accumulating random phase fluctuations along isolated
water-borne ray paths in the deep ocean.'® Isolated water-
borne ray paths, however, are typically not available in con-
tinental shelf environments, making it necessary to consider
other approaches. Later work used two-dimensional (2D)
Monte-Carlo simulations'" and a normal mode based analyt-
ical model'? to obtain temporal coherence functions in
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deep-ocean environments, but have not yet been applied to
continental shelf waveguides.

Here, an analytical model'>'* derived from normal
mode theory is adapted and applied to estimate the tem-
poral coherence of the acoustic field forward propagated
through three-dimensional (3D) random internal waves in
an otherwise range-independent continental shelf wave-
guide. The model includes the accumulated effects of
multiple forward scattering through range-dependent ran-
dom internal wave inhomogeneities and accounts for
mode coupling as a result of the random scattering pro-
cess in the first two moments of the acoustic field.
Modeled acoustic coherence time scales are shown to
decrease with increasing internal wave energy, to be con-
sistent with those measured in several recent continental
shelf transmission experiments,lyzo and to follow a —1/2
power-law dependence on range beyond moderate propa-
gation ranges (>1km). The power law dependencies are
consistent with those empirically determined by Yang'®
who showed the acoustic temporal coherence in various
continental shelf environments follows a —1/2 power-law
dependence on range for low- to mid-frequency signals
(200 Hz to 3.5kHz) propagating from 5 to 42km in
range for various internal wave energies.'>”'’ The —1/2
power-law dependence on range is also consistent with
both measured data'®?'~2" and ray theory analysis®*>° for
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low- to mid-frequency signals in deep ocean waveguides
beyond roughly 10km range.

It is useful to briefly review the physics, methods, and
fundamental assumptions used here. Following a differential
marching procedure analogous to that used by Rayleigh in free
space optics,”' Ratilal and Makris'? derived the first two statis-
tical moments of the acoustic field forward propagated through
a horizontally stratified ocean waveguide with 3D random
inhomogeneities that included the accumulated effects of mul-
tiple forward scattering. The derivation is based upon a modal
formulation®>** for coherent 3D scattering in an ocean wave-
guide, and the waveguide extinction theorem,** both of which
stem directly from Green’s theorem. The modal formulation
adapted here was first developed by Ingenito®* for harmonic
scattering from a single object in an isovelocity stratified me-
dium and later generalized by Makris and Ratilal** for coher-
ent 3D scattering from both stochastic and deterministic
scatterers in a horizontally stratified ocean waveguide.

Following Rayleigh’s work on forward propagation in
free space with random inhomogeneities, or the red sunset
problem,31 Raitlal and Makris'® showed that the mean for-
ward field in an ocean waveguide can be analytically
marched through successive range slabs of inhomogeneities
to include multiple forward scattering when (1) the field
scattered from inhomogeneities within any single horizontal
range slab is small compared to the incident field; (2) the
thickness of any horizontal range slab of inhomogeneities is
sufficiently small for the single scatter approximation to be
valid within it and sufficiently large for modal decoupling to
occur in the mean forward field; and (3) the medium’s 3D
inhomogeneities obey a stationary random process within
the horizontal range slab and local Fresnel width in cross-
range, but need not be stationary in the vertical or across
successive range slabs. Forward scattering is dominated by
contributions from within the cross-range Fresnel width
between source to receiver, as determined analytically by sta-
tionary phase analysis similar to that used by Rayleigh®' and
Van der Hulst> in free space optics. The resulting mean for-
ward field takes the form of a product of the incident field
and an exponential factor with a complex phase that accumu-
late horizontal wavenumber change due to scattering from
source to receiver [Eq. (83) of Ref. 13]. These horizontal
wavenumber changes account for dispersion and attenuation
caused by scattering through the inhomogeneities, through
their real and imaginary parts, respectively [Egs. (60a) of
Ref. 13, (37) of Ref. 12, and (36) of Ref. 14]. The horizontal
wavenumber changes are determined by the medium’s
expected scatter function density, which may vary as a func-
tion of range, depth, and azimuth to account for range, cross-
range, and depth-dependent variations in the random
inhomogeneities.

Ratilal and Makris'® used a similar marching procedure
to derive the mean power and second moment of the forward
acoustic field [Egs. (86) and (85) of Ref. 13]. The incremental
change in acoustic power due to a single range slab of inhomo-
geneities can be expressed in terms of the depth integral of the
second moment of the scattered field, as well as cross terms
between the incident and scattered fields. This change can then
be expressed as the product of the incident power, the
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difference between modal field variance and attenuation coeffi-
cients, and slab thickness. The acoustic power at the receiver
range is then obtained by marching the incremental power
change from source to receiver through direct integration. This
power is expressed as a product of the incident power and an
exponential factor that involves range integration of the differ-
ence between modal variance and attenuation coefficients
from source to receiver [Eq. (30) of Ref. 13], where the wave-
guide extinction theorem™ is used for energy conservation.
The expected inhomogeneities then may vary as a function of
range and depth in this formulation. The second moment of
the field is then obtained [Egs. (37), (40), (41), and (48) of
Ref. 13] when modes are statistically uncorrelated.

Il. ANALYTICAL MODEL FOR TEMPORAL
COHERENCE OF THE ACOUSTIC POWER AND FIELD
FORWARD PROPAGATED THROUGH TIME-VARYING
3D RANDOM INTERNAL WAVES IN A CONTINENTAL
SHELF WAVEGUIDE

In this section, analytical expressions for the temporal
correlation function of the acoustic power and field forward
propagated through time-varying 3D random internal waves
in a continental shelf waveguide are provided, following the
derivation and marching procedure described in Refs. 12-14.
Assumptions are made that (1) the random internal waves fol-
low a stationary random process and (2) the medium in a sin-
gle differential range slab is static over the time period the
acoustic wave passes through it. This is a good approximation
because the correlation time scale of medium fluctuation is
much longer than the time it takes the acoustic wave to prop-
agate through a single differential range slab. The assumption
of modal independence is not required for the derivation of
the temporal correlation function of the acoustic power,'® but
only used here to estimate the temporal correlation of the
acoustic forward field at a specific receiver depth. It is
approximately valid when the random component of the field
becomes a circular complex Gaussian random Variable,8
since the independence of at least a few dominant modes is
then necessary by the central limit theorem.

The origin of the coordinate system is placed at the air—
water interface with the positive z axis pointing downward.
The source is located at the horizontal origin ry= (0, 0, zy),
while receiver coordinates are given by r=(x, y, z), and
inhomogeneity centers are given by r, = (x,, y,, z,). Spatial
cylindrical (p, ¢, z) and spherical systems (r, 0, ¢) are
defined by x=r sin 0 cos ¢, y=r sin 0 sin ¢, z=r cos 0,
and p?=x*>+y°. The horizontal and vertical wavenumber
components for the nth mode in an isovelocity layer**>° are,
respectively, &, =k sin o, and y,, =k cos a,, where a, is the
elevation angle of the mode measured from the z axis. Here,
0<a,<m/2 so that the down- and up-going plane wave
components of each mode have elevation angles o, and © — o,
respectively. The corresponding vertical wavenumber of the
down- and up-going components of the nth mode are y,, and
-yn» respectively, where {7y, } > 0. The azimuth angle of the
mode is denoted by f. The wavenumber magnitude k equals
the angular frequency o divided by the sound speed ¢ in the
object layer, where k> = fi +72. The geometry of spatial
and wavenumber coordinates is shown in Fig. 1.
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A. Temporal correlation function of the acoustic field for-
ward propagated through a continental shelf waveguide

With the approximation that the medium in a single dif-
ferential range slab is effectively static over the time period
the acoustic wave passes through the slab, the temporal

COIT‘P‘P* (I’|I’(),f, 'E) = <\PT(r|r07f7 [)T;-(l‘h'o,f, t,)>

correlation function of the acoustic field forward propagated
through a continental shelf waveguide in the presence of 3D
random internal wave inhomogeneities, assuming statistical
independence between acoustic modes, at a single receiver r
can be expressed as

= COV (lPT(reraf7 t)7\PT(r|r07f7 t/)> + <\PT(r|r07f7 t)><‘{’;(r|r0,f7 t,)>
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following the derivation in Sec. ITIIC of Ref. 13. Here Eq. (1)
is similar to Eq. (85) of Ref. 13, but with u,(p,, 7) replacing
Wps), where ,(p,, ) is referred to as the remporal variance
coefficient which accounts for modal coupling and modal
energy transferred from the mean field to the covariance
field'? and describes how the acoustic power and forward
field decorrelate as time lag t=¢ — ¢ increases. The total
forward field is Wr(r|ro,f,¢) at receiver r from a source at
ry after propagation through a random inhomogeneous conti-
nental shelf waveguide, where f is the acoustic frequency, ¢
and 7' are the times at receiver r, p, is the center of internal
wave inhomogeneities, d(zy) and u,(zy) are the density and
amplitude of mode shape at source depth z, u,(z) is the am-
plitude of mode shape at receiver depth z, M ,,,, is the mode
number at which the modal summations can be truncated
and still accurately represent the field, and v,(p;) is the time
independent horizontal wavenumber change of nth mode
due to multiple forward scattering from internal wave inho-
mogeneities.'> The modal horizontal wavenumber change
v,(p,) is complex, and it leads to both dispersion and attenu-
ation in the mean forward field. The real part R{v,(p,)},
which accounts for modal dispersion, is given in Eq. (60a) of
Ref. 13 as

(a) Spatial Coordinates (b) Wavenumber Coordinates

NETT RNETT
Y Y

z Y

FIG. 1. The geometry of (a) spatial and (b) wavenumber coordinates.

3478  J. Acoust. Soc. Am., Vol. 134, No. 5, November 2013

n=1 m=1 mmu” (ZQ)M;(ZO)MH (Z)le

* ()Gt [ a0 —vnlp)dp}

(1)
|
<21 1 :
_[2m1 0
%{Vn(px)} J() k fnd(zt) l:(Nn )
505t )
NN (S, o i)
—N,(,l)N,(lz)<Sp5,zz.,t(77~'_Oﬁn,(b;n_“"?(b»
2,
+(N512)) e_l2T”Z/ <pr,zz,f(ana¢;n_a”7¢>>:|dzh
(2)

where (S, . (o, B; %, B;)) is the medium’s expected scatter
function density at (p;, z,) and time ¢, ¢ is the azimuth of the
receiver from the source, «,, is the previously defined modal
elevation angle, and N,(,1> and N,(f) are the amplitudes of
down- and up-going modal plane waves for mode n in the
layer centered at z,. Assuming no power loss within the
Fresnel region or in the forward direction for a 2D scattering
process, the imaginary part 3{v27P(p,)}, which accounts
for the modal attenuation in the mean forward field, can be
calculated from Eq. (37) of Ref. 12 as

|
S Pp)} =5 (T =0), 3)

where 127 (p,, 1) is defined in Eq. (5). For a 3D scatter-
ing process, out-of-plane scattering becomes important
and leads to power loss in the forward direction. The
imaginary part ${v27P(p,)} can be calculated from Eg.
(36) of Ref. 14 as
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by applying the waveguide extinction theorem,* where
(|5 (m, n, B,0)[*) is equivalent to A(p,, m, n, 1) as defined in
Eq. (7). As discussed in Sec. V B of Ref. 13, v, is independ-
ent of shell range py, so that [} v,(p,)dp, = v,p, where p is
the horizontal source-receiver separation.

The temporal variance coefficient u,(ps, ) depends on
the relative size of the cross-range coherence length /, of the
random internal wave inhomogeneities with respect to the

Fresnel width'® Yr(p,p,) = \/i(p — p,)p,/p at a given
shell range p,, as discussed in Ref. 13. When ¢, > Y« (p, p;)

or lp,—p/2|>(p/2)4/1— 465 / (Ap), scatterers are fully

correlated across the active region or Fresnel width of the
shell, which corresponds to an effective 2D scattering pro-
cess for forward scatter. The temporal variance coefficient
a(ps, T) can be expressed as

3 T) = 7 Z, Zyy—
& g m:1|ém| 0 g 0 ’ ém

4n? ~
X ‘“‘Y«,AY(pS,ZbZX/amvnaT);
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which only depends on /,(p;,z,,z,) for a 2D scattering pro-
cess, where /¢, is the coherence length13 of the internal wave
inhomogeneities in the direction of acoustic propagation.
When ¢, > Yr(p,p/2) or p < 4[5 / 4, the internal wave inho-
mogeneities are fully correlated in cross-range across the entire
propagation path, so that from Eq. (91) of Ref. 13, we have
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When ¢, <Yr(p,p,) within the shell at range p; or |p,—p/2|
<(p/2) 1—4[5 /(Ap), scatterers decorrelate in both range

and cross-range within the Fresnel width of the shell, which
leads to a 3D scattering process for forward scatter. The fem-
poral variance coefficient u,(p;, 7) is given by
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which becomes a function of coherence area'? Adps, 2 le )
for a 3D scattering process. When /, < Yr(p,p/2) or
p > 465 /4, the internal wave inhomogeneities decorrelate in
both range and cross-range only over the middle segment
o) of the propagation path, but are fully

(P < pg < p—p5
correlated at the beginning (p, < p$*) or end

(ps > p = ), whete pe = (p/2)(1 = /1 = 422/ (ip)).

From Egs. (88) and (90) of Ref. 13, we have

122 (p,, 1)dp,
P

. ) . p;:or . p;:or 1
=) 2| =p5" + A, sin 1 —=—— —sin — A(p;,m,n, 7). )
,;1 m \ 27, p p| ) 1l (v, )

In Egs. (5)—(9), d(z,) and d(z,/) are the density at depth z,
and z, of internal wave inhomogeneities centered at pq,
respectively. They also contain a term

Cs,x(pmzxazx’amanzf):Mn(z;()u:;(Zz’>um(zx>ujn(zl’)

X COVys(Pys2y,24,7), (10)

where u,(z,), u}(z,), n(z,), and 1}, (z,7) are the amplitude of
the nth and mth mode shape at depth z, and z, respectively,
and COV&v(meva)(’vT) ~ <sp:,zz,1(fx7ﬁ;aiuﬂi)s;yzz’ﬂ(alaﬁ/;‘“/hﬁ/i»
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is the temporal covariance of the scatter function density
[Eq. (34) of Ref. 12], which is also a linear function of the
spatio-temporal covariance of internal wave displacements
coves(0, 1, z,, z,/), as can be seen from Eq. (35) of Ref. 12.
In Eq. (31) of Ref. 12, it is shown that cov#(0, t, z,, ZX/) can
be directly expressed as

o0

cove(0,7,2y,2,) = Z JFJ'(O')VVJ'(G,ZX)W* (0,z4)
=1

xe g, (11)
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where

0.2
F{o) = <>M@2+J*>"’/2()(afﬁ (12)

is the G-M internal wave spectrum,” and Wio, z,) is the jth
modal shape of internal waves at depth z,. Here, 6 = (0., 0,)
is the internal wave wavenumber vector, (o, 0,) are the com-
ponents of the wavenumber in the (x, y) directions, and
o= (c?+ aﬁ)l/ 2. The average energy density in Joule m >
that determines the strength of the internal wave fluctuations
is E(A) = AE,, where E, is the average energy density of the
internal wave, and A is a scaling factor for the G-M internal
wave energy level. For example, for the 0.5G-M internal
wave energy level, A=0.5. As suggested by Tielburger
et al.’” Ey=25Jm 2 was used in all examples shown in Sec.
III to simulate 3D random internal wave inhomogeneities in a
slowly time-varying continental shelf waveguide. This value
is physically valid because it satisfies the displacement con-
straint which requires the displacement at any depth z must be
within the waveguide boundaries.>’ The quantity kj, which
corresponds to the spectral peak in the horizontal wavenumber
domain for each mode j, is given by k; = mjf.. / fo n(z,)dz,,
where f,. = 2Q sin(latitude) is the Corlolls frequency, which is
roughly 1.49 x 10~° Hz at 40° latitude, H is the water-column
depth of the waveguide, and n(z,) is the buoyancy frequency
or Brunt-Vdisald frequency at depth z,. The normalization
factor M satisfies 1/M = 37, (/* + /%) /2. The characteris-
tic mode number j- and spectral power law exponent p are
empirically determined, which control the relative contribu-
tion of the internal wave modes.*’ Here, for random internal
wave inhomogeneities in continental shelf waveguides, we
use j« =1 and p =4, as suggested by Yang and Yoo, instead
of j»=3 and p=2 from G-M model, which are empirically
determined for the deep ocean environments.”

It is important to note that we assume the internal wave
field within each horizontal range slab follows a stationary
random process. The point then is not to determine specific
spatial and temporal realizations of acoustic temporal coher-
ence fluctuations resulting from specific spatial and temporal
realizations of internal wave fields, but rather to determine
the mean temporal coherence corresponding to internal wave
fields that obey spatial and temporal random process that
may have many realizations. Since the measured internal
wave energies used in the present investigation were meas-
ured over roughly 12h, the expectation values used here
should be considered to represent mean values over a similar
time period for each slab. Such mean statistics are valid for
many specific realizations of spatial and temporal internal
wave fields so long as the internal wave statistics are appro-
priate for each range slab and averaging time period, which
is necessarily the case when the mean statistics are based on
direct measurements as they are here.

B. Temporal correlation function for acoustic power
of the forward field

The temporal correlation function of the acoustic power
at receiver r = (p, z) is the depth-integrated temporal correla-
tion function of Eq. (1), which can be written as
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following the marching procedure described in Sec. III B of
Ref. 13, where modal orthogonality,

1
L mufn(z)un (2)dz = Opm (14)

collapses the double modal sum in the second term of
Eq. (1) into a single sum and leads to cancellation with

——u,(z0) |ze—2i‘r‘{5nﬂ+]; va(py)dp,} as)

in the first term of Eq. (1). In Eq. (13),

2 L
W (plro) = Pz0) "(ZO)lzplénICm{g”}p (16

is the depth-integrated second moment of acoustic incident
field of mode 7 in a static ocean waveguide when internal
wave inhomogeneities are absent. In Sec. III, we apply Eqs.
(1) and (13) to calculate the temporal correlation function of
the acoustic field and power forward propagated through 3D
random internal waves with different internal wave energy
levels.

Ill. RESULTS AND DISCUSSION
A. Modeled continental shelf environments

A water column of 80m depth is used to simulate the
geometry of a continental shelf environment. The bottom
sediment half-space is composed of sand with density
d,=1.9g/em® and sound speed c, = 1700 m/s. The attenua-
tion coefficients in the water column and bottom are
x=6x 10">dB/A and o,=0.8dB//, respectively. A point
source transmits monochromatic acoustic waves at a fre-
quency of 415 Hz. Both the source and point receiver are
located at a depth of 40m. Source-receiver separations,
ranging from 5 to 42 km, are used to simulate typical scenar-
ios employed in three shallow water acoustic
experiments:lsf17 (a) the SWARMYS5 experiment, conducted
from July to August of 1995 in the Mid-Atlantic bight off
the coast of New Jersey; (b) the ADVENT99 experiment,
conducted from April to May of 1999 in the Strait of Sicily,
Mediterranean; and (c) the ASCOTO1 experiment, con-
ducted in June of 2001 in the Gulf of Maine along the con-
tour of 100 m depth. Here, a sound speed profile, downward
refracting in the upper water column and roughly constant in
the lower water column, which illustrates the fundamental
physics of internal waves in two-layer mid-latitude continen-
tal shelf environments, is used for simulations, as shown in
Fig. 2. The sound speed profile used here is calculated by
averaging 100 in situ measurements of sound speed profiles

Gong et al.: Acoustic temporal coherence in shallow water
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FIG. 2. Mean sound speed profile averaged over 100 in situ measured sound
speed profiles made by both conductivity-temperature-depth (CTD) and
expendable bathythermographs (XBTs) during May—June 2003 in New
Jersey STRATAFORM.

made by both conductivity-temperature-depth (CTD) and
expendable bathythermographs (XBTs) during May—June
2003 in New Jersey STRATAFORM.

Yang'® empirically investigated the coherence time
scale of acoustic signals in three typical two-layer mid-lati-
tude continental shelf environments that have warm water
near the sea surface and cooler water below.'®'”* He found
that higher standard deviations of sound speed at the depth
of the thermocline corresponded to higher internal wave
energies and lower acoustic coherence time scales. In partic-
ular, he found increasing internal wave energies and decreas-
ing coherence time scales for the ADVENT99, ASCOTOI1,
and SWARMOS5 experiments, respectively. In this paper, we
analytically investigate the coherence time scales of acoustic
signals in mid-latitude two-layer continental shelf environ-
ments as a function of internal wave energy. Using similar
low, medium and high internal wave energies as Yang, with
all other parameters fixed as a control, we show that the
modeled coherence time scales of acoustic signals decreases
with increasing internal wave energy, consistent with the ex-
perimental findings of Yang.'® If internal wave amplitude
was held fixed, increasing the sound speed gradient at the
thermocline would increase the buoyancy frequency and
consequently internal wave energy, which would lead to a
decrease in the coherence time scales of acoustic signals.

B. lllustrative examples by simulation

Temporal coherence of acoustic power gP°V*'(p, 1) at re-
ceiver r = (p, z) is given by

(Wr(plro, 7))
™" (p,7) = . 17)
<WT(p|r07 0)>
where (Wr(p|rg,t)) is the temporal correlation function of
acoustic power, as defined in Eq. (13). Temporal coherence
of acoustic forward field ¢"®'(r, 7) at receiver r=(p, z) is
given by
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<1PT(I'|I'0,f7 [)T;'(r|r0afa lj)>

field
O = el O rlroof 1)

(18)

where (Wr(r|ro,f, ) W5 (r|re,f,7)) is the temporal correla-
tion function of acoustic forward field, as defined in Eq. (1).
Two criteria are employed to define the coherence time
scale: (a) the e-folding coherence time scale 7,; and (b) the
To.8 coherence time scale, which corresponds to the time at
which the temporal coherence gP*"*'(p, t) or ¢"d(r, 1) falls
to 1/e and 0.8 of its zero time lag value, respectively, such
that oP“(p, 7,) or @"4(r,7,) = 1/e and """ (p,103g) or
0d(r 195) = 0.8. The (g coherence time scale is used pri-
marily for comparison with the measured temporal coher-
ence reported by Yang.'®

The modeled acoustic coherence time scales 14 and 7§ ¢
are found to decrease with increasing internal wave energy,
as shown in Fig. 3, where the temporal correlation function
of the depth-averaged acoustic intensity and the acoustic for-
ward field for acoustic signals propagating from 5 to 42 km
in range are plotted as a function of time lag (min) for vari-
ous internal wave energies following Egs. (1) and (13),
respectively. In the presence of weak internal waves
(A=1/4) and at shorter ranges (<10km), the fluctuations in
the temporal correlation function of the acoustic forward
field, as shown in Fig. 3(b), are mainly due to the fluctua-
tions in the squared mean field [second term of Eq. (1)] or
coherent intensity due to modal interference.'* This fluctua-
tion becomes negligible beyond moderate propagation
ranges (>10km) or in the presence of strong internal waves
because (1) the severe attenuation induced by internal wave
scattering makes the squared mean field decaying rapidly
with range; and (2) the field covariance [first term of Eq. (1)]
or incoherent intensity begins to dominate the total field,
which causes the acoustic forward field to become fully satu-
rated and lose range- and depth-dependent coherent modal
interference structure.'*

Our modeled acoustic coherence time scales 1 4 at three
source—receiver separations, 5, 10, and 42km, are shown to
be of the same order of magnitude and to follow the same
trend as a function of range with those experimentally deter-
mined t{¢ for narrow band low-frequency acoustic signals
during two shallow water experiments,'® as can be seen from
Fig. 4. This consistency gives added confidence to the veracity
of our analytical model, which should provide a useful means
of estimating or predicting acoustic coherence time scale.

Our model also shows that higher internal wave energy
leads to larger decreases in acoustic coherence time scales at
shorter ranges than at longer ranges, as shown in Fig. 4, as
will be seen again in Sec. III C when the power-laws in range
are described. For instance, the modeled t¢ shows an order
of magnitude increase, from 4.0 to 50.0min, when A
decreases from 4 to 1/4 at 5km source—receiver separation,
while it only increases by five times (from 1.2 to 6.0 min)
when the source—receiver separation increases to 42km.
This difference will be quantified later as a scaling factor of
the power-law range dependence.

The internal wave e-folding t and 7))y coherence
time scales in a continental shelf environment are seen to
be approximately 1h and 16min, respectively, for
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FIG. 3. (a)—(f) Two-dimensional (2D) temporal coherence of the acoustic power and forward field are plotted on logarithmic scales of time lag (min) and range
(km) for three internal wave energies, A= 1/4, 1, and 4. The source and receiver are both located at the middle of the water column (40 m) in a continental
shelf waveguide of 80 m water depth. The temporal coherence of the acoustic power and forward field at a given range are given by Eqs. (17) and (18). The G-
M internal wave energy is calculated using Eq. (12). The dashed black line (74 line) is plotted at the correlation function value 1/, and the dashed gray line

(14 5 line) is plotted at the correlation function value 0.8.

displacements at the middle of the water column (40m),
as shown in Fig. 5 following Eq. (31) of Ref. 12. They are
typically an order of magnitude larger than those of the
acoustic forward field (Fig. 4). This is mainly due to
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accumulated multiple forward scattering, which causes dra-
matic degradation in the temporal coherence of the acous-
tic forward field as it propagates through internal wave
inhomogeneities.
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FIG. 4. Temporal coherence of acoustic power (solid lines) and forward field (dashed lines) in a continental shelf waveguide is plotted on a logarithmic scale
of time lag for low-frequency acoustic signals propagating 5 km in range for five different internal wave energies (A = 1/4, 1/2, 1, 2, and 4). The source and re-
ceiver are both located at the middle of the water column (40 m). The temporal coherence of the acoustic power and forward field are given by Eqs. (17) and
(18). The G-M internal wave energy is calculated using Eq. (12). The solid black horizontal line is plotted at the correlation function value 1/e, and the dashed
black horizontal line is plotted at the correlation function value 0.8. (a) The modeled e-folding ¢ and {4 coherence time scales of the acoustic signals propa-
gating 5km in range for five different internal wave energies. (b) Similar to (a) but for acoustic signals propagating 10 km in range. (c) Similar to (a) but for
acoustic signals propagating 42 km in range. The experimentally determined mean (¢ of narrow band acoustic signals at three discrete source-receiver sepa-
rations (5, 10, and 42 km) measured during the ASCOTO1 experiment (black squares) and the SWARM95 experiment (black circles) are overlain.

C. Dependence of acoustic coherence time scales on
range and internal wave energy in continental shelf
environments

Given the modeled ¢ and t(jg for both the acoustic
power and forward field, we investigate the dependence of
the temporal coherence of low-frequency acoustic field on
range and internal wave energy in typical two-layer mid-lati-
tude continental shelf environments.

We show that both 7§ and 7§ of the acoustic power
(solid lines in Fig. 6) and forward field (dashed lines in
Fig. 6) follow a power-law of p~ " (dashed-dotted black
lines) beyond moderate propagation ranges (p > 1km), as
shown in Fig. 6. The power-law dependencies are found to
be consistent with those empirically determined by Yang'®
who showed the acoustic temporal coherence in various con-
tinental shelf environments also follows a power-law of
p~ ' for low- to mid-frequency signals propagating from 5
to 42km in range for various internal wave energies.'>"
The power-law of p~ '/ is also consistent with both meas-
ured data®’ ™’ and ray theory analysis®*> for low- to
mid-frequency signals in deep ocean waveguides beyond
roughly 10 km range.

At short ranges, the modeled ¢ and {3 of the acoustic
forward field begin to fluctuate, as can be seen from Fig. 6
(dashed lines), depending on internal wave energy. The fluc-
tuation is mainly because the assumption the temporal
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coherence of the acoustic forward field, becomes invalid at
sufficiently short range or low internal wave energy. The
mean trend in this regime, however, may likely still provide
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FIG. 5. Temporal coherence of internal wave displacement at 40 m depth as
a function of time lag in a continental shelf environment of 80 m water
depth. The temporal coherence is the normalized spatio-temporal covariance
of Eq. (31) in Ref. 12. The internal wave e-folding t» and 1% coherence
time scales are approximately 1 h and 16 min, respectively. The solid black
horizontal line is plotted at the correlation function value 1/e, and the dashed
black horizontal line is plotted at the correlation function value 0.8.
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FIG. 6. Modeled e-folding t¢ and 1§ coherence time scales of low-frequency acoustic power (solid lines) and forward field (dashed lines) as a function of
range for five different internal wave energies. The fluctuations in ¢ and {; of the acoustic forward field are mainly due to the fluctuations in the squared
mean field or coherent intensity due to modal interference. The dashed-dotted gray lines and dashed-dotted black lines in (a) indicate the power-law of p~%°
and the power-law of p~ '/ obtained from Eq. (19) that best fit our modeled ¢, respectively. Similar line plots of the power-law range dependence are shown
in (b) but for the best fit with our modeled fj 5, obtained from Eq. (20). Black triangle, squares, and circles in (b) indicate the experimentally determined ()
of narrow band acoustic signals centered at 415Hz (i) at 10km range in the Strait of Sicily, Mediterranean during the ADVENT99 experiment; (ii) at 5 and
10 km range in the Gulf of Maine during the ASCOTO1 experiment; and (iii) at 10 and 42 km range in the New Jersey STRATAFORM during the SWARM95

experiment, respectively.

a reasonable approximation to the power-law since the tem-
poral coherence for depth integrated intensity does not
require a modal independence assumption. Interestingly, at
such short ranges, the modeled ¢ and ¢ of the acoustic
field (solid lines in Fig. 6) follow a power-law of p~°?°
(dashed-dotted gray lines), which is similar to the power-law
of p~*? previously found for deep ocean environments by
ray theory”>° for high-frequency signals (roughly > 10 kHz)
within 1km range. Experimental measurements of coher-
ence time scale at such short ranges in continental shelf
environments would be useful to investigate these issues
further.

We show that both ¢ and {3 decrease with increasing
A and the best fit of our modeled results are given by

(69.6 x 2.30710224) p=0/5 if p < pt -

(A, p) =

«(Ap) (16.5 x 1.487l0e2d)p=1/2 if 5 > pt
(19)

and

« (A p) (11.0 x 2.23710224)=6/5 if p < pt s

T , =

08140 (7.3 x 1.42710A) )=1/2if p > pt
(20)

where p., and p{, are the transition ranges between the

—6/5

power-law of p and the power-law of p~'/* for 74 and

735, Tespectively. We find the transition occurs at ranges
where the field covariance or incoherent intensity begins to
dominate the total intensity, and the transition range
decreases with increasing internal wave energy, as can be
seen from Fig. 6. This is mainly due to the severe attenuation
induced by multiple forward scattering through internal
wave that makes the squared mean field decaying rapidly
with range. From Egs. (19) and (20), we show that the
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increase in internal wave energy leads to a larger decrease in
the acoustic coherence time scales at p < p’ than that of
p > p' in continental shelf environments, because the scaling
constant, which is a function of A, at p < p’ is roughly 1.5
greater than that of p > p', where p’ is the transition range
between the power-law of p~®° and the power-law of p~ /2.

Variations in modeled 133 as a function of low
(A=1/64), medium (A=1/4), and high (A=4) internal
wave energies are found to be of the same order of magni-
tude as those measured by Yang18 [Fig. 6(b)]. This consis-
tency gives added confidence to the veracity of our
analytical model, which should provide a useful means of
estimating or predicting acoustic coherence time scale as a
function of internal wave energy in any given continental
shelf environment.

IV. CONCLUSION

We have applied an analytical model derived from nor-
mal mode theory that includes the accumulated effects of
range-dependent multiple forward scattering to estimate the
temporal coherence of the acoustic power and field forward
propagated through a continental shelf waveguide containing
random three-dimensional (3D) internal waves. Knowledge
of the acoustic coherence time scale is important in remote
sensing applications because it determines (i) the time win-
dow within which standard coherent processing, such as
matched filtering, beamforming, and synthetic aperture proc-
essing, may be conducted, and (ii) the number of statistically
independent fluctuations in a given measurement period that
determines the variance reduction possible by stationary
averaging.

The modeled acoustic coherence time is shown to
decrease with increasing internal wave energy, to be consist-
ent with measurements from several continental shelf trans-
mission experiments, and to follow a —1/2 power-law
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dependence on range beyond roughly 1 km. The power-law
dependencies are consistent with those empirically deter-
mined by Yang for low-to mid-frequency signals in various
continental shelf environments, and are also consistent with
both measured data and ray theory analysis for low- to mid-
frequency signals in deep ocean waveguides beyond roughly
10km range. The model should provide a useful means of
estimating or predicting acoustic coherence time scale as a
function of internal wave energy in continental shelf
waveguides.
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