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LOGARITHMIC SURFACES AND HYPERBOLICITY

by Gerd DETHLOFF & Steven S.-Y. LU (*)

ABSTRACT. — In 1981 J. Noguchi proved that in a logarithmic algebraic man-
ifold, having logarithmic irregularity strictly bigger than its dimension, any entire
curve is algebraically degenerate.

In the present paper we are interested in the case of manifolds having logarithmic
irregularity equal to its dimension. We restrict our attention to Brody curves, for
which we resolve the problem completely in dimension 2: in a logarithmic surface
with logarithmic irregularity 2 and logarithmic Kodaira dimension 2, any Brody
curve is algebraically degenerate.

In the case of logarithmic Kodaira dimension 1, we still get the same result
under a very mild condition on the Stein factorization map of the quasi-Albanese
map of the log surface, but we show by giving a counter-example that the result is
not true any more in general.

Finally we prove that a logarithmic surface having logarithmic irregularity 2
admits certain types of algebraically non degenerate entire curves if and only if its
logarithmic Kodaira dimension is zero, and we also give a characterization of this
case in terms of the quasi-Albanese map.

RESUME. — J. Noguchi a démontré en 1981 que toute courbe entiére est algébri-
quement dégénérée dans une variété algébrique logarithmique ayant une irrégularité
logarithmique strictement plus grande que sa dimension.

Nous nous intéressons ici a des variétés dont l’irrégularité logarithmique est égale
a la dimension. Nous nous restreignons au cas des courbes de Brody, pour lequel
nous obtenons une solution compleéte du probleme en dimension 2 : toute courbe de
Brody dans une surface logarithmique ayant une irrégularité logarithmique égale
a 2 et de dimension de Kodaira logarithmique égale a 2 est algébriquement dégé-
nérée.

Nous obtenons encore le méme résultat pour les variétés de dimension de Kodaira
logarithmique égale a 1, sous une condition tres faible portant sur la factorisation de
Stein de 'application quasi-Albanese de la surface logarithmique. Nous démontrons
également, par un contre-exemple, que le résultat ne tient plus sans cette condition.

Nous prouvons finalement qu’une surface logarithmique ayant une irrégularité
logarithmique égale & 2 admet un certain type de courbes entiéres algébriquement
non dégénérées si et seulement si leur dimension de Kodaira logarithmique est
égale & zéro; nous donnons également une caractérisation de ce cas en termes de
I’application quasi-Albanese.

Keywords: Classification of logarithmic surfaces, quasi-Albanese, foliations.
Math. classification: 14J29, 32Q45, 14K12, 14K20, 32Q57, 32H25, 53C12, 53C55.
(*) Partially supported by an NSERC grant and the DFG-Leibniz program.
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1. Introduction and results

We first introduce some notations (see Section 2 for the precise defi-
nitions). Let X be a projective manifold and D C X a normal crossing
divisor. We call the pair (X, D) a log manifold and denote X = X \ D.
It is called a log surface if dim X = 2. Let T;% be its cotangent bundle
and T} its log cotangent bundle. We denote by ¢ = dim HO(X, T;%) its
irregularity and gy = dim HO(X,Ty) its log irregularity. We denote its
log canonical bundle by K x = A"~ Ty = K+ (D) and its log Kodaira
dimension by kx = (X, K x), the L-dimension of K x. We call (X, D)
to be of log general type if <x = dim X. Finally let ax : X — Ax be the
quasi-Albanese map. It is a holomorphic map which extends to a rational
map ax : X -+ — Ax (litaka 76 [16]), where A is some compactification
of Ax (see §2.2).

We know by the log-Bloch Theorem (Noguchi ’81 [24]) that for any log
manifold such that gy > dim X, any entire holomorphic curve f : C — X
is algebraically degenerate (this means f(C) is contained in a proper al-
gebraic subvariety of X ). More generally, by results of Noguchi-Winkel-
mann '02 [26] one has (defining the log structure and gy on a Ké&hler
manifold in a similar way as above:

THEOREM 1.1 (Noguchi, Noguchi-Winkelmann). — Let X be a com-
pact Kéhler manifold and D be a hypersurface in X . If Gx > dim X, then
any entire holomorphic curve f : C — X is analytically degenerate (this
means contained in a proper analytic subset of X ).

In this paper we are interested in the case of log surfaces (X, D) with
qx =dimX =2.

The first part of this paper deals with the case of surfaces of log general
type, that is k x = 2. We restrict our attention to Brody curves, this means
entire curves f : C — X with bounded derivative f’ in X, for which we
resolve the problem completely in the following main theorem of our paper.

THEOREM 1.2. — Let (X, D) be a log surface with log irregularity
g x = 2 and with log Kodaira dimension kx = 2. Then every Brody curve
f:C — X is algebraically degenerate.

The proof and some applications are given in Section 3.

The second part of this paper complements Theorem 1.2.
Let (X, D) be a log surface with log irregularity ¢y = 2. Let ax :
X --- — Ax be the compactified quasi-Albanese map, I its finite set of
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points of indeterminacy and oy = a x| b3Ve In the case of dominant ax,
we consider the following condition:

(*) For all 2 € Ax and E a connected component of the Zariski clo-
sure of ag'(z) with E N X # {), any connected component of D
intersecting F is contained in E (i.e. E is a connected component
of EUD).

We remark that condition (*) can be expressed intrinsically (see subsec-
tion 4.2) and is implied by the condition that all the fibers of ax : X — Ax
are compact. In particular, this condition is much weaker than the proper-
ness of ax.

In the case kx = 1 we have the following result:

THEOREM 1.3. — Let (X, D) be a log surface with log irregularity
dx =2 and with log Kodaira dimension kx = 1. Assume condition (*)
in the case of dominant ax. Then every entire curve f : C — X is alge-
braically degenerate.

The proof and some applications are given in Section 4.

As our counterexample in Proposition 4.7 shows, the additional condi-
tion (*) is necessary for the theorem to hold. Some reflections on our proof
will reveal also that our condition (*) can in fact not be weakened fur-
ther, at least when mild restrictions are imposed, for whose discussion and
generalization to higher dimensions will be relegated to another paper.

Remark 1.4. — It is easily obtained from Hodge theory due to Deligne ’71
8] (see, for example, Catanese '84 [7]) that we have, for (X, D) a log surface

(1.1) rankz NS(X) > rankg, {cl(Di)}le =k—qx taqx

where Dy, ..., Dj, are the irreducible components of D and NS(X) denotes
the Neron-Severi group of X. This may be deduced from the proof of
Theorem 1.2 (i) of Noguchi-Winkelmann 02 [26], p.605. But there does
not seem to be an easy way to profit from this, unless one assumes some
bound on the Neron-Severi group of X.

Connected with this, we would like to mention again the work of Noguchi-
Winkelmann 02 [26], which deals with the question of algebraic degeneracy
in all dimensions and even with Kéhler manifolds, especially with log tori or
with log manifolds having small Neron-Severi groups, under the additional
condition that all irreducible components D; of D are ample. But as can
be seen from the equation (1.1) above, their results never concern the case
of log surfaces with log irregularity g5 < 2.
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We would also like to mention the preprint of Noguchi-Winkelmann-
Yamnoi ’05 [28] that we just received, which deals with the case of algebraic
manifolds whose quasi-Albanese map is proper. More precisely, Noguchi-
Winkelmann-Yamanoi 05 [28] deals with arbitrary holomorphic curves into
arbitrary dimensional algebraic varieties of general type (this is the essen-
tial case), but only with proper Albanese map. Although we deal entirely
with surfaces and mainly with Brody curves, our result do not require any
condition in the case of log general type and our condition (*), which we use
in the general case, is still much weaker than the condition of properness
of the quasi-Albanese map as can, for example, be seen from the following
simple example: Let X be the complement of a smooth ample divisor D
in an abelian surface X. Then K x = D and so kx = 2. Also Gy = gz =2
by equation (1.1). This means that the compactified quasi-Albanese map
is the identity map and so the Albanese map is not proper.

We now give an indication of our methods of proof.

We first discuss the ideas of the proof for Theorem 1.2. We will reduce
the proof of this theorem by a result of McQuillen and ElGoul and by log-
Bloch’s theorem to the claim that under the conditions of Theorem 1.2,
ax o f : C — Ax is a translate of a complex one parameter subgroup
of .Ax.

In the case ¢ = 2, the compactified quasi-Albanese map ax is a mor-
phism and so the claim is trivial. If ¢ < 2, ax can have points of inde-
terminacy so that Brody curves are not preserved by ax in general. But
from value distribution theory, the order of growth of a holomorphic curve
is preserved under rational maps and Brody curves are of order at most 2.
Using this, the key analysis in this proof consists of a detailed study of the
geometry of the quasi-Albanese map (in particular at its points of indeter-
minacy) with respect to f to reduce the order of ax o f to 1 or less. Then
ax o f is either constant or a leaf of a linear foliation on Ayx. We do this
componentwise where in the case ¢ = 1, we use the fact from Noguchi-
Winkelmann-Yamanoi 02 [27] that one can choose a metric on Ax which
lifts to the product metric on the universal cover C x P; of Ax. In the
case ¢z = 0 we take rational monomials of the components of &y moti-
vated by arranging residues in a way that allows us to control the points
of indeterminacy of the resulting map with respect to f.

We now discuss our proof for Theorem 1.3. We first prove the analogue
in Proposition 4.3 of the structure theorem of Kawamata for open subsets
of finite branched covers of semi-abelian varieties. We follow essentially the
original ideas of Kawamata but with several new ingredients. For example,
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in the case kx = 1, one needs to observe that even though the quasi-
Albanese map to the semi-abelian variety is not proper, the restriction to
the generic fiber is. In the case kx = 0, we need to observe that a com-
plement of a (singular) curve in a semi-abelian variety is of log general
type unless the curve is a translate of a algebraic subgroup. We reduce this
observation by the addition theorem of Kawamata to the case where the
semi-abelian variety is a simple abelian variety. For Theorem 1.3, the main
observation is that condition (*) is equivalent to a condition on the Stein
factorization of a desingularization of the quasi-Albanese map and that
this allows us to use Proposition 4.3 to conclude that the base of the litaka
fibration is hyperbolic.

We remark that we can give an elementary proof of the result of McQuil-
lan and El Goul in the case of linear foliations on Ax by using techniques
similar to those given in Bertheloot-Duval ’01 [2].

The first named author would like to thank C.Peters and F.Catanese for
valuable discussions some years ago on configurations of boundary curves
of log surfaces in relation to log 1-forms. Finally we would like to thank the
referee for many suggestions on how to clarify and improve the presentation
of this paper.

2. Some Preliminaries
2.1. Log manifolds and residues of log 1-forms

Let X be a complex manifold with a normal crossing divisor D. This
means that around any point = of X, there exist local coordinates z1, . . ., 2,
centered at x such that D is defined by 2125 - - - zp = 0 in some neighborhood
of 2 and for some 0 < ¢ < n. The pair (X, D) will be called a log-manifold.
Let X = X \ D.

Following Titaka ’82 [17], we define the logarithmic cotangent sheaf

Ty =0X=QX,logD)
as the locally free subsheaf of the sheaf of meromorphic 1-forms on X,
whose restriction to X is T% = QX (where we identify from now on vector

bundles and their sheaves of sections) and whose localization at z € X is
of the form

4
— % dzl
(2.1) (Tx)z =) Ox, ~
=1

+ Z O)Zdej,

b gl
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where the local coordinates z1,..., 2, around z are chosen as before. Its
dual, the logarithmic tangent sheaf Tx = T(X, —log D), is a locally free
subsheaf of the holomorphic tangent bundle 7’5 over X . Its restriction to X
is identical to Tx, and its localization at € X is of the form

(2.2) (TXJ—ZOXI% +Z Xrazj

i=1 j=0+1
Let w be a log 1-form defined around z, so that by (2.1) we have

n

V4
(2.3) we = (h) dzl + 3 (hy)adz;.
=1

j=Ll+1

Then we call, for i =1, ..., ¢, the complex number (h;),(z) € C the residue
of w at z on the local irreducible branch of D given by z; = 0. Since we
do not assume simple normal crossing, we may have several such local
irreducible components for D at x even if D is irreducible. But if X is
compact, it is easy to see that for any (global) irreducible component D;
of D, the residue is constant on D; (meaning it is the same for all points
x € D;). In fact, whether X is compact or not, we have the exact sequence
of sheaves
_ Res
(2.4) 0—-05 — Qx — 05— 0,

where D is the normalization of D.

2.2. Quasi-Albanese maps

We first recall the definition and some basic facts on semi-abelian vari-
eties (see litaka 76 [16]).

A quasi-projective variety G is called a semi-abelian variety if it is a
complex commutative Lie group which admits an exact sequence of groups

(2.5) 0—(CYY —G-A-0,

where A is an abelian variety of dimension m. An important point in our
analysis is that this exact sequence is not unique, but depends on a choice of
£ generators for the kernel of 7, which is an algebraic torus of dimension £.

From the standard compactification (C*)¢ C (P1)*, which is equivariant
with respect to the (C*)? action, we obtain a completion G of G as the (P;)*
fiber bundle associated to the (C*)* principal bundle G — A. This is a
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smooth compactification of G with a simple normal crossing boundary di-
visor S. The projection map

7:G— A

has the structure of a (P;)*-bundle. Here, 7 and G depend on the choice
of the £ generators that identified our algebraic torus as (C*)*.

We denote the natural action of G on G on the right as addition. It follows
that the exponential map from the Lie algebra C" to G is a group homo-
morphism and, hence, it is also the universal covering map of G = C"/A,
where A = m1(G) is a discrete subgroup of C* and n = m + £.

Following Iitaka 76 [16], we have the following explicit trivialization of
the log tangent and cotangent bundles of G: Let 21, ..., z, be the standard
coordinates of C". Since dz1, ..., dz, are invariant under the group action
of translation on C", they descend to forms on G. There they extend to
logarithmic forms on G along S, which are elements of HO(G, T¢,). These
logarithmic 1-forms are everywhere linearly independent on G'. Thus, they
globally trivialize the vector bundle T . Finally, we note that these log
1-forms are invariant under the group action of G on G, and, hence, the
associated trivialization of T ¢ over G is also invariant.

Let now (X, D) be again a log surface and ag: X — Az the Albanese
map of X (it can be constant if qx = 0). Taking into account also the log
1-forms, Titaka ’76 [16] introduced the quasi-Albanese map ax : X — Ax,
which is a holomorphic map to the semi-abelian variety Ay, which comes
equipped with the exact sequence

(2.6) 0 (C) - Ax > A —0

(Iitaka makes a noncanonical choice of ¢ generators for the algebraic torus
for this construction). We have the commutative diagram

(2.7) R l”

TOME 57 (2007), FASCICULE 5



1582 Gerd DETHLOFF & Steven S.-Y. LU

Titaka also proved that ax extends to a rational map ax : X --- — Ax,
and the diagram (2.7) extends to

X 1
NG|
A

N

(2.8) \

In general the (P)’bundle Ax —— Ax is not trivial. But Noguchi-
Winkelmann-Yamanoi '02 [27] observed that the transition functions of
the (P1)‘-bundle 7 : Ax — Ax (as the structure group (C*)* can always
be reduced to the subgroup defined by |z;| =1, i = 1,...,¢) can be chosen
to be isometries with respect to the product Fubini-Study metric on (P)*.

PROPOSITION 2.1. — There exists a metric h on Ax so that the uni-
versal cover map

(C™ x (P1)*, eucl. x product FS) — (Ax,h)
is a local isometry.

We first consider the case dim X = 2 and q¢x = 0. This means we have
a morphism ax : X — C* x C* extending to a rational map ax : X --- —
Py x Py. Let w € HO(X,Ty) be a log 1-form with residues a; € Z along
the irreducible components D; of D, j = 1,...,k. We define a holomorphic
function

x

(2.9) o: X — Cr ‘I’(x)zexp(/ w),

xo
where g is a fixed point in X. It is well defined since by the condition
qx = 0, there are no non trivial periods in X, and since the periods
around the components of the divisor D C X of the integral have values
which are entire multiples of 27, and, hence, are eliminated by taking the
exp-function. We claim that this function extends to a rational function
®: X - - P;:Let P Dy (resp. P € Dy N Dy) and let 21, 2 be local
coordinates around P such that Dy = {z; = 0} (resp. D1 = {z; = 0} and
Dy = {z3 = 0}). Then it follows from equation (2.9) that there exists a
holomorphic function h : U(P) — C* on a neighborhood U(P) of P such
that

(2.10)  ®(21,22) = 27 h(z1,22)  (resp. ®(21,22) = 27 252h(21, 22)).

ANNALES DE L’INSTITUT FOURIER
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In more detail, if Dy = {z; = 0} around P, then we have

dz dz hi(z) —a
w = hl(z)—1 + ha(2)dzy = alfl + Mdzl + ha(z)d 2.
21 21 21
By the first Riemann extension theorem, the function (h1(z) — a1)/z1 ex-
tends to a holomorphic function, so we have w = aydz;/2z1 + whol, Where

Whol 18 a holomorphic form. Now by (2.9) we get

D(z) —exp(/;w) zexp</za1dzfi_i1 +wh01)

0 Zo

= exp (a1 (log 21 + 2miZ)) - exp (h(z))
(exp(log z1 + ZWiZ))al - exp (E(z)) = 27 h(z).

The other equality follows in the same way.

From this we get by the second Riemann extension theorem, GAGA and
by the local description of points of indeterminacy the following.

PROPOSITION 2.2. — The holomorphic map ® : X — C* given by
(2.9) extends to a rational function ® : X — Py. It is a morphism out-
side the points of intersection of pairs of different irreducible components
Dy, ..., Dy of D. In particular points of indeterminacy never occur at self-
intersection points of a component. More precisely, a point of D;, ND;, C X
is in the set I of points of indeterminacy of ® if and only if aj, - aj, <0,
and ®(D; \ I) = 0 (resp. 00) if and only if the residue a; of w along D
is > 0 (resp. < 0).

Using this we now describe the components of the map
ax = ((ax)l, (OéX)Q) :X — ((C*)2

in more detail. The following basic facts follow from the exact sequence
(2.4) and duality in Hodge theory, and they can be found for example in
Noguchi-Winkelmann ’02 [26]:

PROPOSITION 2.3. — We can choose the basis wy,ws € H(X,Ty)
such that the residue a;; € Z for alli = 1,2 and j = 1,...,k, where a;; is
the residue of w; along the irreducible component D; of D. The matrix of
residues so obtained has rank 2:

D1 D2 - ch
(211) w1 ail ai12 e a1k
w2 G21 a22 - A2k

TOME 57 (2007), FASCICULE 5
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and we have, as in (2.9),

(2.12) (ax)i(z) = exp (/I wi),

Zo

where xq is a fixed point in X.

Henceforth, in the case g = 0, we assume that the components of ax
are given by such a choice of basis.

Next we consider the case where dim X = 2 and qx = 1. Let z € D be
a point. By diagram (2.8) and the notation thereof, as Ax is an elliptic
curve, there is a small open neighborhood W of a 7 (2) such that TN W) ~
P, x W. Let V C oz;?l(W) be a small open ball centered at z in X. Then

on V=V nNX, ax can be written as
ax = (O[)?a(b)

where ® : V — C* is as in (2.9) (see Noguchi-Winkelmann ’02 [26]). The
same argument as we gave for Proposition 2.2 gives us:

PROPOSITION 2.4. — The holomorphic map ® : V — C* given by
(2.9) extends to a rational function ® : V — Py. It is a morphism out-
side the points of intersection of pairs of different irreducible components
Dy, ..., Dy of D. In particular points of indeterminacy never occur at self-
intersection points of a component. More precisely, a point of D;, ND;, C X
is in the set I of points of indeterminacy of ® if and only if aj, - a;, < 0,
and ®(D; \ I) = 0 (resp. 00) if and only if the residue a; of w along D,
is > 0 (resp. < 0).

2.3. Brody curves, maps of order 2 and limit sets of
entire curves

Let (X, D) be a log manifold and f : C — X be an entire curve. We
recall that f is a Brody curve if the derivative of f with respect to some
(and so any) hermitian metric on X is bounded.

Following Noguchi-Ochiai 90 [25], we have the characteristic function
Tp(r,w) =[] dt/tf‘th f*w of a holomorphic map f : C — Y with respect
to a real continuous (1, 1)-form w on a Kéhler manifold Y. If Y is compact
and wy denotes the (1,1)-form associated to a hermitian metric H on Y,
then it is easy to see (see [25], (5.2.19)) that

— logT
py = Tom o8 Ti(rwn)
T—00 log r
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is independent of the hermitian metric H. The map f is said to be of
order at most 2 if py < 2. Since the derivative of a Brody curve in the
projective variety X is bounded with respect to hermitian metrics on X,
Brody curves are easily seen to be of order at most 2. By a classical theorem
of Weierstrass, we get also that a curve f : C — Py of order at most 2
which omits the coordinate hyperplanes can be written in the form (1 :
exp(P1(2)) : -+ : exp(P,(2))) where the P;’s are polynomials of degree at
most 2 in the variable z € C.

We now prove that the property of having order at most 2 is preserved
under rational maps (see also [11] for a similar result).

LEMMA 2.5. — Let f : C — Py be a curve of order at most 2 and
R: ]P)N ce > IPM

be a rational map (not necessarily dominant) such that f(C) is not con-
tained in the set of indeterminacy of R. Then the curve Ro f : C — Py is
of order at most 2.

Proof. — Let f = (fo:---: fn) be a reduced representation and
R=(Ro:-:Rum)
be a (not necessarily reduced) representation by polynomials Ry, ..., Ras

of degree p. Then

(fé’:n-:fﬁ,:Roof:~~~:RMof)

is a reduced representation of a curve F': C — Py, 41, and without loss
of generality Ry o f # 0. We have by [25], p. 183,

2 1
Tr(r,wrs) :/ §log(\fg|2 ++ X2+ Roo fI?
0
4t Ry o f12)d6 +O(1)

27
<[l (CIUE +-++ 74)a0 + o)
0

2m
:/0 Plog (1fol? + -+ + |fn[?)d0 + 0(1)

=p-T¢(r,wrs) + O(1).

TOME 57 (2007), FASCICULE 5
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By Noguchi-Ochiai '90 [25] (5.2.29) and (5.2.30) we get

M
Tros(r,wrs) < Z TR, of/Roof (T WFS)
j=1

<M -Tp(r,wps) + O0(1) < M-p~Tf(T,wFs) + O(1).

From this the lemma follows. O

Finally, we need the definition and some simple observations on the limit
set of an entire curve f : C — X as given by Nishino-Suzuki 'S80 [23]
(Proposition 1 on p.463 and Proposition 3 on p.466). For » > 0, put
AS ={z € C:|z| >r}. Let f(AS) C X be the closure (with respect to
the usual topology) of f(Af) in X, and f(c0) := ()50 f(AS). We remark
that f(oco) is exactly the set of all points p € X such that there exists a
sequence (z,)yen With |z,| — oo and f(z,) — p.

PROPOSITION 2.6. — Let f : C — X be as above for a log surface (X , D).

a) f extends to a holomorphic map f: P; — X if and only if f(co)
consists of exactly one point.

b) If f(oo0) is contained in a proper algebraic subvariety C C X and is
not a point, then f(o0) is equal to a union of some of the irreducible
components of C'.

LEMMA 2.7. — For a € C*, consider the entire curve f : C — C* x C*,
given by z — (exp(az), exp(z?)). Then f(co) C Py xP; contains {0, 0o} xP;.

Proof. — Since f(o0) is closed and since we can change the sequence
(2u)pen to the sequence (—z,)uen, it suffices to prove that f(oco) contains
the points (oo, c) with ¢ € C*. Let ¢ € C* fixed and b € C be such that
¢ = expb. We consider the four sequences z, = ++v/b + 2mip, p € N, where
the four different sequences are obtained by the four different choices of
signs. Then we always have exp(zi) = ¢, and for the arguments we have
that arg(z,) converges to one of the numbers i, 37, 37 I7 according to
the choice of signs. Then |az,| — oo and arg(az,) converges to one of the
numbers arg(a)+3m, arg(a)+ 3w, arg(a)+ 2, arg(a)+ L. Since one of these
four numbers is contained, modulo 27iZ, in the open interval (f%w, %w),
there exists a choice of signs such that exp(az,) — oc. O

LeEMMA 2.8. — Let (X, D) and (Y, E) be log surfaces, ¥ : X — Y a
—

morphism and ¥ : X --- — Y the rational extension of ¥. Then

T (f(00)) D o f(c0),
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where we understand V¥ (x) to be a curve for x a point of inderminancy
of U.

Proof. — Let @ € ¥o f(c0). Then there is a sequence (z,),en in C such
that lim,, . [2,| = oo and lim, oo ¥ o f(2,) = Q. Let 7:X — Y be
a desingularization of ¥ via 7 : X — X and f:Cc— X the lift of f
to )7( . As )7( is compact, after passing to a subsequence, f(zu) converges to
a point Pe X and by continuity of 7, P = F(]g) lies in f(oo). Hence, the
continuity of v gives Q = ‘i(ﬁ) € U(P) C ¥(f(c0)). O

2.4. Foliations and the theorem of McQuillan-ElGoul

We first recall some basic notations and facts on foliations as given in
Brunella "00 [4]: A foliation on the surface X can be defined by a collection
of 1-forms w; € Q%(UZ) with isolated singularities such that U;, i € [
is an open covering of X, and that we have w; = fi; - w; on U; N U;
with fi; € OL(U; NUj). These isolated singularities are called singularities
of the foliation. The local integral curves of the forms w; glue together,
up to reparametization, giving the so-called leaves of the foliation. Any
meromorphic 1-form w on X gives a foliation, namely choose an open
covering U;,i € I of X and meromorphic functions f; on U; such that
w; = fi-w|y, are holomorphic forms on U; with isolated singularities, only.
Then w;,i € I gives a foliation. By Brunella 00 [4] for algebraic X any
foliation can be obtained like this, and, moreover, there is a one to one
correspondance between foliations on the one hand and rational 1-forms
modulo rational functions on the other hand.

We will use the following result of McQuillan ’98 [22] and Brunella '99
[3], extended to the log context by El Goul ‘03 [13, Theorem 2.4.2] (in
order to avoid misunderstandings we would like to point out that in this
Theorem 2.4.2 of El Goul 03 [13] the foliation does not need to be tangent
to the boundary divisor):

THEOREM 2.9. — Let (X, D) be a log surface of log general type. Let
f: C — X be an entire curve. Suppose that there exists a foliation F on X
such that f is (contained in) a leaf of F. Then f is algebraically degenerate
in X.

What we will need for the proof of Theorem 1.2 is only a corollary of a
very special case of Theorem 2.9:
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PROPOSITION 2.10. — Let (X, D) be a log surface of log general type.
Let ¥ : X — Ax be a dominant morphism which extends to a rational
map V¥ : X --- — Ax. Let f: C — X be an entire curve. Assume that the
map Vo f: C — Ay is linearly degenerate with respect to the universal
cover C?> — Ax. Then f is algebraically degenerate.

Proof. — The map Vo f : C — Ay is linearly degenerate with respect to
the universal cover C2 — Ax. Hence, U o f is a leaf of the linear foliation
given by a 1-form with constant coefficients on C?, descending to a nowhere
vanishing log 1-form w on Ax (see subsection 2.2). It corresponds to a
meromorphic nowhere vanishing 1-form on Ax without poles on Ax. Now
¥ : X— — Ay is a dominant rational map, and so the meromorphic form
w pulls back via ¥" to a nonvanishing meromorphic 1-form VU "w which
is holomorphic over X. By construction we have that f*(@*w) = 0. Let
S C X be the divisor given by the meromorphic 1-form @*w, namely the
divisor given by the f;, i € I with respect to an open covering U;, i € [
such that f; - (@*w) v, is a holomorphic 1-form with isolated singularities
only on U; for all ¢ € I. If f(C) C S then f is algebraically degenerate.
Otherwise f is contained in a leaf of the foliation given by the 1-form @*w,
namely by the f;-(¥ " w) |y, By Theorem 2.9 it follows that f is algebraically
degenerate, which finishes the proof of Proposition 2.10. g

2.5. The case of non-dominant quasi-Albanese map

The following is a direct consequence of the log-Bloch theorem and the
universal property of the quasi-Albanese map.

PROPOSITION 2.11. — Let (X,D) be a log surface with log irregu-
larity qx = 2. Assume that the compactified quasi-Albanese map ax :
X --- — Ax is not dominant. Then Y = ax(X) N Ax is a hyperbolic
algebraic curve. Hence every entire curve f : C — X is algebraically de-
generate.

Proof. — The image Y = ax(X) C Ay of X under the compactified
quasi-Albanese map ay : X — Ax is a proper algebraic subvariety. Since
dx = 2, so in particular X admits nontrivial log 1-forms, Y cannot degen-
erate to a point, and so we have dimY = 1. By the log Bloch’s theorem
due to Noguchi 81 [24], the Zariski closure of the image of an entire curve
in Ax is a translate of an algebraic subgroup of Ax. But by the universal
property of the quasi-Albanese map (see litaka '76 [16]), Y = Y N Ax can-
not be such a translate. Hence, Y is a hyperbolic algebraic curve. So the
map ax o f is constant, and, hence, f is algebraically degenerate. O
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3. Proof of Theorem 1.2 and some applications
3.1. Reduction of the proof

We will reduce the proof of Theorem 1.2 by a result of McQuillen and
ElGoul (which is Theorem 2.9 above) and by log-Bloch’s theorem to the
following.

Claim: Let (X, D) be a log surface with ¢y = 2 and dominant ax and
with log Kodaira dimension kx = 2. Let f : C — X be a Brody curve.
Assume that f is not algebraically degenerate. Then ax o f:C — Ax is a
translate of a complex one parameter subgroup of Ax.

For if ax is not dominant, then Theorem 1.2 follows from Proposi-
tion 2.11. If ax is dominant and f is not algebraically degenerate, then
by the Claim ax o f : C — Ay is a translate of a complex 1-parameter
subgroup of Ayx. Then Theorem 1.2 follows from Proposition 2.10.

So it suffices to prove the Claim for the various cases of g5 below.

3.2. The case ¢y =2

The euclidean metric of the universal cover C? of the Albanese torus .4 %
descends to a metric h on it. We may choose a hermitean metric g on X
such that a‘)‘?h < g and we have

cL (X9 (A, h) — (C? eucl.).

Now since f is a Brody curve, we have |f’|, < C. By composing with the
Albanese map, we therefore get

(g o f)], <C.
After lifting to C2, the components of (« 5 © f)" are bounded holomorphic

functions. Hence, by Liouville’s theorem, they are constant. So the map
agof:C— Ax is a translated complex 1-parameter subgroup of Ax. O
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3.3. The case ¢ =1

We have the following diagram (see (2.8)):

(3.1) og l”

As in the case g = 2, we get that a o f is linear with respect to the
coordinates from the universal covering C — Ax. If a o f is constant,
then f is algebraically degenerate and we are done. So we assume from now
on that this linear function is nonconstant.

Let I € D C X be the (finite) set of points of indeterminacy of ax,
U C As a neighborhood of the finite set a (/) consisting of small disks
around each point of a([). Let V = a;(U) and W = f~1(V).

Since @ x is a morphism on the compact set X \ V, (ax o f)’ is bounded
on C\ W with respect to any hermitian metric h on Ax.

Brody curves are of order < 2. Hence, by Lemma 2.5,
aXof:(C—mAxCAX

is of order < 2.

Let C x P; — Ax be the universal cover, and let

—~—

(O[Xof):CH(CX(C*CCX]Pl
be a lift of the map axof:C — Ax C Ax to CxPy. If pr, : Cx P; — C
(resp. pry : C x Py — P;) denote the projections to the first respectively
the second factor, we get that pry o (ax o f) is a lift of sz o f through the

universal cover C — A+, which we know already to be a linear function.

X b
Define

®:=pryo(axof):C— C"CP.

If we prove that @ is of the form ®(z) = exp(P(z)) with a linear polynomial
P(z), then azof:C — Ay is a translated complex 1-parameter subgroup
of .Ax.

By Proposition 2.1, there exists a metric h on Ax such that the universal
covering map (C x Py, eucl. x FS) — (Ax, h) is a local isometry. By this,
we get the existence of a constant C' such that
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Furthermore, we get the following estimate for the characteristic function.

"t ) "t .
To(r, wrs) =/ 7/ " wrg </ 7/ (ax o f) Weucl.xFs
1 |z|<t 1 |z|<t

T dt §
:/1 t/<t(axof) wh:T(axof)(r,wh).

Hence, from pia,of) < 2, it follows pp < 2. So ®(2) = exp(P(z)) with
deg P < 2. If deg P < 1, the proof is finished. So we may assume deg P = 2.
We may assume that P(z) = 22 + ¢ by a linear transformation z — az + b
in C. Then, by a multiplicative transformation w +— exp(c) - w, we may
assume

P(z) = 22
Since U C Ay is a small neighborhood of the finite set a (/) and the
map ax o f is linear with respect to the coordinates from the universal
cover of A, we get that a5 o f is also a universal covering map. Hence,
up to a translation, a o f is a group morphism with kernel I' C C. Then
W = (ag o f)~*(U) is the union of the translations by the lattice T' of a
finite number of small disks in C.

Hence, there exists a sequence on the diagonal
(zp = Ty +1%p)pn0o CC\ W  with z, — oo.

We have
2z| exp(z® — y?)
@I — |
| ‘FS(Z) 1+eXp(2(x2—y2))
and, hence, since @’ is bounded on C\ W by (3.2):

2z, | exp(0)
> |’ v =|7
C>| ‘FS(Z ) 1+ exp(0)

)

This is a contradiction since |z,| — co0. So the assumption deg P = 2 was
wrong. O

3.4. The case ¢ =0

Let (X, D) be the log surface and assume f : C — X is a Brody curve
which is not algebraically degenerate with f(co) its limit set. We recall
(subsection 2.2) that for a rational function ® : X --- — P} which extends
a holomorphic function ® : X — C*, we always have ® o f(z) = exp(P(z)),

with P(z) a polynomial of degree at most 2.
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LEMMA 3.1. — Assume there exists a rational function ® : X --- — P
which extends a holomorphic function ® : X — C* such that ® o f(z) =
exp(P(z)), with P(z) a polynomial of degree (exactly) 2. Then we have
floo) = Ule D;, where Dy, ..., Dy is a subset of the set of the irreducible
components D1, ..., Dy of D. Moreover, for any such rational function ®,
we have ®(D; \ Iz) =0or =oo for j =1,...,¢, where Iz denotes the set
of points of indeterminacy of ®.

Proof. — Let ® : X --- — P, be a rational function which extends a
holomorphic function ® : X — C* such that ® o f(z) = exp(P(z)), with
P(z) a polynomial of degree (exactly) 2, and let Iz be the set of points of
indeterminacy of ®. We first prove

We may assume by a linear coordinate change in C and a multiplicative
transformation in C* C P, that

P(z) = 22

Assume that (3.3) does not hold. Then there exists a point p € f(oo) \ I3
such that ®(p) € C*. Let U(p) C X be a neighborhood such that its topo-
logical closure (with respect to the usual topology) U(p) does not contain
any points of /5. Note that ® is a holomorphic function in a neighborhood
of U(p) C X. Since p € f(c0), there exists a sequence (z,) = (xy + iyy),
v € N, such that |z,] — oo and f(z,) — p. Without loss of generality, we
may assume that f(z,) € U(p) for all v € N. Then we have

(3.4) exp(al — y2) = |exp(a — y2) - exp(2izlys)| = |exp(22)]
= ‘(I)of(zv)‘ — |$(p)’ =Ci > 0.

Since f is a Brody curve, its derivative is uniformly bounded on C, and
since U (p) C X is compact, the derivative of | 77 (p) 1 bounded too. Hence,

there exists a constant Cy > 0 such that |(® o f)|ps < Cy on f~H(U(p)).
So in particular

, _ [220] - Jexp(2)|
(3.5) Co2 (@ ) (z)lrs = T m 0

_ 2|z| exp(a] — y7)
L+ (exp(a? - y2))”
by (3.4) and as |z,| — oo. This contradiction proves (3.3).

Now assume that there exists a rational function ® : X --- — P; which
extends a holomorphic function ® : X — C* such that ®of(z) = exp(P(z)),
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with P(z) a polynomial of degree (exactly) 2. By (3.3) we have
(f(oo)\ I3) C 6_1({0,00}) cDhcX.

Now the Lemma follows from Proposition 2.6. O

For the rest of this subsection, we assume ¢y = 2 and gz = 0. Let
®, = (ax); : X -+ — Py, i = 1,2, be the two components of the quasi-
Albanese map (see subsection 2.1).

LEMMA 3.2. — Let M = ("' ™2) ¢ M(2 x 2,7) be a nonsingular

ma1 Mm22
matrix (not necessarily invertible over Z). Then the map

(U1, Ty) = (27125, 31 3,) - X ... — (Py)?
is a dominant rational map extending the dominant morphism

(36) (\Ifl, \IIQ) N X —_— ((C*)2,

xr x
T — (exp (/ miiwy + m12w2>,exp (/ maoiwy + m22w2)>.
xo o

(We remark that the map (¥, ¥s) is not the quasi-Albanese map in
general, but it factors through the quasi-Albanese map by a finite étale
map.)

Proof. — 1t suffices to prove that the morphism (¥, ¥y) : X — (C*)?
is dominant, the rest is clear from the properties of the quasi-Albanese
map. Let wi,ws be the two linearly independent log forms corresponding
to @1, ®5. By construction (¥, ¥s) : X — (C*)? is of the form

(3.7)  (Wq,¥2)()

xr xT
= (exp (/ miiwi + m12w2>,exp (/ moiwi + m22w2))
o) Zo

where z is a fixed point in X. It suffices to prove that the lift of this map

to the universal cover, X — C2,
xT
wl) + mzz(/ w2>)

e (o ) o [ ([

Zo Zo Zo

has rank 2 in some points. But this is true since M is non singular and
since the lift to the universal cover of the quasi-Albanese map, this means

X — C?, x»—>(/ wl,/ w2>
o o

has this property. O
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By Lemma 2.5, we have ¥; o f = exp (Q;(z)) with deg @; < 2. Then if
one of the @); has degree 0, it follows immediately that f is algebraically
degenerate (since ¥; o f is constant then). Our aim is now to choose the
nonsingular matrix M such that deg@; < 1 for ¢ = 1,2. Then if one of
the @; has degree 0, one is done. If both polynomials @); have degree 1,
then (U1, ¥s)o f: C — C* x C* is a translate of a complex 1-parameter
subgroup of C* x C*. But we have the commutative diagram

cz X ¢

| |

AX . ((C*)Q

where M is a linear isomorphism given by the matrix M and the vertical
arrows are the universal covering maps. So ag o f : C — Ay is also a
translated complex 1-parameter subgroup of Ax.

By Lemma 2.5 we have ®; o f = exp(P;(z)) with deg P; < 2 for the two
components of the quasi-Albanese map. If deg P; < 1 for i = 1,2, we put
M = I, the identity matrix, and the proof is finished. Otherwise we may
assume without loss of generality that deg P, = 2. Then by Lemma 3.1, we
have f(o0) = U§:1 D;. Consider the submatrix of the residues of wy,ws
with respect to the first ¢ divisors forming f(co)

D1 Dy ... D,
(38) wp a1 aiz ... ary
w2 G421 ag2 ... Q2

If this matrix has rank 2, there exists a nonsingular matrix M with coef-
ficients in Z such that after passing from the log forms w;,ws correspond-
ing to the map (®1,®3), to the forms myjwi + Mmiaws, Majwi + Maosws
corresponding to (¥y,¥s), the matrix of residues (3.8) has at least one
residue = 0 in every line.

If the matrix of residues (3.8) of (@, ®2) has rank 1, we can choose the
nonsingular matrix M with my1 # 0, ms; = 0 and moy = 1 such that after
passing from the log forms w,ws corresponding to the map (@1, ®3), to
the forms miijwi + myswa, Mmajwy + Masws corresponding to (¥, ¥sy) the
matrix of residues (3.8) has all residues = 0 in the first line. Here, there is
the difficult case where the resulting matrix does not have any zero in the
second line.

If the matrix of residues (3.8) of (®1, ®2) has rank 0, we just take M = I,
the identity matrix.
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In all cases, except the difficult one, there exist some residues = 0 in
every line of the residue matrix for (¥y,¥s5). So by Lemma 3.1 and equa-
tion (2.10), we have deg @; < 1 for i = 1,2, and we are done.

So we are left with the only (difficult) case that the matrix of residues of
(Uq, ¥y) with respect to the log forms Wy := mijwi + misws and wo looks
as follows (with ag; # 0 for all j =1,...,¢)

Dy Dy ... Dy
(3.9) & 0 0 ... 0
w2 Q21 G22 ... G

and that ¥; o f = exp (Qi(z)) with deg@; < 1 (which follows again by
Lemma 3.1 and equation (2.10)) and deg Q2 = 2. In this case, we have to
use the explicit geometry of the entire curve f with respect to the map
(¥1,V3) in a similar way as we did in the proof for the case g = 1 above.

LEMMA 3.3. — a) The rational function U, : X - — Py is a morphism
in a neighborhood of f(oc0) = Ule D;c X.

b) There exists at most one irreducible component of f(oo), say D1, such
that W1 (D;) = Py. If it does not exist, then for all points x € D; we have
Uy (z) € C*. If it exists, there exists exactly one point zo € f(co) and
exactly one point z., € f(o0), both Iying in Dy, such that Wi(zg) = 0
and Vi(zs) = oo (in particular, for all points z € f(00) \ {0, Ze0} ,
we have Wi(x) € C*). Furthermore, zo respectively ., are intersection
points of Dy with components D; with j > ¢+ 1 (meaning components not
belonging to f(c0)) with residues aq; > 0 respectively a1; < 0.

Proof. — a) This follows immediately from Proposition 2.2 since by (3.9),
all the residues of ¥ on all components of f(co) are = 0.

b) Since ¥ is a morphism around f(0o), the image of every irreducible
component of f(c0) is a (closed) subvariety in P, and hence a single point
or all of P;. Since the residue of ¥; on each component of f(co) is 0, it
follows by (2.10) that the image of each component, if it is a single point,
has to lie in C*. By the same token, we also get that any point z € f(c0)
which is mapped to 0 respectively to oo by ¥, has to be an intersection
point with a component of D having residue > 0 respectively < 0, and
which cannot be one of the components of f(co0). Since D is a normal
crossing divisor, no three irreducible components meet in one point, and
S0 no point mapping to 0 or to co can lie on the intersection of different
irreducible components of f(oo). We will now prove that there can exist
at most one point x = zy € f(oo) with ¥y (x) = 0 and at most one point
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T = Too € f(00) with ¥y(2) = co. From this it follows immediately that
there can be at most one component of f(co) mapping onto Py, which then
has to contain both xg and z.

Let {(20)1,-- -, (z0)m} = {x € f(o<) : ¥y(x) = 0}. Take a neighborhood
U(f(c0)) such that ¥y is still a morphism in a neighborhood of the closure
U(f(00)) of U(f(00)) (this is possible since there is only a finite number of
points of indeterminacy of ¥;). Take small neighborhoods U, = U,((z0),),
p=1,...,m, such that their closures are still contained in U(f(c0)).

Assume m > 2. For p = 1,2, take sequences (zq(,p)), v € N, such that
|zf,p )\ — oo and f (zl(,p )) — (20)p. Without loss of generality, we may assume
that f(zf,p)) € U, for all v € N. Let [zf,l), zf,g)] C C be the (linear) segment

between zgl) and 21(;2) in C. Then there exists a point

wy € (47,2210 FH U eoN) \ U 171 (0y).
p=1
The image of the segment [21()1)7 zq()z)] under f joins the two points f (zq()l)) €
U; and f (z,(JQ)) € Us,. Since the two neighborhoods are disjoint, it has to
cross the boundaries of both of them. Let w, be the inverse image of such

a crossing point with one of these boundaries.

By (3.9) we have W, o f(z) = exp(az + b) with a,b € C. Since f(zgp)) —
(z0)p we get Uy of(zgp)) — Uy((20)p) =0,p=1,2. S0 exp(azgp) +b) — 0,
meaning Re(azf,p) +b) — —o0,p=1,2. Now w, € [zgl), 21(,2)], so there exist

Ay with 0 < )\, <1 such that w, = /\Uzq(,l) +(1- /\U)zgz). Then we have
(3.10) Re(aw, +b) = Re()\v(azf,l) +0) + (1= A\ (azl? + b))
= )\vRe(azl(,l) +b)+(1- Av)Re(azf)Q) +b) — —o0
since A,,1 — A, = 0. In particular |w,| — oo.
Consider the sequence f(w,), v € N. After passing to a subsequence, we

get f(w,) — P € X. By construction, we have P € f(c0), and by (3.10)
we get

(3.11) U, (P) = hin Uy (f(wy)) = lim exp(aw, +b) = 0.

But w, € f_l(U(f(oo)))\Ulel FHU((20)p)), 50 P # (x0)w, v = 1,...,m.
This is a contradiction, since

{(zo)1,..., (x0)m} = {z € f(o0) : ¥1(z) =0} 2 P.

So our assumption m > 2 was wrong, and there exists at most one point
xo € f(oo) such that Wq(zg) = 0.

ANNALES DE L’INSTITUT FOURIER



LOGARITHMIC SURFACES AND HYPERBOLICITY 1597

The proof for z, is exactly the same, just change 0 and oo in the proof
above, and in (3.10), change —oco to +o0. O

Now we can finish up the proof of the claim: If there does not exist
an irreducible component D; of f(oo) such that Wi(D;) = P; (case 1),
we leave (¥, Usy) as it is. If it does exist (case 2), then we may assume
xo € D1 N Dj41. The matrix of residues (3.9) extends to

D, Dy ... Dy Dy
(312) (:51 0 0 e 0 ai e+1
W2 a1 a2 ... QA2¢ Q241

with aq ¢4+1 > 0. We put
RS A1 4+1W2 — A2 p4+1W1

Then the new matrix of residues becomes

Dy Dy ... Dy Dy
(313) (51 0 0 e 0 1,041
&2 ag1 Qg2 e 9y 0

By Proposition 2.2, we get that xg € Dy N Dy41 cannot be a point of
indeterminacy of W, since the corresponding product of residues is zero. In
both cases we get, by a linear coordinate change in C and a multiplicative
transformation in C* C Pq, that

(U1, ¥5) 0 f(z) = (exp(az),exp(z?)), a€C*
By Lemma 2.7 and Lemma 2.8, we get
(314) {0} xP; C (Wl, \I/Q) o f(OO) C (@1, @2)(‘]0(00))

We will reach a contradiction to (3.14) in both cases. In case 1, we have
U1 (f(o0)) € €, 50

(W1, Ua)(f(o0)) N ({0} x Py) =0,

contradicting (3.14). In case 2, we get that (V1| (s0)) 1(0) = {0} and g
is not a point of indeterminacy of 5. So we have

(1, T2)(f(00)) N ({0} x P1) = {0} x {Wa(w0)}

which is strictly contained in {0} x P;, contradicting (3.14).
This concludes the proof of the claim, and, by the reduction in subsec-
tion 3.1, the proof of Theorem 1.2. O
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3.5. Some applications

Theorem 1.2 gives us the following corollaries on hyperbolicity.

COROLLARY 3.4. — Let (X, D) a log surface with log irregularity Gy = 2
and log Kodaira dimension kx > 0. Suppose that X does not contain non-
hyperbolic algebraic curves and that D is hyperbolically stratified (this
means that every irreducible component minus all the others is a hyper-
bolic curve). Then X is complete hyperbolic and hyperbolically imbedded
in X.

Proof. — One has kx # 1, otherwise the litaka fibration of X would con-
tain non-hyperbolic fibers and so X would have non-hyperbolic algebraic

curves. Hence this follows from Theorem 1.2 and from the main result of
Green '77 [14]. O

Another consequence of Theorem 1.2 is the “best possible” result for
algebraic degeneracy in the three component case of complements of plane
curves (see Dethloff-Schumacher-Wong 95 [11] and [12], Bertheloot-
Duval *01 [2]):

COROLLARY 3.5. — Let D C Py be a normal crossing curve of degree
at least 4 consisting of three components. Then every Brody curve f : C —
Py \ D is algebraically degenerate.

Proof. — K (p,\py = O((deg D) — 3) is very ample and, hence, big. Let
D; = {f; = 0}, where f; is a homogeneous equation for D,, for i = 1,2, 3.

Then
deg f3

_ J o
wj = dlog fdegfj , =12,
3

are linearly independent log forms, and it is easy to see that there are no
others. Hence, qp,\ py = 2. |

4. Proof of Theorem 1.3 and applications
4.1. Kawamata’s Theorem

Recall that for a fibered variety, i.e., a dominant algebraic morphism be-
tween irreducible, reduced quasiprojective varieties with irreducible general
fibers, we have the following addition theorem of Kawamata ’77 ([18]) in
dimension two:
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THEOREM 4.1. — Let f: V — B be a fibered variety for a nonsingular
algebraic surface V' and a nonsingular algebraic curve B. Let F' be a general
fiber of f. Then

Ky 2 KF + KB.
Recall also the following result of Kawamata ’81 [19, Theorems 26, 27]:

THEOREM 4.2. — Let X be a normal algebraic variety, A a semi-abelian
variety and let f : X — A be a finite morphism. Then kx > 0 and there
exist a connected complex algebraic subgroup B C A, étale covers X of X
and B of B, and a normal algebraic variety Y such that

(i) Y is finite over A/B;
(ii) X is a fiber bundle over Y with fiber B and translations by B as
structure group;
(iil) Fy =dimY = kx.
If further kx = 0 and f is surjective, then f is an étale morphism.

For the proof of Theorem 1.3 we will need the following extension of this
theorem in the case of surfaces.

PRrROPOSITION 4.3. — Let X be a normal algebraic surface, A a semi-
abelian surface and let f : X — A be a finite morphism. Let Xg C X be
an open algebraic subvariety.

1) In the case kx, = 1, let ® : X* — Y™ be the logarithmic Iitaka fibra-
tion of Xo, ¥ : X* — Xq the birational morphism relating Xo to X*, and
fory € Y*, let X; = & '(y), X, = ¥(X;) C Xo C X and B, = f(X,).
Then for genericy € Y*, X, C X is a closed subvariety and B, is a trans-
late of a complex one » parameter a]gebram subgroup B of A Moreover,
there are étale covers X of X and B of B, and a smooth algebraic curve Y
such that

(i) Y is finite over A/B.
(ii) X is a fiber bundle over Y with fiber B and translations by B as
structure group. In particular, X and X are smooth.
(i) dimY = Ry, = 1.
In particular, for generic y < Y™, X, C X is equal to the image of a suitable
fiber of the fiber bundle X over Y and the image of a generic fiber of this
fiber bundle is of the form X, fory € Y*.
2) If kx, =0, then f is an étale morphism and X \ X, is finite.
Proof. — Since the proof uses among others the same ideas as that given
by Kawamata in [19] (see Theorems 13, 23, 26 and 27 of Kawamata’s pa-
per [19]), we just indicate the differences and what has to be added:
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1) In the case kx, = 1, the key point is to observe that despite the
composed map X* Z Xop — X being not proper in general, for generic
y € Y*, X, C X is a closed subvariety. In order to see this, let X, C X

—=x*

be the (Zariski) closure of X, in X (it is the curve W(X)). Then X, NX
is the closure of X, in X, B, = f(X, N X) is the closure of B, C A and
we have for the logarithmic Kodaira dimensions (for generic y € Y*):

0=Fhx; =kx, 2Ky nx 2 kg, 20,

< ¥

where the last inequality follows since we can restrict the constant 1-forms
of A to By, and all the others follow by lifting back log multi-canonical
forms through logarithmic (!) morphisms. So we get in particular for the
inclusion of algebraic curves X, C X, N X that 0 = kx, = KX, nx (re-
mark that X, C X is algebraic since X, C X is algebraic and Xy C X is
an open algebraic subvariety). But an algebraic curve having log Kodaira
dimension zero is either isomorphic to an elliptic curve or to C* C Py,
and if we delete any other point of any of these algebraic curves, they be-
come hyperbolic, so their log Kodaira dimension becomes one. This means
X, = Yy N X is a closed subvariety of X. The rest of the proof is ex-
actly analogous to the proof of Kawamata’s Theorem 27. We observe here
that the normal curve 17, having singularities only in codimension 2, is
automatically smooth.

2) As f is a finite morphism between algebraic surfaces, it is surjective.
So the first part of Theorem 4.2 gives 0 = kKx, = kx > 0. Hence the first
part of our claim follows from the last part of Theorem 4.2. Since X is finite
and étale over A, X is also a semi-abelien variety since it is a quotient of
affine space by a discrete subgroup and the kernel in X of the map to the
abelian variety quotient of A is a finite cover of that of A. Let X be a
compactification of X as given in subsection 2.2. If X \ X is not finite,
then there exist a curve C' in X intersecting X but not X,. We will reach
a contradiction.

Assume that X is not a simple abelian surface. We follow the proof of
Theorem 26 in [19] to obain a contradiction. As X is semi-abelian, it is
a fiber bundle over a flat curve B, i.e. B has trivial log-canonical bundle
so that B is either C* or an elliptic curve. Moreover, the fiber bundle
has flat curves as fibers. Now the log-Kodaira dimension becomes positive
if we remove a finite nonempty set from a flat curve, whose log-Kodaira
dimension is 0. If C' intersects the generic fiber of this fiber bundle, then we
have a contradiction with the addition theorem above. Hence, C' is vertical
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and so X \ C is a fiber space over a curve of positive Kodaira dimension.
This again contradicts the addition theorem.

Hence we may assume that X is a simple abelian surface. Now it is well
known that C' is then an ample divisor in X so that its L-dimension is 2.
This latter fact can be seen directly as follows.

If C? > 0, then Riemann-Roch gives that
R(mC) — hY(mC) + h?(mC) = O(m?)

while Serre-duality gives h?(mC) = h°(—=mC) = 0. Hence h°(mC) =
O(m?) and the L-dimension of C is 2. If C? < 0, then the algebraic sub-
group G = {t € X | C+t = C} must contain differences of points in C' and
so is at least 1-dimensional. As X is simple, G = X which is a contradiction.

To compute the log-Kodaira dimension of X \ C, we blow up X suc-
cessively until the total reduced transform of C' becomes normal cross-
ing, where we let F; be the exceptional divisor at the i-th step. Then
we know that at each step, the resulting canonical divisor is ). E; and
C=0C+ >, miE; as divisors (m; > 0), where we have suppressed the
pullback symbols and C is the strict transform of C C X. Hence, for
the final blown up variety X of X, the log-canonical divisor of ()A( ,C) is
K=C+ >-; E;. But this means that a multiple of K is C plus an effec-
tive divisor and therefore the log-Kodaira dimension of X \ C is 2. This is
a contradiction since then X C X \ C must have the same log-Kodaira
dimension. (|

4.2. Stein factorization and condition (*)

Let (X, D) be a log surface with log irregularity gy = 2 . Let ax :
X .-+ — Ax be the compactified Albanese map, I its finite set of points of
indeterminacy and &g = ax| X\ We assume in this subsection that ax
is dominant. Recall the following condition:

(*) For all 2 € Ay and E a connected component of the Zariski clo-
sure of &51(2) with £ N X # (), any connected component of D
intersecting F is contained in F (i.e. E is a connected component
of EUD).

Condition (*) is a natural condition in the sense that all the data can
be read directly from two linearly independent log 1-forms, wy,ws without
referring to ax or ax. Indeed, ax is not dominant if and only if w1 Aws =0
and a curve C in X such that neither w; nor ws is identically co along C
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is exceptional with respect to ax if and only if i*w; = 0 = i*wy where
i:C — X is the inclusion map.

PROPOSITION 4.4. — Condition (*) is equivalent to the following condi-
tion: If aix - X - Ax is a desingularization of the rational map &x which

is biholomorphic on X, then for the Stein factorization x Ly L Ax of
the morphism ax we have that 3(X) C Y is an open algebraic subvariety.

Proof. — We first prove the following lemma.

LEMMA 4.5. — Let ax : )7( — Ax be a desingularization of the rational
map ax viar: X — X which is biholomorphic on X and x2v 2 Ax
the Stein factorization of the morphism & x. We identify X and r~1(X) and
let D be the reduced total transform of D. Then condition (*) is equivalent
to the following condition.

(**) For all z € Ax and E a connected component of ay'(z) with
Enx # (), any connected component of D intersecting E is con-

tained in E (i.e. E is a connected component of E U D).

Proof of the lemma. — (*) implies (**). Assume that (**) does not hold.

Then there exist 2 € Ax and a connected component E of a~(z) Wit/l\l
nonempty intersection with X. Also there is a connected component of D
having nonempty intersection with but not contained in E. Let >k [A)k
be its decomposition into irreducible components. We may assume that
ﬁl ¢ E so that EX|]31 # z and that there is a point Z € lA)l NnE.

Now T(E) is a connected subset of a connected component E of the
Zariski closure of &y '(z). We distinguish two cases.

Case 1 : r(ﬁl) C D is a curve. — Then r(ﬁl) is an irreducible compo-
nent of D intersecting E at (), but r(ﬁl) ¢ E because aX|r(Bl)\I Z 2.
This contradicts (*).

Case 2 : v(Dy) C D is a point. — In this case r(Z) € I is a point where
@ x has a point of indeterminacy. By Propositions 2.2 and 2.4, r(Z) € E is
an intersection point of two irreducible components D; and D; of D such
that the form w defining ® (only around r(7) in the case of g5 = 1) has
strictly opposite signs along D, and Dj, and ax maps D; \ I and D; \ I
to Ax \ Ax and so, in particular, ax|p, s # z and so (*) cannot hold.

(**) implies (*). Assume that (*) does not hold. Then there exist z

in Ax, a connected component E of the Zariski closure of ag'(z) with
ENX # () and a connected component Dy of D such that Do N E # ()
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and Do ¢ E. Let Do and E be the proper transforms of Dy and E under

X > X respectlvely Then any connected component of E intersects
Do or is connected to Do by the exceptlonal d1v1sor F of r. Let Eo be
such a component. Since Dy ¢ E, we have Dy ¢ ax'(z) D Ep. So there
is a component of F'U ZA)O intersecting with but not contained in E‘O. This
contradicts (**). O

We now continue with the proof of the proposition.

Assume (**), we prove that 3(X) C Y is an open algebraic subvariety
by giving an explicit description for it: By definition of the Stein factor-
ization, points of Y corresponds to connected components of the fibers of
the morphism ay : X - Ax,and 3 : X — Y is the canonical surjective
map which contracts these connected components to points. Since 3 is a
proper birational morphism, 3 (B) C Y is algebraic. Since a x is dominant,
Y is a surface and so 3 (ZA)) can be decomposed into a pure 1-dimensional
subvariety T' and a finite set G = {y1,...,ys} in Y. Let y € B(X), then
y = B(T) for some 7 € X. Let z = ax (). By the definition of 3, 3 1( )
is a connected component E of @ (z). By (**), all connected components
of D intersecting E map to the point y, and the others map to a closed
algebraic set not containing y. This means that y ¢ I' and so 3(X) is
just Y \ I minus a finite number of points in G, which is an algebraic set.

Conversely, assume that (**) does not hold. Then there exist z € Ax,
a connected component E of & ~1(2) with ENX # () and an irreducible
component ﬁo of D with 7 € ﬁgﬂ@ and ﬁo ¢ E.SoT = B(ﬁo) CYisa
1-dimensional subvariety containing the point yo = 3(z) = 3(E). So 3 has
a 1-dimensional fiber over yo and so all other fibers over a neighborhood U
of yo are single points. Hence U NT'N 3(X) = {yo} and B(X) C Y cannot
be open. O

4.3. End of the proof of Theorem 1.3

For this proof we adopt the notations of Theorem 4.2, meaning we allow
arbitrary boundary divisors. This is not a problem since we do not need the
condition that f : C — X is Brody in this theorem and since we can always
lift an entire curve f through a birational map which is biholomorphic on X
and the property of f to be algebraically degenerate is of course invariant
under such a birational map.
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By the same token we also may assume that ax : X — Ay is (already)

a morphism. Hence, let

X Ly A
be a Stein factorization of the morphism @x and 8 = (|x. Then Y is a
normal variety which compactifies Y = (7)71(Ax), and f is algebraically
degenerate (in X) if and only if the map § o f is algebraically degenerate
(inY).

We apply Proposition 4.3 to the finite morphism v = |y : ¥ — Ax
and to Yy := B3(X) C Y, which is an open subvariety by Proposition 4.4.
In order to simplify notations, we assume that X is the total space of the
Titaka fibration of Yy (there is no problem with this since the entire curve
f: C — X lifts through a birational morphism over X). So let ® : X — Z*
be the log litaka fibration. Then Proposition 4.3 says that there exist a
semi-abelian curve B C Ay, étale covers Y and B of Y and B, respectively,
and a smooth curve Z such that

1) Z is finite over Ax /B;
2) Y is a fiber bundle over Z with fiber B and translations by B as
structure group.

Moreover, if for z € Z* we put X, = ®71(2), Y, = 3(X,) C Yo C Y and
B. =(Y>), then for generic z € Z*, Y, CY is a closed subvariety, which
is equal to the image of a suitable ﬁber of the fiber bundle p : Y - Z , and,
vice versa, the image of a generic fiber of this fiber bundle is of the form Y,
for generic z € Z*.

Let YO C Y be the inverse 1mage of Yy in Y under the étale cover Y — Y,
and let Zo C Z be the image of YO under the fiber bundle projection p :
Y — Z. Then Zo C Zis an open algebraic subcurve: In fact, since YO cY
is an open algebraic subsurface, its complement can only contain a finite
number of curves or isolated _points, which can only contain a finite number
of fibers of the fiber bundle Y — Z so the complement of ZO in Z contains
at most a finite number of points. Let still WO C Y be the inverse image
of Zo under the fiber bundle projection p : Y - Z.

We claim that WO \ Yo is of codimension at least 2 in W(] In fact, by
Proposition 4.3 the generic fiber of the fiber bundle Y > Z projects to a
fiber Y, C Yj, so is contained in YO We know that since YO CYisan open
algebraic subsurface, its complement can only contain a finite number of
(closed) curves or isolated points. But since such a closed curve does not
hit the generic fiber of the fiber bundle (so it is contained in the union of a
finite number of fibers since the base Z is of dimension 1), it is itself equal
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to a fiber, but then it is also in the complement of /V[v/o. This proves the
claim.

We now claim that W() is of log Kodaira dimension EVT/O > 1: Since

D Y — Z is a fiber bundle over the smooth curve Z and Y is étale over Y,
both ¥ and Y are smooth. Let X+ = B_l(Yo) C X.Then X7 has the same
log Kodaira dimension as Y; as they are properly birational. But X\ X
lies only on the fibers of 3 above Yy and so any pluricanonical logarithmic
form for (X, D) must actually be a pluricanonical form over X+ by the
Riemann extension theorem applied to Yy. Hence 1 = kx = kx+ = Ry, <
E% = Eﬁ/o where the last equality follows again by the Riemann extension
theorem.

Next we claim that k7 =1: Let 51,55 € HO(Y, mK ) be two linearly
independent log multi-canonical sections. Consider the exact sequence of
locally free sheaves

O—>p*I?ZO — QVT/O — I?;/5—>O,

from which it follows that K ~ 1s isomorphic to p* K ~ ®KY/Z But K?/E

is dual to
ker (dp T~0 — T TZO)

and this latter has a global nowhere vanishing section v (that generates
the Lie group action) and, hence, is trivial. So K W is isomorphic to K 7
Hence s1, s2 give two linearly independent sections of mK 7

Theorem 1.3 is now immediate: In fact, let f : C — X be an entire
curve. If p : Y — Z denotes the fiber bundle projection, then the entire
curve fo f : C — Yy lifts by the étale cover Y — Y to a curve having
image in Yo C Wo, projecting by p to an entire curve having image in the
curve ZO. But since 1250 =1, the curve ZO is hyperbolic, so this entire curve
is constant. Hence, the image of the entire curve So f lies in the image in Y
of a fiber of the fiber bundle Y — Z, and so the entire curve f: C — X is
algebraically degenerate. O

Remark. — The counter-example in Proposition 4.7 shows that, with-
out condition (*), it can happen that entire curves f : C — X can be
Zariski-dense. In fact, condition (*) does not hold in this counter-example:
ag : X - ExXE
is the blowup morphism of the two points Q1,Q2 and the exceptional
fibers o '(Q,) and ay 1(Q5) intersect D but do not contain it.

With the notations as in Proposition 4.7, ax =
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4.4. Some applications

The following result generalizes Kawamata’s theorem for normal surfaces
finite over a semi-abelian surface to surfaces with log irregularity 2 by
relating it to entire holomorphic curves.

THEOREM 4.6. — Let (X,D) be a log surface with log irregularity
dx =2 . In the case of dominant ax, assume condition (*). Then the
following are equivalent:

1) There is an entire curve f : C — X such that f*w = 0 for some
w e H(Ty) and f is not algebraically degenerate.

2) kx = 0.

3) ax is birational and Ax \ ax(X) is finite.

Proof. — We use Theorem 1.3 and the theorem of McQuillan-ElGoul to
deduce 2) from 1). To deduce 3) from 2), we use the addition theorem of
Kawamata for open surfaces and Proposition 4.3. Finally, we deduce 1)
from 3) by elementary methods.

1) = 2). Suppose that there exists an algebraically nondegenerate entire
curve in X lying in the foliation defined by a log 1-form. By Theorem 2.9
and Proposition 2.11 we may assume that ax is dominant and kx < 1.
This means in particular that there are linearly independent log 1-forms
whose wedge is not identically 0. But this wedge gives a log 2-form and
hence kx # —oo. But kKx # 1 by Theorem 1.3. Hence kx = 0.

2) = 3). Assume that ax (and hence ax) is not dominant. Then ay
factors through a morphism «a : X -YcC Ax where Y = Y N Ax is a
hyperbolic curve by Proposition 2.11 and so &y = 1. Let F be a general
fiber of &, then F is a smooth projective curve having transversal intersec-
tion with lA), the reduced total transform of D. Hence, by the smoothness
of & along F, we have the following exact sequence

0—>[?F—>Q(§,B)|ﬁ—>01:‘—>0.

Hence K x|r = /\2Q()/f,ﬁ)|}7
ial section of some tensor power of the log canonical sheaf K x over X.
Since this section remains nontrivial over F', we see that kp > 0. By The-
orem 4.1, we have 0 = Kx > Kr + kg > 1. This contradiction shows
that ax is dominant (This fact also follows directly from Theorem 28
of [19]). Keeping the same notation as Proposition 4.4 with the normal
surface Y = (7)71(Ax), then v = 7]y : ¥ — Ax is a surjective finite
map and we have Ky > 0 by Theorem 4.2. As 3 = J|x is a morphism

= Kp. Since kx > 0, there is a nontriv-
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to Y, we have 0 = kKx > Ky. Hence, ky = 0 and Y is étale over Ax by
Theorem 4.2. This means that Y is a semi-abelian variety and so by the
universal property of the Albanese map «, v : Y — Ax is an isomorphism.
By condition (*) and Proposition 4.4, we have that Y = 8(X) is an open
subvariety of the normal surface Y. As 8 = 3|x is a morphism to Yy, we
have 0 = kx > Ky, > ky = 0; thus forcing equality. Hence Y \ Y} is finite
by Theorem 4.3 and the result follows.

3) = 1). Keeping the same notation as in Proposition 4.4, Yy = ax(X)
is an open subset of Ax with finite complement. Let X+ = é_l(YO). As
@ is a birational morphism on X that restricts to ax on X, we see that
XT\ X is an exceptional divisor of a in Xt whose image is contained
in the image of the exceptional divisor E of ax. Consider the finite sets
S1:=ax(E) C Ax, Sz := Ax \ Yy and S’ = S U Sy. By a translation if
necessary, we may assume that the universal covering map h : C2 — Ax
is a morphism of additive groups and that I' = ker h does not intersect
S = h=1(9"). Consider the linear map fo : C — C?, 2 +— (2,az) for a € C.
Then fFw = 0 for the linear 1-form w = dzs — adz; where (21, 22) is the
standard coordinate for C2. Now if f; = ho fy is algebraically degenerate,
then its image lies in an elliptic curve or a rational curve in Ax and the
latter must intersect the boundary of Ax at at least and hence exactly two
points. In either case f7 is an étale covering over its image, which is either C*
or an elliptic curve, and so f; (') = ker f; # {(0,0)}. Therefore, since log
1-forms on Ax correspond bijectively with linear 1-forms on C2, it suffices
to produce an a such that f; ' (T’US) = 0, I’ = T'\ {(0,0)}, for then f,(C)
does not intersect S” and a;(l o f1 would be the required holomorphic curve
on X as a;(l is a well defined holomorphic map outside S’. For this, we only
need to choose a € C outside the countable set {v/u | (u,v) € TVUS}. O

The additional condition (*) on ax is essential for Theorems 1.3 and 4.6,
as the following counterexamples shows. We remark here however that it
can be weakened still for Theorem 4.6, as can be seen from the proofs
we give. We also remark that one can prove that 2) and 3) of Theorem 4.6
are equivalent even without condition (*).

PROPOSITION 4.7 (Counterexample for Kx = 1). — Let E be an elliptic
curve and p : E x E — FE the projection to the first factor. Let Py, P, € E
be two distinct points, and Q; € p~*(P;), i = 1,2 two points. Let b : X —
E x E be the blow up of E x E in the points Q1,Qs. Let D be the union
of the proper transforms of p~1(P;),i=1,2 in X, and X := X \ D. Then
dx = 2 and kx =1, but X admits entire curves f : C — X which are
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neither algebraically degenerate nor linearly degenerate (i.e. the condition
given in 1) of Theorem 4.6).

Proof. — First it is easy to see that g x > 2, since gpx g = 2 and linearly
independent 1-forms on E x E lift to linearly independent 1-forms on X.

The fact that there exist entire curves f : C — X which are not alge-
braically degenerate is an easy application of the main result of Buzzard-
Lu ’00 [6]: The map pob: X — E is a surjective holomorphic map defining
X into an elliptic fibered surface over the curve E without any branching.
So by Theorem 1.7 of [6], X is dominable by C? and there are (a lot of)
entire curves f : C — X which are neither algebraically degenerate nor
linearly degenerate (i.e. the condition given in 1) of Theorem 4.6). By The-
orem 1.1 this still implies in particular that ¢y < 2, s0 gx = 2.

It is easy to see that kx < 1: Since Kgxp = 0 and by the standard
formula for the relation of the canonical divisors under blow ups of points
we get

Kx = (pob) ' (P)+ (pob) ! (P).
Hence, for a generic point P € E, the fiber F' := (p o b)~*(P) has the
property that the restriction to F' of the line bundles (K x)®™ are trivial,
hence, their sections cannot seperate points. Hence, kx < 1.

It remains to prove that kKx > 1. By the Riemann-Roch theorem for
the curve E and the divisor Py + P, C E of degree 2 (see for exam-
ple Hartshorne ’77 [15], p.295), we get that for the log curve Ey := E \
{P1, P} C E, we have

h'(E, K g,) = h°(E, P| + P;) = deg(P + Py) = 2.

Hence, there exist two linearly independent log 1-forms 7,,72 on Fy C E.
The key point is now that we can use them to construct two linearly inde-
pendent sections of the line bundle K x on X (since this will prove & x > 1).

Locally, let  be the base coordinate and y the fiber coordinate of the
projection p : E X E — E, both linear with respect to the linear structure
of E. We blow up the origin of (z,y) and let X = X \ D, where D is the
proper transform of x = 0 by b. Then in a neighborhood of the point of
interection of the exceptional curve of b and the proper transform of y = 0
by b, X is parametrized by z,z where y = zx. Any log 1-form of E \ {0}
is of the form f(x)da/x near 0. Now

dy = zdz + xdz

is a 1-form on X and, hence,

(4.1) f(x)%/\dy: f(z)dz A dz
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is a log 2-form on (X, {z = 0}), which by (4.1) doesn’t have any poles on X
and, hence, is a log 2-form on (X, D). By this local argument we thus see
that the forms m; A dy, n2 A dy are two linearly independent global sections
of the line bundle K x on X. O
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