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A generic hybrid model for bulk
elastodynamics, with application to ultrasonic

Non-Destructive Evaluation

P. Rajagopal, E. A. Skelton, W. Choi, M. J. S. Lowe and R. V.staa

Abstract

Practical ultrasonic inspection requires modeling toblst tenable rapid and accurate visualisation; due to the
increasing sophistication of practical inspection it isdiming increasingly difficult to use a single modelling nueth
to represent an entire inspection process. Hybrid models utilize different or interacting numerical schemes in
different regions, to use their relative advantages to makeffect, are attractive in this context, but are usualigtom-
made for bespoke applications or sets of modelling methbis.limitation of hybrid schemes to particular modelling
techniques is shown here to be related to their fundamenadulation. As a result it becomes clear that a formalism
to generalize hybrid schemes can be developed: an examgievofsuch a generic hybrid modelling interface is
constructed is illustrated for the abstraction of bulk adtnic wave phenomena, common in practical inspection
problems. This interface is then adapted to work within aqiyme hybrid model consisting of two smaller Finite
Element model-domains, and explicitly demonstrated fdk loltrasonic wave propagation and scattering examples.

Sources of error and ways of improving the accuracy of therfate are also discussed.

I. INTRODUCTION

Simulators capable of modelling an entire inspection meare of abiding interest to the ultrasonic Non De-
structive Evaluation (NDE) community; the creation of fastcurate and efficient numerical techniques is becoming
even more important given the ever increasing sophistioatif practical ultrasonic inspection. A desirable goal
is to model the complete experimental situation leadinghtodirect comparison of simulation with measurement.
Such tools are also attractive for inspection qualificatioimdustries with stringent safety standards such as aucle
power generation. The ever increasing complexity and sifaiee features to be inspected, and consequently of the
transduction, make it increasingly challenging to applyreyle modelling method to an entire inspection process.

The aim of this article is to present a generic methodologyabte of addressing these issues.
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Over many years mesh-based numerical solution procedupbsas Finite Element (FE) and Finite Difference
(FD) methods have emerged as important tools in the quawitanalysis of ultrasonic wave problems, especially
in studying scattering phenomena [1]-[4]. Robust and efficicommercial packages are now widely available,
(for example, [5] ABAQUS, [6] PZFlex and [7] Comsol) and pid& good support as well as allowing for the
rapid transfer of techniques to industry. Solutions to sdmg past impediments to the numerical modelling of
wave phenomena, such as representing unbounded domaiomptex features and geometries have now become
accessible to the wider community via Perfectly Matcheddrayand absorbing layers [4], [8]-[11] and have
been directly implemented in commercial packages [12]].[H®wever, these methods still lead to an enormous
computational cost when dealing with large volumes of nialtemd representing complex materials; modelling
realistic transduction also remains a challenge. Moreeaeh defect study requires a specific model and thus many
numerically intensive runs are required to understandesiad) from multiple defects or defect configurations, even
if the transduction remains the same. Commercial alterestio such purely numerical schemes, (for example,
analytical solution and ray-tracing based software sucI&4\, [14]) do exist and are able to handle a range of
transduction methods and wave propagation through confpktxres; however modelling wave scattering from
complex defects remains a challenge for these methods.

To handle this increasing complexity of inspection one ceattthe total process as a series of modules comprising
wave excitation, scattering, reception, and post-praegssis for example, shown in Figure 1. Then the relative
merits of different methods in dealing with one or more oftsumeodules are harnessed by linking them up in a
global ‘hybrid’ model; a long history within the ultrasondDE community [15]-[18] of such models exists. But
this effort was primarily devoted to specific applicatiorrsppoblems, or particular combinations of analytical or
numerical methods, and thus required the development ariitenance of specialist codes to implement them.
Similarly the medical ultrasound community has approacREeFE meshes in the past [19], however that was
limited to simpler acoustic/acoustic coupling only and tie¢ more detailed solid/solid hybrid methods that are
required for coupled NDE simulations.

The aim of the current article is to develop general procesltitat allow the creation of hybrid models combining
any set of chosen modelling methods. It is also the aim teeai methods that can be readily implemented without
modifying the underlying modelling procedures, therefallewing commercial packages to be utilized. As a first
step, in this paper we present the development and validaficuch an approach for two-dimensional cases.

This paper is organized as follows. Section Il provides adpson of the key step in achieving hybrid models,
that is, the decomposition of the total inspection process & number of constituent modules. In view of our
interest in generalizing this process, the basis and walioh this modular approach is discussed, incorporating
insights from other disciplines where a similar processnigleyed. In Section Il an integral-representation based
formalism for hybrid models is developed, showing how thegdme limited to specific sets of underlying methods.
A generalization is shown to emerge from conditions wherelufes comprising wave excitation, scattering and
reception can further be split and inter-related by an mastiate, wave propagation module. Section IV develops

a scheme for such a generic wave propagator module for aifi@svave phenomena in the bulk of an infinite
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homogeneous isotropic medium; this uses the fundamentaiqshof the problem permitting analysis in two
dimensions. An important aim of this article is to have a faolation that is implementable using standard commercial
software; this, and validation of the scheme is illustrate®ection V. A prototype hybrid model is considered,
where, for simplicity, the FE method is used to represent aomenclosing both the wave excitation and the
forward locations. This adaptation is validated againstiits from full-FE simulations of wave propagation and
scattering by a simple barrier, and then a realistic pracggample is shown, comprising scattering from a row of

side-drilled holes. Finally, the paper ends with discussiad concluding remarks in Section VI.

II. BACKGROUND

Hybrid models have a long history within the context of etastave scattering studies necessitated by the
intrinsic underlying difficulty of having two, often dispate, characteristic dimensions occurring simultanegusly
namely the wavelength and the characteristic defect dimeri20]. Elastic wave scattering from a defect has to

satisfy Navier's equation of motion,

6oij BQui -
or equivalently,
2 2,

jklm T
as well as the conditions on the boundaries of artifacts stames, which in NDE applications are usually either
those of a

cavity (zero traction) — (o;n;)?*"4%™Y = (0 or 3

) )substrate _ (

inclusion (continuous fields) — (u; )mcluswn

K2

and

(Uij n; )substrate _ (Uij n; )inclusion (4)

whereo;; denotes the ij component of the stress tenagiis the i th component of the outward pointing normal
to the defect,f; is the i th component of the body force vector amdis the i th component of the displacement
vector; for a linear Hookean elastic solid thg;;; encapsulate the constitutive stress-strain relation laadEinstein
summation notation is assumed. The elastic wave scattprmigem can thus be seen as that of solving the partial
differential equation (2) with boundary conditions (3) @) (21]. Alternatively, solutions can be found by deriving
the material response to singular sources, that is Greanstibns, and treating the scatterer as a superposition
of secondary sources using Huygens’ principle and far-fiaftlation conditions [22]. In either case, because of
the competing dimensions involved, full analytical sadas exist only for a small class of defect geometries with
only regular shapes such as a sphere or an infinite circulardey studied over the entire frequency range of
interest. Therefore, from the beginning of the subjectraximate solution methods were of interest. An intuitive

progression is to consider solving separately for the waald Batisfying just the wave equation, and one that also
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satisfies the boundary conditions at an obstacle: relatiaget two separate local solutions then leads to the global
solution; the first hybrid models for elastic wave scattgrproblems such as the method of matched asymptotic
expansion, introduced for elastodynamics [23]-[25] in 18¢0’s used this breakdown of the field.

Although this allows one to approach scattering involvingvider class of defect shapes such as spheroids
or ellipsoids, analytic matched asymptotic approachesfummdamentally limited to low-frequencies; the need to
study ever more complex scatterers meant that other teebsigvere required to represent the vicinity of the
defect. The rapid rise of computational capabilities in ltst two decades also allowed for the possibility of using
purely numerical methods. A literature survey shows thatgaling with these challenges similar hybrid modelling
methods have since been developed across a range of are@seldwsic wave scattering is employed as a sensing
tool [25]-[30]. However, the hybrid models used in the priesgork are perhaps closest in their intent and form, to
the global-local method originating in the structural mesgics community and the domain reduction method from
the field of geophysics.

Originally proposed [31] in the 1970’s, the global-localtimed involves a two-step solution procedure, where a
global solution is first found using variational (e.g., Ragh-Ritz) methods and the results are fed into the local
area model represented by standard FE analysis. The teewas extended to study fusing two numerical methods
[32] and has found extensive application in aircraft stutalt analysis and in the fracture mechanics of composites
[33]-[35]. In the last decade the method also found apptioain ultrasonic NDE research as a powerful way
of studying large scale problems especially in multilayed ather waveguide scattering problems: these methods
involve mode matching at the boundary of the local regionictviis modelled using numerical methods such as
FE or the Boundary Element method [36], [37].

Complementary to the scattering problems created by cong@éect geometries or topologies geophysicists are
also concerned with representing large propagation dissaand constructing realistic three-dimensional models.
Thus several researchers (see for example [38]-[40]) peb@ two-step analysis that would involve a rapid
computation of global fields for a simplified material, comdxd with a more involved analysis of a small local
volume enclosing defects, complex material or topografdtnys work has culminated in the FE-FD coupling
procedure for three-dimensional problems called the domeduction method [38] that has recently become very
popular [41] for studying fully three-dimensional problem

Despite the diverse origins, and the surprisingly vast nema§ practical implementation schemes, reported in
the literature all such hybrid methods share a formalisnh ihaot often stated explicitly. In a very recent paper
set in the context of geophysics, Oprsal et al [42] have eldgaummarized, as well as unified, developments
with these varied fields, under a simple and rigorous mattieatdramework. In the following section, we follow
their approach to set out the fundamental basis for andipatton behind using hybrid models for elastodynamic
problems. This exercise will also help in appreciating tharnces, capabilities and limitations of domain-reduction
hybrid models. However, in preparation for the developmdater on in this paper, we describe the formalism in

terms of source-solutions rather than as direct solutiorthe partial differential equations in (2).
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IIl. GENERALIZING THE HYBRID MODELLING PROCEDURE
A. Formalism and hybrid modelling paradigm

Let Pr be the total problem containing the excitation sources hadiefective region and posed in a linear elastic
medium. Conventionally, this entire problem would be stddusing a single method through its entirety, either
analytical or numerical. As discussed in Section I, hybriddels instead solve separately the material response
to applied excitation, and the response of a scatterer tinthiéent wave field, and then connect them to yield the
solution to the total problem. Stated formally, thus hyhriddels as illustrated in Figure 2(a) and 2(b), propose to
solve two auxiliary problem$’, and P, that together yield the total result.

In the first problemPs as shown in Figure 2(a), the medium is idealized to be ddfeetand with the same
material properties as the actual problem. The incidend field“*“"* = {u* ¢'"} is then computed as the
response of the resulting medium to loading conditions.hi@ application of interest here the incident field is
generally a pulse of finite duration. However, for certaipeats of the method it is convenient to perform a
Fourier transform with respect to time and to consider tlvidual time-harmonic components of the signal, later
recombining them for the time-dependent result.

For time-harmonic motion it is assumed that the time-vamaof all the variables is proportional texp(+iwt),

a factor which is suppressed henceforth. Using an integpaksentation theorem [43] and retaining the same origin

and coordinate system as for the total problem as shown ar&ig(a), this incident field is given by:
w0 = [ ol ()Gl
Cs

_Eij;k(((”s)uload(s)ﬂ -n;dS, reVi (5)

where the integral is taken around the cont@yy, enclosing the source, shown in Figure 2(&);.;(p|r) is the
component of the second rank Green'’s displacement tengagghe displacement component in thedirection at
positionp due to a unit point forcg; = é(p—r)é; applied in the?; direction atr andX;.; (p|r) is the corresponding
component of the third rank Green’s stress tensor; l@®#nd X are symmetric irp andr. The three-dimensional

delta functiond(p — r) has the property:

[ p-najmplav - w0 rE Ve (6)

Vi 0, otherwise

where V. is the unbounded region outside the loading region.are the components of inward normal to an
arbitrary contourCs suited to the calculation of the material response to thditmpconditions.

Realistic loading conditions are usually complicated agdation (5) is not evaluated analytically. Let us assume
that the incident field is obtained using some solution piace M,. The material responsgeld” <! —
{ui" o} is computed everywhere - in particular within the small oegR, enclosing the defective region in the
original problem.

In the second problen®;, shown in Figure 2(b), field quantities obtained frafy act as excitation on the

boundaries of scatterers, leading to the respdiee’*!**"*¢ — {us¢, &5¢}. In general the defective region could
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contain material, as well as geometric discontinuitiesingcas scatterers, but for simplicity, here we assume that
it only contains a finite numbeN of the latter. Again, the scattered field is expressed udiegrépresentation

theorem,

e (r) = /C [0(8)07(8)G ik (1]9)

=i ((r|s)a(s)ul™(s)] - n;dS, reVy @)

K2

as in Achenbach [44] where(s) now are general scattering coefficients and the confur= Zf,\i:l Sm is the
sum of all surfaces of the individual scatterers.

Eq. (7) is also usually not solved analytically and a metiiégis chosen, that is more accurate in the vicinity
of the scatterers, to solve the problem.

In the final step, the linear behaviour of the medium is inebked the total fieldu!, o*°'} is obtained as a

linear superposition of the two computed fields:

fie|dtoml = fie|din0id€nt + fie'dscattered (8)

On the boundarys of the defective region in the total problem, this step alssuees the continuity of the wave

fields thus avoiding spurious reflections:

ui®(By) =" (B2) +ui*(5y) )

whereg; , 35 denote the regions immediately inside and outgigeespectively. Linearity means the tractions can

also be represented as a sum:

T (By) = T (B2) + T7°(55). (10)

It is instructive to examine the steps involved in the schémngain crucial insight into the validity, capabilities
and limitations of the procedure. Firstly, the superpogitbf wave fields as in Eq. (8), and also in Egs. (9,10), are
only achieved if the material response is linear. The uséneftity implicitly renders the boundary, permeable
for the scattered field, instead of itself becoming a causkiniier scattering. These hybrid models can have the
properties of the defect domain non-elastic, as long as ithigyn their linear behaviour. Scatterers with non-linear
behaviour can also be studied as long as they are located fasraythe boundaries. However, the hybrid model
as derived here cannot treat non-linear media in generafaralich applications, alternative formulations must be
found [42].

Finally, though it may not be immediately apparent, it is gtep in Eq. (8) that ties hybrid models to specific
applications. The summation in Eq. (8) requires that theteeal field be known over the whole of the original
model space. However, because the calculation in Eq. (7) beugerformed to high accuracy, it is only economical

to use the method/; chosen for this purpose, to compute the scattered field mitie small regions, enclosing
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the defective region. Therefore some special method mustebised to then obtain the scattered field elsewhere,
which then, is inevitably limited to the two solution procgds); and M>. We will look into a scheme to overcome

this issue in the next section.

B. Generalized procedure

Examination of Eq.s (5) and (7) reveals a scheme to gener#iis method, as illustrated in Figure 2(c) and
2(d). The excitation and defect regions are assumed, réégglgcto be located within fictitious region8; and R»
of the original total problem to be studied. We take the respoof the regionR;, to the applied loading, to be

calculated using the methad;, giving the incident field generated by the sources withgiae R,

ﬁeldinc,ident (S) |S€R] = Responsﬁl)lﬁgphﬂi loading (11)

Now, assuming that the bulk material has a known responskthars knowing this incident field on the boundary

(1, we can express its value elsewhere using the representhgorem,

un(r) = / [0 (9)Gr(1]9)
—Sik((r|9)ul™(s))] - n;dS, re V. (12)

Next let the response of the regidiy to the incident field be obtained using the methidg, yielding the scattered
field,

ﬁeldscattered(s) |S€R2 _ ReSponSeRg) R};:idcnt field ) (13)

Using this information on the boundafy then, we can obtain the global scattered field using the krmoaterial

response again,

e (r) = / (039G (r]9)
=Yk ((r[s)ui(s))] - n;dS, re V. (14)

The response of the medium to the incident field and the sedtfiéeld, separated according to (8) in this way,
as the local response to the applied loading in the first regial as secondary sources within the second (defect)
region, respectively, can be viewed as a general wave pabpamterface between the two model domains:

fie|d9l0bal _ ResponseR B Rl _ R2) Incident/ scattered field (15)
My /Mo
whereR — R; — R, is the idealized medium obtained by excluding bé&thand R, from the total region of study,
R. This approach, in which the field in each local region is glalted separately, is appropriate to applications in
NDE because the interest there is in the propagation antbgogtof finite-duration pulses, such that the behaviour

in each region can be separated in time. This scheme can atgtiehmultiple scattering domains, as long as the
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event is separable in time. On the other hand, if the intédeetd model simultaneous coupled behaviour in the
multiple regions, then a modification of this procedure tailyfcoupled form would be necessary; this is outside
the scope of this paper.

Since the contourg; and 5, will be chosen to be simple ones, we can evaluate Eqs (15) tragylstforward
manner. Coded up in a convenient manner, they can then betaisetbrface any two methodd/; and M5 in a
customised hybrid model.

Thus the total problem is split into two local ones (11) an8)(fnd the local fields so obtained are globalized
using the material response, as in Eq (15). The total solu§dhen again obtained using the linear superposition
described in Eq. (8). This is the gist of the generalizatiomcpdure proposed here.

In the following section, an example of a generic wave prapagmodule is considered for the common problem

of the propagation of ultrasonic waves in the bulk of a honmegels isotropic medium.

IV. A GENERIC WAVE PROPAGATOR
A. Scheme

We consider ultrasonic phenomena in the bulk of a homogenémtropic medium, which is a common
abstraction for a large class of ultrasonic wave inspegtimblems. The physics of this abstraction also permits
analysis by in-plane elasticity. We begin with the assuorptihat the potentials for the field generated by the
sources, together with their normal gradients, are knowouifh some mechanism on the boundgryof region
R;. The use of potentials provides generality since they camsked to conveniently obtain any of the different field
guantities such as displacements, velocities, stresseaations used primarily in various commercial packages. W
take the field propagated from region 1 as the incident fieldegion 2, and vice versa. The propagator integrals
can then be written as, for example,

() = / (67 (1) V1 Gy (ralr1)

—G¢(r2|r1)V1¢m(r1)] . ndS, (16)
W"(fz)Z/ [ (r1)V1Gy(rar)
—Gy(r2|r) Vg™ (r1)] - nds, (17)

where the subscript, i = 1, 2 refers to points on the boundagy of region R, and ¢ and are compressive and

shear potentials, respectively, from which the displacgmare calculated as

oo o
W=t oy (18)
_ 09 oY

The potentials satisfy the homogeneous Helmholtz equation

(V2 +w??) =0 (20)
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and
(V2 +w?) 9 =0, (21)

in which v is the ratio of the shear wave speed to the compressional gpeed in the elastic medium. The

corresponding Greens functions satisfy the inhomogenequations
(V% + w272) G¢(I’2|f1) = 5([‘2 — |'1) (22)

and
(VI +w?) Gy(ralr) = 6(r2 — 1) (23)

whose outgoing wave solutions are known to be
G _ i (2)
o(r2lr) = —7Hy" (ywlrz — ru), (24)
__lge
Gy(ra|ri) = _ZHO (wlrg —r1]), (25)

anngQ) is the zeroth order Hankel function of the second kind whicbuges outgoing waves. These are straight-
forward to evaluate numerically and allow a straightfordvaumerical evaluation of the integrals of equations (16)
and (17). Thus the incident potentials on and neaftanay be calculated. If required, the normal derivatives of
the potentials may be approximated numerically on the stdmundary from values of the potential near to the
boundary. Applying these values as input to another switédgfect domain) model allows the potentiatsS and
3¢, due to scattering of this field in regiahto be obtained, along with their normal derivatives, on tberdary
(2 and used in a similar way to calculate the scattered fieldmbleee, which may itself be used as an incident
field on another scattering region. For example the incidietd for secondary scattering in regidnwould be

calculated as:
070 = [ (6 0)9aGulrilr)
—Gy(rir2)Vapi(r2)] - nds, (26)

i) = / 05 (1) Vo Gl (11 r2)

=Gy (r1fr2) Varpg€(ry)] - ndS. (27)

B. Adaptation to cases defined by displacements and stresses

We next adapt this scheme to a scenario where displacemmhtstrsses are assumed to be the typical output
in the methods\/; and M, used to represent the wave propagation and scattering ndodehins; this form of
output occurs in a fairly large number of numerical schemesiqularly in commercial codes. Thus stresses and
displacements are known on the contogisand 3, and the goal is to express the potentials, and their normal
derivatives, to be input to the wave propagator integralseirms of these values: here we describe an efficient
scheme for this calculation. For ease of exposition heredm¢ours are assumed to be rectangles with sides parallel

to thexz— andy— axes, and dimensionless variables are utilised.
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In dimensionless variables and assuming no body-forceetiuations of motion (1) may be written for time-

harmonic in-plane elastic motion as

P, = 3;;“+3g;y, (28)
Py, = ag;uag;y, (29)
0 = IR -D)GE, (30)
o = G+ B (31)
Oy = (7_2—2)%Qf+7_2%, (32)

whereo,,, 0., ando,, are the stress componenis, andu, are displacement components. In terms of notation,
we usezx,y andzy, xo interchangeably.
Differentiating (18) with respect te, and (19) with respect tg, and adding the equations shows that

Quy | Duy

29 = 33
Vi =Tl + 50 (33)
which, combined with (20) gives an expression for
=1 [Ouy  Ouy
o= (T 5) .
Another expression fobu, /0x + Ou, /0y is obtained by adding (30) and (32):
_ Ou,  Ou
Thus, the required expression forin terms of the stress is
(02z + Oyy)
=% Y 36
Similarly, + is obtained by differentiating (18) with respectgand (19) with respect te and subtracting them
to give
ou ou
2p=="2_=4 37
V= G- l (37)
and hence, using the Helmholtz equation (21)
—1 (Ou, Ouy
¢—J<a—y‘%)- (38)

These terms occur only in the stress definition equationtf@hge both terms cannot be simultaneously eliminated.
However, as the displacements are known on the boundaitdhgential derivatives may be calculated numerically

there. Hence, these expressionsfomay be used on rectangular boundaries:

[ __21 (gwy — 2%) on y = constant, (39)
w T

P = _—21 <2% — crmy> on x = constant. (40)
w Y
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On the parts of the boundary with=constant, the normal derivative &/ 0y, but the required expressions may
only contain derivatives with respect o Equation (34) may be differentiated with respecytand then, in turn,

(32) used to eliminatéu,/dy, (29) to eliminatedo,, /dy, and (31) used to eliminat@u, /Jy, as

d¢p —1 [0Oo, 0%

Similarly, differentiating (38) with respect tg, using (31) to eliminatéu,/Jy, (28) to eliminatedo,,,/dy and

(30) and (32) to eliminat&u,,/dy, results in

oY 1 ( 9 1 00 2 1 acryy> (42)

oy W2 wuz+2(1—72) Ox +2(1—72) Ox

On the parts of the boundary with =constant, the normal derivative &/0x, but the required expressions

may only contain derivatives with respectgoHence, differentiating (34) with respect toand then using (30) to

eliminatedu, /dz, (28) to eliminatedo,, /0x and then (31) to eliminatéu, /0 results in

0p  —1 (0oyy 0%y 9
%_F(ay _28y2 — WUy | - (43)

Similarly, differentiating (38) with respect to and then using (31) to eliminat., /0z, (29) to eliminatedo,,, /Ox
and then (30) and (32) to eliminat:,, /0 results in

oy -1 9 1 0040 1 0o yy
dr  w? (w WA= oy 20— oy )

These expressions then enter propagator integrals suct6ad ) resulting in the values of the potentials on the

(44)

second boundary, thereby allowing calculation of the ptaisguantities there such as stress and displacement,
to be used in the forcing for that subproblem. Subsequehtgd expressions may be applied to the scattered
stress and displacement fields exiting the defect regiorbtaim scattered potentials on that boundary for use in

the propagator integrals (26, 27) in order to obtain the madks and hence the stresses and displacements in the

observation region.

V. VALIDATION

The wave propagator adaptation, as described in SectidB, €. designed to be a generic hybrid modelling
interface between any two of a large class of numerical, atysical, modelling procedures for two-dimensional
bulk elastic wave phenomena.

We now validate this procedure using a prototype hybrid ratiere the region$z; and R, are both represented
by a single method, chosen to be the FE method. The hybridastewas coded up as a MATLAB function and
for simplicity both the contourg; and 3, are chosen to be rectangles. The interface code considénpies the
stresses and displacements@nsurrounding the source, and predicts a required quantitgs& or displacement)
on (5 surrounding a required destination position. The protetyipgbrid model, together with the functions of the
hybrid interface, is illustrated in Figure 3.

Sections V.A and V.B consider the forward wave propagatioh the reverse wave scattering problems, respec-

tively. In both sections, the approach taken is that firstttiial problem is modelled by a single FE model of the
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whole system and the results so obtained are then compatiegredictions by the example hybrid interface. The

excitation consists of a mixed-point force [45], [46] agpoliin one direction at a single node, leading to circular
crested waves; both Longitudinal (P) and Shear (S) wavesairsidered. The basic code works in the frequency
domain, but for the completely time-domain calculationguieed for most NDE applications, a simple frequency
loop enables recovery of time-domain predictions throughuse of Fourier Transforms, as demonstration in the
final section. The FE simulations are performed by a timeefmag scheme in the time-domain. Thus forward and
inverse Fourier Transforms are used as part of the calou&tiThe time-domain field quantities delivered by the
FE simulation in the source domain are transformed to thgusacy domain by a fast Fourier Transform (FFT),

for input to the hybrid interface. Then, on arrival at the tdegion domain, the output field quantities from the

hybrid interface are transformed to the time-domain by lisge-FT.

Finally, Section V.C presents the hybrid solution of theward and the backward problems consisting of
physically-separated domains with an example of real actelevance. This is the scattering of a wave pulse
from a row of three Side-Drilled Holes (SDHs). SDHs are usegtinely in practical inspections for calibration
of equipment. Thus calibration blocks containing SDHs &adily available and familiar to practitioners, and the

prediction of scattering from them is a useful and relevarhdnstration.

A. Forward wave propagation

We consider the propagation of ultrasound in the bulk of adefree infinite isotropic elastic medium. This
will be represented using the two modelling approachesfuhié-E model of the entire domain, and the prototype
hybrid model linking two smaller FE model domains for the waeneration and the forward propagation locations
respectively. We use the same geometry for both of theseoappes, as illustrated in Figure 4(a). The full FE
model is represented by the entire region of the figure. Tladyais of this provides us with reference results for
the validation of the hybrid model. The hybrid model link® ttwo smaller FE domains (or "boxes”) which are
shown by the two red squares, representihgand 5. The domain on the left surrounds the source while the
domain on the right is the destination. The explicit time coencial FE package ABAQUS (version 6.7) [5] is
used in the simulations; a central objective of our apprdadio develop a versatile scheme that is not model or
package dependent and so can be used with standard, easiBble; commercial codes, and we believe this to
be a key contribution of this work.

The bulk of the defect-free infinite medium of the full FE mbiderepresented by a two-dimensional plane-strain
domain bounded at its edges by absorbing layers with incrgaamping [12]. The black rectangle surrounding
the full FE model indicates the boundary between the elasiat absorbing parts of the model. The size of the
total domain, including the absorbing regions]is m by 0.58 m and that of the actual area of studyli§4 m by
0.22 m. Uniform linear quadratic square elements with the malgnioperties of Aluminium (Elastic modulud
GPa, density2700 kg/m* and Poisson ratio 0.33) are used to mesh the whole domaincHdiee of material is
arbitrary, aluminium is chosen for convenience, and simisults and trends occur for other isotropic materials.

The simulation is run with time-domain excitation providbyg a 5-cycle Hanning windowed toneburst [47]
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centred at the required frequency and applied as a force ingdesdirection { or y), at a single node. In the
example in Figure 4(a), the force is applied in the locatimfidated as 'Source’, in thg direction. Compressional,
P, and shear, S, waves propagate primarily perpendicuthiparallel to the excitation direction respectively, and
are eventually absorbed at the model edges. Two separas aas chosen, with different excitations (direction
of applied force and frequency of the applied signal) to efwimarily S- or P-waves, respectively, to propagate
into the destination box. For the S-wave case the nodal {ioioe is applied in they direction, while for the
P-wave case, it is applied in the direction. The purpose of this is that, with the destinatimx positioned as
shown in Figure 4(a), we detect primarily S-waves when théah@oint-force is applied in thg direction, and
primarily P-waves when the force is applied in thedirection. The element size atmm is the same in both
cases, but an appropriate centre-frequen69 kHz and200 kHz respectively for S- and P-wave studies), is chosen
to ensure a constant mesh density of abtiielements per centre-wavelength, this is the wavelength at the
centre-frequency of the wave. This ensures that there iffiaisnt number of elements per wavelength for accurate
numerical modelling of the elastic wave propagation [4ii]bbth studies, the simulation was run up to a time when
S- and P-waves respectively had travelled completely adiesdestination box. The colour contours in Figure 4(a)
present snapshots of the total displacement magnitudeinelok from the simulation for the S-wave case, showing
the wave field at two selected times during propagation.

Displacements and stresses are obtained along th&dvmm (approximately.2)\. long) boxes, one surrounding
the source and the other bounding an arbitrary forward raE#din located abowt6 wavelengths from it. It must be
mentioned that while the displacements can be monitoregttlijrat the boundary nodes, ABAQUS outputs stress-
histories only as elemental quantities. Therefore, stesgere obtained on two concentric layers bounding the
nodal contour from the inside and the outside respectiegig, then these were averaged to give the (approximate)
stresses at the nodal locations. Field quantities so aditain the source box are then transformed into the frequency
domain and the values at the centre-frequency are extrattezbe are fed into the hybrid interface code along
with material and geometrical details to obtain predicidéor their values on the destination box. These values are
then compared with those from the full FE simulations ol#diat the boundary of the destination box.

Results for the S and P wave cases are shown in Figure 5: thpacmon is along nodes constituting the ‘Left’
boundary of the monitored destination box which is indidabg a row of white dots in Figure 4(a). The Y axis in
Figure 5(a)-(d) is scaled with respect to the maximum amgéitof the incident field at the source location of the
full FE model. In both S and P wave cases, we observe excealeement between the hybrid prediction and the
full-FE results.

There are some minor differences. The errors averaged beet@0 nodal points are shown in Table 1. One
small source of error is the averaging of stresses at theaidatof elements surrounding a node; this is necessary
because the stresses are calculated at element centraddsastthe displacements are calculated at nodes. Another
source of error comes from the fact that the accuracy withckitihe frequency spectrum is extracted depends on
the number of points in the time-signal at the source boxs Thiturn, depends on the number of time-increments

used in the FE simulation and subsequently, the number oénments at which the output field is recorded. In
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addition, spatial discretisation inevitably introducesoes to the result to an extent. For the full FE and the hybrid
simulations, approximately./30 is selected as the element size since it is well below thec&ypimit used for
accurate modelling (for example [47]), but the accuracyhhlze still improved with a more dense mesh. However,

despite these minor issues the agreement is very satisfying

B. Back-scattering

Next we consider the back-scattering of waves from a refteEtr simplicity we start with a very basic scatterer
consisting of a straight rigid barrier located within thelkbof an infinite isotropic medium. Again we use the
same geometry for both a single FE model of the complete domuad the hybrid procedure using two smaller
domains; the results are compared in a similar manner. TIh&Eumodel set up is identical to that of the previous
section V.A, except for the fact that the destination box rmmtains the barrier; we use a rectangular box for
convenience, but the method works in principle for any shape barrier was realized by selecting nodes along a
required straight line and fixing all displacements on therbe identically zero for the duration of the simulation.
The barrier was placed centrally in the destination box{Fégd). Again, two separate cases were set up for when
S- and P-waves, respectively, primarily interact with tlerier, whose nominal physical length is kept constant
at 64 mm. The different centre-frequency used for the excitatimmal ensured that in both models, the barrier’s
effective length also remained constanat. This choice of barrier-length is significant as it has a mgaupon
how the signals obtained on the boundaries of the destmatix are processed to obtain the input for the reverse
hybrid process.

The generic hybrid interface developed in Section IV.B ieggias input, the purely scattered field, without any
incident signal components. This can be extracted from dke field at the destination box by two processing
methods: we could allow for the dimensions of the box to bgdaso that the incident and scattered components
are separated in time, or we could subtract out the incidemponent from the total signal (see [13] for a more
detailed discussion of these two processing approachbs)sé&paration method usually requires larger dimensions
than the subtraction method, which theoretically just neggua very small destination box for the FE calculation
of the total field. However a very small destination box idlkely to be located in the near-field of the scattered
waves. To illustrate this better, let us assume that thandgisin contour is a circle instead of a square, and that
the scatterer too, is of an ideal, circular shape, as shoset inithin the plot in Figure 6. We then define the radius
of the contour required for achieving signal separationhesseparation-radius and similarly a near-field-radius,
estimates for which can be obtained respectively from tafalight analysis and piston-behaviour of the scatterer
(aperture formula?/(4)\) wherea is the aperture-length). Figure 6 then presents these tdio ptotted against
the scatterer radius for the case where the excitation lstgmsists of a 5-cycle long Hanning windowed toneburst.
We observe that the separation method always requires dargey dimension of the monitoring contour. Thus our
implementation using the subtraction method providesifiigmt advantage.

An advantage of the hybrid propagator interface, as deeeldp this paper, is that it can handle field quantities

even within the near-field efficiently: therefore the deatiion box bounding the defective region can be made small.
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We thus note that, as can be seen from Figure 62#iclong barrier means that the boundaries of 3\, long
destination box, especially the top and the bottom onegldise to or within the expected near-field of the barrier.
The dimensions are, of course, far lower than those reqtiinethe separation of incident and scattered signals.

The full-FE simulations were run up to a time such that S- arwdaRes respectively interacted with the barrier
and scattered back, as shown for example, using the confahedotal displacement magnitude obtained from
the S-wave study, in Figure 4(b). Displacements and stsessee again extracted in the frequency domain on the
boundary of the destination box. Frequency-domain fielchtjties monitored at this same location from studies in
the previous section V.A without the defect were then subéich from these values. Field quantities now contain
only the scattered component and form the input to the revieybrid interface, to obtain predictions for the field
at a required backscatter location.

Figure 7 shows the comparison for the S- and P- wave studies, backscattered position forming the ‘Right’
nodes of the original source box (indicated in Figure 4(lmd ¢heir averaged errors are shown in Table 1. Again,
we observe excellent agreement between the hybrid prediatid the full-FE result. The remarks on averaging of
stresses and number of time-points in the FE simulation naadlee end of section V.A are also pertinent for this
case. Furthermore, for accurate performance of the ingised interface, it is important that the incident signals
are obtained at the same nodal positions as the total ssdtségnals, so that there are no spurious signals in the

subtracted purely scattered signals.

C. Full forward and backscattered example

In the previous sections, hybrid calculations were demratesd and verified separately for propagating and
scattering waves. However, the benefit of the hybrid metbadalised when the whole model is physically divided
into separate domains and these are used to simulate tHeriuéird propagation and back-scattering problem. The
source and scatterer can then be arbitrarily distant frooh @her with no computational cost penalty. Such an
approach is demonstrated here. As an example, we take ugdroas a realistic NDE procedure, namely that of
the scattering of ultrasound from a row of side-drilled Isol€he physical case to be modelled was a solid block
of steel with three parallel circular holes, as shown in Fég8(a). It is common for NDE practitioners to use
blocks with SDHs to perform calibration of ultrasound inmstrentation, such that signal amplitudes can be known
when interpreting reflections from un-seen defects in negppéctions. In our case we choose to model the signals
which are sent and received by a transducer placed on thsideftof the sample. The incident wave is generated
by the transducer, and after it has scattered from the htiles;eturning signal is monitored at the same location
representing the transducer as a receiver.

Figure 8(b) shows a Full FE model which was used to simulatenthole problem in the conventional manner,
and in this case to provide reference results for validatibtine hybrid calculations. The full FE domain including
source and three SDHs has dimensions>5%6 mn¥. The main domain is 19< 20 mn? surrounded by an
absorbing region simulating an infinite medium. Three SDIl4 anm radius are aligned with 6 mm intervals.

Sources representing a transducer are located #fom the centre of the middle hole, perpendicular to a line
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connecting the centres of the three holes. The 10 mm trapsdsianodelled by 101 nodal points excited by a
synchronised input signal. The S wave is choseny sdirection forces are applied to the sources. The chosen
signal is a 1 MHz centre frequency, five-cycle toneburstaighigure 9 shows a snapshot of the FE domain with
the wave scattering from the defect. Inside the domain shiowthe figure is free-meshed with nominal 0.1 mm
element size, in order to verify the hybrid method in a gehesiae with irregular defects, but the rest of the model
including the absorbing regions is regularly meshed.

Next this problem is modelled using the hybrid approach,dbmains for which are illustrated in Figure 8(c).
The source domain is selected to be>452 mn? regularly meshed, its size excluding absorbing region is 86
mm? . The source is placed at the centre of the domain, and\aafvay from the source is the Source Monitoring
Box (SMB). The defect domain of 45.5 56 mn? with three SDHs has a free-meshed region of 9.20 mn?
and is regularly meshed in the absorbing region. The Defautitdring Box (DMB) is located at halk. from the
holes, and an excitation line is located approximately halfn front of the DMB.

The full simulation was started by a forward hybrid calcidiat The model of the source domain (Figure 8(c))
was run to obtain the outgoing signal at the SMB. The hybridutation was then used to predict the propagation
of the signal to the defect domain, expressing the arriviggad by tractions along the line shown in the figure
as the excitation line. Calculations were then performetha defect domain, using these tractions as the input.
Two cases were run, one including the SDHSs, and the othepuifittso that the scattered field could be found by
subtracting the latter from the former. Finally the scatkfield in the defect domain was monitored at the DMB,
and the hybrid calculation was used once more to predictigrabkarriving back at the source.

Figure 10 shows snapshots of the two domains with the waveagating from the source to the defect domain.
Wave generation can be seen in Figure 10(a). The wave sigealarrives, via the hybrid model and its input at
the excitation line, in the defect domain, and can be seepggating in the positive x direction in Figure 10(b).
Waves also propagate from here in the negative directionat®iabsorbed in the absorbing region to the left of
the excitation line. Figure 10(c) shows the waves in the @edlemain being scattered by the SDHs. They are then
monitored on the DMB, in order to predict the field returnimgthe source (receiver). The wave field in Figure
10(c), although complex, can be seen to match very closethagowave field in the full FE model at the same
moment in time, which was shown in Figure 9.

Figure 11 shows a comparison of the results for the full FE ehadd the two hybrid models. The results which
are shown, by way of example, are for the averaged y comparfetite displacement over the location of the
transducer (location shown in Figure 8). In both cases theasiis chosen, arbitrarily, to have an amplitude of
unity at the source location. Figure 11(a) shows the timeaa signal, that is, a simulation of the signal which
would be received by the transducer. Figure 11(b) showsaime snformation transformed to the frequency-domain.

Excellent agreement between the two cases can be seen.
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For a more detailed comparison, Figure 12 shows only theéesedtwaves in the time interval 5 - 2(ec. The
amplitudes of the scattered signal in Figure 12(a) is sedxetabout 20 % of that of the incident signal. Despite the
complex fields around the 3 SDHs shown in Figures 9 and 10{e)shape of the scattered signal in Figure 12(a)
is simple, because this signal is dominated by the refledtmm the centre hole; excellent agreement between the
results for the full FE model and those for the the hybrid nhieda be seen. The frequency domain signal in Figure
12(b) also agrees well within the bandwidth 0.6-1.4 MHz, thére are noticeable differences below and above
that range; these result from the fact that the hybrid catewis only used frequencies to cover that bandwidth.
In addition, there are some differences due to the reasonsioned in Section V-A. However, overall the results
show excellent agreement.

The CPU times for the full FE and the hybrid method are appnexely 21 and 23 minutes, respectively, in an
identical computation system. The similarity of times ish expected given the broadly similar model sizes. The
size of the full FE model is 3080 mhwhile that of the source and the defect domains for the hydaidulation are
2184 mn? and 2548 mrh. Therefore superficially the hybrid approach does not priese&omputational advantage.
However, this is because of our choice of an example probteravhich the scatterer is close to the source, which
was made deliberately in order to limit the computer resesimeeeded for the full FE model. The real advantage
of the hybrid model, and indeed its purpose, will be for caeeshich the wave propagation path is much longer,
so that it becomes prohibitively expensive, or indeed insfids, to perform the full FE calculation. This advantage

will be amplified further in future when the method is extedide three dimensions.

VI. CONCLUSIONS

In this paper we have developed a general modelling tool rraulsite practical ultrasonic inspection. Due to
the ever increasing sophistication of practical inspextiois best to develop this in a modular manner for each
step, such as wave generation, propagation, scatteringp@stebrocessing, and then integrate the different steps
for practical inspection. In this context hybrid modellisghemes display maximal advantage: a suitable scheme
must be generic and independent of the constituent modefénhniques. Although hybrid modelling methods
are commonly known in the literature and may be as old as tmystf elastic wave scattering itself [20], most
developments (including recent ones, such as [3] for effidie models and [48] where a CIVA-FE link is being
pursued) are tied to specific sets of modelling techniques.siiéw how the limitation of the hybrid schemes to
particular modelling techniques arises out of their fundatal formulation and give a formalism to generalize them.
We generate a generic hybrid modelling interface by comsigehe case of bulk ultrasonic wave phenomena, an
abstraction common to a large class of practical inspe@ioblems. This interface works within a prototype hybrid
model consisting of two smaller FE model-domains, and tlasikelity of such an approach is demonstrated for
bulk ultrasonic wave propagation and scattering exam@esrces of error and ways of improving the accuracy of

the interface are also discussed.
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Figure & Table captions

Fig. 1. lllustration of the various modules that constitatéypical ultrasonic inspection simulation.

Fig. 2. (a) and (b) show the Global and Local problems, respdy, in traditional Hybrid models. (c) and (d)
show the Global and Local problems in the proposed genataliz of the Hybrid modelling method.

Fig. 3. lllustration of the prototypical hybrid model, tager with the functions of the hybrid interface.

Fig. 4. Snapshots of the contour of total displacement ntadeifrom a FE simulation , (a) for the S-wave
propagating towards the destination square and (b) for thev@ case with a rigid barrier in the destination box
showing the wave field just after scattering from the barfide full FE model is represented by the complete area
shown; the two red boxes are the small domains selected toodellad by the hybrid approach. Thus the hybrid
model results can be compared directly with the full modsutes.

Fig. 5. Comparison of the hybrid interface model to full FEnslations for the forward propagation case. (a)
x displacements and (b) y displacements for S-wave profmagdt) x displacements and (d) y displacements for
P-wave propagation. The comparison is performed alondalhbdes on the left boundary of the destination box,
at the centre frequency of the signal in each case.

Fig. 6. Separation and near-field radius plotted versus éfiectl radius for the case where the excitation signal
consists of a 5-cycle Hanning windowed toneburst. Fonalang defect, the domain radius would need to be at
least 3.5, to ensure separation of incident and scattered signalsaatehst 2. to escape the near-field. Inset:
an idealised circular domain with a circular defect.

Fig. 7. Comparison of the hybrid interface model to full FEnslations for the back-scattering case. (a) x
displacements and (b) y displacements for S-wave propagdtt) x displacements and (d) y displacements for
P-wave propagation. The comparison is performed alondhalhbdes on the right boundary of the source box, at
the centre frequency of the signal in each case.

Fig. 8. Realistic example of prediction of scattering fromoa of side drilled holes (SDHs). (a) illustration of
test block with three side-drilled holes; a transducer &etl on the left of the block and used to generate the test
signal and receive the back-scattered signal. lllustnadiothe model of this case, showing (b) full FE domain and
(c) the two boxes for the hybrid model.

Fig. 9. Snapshot of propagating wave through the two phiigiceparated domains. (a) Source domain at 6
jusec: propagating waves are monitored at the Source Mamiid@ox (SMB) as input to the hybrid model which
then predicts the signals at the destination box. (b) Defentain without the SDHs at 8sec: propagating waves
are generated by imposing tractions on the excitation fiegresenting the signal coming from the source box. For
clarity, the field is shown for the case without the preserfc8@Hs. (c) Defect domain with the SDHs at8ec:
The scattered waves are monitored at the DMB and fed into ybeichinterface to predict the signal back at the
source location (now the receiver).

Fig. 10. Snapshot of propagating wave through the two phifgiceparated domains. (a) Source domain at 6

juSec: propagating waves are monitored at the Source Mamifddox (SMB) and used to calculate signals on
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secondary sources. (b) Defect domain without the SDHSs jgde®: propagating waves are generated by imposing
traction on the excitation line, representing the signahicg from the source box. For clarity, the field is shown
for the case without the presence of SDHSs. (c) Defect domdtim the SDHs at 8usec: The scattered waves are
monitored at the DMB and fed into the hybrid interface to jicethe signal at the receiver.

Fig. 11. Comparison of predicted amplitudes of the averagdjsplacement at the nodes on the receiver, monitoring
the waves scattering back from the side-drilled holes. ietieds of full FE (solid), back scattering only (dash-dot)
and forward-backward (dashed) models in (a) time-doméa&ipfréquency-domain.

Fig. 12. Comparison as in Fig.11: Identical plots but shgnamly the scattered wave, and the data from 5 to
20 psec inside the box in Fig.11a.

Table 1. Errors averaged over 100 nodal points for each ofigiuee 5(a)-(d) and 7(a)-(b)
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Fig. 1. Illustration of the various modules that constitute a typical ultrasonic inspection simulation.
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Fig. 2. (a) and (b) show the Global and Local problems, respectively, in traditional Hybrid models. (c)
and (d) show the Global and Local problems in the proposed generalization of the Hybrid modelling

method.
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Fig. 3. Illustration of the prototypical hybrid model, together with the functions of the hybrid interface.
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Fig. 4. Snapshots of the contour of total displacement magnitude from a FE simulation , (a) for the S-
wave propagating towards the destination square and (b) for the S-wave case with a rigid barrier in the
destination box showing wave field just after scattering from the barrier. The full FE model is
represented by the complete area shown; the two red boxes are the small domains selected to be
modelled by the hybrid approach. Thus the hybrid model results can be compared directly with the full
model results.
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Fig. 5. Comparison of the hybrid interface model to full FE simulations for the forward propagation
case. (a) x displacements and (b) y displacements for S-wave propagation; (c) x displacements and (d)
y displacements for P-wave propagation. The comparison is performed along all the nodes on the left
boundary of the destination box, at the centre frequency of the signal in each case.



Estimates using simplifying assumptions:

6.5 cycle windowed toneburst and piston behavior
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Fig. 6. Separation and near-field radius plotted versus the defect radius for the case where the excitation
signal consists of a 5-cycle Hanning windowed toneburst. For a 2 Ic long defect, the domain radius
would need to be at least 3.5 Ic to ensure separation of incident and scattered signals, and at least 1 Ic to
escape the near-field. Inset: an idealised circular domain with a circular defect.
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Fig. 7. Comparison of the hybrid interface model to full FE simulations for the back-scattering case. (a)
x displacements and (b) y displacements for S-wave propagation; (¢) x displacements and (d) y
displacements for P-wave propagation. The comparison is performed along all the nodes on the right
boundary of the source box, at the centre frequency of the signal in each case.
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Fig. 8. Realistic example of prediction of scattering from a row of side drilled holes (SDHs). (a)
illustration of test block with three side-drilled holes a transducer is placed on the left of the block and
used to generate the test signal and receive the back-scattered signal. Illustration of the model of this
case, showing (b) full FE domain and (c) the two boxes for the hybrid model.




Fig. 9. Snapshot of the contour of total displacement magnitude, from FE simulation of the side-drilled
holes case. Results shown are for the full FE calculation, showing the scattering field just after
incidence of the wave pulse at the side drilled holes.
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Figure 10. Snapshot of propagating wave through the two physically separated domains. (a) Source
domain at 6 u sec: propagating waves are monitored at the Source Monitoring Box (SMB) and used to

calculate signals on secondary sources. (b) Defect domain without the SDHs at 8 u sec: propagationg

waves are generated by imposing traction on the excitation line, representing the signal coming from
the source box. For clarity, the field is shown for the case without the presence of SDHs. (¢) Defect
domain with the SDHs at 8 u sec: The scattered waves are monitored at the DMB and fed into the

hybrid interface to predict the signal at the receiver.
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Fig. 11. Comparison of predicted amplitudes of the average y displacement at the nodes on the receiver,

monitoring the waves scattering back from the side-drilled holes. Estimates of full FE (solid), back
scattering only (dash-dot), and forward-backward (dashed) (a) time-domain; (b) frequency-domain.
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Fig. 12. Comparison as in Fig.11: Identical plots but only with the scattered wave, and the data from 5
to 20 u sec inside the box in Fig.11a.



Error (%) a b c d
Fig. 5 4.03 2.32 0.49 6.93
Fig. 7 6.66 1.79 2.09 5.35

Table 1. Errors averaged over 100 nodal points for each of the figure 5(a)-(d) and 7(a)-(b)




