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ABSTRACT

A new model is proposed that represents the kinematics of kink-band formation and
propagation within the framework of a mesoscale continuum damage mechanics
(CDM) model. The model uses the recently proposed deformation gradient
decomposition approach to represent a kink band as a displacement jump via a cohesive
interface that is embedded in an elastic bulk material. The model is capable of
representing the combination of matrix failure in the frame of a misaligned fiber and
instability due to shear nonlinearity. In contrast to conventional linear or bilinear strain
softening laws used in most mesoscale CDM models for longitudinal compression, the
constitutive response of the proposed model includes features predicted by detailed
micromechanical models. These features include: 1) the rotational kinematics of the
kink band, 2) an instability when the peak load is reached, and 3) a nonzero plateau
stress under large strains.

INTRODUCTION

Composite plies in laminates loaded under longitudinal compression often fail by
the kink-band damage mechanism [1]-[4]. A typical kink band is shown in Figure 1
along with the parameters often used to describe the kink band: wgg for the width of the
kink band, ¢ for the fiber misalignment angle, and S for the kink-band inclination angle.
While failure criteria [5]-[9] and micromechanical models [10]-[14] have been
developed with special consideration for the kinematics of kink bands, the majority of
corresponding mesoscale damage propagation models utilize phenomenological
softening laws that mirror the approach used for longitudinal tensile damage
propagation [15]-{18]. Evaluations have shown that these existing phenomenological
models that rely on linear or bilinear softening laws do not predict compressive failures
accurately [19].
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Figure 1. Kink band.

Many authors have contributed theoretical models that describe the formation of
kink bands [20]. Argon [21] proposed that an initial fiber misalignment introduces shear
stresses, which rotate fibers, further increasing shear stresses until failure is reached.
Several authors subsequently recognized the importance of shear nonlinearity to the
prediction of kink bands, e.g., [22]-[25]. The Langley Research Center (LaRC) failure
criteria added the notions of 1) evaluating a matrix failure criterion in the misaligned
fiber direction and 2) consideration of the competition between matrix cracking and
instability due to shear nonlinearity for the prediction of strength [5], [6].

Two authors have proposed mesoscale models that include the post peak response.
Basu et al. introduced a model that used Schapery Theory and stress transformations
and showed the importance of considering multi-axial stress states [26]. Costa et al.
recently extended these concepts to account for the post-peak response considering
matrix damage, shear nonlinearity, and friction while also addressing the need for
special considerations to achieve mesh objectivity [27].

The purpose of this paper is to propose a mesoscale continuum damage mechanics
(CDM) model for longitudinal compression based on the assumptions of the LaRC
failure criteria. The deformation gradient decomposition (DGD) method [28] is used for
accurate representation of the kink band and fiber misalignments.

MODEL OVERVIEW

The model formulation and implementation are described in this section. It is
assumed that the kink-band plane occurs in the 1-2 plane to simplify the derivation. The
model formulation can be extended to consider out-of-plane kinking by adding a
criterion for the kinking plane angle as described in LaRCO04 [6].



Idealization of the Kink-Band Formation Process

The idealization of the kink-band formation process builds on Argon’s hypothesis
that an initial fiber misalignment leads to fiber rotation and increasing shear stress in the
matrix, eventually initiating matrix failure. Recent, detailed experimental investigations
have revealed that Mode Il microcracks form between the fibers during kink band
formation, e.g., [29]. The formation of matrix cracks as a result of fiber rotation is
consistent with the LaRC03 model proposed by Davila and Camanho [5], which builds
on Argon’s model by evaluating a matrix failure criterion in the coordinate frame of the
rotated (misaligned) fibers. Pinho et al. [6] extended this concept in the LaRC04 model
by adding shear-nonlinearity. Additionally, Pinho et al. proposed that kink bands initiate
due to one of two competing failure mechanisms: 1) matrix failure or 2) instability due
to shear nonlinearity. The model proposed here accounts for the initiation and evolution
of both of these mechanisms (matrix failure and instability due to shear nonlinearity)
within the framework of a mesoscale CDM. The model collapses matrix cracks on a
single cohesive interface that is embedded within a bulk material, as shown in Figure 2.
Furthermore, the model assumes that bending of the fibers and the kink-band inclination
angle can be ignored, as presumed by the idealization shown in Figure 2. The bulk
material is represented with a constitutive model that includes shear nonlinearity.
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Figure 2. Splitting microcracks in-between fibers are lumped into a cohesive
interface that is embedded within a bulk material.

The sequence of the material behavior under increasing longitudinal load is shown
schematically in Figure 3. In the undeformed condition, Figure 3a, an initial fiber
misalignment, ¢,, is assumed to represent the presence of defects that affect the
longitudinal compressive strength. As longitudinal compression loading is introduced,
rotation due to anisotropy occurs so that the current fiber misalignment is a function of
¢, and the shear strain, yzy, as shown in Figure 3b. Following Pinho’s hypothesis, the
strength is reached when either of the two competing failure mechanisms occur:
1) instability due to shear nonlinearity or 2) failure in the matrix. Even if instability due
to shear nonlinearity occurs first, under increasing load, a crack will eventually initiate
along the embedded cohesive interface, as shown in Figure 3c. Once the crack initiates,
an unstable positive feedback loop develops where softening along the cohesive
interface allows larger fiber rotation, which in turn drives further damage of the cohesive
interface. Eventually, ¢ becomes large enough that compressive stress in the crack-
normal direction and friction arrest the instability.
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Figure 3. Schematic representation of the kink band model kinematics.

DGD-Based Formulation

The kinematics of kink band formation illustrated in Figure 3 can be modeled using
a formulation based on the DGD approach [28]. Consider a rectangular continuum of
fiber-reinforced material where the fiber direction is initially aligned with the reference
X;-direction. The reference configuration is defined as

L 0 0
X=[0 1 0] 1)
0 0 I

where the nonzero diagonal components are the undeformed dimensions of the
continuum. The current configuration, x, is a function of X and the deformation
gradient tensor, F

x=FX 2)

The deformation gradient tensor, F, maps the coordinates defined in the reference
configuration to their relative locations in the current configuration. The objective of
the material model formulated in this section is to determine the stress in the
continuum knowing the deformation state F.

DEFORMATION GRADIENT DECOMPOSITION

A kink band may develop in the continuum having a width, wy,,, that is a function
of the material properties and stress state. Therefore, wyy, is independent of the
continuum dimension in the longitudinal direction, [,. Herein, it is assumed that wy, <
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l;. As a result of this assumption, the continuum is decomposed into the kink-band
region and the neighboring undamaged material region, as shown in Figure 4a. The
kink-band region is further subdivided into a cohesive interface and a bulk region
following the idealization introduced in Figure 2. The three regions and their
corresponding deformation measures shown in Figure 4b are identified: 1) the cohesive
interface, &; 2) the kink-band bulk material, Fg; and 3) the undamaged material region,
Fy;. The deformation of the kink-band region is Fxg, which includes the deformation
of 6 and Fg. While the cohesive interface is illustrated in the center of the kink-band
region, location of the interface is arbitrary within the kink-band region. Leone’s DGD
methodology [28] is used to decompose the continuum deformation state F into 8, Fg,
and Fy; as described in the following.

X4 Kink band, Fxg X4
Current Reference 1 Cohesive, 6} ) *
1 i eF
' Kink-band region WkB 0 Bulk, F
) el
L i
Undamaged material i
region Undamaged material, Fy
X; Kk L | X;
(a) Decomposition into kink-band and (b) Model regions and deformations

undamaged material regions

Figure 4. Schematic representation of the model.

In the undeformed configuration, the fibers are misaligned by the angle ¢,. When
the continuum is deformed under compressive loads, the fiber direction rotates as a
result of the anisotropy from the initial misalignment. Since it is assumed that matrix
damage may develop and propagate along the fiber direction, it is necessary to track the
cohesive interface, which is aligned with the fiber direction. A coordinate system R,
can be defined to track the cohesive interface orientation:

Ry =[er ey ef] @)

where the unit vectors are defined as

-COS g
ep = Fy |sin §00] 4
L o
[—sin (po
ex = Fg" | cos ¢ ®)
0
er = egp X ey (6)

Compatibility considerations are invoked to determine expressions for &, Fg, Fkg,
and Fy,. First, F is decomposed into Fy; and Fgg as shown in Figure 5a. In the fiber
direction, compatibility of the deformations requires

6



x(l) = (1 - (J)KB)xl(V:}) + (I.)KBxI((l]; (7)

where the superscript @ indicates the first column of x and wg is the normalized width
of the kink band, wxg = wgg/1;. Substituting equations (2) and (1) into equation (7)
FX(I) = (1 - (I)KB)FMX(l) + wKBFKBX(l) (8)

then simplifying and rearranging yields an expression for Fg];:
1 1
W _ @ ( _ ) (1)
Fpg =—F® +(1 F 9)
KB kg wgg/ ™

In the 2-direction, there is no decomposition, so compatibility of the deformation
requires

x3) = x) = x®@ (10)
Substituting equation (2) into (10) and simplifying yields
Ff(zé = Fl(v? = F® (12)

Similarly, Fgg is decomposed into § and Fg as shown in Figure 5b. Again,
compatibility considerations introduce relationships in the fiber direction and in the
transverse directions. In the fiber direction,

FO = F) (12)
In the crack-normal direction,
xl((z]; = x](32) + R..6 (13)
Substituting equation (2) into (13)
FygX® = FgX® + R_.8 (14)
and rearranging yields
5 =RL (FP - F®)1, (15)

Using equations (9) — (11), (12), and (15) with F provided as an input, the quantities
8, Fy, Fyg, and Fy can be determined in terms of F& and FJ".
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Figure 5. Decomposition of the continuum.
EQUILIBRIUM AND SOLUTION PROCEDURE

It is necessary to ensure that the tractions that arise in the cohesive interface, kink-
band bulk, and neighboring material are in equilibrium. Equilibrium is enforced 1)
between the cohesive interface and the kink-band bulk material in the crack-normal
direction, ey and 2) between the kink-band region and the neighboring material in the
fiber direction, &g.

First, the tractions on the cohesive interface are derived as follows. The cohesive
stress vector Toy IS determined using the cohesive damage model proposed by Turon
et al. [30]. The cohesive stress vector T¢oy is defined as

ke(1 — d;,)0F
Teon = |kn(1 — dp)dn — kndp(—6n) (16)
kr(1—d;,)o7

where &g, Sy, and St are the components of & along the fiber, crack-normal, and
transverse directions, respectively; kg, ky, and k are the cohesive penalty stiffnesses
in the fiber, crack-normal, and transverse directions, respectively; d,, is the scalar
cohesive damage variable; and the operator (x) is defined as (x) = (x + |x|)/2. The
stress in the kink-band bulk is determined from Fg using Green-Lagrange strain and
Hooke’s Law as

1. yo [0 10
EB=§(FBFB—I)—71 0 0 (17)
0 0 0

SB = CQDO:EB (18)

where Ey is the Green-Lagrange strain, I is the identity tensor, Sg is the 2" Piola-
Kirchhoff stress, €, is the stiffness tensor rotated about the transverse direction by
@, following classical lamination theory (see, e.g., [31]), and ypy, is the plastic portion
of the shear strain (y = y;, + v, ). A variation of the Ramberg-Osgood model [32]

— [112 + appsign(tyy) |72 ]™PL] (19)

Y12 = Giy



is used to represent shear-nonlinearity in the bulk material. The plastic portion of the
shear strain ypy, is found through iteration and is removed from the strain tensor as
shown in equation (17). By transforming Sg to Cauchy stress as
op = FgSpFy|Fg|™! (20)
Cauchy’s stress theorem can be used to find the stress vector acting on the cohesive
interface:
tB = 0B" éN (21)

Likewise, the tractions for equilibrium between the kink-band region and the
neighboring material in the fiber direction are derived as follows. In the neighboring
material, the Cauchy stress is

om = FuSuFylFul™t (22)
where
SM = C(p(]:EM (23)
1 T oL 0 1 O
EM=§(FMFM—I)—T 100 (24)
0 0 O

Cauchy’s stress theorem is used to obtain the stress vector acting on a plane defined by
the fiber direction in the kink-band:

tM =0\ ép (25)
The corresponding traction due to the stress in the kink-band region is
txg = 0 " ér (26)

An iterative solution procedure is required to solve for the state of stress at
equilibrium. A residual stress vector a..s is defined in terms of the stress vectors in
equations (16), (21), (25), and (26) in the current crack coordinate system as

R (ty —
o = [ or(tu TtKB) 27)
Tcon — Rerlp
where the unknown variables are
(¢Y)
Fy l
Xeqg = (28)
q F](32)
The Newton-Raphson method is used following
-1
xeq,new = xeq - (%) Ores (29)
Xeq

to find a converged solution for x4 by iterating until the norm of o is less than a
tolerance value (in this case, set to 0.01% of the Mode I cohesive strength). After the
converged solution is found, the cohesive damage model is evaluated to determine d,,,
for the current 8. If d,,, increases, a new converged deformation state is sought for the
updated d,,, using equation (29). If d,,, does not increase, a solution for the current F
has been found and the stress in the kink-band bulk material is returned.



FRICTION ACTING ON THE CRACK

Compressive failures, whether matrix or fiber dominated, often propagate unstably.
Friction on the fracture surfaces can stabilize these failure processes. As a result,
accounting for friction on compressively loaded cracks can have a significant effect on
the structural response.

In order to predict matrix cracking while under compressive loading, it is important
to account for the effects of friction on the potential fracture planes. Prior to failure
initiation, compressive stresses on a fracture plane are known to increase the effective
shear strength (e.g., [6], [33]). Camanho et al. [17] accounted for this increased effective
shear strength for matrix cracks in his smeared crack continuum damage mechanics
model. In the present model, the approach of Camanho et al. is used to predict the o,
VS. g, failure initiation envelope of LaRCO04.

In order to account for the effects of friction on the matrix cracks after initiation,
features of the cohesive zone model of Alfano and Sacco [34] were applied. In the
Alfano-Sacco model, friction acts only on the damaged portion of a cohesive zone
element, which causes the surface area on which friction acts to increase as the cohesive
damage variable increases. A single, constant coefficient of friction is assumed.

DEMONSTRATION AND DISCUSSION

The proposed model is demonstrated in this section. The model was implemented
as VUMAT in Abaqus [35]. Several features of the model are highlighted in this section
through single element analyses. The contributions of the initial misalignment angle,
the cohesive interface fracture toughness, and the coefficient of friction to the
constitutive response of the model are investigated. The material properties for IM7-
8552 used in this section are summarized in Table I. The width of the kink band was
assumed to be 0.1 mm. A single element (C3D8R) model was used with uniform end
shortening displacement applied to the longitudinal direction. The element size was 0.15
mm on all sides. The applied displacement was reacted by simply supported boundary
conditions on the opposite face.
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TABLE I. IM7-8552 MATERIAL PROPERTIES.

Property Value Units Source
Ei, 171420 MPa [36]
E,, 9080 MPa [36]
G2 5290 MPa [36]
Vig 0.32 - [36]
Va3 0.52 - [17]
apy, 441 x 10°  MPpal-7eL [37]
Npy, 5.934 - [37]
Xc 1200 MPa [17]
Ye 199.8 MPa [36]
S 92.3 MPa [36]
Yr 62.3 MPa [36]
Gie 0.277 N/mm [17]
Giie 0.788 N/mm [17]
NBK 1.634 - [17]

U 0.3 - Assumed

Initial Misalignment Angle

As with many failure criteria for longitudinal compression failure, the present model
assumes an initial fiber misalignment angle ¢,. The effect of ¢, is illustrated in Figure
6 for a range of values where the longitudinal stress (g,; = RF1/A) normalized to the
strength is plotted as a function of applied longitudinal strain. The analyses were
terminated when the matrix failure criterion was satisfied on the cohesive interface,
which occurred in all cases.

16 1
14 1
12 1
911 304
08 +
06+
04 +

0.2 +

0.0 + t t t t t i
0.0 0.2 0.4 0.6 0.8 1.0 1.2

uy /1 [%]

Figure 6. Effect of ¢, on the predicted response. Results are truncated at the point
when matrix failure initiates.
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Pinho et al. [6] and Camanho et al. [9] proposed procedures to determine the ¢, that
corresponds to a measured strength X~ taking into account shear nonlinearity. In both
cases, ¢, is obtained from

Yo = Pc —VrN (30)

where ¢, is the rotation of the fibers when the strength X is reached for a uniaxial stress
state. The values of ¢, calculated following Pinho et al. [6] and Camanho et al. [9] for
the material properties in Table | are similar: 3.5° and 3.4°, respectively. For both these
values of ¢, the present model underpredicts the strength significantly, as shown in
Figure 6. Also, in both cases, the present model predicts that instability due to shear
nonlinearity occurs before matrix failure, as can be observed in Figure 6 by the gradual
unloading after the peak load prior to failure initiation in the matrix.

A graphical comparison of the shear nonlinearity stress-strain curve based on
equation (19), and the applied shear stress provides insight into the transition between
instability due to shear nonlinearity and matrix failure, as proposed in [6]. For uniaxial
compressive loading with a,; = X, the shear stress in the misaligned frame can be
obtained from a stress transformation by the angle ¢ = ¢, + y:

T= %sin(Z(q)O +7)) Xc (30)

The graphical comparison of equations (19) and (31) for the material properties
considered here is shown in Figure 7. Equation (31) is plotted in Figure 7 with several
values for ¢,. According to [6], matrix failure occurs prior to instability for values of
@, that intersect the shear stress-strain curve (i.e., ¢, = 1.5° in Figure 7), and failure
occurs by instability when equation (31) does not intersect with the shear stress-strain
curve (e.g. ¢, >2.2°). Such is the case here for the values of ¢, = 3.5° or 3.4°
calculated using equation (30). Therefore, a different criterion is required to determine
@, In the case of shear instability.

Po

20 1 4.0°

18 T 3.0°

16 2.2°

1.4 + 1.5°

1.2 +
T — — Equation (19
T ool q (19)
St

0.8 +

0.6 +

0.4 +

/
02 1/
0.0

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0
y [%]

Figure 7. Criterion for matrix failure vs. instability due to shear nonlinearity, where
the transition between modes occurs for the ¢, that makes the results from
equation (31) tangent to equation (19), after [6].
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Pinho et al. [6] suggested that when failure occurs by instability, ¢, can be found
by requiring that the result from equation (31) is tangent to the result from equation (19).
For the material properties in Table I, the tangency criterion produces ¢, = 2.2°. It is
observed that when ¢, = 2.2° is used in the present model, the strength is reproduced
accurately (3.9% error) as shown in Figure 6. Therefore, ¢, = 2.2° is used in the
analyses described in subsequent sections.

The results shown in Figure 6 indicate that the initial misalignment angle ¢, has an
effect on the compression modulus. The initial misalignment angle yields a good
approximation of a compressive elastic modulus even though a tensile elastic modulus
is used as the material property input. The elastic stiffness produced by the model is
E11 ¢ = 159,180 MPa, which compares well with the value of 149,600 MPa found in
[38]. Therefore, the use of an initial misalignment angle yields a good approximation of
the reduction in the Young’s modulus from tension to compression.

Constitutive Response

The constitutive response of the model under unidirectional compression using the
nominal material properties in Table I is shown in Figure 8. Several important features
of the constitutive response include 1) pre-peak nonlinearity, 2) large fiber rotation
immediately following the peak stress, and 3) a non-zero plateau stress at large strains.
The trend of the constitutive response is consistent with responses predicted by detailed
micromechanical models, e.g., [10], [11], which is to say a significant departure from
commonly used linear or bilinear softening laws.

12 1 25 1

10T 20 1

0.8 +
011 .
X; 06+ [’

04 1

0.2 T

0.0 t t t t t { 0 t t t t t {
00 10 20 30 40 50 6.0 0.0 1.0 2.0 3.0 40 5.0 6.0

uy /1 [%] uy /1 [%]
Figure 8. Constitutive response of the model for uniaxial compressive loading.

The fact that the model includes the rotation in the kink-band is of particular
importance. Experimental observations of kink-bands often show that the rotation of the
kinkband leads to an interaction with matrix cracks and delaminations in the adjacent
plies [4], [19]. Since this model includes the rotation of the kink band, it shows promise
for reproducing the interactions between kink-bands, delaminations, and matrix cracks
when applied in a structural analysis.
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Effect of Mode 11 Fracture Toughness and Friction

The matrix crack represented by the cohesive interface exhibits sliding with Ty < 0
and so the Mode I1 fracture toughness, G;;., and the coefficient of friction, u, may play
important roles in the constitutive response of the model.

The constitutive responses of the model for three values of G,,. (G, 0.5G;;., and
10G,;.) are shown in Figure 9. In order to isolate the influence of G;;. from frictional
effects, the results shown are for u = 0. When small values for G,;. are used, the
instability and vibration becomes more severe. The model shows comparatively less
sensitivity to larges values of G;;.. In general, it is observed that G;;. influences the
steady-state plateau stress.

12 1

10 1
0.8 +

011

0.6 T

10Gy;

0.4 + / Gre

0.2 + 0.5G;¢

0.0 f f f t t {
0.0 0.5 1.0 15 2.0 2.5 3.0

uy /1 [%]
Figure 9. Effect of fracture toughness.

The coefficient of friction, u, used on the cohesive interface was varied to
investigate the sensitivity of the model to this parameter. No experimentally determined
value of u was available. The longitudinal responses for three values of u are shown in
Figure 10. The results indicate that the model is relatively insensitive to u. Therefore,
the assumed value has little bearing on the response characteristics and may not be
important for structural predictions for materials such as IM7-8552 that fail by shear
instability.
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Figure 10. Effect of the coefficient of friction.

SUMMARY

A new mesoscale continuum damage mechanics (CDM) model has been proposed
to represent the constitutive response of plies subjected to longitudinal compression
loading. The model is formulated on the basis of the assumptions proposed in the LaRC
failure criteria and uses the deformation gradient decomposition approach to track the
rotation of the fibers through loading. The model is capable of representing several
features in the constitutive response, including the compressive stiffness, the strength,
the potential instability at kink-band onset, and the post-peak plateau stress. These
response characteristics agree with the trends predicted by detailed micromechanical
analyses. Since this model includes the rotation of the kink band, it shows promise for
reproducing the interactions between kink-bands, delaminations, and matrix cracks
when applied in a structural analysis.
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