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ABSTRACT

Strategy-proofness, requiring that truth-telling is a dominant strategy, is a
standard concept in social choice theory. However, this concept has serious
drawbacks. In particular, many strategy-proof mechanisms have multiple Nash
equilibria, some of which produce the wrong outcome. A possible solution to this
problem is to require double implementation in Nash equilibrium and in dominant
strategies, i.e., secure implementation. We characterize securely implementable social
choice functions, and compare our results with dominant strategy implementation. In
standard quasi-linear environments with divisible private or public goods, there exist
Pareto efficient (non-dictatorial) social choice functions that can be securely
implemented. But in the absence of side-payments, secure implementation is

incompatible with Pareto efficiency.
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1. Introduction

Strategy-proofness, requiring that truth-telling is a dominant strategy, is a
standard concept in social choice theory. Although it seems natural that an agent will
tell the truth if it is a dominant strategy to do so, there are some problems. First,
announcing one's true preference may not be a unique dominant strategy, and using the
wrong dominant strategy may lead to the wrong outcome. Second, many strategy-
proof mechanisms have multiple Nash equilibria, some of which produce the wrong
outcome. Third, experimental evidence shows that some strategy-proof mechanisms
do not work well, that is, very few subjects reveal their true valuations. For example,
see Attiyeh, Franciosi, and Isaac (2000) and Kawagoe and Mori (2001) for pivotal
mechanism experiments, and Kagel, Harstad, and Levin (1987) and Kagel and Levin
(1993) for second price auction experiments with independent private values.

The first problem can be solved by requiring “full” implementation in
dominant strategies. That is, all dominant strategy equilibria should yield a socially
optimal outcome. This may require the use of indirect mechanisms. However, Repullo
(1985) showed that if a social choice function fis dominant strategy implemented by
some indirect mechanism, but fis not dominant strategy implemented by its associated
direct mechanism, then the indirect mechanism does not Nash implement f. This leads
to the second problem: mechanisms for dominant strategy implementation may have
“bad” Nash equilibria. For this reason, Repullo (1985) suggested that the concept of
dominant strategy implementation should be replaced by Nash or Bayesian Nash
implementation. We agree that the existence of “bad” (Bayesian) Nash equilibria is
problematic. However, in the absence of a dominant strategy, a player’s best response
depends on the other players’ choices, which may be hard to predict. This strategic
uncertainty may lead to a failure to coordinate on a (Bayesian) Nash equilibrium.
Moreover, a problematic aspect of Bayesian Nash implementation is that it typically

requires the mechanism designer to know the common prior of the players.



It seems clear that the standard concepts - dominant strategy implementation
and (Bayesian) Nash implementation - cannot provide a robust foundation for
practical implementation. However, if a mechanism simultaneously implements a
social choice function in dominant strategies and in Nash equilibria, then we get dual
advantages. First, with dominant strategies, strategic uncertainty is not important.
Second, the mechanism implements the social choice rule in Bayesian Nash equilibria,
for any common prior the players may hold. There is no possibility of getting stuck at a
“bad” equilibrium.

A social choice function is securely implementable if there exists a game form that
simultaneously implements the social choice function in dominant strategy equilibria
and in Nash equilibria. Thus, all Nash equilibria should yield a socially optimal
outcome. We characterize securely implementable social choice functions: a social
choice function is securely implementable if and only if it satisfies strategy-proofness
and a new property called the rectangular property. We show that many quasi-linear
economic environments with continuous private or public goods admit securely
implementable non-dictatorial social choice functions that maximize social surplus.
However, in a standard single-peaked voting model without side-payments, any
securely implementable social choice rule must be either dictatorial or Pareto
inefficient. This negative result holds even for multi-valued social choice
correspondences. In a quasi-linear environment with a discrete social decision, such as
whether or not to implement an indivisible public project, some interesting non-
dictatorial social choice correspondences can be securely implemented, but none of
them maximizes the social surplus.

Our hope is that secure implementation may lead to some progress on the third
problem mentioned above, the rather negative experimental evidence. We consider
secure implementation to be a benchmark: if secure mechanisms do not work well in

experiments, then there is very little hope that anything will work. But if a secure



mechanism works well in experiments while implementation using less demanding
equilibrium concepts fail, then we may be able to pinpoint the reason for the failure by
comparing with the benchmark of secure implementation. The question of whether
secure mechanisms work well in experiments is investigated in a companion paper
(Cason, Saijo, Sjostrom and Yamato (2003)).

The remainder of the paper is organized as follows. We give notation and
definitions in Section 2. We characterize secure implementability in Section 3. In
Section 4 we discuss the relationship between non-bossiness, dominant strategy
implementation and secure implementation. In Section 5, we consider “robust”
Bayesian Nash implementation. In Section 6, we show the possibility of secure
implementation in economies with quasi-linear preferences and divisible public and
private goods. Sections 7 and 8 discuss the difficulty of secure implementation with
discrete social decisions, and in the absence of side-payments. Concluding remarks are

in Section 9.

2. Notation and Definitions

Let A be an arbitrary set of alternatives, and let I = {1, 2, ..., n} be the set of
agents, with generic element i. We assume that n>2. Each agent i is characterized by
a preference relation defined over A. We assume that agent i's preference relations
admit a numerical representation u;: A — R. For each i, let U; be the class of utility
functions admissible for agenti. Letu = (uq, ..., u,) e U= x; U;.

A social choice function (SCF) is a function f: U — A that associates with every u
€ U a unique alternative f (1) in A.

A mechanism (or game form) is a function g: S — A that assigns to every s € Sa
unique element of A, where S = x;; S;, S; is the strateqy space of agent i. The lists € S
will be written as (s;, s_;), where s_; = (51, ..., S;1, Si31, - Sp) € S = Xj Sj.

Givens e Sand s/ € S;, (s}, s_;)isthelist (s1,..., 5,1, Sf, Siz1, .., S;;) Obtained by



replacing the i-th component of s by s!. Let g(S;, s_;) be the attainable set of agent i at
s_;, 1.e., the set of outcomes that agent i can induce when the other agents select s_; .
Foriel, u; € U;,andaec A, letL(a, u;)={b € A | u;(a)>u;(b)} be the weak
lower contour set for agent i with u; at a. Given a mechanism g: S — A, the strategy
profile s € Sis a Nash equilibrium of gat u € Uif foralli e I, g(S;, s_;) < L(g(s), u;).
Let N8 (u) be the set of Nash equilibria of ¢ at u. Also, let N i (1) be the set of Nash
equilibrium outcomes of g at u, i.e., N i (1) ={a € A | there exists s € S such that s
N8 (u) and g(s) = a}. The mechanism g implements the SCF fin Nash equilibria if for all u
el f(u)=N i (u). fis Nash implementable if there exists a mechanism which
implements fin Nash equilibria. The mechanism g is called the direct revelation
mechanism associated with the SCF fif S; =U; forall i eI and g(u) =f (u) forall u eU.
We will sometimes abuse terminology by not distinguishing between the SCF fand the

direct revelation mechanism associated with f.

Let a mechanism g: S — A be given. The strategy s; €S; is a dominant strategy
foragenti e lofgat u; el; if forall 5_; €S_;, (S;, 5_;) < L(g(s;, 5_;), u;). Let
DSig (u;) be the set of dominant strategies for i of g at u;. The strategy profile s €S is a
dominant strategy equilibrium of gat u € Uifforalli € I, s; eDSig(ul-). Let DSE(u) be the
set of dominant strategy equilibria of g at u. Also, let DS i (1) be the set of dominant
strategy equilibrium outcomes of g at u, i.e., DS% (1) ={a € A | there exists s € S such
that s € DS8(u) and g(s) = a}. The mechanism g implements the SCF fin dominant
strategy equilibria if for all u € U, f (u) = DS% (u). fis dominant strategy implementable if
there exists a mechanism which implements fin dominant strategy equilibria.

The SCF fis strategy-proof if for all i €I, for all u;,u; eU;, forall u_; eU_;,

ui(f(uj,u_;))2u;(f(u;,1u_;)). The following result is well-known:



Proposition 1 (The Revelation Principle for Dominant Strategqy Implementation. Gibbard

(1973)). If the SCF fis dominant strateqy implementable, then fis strategy-proof.

The converse of Proposition 1 is not true: some strategy-proof SCF’s cannot be

dominant strategy implemented (e.g., Dasgupta, Hammond, and Maskin (1979)).

3. Secure Implementation: A Characterization and a Revelation Principle

We introduce the following new concept of implementation.

Definition 1. The mechanism g securely implements the SCF fif for all u € U, f (u) =
DS?4 (u)=N 1‘% (u).! The SCF fis securely implementable if there exists a mechanism

which securely implements f.

Secure implementation requires that for every possible preference profile, the f-
optimal outcome equals the set of dominant strategy equilibrium outcomes as well as
the set of Nash equilibrium outcomes.

Next we characterize the class of securely implementable SCF's. We use two
conditions. The first condition is strategy-proofness. As Proposition 1 indicates,
strategy-proofness is necessary for dominant strategy implementation, and so it is also
necessary for secure implementation. However, an additional condition is also
necessary for secure implementation. To see why intuitively, suppose that the direct
revelation mechanism g = f securely implements the SCF f. See Figure 1 in which n=2

and (uq,u5) is the true preference profile. Suppose

B1) ug(f(ug,4n))=uq(f(11,42)),

1 Secure implementation is identical with double implementation in dominant strategy equilibria and Nash
equilibria. It was Maskin (1979) who first introduced the concept of double implementation. See also
Yamato (1993). Note that secure implementation can be regarded as multiple (more than double)
implementation in dominant strategy equilibria, Nash equilibria, and all refinements of Nash equilibria
whose sets are larger than the set of dominant strategy equilibria.



that is, agent 1 is indifferent between reporting the true preference u; and reporting

another preference 71; when agent 2's report is #, . Since reporting u is a dominant

strategy by strategy-proofness, it follows from (3.1) that

un(FTy, ) = g (f (12, 72)) 2 g (f (14, ) for all uf €Uy

That is, reporting #; is one of agent 1's best responses at 17 when agent 2 reports i, .
Next suppose that

(3-2)  up(f(uy,u)) =up(f (i, 4z)).

By using an argument similar to the above, it is easy to see that

uy (f(tiq,1n)) =2 uy(f(1ig,ub)) forall uh elly, thatis, reporting i, is one of agent 2’s

best responses when agent 1 reports ;. Therefore, f(ii1,;) is the Nash equilibrium

outcome. Moreover, f(uq,uy) is the dominant strategy outcome, and by secure

implementability, the dominant strategy outcome coincides with the Nash equilibrium

outcome. Accordingly we conclude that f(uq,uy)= f(iiq,45) if (3.1) and (3.2) holds.

Link to Figure 1

A formal definition of this condition, called the rectangular property, is given as

follows:

Definition 2. The SCF f satisfies the rectangular property if for all u,u eU , if

ui(f(ﬁi,ﬁ,i)) = ui(f(ui,ﬁ,i)) forall i eI, thenf (i) =f(u).

A formal proof of the claim that the rectangular property is necessary for secure

implementation is given as follows:

Lemma 1. If the SCF fis securely implementable, then f satisfies the rectangular property.



Proof: Let g: S — A be a mechanism which securely implements f. Take any u,u €U .
Suppose that
(3.3)  wi(f(u;,u_;))=ui(f(u;,u_;)) forall iel.

Choose a dominant strategy profile at i, s(if)= (s1(i11),...,5,(#,)) eDS8 (i) . By
dominant implementability,
(B4 g1 enrsu(@n) = £,

Let i el be given. Choose a dominant strategy fori at u;, s;(u;) eDS;-g(ui).
Then (s;(u;),s_;(ti_;)) eDS8(u;,u_;), where s_;(ii_;) = (5j (1)) j»i- By dominant
implementability,
(3-5)  &(si(ui),s_i(u_i)) =f (ui ;).
By (3.3), (3.4), and (3.5),
(3-6)  u; (Q(si(ui),s_i(Ui_i))) = u; (§(s1(t1)s-.. 5y (1))
Further, since s;(u;) eDS;g (u;),
3.7)  &(Si, s_i(1_y)) = Lg(si(u;),s-i(u_;)), u;).
By (3.6) and (3.7), §(S;, s_;(u_;)) < L(g(s;(%;),s_;(i_;)), u;). Since this holds for any
iel, (s1(#),...,8,(,)) eNE(u). By Nash implementability and (3.4), f(u)=
§(51(1)--,5, (7)) = f (7). QED.

Next we show that strategy-proofness and the rectangular property are not

only necessary, but also sufficient for secure implementability.

Lemma 2. If the SCF f satisfies strategy-proofness and the rectangular property, then the

direct revelation mechanism associated with f securely implements f.

Proof: By strategy-proofness, for all u eU, f(u) eDSi(u) . We will prove that for all
uel, Ni(u) = f(u). Since & # DS4 (1) < N§(u), that suffices to prove the lemma.
Let u el be given. Take any s=1 eN$(u). We show that g(s)= f(u), i.e.,

f(#)= f(u). Since # eN8(u),



(3.8) wui(f(m,u,))=u;(f(u,u;))foralliel.

Further, since u; eDS;g (u;) by strategy-proofness,

(39w (f(u,u.))=u;(f(u,u))foralliel.

By (3.8) and (3.9), u; (f (u;,1i_;)) = u; (f (u;,1u_;)) forall i el. By the rectangular

property, f(i)= f(u).Q.E.D.

By Proposition 1, Lemmas 1 and 2, we have the following characterization of

securely implementable SCF's.

Theorem 1. An SCF is securely implementable if and only if it satisfies strategy-proofness and

the rectangular property.

In the early literature on implementation, it was pointed out that even if an SCF
fis implementable in dominant strategies, it may not be implemented by its associated
direct revelation mechanism: it may be necessary to use more complicated “indirect”
mechanisms (Dasgupta, Hammond, and Maskin (1979), Repullo (1985)). However,
suppose the SCF fis securely implemented by some mechanism. Then by Proposition 1
and Lemma 1, fsatisfies strategy-proofness and the rectangular property. Hence, by
Lemma 2, fis securely implemented by its associated direct revelation mechanism.

Thus, we have a revelation principle for secure implementation:

Theorem 2. An SCF is securely implementable if and only if it is securely implemented by its

associated direct revelation mechanism.

The implication of this revelation principle is that we can limit our attention to
the set of direct mechanisms. Direct mechanisms are somewhat natural and easy to

explain to experimental subjects, which may add to their appeal.



4. Non-Bossiness, Dominant Strategy Implementation and Secure Implementation
To further study the set of securely implementable social choice functions, we
need the idea of non-bossiness. Intuitively, non-bossiness implies that no one can change
the outcome without changing her own utility. Satterthwaite and Sonnenschein (1981)
first introduced a definition of non-bossiness for economic environments.? For general

environments, consider the following definitions.

Definition 3. The SCF f satisfies non-bossiness if for all u,u’ eU and all i €I, if

fuju_i)= f(ui,u_;), then w(f(u;,u_;)) = u;(f(uf,u_;)).

Definition 4. The SCF f satisfies weak non-bossiness if for all u,u’ eU and all i €I, if

fluj,u_;)# f(ui,u_;), then there is some u"”; such that w;(f(u;,u";)) = w;(f(ui,u”;)).

The rectangular property is stronger than non-bossiness.

Proposition 2. If an SCF satisfies the rectangular property, then it satisfies non-bossiness.
Proof: Suppose the SCF f satisfies the rectangular property, and

uj(f(u}-,u_j)) = u]-(f(uj,u_]-)) for somej. Let u"” be such that u" = (u},u_j). We need to
show f(u")= £(u). Now wj(f(u"))=u;( fj,u_))=u;(f(uj,u_))=u;(f(uj,u )), and
(uf,ul;)=(u;,u”;) forall i# j.So we have u;(f(uj,u;))=u;(f(u;,u”;)) forall i el . By

the rectangular property, f(u")= f(u).Q.E.D.

2 Qur definition of non-bossiness is slightly stronger than Satterthwaite-Sonnenschein's original condition,
when applied to economic environments. Satterthwaite and Sonnenschein’s original definition was that
the SCF f satisfies non-bossiness if for all u,u’ eU andall i €I ,if f(u;,u_;)# f(u},u_;), then

fi(uj,u_;)# fi(ui,u_;), where f;(u) denotes the consumption bundle agent i receives at the allocation

10



Thus, any securely implementable SCF must be non-bossy. On the other hand,
non-bossiness does not imply the rectangular property, even in combination with
strategy-proofness (an example is provided in Section 6). However, it turns out that
weak non-bossiness is enough to guarantee that a strategy-proof SCF can be dominant
strategy implemented. Non-bossiness is a stronger condition than weak non-bossiness, so
secure implementation is more difficult to achieve than dominant strategy
implementation. For example, the Vickrey auction discussed in Section 7 satisfies weak
non-bossiness, but violates non-bossiness. (Notice that in general, weak non-bossiness
does not imply that each player will have a unique dominant strategy in the revelation

mechanism.)

Theorem 3. An SCF is dominant strategy implemented by its associated direct revelation

mechanism if and only if it satisfies strategy-proofness and weak non-bossiness.

Proof: Suppose the SCF fsatisfies strategy-proofness and weak non-bossiness.
Consider the associated direct revelation mechanism. Suppose agent i’s true preference
is u;. By strategy proofness, it is dominant to announce the truth u;. Suppose
announcing a different preference u; is another dominant strategy. If
fu;,u_;)# f(u},u_;) for some u_;, then by weak non-bossiness there is u”; such that
u;(f(u;,u”;))>u;(f(ui,u’;)). Therefore, announcing u; is in fact dominated by
announcing u;, which is a contradiction. Hence, f(u;,u_;)= f(uj,u_;) for all u_; after
all, so agent i’s lie (i.e. to say u}) cannot ever affect the outcome. Hence, fis dominant
strategy implemented.

Suppose the SCF fis dominant strategy implemented by its associated direct

revelation mechanism. By Proposition 1, fis strategy-proof. It remains to show f

f)=(f;(1));e; recommended by the SCF f for the preference profile u. Mizukami and Wakayama (2004)

discuss the importance of non-bossiness for dominant strategy implementation in exchange economies.

11



satisfies weak non-bossiness. Take any u,u’ eU and i €I.Suppose f(u;,u_;)#
f(u},u_;). Then announcing u; is dominated by announcing u; when agent i’s true

preference is u;, so that there is u!; such that u;(f(u;,u”;))>u;(f(ul,u’;)). Q.E.D.

5. Robust Bayesian Implementation without Knowledge of the Prior

In the standard theory of Bayesian mechanism design, the agents are assumed
to have a common prior over the possible states of the world, and the planner is
assumed to know this prior. For example, in Myerson’s (1981) theory of optimal
auctions, the optimal reserve price depends on the prior distribution. It has often been
argued that the assumption that the planner knows the agents’ common prior is too
strong (e.g., Bergemann and Morris (2003, 2004)). It turns out that secure
implementation guarantees that the planner does not need to know anything about the
agents’ beliefs. If strategy-proofness (i.e. dominant-strategy incentive compatibility)
and the rectangular property hold, then if the agents play a Bayesian Nash equilibrium
with any arbitrary prior whatsoever, the outcome will be socially optimal with
probability one. Thus, the social planner can achieve implementation if the agents are
Bayesian expected utility maximizers with a common prior, even if the planner is not
sure about what the prior is.

Let U be a finite set of possible utility profiles, and let g be a common prior
distribution over U. Fix a social choice function f:U — A. The direct revelation
mechanism associated with f, together with the common prior g, define a Bayesian
game. A strategy for player i is a function o;:U; — U;, with the following
interpretation: when player i’s true type is u;, then he announces o;(u;). A strategy

profile is a function o:U — U, with the following interpretation: when the true state is

12



u, the players announce o(u) =(cq(141),02(43),...,6,,(4,,)). Similarly, define 6_;(u_;) in
the obvious way. We will allow an agent’s beliefs about other agents’ types to depend
on the agent’s own type. That is, after agent i learns his own preferences, he can update
his prior belief using Bayes rule. If agent i’'s true type is u;, the the probability that he

assigns to the other agents being u_; is denoted gq;(u_;|u;) .

Bayesian Nash equilibrium is defined in the standard way. Notice that if the
agents play a Bayesian Nash equilibrium ¢ in the direct revelation game, then if the
true state is u, the mechanism will implement f(o(u)). Given a prior distribution g, the
direct revelation mechanism implements f in Bayesian Nash equilibria if the following
two conditions hold: (i) a Bayesian Nash equilibrium ¢ exists, and (ii) for any Bayesian

Nash equilibrium ¢ and any u such that q(u) >0, f(o(u)) = f(u). Moreover, the direct

revelation mechanism robustly implements fin Bayesian Nash equilibria if for any prior
distribution g, the above two conditions hold. That is, robust implementation requires
that the same mechanism works for all g.

We now prove that strategy-proofness and the rectangular property are
necessary and sufficient for robust Bayesian Nash implementation by the direct

revelation mechanism:

Theorem 4. An SCF fis robustly implemented in Bayesian Nash equilibria by the direct

revelation mechanism if and only if f satisfies strategy-proofness and the rectangular property.

Proof: Suppose that f satisfies strategy-proofness and rectangular property. Since fis

strategy-proof, the truthful strategy o*(u) = u is certainly a Bayesian Nash equilibrium.

Now, suppose there is another Bayesian Nash equilibrium ¢ which is not truthful.

13



Take any u* such that o(u*) = u’ # u*. We need to show that if q(u*)> 0, then

f(u') = f(ux). The Bayes-Nash property implies that

2 qi(uilup yui (f(o_i(u_g)ul)) = 2qi(uiluf yu; (f(o_i(u_;),u;))

u_jell_; u_jell_;
for all i. By strategy-proofness, u; (f(c_;(u_;),ul))<u; (f(o_;(u_;),u;)) for all u_;.
Therefore, we must in fact have

uj (f(o-i(ui)uf)=ui (f(oi(u_y),up))
for all u_; such that g;(u_;|uj) > 0. If each agent uses Bayes rule with the common
prior g, then g(u*)>0 implies g;(u”;|u;)>0 for all i. Therefore,

i (Floi(ut ) u)) =i (Floi(u* ) uf)
for alli. But o(u*)=u’, so

ui (f(uliup)=ui (f(uliug)).

The rectangular property now implies f(u') = f(u*).

Conversely, suppose that the direct revelation mechanism robustly implements

fin Bayesian Nash equilibria. Then it follows from Proposition 1 and Lemma 1 that fis

strategy-proof and satisfies the rectangular property: simply consider the special case

of Bayesian Nash equilibrium when (1) = 1 for some u, which corresponds to the case

of complete information. Q.E.D.

By Theorems 2 and 4, we have the following equivalence result between secure

implementability and robust Bayesian Nash implementability:

14



Corollary 1. An SCF fis robustly implemented in Bayesian Nash equilibria by the direct
revelation mechanism if and only if it is securely implemented by the direct revelation

mechanism.

6. Quasi-Linear Economic Environments

Let the set of alternatives be

A={(yt1, ty)y €Y. t; €R,Vi},
where y €Y is a social decision, and t; is a transfer to agent i of a private good called
“money”. The set of possible social decisions Y is a convex subset of RK, for some k. (In
the next section, we consider the case where Y is a discrete set). The cost of taking
decision y (in terms of “money”) is given by a differentiable and convex function c(y).
Each agent i €] has quasi-linear preferences:

Uiy b1, ty) = 0i(y,0;) * ;-
Here v; is a valuation function which is differentiable and concave in y, and 6; is a real
number representing agent i’s “type”. For each i, the function v; is given once and for
all and only the type varies, so the preferences of the agents will be represented by the
profile of types, 8 =(61,65...,0,,). The set of possible types for agent i is ®;. Let
O=x;40;. AnSCF f:0 — A recommends, for each profile 0, a social decision yf (6)
and a set of transfers. Let tif (6) denote the recommended transfer to agent i. Thus,
£(0) = (v (0),t{ (0), ] (0)..., £ (8)) . The social surplus is defined as
©1)  2igvily,0)—cy)
To avoid some technical issues, in this section we assume for all 6 €®, a unique y
maximizes the social surplus (6.1). (This happens, for example, if each v; is strictly
concave in y). A direct revelation mechanism f:® — A is a Groves-Clarke mechanism if
forall 6 €0, yf (6) maximizes the social surplus, and the transfer function is given by,

forall i el,

62t (©0)=3 0,7 0),0)-cv/ ©)+9:(0)

15



Here ¢; is some arbitrary function which does not depend on 6;. It is well-known that
Groves-Clarke mechanisms are strategy-proof (Clarke (1971), Groves (1973)). In many
cases, for example if each v; is differentiable in 6; and each ®; is a convex set, any
strategy-proof SCF that satisfies (6.1) must in fact also satisfy (6.2) (Holmstrom (1979)).
If the social surplus maximizing decision always occurs in the interior of Y
(denoted intY) then the rectangular property is equivalent to non-bossiness. Both
properties reduce to the following: no agent should be able to change the profile of

transfers without changing the social decision. This is shown in the following lemma.

Lemma 3. Suppose forall 6 €0, yf (6) eintY maximizes the social surplus. For any
Groves-Clarke mechanism f:® — A, the following three conditions are equivalent: (i) f
is non-bossy; (ii) for all 6,0’ €® and i eI, f(0)= f(0;,6_;) whenever

yf 0)= yf (67,0_;); (iii) f satisfies the rectangular property.

Proof: (i) implies (ii). Strategy proofness implies that if yf (0)= yf (65,6_;), then
tf(e) = t{(e;,e_i). Non-bossiness then implies f(08)= f(6:,0_;).

(ii) implies (iii). Suppose (ii) holds. Fix any profile 6, and let y*= yf 0).
Suppose u;(f(0:,0_;))=u;(f(8)) for all i. Since the surplus maximizing y is always
unique, it is easy to see, using (6.2), that agent i desires y = y*uniquely. Therefore, if
ui(£(8},0_))=;(£(8)) then y/ (87,0 ;)= y. By property (ii), £(6)= f(6;,6 ). Since
y* is interior, and v is differentiable and concave in y, y* can be found by solving the
first order condition for maximizing (6.1). Since yf (6:,0_;)= yf (0) = y*, we have
ov;(y*,0;) / Oy = ov;(y*,0;) / Oy for all i.

We know that f(0;,06_;)= f(0) for all i. Fori =1, this yields
f(01,65,...,6,,)= f(0). The first-order condition for maximizing (6.1) must be satisfied
at y* for profile (67,0,,...,0,). Since 0v,(y*,0,)/ 0y = vy (y*,05) /Oy, the first order

condition is also satisfied at y* for the profile (01,05,05...,8,,). Thus,
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yf(e'l,e'z,e3...,en) = yf(9’1,92,63...,9n) = y*. Property (ii) now implies
£(81,05,05...,8,,) = (671,6,,05...,6,,) = f(0). By sequentially replacing each 6;by 0} in
this manner, we find that f(0')= f(0). Therefore, the rectangular property holds.

(iif) implies (i). This follows from Proposition 2. Q.E.D.

Example 1 shows that standard assumptions often guarantee non-bossiness.

Example 1: Production of a divisible public good.

The public good is one-dimensional, Y = iR, . There are two leading cases that
have been studied in the literature. Case 1:v;(y,0;) = 0;b(y), where b is a strictly concave
function. To guarantee that the surplus maximizing y is strictly positive, suppose
b'(0)>0 andc’(0)=0. Case 2: Let g(x) be a function which is strictly concave, reaching a
maximum at x = 0, and suppose v;(y,0;) = g(y —6;). There is no cost of producing the
public good, ¢(y)=0. This is the case of single-peaked preferences, where 6; is agent
i's “peak”, i.e., his most preferred level of the public good. As long as all 6; are strictly
positive, the surplus maximizing level of the public good is strictly positive.

In both case 1 and case 2 of Example 1, if yf(e) = yf(e;,e_i) then 6! =6;, so
obviously f(0)= f(0:,6_;). From Lemma 3 it follows that all Groves-Clarke
mechanisms are non-bossy and will securely implement the social surplus maximizing

decision.

Example 2 shows that corner solutions do not necessarily mean that secure

implementation is impossible.
Example 2: Allocation of a divisible private good in fixed supply.

One unit of a divisible private good called “cake” is to be shared by the agents.

(In addition, transfers of “money” are possible). The social decision is denoted
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y=(Y1,Y2,...,Y,), Where y; is agent i’s share of the cake. Feasibility requires y > 0 and
2.;yi = 1. Valuation functions are of the form v;(y,6;) = 0;b(y;), where b is a strictly
emin emax]

increasing and strictly concave function, satisfying b(0) = 0. Suppose ®; =

where
(6.3)  6™Np(0)>0Mp(1).

Inequality (6.3) guarantees that the social surplus is never maximized by giving
all of the cake to one agent. However, with three or more agents, it may be optimal to
give no cake to some agent, so Lemma 3 does not apply. The social surplus »,0;b(y;)
is to be maximized subject toy 20and }.y; =1. Let A >0 denote the Lagrange
multiplier for the resource constraint. The maximum is found by solving the first order
condition,

64) 0b'(yi))<A, y; 20, y;(A—06;0'(y;))=0for all i.

Suppose the function ¢; in (6.2) is a constant, so the transfer of money to agent i is
(65) H(0)=3,.,0b(y](9)+constant.

We claim that in this case the Groves-Clarke mechanism satisfies the rectangular
property. Indeed, suppose u;(f(0))=1u;(f(0;,6_;)) for all i. This implies that for all 7,
either 0} =0; or agent i gets no cake, yif (0:,6_;)= yif (8)=0. Therefore, the first order
condition (6.4) still holds when 6 is replaced by 6’ , without changing A or y, so

y/ (0" =y/ (). Moreover, (6.5) implies ¢/ (0")=+/(0), s0 f(0')= £(0) (recall that

b(0)=0). Thus, the rectangular property holds, and secure implementation is achieved.

Example 2 illustrates the difference between implementation in strictly
dominant strategies, and secure implementation. In Example 2, telling the truth is not a
strictly dominant strategy, because an agent who gets no cake may still get no cake -
and the same transfer of money - after a small change in his type. However, this does

not prevent secure implementation, as long as the change in his type does not change
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anyone else’s transfer. This is why ¢; must be constant. (If ¢; is not a constant then it
can happen that tf(e’) # tf(e) even though yf(e’) = yf(e) )

If (6.3) does not hold, then the Groves-Clarke mechanism with constant ¢; will
still be non-bossy. However, the rectangular property will be violated. Since one agent
may consume all of the cake when (6.3) is violated, u;(f(0))=u;(f(6},0_;)) implies
either 6; =90; or yif((?){,e_i) = yif(e) =0 or ylf(e;,e_i) = yif(e) =1. But this no longer
ensures that the first order condition (6.4) holds when 0 is replaced by 0. Therefore,
f(0)# f(0) is possible. Intuitively, there can be bad Nash equilibria where one agent
exaggerates his valuation of cake and receives all of it, while all the other agents report

very low valuations and receive no cake. Notice that this example shows that, in

general, non-bossiness and strategy-proofness together do not imply the rectangular

property.

Example 3: Serial cost sharing.

The social decision is v =(y1,Y2,...,Y;;), Where y; is agent i’s consumption of
divisible “cake”. But unlike Example 2, now cake can be produced (using money as
input). The cost function is c(y) = C(2_;y;), where C is strictly increasing, differentiable
and convex. Each valuation function v; is strictly increasing and strictly concave in y;
(but doesn’t depend on y; for j#i). Moulin and Shenker (1992) define serial cost
sharing and show that this SCF is strategy-proof and can be Nash implemented by an
indirect mechanism. In general, the two properties of Nash implementability and
strategy-proofness together do not imply the rectangular property (which requires
double implementation by the same mechanism). However, serial cost sharing does
satisfy the rectangular property. Suppose u;( f(0%))=u;(f(0;,07;)) forall i eI. The
definition of serial cost sharing implies f(0")= £(0;,07;) for all i eI . This implies that
if y/(6")>0 then dv;(y/(67),0;)/ dy; = d0;(y” (6%),07) / y;. Tf y/ (6") =0, then

av(y (0),0,)/ dy; < C'( Zy (6")) and av(y (0),07)/dy; <C’ Zy] (6)). In either
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case, f(0")= f(0), so serial cost-sharing is securely implementable. Notice that in this

example, there is no need for any assumptions that rule out corner solutions.

7. Discrete Social Decisions

The previous section showed that surplus-maximizing social choice functions
can be securely implemented in many quasi-linear environments with divisible public
or private goods. In this section, we show that secure implementation is more difficult
if the set of social decisions is discrete. Consider a quasi-linear environment as in
Section 6, but now Y is a finite set. For convenience, Y = {0,1}, and ¢(0)=¢(1)=0. (The
arguments can be adapted to any discrete Y.) We normalize so v;(0,0;)=0 for all ¢,.
Thus, agent i’s preferences are characterized by v;(1,6;), the value to him of social
decision y =1. Without loss of generality we may suppose v;(1,0;) =6; for all 9. We
assume @; can be any real number.

Notice that if by chance >*;_;0; =0, then both y=0 and y =1 are surplus
maximizing. In this situation, it may be unreasonable to assume that the social choice
rule is single-valued. Thus, we will allow f to be a multi-valued social choice
correspondence (SCC). The definition of secure implementation when fis an SCC is the
same as Definition 1. (Thus, we require “full” implementation in dominant strategy
equilibria and Nash equilibria). Notice that for implementation in strictly dominant
strategies, the issue of multi-valuedness would be moot because a strictly dominant
strategy must be unique. However, in this paper we consider domination in the weak
sense, and a given type of player may have several (weakly) dominant strategies.
Moreover, even if each player has a unique dominant strategy, there may be multiple
Nash equilibria (some of which are in dominated strategies). Secure implementation
does not require a unique Nash equilibrium, but it does require that all Nash

equilibrium outcomes are socially optimal (see Example 4 below).
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We again use the notation £(0) = (y/ (0),¢{ (0),} (6)...,t () , but now y/ (6)
and tl-f (6) are the sets of optimal decisions and transfers, respectively. The SCC fis
surplus maximizing if . ;0; <0 implies yf(e) ={0},and Y ; 6, >0 implies
yf (0)={1}. No restriction is imposed if )" ;_;6; =0. For a mechanism ¢:5S— A, let
2(5)=(y3(s),t8(s)) denote the outcome, where y8(s) is the chosen public project and
t8(s) the profile of transfers.

To see that some interesting social choice correspondences can be securely
implemented, even with a discrete set of public decisions, consider the following “veto

rule”.

Example 4: A veto rule.

Consider the following SCC. There are no transfers. The public decision y =0 is
always socially optimal. The public decision y =1 is socially optimal if and only if
0; 20 for all i. Intuitively, y =0 is a “status quo” outcome which is always socially
acceptable, but the social project y =1 is acceptable to society if and only if all agents
prefer it to the status quo. (With this interpretation, the SCC is the “individually
rational” correspondence.) This SCC is securely implemented by the following
mechanism. Each agent says O or 1. If all say 1, y =1 is implemented. If at least one
agent says 0, then y =0 is implemented. Notice that the dominant strategy is to say 0 if
0; <0 and 1 if 6; >0. Both strategies are dominant if 6; =0 . There are no “bad” Nash
equilibria, because each agent can “veto” the outcome y =1. The “veto rule” is non-
dictatorial: for each agent i, there is a profile 0 such that agent i strictly prefers y =1,
but the unique socially optimal decision is y = 0. However, it does not maximize the
surplus, because y =0 is socially acceptable even if 0; >0 for all i. We now show that
in fact surplus maximization cannot be achieved in this environment. Notice that this
negative result holds, even though we do not require budget balance (i.e.,, > t; #0 is

allowed).
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Theorem 5. Consider the quasi-linear environment with Y = {0,1}. There is no SCC which is

both securely implementable and surplus-maximizing.

Proof: Suppose fis surplus-maximizing. In order to obtain a contradiction, suppose it is
securely implemented by a mechanism g.

Fix a type profile 8 and choose s; € DS;g (6;) for each j. Surplus maximization
implies that for any i, y8(s)=0 if 0; satisfies

(71) 61- < z]ﬂG] .
If 0, satisfies

(72) ei>z]'¢i6j
then y&(s)=1. Moreover, if (7.1) holds, then any s; € DS;g (6;) must give agent i the
same transfer, say tig (s)= t? (5_;). (Otherwise, the strategy that gives the lowest transfer
and the same public decision y$(s)=0 could not be a dominant strategy). Similarly, if
(7.2) holds, then any s; DSZg (6;) must give agent i the same transfer, say tlg (s)= tl-l(s_i) .

Suppose 0 is such that »;_ 6; > 0. Define a new profile 8" as follows. For

ie{1,2}, define 0} =-> —£<0;,where ¢>0.Let 0, =6, forall i>2. For each i,

=9
choose s! eDS;g(Gg) . Clearly, >, ;0; <0. Moreover, for i €{1,2}, ; + z].#.(%)']- <0. For
all i, we have chosen s; € DSlg (6;) and s/ e DSlg (6}) . By surplus maximization,
y8(s')=0 and y8(s;,s.;)=0 for i €{1,2} . We now claim that, for i €{1,2}, if agent i's
true type is 6; then s} € DSlg (0}) is a best response against s’ ;. Indeed, choosing s!
would result in payoff t? (s.;), because the social decision would be y&(s’)=0. But this
is also what is obtained by choosing s; € DSlg (0;), because y&(s;,s’;)=0. Therefore, s}
is indeed a best response against s’ ; for i €{1,2} when his true type is 0;. Forall i>2,
0;=0; and s{ eDS?(0})=DS?(0;). Therefore, s’ eN8(0). But y(s')=0 even though

2.i19i >0, which contradicts the definition of surplus maximization. Q.E.D.
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Notice that the proof of Theorem 5 in effect replicates the proof that the
rectangular property is necessary for secure implementation, and then shows that the
rectangular property is violated.

To further illustrate the impossibility of combining secure implementation with

surplus maximization in the discrete environment, we consider a well-known example.

Example 5: Auctioning an indivisible object.

Suppose the social decision is to allocate a private indivisible object among two
agents. Agent i's true value of the object is 0; >0 if she receives it, and 0 otherwise
(1=1,2). Consider the second price auction (Vickrey (1961)). Suppose 61 >6, >0.In
order to maximize the surplus, agent 1 should win the object. Figure 1 shows that the
set of Nash equilibria is quite large. The lower-right part of the set of Nash equilibria is
the “good set” in the sense that agent 1 receives the object. However, the upper-left
part of the set of Nash equilibria is “bad” in the sense that agent 2 receives the object,

so the social surplus is not maximized.

Link to Figure 2

8. Single-Peaked Voting

Section 6 showed the possibility of secure implementation when the social
decision is concerned with continuous variables, such as divisible public or private
goods. However, the mechanisms relied on the existence of “money” for side-
payments. We now show that if there are no side-payments, the results are negative,
even if the social decision is a continuous variable.

Consider a single-peaked voting environment. The set of alternatives is A =[0,1],
and the set of possible preference relations consists of all those that are continuous and
single-peaked on A. Let p(u;) denote the “peak” of u;, i.e., the top ranked alternative

in A, which is assumed to be unique. Single-peakedness implies that u; is strictly
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increasing before p(u;) and strictly decreasing afterwards. Let Range( f) denote the
range of f. By Lemma 1 in Barbera and Jackson (1994), Range(f) is closed. Let
a=min{x:x € Range(f)} and b =max{x:x € Range( )} denote the smallest and largest
elements in Range( f), respectively. Notice that fis constant if and only if a = b.

In the single peaked voting environment one can find dominant strategy
implementable social choice functions with good properties, the leading example being
the median voter rule (see Barbera and Jackson (1994)). This SCF is both non-dictatorial
and Pareto efficient. Unfortunately, if a Pareto efficient social choice rule can be
securely implemented, then it must be dictatorial. This is true even if we allow the
social choice rule to be multi-valued. Before proving these negative results for secure

implementation, we will prove two lemmas.

Lemma 6. Let f be a securely implementable non-constant SCF in the single peaked voting
environment. There is an agent i and an alternative y € Range(f), y >a, such that f(u)=y

whenever p(u;) 2y = p(uj) forall j #1i.

Proof: Let u' be any profile such that p(u}) =a for all i, and let u” be any profile such
that p(u)="b for alli. Strategy-proofness implies f(u')=a and f(u")=b,and b=a
since fis not constant. If f(u!,u’;)=a for all i, then the rectangular property implies
that f(u")=a, but this contradicts f(u")="b. Thus, there is an agent, say agenti=1,
such that f(uf,u’1)>a. Define y = f(uf,u'q).

Now let u; be any utility function such that p(u1) >y . Consider f(uq,u’q).
If f(uq,u'q)>y, then ui(f(uq,u’q))>ui(f(uf,u')), and if f(uq,u’q)<y, then
uq(f(uf,ulq))>uq(f(uq,u’q)). Since in either case we have a contradiction of strategy-
proofness, we conclude that f(uq,u’q1)=y.

Now, for each j>2,let u; be any utility function such that p(u;) <y . Consider

flug,ujuly ) X fug,ug,uly ) >y, then u(f(ug,ufuly ;) > ui(f(ug,uj,ulq,)), and
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if f(ug,ujuly )<y, then wj(f(uy,uj,uly j))>uj(f(uy,uj,ulq ;). Since in either case we
have a contradiction of strategy-proofness, we conclude that f(uq,u;,u’q ;)=y for
allj>2.

The rectangular property implies that f(u#)=y . Thus, f(4) =y whenever

p(u)zy= p(u]-) forallj>2.Q.E.D.

Lemma 7. Let f be a securely implementable non-constant SCF in the single peaked voting

b

environment. There is an agent i such that f(u) = a whenever p(u;)=a, and f(u)

whenever p(u;)=b.

Proof: Without loss of generality, suppose agent i =1 is the agent identified in Lemma
6, and y the alternative identified in the same lemma. Let u' be any profile such that
top(u})=a foralli, and let % be any profile such that p(ii;) =y foralli. Then f(u')=a
by strategy-proofness, and Lemma 6 implies f(#)=y . If f(u},u_;)=y for all i, then the
rectangular property implies that f(u") =y, but this contradicts f(u') = a. Thus, there is
an agent i such that f(u/,1_;)# y. Lemma 6 implies that in fact i =1. Strategy-proofness
implies f(uj,u_q)<y. Let z= f(uy,1_1)<y.We will show that z=a.

It is impossible that z <a because a = min{x:x € Range(f)}. Suppose z>a.Now
let &1 be a profile such that p(i1;) =z for alli. Strategy-proofness implies f (i) = z . Since
z= f(uj,u_1), strategy-proofness implies f(u4,1;,1_1 ;)= z for all i>1. The rectangular
property then implies f(u4,i_1)=z.

Now consider f(u/,ii_;) for i>1. Strategy-proofness requires f(u!,i_;)<z.
Notice that this inequality holds regardless of i1, as long as p(ii1) = z . Moreover,
f(ul,u_;) is in fact the same alternative for any i such that top(il1) = z . (Otherwise,
there would exist i1y and #; such that p(ily) = p(uq) =z, and f(ii1,u,i_q ;) <
f(uq,ui,iq;)<z.Butthen iy(f(iy,uj,u_y;))< t(f(#,u},i_q;)), contradicting

strategy-proofness.) Suppose w = f(u},il_;) <z <y. But now consider ii; such that
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p(ii1) =z and i1(y)> iy (w). Lemma 6 implies that if p(ii) =y, then f(iy,u{,iu_1;)=y.
But since #11(y) > i1q(w) and w = f(u},i_;), strategy-proofness is violated. This
contradiction implies f(u!,ii_;)=z forall i>1. Since we already have established
f(uq,1_1) =z, we can apply the rectangular property and conclude that f(u')=z.
However, f(u')=a, a contradiction of our hypothesis that z>a . So, we must have
z=a.

The previous paragraph established that f(u},u_1)=a whenever p(ui)=a and
p(i;)=yforall i>1. Now forall i>1,let #; be such that p(ii;) =y, and #;(x) > u;(a)
for all x € Range(f) such that x>a . Consider any agent i >1 and any arbitrary u; . If
flu,ui,uq ;) #a, then u;(f(uy,u;,ti_q ;) > u;( f(u],4;,1u_q ;)), which contradicts
strategy-proofness. Hence, f(uj,u;,1i_y ;)=a forall i>1. The rectangular property
implies f(u},u_1)=a. We conclude that f(u},u_1)=a whenever p(uj)=a.

Exactly the same line of reasoning establishes the existence of an agent i such
that f(u/,u_;)=b whenever p(u})=>b . Obviously, this must be i =1, or else we

contradict the already established fact that f(u],u_1)=a whenever p(u})=a.Q.E.D.

Now we are ready to prove our first negative result for single peaked voting. It

covers the case of single-valued social choice rules.

Theorem 7. Let f be a securely implementable SCF in the single peaked voting environment.

There is a dictator on Range(f), i.e., an agent i such that for all u and all x € Range(f),

ui(f(u)) 2 ui(x).
Proof: Since the result is trivial if fis constant, suppose fis securely implementable but

not constant. Lemma 7 identifies an agent i such that f(u)=a whenever p(u;)=a,

and f(u)=b whenever p(u;)=b . Without loss of generality suppose this is true for i =
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1. Fix any x e Range(f). Let u' be such that p(u}) = xfor all i, and let u be an arbitrary
profile. The theorem is proved by showing that f(u{,u_1)=x must necessarily hold.

Strategy-proofness implies f(u') = x . Fix any i>1. We will show that
fuj,u’;)=x.1f p(u;) =x, then f(u;,u’;)=x by strategy-proofness. Suppose instead
that p(u;) > x . Then strategy-proofness implies f(u;,u’ ;)= x . Notice that this inequality
holds regardless of u}, as long as p(u])=x . Moreover, f(u;,u’;) is in fact the same
alternative for any uj such that p(u{) = x . (Otherwise, there would exist u{ and uf
such that p(uq) = p(uf) = x,and f(uj,u;,u’q;)> f(uf,u;,u’q;)>x.But then
uy(f(uq,ui,ulq ;) <uj(f(uf,u;,ulyq;)), contradicting strategy-proofness.)

Now suppose z = f(u;,u’;)>x. But consider 1] such that p(u])=x, and
uj(a)>uj(z). If 1y is such that p(uy) =a, then f(iq,u;,u’q;)=a by Lemma 8. But then
uy (f(uq,ui,ulq ;) > vy (f(uy,u;,ulq ;)), contradicting strategy-proofness. This
contradiction shows that we must have f(u;,u’;)=x whenever p(u;)> x. A similar
argument establishes that f(u;,u’;)=x whenever p(u;) <x. We conclude that, for all

i>1, f(u;,u’;)=x forall u;. The rectangular property implies f(uj,u_1)=x. Q.E.D.

As in the previous section, there exist non-dictatorial social choice
correspondences that can be securely implemented. For example, a “veto rule”, similar
to Example 4, with some arbitrary alternative designated as status quo, can be securely
implemented in the single-peaked voting model. However, this SCC is not Pareto
efficient. More generally, in this environment an SCC is either single-valued, in which
case it must be dictatorial by Theorem 7, or it is Pareto inefficient. This is our second

negative result for single-peaked voting.

Theorem 8. Let f be a securely implementable SCC in the single peaked voting environment.

Then fis either single-valued or Pareto inefficient.
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Proof: Suppose fis a securely implementable SCC which is not single-valued. Then
there is u such that f(u) contains at least two distinct alternatives. If fis securely
implemented by mechanism g, then there must be two strategy profiles s,s’ € DS8(u)
such that g(s) # g(s') . Then, there must necessarily exist alternatives 4 and b, and an
agent 7, such that g(si,...,5.;,5;,5i41,---,5,)=a but g(s1,...,5.;,5,5i41,.--,55) =b#a. We
may choose labeling so that i=1,and b>a.

Thus, we have s e DS8(u), g(s)=a, (s{,5_1) e DS8(u) and g(s],s_1)=b>a.
Since sq,s] € DSf(ul) , it must be the case that a <p(u1)<b and uq(a)=uq(b).

Let L={j:p(u;)<a} be the set of agents whose peaks, in the profile u, are
(weakly) to the left of a. Suppose 2 €L, and suppose u; is such that a < p(u3)<b and
uz(a)>uz(b). Let s5 e DS5 (u3).

Claim: g(s1,53,5_12)=a.

To prove the claim, we consider the various possibilities.

Casel: a< g(sl,s;,s_llz) <b.Since s1,s] € DSlg(ul) , we must have
”1(8(51r5;r5—1,2)) = ul(g(s’l,s;,s_llz)) . Therefore, a < g(si,s;,s_llz) <b.But
8(s1,82,5-12)=b and 2 €L, so uz(g(si,s;,s_llz)) >uy(8(s1,92,5-1,2)) - However, this
contradicts s, € DS§ (112) . Therefore, case 1 is impossible.

Case 2: g(sl,s;,s_l,z) <a=g(s). This case is impossible because p(u3)>a and
s € DS§ (u3).

Case 3: g(sl,s;,s_llz) >b . But then, u5(g(s)) > us(b) > ué(g(sl,sz,s_lz)) , which
contradicts s, € DS§ (u3).

Since cases 1,2 and 3 are all impossible, the claim is true.

The claim establishes g(s1,s3,5_1)=a. Since sq,s] € DS{Z (11), it must be the
case that u7(g(s1,55,5_1 2)) = u1(a). This means that g(s{,s3,5_1 ) can be either a or b.
Suppose g(s{,53,5.12)=a.But, g(s],s_1)=b.Since 2 €L we have u(a)> uy(b), which

contradicts sy € DS§ (up). Therefore, we must have g(s’l,s;,s_llz) =b.

28



To summarize, we have shown that (sy,s_5) € DS8(up,u_y), §(s3,5.5)=a,
(s’l,sz,s_lfz) eDS8(u3,u_y) and g(s’l,sz,s_lrz) =b>a . This puts us back in our original
position, except that the L set has one fewer member after u, is replaced by u5
(because p(u3)>a). We can repeat the same argument for each j eL: we let u}‘ be such
that a<p(uy)<b and u’;(a) > u;(b), and we pick s}f € DS}g (u;‘) . After having exhausted
all the members of L, we obtain sj = {s;f} jeL » Where s}f € DS}g (u;‘) for each jeL, and
g(s_1,57)=a. Since g securely implements f, a € f(u_; ,u; ). However, by definition of L,
when the utility profile is (u_r ,u; ), all agents have peaks strictly to the right of a.

Therefore, a is not Pareto efficient. Q.E.D.

9. Concluding Remarks

Many researchers believe that if truth telling is a dominant strategy, then every
agent will adopt it. However, we believe this issue should be decided by experiments.
In Cason, Saijo, Sjostrom and Yamato (2003), we conducted experiments on two
strategy-proof mechanisms: the pivotal mechanism with two agents and a binary
public project that has a continuum of Nash equilibria, and a Groves-Clarke
mechanism with two agents and single-peaked preferences that has a unique Nash
equilibrium. We found that subjects played dominant strategies significantly more
frequently in the secure Groves mechanism than in the non-secure pivotal mechanism.
This makes us optimistic about the future of mechanism design. The negative
experimental evidence mentioned in the introduction was based on mechanisms that
are not secure (such as the second price auction). In these experiments, there may have
been insufficient pressure on the players to adopt their dominant strategies, and
deviations may not have been punished by big payoff losses (for a discussion, see
Cason, Saijo, Sjostrom and Yamato (2003)). Imposing stricter requirements than simply
strategy-proofness may turn out to be the key to successful applications of mechanism

design.

29



References

Attiyeh, G., Franciosi, R. and Isaac, R. M. (2000) "Experiments with the Pivotal Process
for Providing Public Goods," Public Choice, 102, 95-114.

Barbera, S. and Jackson, M. O. (1994) "A Characterization of Strategy Proof Social
Choice Functions for Economies with Pure Public Goods", Social Choice and

Welfare, 11, 241-252.

Bergemann, D. and Morris, S. (2003) “Robust Implementation: The Role of Large Type
Spaces,” mimeo.

Bergemann, D. and Morris, S. (2004) “Robust Mechanism Design,” Cowles Foundation
Discussion Paper No. 1421R, Yale University.

Cason, T., Saijo, T., Sjostrom , T, and Yamato, T. (2003) “Secure Implementation

Experiments: Do Strategy-Proof Mechanisms Really Work?” Social Science
Working Paper No. 1165, California Institute of Technology.

Clarke, E. H. (1971). "Multipart Pricing of Public Goods," Public Choice, 2, 19-33.
Gibbard, A. (1973). "Manipulation of Voting Schemes," Econometrica, 41, 587-601.
Groves, T. (1973). "Incentives in Teams," Econometrica, 41, 617-31.

Holmstrom, B. (1979). "Groves Scheme on Restricted Domain," Econometrica, 47, 1137-
1144.

Kagel, J. H., Harstad, R. M. and Levin, D. (1987) "Information Impact and Allocation
Rules in Auctions with Affiliated Private Values: A Laboratory Study,"
Econometrica, 55, 1275-1304.

Kagel, ]. H. and Levin, D. (1993) "Independent Private Value Auctions: Bidder Behavior
in First- Second- and Third-Price Auctions with Varying Number of Bidders,"
Economic Journal, 103, 868-879.

Kawagoe, T. and Mori, T. (2001) "Can the Pivotal Mechanism Induce Truth-Telling? An
Experimental Study," Public Choice, 108, 331-354.

Maskin, E. (1979) “Incentive Schemes Immune to Group Manipulation,” mimeo.

Mizukami, H. and Wakayama, T. (2004) “Dominant Strategy Implementation: A
Characterization,” mimeo.

Moulin, H. and S. Shenker (1992) “Serial Cost Sharing,” Econometrica, 60, 1009-1037.

Myerson, R. (1981) “Optimal Auction Design,” Mathematics of Operation Research, 6, 58--
73.

30



Repullo, R. (1985) “Implementation in Dominant Strategies under Complete and
Incomplete Information,” Review of Economic Studies, 52, 223-229.

Satterthwaite, M. and Sonnenschein, H. (1981) "Strategy Proof Allocation Mechanisms
at Differentiable Points," Review of Economic Studies, 48, 587-97.

Sprumont, Y. (1991) “The Division Problem with Single-peaked Preferences: A
Characterization of the Uniform Allocation Rule,” Econometrica, 59, 509-519.

Vickrey, W. (1961) "Counterspeculation, Auctions, and Competitive Sealed Tenders,"
Journal of Finance, 16, 8-37.

Yamato, T. (1993) "Double Implementation in Nash and Undominated Nash
Equilibria," Journal of Economic Theory, 59, 311-323.

31



F(ug, uy) f (U, u,)
Up pe Qs o
T e S
f(u,u,) ~1 f(u,u,)
u 0, "

Figure 1. Rectangular Property



Agent 2's bid

A

Bad

Nash
area /// true Value

7/
7/
4
4
4
4
4
1 “
e o e va

1

1

1
' °
4 E
4 H
4 H
7/ H
4 £
4 H

4
7/
7/

Good Nash
area

> Aagent 1's bid
0 0, 01 °
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