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A bstract

W eproposeamodelofthephenomenonofpersuasion.W earguethatindividualbeliefs
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\ listento"relativetootherindividuals.Suchagentscanbeunderstoodtobeactingas
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information,eventhoughtheymaynot.W eanalyzedynamicsandconvergenceofbeliefs,
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initialbeliefs,andtheseweightscanbeinterpretedasameasureof\ in° uence."W ethen
exploreimplications inanassettradingsetting.H erewedemonstratethatagentsprō t
from beingin° uentialaswellas beingaccurate.W henagents'choiceofwhom tolisten
tois endogenous,weshowthatanindividual's in° uencecanbepersistent,eventhough
theindividualmaybeinaccurate.
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1 Introd uc tion

Itiswellknownthatinafullyrationalmodel,thebeliefsofindividualsmustfollowmartingales.1

A nindividualwhoanticipatesafuturechangeinherexpectedbeliefsshouldincorporatethis

intobeliefs immediately. N onetheless,thereseems tobeawidevarietyofsettings where

individuals'beliefschangeinex-antepredictablemanners.Individuals frequentlyappearto

believestatements suchas:\ IfI associatewithacertaingroup,I am likelytoagreemore

withtheirbeliefs";\ IfI choosetoattendschoolA ,I willlikelydevelopan À -school'styleof

thought";and,\ as I age,I am likelytobecomemoreconservative".

M oregenerally,inawiderangeofsettings,theactivityofpersuasionappears toa®ect

listeners'beliefs inapredictablemanner,towards thedirectionofthepersuader.W hether

itis aspeakergivingalecture,anattorneyarguingforaclient,oranewspapereditorial,

commonobservationsuggests that,onaverage,sucharguments aremorelikelytoconvince

thantodissuade.Inafullyrationalmodel,however,oncesomeonestatestheirposition,there

shouldbe,onaverage,noscopeforpersuasion,providedthatthelistenerhas anunbiased

assessmentoftheaccuracyofthepersuader'sviews.A ttemptsatpersuasionarejustaslikely

todriveanopinionawayfromthepersuaderastowardsher.

O fcourse,thefactthatapersuadercana®ectalistener'sopinion,bypresentingunex-

pectedlygoodevidenceforhisviewpoint,is notitselfaviolationofrationality.Evenifthe

listenerhas anunbiasedassessmentofhowstrongthepersuader's evidenceis likelytobe,

ifthepersuaderhasa\ gooddraw"ofconvincingevidence,onewouldexpecthisarguments

tohavean in° uence.T hus,forexample, ifapersuaderis betterinformedthanexpected,

thepersuadermaybeabletoanticipatehis informationwillmoveother'sviewstowardshis

own.A nd in settingswhereitis inhis interestforothers tohavesimilaropinions { be it

forpolitical,social,ormarketreasons { hewillhavean incentivetoengageinpersuasion.

W ithfullrationality,suchactivitywouldonlybebenē cialwhenone's informationisbetter

thanexpected.N onetheless,ifthelackofsuchactivitywastakenasasignaloflowquality

information,therecouldexistastandardfullyrevealingsignalingequilibriumwhereevery-

onechoosestopersuade,eventhoughsuchactivityonaveragehasnoe®ect,lestindividuals

otherwiseinferthatone'ssilencesignals informationofaverypoorquality.

Suchanexplanation,however,seemstofallshortofexplainingmuchpersuasiveactivity.

W hileitmaybetruethatonesideofanargument{ thatwiththebettercasethananticipated

{ would benē tfrom persuasive activity, often both sides appeartobe e®ective in their

persuasion.T hatis,bothsidesseemtoa®ectintheirfavortheopinionsofthosewithwhom
1See for example,B rayand K reps(1987).
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theyinteract.Forexample,undercompleterationality,themoderatereaderoftheliberal

newspapershouldbejustaslikelytorejecttheviewshereadsastoadoptthem.H eshould

realizethat, even ifhe is notreadingtheconservativenewspaper, itis likelytohavean

opposingposition,thathe,as amoderate, is likelyto n̄dequallycompelling.B uttothe

contrary,observationsuggeststhatsuchamoderatereaderisinexpectationlikelytobecome

moreliberalifsheregularlyreadstheliberalnewspaper,whileasimilarmoderatereaderof

aconservativenewspaperismorelikelytoadopthis paper's conservativeviews.2 L ikewise,

itis hard tobelievethatactivities such as goingtocollege,joiningthemilitary,working

inaprofession,etc...,donotsystematicallya®ecttheaverageindividual'sbeliefsonmany

issuesinpredictablemanners.Ingeneral,individuals'viewstypicallyseemtoevolvetowards

standardviewsofgroupswithwhichtheyregularlyinteract.

Similarly,thenotionthatpersuasiveactivitymakesalistenermoresympathetictoanidea,

independentofitsmerits,seemstounderliemotivationsforcensorshipandpropaganda.IfI

believemyviewsarecorrectandsomeoneelse'sarewrong{ orevenharmful,whyshouldn't

I a®ordmyopponenteveryopportunitytospeak,sincethis shouldinexpectationserveto

convince the listenerthattheyhad overrated this opposingview? In contrast, however,

underlyingtheimpulsetocensorisclearlythenotionthatwhenindividualspropoundthese

views,theywillbemorelikelytoconvincelisteners thantodissuadethem.L ikewise,the

useofpropagandaseemsbasedonthenotionthatrepeatedexposurestoaviewarelikelyto

a®ectbeliefsinapredictablemanner.Suchaviewcertainlyseemstounderliemuchmarketing

activity.A longsimilarlines,adebatewithoutequaltimeforeachside,oracriminaltrial

wherethedefensewasnotallowedtopresenttheircasewouldgenerallybeconsideredunfair.

Yetifitwasunderstoodthatsuchruleswereimposedexogenously,theyshouldnota®ectthe

averageoutcomeinasettingwherebeliefsfollowmartingales.A fterhearingtheprosecution,

thejuryshouldhaveabeliefaboutthemeritsofthedefendant'scase,whichisnomorelikely

tobestrengthenedthanweakenedbyhearingthedefense.3 Inpractice,however,suchnotions

seem counterfactual.R ivalviewpoints generally ḡhtfor\ airtime,"politicalspendingdoes

in° uencecampaignoutcomes,andattorneysdoswayjurieswiththeirarguments.

W hatalltheseexamples have in common is thenotion thatrepeated exposuretoan
2It isofcourse,not surprisingthat lib eralsand conservativesmay choose to read new spaperssimilar to

their politicalview { iffor no other reasonthantheyinfer their respec tive new spaper w illb e more ac curate.
How ever,thisd oesnot explainw hynew spapersw ith opposite positionssimultaneouslymove their respec tive
read ers'opinionsinopposite d irec tions.

3Infac t,ifthe c riterionfor convic tionisthat the jury'sposterior assessment ofguilt liesinanexogenously
d etermined low er tailofthe d istribution(\b eyond a shad ow ofa d oub t"),thenhearingthe d efend ant'scase
w illraise the prob ab ility ofconvic tion.T hisfollow sfrom notingthat anynew informationlead sto a mean-
preservingspread ofthe assessment ofguilt,raisingthe likelihood ofa tailevent.
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opinionislikelytoa®ectindividuals'beliefs.IfI explainthebasisformyopiniontoyou,on

average,youaremorelikelytoadjustyouropiniontowardsminethanawayfrom it.A nd

interactingregularlywithahomogenouscrowdislikelytoleadonetomoveinthedirection

ofthis crowd's views.Evidenceforsuch a salience bias is pervasive in thepsychological

literature.4 O nesimpleexplanationforpersuasivee®ects is thatindividuals givetoomuch

weighttotheviewsthattheyhearrelativetotheonestheydon'thear.A gentsmaysimply

notunderstandthefullstructureoftheirenvironment,andconsequentlymaybelievethat

thosetowhom theylistencompriseamorerepresentativesampleofbeliefs than infactis

thecase.Intuitively,agents maynotrealizetheextenttowhichthecrowds inwhichthey

associateandtheassumptionsmadebypeersarenotrepresentative.5

A s an introduction tothemodelofpersuasionwewilldevelop,considerthefollowing

extremelysimpleenvironment.Supposetheuncertainparameterthatindividualsareforming

opinionsaboutrelatestotheprobabilityofheadsfrom aparticulartypeofcoin.Individual

imaychoosetogatherinformationbyconductingsomenumberoftrials,ni,andobserving

thefrequencyofheads,xi.

Supposenextthatindividuals i and j meet.T heyeachhavedi®erentinformation,xi
andxj,andthuswillingeneralhavedi®erentopinions.Individualjmaytryto\ persuade"

individuali byrevealinghis information.Ifindividuali \ listens to"individualj,thenan

obviousupdatingrulefori touseis

x̂i=
ni

ni+ nj
xi+

nj
ni+ nj

xj (1)

W ewillanalyzeupdatingrules ofthis form,and in factshowthatifindividuals dolisten

torepresentativesamples from theentirepopulation,suchanupdatingrulewillleadtothe

correctultimateposteriorbeliefs.

O n theotherhand,notethatifi and j's currentinformationdepends upon previous

interactionswithothers,thisupdatingruleisnotnecessarilyBayesianinthesensethatthere

isnoattempttoadjustforpotentialover-samplingofcertaininformation.Forinstance,ifi

andj bothpreviouslylistenedtoindividualk,thentheupdatingruleabovewille®ectively

\ doublecount"this information. In such acircumstance, individualk's beliefs willhave

unduein° uenceonthebeliefsofindividuals i andj.
4See,for example,T versky and K ahneman(1973).Nisb ett and Ross(1980 ) and Fiske and Taylor (1984 )

provid e a review ofthisliterature.Also closelyrelated isthe notionofcon̄rmatorybias,w herebyind ivid uals
interpret the evid ence theyobserve inac cord w ith their prior b eliefs.See for example Lord ,R ossand Lepper
(1979).R ab in(1998) provid esb oth anoverview ,and a d iscussionofapplicationsinec onomic contexts.

5For anearlyd iscussionofthispossib ilityinthe psychologyliterature,see Ross,G reene and House (1977).
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Itis inthis sensethatweattempttomodelthephenomenonofpersuasion.W eassume

thatindividualsuseaheuristicupdatingrulesuchas(1)above,withoutproperlyadjusting

forthefactthatthesampleofindividualswhomtheylistentomaybenon-representativeof

thepopulationasawhole.T hus,repeatedsamplingofinformationfromthesameindividual

orgroupofindividualswillresultinthatindividualorgrouphavingin° uenceoverthebeliefs

ofothers.Inthecontextoftheexamplesdescribedabove,listeningrepeatedlytolike-minded

colleaguesorthesameconservativeauthors(orindividualswhoreadthoseauthors)willtend

toswayone'sopinionstowardsthatgroup.

Thus,persuasionbias in ourmodelresults from thefactthatnotallindividuals com-

municatewitharepresentativesampleofthepopulation,andthattheydonotadjustfor

this intheirupdatingrule.W hilethis isnotfullyrational,weclaim itis \ near-rational"in

thesensethatthisupdatingruleleadstocorrectinformationaggregationunderthesimpler

modeloftheworldthatsamplesarerepresentative.M oreover,itseemsto t̄wellwithav-

eragebehavior.Forexample,whenlisteningtotheopinions ofothers,mostindividuals do

notappeartoputlessweightontheopinionsofthosewhoreadthesamenewspaperasthey

do{ thoughtheyshouldsinceotherwisethatcommoncomponentoftheinformationwillbe

over-represented.

A gain,onejustī cationforourmodelisthatindividualsbelievetheycommunicatewith

arandom sample ofthe population when they donot. A n alternative interpretation of

ourupdatingruleis thatindividuals believethatonlyasubsetofthepopulationpossesses

usefulinformationworthlisteningto,andthatthebeliefsoftheremainderofthepopulation

consistofuseless noise.Thus,eventhough individualsmayrealizethattheydonotlisten

toarepresentativesampleoftheentirepopulation,theymaybelievethattheylistentoa

representativesampleofthe\ right"people.Forexample,theeconomistmightdismissout

ofhandthemarketanalystwhobeginshisargumentwithchartistnotions,whilethechartist

mightinturndismisstheviewsofanyonesubscribingto\ crazy"academicnotionsofmarket

e±ciency.Insofaras allindividuals'assessmentofwhodoes notpossess usefulinformation

isnotcompletelycorrect,ourpersuasionbiaswillfollow.Inthiscase,individualsknowthat

theindividuals thattheylistentodonotcorrespondtoarepresentativesample,yetthis is

justī edgiventheirmodeloftheworld.

W etakesucha\ persuasionbias"asaprimitiveinourmodel,andexamineitsimplications

forthedynamicsofbeliefs ingeneralandanassettradingmarketinparticular.InSection2

ofthepaper,wedevelopaformalmodelofthisenvironment,andshowthatifallindividuals

listentounbiasedsamplesofindividualsfromtheentirepopulation,theninformationiscor-

rectlyaggregated.If,however,therearebiasesinthepatternsofcommunication,information
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willbeaggregatedinawaywhichgivestheinformationheldbycertaingroupsofindividuals

moreweightthanthatheldbyothers.Inparticular,wecharacterizethedynamicsofbeliefs

inthepopulation,andshowthatunderasimpleconditiononthepatternofcommunication,

beliefs ofallagents convergetothesamebeliefs,givenbyaweightedaverageofinitialbe-

liefs.T heweightassociatedwithanytype,inturn,canreadilybeinterpretedasthattype's

\ in° uence,"andwillbeseentodependonboththenumberandthein° uenceofthetypes

wholistentothisgiventype.

In Section 3, we incorporateourmodelofpersuasion intoamodelofassetmarkets.

Standardmodelsofassetmarketsgeneratetradingvolumethroughrisk-sharingandliquidity

motives,generally induced bythepresenceofnoise traders. In actuality,however,much

tradingvolumeseemstobegeneratedbecauseagentsbelievethattheycanprocessthesame,

publicinformationbetterthanothers.W emodelthisbyassumingagentsbelievethatonlya

subsetofthepopulationpossessesusefulinformationworthlisteningto,andthatthebeliefs

oftheremainderofthepopulationconsistofuselessnoise.6 T hatis,agentsbelievethatthey

arebetterthanothers inidentifyingtheusefulinformationinthepopulation.

Inourassetmarketmodel,agentslistentotheinformationofothers,updatetheirbeliefs,

andthentradeontheirupdatedbeliefs.W edemonstratethatinthissetting,thereisnotonly

aroleforusinginformationaccurately,butalsoaroleforin° uence.Intuitively,in° uential

agentsmaybeabletopersuadeothersoftheirbeliefs,andintheprocessa®ectpricedynamics

inamannerthatbenē tsthem,eveniftheirinformationisnotparticularlyaccurate.

O neobvious question thatthis suggests is whetherothers willlisten tosuchapoorly

informedbutin° uentialagentinthefuture.T hatis, ifwerepeatsuchagameandallow

agents tochoosewhom tolistentobasedon somemeasureofpastperformance,willthey

choosetokeep listeningtosuchanagent? W etakeup this questionattheendofSection

3.W eshowthatin° uencecanbeself-perpetuating.Inparticular,itcanbeintheinterest

ofagents tolistentoagentswhoarein° uential,even iftheyareinaccurate.Furthermore,

in° uencecangenerallyleadtohigherprō ts.W echaracterizeinsettings inwhichin° uence

canbe\ stable,"inamannertobedē ned.

A numberofliteratures arerelevanttothis paper. M ostcloselyrelated, someofthe

fundamentalelements ofourgeneralmodelofpersuasion have been previouslyanalyzed,

thoughunderasignī cantlydi®erentcontext,motivationandinterpretation.Inparticular,

French(1 956)andH arary(1 959)considerasetupsimilartoourabstractmodelinSection2,
6Hence,w hile there are no ac tualnoise trad ersinthe mod el,the fac t that each agent b elievesthere are is

su± c ient to generate trad e.
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toexamine\ socialin° uence."Thus,ourT heorem2 isgeneralizationoftheresultsofH arary.7

A nd whereas neitherFrench orH arary recognize the characterization forthe convergent

pointinbeliefs thatwe n̄d in T heorem 3,this resultfollows from acombinationoftheir

T heoremswiththecharacterizationsofastationarydistributionofaM arkovchaininFreidlin

and W entzell(1 984), applied tothe specī ccase ofourmodel. W e departfrom French

and H arary inmotivatingtheproblem as oneofpersuasion, inourabilitytocharacterize

in° uence in accordwith thegraphicalstructureofwholistens towhom, in developinga

settingunderwhichthemechanicsofbeliefsfollowfromthebehaviorofnear-rationalagents,

andinthinkingabouttheimplicationsofsuchasettingina n̄ancemarketwithmaximizing

agents.

Thepaperwhosemotivationis perhapsmostsimilartoour n̄anceapplicationis H arris

and R aviv (1 993). L ikeus, theyalsoconsiderasettingwhere investors employdi®erent

modelstointerpretthesamepublicinformation,andarewillingtotradebecausetheybelieve

theyhaveasuperiormodel.8 W edi®erfromthisworkinthatweexplicitlymodelthenatureof

traders'di®erentmodelsoftheworld,andconsequentlyhowinformationwillbedi®erentially

interpreted.M orespecī cally,ouragents'havemodelsoftheworldwhichyieldanimportant

roleforcommunicationandupdatingofbeliefs.A gents inoursettingdounderstandthat

alternativeinterpretationsofpublicinformationmadebyothertradersisofvalue.T hisfocus

onthecommunicationstructureallowsus toderiveimplications fortheroleof\ in° uence"

andtoexplorenaturallythepossibilityoftraders alteringtheirmodels.Incontrast,H arris

andR avivandothersimilarpapersareinsteadprimarilyconcernedwithaverydi®erentset

ofissuesrelatingtothecross-sectionalandtime-seriesrelationshipbetweenpriceandvolume.

A numberofrecentpapers considerthe implications for n̄ancialmarkets ofbiases in

traders'inferenceprocesses. O neparticularmanifestation,commontoD aniel, H irshleifer

andSubrahmanyam (1 998),G ervaisandO dean(1 997)andBenos(1 996),considers traders

whoareovercon̄ dentintheirassessmentoftheirinformation.T hesepapersaresimilarto

ours inconsideringtheconsequences ofpsychologicallymotivatedbiases forassetmarkets.

T heydi®erinthattradersmakemistakes directlyaboutthevalueofrelevantinformation,

andthereisnoroleforcommunication.Incontrast,inoursetting,tradersunderstandtheir
7Ad d itionally,DeG root (1974 ) examinesa mod elvirtuallyid enticalto that ofFrench and Harary.Neither

DeG root,nor the literature that follow sDeG root (see for example P ress(1978) and B erger (1981)) seem to
b e aw are ofthispreviousw ork.Asw ith French and Harary,none ofthisw orkconsid ersthe economic context
ofmaximizingb ehavior nor the applicationto ¯nancialmarketsw hich w e pursue.

8See also K and eland P earson(1992 ) and Hind y(199 4 ) for mod elsw here trad ershave d i®erent mod elsof
the w orld .Similarly,B eltrattiand K urz (19 96) and G armaise (1997) consid er trad e ina settingw here agents
must ob eyrationalb eliefsrather thanthe stronger notionofrationalexpec tations,e®ec tivelyallow ingagents
to b elieve anymod elnot contrad ic table by the d ata.
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owninformationis farfrom complete,andseekouttheinformationofothers.O urtraders

canbeinterpretedtobemistakenabouttherepresentativenessoftheinformationthatthey

obtainfrom others.T his focus ontheconsequences ofcommunicationandupdatingmore

naturallyallowsustoexplorein° uenceandtheevolutionofmistakesovertime.Inmuchof

therelatedliterature,mistakes clearlycosttraderswealthorutility,andhenceareunlikely

tobeevolutionarilypersistent.9

O nerecentliteraturewhichdoesfocusontheevolutionofbeliefsgivenrepeatedinterac-

tionsbetweenagentsisthelargeliteratureonsociallearning.W orkinthisareaassumesthat

agents chooseactions overtime,andbasetheirchoiceon informationreceivedfrom other

agents.T hechoiceofactioncanbeinanon-strategiccontext,whereanagent'sactiondoes

notdirectlya®ectotheragents(forinstance,agentsareconsumerswhodecidewhichproduct

tobuy),orinastrategiccontext,whereagentsplayagamewithotheragents.A gentsmay

observeinformationfromthewholepopulation,ortheremaybe\ localinteractions",where

agents onlyobservetheirneighbors. See, forexample,Ellison (1 993)andFudenbergand

Ellison(1 995)forlocalinteractionsinastrategicandnon-strategiccontext,respectively,and

Balaand G oyal(1 998)forageneralneighborhood structure. A lthough there is aformal

similaritybetweenthis paperandtheliteratureonsociallearning,thequestions askedare

quitedi®erent.T hesociallearningliteraturestudieswhetheragentsadopttheoptimalaction

(inanon-strategiccontext)orconvergetoaN ashequilibrium (inastrategiccontext).By

contrast,this paperstudies howin° uentialeachagentis in a®ectingthelong-runlimitof

others'beliefs,andhowin° uencematters ina n̄ancialmarketsetting.

2 T he DynamicsofB eliefsU nd er P ersuasion

2 .1 R epresentingB eliefs

In developingaformalmodelofpersuasion,onedi±culty involves choosingaconvenient

representationforanagent's beliefs.Ingeneral, ifthereis someunknownparameterµ of

interest,anagenti's beliefs attimetcorrespondtoaprobabilitydistribution F t
i forthis

parameter.

Thedi±cultywiththismostgeneralformulationis two-fold.First,whenmodelingthe

communicationbetweenagents, itis unrealisticallycomplicated fortheagents tocommu-
9AnexceptionisDe Long,Shleifer,Summersand Wald man(1990 ),w hich presentsa mod elw here trad ers

makinga mistake d o make money over time.Inthismod el,some trad ersund erestimate the variance ofa
riskyasset,and therefore over-invest inthese assets.But since riskyassetshave higher expec ted returns,this
lead sto higher expec ted w ealth,eventhough ac tualutilityislow er.
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nicateentire in̄ nite-dimensionaldistributionfunctions.A nynaturalcommunicationmust

involvethereduction toalowdimensionalvector. T he second di±cultycomes from the

aggregationofbeliefs.G ivenagenti'sownbeliefs F t
i andtheinformationfrom agentj,F t

j,

howshouldagenti aggregatethis informationwhenforminghis newbeliefs F t+ 1
i ?Evenif

weassumeagentsareBayesian,thisupdatingiscomplicatedandnon-linearingeneral.

W e introducetwodi®erentframeworks thatallowus tosimplifytheproblem ofrepre-

sentingandupdatingbeliefs.The r̄standmoststraightforwardapproachistoassumethat

theunderlyingparameterµ andallavailableinformationsourceshaveajointnormaldistri-

bution.U nderthisparameterization,itisreasonabletothinkthatagentscommunicatetheir

beliefs usingasimplesu±cientstatisticoftheinformationtheyhaveacquired.M oreover,

thesesu±cientstatisticscanbecombinedviaasimpleweightedaverage.T hisnormal/linear

frameworkisconvenient,andweshallpursueitmoredetailinSection3 whenweimbedour

modelofpersuasionwithinastandardnoisyrationalexpectationsmodelofassetmarkets.

Thenormal/linearframework,whilesimple,isofcourseaveryspecialcase.W ewouldlike

tobuildamodelofpersuasionthatdoesnotrelyonsuchstrongdistributionalassumptions

inordernottorestrictitsapplicability.This ispossibleifinsteadofrepresentingthebeliefs

directlythroughposteriordistributionfunctions,werepresentthem indirectlythroughthe

datawhichgeneratesthosebeliefs.

Inparticular,supposethatindividualslearnabouttheunknownparameterµbygathering

\ evidence"or\ experimental"data.T hatis,eachagentobservestheoutcomesfrom n iden-

ticalexperiments.Eachobservationcantakeonkpossiblerealizations,withthelikelihood

ofobservingany particularoutcome in the setdepends upon the parameterµ. Further-

more,assumethejointdistributionoftheexperimentaloutcomes(givenµ)doesnotdepend

ontheorderthattheoutcomes areobserved.T henthedatafrom theexperiments canbe

summarizedbyavector

x2<k+ ;
X

i
xi=1; (2)

wherexirepresentstheobservedfrequencyofeachoutcome.G iventhis empiricaldistribu-

tion,agentsthenusetheirpriorsandBayesruletodeterminetheirposteriordistributionfor

theunknownparameterµ.

This formulationhas theadvantagethattheempiricalfrequencyxacts as asu±cient

statisticforanagent'sposteriorbeliefs,andismucheasiertocommunicate.It t̄s directly

thesituationofscientistssharingexperimentaldata(orindividualssharinganecdotesabout,

forexample,thee±cacyofsomehomecoldremedy).Italsohastheadvantageofasimple,

linearaggregation rule. Forexample, ifindividuals i and j haveeach observed (directly
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orindirectly)theresults ofntexperiments attimet,andtheseexperiments haveoutcome

frequenciesxtiandxtj,theirinformationcanbeaggregatedviant+ 1 =2ntand

xt+ 1i =
1
2
xti+

1
2
xtj: (3)

Inwhatfollows,wedevelop amodelofcommunicationandin° uenceconsistentwiththese

twoalternativerepresentations ofbeliefs.T hatis,wemodelthebeliefs held byanagent

bya n̄ite-dimensionalvector,andsupposeagentsaggregatebeliefsusingalinearupdating

rule.W hilejustifyingthisrepresentationbypresumingjointnormalityisconvenientformany

economicapplications,thesecondapproachbasedoncommunicatingdatamakesclearthat

thisrepresentationisnotadistributionalrestriction.

2 .2 T he B asic M od el

Considerasettingwith N \ types"ofagents,N = f1 ;2;:::;N g.Foreachtype,thereis a

continuum ofindividuals uniformlydistributedovertheinterval[0 ;1 ].W ewilldenotean

agentm oftype i by im ,andthe \ position"ofthis agentattimetbyxtim .
10 A n agent's

positioncanbethoughttorepresenthis \ beliefs"atagiventimeandisgivenbyapointin

<p,wherep issomeconstant.A nagentbeginsattime0 withbeliefsx0im andupdatesbeliefs

inamannertobedescribedpresently.W ewillletxtirepresenttheaveragebeliefsforagents

oftypei attimet,i.e.,

xti=
Z1

0
xtim dm;

andxthevector(x1;x2 ;:::;xN )0.W ewillfocusontheaveragebeliefsofeachtype,andin

factoftenrefertothe\ beliefs oftypei"asthoughtherewereonlyasingleagentoftypei

withbeliefsxti.Infact,theresultsofthis Sectioncanbestatedinasettinginwhichthere

is onlyasingleagentofeachtype.W e introduceacontinuum becauseweshalldevelop a

competitiveassetmarketmodelinSection3.

W edē nealisteningstructurebyafunctionS whichmapsfromtypes inN intosubsets

ofN.T hesubsetS(i)ofN is interpretedasthesetoftypeswhichtypei listensto.W ewill

generallyassumethati 2 S(i),i.e.,thattypes listentotheirowntype,amongothers.W e

willpresumethateachperiod,anagentoftypei listenstothebeliefsofoneagent,randomly

drawnfrom thesetofagentswhosetypes arein S(i).11 T heprobabilitythatanagentof
10W hentime isclear,w e w illoftend rop the superscript.
11Inanearlier d raft ofthispaper,w e instead mod eled agent iaslisteningto one agent ofeach type inS(i)

everyperiod .Inthisalternative setting,the resultsinthissec tiongo throughunchanged .Infac t,convergence
withingroupsfollow sina much simpler manner { by the law oflarge numb ers{ since allagentsofa given
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typei listens toanagentoftypej inanyperiodisgivenbyT ij,whereT ij> 0 ifj2 S(i)

andT ij=0 otherwise.N aturally,
X

j2S(i)
T ij=1 :

Inmostexamples,wewillassumeuniform listening,sothatT ij=1 =#S(i)forj2 S(i).O ur
results donotdependonthis,andwecanallowfornon-uniform randomizationtocapture

thatnotionthatsometypesmaybemorelikelytoencountereachotherthanothertypes.

T hematrixT summarizesthecommunicationstructureofthemodel.12

Example1 L etN = 3,and S(1)= f1 ;2;3g; S(2)= f2;3g; S(3)= f1;3g.T henwith

uniform listening,

T =

0
B@

1
3

1
3

1
3

0 1
2

1
2

1
2 0 1

2

1
CA : (4)

N otethatS canalsobedepictedas adirectedgraphoverN.Thedirectedgraph implied

bythis listeningstructureisdepictedin ḡure1 ,withanarrowfrom i toj indicatingthat

i2 S(j)andhencei \ in° uences"j.

A fterlisteningtotheagenthehas been randomlymatchedwith,each agentupdates

hisbeliefsaccordingly.W edonotaddress incentivesforaccuratereportinghere{ ratherwe

presumethroughoutthatreportsareconveyedaccurately,andcanbeverī ed.N ote,however,

thatsinceagents arein̄ nitesimalinthis model,strictlyspeakingthereis noincentivefor

agentstomisreporttheirbeliefs.13

Inlinewithournotionofpersuasiondiscussedintheintroduction,anagentim updates

as iftheagentsofS(i)compriseallagents intheworld,anddoesnottakeintoaccountthe

presenceofagentsoutsideofS(i).N otethatthisdoesnotimplythattheseotheragentswill

notultimatelya®ectthebeliefs ofanagentoftype i;indeed, ifagents oftype i listen to

agents oftypej butnotthoseoftypek,butagents oftypej dolistentothoseoftypek,

type now d eterministicallysample from the same typeseach period .We instead ad opt the assumptioninthe
text b ecause it capturesthe naturalnotionthat ind ivid ualslistento the same numb er ofother ind ivid uals
irrespec tive oftype (instead ofthose typesw hose set S(i) islarger b eingable to und ertake more sampling),
and thisinturngreatlysimplī esthe analysisinour asset pricingmod elofSec tion3.
12 For the c ase ofa single,atomistic agent ofeach type, the listeningprocessmust follow our alternative

spec ī c ation(asd iscussed infootnote 11 ab ove),w herebyagent ilistensto allagentsinS(i) each period .T he
w eightsT ij c anthenb e interpreted asre°ec tingd i®erencesinthe w eight the agent putsonthe opinionsof
othersinS(i).T he resultsd eveloped here inthe continuum case extend to the atomistic case.
13We w ill¯nd inour asset market mod elthat agentsb ene¯t from b eingin°uential. T herefore, evenif

reportsare not verī able and agentsnot in̄nitesimal, agentsw ould have some incentive to report their
b eliefstruthfully, insofar asac curate reportsare more likely to lead to b ene¯cialin°uence. B anerjee and
Somanathan(1997) c onsid er a processw hich could b e interpreted aspersuasion,w here the primaryfocusis
onagents'incentivesto revealtheir informationw henit iscostly to d o so.
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thebeliefsofthetypekagentswillindeeda®ecttypei,throughtheire®ectonj.

Specī cally,inthis Sectionweassumethatinperiodt,anagentupdates his beliefs by

givingweight¸ttothebeliefsoftheagenthelistensto,andweight1 ¡¸ttohisownbeliefs.
For¸ = 1 =2 this corresponds totheupdatingruleinequation3.W eallowfor¸ 6= 1 =2 in

ordertoexplorethesensitivityofourresultstotheagents'beliefsabouttheirownprecision

relativetoothers.14

In Section 3 wewillshowthatthis ruleresults incorrectBayesian inferences undera

particular(potentiallymisspecī ed)modeloftheworld.Fornow,wewillsimplyresortto

thetwointuitiverationalizations oftheintroduction:eitheragents don'tfullyunderstand

theextenttowhich theviews theylisten toarenotrepresentative,oragents (sometimes

inaccurately)assesssomeindividualsaspossessingworthlessinformationnotworthlistening

to.W ewillalsoshowthatifagentsdoinfactlistentorepresentativesamples,thenultimate

beliefswillcorrectlyaggregatetheavailableinformation.

D ē ningT (̧ )tobethematrixT (̧ )´((1 ¡¸)I + ¸T),ourupdatingruleimplies that

averagebeliefsfortypesobeythefollowingprocess:

xt=T (̧ t)xt¡1; t=1 ;2;::: ; (5)

andtogetherwithagents'initialbeliefs,this impliesthat

xt=

" tY

s= 1
T (̧ s)

#
x0 ; t=1 ;2;::: : (6)

Equation(6)describestheevolutionfortheaveragebeliefxiofeachtypei.A tanypoint

intime,however,agents ofagiventypewillhaveheterogeneous beliefs.T hesedi®erences

existduetotheheterogeneityoftheirinitialbeliefs,togetherwithrandomnessofthelistening

processasagents interacteachperiod.

Ingeneral,thedynamicsofbeliefsmaybequitecomplicated.H owever,aswenowshow,

therewillin generalexistaggregate statistics ofthebeliefs which remain stationaryover

time.Inparticular,supposew0=(w1;:::;wn)is suchthat

w0T =w0: (7)

T hatis,supposew0isaroweigenvectorofT witheigenvalue1.T henitfollowsthatforall
14 For example,ifagentsb elieve that only theyare upd atingover time,then¸t= 1

t+ 1 w ould b e anappro-
priate rule.
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¸,w0T (̧ )=w0.H ence,forallt,

w0xt=w0
" tY

s= 1
T (̧ s)

#
x0 =w0x0 : (8)

N otealsothatsincetherows ofT sum to1 ,T canbeinterpretedas astochasticmatrix

dē ninga n̄iteM arkovchain.A nystationarydistributionofthis M arkovchainwillsatisfy

(7).Thus,wecanrestrictwtobenon-negativeandsum to1.Sincea n̄iteM arkovchain

hasastationarydistribution,wehave:15

Theorem 1 Foranylisteningstructure,thereexistweightswcorrespondingtoastationary

distributionofT suchthattheweightedaverageofpopulationbeliefs is stationaryovertime.

Thatis,w0xt=w0x0 forallt.

T hisresultimplies immediatelythatifindividualbeliefsconverge,theymustconvergeto

w0x0.InthenextSectionweexploretheconditionsthataresu±cientforsuchconvergence.

2 .3 B eliefDynamicsw ith StronglyConnec ted T ypes

W enowturn toquestions regardingtheconvergenceofbeliefs in thepopulation. A s we

remarkedearlier,therearetwodistinctsourcesofheterogeneityofbeliefs.T hereisthehet-

erogeneityofinitialbeliefs,togetherwith theheterogeneity introducedovertimethrough

therandom listeningprocess.Intuitively,though,thecommunicationprocess shouldbring

agents'beliefs closertogether,andtherandom listeningprocess shoulddiminish in impor-

tanceovertime.W ewillshowthatthis intuition is correctprovided thatagents arenot

isolated butare linked toeach otherthrough the listeningstructure, and thatthey put

su±cientweight¸tonthebeliefsofothers.

Thefollowingdē nitionswillbeuseful:

D ē nition1 W esaytypei islinkedtotypej,ifthereexistsasequenceoftypesk1;k2 ;:::;kr 2
N suchthat,k1 2 S(i);k2 2 S(k1);:::;kr 2 S(kr¡1);j2 S(kr).

D ē nition2 W ecallasubsetoftypesI½N stronglyconnectedif8i;j2I,i islinkedtoj.
15W hile w euse the theoryofM arkov chainshere and elsew here inour analysis,w e remarkthat the d ynamic

processofb eliefsinour mod eld oesnot follow a ¯nite M arkov chaind e¯ned by the matrixT.We are post-
multiplyingT (̧ ) by the ac tualb eliefs,rather thanpre-multiplyingit by a d istribution.Ind eed ,the process
follow ed by b eliefscannot b e d escrib ed asa ¯nite M arkov chain.To d escrib e it asa M arkov processw ould
require anin̄nite-d imensionalstate variab le representingthe d istributionofpopulationb eliefs.
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R ecallthatT is astochasticmatrixdē ninga n̄iteM arkovchain.Itis immediatethat

thischainis irreduciblesinceN isstronglyconnected,andaperiodicsincethediagonalofT

is strictlypositive.Itiswellknownthata n̄ite,irreducible,aperiodicM arkovchainhasa

uniquestationarydistributionw0=(w1;w2 ;:::;wn),withwi> 0 foralli (see,forexample,

T heorem 8.8 inB illingsley(1 986)).

The n̄alconditionweneedforconvergence is thatthecumulativeweightthatagents

putontheopinionsofothersislargeenough,whileatthesametimetheydonotcompletely

ignoretheirownpriorbeliefs.T his is capturedbythefollowing:

A ssumption1
P 1

t= 1 ¸t=1;andthereexists ¹̧< 1 suchthatforallt, 0 ·¸t·¹̧< 1.

W ethenhavethefollowingconvergenceresult:

Theorem 2 SupposeN isstronglyconnected,andA ssumption1 holds.Thenforanyinitial

beliefsx0 ,thebeliefsofallagentsconvergetow0x0.Thatis,foralli andm,

lim
t!1

xtim = lim
t!1

xti=w0x0 ;

wherewis theuniquestationarydistributionofT.16 17

T hus,providedtheweight¸tthatagentsputonothersbeliefsdoes notfalltooquickly,

inthelimitallagentswillconvergetothebeliefequaltoaweightedaverageoftheinitial

populationbeliefs,withtheweightsgivenbythestationarydistributionw.18 T heindividual

weightswicanbeinterpretedasthein° uencethateachtypeiexertsontheoutcomethrough

itsmembers'initialbeliefs.Forthelisteningstructuregivenaboveinexample1 and ḡure

1 ,thesestationaryweights aregivenbyw= (39 ;
2
9 ;
4
9).Itis notsurprisingthattheinitial

averagebeliefoftype3 inthis examplehasthemostin° uenceonthe n̄aloutcome,insofar

asalltypes listentotype3,whileonlytwoofthethreetypes listentoeachoftypes 1 and

2.W hat,however,is strikingisthattype1 hasmoreweightonthe n̄aloutcomethantype

2.This is becausewhiletype1 is listenedtobythein° uentialtype3 (andtype1 itself),

type2 isonlylistenedtobytheless in° uentialtype1 (andbytype2 itself).T his example
16T he statement regard ingthe b eliefsofind ivid ualim applyalmost everyw here.
17Allproofsomitted from the text are inthe Append ix.
18Intuitively, placingmore w eight onone'spriors(d ec reasing ¸) slow sd ow nthe proc essofconvergence,

but d oesn't a®ec t the ultimate point to w hich the processconverges,provid ed that T eventuallygetsin̄nite
w eight.T hisresult impliesthat evenw henthe w eight ¸(t)put onthenew period tob servationisproportional
to 1t,b eliefsstillconverge to w

0x0.Inmanysettings,such asthemod elofSec tion3,¸ = 1=2 and the cond ition
isobviouslysatis̄ ed .
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demonstrates thatin° uenceinoursettingderivesnotonlyfrom beinglistenedtobymany

types,butalsofrom beinglistened toby in° uentialtypes,where in° uence is determined

endogenously.(W ewilllaterformalizethis intuitioninT heorem 3.)Tofurtherthenotion

thatboththenumberandthein° uenceofthosewholistenstoatypedeterminethistype's

ownin° uence,considerthefollowing,morecomplexexample.

Example2 L etN = 4,andletS(1)= f1;2;3g; S(2)= f2;3;4g; S(3)= f3;4g; S(4)=
f1;4gwithuniform listening.T hedirectedgraph impliedbythis listeningstructureis de-

picted in ḡure 2. N otethattypes 3 and 4 areboth listened tobytwoothertypes, so

wewouldexpectthem tobemorein° uential.H owever,type4 is listenedtoby3 directly,

sowewouldexpect4 tobemorein° uentialthan 3.Finally,since4 listens to1 , 1 should

bemore in° uentialthan 2. In fact, the in° uenceweights forthis examplearegiven by

w=(62 3;
3
2 3;

6
2 3;

8
2 3).

G ivenT heorem 2,itis straightforwardtoshowthatifagentsdolistentorepresentative

samples and S(i)= N foralli, then the in° uenceweightofeverytype is equal. T hus,

beliefs convergetoasimpleaverageoftheinformationavailableinthepopulation.Infact,

thisresultcanbegeneralizedasshownbelowtoincludeany\ symmetric"listeningstructure.

T hus,in° uencecanbeseenasemergingfromasymmetries inthelisteningstructure.

Corollary1 Supposethateachtypeofagentlistens tothesamenumberoftypes,andalso

thateach type ofagentis listenedtoby the same numberoftypes. Then underuniform

listening,

w=
µ
1
N
;:::;

1
N

¶
: (9)

Thus,ifthelisteningstructureis symmetricandifeachtypestartswithinformationof

\ equalquality,"theheuristicupdatingrulespecī edhereleadsagentstocorrectlyaggregate

informationinthelimit.19

T heorem2 givesusonemannertocharacterizetheweightsthatdeterminethebeliefsthat

allagentswillconvergetowhenN isstronglyconnected{ i.e.,thestationarydistributionofT.

W enowshowthatinthespecialcaseofuniformlistening,theseweightscanbecharacterized

intwoadditionalmanners,usingtreesderivedfromthedirectedgraphrepresentationofthe

listeningstructure.
19T he notionofequalquality d epend sonthe setting.It w ould b e satis̄ ed ,for example,ifasinSec tion

2 .1 agentsb eginby observingd ata from equivalent experiments,and share frequency informationregard ing
outc omes.Inthe normal/linear framew orkit w ould b e satis̄ ed ifinitialb eliefsequalµ + ²i+ ´im,w ere ² are
i.i.d .,´ are i.i.d .,and allvariablesare joint normal.
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Inparticular,atreeisadirectedgraphconnectingallmembersofN,whereeverytypein
N saveforonehasauniquepredecessor,therearenocycles,andonetype(theroot)hasno

predecessors.W ewillcallatreeadmissibletothelisteningstructureS ,ifforeverytypei save

forthetypeattherootofthetree,S(i)contains thepredecessortoi inthetree.Inother

words,trees areadmissible ifallbranches directedfrom therootconform tothelistening

structure.W edē negiasthenumberofadmissibletreesforwhichi istheroot.Intuitively,

gigives thenumberof\ routes"bywhich i in° uencesothersgivenlisteningstructureS.In

accordwiththeliterature,wewillrefertogias thenumberofi-treesdē nedbyS,andto

g0=(g1;g2 ;:::;gN )asthetree-countdē nedbyS.Figure3 givesthei-treesassociatedwith

thesimplelisteningstructureofexample1.T hereisone1 -tree,one2-tree,andtwo3-trees.

W ecannowstatethefollowingtheoremwhichgivestwoadditionalinterestingcharacter-

izationsofthein° uenceweightsw.

Theorem 3 L etN be stronglyconnected,underthelisteningstructure S ,withassociated

tree-countg.L et±ij= 1 ifj 2 S(i)and 0 otherwise.Then underuniform listening,the

in° uenceweightsw,whicharegivenbythestationarydistributionforT ,canbecharacterized

as follows:Thereexistsk> 0 suchthatforalli,

kwi=
X

j
gj±ji = gi

X

j
±ij: (1 0 )

Theorem 3 givestworatherstrikingadditionalcharacterizationsofw,whichfollowfrom

T heorem 2 and thecharacterizationofa stationarydistributionofa M arkovchain given

byFreidlinandW entzell(1 984).T he r̄ststates thatwi is proportionaltothesum ofthe

numberofj-trees forallj wholisten to i.T his makes precisetheearliernotionthatthe

in° uenceofatypecanbecharacterizedbythesumofameasureofin° uenceofalltypeswho

listentothis type.T hetheorem alsostates thatthis is equivalenttothenumberoftypes

whoi listenstomultipliedbygi.N otethatwehaveplacednorestrictionsontherelationship

between±ijand±ji;thatis,thereisnoconnectionbetweenwhoi listenstoandwholistens

toi.N onetheless,thesetwoexpressionsareequivalent,andbothareproportionaltowdue

tothemannerinwhichtreesarecounted.

Example3 Consideronceagain thelisteningstructure S given in example 1. A s noted

above,admissibletrees areshown in ḡure 3 andg= (1 ;1 ;2). T heorem 3 gives us two

manners tocalculateweightsw.U nderthe r̄stmethod,thesum ofthetreecountover

thosewholistentoeachtypeis:4 fortype3 (type3 is listenedtobyallthreetypes),3 for

type1 (type1 islistenedtobytypes 1 and3)and2 fortype2 (type2 islistenedtobytypes
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1 and2).N ormalizing,weobtainw=(39 ;
2
9 ;
4
9).Employinginsteadthesecondmethod,we

multiplygibythenumberoftypes i listensto,yielding(3,2,4),andnormalizingonceagain

givesw.

2 .4 A G eneralCharac terization

SofarwehaveonlyconsideredbeliefconvergencewhenN is stronglyconnected.W enow

considermoregenerallisteningstructures,thoughwemaintain A ssumption 1 throughout

this section.

Firstwewilldē neausefulpartitionoftypesbasedontherelationshipofstrongconnect-

edness.Inparticular,considertherelationshipofstrongconnectedness,dē nedbyiCj ifi is
linkedtojandj islinkedtoi.T herelationship C isre° exive,symmetricandtransitive,and
thereforedē nesanequivalenceclassovertypeswhichisuniquelyrepresentedbyapartition

whichwedenoteI. Bythis construction, itis immediateboththatforanyI2 I,Iis

stronglyconnected,andfurthermore,thatanystronglyconnectedcollectionoftypes must

belongtosomeelementI2I.

ConsideranelementIofthepartitionI.L etx0(I)bethevectorx0 restrictedtotheset
ofagentsbelongingtoI,andw(I)bethestationarydistributioncorrespondingtopartition

elementIwhen S is restrictedtoI.IfnoelementofIlistens toanytypej 62I,thenthe

evolutionofbeliefswithinIcanbeconsideredinisolation,andtheresultsofthepreceding

Sectionapply.T hismotivatesthefollowingdē nitionandT heorem.

D ē nition3 A subsetoftypesIis isolatedifforalli2I,S(i)½I.

Theorem 4 SupposeI2 Iis isolated. Then the beliefs ofallagents in Iconverge to

w(I)0x0(I).

T hus,theisolatedmembers ofIcanbetreated independently.O n theotherhand,if

I2Iisnotisolated,thebeliefsofitsmemberswillbein° uencedbythebeliefsoftypesnot
inI.Toidentifythesetoftypesthatmightin° uenceI,wedē nethefollowing.

D ē nition4 ForanyI;J2I,wesaythatIislinkedtoJifthereexistsi2Ithatislinked
toj2J.

Foranygenerallisteningstructurewith strongconnections dē nedbythepartitionI,
dē neJ tobethecollectionofisolatedmembersofI.W ethenhavethefollowingcharac-

terizationforJ andfortheconvergenceofbeliefsofalltypes.
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Theorem 5 Thecollection J ofisolatedmembersofIis nonempty,andeachnon-isolated
memberofIis linkedtoatleastoneisolatedmember.Furthermore,

1.ForallJ2J ,thebeliefsofallagents inJconvergetow(J)0x0(J).

2.IfI2InJ is linkedtoauniqueJ2J ,thenthebeliefs ofallagents inIconvergeto

w(J)0x0(J).

3.ForallI2InJ ,thebeliefs ofeachtypeinIconvergetoapointintheinteriorofthe
convexhull(underthesubspacetopology)ofthebeliefsw(J)0x0(J),forallJsuchthat

J2J andIlinkedtoJ.2 0

Ifi and i0aretwotypes inanon-isolatedsetI2I,itis possibleingeneralforthem to

convergetodi®erent n̄albeliefs,asshowninthefollowingexample.

Example4 L etN = 5,and S(1)= (1 ;2;3); S(2)=(1 ;2;4); S(3)=(3); S(4)= S(5)=

(4;5). T henI= ff1;2g;f3g;f4;5gg. T he isolatedmembers ofIareJ = ff3g;f4;5gg.
W ithuniform listening,T heorem 5 indicates thatthebeliefs oftype3 convergetox03,and

the beliefs oftypes 4 and 5 converge to(x04 + x05)=2. Furthermore, forthe non-isolated

setf1 ;2g,beliefs donotconvergetothesamepoint.Instead,theaveragebeliefs oftype

1 convergeto(2=3)x03 + (1 =6)x04 + (1 =6)x05, and theaveragebeliefs oftype 2 convergeto

(1 =3)x03+ (1 =3)x04 + (1 =3)x05.

W eremarkthatincase3 ofT heorem 5,individualbeliefs donotnecessarilyconverge,

thoughthe(average)beliefsofeachtypedo.Toseewhy,considerthecaseintheprevious

example.Eachperiod,someagentsoftype1 willlistentoagentsoftype3,otherswilllisten

toagentsoftype4,etc.T hus,therewillexistasteady-statestationarydistributionofthe

beliefsoftheindividualagentswithintypes 1 and2.This canbesolvedfornumerically(in

factitisrathercomplex),andis illustratedinFigure4.2 1

B eforeendingSection2,weshouldnotethatwhilewehaveprovidedconvergenceresults,

wehavenotcharacterizedtherateofconvergence.Forsomelisteningstructures,however,the

rateofconvergencemaybemorerelevantthantheconvergentbeliefs.Considerforexample
2 0 T hat is,ifthe convexhullisp-d imensional,b eliefsconverge to the interior ofthe convexhullinthisp

d imensionalspace.IfI isonlylinked to a single memb er J2J ,thenb eliefsconverge to the point w here the
b eliefsoftypesinJ c onverge,w hich isthe \interior"ofthispoint inthe subspace topology d e¯ned by this
one point.
2 1Note that thisnon-convergence ofind ivid ualb eliefsisanartifac t ofthe w ayw e have spec ī ed thelistening

process.Ifagentsinstead listened to one agent ofeach type intheir listeningeach period asd iscussed in
footnote 11 ab ove,allagents'b eliefsw ould converge to the average.
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alisteningstructurewherealltypes saveforone(the\ hermit")arestronglyconnectedand

sharemanylinks,andthehermitlistensonlytohimself,andislistenedtobyoneothertype.

O urconvergenceresults yieldtherathercounterintuitiveoutcomethatthehermitwill, in

thelimit,completelydetermineeveryone'sbeliefs.H owever,iftheothertypescommunicate

enough,theycouldalle®ectivelyconvergetothesamebeliefslongbeforethehermithasany

signī cantin° uence.Iftheoutcomeisrealizedbetweenthetimeittakes forothertypes to

convergeandthetime ittakes forthehermittoin° uencebeliefs,beliefs willbeas ifthe

hermitisnotconnected.

3 P ersuasionand Asset M arkets

InthisSectionweincorporateourmodelofpersuasionintoamodelofassetmarkets.T here

aretworeasonswebelievethistobeanaturalandinterestingapplication.First,mostmodels

ofassetmarkets generatetradingvolumeeitherthroughallocationalmotives,suchas risk-

sharingandliquidity,orthrough informationalmotives,suchas privateinformationabout

assetpayo®s.In actuality,however,muchtradingvolumeseems tobegeneratedbecause

agentsbelievethattheycanprocessthesame,publicinformationbetterthanothers.Indeed,

mostspeculativetradersdonotappeartohaveanysourceofprivateinformationregarding

assetpayo®s.R ather,theyseem tomaketradingdecisions basedonmediaaccounts,tips

fromfriends,advicefromanalystsandmarket\ experts,"variousdatacrunchingorcharting,

etc.T hesetradersthus seem tobelievethattheirmethodofprocessingpublicinformation

is betterthanthatoftheaveragetrader.T hatis,theyreadthe\ right"mediaaccounts,or

gettipsfromthe\ right"setofpeople,oremploythe\ right"datacrunchingtechniques,etc.

Suchnotionsreadilycorrespondwithourmodelofpersuasion.Indeed,inourmodel,agents

believethatonlyasubsetofthepopulationpossessesusefulinformationworthlisteningto,

andthatthebeliefs oftheremainderofthepopulationconsistofuseless noise.T herefore,

agents believethattheyarebetterthanothers in identifyingtheusefulinformation inthe

population.

Second, insofaras ourmodelofpersuasion endogenously characterizes in° uence as a

function ofthe listening structure, itseems like an obvious settingtoexamine common

questionsrelatingtotheroleofin° uenceintrading.W eanalyzetowhatextentin° uential

tradersmoveprices andcanbenē tfrom doingso.T hisallowsus toexaminethetrade-o®

between in° uenceandaccuracy.W eexaminebothhowin° uentialtraders perform relative

toaccuratetraders, i.e.traders whocanaccuratelypredicttheassetpayo®,andwhether

itismorebenē cialforothertraders tolistentothosewhoarein° uentialortothosewho
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areaccurate.W ealsoconsidertowhatextentin° uencecanbeself-perpetuating.Intuitively,

whenagentshavedi®eringequilibriumbeliefsaboutexpectedpayo®s,2 2 agents'tradeswillon

averagebeincreasinginthedi®erencebetweentheirbeliefsand\ average"populationbeliefs,

representedinprices.Ifagentsalsocommunicateovertime,however,thentheirbeliefswill

convergeovertime.BasedonthemodelinSection2,beliefswillconvergetowardsbeliefsthat

putgreaterweightonthoseagentswithhigherin° uence,andsopriceswillonaveragemove

towardsthebeliefsofin° uentialagents.T hus,agentscanprō tbylisteningtothein° uential

agentsbeforetheirviewsarefullyincorporatedintoprices.Butifthisleadsagentstoadjust

theirlisteningsets toincludethesein° uentialagents,thiswillservetoincreasefurtherthe

in° uenceofthoseagents. T his positive feedbackleads to\ stable"listeningstructures in

whichallagentslistentothesamemarket\ guru."

InSection3.1 wepresentanassetmarketmodelwhereagents bothlistentoeachother

andtrade.InSection3.2 wepresentbehavioralrules,inlinewithournotionofpersuasion,

thattheagents usetoupdatebeliefs andtrade.InSection3.3 wedemonstratethatthese

behavioralrules can be rationalized as rationalexpectations equilibrium (R EE)behavior

forfullyrationalindividualsoperatingundera\ slight"misspecī cationoftheworld.Such

asettingadds insightintoourprocess ofpersuasion.In Section 3.4 wedetermineagents'

payo®s,andshowthatitisbenē cialtolistentobothin° uentialandaccurateagents.Finally,

inSection3.5 wemakethelisteningstructureendogenous.W eexaminethetrade-o®between

in° uenceandaccuracy,andobtainconditionsunderwhichin° uenceis self-perpetuating.

3.1 T he Asset M arket M od el

A gentscaninvestinarisklessandariskyasset.T herateofreturnontheriskless assetis

zero.T heriskyassetis inzeronetsupply,andpayso®

V + ³=
HX

h= 1

vh ²h + ³: (1 1)

T he r̄stcomponent,V ,isaweightedsumofinformationcomingfromH \ sources"suchas

companyreports,macroeconomicannouncements,etc.Theinformationcomingfrom source

h is ²h and is weighted byvh.T he ²h's areindependentandnormalwithmeanzeroand

variance¾ 2².Therefore,V isnormalwithmean0 andvariance
³P H

h = 1 v2h
´
¾ 2².W enormalize

both
P H

h= 1 v2h and¾
2
² to1.2 3 T hesecondcomponentoftheasset'spayo®,³,is independent

2 2Agents'b eliefsw illgenerallyd i®er inequilib rium aslongasagentsd o not b elieve pricesarefullyrevealing.
2 3T hisisw ithout lossofgenerality.We can¯rst normalize ¾ 2² to 1 by changing

P H
h= 1 v

2
h.We canthen

normalize
P H

h= 1 v
2
h to 1 by rescalingthe sharesofthe asset.
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ofthe²h'sandnormalwithmean0 andvariance¾ 2³.

Initially, agents observe information from each oftheH sources. A gentm oftype i

observesasignal

sim ;h =²h + ´im ;h (1 2)

fromsourceh.Thenoise´im ;h is independentacrosssourcesandagents(andindependentof

allothervariables inthemodel),andisnormalwithmean0 andvariance¾2´.2 4

Toexplorethee®ectsweareinterestedinrequiresthatweallowformultipleopportunities

forbothtradeandcommunication.Tokeep themodelas simpleas possible,weallowfor

tworoundsoftrade.Priortoeachopportunityfortrade,communicationoccurs.T hus,the

modelcanbedescribedwithfourperiods:atperiod0 ,agentsobservethesignals.B etween

periods 0 and 1 thereis oneroundofcommunication.A tperiod 1 agents trade.Between

periods 1 and2 thereareT ¡1 roundsofcommunication,where2 ·T ·1.A tperiod2

agentstradeagain.Finally,atperiod3 theassetpayso®andagentsconsume.2 5

3.2 B ehavioralRules

Inthis Sectionwedescribebehavioralrules,inlinewithournotionofpersuasion,thatthe

agentsusetoupdatebeliefsandtrade.InSection3.3 wewilldescribeamisspecī edmodel

oftheworldunderwhichthebehavioralrules canberationalized.A tperiod 0 agents use

theirsignals toform aninitialestimateoftheasset's payo®.A su±cientstatisticofagent

im 'ssignalssim ;h ,istheweightedsumofthesesignalswithweightsvh.W eassumethatthe

agentusessomeweightsvi;h insteadofthetrueweightsvh,andformsthesu±cientstatistic

sim ´
HX

h = 1
vi;hsim ;h: (1 3)

T heweights vi;h dependon i,andarethus type-specī c.Sincedi®erenttypes usedi®erent

weights, they interpretthe same information di®erently, and tradeon the basis oftheir
2 4We introd uc e the private, agent-spec ī c signalsinord er for agentsto have d i®erent informationand

therefore a motive to communicate.It isimportant to note that the private signalsare consistent w ith our
statement that, inthismod el, agentstrad e not b ecause ofprivate informationbut b ecause they interpret
public informationd i®erently. Ind eed , allagentshave signalsofthe same quality, and und erstand thisto
b e the case. T herefore, the signalsd o not introd uce inand ofthemselvesany motive to trad e. Rather,
d i®erent typesd i®er onhow they interpret these signals(see equation(13) b elow ),and w hich other types'
interpretationstheylistento.
2 5Id eally,one could consid er manyround softrad e,w ith communicationb etw eeneach round .Fortunately,

the mainintuitionsemerge from thissimpler setting.Asw e w illsee,w hat iscriticalisthe totalamount of
communicationthat oc cursprior to the last round oftrad e.It isfor thisreasonthat w e w illconsid er the
e®ec t ofvaryingT.
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interpretations.W eintroducetype-specī cweightsinordertoallowforsystematicdi®erences

inbeliefsacrosstypesand,inparticular,fordi®erences inaccuracy.T hemoreaccuratetypes

useweightsthatareclosertothetrueweights.W eassumethat
P H

h= 1 v2i;h is independentof

i andequalto1 ,as forthetrueweights.W ealsoassumethat
P H

h = 1 vi;hvj;h is independent

ofi andj,anddenoteitby½.Finally,weuse½itodenote
P H

h= 1 vhvi;h.T heparameter½i
belongs totheset[¡1 ;1 ],andis closeto1 iftypei'sweights areclosetothetrueweights.
T herefore,½i isameasureoftypei'saccuracy.2 6

Communicationandupdatingis as in Section2.A teachcommunicationround,agent

im listenstooneagent,randomlydrawnfromthesetofagentswhosetypesareinS(i).W e

assumethatagentscommunicatesu±cientstatisticsoftheirinformation.W edenotebystim
thestatisticofagentim atcommunicationroundt,andbystitheaverageofstim overagents

oftypei.W erefertostias thestatisticoftypei atroundt.T hedynamics ofs
t
iaregiven

bytherecursiveformula

s0i=
HX

h = 1

vi;h ²h ´Vi and sti=
1
2
st¡1i +

1
2

0
@ 1
#S(i)

X

S(i)

st¡1j

1
A :

T heintuitionforthisisthefollowing.Initially,agentim formshisstatisticsim .A veraging

overallagentsoftypei eliminatestheidiosyncraticnoise,´im ;h.A teachsubsequentround,

agentim learns thecurrentstatisticofanagentchosenatrandom from his listeningset.

Sincebothagents'statistics arebasedonanequivalentamountofinformation(theyhave

eachheardfromthesamenumberofotheragents),theyputequalweightonthetwostatistics.

Finally,theidiosyncraticriskofthelisteningprocess is againeliminatedbyaveragingover

allagentsoftypei,sothatweonlyneedtoconsidertheaveragestatisticinS(i).

U singvectornotationandintroducingthematrixT (̧ )dē nedinSection2,wecanwrite

2 6T he assumptionsthat
P H

h= 1 v
2
i;h isind epend ent ofiand

P H
h= 1 vi;hvj;h isind epend ent ofiand jare for

trac tab ility.T hese assumptionsimplysome symmetry acrosstypes.O ur goalisto have typesassymmetric
aspossible,and d i®eringonly intheir in°uence (measured by their w eightsingroup b eliefs) and ac curacy
(measured by ½i).Symmetry acrosstypessimplī esthe computationofagents'payo®sinT heorem 7.We
b elieve that our resultsw ould not b e qualitativelyaltered ifw e allow ed for lesssymmetry acrosstypes.
A technicalquestionisw hether there exist w eightsvh and vi;h such that

P H
h= 1 v

2
i;h = 1,

P H
h= 1 vi;h vj;h = ½,

and
P H

h= 1 vhvi;h = ½i.We canshow that such w eightsexist ifthere are at least asmanysourcesofinformation
astypes,and

NX

i= 1

Ã
½i¡

P N
j= 1 ½j
N

! 2

· (1¡ ½)

Ã
1¡

(
P N

j= 1 ½j)
2

N (1 + ½(N ¡ 1))

!
:

T he ¯rst cond itionensuresthat there exist w eightsvi;h such that
P H

h= 1 v
2
i;h = 1 and

P H
h= 1 vi;hvj;h = ½.T he

second cond itionensuresthat there also exist w eightsvh such that
P H

h= 1 vh vi;h = ½i.The second cond ition
b ound sthe d ispersionintypes'ac curaciesasa functionof½.If,for instance ½ = 1,alltypesmust use the
same w eights.T herefore,theymust b e equallyac curate.
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thedynamicsofstias

s0 =V and st=T
µ
1
2

¶
st¡1 =T

µ
1
2

¶t
s0 :

T hedynamics ofstiarethus exactlyas inSection2.D enotebyw
t
ijthe(i;j)-thelementof

thematrixT
³
1
2

t́
;thein° uenceoftypej ontypei asofroundt.T hus,

sti=
X

j
wt
ijVj; (1 4)

andrecallthattheresultsofSection2 implythattheweightswt
ijsumto1 andthat,when

typesarestronglyconnected,wt
ij! wjast! 1.

W e assume thatagents submitsimple lineardemand functions in each period. T he

demandofagentim is
1
B 1

µ
s1im ¡

1
A1

p1
¶

(1 5)

and
1
B 2

µ
sTim +

C 2
A 2

p1¡
1
A 2

p2
¶
; (1 6)

forsomeconstantsA1,B 1,A 2 ,B 2 ,andC 2.T hedemandatperiod1 dependsontheagent's

period 1 statistics1i;m ,andontheprice.T hedemandatperiod 2 depends ontheagent's

period2 statisticsTi;m ,ontheperiod2 price,andontheperiod1 price.D emandcandepend

ontheperiod1 price,sincethepricecana®ect,togetherwiththeperiod2 statistic,theperiod

2 beliefs.2 7 T hemarketpricesatperiods 1 and2 areobtainedbyaggregatingdemands.In

particular,ifwelet

st=
1
N

NX

i= 1
sti

representtheaveragepopulationstatisticatroundt,thenmarket-clearingprices aregiven

by

p1 =A1s1 and p2 =A 2 sT + C 2 p1: (1 7)

T heperiod1 priceis linearintheaveragestatisticatround1.T heperiod2 priceis linear

intheaveragestatisticatroundT ,andintheperiod1 price.Pluggingprices intodemands,

wecan n̄dagents'positions intheriskyasset.Thepositionsofagentim atperiods 1 and2
2 7We assume linear d emand sb ecause theyare trac table and canb e supported aspart ofanR E E .How ever,

the keyaspec t ofd emand sisthat theyare increasinginthe agent'sb eliefsand d ec reasinginthe price,and it
isthisqualitative feature that d rivesthe results.
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are

y1(s1im )́
1
B 1

³
s1im ¡s1

´
and y2 (sTim )´

1
B 2

³
sTim ¡sT

´
; (1 8)

respectively.T hepositions arelinearinthedi®erencebetweenagentim 's statisticandthe

averagestatistic.T hus,individuals tradebasedonthedi®erencebetweentheirbeliefs and

averagepopulationbeliefs.

W eassumethatC 2 < 1 andA 2 + C 2 A1 > A1.U singequation(1 7)thatgivestheprices

atperiods 1 and 2,we can give anaturalinterpretation tothese inequalities. T he r̄st

inequality implies thatan increase in theround 1 average statistic,holdingtheround T

averagestatisticconstant,hasagreaterimpactontheperiod1 thanontheperiod2 price.

T hesecond inequality implies thatan increase in boththeround 1 andround T average

statistics,has agreaterimpactontheperiod2 thanontheperiod 1 price.InSection3.3

weshowthatbothinequalitiesaresatis̄ edwhendemandsareoptimalunderamisspecī ed

modeloftheworld.

3.3 A R ationalizationofthe B ehavioralRules

InthisSectionwepresentamisspecī edmodeloftheworldunderwhichfullyrationalagents'

actions aregiven by the above behavioralrules. W e are agnosticas towhetheragents'

behaviorasdescribedinourmodelislikelytoariseduetoinaccurateupdating(forexample,

duetothepsychologicalimpactofpersuasiveactivity),orduetoaccurateupdatingunder

suchamisspecī cationoftheworld.R ather,wepresentthissettingheretodemonstratethat

thebehaviorweexaminecouldbeattributedtoarelativelyslightmisspecī cationagentshave

oftheworld.

Supposethatagentshaveexponentialutilityfunctionsover n̄alwealth,andthefollowing

modeloftheworld.First,anagentassumesthattheasset'spayo®isgivenby

Vi+ ³=
HX

h = 1

vi;h²h + ³: (1 9)

N otethatthis is identicaltothetruemodelofequation (1 1 ), saveforthefactthatthe

agentemploysthetype-specī cweightsvi;h insteadofthetrueweightsvh.Second,theagent

assumesthattheworldismadeoftwosetsoftypes,\ smart"and\ dumb."T hesmarttypes

arethetypes thathelistens to,i.e.thetypes in S(i).Theagentbelievesthatthesesmart

types actexactlylikehedoes.Inparticular,hebelieves thattheyassumethattheasset's

payo®isgivenbyequation(1 9),andthattheirlisteningsetisS(i).D umbtypes,ontheother
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hand,aretakentobehavelike\ noisetraders." T heyarebelievedtosupplyinelasticallyu1
andu2 unitsoftheassetatperiods1 and2.T hevariablesu1 andu2 areindependentofeach

otherandoftheothervariablesofthemodel.T heyarenormalwithmean0 andstandard

deviation#S(i)¾u1 and#S(i)¾u2 ,respectively.2 8 2 9

T he r̄sterrorinagents'modelobviouslyrationalizestheuseofthetype-specī cweights

insteadofthetrueweights,forformingthesu±cientstatisticatperiod0.Intuitively,agents

may inaccuratelyassess therelativeweightthatshould beplacedonchartistinformation

versusindustryinformationversusaccountinginformation.T heseconderrorrationalizesthe

communicationandtheagents'mannerofupdatingtheirinformation.R ecallthatcentralto

ournotionofpersuasionis thatagents onlylistentosomesourcesofinformation,andthat

theydonotaccuratelyadjustforthebiases intheirsources.U nderthis assumption,such

behaviorfollowsrationally.A gentsonlychoosetolistentosometypessincetheytakeothers

tobenoise.Furthermore,agentsweightheirinformationequallywiththosethattheylisten

to,sincetheybelievetheseagentsbehaveexactlylikethemselves.30

T heseconderrorinagents'modelalsorationalizesthedemands.A gents form demands

inaccordwithastandardnoisyR EEcomputedaccordingtotheirmodeloftheworld.Inthis

equilibrium,smartagents submitdemands thathavetheform ofequations (1 5)and(1 6),

andthedumb agents behavelikenoisetraders.A gents submitprice-elasticdemands,and

arethuswillingtotrade,sincetheyassumethatpricesarepartlydrivenbythenoisetraders.

Intheorem 6 weshowthatagents'demandsareconsistentwithR EE.

Theorem 6 Thereexistcoe±cients A1,B 1,A 2 ,B 2 ,andC 2 ,suchthatequations (1 5)and
2 8A criticism ofthe assumptionthat d umb typesb ehave like noise trad ers,isthat the agent'smod elofthe

w orld b ecomesvery d i®erent from the true mod el.Ind eed , the agent isnot aw are that d umb typesreceive
signalsasper equation(12 ),and form b eliefsby communicatingw ith other types.Analternative assumption
that ad d ressesthiscriticism,isthe follow ing.T he agent b elievesthat some sourcesofinformationare pure
noise, and givesthem 0 w eight. M oreover,he assumesthat d umb typesgive positive w eight only to these
sourcesofinformation,and communicate onlyw ith d umb types.(For instance,fund amentalistsmight b elieve
that chartistshave ac cessto the same sourcesofinformationthat they have, but simply choose to b ase
their b eliefsonthe \mislead ing"chartist sources.) T he tw o assumptionsare not c ompletely equivalent,since
the b ehavior ofd umb types,and thustheir e®ec t onprice, could b e pred ic ted by ob servingthe sourcesof
informationto w hich theygivepositive w eight.R ather thanpursue thiscomplication,w ead opt the assumption
that d umb typesb ehave like noise trad ersfor simplicity.
2 9We assume that the stand ard d eviationofthenoise isproportionalto #S(i)for simplicity.It impliesthat

agentsshare the same \signal-to-noise"ratio for the economy,and hence the coe± cientsA1,A2 ,B 1,B 2 ,and
C 2 ,ofthe R E E are the same acrosstypes.Intuitively,if#S(i) islarge,type ib elievesthat there are many
smart types.He must also b elieve that the noise islarge,inord er to compute the same e®ec t ofthe noise on
the price asa type jw ith a small#S(j).
30It isw orth reemphasizingthat agents'listeningsetsmay b e d etermined by ac cessib ility and transac tion

costsasw ellasanassessment ab out quality.Ina settingw here some agentsare inac cessible,anagent should
end eavor,over time,to place more w eight onthose w ho listento sourcesthat are not read ily ac cessible,and
lessonthose w ho listento familiar sources.T he failure to correc tlyad just w eightsinthismanner w hensome
agentsare inac cessible isanother w ay to interpret our persuasionbias.
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(1 6)areequilibrium demands inaREEcomputedaccordingtotheagent'smodel.M oreover,

C 2 < 1 andA 2 + C 2 A1 > A1.

3.4 Agents'P ayo®s

Forsimplicityweassumethatagents startwith zeropositions in boththeriskyand the

risklessasset.T heconsumptionofagentim is

y1(s1im )(p2 ¡p1)+ y2 (sTim )(V + ³¡p2):

T he r̄sttermisthecapitalgainbetweenperiods1 and2,whilethesecondtermisthecapital

gainbetweenperiods 2 and3.Consumptionis thesumofcapitalgains.

In theorem 7wedeterminetheexpected consumptionofagentim .W etakeexpected

consumptionasameasureoftheagent'spayo®,bothinthisSectionandinSection3.5.31 To

statethetheoremweintroducesomenotation.W edenoteby

wt
j=

1
N

NX

k= 1
wt
kj;

the\ average"in° uenceoftypejoverthepopulationatcommunicationroundt.W edenote

byY i;1 thevectorwhosej'thcomponentis

1
B 1

³
w1ij¡w1j

´
;

whichmeasures type j's impacton type i's positionatperiod 1. T hatis, i's position is

determinedbytheamounti is in° uencedbyjrelativetotheaverageamountthepopulation

is in° uencedbyj.Similarly,wesimilarlydenotebyY i;2 thevectorwhosej'thcomponentis

1
B 2

³
wT
ij¡wT

j

´
;

whichmeasurestypej'simpactontypei'spositionatperiod2.W edenotebyP 1 thevector

whosej'thcomponentis A1w1j:T hej'thcomponentofP 1 measurestypej's impactonthe

period1 price.W edenotebyP 2 thevectorwhosej'thcomponentis

A 2wT
j + C 2 A 1w1j;

31T hisisconsistent w ithour emphasisonthe b ehavioralrulesasprimitive.Und er the rationalinterpretation
ofthe b ehavioralrules,how ever,one c ould also consid er expec ted utilityasa criterion.W hile w euse expec ted
c onsumptionfor trac tab ility,w e canshow that for ¾ 2³ and T arelarge,the expec ted c onsumptionand expec ted
utility criteria converge.
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whichmeasures typej's impactontheperiod2 price.Finally,wedenotebyR thevector

whosej'thcomponentis ½j,i.e.thevectoroftypes'accuracies.W ethenhavethefollowing

result.

Theorem7 Theexpectedpayo®ofagentim is

(1 ¡½)Y 0i;1(P 2 ¡P 1)+ Y 0i;2 (R ¡(1 ¡½)P 2): (20 )

Theagent'spayo®decomposesneatlyintotwoterms,thatcapturethebenē tsoflistening

toin° uentialtypesandthebenē tsoflisteningtoaccuratetypesrespectively.T he r̄stterm

correspondstothecapitalgainbetweenperiods 1 and2.T hiscapitalgainislargewhenthe

agentlistensmorethantheaverageagenttoin° uentialtypes.Indeed,supposethatagentim
listenstoanin° uentialtypej.W henj isoptimistic,agentim willbuyatperiod1.Sincej

is in° uential,hewill\ pull"thepricetowards his beliefs.Therefore,theperiod2 pricewill

behigherthantheperiod1 price,andagentim willrealizeacapitalgain.Formally,thej'th

componentofthevectorY i;1 ispositive(agentim buyswhenj isoptimistic)sincejhasmore

in° uenceontypeithanontheaveragetype,andthej'thcomponentofthevectorP 2 ¡P 1 is
positive(theperiod2 priceishigherthantheperiod1 price)sincejhasmorein° uenceonthe

period2 beliefsthanontheperiod1 beliefs.T hesecondterm inequation(20 )corresponds

tothecapitalgainbetweenperiods2 and3.T hiscapitalgainislargewhentheagentlistens

toaccuratetypes.Indeed,supposethattypej is accurate.W henj'sbeliefsareoptimistic,

ifagentim listenstoagentj,agentim willbuyatperiod2.Sincej isaccurate,thetrueV

willbehigh,andagentim willrealizeacapitalgain.Formally,thej'thcomponentofthe

vectorY i;2 ispositiveandthej'thcomponentofthevectorR is large.

A ninterestingspecialcaseoftheorem7iswhenthereisanin̄ nitenumberofcommuni-

cationrounds (T =1)andalltypes convergetothesamebelief.Sincealltypes converge

tothesamebelief,theyallhaveazeropositionintheriskyassetatperiod2,i.e.thevector

Y i;2 is equalto0 .T hepayo®ofagentim consistsonlyofthecapitalgainbetweenperiods

1 and2,i.e.ofthebenē toflisteningtoin° uentialtypes.Intuitively,thereisnobenē tof

listeningtoaccuratetypesforthefollowingreason.Theinformationoftheaccuratetypes is

usefulforestablishingapositionatperiod2.H owever,atperiod2 theaccuratetypeshave

been\ in° uenced"bythein° uentialtypes.Sincethebeliefsofallagentsconverge,listening

toanaccuratetypeisnodi®erentthanlisteningtoanyothertypeatthatstage.Infact,in

period2 allagentsholdidenticalportfolios(whichareequaltozerointhecaseofzeronet
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supplysecurities),independentoftheirinitialaccuracy,listeningsets,orinitialbeliefs.

Thereisabenē toflisteningtoaccuratetypeswhenthereisa n̄itenumberofcommuni-

cationrounds.W itha n̄itenumberofrounds,theaccuratetypesarenot\ fully"in° uenced

bythein° uentialtypes.B eliefswillnothaveyetconverged,andconsequently,thosewith

accuratemodelsandthosewholistentothemwillhave,inexpectation,moreaccuratevalu-

ations.Consequently,whenthetruthisrevealed,theywillstandtogainfromtheirperiod2

position.W hetherthisbenē toflisteningtoaccuratetypesoutweighsthebenē toflistening

toin° uentialtypesdependsontherelativesizeofthetwoterms inequation(20 ).

N otethattherecouldalsobeabenē toflisteningtoaccuratetypesevenwithanin̄ nite

numberofupdatingroundsprovidedthatalltypesarenotstronglyconnected.Inthis case

beliefsofalltypesdonotconvergetothesamepoint,andconsequently,thosewhosebeliefs

haveconvergedtoamoreaccurateassessmentcanbenē tinsecondperiodtradingwiththose

whohavenot.

3.5 E nd ogenousListeningStructure

InthisSectionwemakethelisteningstructureendogenous.W eallowagentstochangetheir

listeningset,anddē ne\ stable"listeningstructureswhereagentsdonotwanttochangethat

set.W enextexaminewhetheraparticularclassoflisteningstructures,called\ gurulistening

structures"(G L S), are stable, and then study the fullsetofstable listening structures.

Finally,wederivetheimplicationsofourresults forthepersistenceofin° uenceandforthe

trade-o®betweenin° uenceandaccuracy.

D ē nition5 A stablelisteningstructureS is suchthattheexpectedpayo®ofanagentdoes

notincreasewhentheagentchangeshislisteningset.Thenewsethastoincludetheagent's

type.

W emotivatethis dē nitionbythefollowingevolutionarystory.Supposethattheasset

marketmodelis repeatedmanytimes.A nagentmayquestionhis assumptionaboutwho

arethesmarttypes,andconductanexperiment.H emayadoptadi®erentlisteningsetand

computehisaverageconsumptionafteralargenumberofrepetitions.Foralargenumberof

repetitions,averageconsumptionisclosetotheagent'struepayo®.Ifthelisteningstructure

isnotstable,someagentswilladoptadi®erentlisteningset.

Intheorem 8 weexaminewhetherG L S arestable.Intheselisteningstructures,thereis

a\ gurutype",saytypei.A gentsofthegurutypelistenonlytotheirtype,i.e.S(i)=fig.
A gentsofothertypes listentotheirtypeandthegurutype,i.e.S(j)=fi;jg forj6= i.
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Theorem 8 TheG L S withgurutype i is stableifandonlyif

1 ¡½
B 1

"
(1 ¡3T

4T
)A 2 ¡

1
4
(A1¡C 2 A 1)

#

+
1
B 2

3T ¡2T

4T¡1

"
½i+ min

j6= i
½j¡2max

j6= i
½j¡(1 ¡½)

"
(1 ¡3T

4T
)A 2 +

1
4
C 2 A 1

# #
¸0 : (21)

Furthermore,thereexistsasmallestT ¤i < 1 withthepropertythat(21)holdsforallT > T ¤i.

A lso,if(21)holdsfori,then(21)holds forallj suchthat½j¸½i.

ForT =1 ,anyG L S is stable,independentlyoftheaccuracyoftheguru.T heintuition

isthatwhenT =1 thereisnobenē toflisteningtoaccuratetypes.T hereisonlyabenē t

oflisteningtoin° uentialtypes,andtheguruistheonlyin° uentialtype.

For n̄iteT ,equation(21 )mayormaynotbesatis̄ ed,dependingontypes'accuracies.

Itishardertosatisfywhen½iissmallandmaxj6= i½jlarge,thatis,whenthegurutypeisnot

veryaccurateandthebestnon-gurutypeisveryaccurate.Intuitively,agentsmaydropthe

gurutypeandlistentothebestnon-gurutype.Equation(21)isalsohardertosatisfywhen

minj6= i½jis small,i.e.whentheworstnon-gurutypeisveryinaccurate.Tounderstandthis

result,assumethatanagentoftheworstnon-gurutypedecidestolistentothebestnon-guru

type,inadditiontohistypeandthegurutype.Sincethecardinalityoftheagent'slistening

setincreases,theweightonhistypewilldecrease.Iftheagent'stypeisveryinaccurate,the

agent'spayo®willincrease.32

W enextstudythefullsetofstablelisteningstructures forlarge T.In theorem 9 we

provide necessary conditions fora listeningstructuretobe stable. These conditions are

genericintypes'accuracies,i.e.theyholdforall½iexceptasetofmeasure0 .

Theorem 9 G enericallyintypes'accuracies:

(i)Forlargebut n̄ite T ,onlyG L S listeningstructurescanbestable.

(ii)ForT =1 ,anyG L S is stable,butotherstablestructures arepossible.A nystable

listeningstructures has thefollowingproperties:(a)there is asetIsuchthatS(i)µIfor

i 2 Iand S(i)= I[ fig for i =2 I, (b)Iis strongly connected, and (c)(P 2 ¡P 1)i is

independentofi fori2I.
32Intuitively,ifone'sow ntype isnot very ac curate,it paysto associate w ith other more ac curate typesas

w ellasthe gurutype inpart to red uce the amount oftime spent talkingto one'sow ntype.
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Forlargebut n̄iteT ,allstablelisteningstructuresareG L S.Tounderstandtheintuition

forthis result,weproceed intwosteps.First,weshowthatwecanranktypes according

tothebenē toflisteningtothem,which is acombinationoftheirin° uenceandaccuracy.

G enericallyintypes'accuracies,therankingisstrict.T huswecanwithoutlossofgenerality

labelthetypes 1 ;2;:::;N inorderofdecreasingbenē t.A nagentoftypenlistens tohis

type,sinceheis constrainedto,andtotype1.H emayalsolistento\ intermediate"types,

between1 andn,sincethisreducestheweightofhistype.T herefore,foreachn

S(n)=f1 ;2;:::;n0g[ fng forsome n0< n: (22)

Tocompletetheproofitremainstoshowthatn0=1 foralln.Supposenot;i.e.supposethat

sometypeotherthantype2 alsolistenstotype2.W eshowthatthisimpliesthatthebenē t

oflisteningtotype2 mustbelessthanthebenē toflisteningtotypeN ,contradictingour

initialordering.T hereasonforthis is thatforlargeT ,thebenē tofatypederivesmostly

fromthetype's in° uenceratherthanitsaccuracy.T his in° uenceofatypecanbemeasured

bytheimpactofthetype'sbeliefsonthedi®erencebetweentheperiod2 priceandtheperiod

1 price.Sincetype2 islistenedtobymoretypesthantypeN ,2'sbeliefshavealargerimpact

ontheperiod1 price.M oreover,thebeliefs ofbothtypes haveaverysmallimpactonthe

period 2 price,sincebeliefs convergetothebeliefs oftype 1.T hus,the in° uenceoftype

2 wouldbesmallerthanthein° uenceoftypeN ,acontradiction.H enceastablestructure

mustbeaG L S forlarge n̄iteT.

ForT =1 ,thestablecon̄ gurations canbecharacterizedbya\ guruset"Isuchthat

agents listenonlytotheirowntypeandtypes inthis set.Second,thegurusetis strongly

connected,andthusalltypesconvergetothesamebelief.T hird,alltypesinthegurusethave

thesamein° uence.N oticethatG L S satisfythenecessaryconditions,withIthesingleton

thatcontainstheguru.H owever,andincontrasttothecasewhereT is n̄itebutlarge,larger

gurusetsarepossible.Suchlisteningstructuresinvolveties,i.e.thebenē toflisteningtoall

types inIisthesame.T iesaregenericintypes'accuracies,sinceaccuracydoesnotmatter

whenT =1 andalltypesconvergetothesamebelief.

Theorems8 and9 implythatforlargeT ,in° uenceisself-perpetuating.Indeed,theorem8

impliesthatforlargeT ,G L S arestable,regardlessoftheguru'saccuracy.M oreover,theorem

9 impliesthatforlargebut n̄iteT ,G L S aretheonlystablelisteningstructures.ForT =1
otherlisteningstructurescanalsobestable,butthenecessaryconditionsareindependentof

types'accuracies.33

33For generalvaluesofT,w e are unable to d etermine the fullset ofstable listeningstruc tures.How ever,
using theorem 8,w e canob tainsome resultsonthe trad e-o® b etw eenin°uence and ac curacy. First, asT
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4 Conclusion

In this paperwehaveanalyzedamodelofsocialupdatingandcommunicationmeantto

captureawiderangeofpersuasiveprocesses.Inparticular,ouragents,cognizantthatthey

possesslimitedinformation,communicatewithoneanotherandupdatetheirbeliefsaccord-

ingly.A gents useplausiblerules toupdatetheirbeliefs,butdonotgiveenoughweightto

theviewsofagentstheydonotcomeintocontactwith.

Suchanupdatingprocessadmitsseveraldi®erentnaturalinterpretations.A gentsmayend

upoverweightingthosetheyareincontactwithinthemannerprescribedinourmodelsimply

becausetheydonotconsiderthepossibilitythattheviewsofthosetheylistentomaynot

berepresentativeofallavailableinformation.Evenifagentsunderstandsuchviewsarenot

necessarilyrepresentative,agentsmightnotbeabletoundertakethecomplicatedinference

andupdatingproblemoftryingtoinferfromtheirreportswhomtheagentsthattheylisten

toarethemselves listeningto.Instead,uponhearingasimilaropinion from twosources,

anagentsimplycountsthisastwopiecesofusefulinformationwithouttryingtodetermine

whetheroneofthesourceswasin° uenced(eitherdirectlyorindirectly)bytheother.Finally,

wecanalsogiveourprocess theinterpretation(aswehaveinour n̄anceapplication)that

agentsbelievethatonlysomefractionofotheragentshaveusefulinformation,andthatnot

allagentsarecorrectaboutwhohasusefulmodelsofwhodoesnot.

O urviewis thatsuch biases arewidespread,andre° ected inmanyprocesses andthe

designofmanyinstitutions,rangingfrom debatingprocedurestocourttrialstomarketing.

Inperhapseveryactivitywhereagentsareengagedinpersuasiveactivity,theyseemtocare

greatlyabouttheamountofcontacttheyhavewiththetargetsoftheirpersuasion.Itisvery

hardtorationalizethis withoutsomenotionthatrepeated interaction,onaverage,a®ects

beliefs inpredictablemanners.Capturingthisnotioninas simpleandnaturalamanneras

possibleistheessenceofourmodel.

A n interestingquestion is whethersuchapersuasionbias inupdatingis duetoapsy-

chologicaltendencyforoverweightingone'sownexperiences/peers/contacts/...,orwhether

itcanberationalizedfrom amorefoundationalbehavioralsetting,perhapsasaboundedly

rationalresponsetoinformationinanincompletesetting.34 Formanyday-to-daytopics,an

agent's peergroupmayindeedcontainofallindividualswithusefulinformation,ormight

indeedberepresentativeoftheuniverseofinformation.Consequently,applyingsuchanup-

b ec omessmaller,the numb er ofstable G LS d ec reases.Second ,asthe numb er ofstab le G LS d ec reases,those
w ith lessac curate gurutypesb ecome unstable ¯rst.
34 T hese tw o view s,ofcourse,need not b e mutuallyexclusive.
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datingrulemightoftenbequiterational.O necouldfurtherimaginethatitis likelytobe

verytaxingforanagenttotrytodiscern inwhatsettings theirsources ofinformationare

representativeofallusefulinformationandinwhatsettings outsideexpertisebeyondtheir

circleswouldbevaluable,especiallyifthequestionathandconcerns anewtopicthatthe

agenthas little ideahowtoevaluate. L oosely speaking,anagentfacingprocessingcosts

mightbebestservedbyfollowingasimpleupdatingrule,andperhaps,overtimechanging

whoshelistenstobasedontheoutcome.W earecurrentlyconsideringsuchafoundational

basisforourmodel.

W hileremainingsomewhatagnosticaboutthesourceofour\ persuasionbias","wean-

alyzeitsconsequences,bothinageneralsettingandinanassetmarketsetting.Ingeneral,

weanalyzeconvergenceofbeliefs.U ndertheconditionofstrongconnectedness,beliefsofall

agents convergetoaweightedaverageofinitialbeliefs,wheretheweights associatedwith

each typeofagenthaveanumberofratherstrikingfeatures. T heseweights,which are

readilyinterpretedas in° uence,followbothfrom characterizingthestationarydistribution

ofaM arkovmatrixthatrepresents thelisteningstructure,andfrom twodi®erentmanners

of\ countingtrees"whichderivefrom thegraphicalnatureofthelisteningstructure.In-

tuitively,agents arein° uentialifotherin° uentialagents listentothem,wherein° uenceis

dē nedendogenouslythroughthelisteningstructure.Intheassetmarketsetting,weexplore

thetrade-o®betweenin° uenceandaccuracy.O uranalysis indicatesthatlisteningstructures

thatdonotnecessarilyaggregateinformatione±cientlycanbe\ stable".Forexample,pro-

videdthatsu±cientupdatingoccursbeforemoreinformationonfundamentals is learned,it

canbeineveryone's intereststolistentoonemarket\guru"duetothefactthatothersare

listeningtohim,despitehisbeingveryinaccurate.

A fewwordsonthetestingofourmodelareprobablyinorder.W ereadilyacknowledge

thatasatisfactoryempiricaltestoftheimplications ofourmodelis likelytobedi±cult.

O urmodelyieldsanumberofpreciseimplications forbeliefsandin° uence.H owever,these

predictions followfrom theprimitiveofthelisteningstructure.Inmostempiricalsettings,

informationonthelisteningstructureseemslikelytobehardtocomeby,makingsatisfactory

empiricaltestingdi±cult.

Incontrast,however,wewouldarguethatourmodelisverywellsuitedforexperimental

testing.Preciselisteningstructuresshouldbeeasytocreateinanexperimentalsetting.O ur

modelyields preciseanduniqueimplications forthepropagationofbeliefs ingeneral,and

markettradinginparticular,asafunctionofthislisteningstructure.Furthermore,ourmodel

yieldsuniqueandprecisepredictionsforhowsimplechangesinthelisteningstructure{ such

as removingoraddingalisteninglink{ willimpactthebeliefs ofanentirepopulation.It
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isworthnotingthatthequantitativenatureofourmodel's predictions gowellbeyondthe

predictionsofmanybehavioralmodels.Consequently,webelievethattestingsomeofthese

implicationsexperimentallywouldbequiteinterestingandwouldprovideforastrongtestof

ourframework.B utperhapsthis is becausewehavelistenedtooneanothertoomuch,and

havethereforebeenundulypersuadedaboutthemeritsofourideas.
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A ppendix{ P roofs

ProoftoTheorem 2:W e r̄stshowthat(average)typebeliefs convergetow0x0.Itis
well-knownthatthematrix T tconverges toalimitT 1 when tgoes to1 ,andthateach
rowofT 1 isequaltow0(see,forexample,T heorem 8.8 inB illingsley(1 986)).Toshowthat
typebeliefs convergetow0x0 ,wewillshowthatthematrix

Qt
s= 1 T (̧ s)converges toT 1 .

D ē netherandomvariable¤ttobeequalto1 withprobability¸tand0 otherwise.A ssume
alsothat¤tareindependentovertime.D ē nethe(random)matrix Z tby

Z t=
tY

s= 1
[(1 ¡¤s)I + ¤sT]=T

P t
s= 1 ¤ s:

T hen

E (Z t)=
tY

s= 1
T (̧ s):

B ytheBorel-Cantelli lemma,if
P 1

t= 1 ¸t=1 ,then

Pr(¤t=1 in̄ nitelyoften)=Pr(
1X

t= 1
¤t=1)=1 :

SincethematrixT tis boundeduniformlyint,thedominatedconvergencetheorem implies
that

lim
t! 1

E (Z t)= lim
t! 1

E (T
Pt

s= 1 ¤ s)=T 1 :

W enextshowthatthebeliefsofallagentsconvergetow0x0.W e x̄atimet1 anddē ne
twoprocessesforeachagentim ,bothstartingatt1.T he r̄stprocess is

²tim =(1 ¡¸t)²t¡1im + ¸t²t¡1jm (t); ²t1im =xt1im ¡xt1i ; (23)

andthesecondis
ytim =(1 ¡¸t)yt¡1im + ¸tyt¡1jm (t); yt1im =xt1i ; (24)

wherejm (t) denotestheagentthatim listenstoattimet.Itiseasytocheckthat

xtim =²tim + ytim ;

and thus the twoprocesses areadecomposition oftheagent's beliefs. T he r̄stprocess
describes theevolutionofbeliefs ifattime t1 agents within atypehavedi®erentbeliefs,
but(average)typebeliefs are identicaland equalto0 .T hesecondprocess describes the
evolutionofbeliefs ifattimet1 agentswithinatypehavethesamebeliefs,whichareequal
tothe truetype beliefs xt1. (Subsequenttot1, agents within atypewillhave di®erent
beliefsbecausetheywillrandomlylistentodi®erenttypes.)T he r̄stprocessrepresentsthe
\ initial"heterogeneity,i.e.thewithintypeheterogeneityinducedfrom theheterogeneityat
t1.T hesecondprocessrepresentsthe\ random listening"heterogeneity,i.e.thewithintype
heterogeneityinducedfromrandom listeningsubsequenttot1.
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Forz=²;y;x,wedenoteby¾tz ithestandarddeviationofz
t
im acrossagentsoftypei,i.e.

(¾tz i)
2 ´

Z1

0

µ
ztim ¡

Z1

0
ztim 0dm

0
¶2

dm:

W ealsodenoteby¾tz themaximum of¾tz iacrosstypes.W euse¾t²,¾ty,and¾tx asmeasures
ofthe initial,random listening,and totalwithin typeheterogeneityattime t. Sincethe
processes ²tim andytim areindependentacrossagentsoftypei,wehave

(¾txi)
2 =(¾t²i)

2 + (¾tyi)
2 :

T herefore,
(¾tx)

2 ·(¾t²)
2 + (¾ty)

2 :

W e r̄stshowthat¾t² goesto0 whentgoesto1.Equation(23)impliesthat

(¾t²)
2 ·(1 ¡¸t)2 (¾t¡1² )2 + (̧ t)2 (¾t¡1² )2 =(1 ¡2¸t(1 ¡¸t))(¾t¡1² )2 :

T herefore,¾t² goesto0 ,if
tY

s= t1+ 1
(1 ¡2¸s(1 ¡¸s))

goesto0 ,oritslogarithmgoesto¡1.Thelogarithm is

tX

s= t1+ 1
log(1 ¡2¸s(1 ¡¸s))·¡2

tX

s= t1+ 1
¸s(1 ¡¸s)·¡2(1 ¡¹̧)

tX

s= t1+ 1
¸s;

andgoesto¡1.

W enextshowthatbychoosingt1 largeenough,wecanmake¾tyarbitrarilysmall.D ē ne
sty by

sty´sup
im
jytim ¡w0x0j:

Sincetheytim areobtained byconvexcombinations ofyt¡1im ,sty cannotincreaseovertime.
T herefore,

sty·st1y =sup
i
jxt1i ¡w0x0j:

Sincealltypes convergetow0x0,sty andthus ¾ty canbemadearbitrarilysmallfort1 large
enough.T herefore,¾tx goesto0 whentgoesto1. k
ProoftoCorollary1 :T hehypothesis implies#S(i)=nforalliand#S¡1(i)=m forall
i.T henbyan\ addingup"constraint,m=n.L etw=(1 =N ;:::;1 =N ).Thenforallj,

X

i
wiT ij=

1
N

X

i
T ij=

1
N

X

fi:j2S(i)g
#S(i)¡1 =

1
N
m
n
=

1
N
:

therebyshowingthatwisthestationarydistributionofT. k
ProoftoTheorem 3:First,supposethatforalli

P
jgj±ji=gi

P
j±ij.T hentoshowthat
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wis astationarydistribution,weneedtoshowthatforallj,
P

iwiT ij=wj.U singthe
seconddē nitionofwi,

X

i
wiT ij=

1
C

X

i

gi(
P

j±ij)±ij
#S(i)

=
1
C

X

i
gi±ij=wj;

whereweusethe r̄stdē nitionofwjandthefactthat#S(i)=
P

j±ij.

Thus itremainstoshowthat
P

jgj±ji=gi
P

j±ij.

Foragivenlisteningstructure,considerthesetYiofalladmissibletreeswithanyrootk
suchthat±ki=1.W ecanapplythefollowingproceduretothistree:

B i:Ifk= i,leavethetreeunchanged.O therwise,deletethelinkfrom itoitspredecessor,
andaddalinkfromtheroottoi.T hiscreatesani-tree.

N ext,startingwithanyi-tree,considerthefollowingoperationdē nedforanyj:

A j:Ifj= i,leavethetreeunchanged.O therwise,thereexistsaksuchthati immediately
succeedskandj is inthesubtreewithrootk(itisofcoursepossiblethatj=k).D eletethe
linkfromktoi,andaddalinkfrom i toj.N otethatthisyieldsanewtreewithrootk.

Itis easytoverifythefollowing:(1)ifAj(x)=y,thenB i(y)=x,and(2)ifB i(y)=x,
thenAj(x)=y forsomej suchthat±ij=1.

Byconstruction,#Yi=
P

jgj±ji.A lternatively,from theabovewecanconstructYiby
startingfromeachi-treeandapplyingAjforeachj suchthat±ij=1.Properties(1)and(2)
aboveguaranteethatthis constructionis 1:1 andontorespectively.H ence,#Yi=gi

P
j±ij,

provingtheresult. k
ProoftoTheorem 4:Follows immediatelybynotingthatifIis isolated,thentypes inI
onlylistentooneanother,andtherefore,theorem 2 appliesdirectlytothis subsetoftypes.
k
ProoftoTheorem 5:FirstweshowthatatleastoneelementofIis isolated.Suppose
not.ForanyI;J2 I,we saythatIlistens toJifthereexists i 2 I, j 2 Jsuch that
j2 S(i).ConsiderthegraphamongmembersofIdē nedbythislisteningstructure.Since
byassumption,noelementis isolated,itfollows thateachelementofIlistens toatleast
oneotherelement.H owever,sinceIcontains a n̄itenumberofelements,this implies at
leastonecycleinthelisteningstructureconsistingofmorethanoneelement.Butthenall
types belongingtoelements inthis cyclearestronglyconnected,andthereforeIis notthe
partitiondē nedbystrongconnectedness.H ence,thesubsetJ ofisolatedmembersofIis
nonempty.

Point1 ofthetheoremfollowsimmediatelyfromtheorem4.Toshowpoint2,weconsider
atypei 2I,andnotethatfrom point3,i's beliefs convergetow(J)0x0(J).Toshowthat
allagents in i convergetow(J)0x0(J),weproceedas intheorem 2.Toshowpoint3,we
denotebyx(i)thepointtowhichbeliefsoftypei2Iconverge,L (i)thesetofalltypes to
whichtypei islinked,I(i)½N thesetofalltypesbelongingtostronglyconnectedisolated
setstowhichtypei is linked,andCH(S)½R p theconvexhullofanysetofpoints S 2R p.
A busingnotation,wedenotebyx(J)theimageunderxofasetoftypesJ.Firstnotethat
alltypes convergetoapointintheinterioroftheconvexhulloftheconvergentpoints of
thosetowhomtheylisten,sincethevectorofconvergentbeliefsxisgivenbyT x=x.

35



W enowclaim thatforanyi,CH(x(I(i)))=CH(x(L (i))).CH(x(I(i)))µCH(x(L (i)))
is immediate,sincebydē nition,I(i)µ L (i).N owsupposeCH(x(I(i)))6¶CH(x(L (i))).
T hen itmustfollowthatthereexists sometypej 2 L (i)thatconverges toapointxthat
is anextremepointofCH(x(L (i)))and is notin CH(x(I(i))).Thetypej 2 L (i)which
convergestothispointj cannotbelongtoanisolatedset,sinceheisnotinI(i).T herefore,
hemustlistentoothertypes.B utsincealltypes convergetoapointintheinteriorofthe
convexhulloftheconvergentpointsofthosetowhomtheylisten,thesetypesthatjlistensto
mustallconvergetoxaswell,oroneofthemmustconvergetoapointoutsideCH(x(L (i))).
Bothofthesepossibilitiesyieldacontradiction.Inparticular,forthelattercase,i is linked
toanytypethatj listens to,andtherefore,anysuchtypemustconvergetoapointinside
CH(x(L (i))).Fortheformer,anytypethatj listens tothatconverges toxaswellmust
inturnbelinkedtoanothernewtypethatalsoconvergestothis point,sincenoneofthese
typescanbelongtoanisolatedsetoftypes,bythereasoningabove.A ndthesetypesmust
inturnbelinkedtoothersuchtypes.Buttherearea n̄itenumberoftypes, implyinga
contradiction.H enceCH(x(I(i)))= CH(x(L (i))),andsince i converges toapointinthe
interiorofCH(x(L (i))),wearedone. k
ProoftoTheorem6:T heequilibriumcomputedaccordingtoagentim 'smodelisasfollows.
T heperiod1 priceis

p1 =A1
µ
Vi¡B 1

u1
#S(i)

¶
; (25)

andtheperiod2 priceis

p2 =A 2
µ
Vi¡B 2

u2
#S(i)

¶
+ C 2 p1: (26)

T hedemandsofagentim aregivenbyequations(1 5)and(1 6).T hedemandsofanyother
smartagentaregivenbythesameequations,butforthatagent'sstatisticsratherthanagent
im 's.Toshowthatprices anddemands constitutearationalexpectations equilibrium,we
needtoshowthatdemands areoptimalgivenprices andthatprices clearthemarket.W e
r̄stshowmarket-clearing.W enextshowthatdemands areoptimalgivenprices,provided
thattheconstantsA1;B 1;A 2 ;B 2 ,andC 2 satisfyasystemofnon-linearequations.W e n̄ally
showthatthis system hasasolution.

M arket-Clearing

A ccordingtothemodelofagentim ,thestatisticofasmartagentatroundtisequaltoVi
plus idiosyncraticnoise,whichisnormalwithvariance¾2´=2t.Indeed,theinitialstatisticis
equaltoViplusidiosyncraticnoise,whichisnormalwithvariance¾ 2´.M oreover,thestatistic
atroundt isobtainedbyaveragingtworoundt¡1 statistics.

Toshowmarket-clearingatperiod 1 ,wenotethattheaggregatedemandofthesmart
agents is

#S(i)
B 1

µ
Vi¡

1
A1

p1
¶
:

T his is becausetheaveragestatisticofthesmartagents is Vi,andthemassofsmartagents
is#S(i).T hedemandofthedumbagents is¡u1.Themarketthusclears ifthepricep1 is
givenbyequation(25).M arket-clearingatperiod2 follows similarly.
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DemandsareO ptimalG ivenPrices

W edenotebyy1 and y2 the r̄stand secondperiodpositions ofagentim in therisky
asset.A gentim 'sconsumptionis

y1(p2 ¡p1)+ y2 (Vi+ ³¡p2):

A tperiod2,agentim chooseshisdemandy2 tomaximize

¡E 2exp(¡ay2(Vi+ ³¡p2))=¡exp(¡a(y2 (E 2 (Vi)¡p2)¡
1
2
ay22 (V ar2 (Vi)+ ¾ 2³))):

T heoptimaldemandis

y2 =
E 2 (Vi)¡p2

a(V ar2 (Vi)+ ¾2³)
: (27)

T hesubscript2 (1 )inanexpectationorvariancemeans thattheseareconditionalon in-
formation availableatperiod 2 (1 ). T his information consists oftheround 0 statisticof
agentim ,theround0 statisticsoftheagentsthatagentim haslistenedto,bothdirectlyand
indirectly,andtheperiod1 and2 prices.W edenotebySt(im )thesetthatincludesagentim
andtheagentshehas listenedto,bothdirectlyandindirectly,byroundt.T hecardinality
ofSt(im )is 2t.W edenoteby ¿́ theprecisionoftheround0 statisticofasmartagent,i.e.
¿́ =1 =¾ 2´.Finally,wedenoteby¿p1 and¿p2 theprecisionsofB 1u1=#S(i)andB 2 u2 =#S(i),
respectively,i.e.¿p1 =1 =(B 1¾u1)2 and¿p 2 =1 =(B 2 ¾u2)2.W ehave

1 =V ar2(Vi)́ ¿2 =1 + 2T ¿́ + ¿p1 + ¿p 2 :

and

E 2 (Vi)=
2T ¿́
¿2

P
ST(im )sjm 0
2T

+
¿p1
¿2

1
A1

p1 +
¿p2
¿2

1
A 2

(p2 ¡C 2 p1): (28)

U singequation (28),andnotingthat
P

ST(im )sjm 0=2
T = sTim , itis easytocheckthatthe

demand(1 6)coincideswiththeoptimaldemand27if

B 2 =
a
³
1
¿2 + ¾2³

´
¿2

2T ¿́
; (29)

A 2 =
2T ¿́ + ¿p2

¿2
; (30 )

and
C 2 =

¿p1
¿2

1
A1

: (31)

A tperiod1 agentim chooseshisdemandy1 tomaximize

¡E 1exp(¡a(y1(p2 ¡p1)+ y2 (E 2 (Vi)¡p2)¡
1
2
ay22

µ
1
¿2
+ ¾2³

¶
));

wherethesubscript1 meansthattheexpectationis conditionaloninformationavailableat
round1 andonthepricep1.Tosimplifythis equation,we r̄stsubstitutey2 from equation
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27.W eget

¡E 1exp(¡a(y1(p2 ¡p1)+
(E 2(Vi)¡p2)2

2a(1¿2 + ¾ 2³)
)):

W enextsubstitutep2 andE 2(Vi)fromequations(25)and(28)respectively.U singequations
(30 )and(31)andsetting

¯ =

Ã
2T ¿́
¿2

! 2
1

a
³
1
¿2 + ¾ 2³

´;

weget

¡E 1exp(¡a(y1
µ
A 2

µ
Vi¡B 2

u2
#S(i)

¶
+ C 2 p1¡p1

¶
+
1
2
¯

ÃP
ST (im )sjm 0
2T

¡Vi+ B 2
u2

#S(i)

! 2
)):

W e n̄allyseparatethesignals in S 1(im )thattheagentknowsatperiod1 ,andthesignals
inS T(im )nS 1(im )thattheagentwillobtainbetweenperiods 1 and2.Setting

´=
P

ST (im )nS1(im )
P H

h= 1 vi;h´jm 0;h
2T

;

weget

¡E 1exp(¡a(y1
µ
A 2

µ
Vi¡B 2

u2
#S(i)

¶
+ C 2 p1¡p1

¶

+
1
2
¯

Ã
´ +

ÃP
S1(im )sjm 0

2
¡Vi

!
1

2T¡1
+ B 2

u2
#S(i)

! 2
)): (32)

T heexpectationinequation(32)hastobecomputedw.r.t.Vi,u2 ,and´.

W ewillusetheformula

E (exp(¡a(b0 + b0x+
1
2
x0Cx)))=

1q
jI + aC§2j

exp(¡a(b0 ¡
1
2
ab0§2(I+ aC§2)¡1b));(33)

wherexisan£1 normalvectorwithmean0 andvariance-covariancematrix§2 ,I then£n
identitymatrix,b0 anumber,bann£1 vector,andCann£nsymmetricmatrix.W eset
n=2,

x1 =(Vi¡E 1(Vi))¡B 2
u2

#S(i)
;

x2 =´¡(Vi¡E 1(Vi))
1

2T¡1
+ B 2

u2
#S(i)

;

b1 =y1A 2 ;

b2 =¯

ÃP
S1(im )sjm 0

2
¡E 1(Vi)

!
1

2T¡1
;

C=
µ
0 0
0 ¯

¶
;
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and

b0 =y1(A 2 E 1(Vi)+ C 2 p1¡p1)+
1
2
¯

ÃP
S1(im )sjm 0

2
¡E 1(Vi)

! 2
1

22 (T¡1)
:

O mittingthetermsthatdonotdependony1 andthusdonota®ecttheoptimizationw.r.t.
y1,wecanwriteequation(32)as

¡exp(¡a(y1(A 2 E 1(Vi)+ C 2 p1¡p1)+ y1A 2k2

ÃP
S1(im )sjm 0

2
¡E 1(Vi)

!
¡1
2
y21A

2
2k3)); (34)

wheretheconstantsk2 andk3are

k2 =
a
³

1
2 T¡1¿1

+ 1
¿p2

´
¯

1 + ā
³
V ar(́ )+ 1

2 2 (T¡1)¿1
+ 1

¿p2

´ 1
2T¡1

;

and

k3=a

1
¿1 +

1
¿p2

+ ā
·
V ar(́ )

³
1
¿1 +

1
¿p2

´
+ 1

¿1¿p2

³
1 ¡ 1

2 T¡1
2́
¸

1 + ā
³
V ar(́ )+ 1

2 2 (T¡1)¿1
+ 1

¿p2

´ ;

and
¿1 ´V ar1(Vi)=1 + 2¿́ + ¿p1:

T heagentchooseshisdemandy1 tomaximize(34).T heoptimaldemandis

y1 =
A 2 E 1(Vi)+ C 2 p1¡p1 + A 2k2

µP
S1(im )

sjm 0
2 ¡E 1(Vi)

¶

A 22k3
: (35)

Toidentifythedemand(35)withthedemand(1 5),wehavetocomputeE 1(V1).W ehave

E 1(Vi)=
2¿́
¿1

P
S1(im )sjm 0

2
+
¿p1
¿1

1
A1

p1: (36)

U singequations(30 ),(31),and(36),itiseasytocheckthatthedemand(1 5)coincideswith
thedemand(35)if

B 1 =
A 2k3

2 ¿´
¿1 + k2

³
1 ¡ 2 ¿´

¿1

´; (37)

and

A1 =
2T ¿́ + ¿p2

¿2

µ
2¿́ + ¿p1

¿1
+ k2

1
¿1

¶
+
¿p1
¿2
: (38)

ToshowthatC 2 < 1 andA1 < A 2 + C 2 A1 weuseequations (30 ),(31 ),(38),andthefact
thatk2 < 1 .

T heSystem hasaSolution

Equations(29),(30 ),(31 ),(37),and(38),constituteasystemof5 non-linearequationsin
the5 unknowns A1,B 1,A 2 ,B 2 ,andC 2.T heunknowns A1,A 2 ,andC 2 canbedetermined
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from B 1 andB 2 usingequations(38),(30 ),and(31 ),respectively.TodetermineB 1 andB 2 ,
westudythesystemofequation(29)andequation

B 1 =
2 T ¿́ + ¿p2

¿2 k3
2 ¿´
¿1 + k2

³
1 ¡ 2 ¿´

¿1

´; (39)

whichisobtainedbysubstitutingA 2 intoequation(37).U singthedē nitionsof¿p1,¿p2 ,and
¿2 ,wecanwriteequation(29)as

B 2 ¡
a
µ
1 +

µ
1 + 2T ¿́ + 1

B 21¾
2
u1
+ 1

B 22 ¾
2
u2

¶
¾ 2³

¶

2T ¿́
=0 :

T heL H S is increasinginB 2 ,goesto¡1 whenB 2 goesto0 ,andgoesto1 whenB 2 goes
to1.T herefore,equation(29)has auniquesolution B 2(B 1).B 2 (B 1)is decreasingin B 1,
isoforder1 =B 21 whenB 1 is small,andgoestoastrictlypositivelimitwhen B 1 goesto1.
Considernowequation(39)wherewereplaceB 2 byB 2 (B 1).ItiseasytocheckthattheR H S
isoforder1 =B 21 whenB 1 is small,andgoestoastrictlypositivelimitwhen B 1 goesto1.
T herefore,equation(39)hasasolutionB 1. k
ProoftoTheorem7:U singequations(17)and(1 8),wecanwriteagentim 'sconsumption
as

1
B 1

(s1im ¡s1)(A 2 sT + (C 2 A1¡A1)s1)+
1
B 2

(sTim ¡sT)(V + ³¡A 2 sT ¡C 2 A1s1): (40 )

Takingexpectationsw.r.t.theidiosyncraticnoise,weget

1
B 1

(s1i¡s1)(A 2 sT + (C 2 A 1¡A1)s1)+
1
B 2

(sTi¡sT)(V + ³¡A 2 sT ¡C 2 A1s1):

U singequation(1 4)andthedē nitionsofyi;1,yi;2 ,p1,andp2 ,weget
³
y0i;1V

´¡
(p2 ¡p1)0V

¢
+

³
y0i;2 V

´
(V + ³¡p2 V ):

Takingexpectationsw.r.t.V and³,anddenotingbycov(V )thevariance-covariancematrix
ofV ,weget

y0i;1cov(V )(p2 ¡p1)+ y0i;2(R ¡cov(V )p2):

Toobtainthetheorem,wenotethattheelements ofbothyi;1 andyi;2 sum to0 ,thatall
diagonalelementsofcov(V )areequalto1 ,andthatallnon-diagonalelementsareequalto
½.T herefore,y0i;1cov(V )=(1 ¡½)y01 andy0i;2 cov(V )=(1 ¡½)y02. k
ProoftoTheorem 8:W e r̄stassumeagenerallisteningstructure,andcomputeagent
im 'sexpectedpayo®whenheadoptsalisteningset~S(i)insteadofS(i).W enextshowthat
theG L S withgurutype1 is stable,ifandonlyifcondition(21 )holds.

ExpectedPayo®

T heagent's consumption is given byequation (40 ). H owever,theexpectations ofs1im
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and sTim w.r.t.theidiosyncraticnoisearenolongerequaltos1i and sTi.Tocomputethe
expectationofs1im ,wenotethats

1
im is theaverageofs0im ands0km 0 forsomeagentkm 0with

k2 ~S(i).T herefore,theexpectationis

1
2
s0i+

1
2

1
# ~S(i)

X

k2~S(i)
s0k:

N oticethatwhen ~S(i)=S(i),this isequaltos1i.Similarly,theexpectationofs
T
im is

1
2T

s0i+
1

# ~S(i)

X

k2~S(i)

µ
1
2T
s0k+

1
2T¡1

s1k+ ¢¢¢+
1
2
sT¡1k

¶
:

Tocomputetheexpectationsw.r.t.V and³,weproceedasintheorem7.W edenoteby~yi;1
thevectorwhosej'thcomponentis

1
B 1

0
B@
1
2
w0ij+

1
2

1
# ~S(i)

X

k2~S(i)
w0kj¡w1j

1
CA :

W esimilarlydenoteby~yi;2 thevectorwhosej'thcomponentis

1
B 2

0
B@
1
2T
w0ij+

1
# ~S(i)

X

k2~S(i)

µ
1
2T

w0kj+
1

2T¡1
w1kj+ ¢¢¢+

1
2
wT¡1
kj

¶
¡wT

j

1
CA :

Proceedingas intheorem7,expectedpayo®is

(1 ¡½)~y0i;1(p2 ¡p1)+ ~y0i;2(R ¡(1 ¡½)p2): (41)

Inequation(41 ),wewillonlyconsiderthetermsthatdependon ~S(i).Tosimplifythese
terms,weintroducesomenotation.W edenotebyzk;1 thevectorwhosej'thcomponentis
(1 =B 1)w0kj.W ealsodenotebyzk;2 thevectorwhosej'thcomponentis

1
B 2

µ
1

2T¡1
w0kj+

1
2T¡2

w1kj+ ¢¢¢+ wT¡1
kj

¶
:

Finally,wedē nebk by

bk=(1 ¡½)z0k;1(p2 ¡p1)+ z0k;2 (R ¡(1 ¡½)p2): (42)

W ecan interpretbk as thebenē toflisteningtotypek.G oingbacktoequation(41 ),we
canwritethetermsthatdependon ~S(i)as

1
# ~S(i)

X

k2~S(i)
bk:

T hebenē tofadopting ~S(i)aslisteningset,isthustheaveragebenē toflisteningtotypes
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in ~S(i).

G L S is Stable

A necessaryandsu±cientconditionfortheG L S withgurutype1 tobestableis

b1 + min
i6= 1

bi¡2max
i6= 1

bi¸0 : (43)

Indeed,supposethatthis conditionholds.A nagentofthegurutype 1 does notwantto
adoptalisteningsetf1 g[ Iinsteadoff1 g if

b1 ¸
b1 +

P
i2I bi

1 + #I
:

Condition(43)implies thatb1 ¸maxi6= 1bi,thereforethis inequalityholds.A nagentofa
non-gurutypejdoesnotwanttoadoptalisteningsetf1g[ Iinsteadoff1;jg if

b1 + bj
2

¸bj+
P

i2I bi
1 + #I

:

If1 2I,wecanwritethisconditionas

b1 + bj¸2
P

i2Inf1gbi
#I¡1

;

andif1 =2I,as
b1 + bj+

b1¡bj
#I

¸2
P

i2I bi
#I

:

Condition(43)impliesthateitherinequalityholds.Toshowthatcondition(43)isnecessary,
assumethatj is thenon-gurutypewiththelowestbj,andthatI= f1 ;igwhere i is the
non-gurutypewiththehighestbi.

W enextcomputethebi's and showthatequations (43)and(21 )areequivalent.T he
in° uenceweightsasofroundtare

wt
1;1 =1; wt

1;j=0 ; wt
i;1 =1 ¡

µ
3
4

¶t
; wt

i;i=
µ
3
4

¶t
; and wt

ij=0 ;

fori;j6=1 and i6=j.T herefore,

b1 =
1 ¡½
B 1

(p2 ¡p1)1 +
1
B 2

2T ¡1
2T¡1

(R ¡(1 ¡½)p2)1;

and

bi=
1 ¡½
B 1

(p2¡p1)i+
1
B 2

3T ¡2T

4T¡1
(R ¡(1¡½)p2)i+

1
B 2

Ã
2T ¡1
2T¡1

¡3T ¡2T

4T¡1

!
(R ¡(1¡½)p2)1:
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M oreover,

(p1)1 =A1
(N ¡1 )14 + 1

N
; (p2)1 =A 2

(N ¡1 )
µ
1 ¡

³
3
4

T́
¶
+ 1

N
+ C 2 A1

(N ¡1 )14 + 1
N

;

and

(p1)i=A 1
3
4
N
; (p2)i=A 2

³
3
4

T́

N
+ C 2 A 1

3
4
N
;

fori6=1.Pluggingp1 andp2 intob1 andbi,itiseasytocheckthatequations(43)and(21)
areequivalent.T herefore,theG L S withgurutype1 is stableif(21 )holds.

ForT =1 ,(21 )becomes

A 2 ¡
1
4
(A1¡C 2 A1)̧ 0 ;

and is satis̄ edwithstrictinequalitysinceA 2 > A1 ¡C 2 A1 > 0 .T herefore,bycontinuity
(21 )is satis̄ edforlargeT.If½j¸½i,thenmaxk6= j½k·maxk6= i½k,and

½j+ min
k6= j

½k¸½i+ min
k6= i

½k:

(Toshowthelastinequalitywedistinguishcases accordingtowhetheri has theminimum
accuracyamongalltypes.)T herefore,if(21 )holdsfori,itholdsforj. k
ProoftoTheorem 9:W econsiderastablecon̄ gurationandshowthatitmustbeas in
thetheorem.W e r̄stassumelargebut n̄iteT ,andthenT =1.

L argeButFiniteT

W e r̄stshowthat,genericallyintypes'accuracies,thebenē tsbi,dē nedbyequation
(42),di®eracrosstypes.Toshowthatbi6=bjgenerically,itsu±cestoshowthatzi;2 6=zj;2.
W ewillshowthatthei'thcomponents ofzi;2 andzj;2 ,denotedbyfi(T)andfj(T),di®er.
Bothfi(T)andfj(T)arelinearcombinations ofexponentials in T.Sincefi(1)= 1 =B 2 6=
fj(1)=0 ,thecoe±cientsoftheexponentialsdi®er.T herefore,fi(T)andfj(T)canbeequal
onlyforT ina n̄iteset,anddi®erforlargeT.

Sincethebenē ts bidi®eracross types,wecanusethem torankthetypes.W ithout
lossofgenerality,assumethattypen is rankedn.Todeterminethelisteningsetoftypen,
wenotethattheaveragebenē toflisteningtotypes inthis set,has toexceedtheaverage
benē tforallothersetsthatincludetypen.T herefore,thelisteningsetincludestypes 1 ,n,
andmayincludetypes 2 ton0forn0< n.

W enextshowthatn0= 1 , i.e.thatthelisteningstructure is a G L S.W eproceed by
contradictionandassumethatforsomen,n0> 1 ,i.e.thattype2 is listenedtobyatleast
onemoretypeexcepthimself.Sinceallbeliefs convergetotype1's beliefs,wt

i;1 goes to1 ,
andwt

ijforj6=1 goesto0 ,astgoesto1.T herefore,b2 goesto

(1 ¡½)(p2 ¡p1)2 + (R ¡(1 ¡½)p2)1 =¡(1 ¡½)(A 1¡C 2 A1)w12 + (R ¡(1 ¡½)p2)1;
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andbN goesto

(1 ¡½)(p2 ¡p1)N + (R ¡(1 ¡½)p2)1 =¡(1 ¡½)(A1¡C 2 A1)w1N + (R ¡(1 ¡½)p2)1;

W ewillshowthatw12 > w1N .U singC 2 < 1 ,wewillconcludethatforlargeT ,b2 < bN ,a
contradiction.SincetypeN isonlylistenedtobyhimself,wehave

w1N =
w1N ;N
N

=
1
N

µ
1
2
+
1
2

1
#S(N )

¶
:

Sincetype2 is listenedtobyatleastonemoretypeexcepthimself,wehave

w12 >
w12 ;2
N

=
1
N

µ1
2
+
1
2

1
#S(2)

¶
¸ 1
N

µ1
2
+
1
2

1
#S(N )

¶
=w1N :

In̄ niteT

W eproceedas forlargebut n̄ite T ,andranktypes accordingtothebenē ts bi.W e
denotebyIthesetoftypeswiththehighestbenē t.(W econsidersetsbecauseforT =1
therecanbeties.)T helisteningsetofatypeinIisasubsetofI.T helisteningsetofatype
notinIincludesthistype,alltypes inI,andmayincludesomeothertypesaswell.

Iftypes i;j 2Iconvergetodi®erentbeliefs,thenzi;2 6= zj;2.T herefore,genericallyin
types'accuracies,bi6=bj,acontradiction.A lltypes inIthus convergetothesamebelief,
whichisaweightedaverageoftheirinitialbeliefs.M oreover,alltypes notinIconvergeto
thatweightedaverageaswell.W edenotebywitheweightoftypei2I,andbywthevector
whose i'thcomponentiswi fori 2Iand 0 fori =2I.ForT = 1 ,thevectorzi;2 equals
(2=B 2)w.T herefore,

bi=(1 ¡½)(p2 ¡p1)i+
2
B 2
w0(R ¡(1 ¡½)p2): (44)

U singequation(44),andproceedingas inthecasewhereT is n̄itebutlarge,wecanshow
thatatypenotinIlistensonlytohimselfandtothetypes inI.Equation(44)alsoimplies
that(p2 ¡p1)i is independentofi fori2I.

ToshowthatIisstronglyconnected,weproceedbycontradiction.Supposethatitisnot.
T heorem 5 implies thatIhas astronglyconnected isolated subsetJ.(T heorem 5 applies
withIinsteadofN sinceIis isolated.)Sincealltypes inIconvergetothesamebelief,this
beliefisaweightedaverageoftheinitialbeliefsofthetypes inJ.Since

X

j2J
wj=1 >

X

j2J
w1j;

thereexistsatypej2Jsuchthatwj> w1j.U singA 2 > A 1¡C 2 A1,wehave

(p2 ¡p1)j=A 2wj¡(A1¡C 2 A1)w1j> 0 :
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Foratypei2InJ,wehave

(p2 ¡p1)i=A 2wi¡(A1¡C 2 A1)w1i=¡(A1¡C 2 A1)w1i < 0 :

T his isacontradictionsince(p2 ¡p1)i is independentofi fori2I. k
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