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Devwudfw

Wklv sdshu surylghv d wkhru| ri lqwhjudwlrq edvhg rq wkh lqdelolw| ri sduwlhv

wr zulwh frpsuhkhqvlyh �qdqfldo frqwudfwv1 Lq rxu prgho/ lqwhjudwlrq frphv zlwk

erwk ehqh�wv dqg frvwv1 Rq wkh rqh kdqg/ lqwhjudwlrq hqwdlov oltxlglw| vslooryhuv

iurp kljk0 wr orz0uhwxuq surmhfwv/ lpso|lqj wkdw lqwhjudwhg �upv kdyh ehwwhu dffhvv

wr h{whuqdo �qdqfh wkdq qrq0lqwhjudwhg �upv1 Rq wkh rwkhu kdqg/ lqwhjudwlrq ohdgv

wr wkh fuhdwlrq ri d odujhu lqwhuqdo fdslwdo pdunhw/ wkhuhe| pdnlqj lqwhjudwhg �upv

ohvv ghshqghqw rq wkh surylvlrq ri iroorz0xs �qdqflqj e| rxwvlgh lqyhvwruv1 Exw

lq d zruog zkhuh �qdqfldo frqwudfwlqj lv lqfrpsohwh/ wkh wkuhdw qrw wr surylgh

iroorz0xs �qdqflqj pd| eh wkh rqo| phdqv wkdw lqyhvwruv kdyh wr pdnh eruurzhuv

uhsd| wkhlu ghew1 E| pdnlqj wklv wkuhdw ohvv h�hfwlyh/ lqwhjudwlrq pd| djjudydwh

h{lvwlqj �qdqflqj frqvwudlqwv fdxvhg e| frqwudfwxdo lqfrpsohwhqhvv1

Nh|zrugv= Lqfrpsohwh Frqwudfwv/ Wkhru| ri wkh Ilup/ Phujhuv1

MHO Fodvvl�fdwlrq Qxpehuv= G65/ J65/ J671

�Zh wkdqn Sdwulfn Erowrq/ Pduwlq Khoozlj/ Fkulvwldq Odx{/ Ehqq| Progrydqx/ dqg vhplqdu sduwlf0

lsdqwv dw ydulrxv zrunvkrsv iru khosixo frpphqwv dqg vxjjhvwlrqv1 Ilqdqfldo vxssruw iurp Ghxwvfkh

Iruvfkxqjvjhphlqvfkdiw/ Vrqghuiruvfkxqjvehuhlfk 837/ lv judwhixoo| dfnqrzohgjhg1
|Vrqghuiruvfkxqjvehuhlfk 837/ Xqlyhuvlw| ri Pdqqkhlp/ O46/ 48/ 9;464 Pdqqkhlp/ Jhupdq|1 Hpdlo=

lqghuvwCvie8371xql0pdqqkhlp1gh1 XUO= kwws=22zzz1yzo1xql0pdqqkhlp1gh2progrydq2urpdq1kwpo1
}Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Pdqqkhlp/ D8/ 9;464 Pdqqkhlp/ Jhupdq|1 Hpdlo=

kpxhoohuCsrro1xql0pdqqkhlp1gh1 XUO= kwws=22zzz1yzo1xql0pdqqkhlp1gh2khoozlj2krojhu1
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4 Lqwurgxfwlrq

Zk| gr vrph �upv phujh zkloh rwkhuv grq*wB Wklv txhvwlrq/ zklfk lv forvho| olqnhg

wr wkh txhvwlrq ri wkh erxqgdulhv ri wkh �up/ kdv lqvsluhg qxphurxv wkhrulhv dqg dujx0

phqwv/ prvw ri zklfk duh edvhg rq vwdqgdug qhrfodvvlfdo frqfhswv olnh pdunhw srzhu dqg

whfkqrorjlfdo h!flhqf|1 Pruh uhfhqwo|/ krzhyhu/ wkh irfxv kdv vkliwhg wrzdug d frqwudf0

wxdo ylhz ri wkh �up/ wkh lghd ehlqj wkdw lqwhjudwlrq pd| uhgxfh sureohpv dulvlqj iurp

frqwudfwxdo lqfrpsohwhqhvv1 Exloglqj rq vhplqdo zrun e| Frdvh +4<6:, dqg Zlooldpvrq

+4<:8/ 4<;8,/ Jurvvpdq dqg Kduw +4<;9, dqg Kduw dqg Prruh +4<<3, +khqfhiruwk JKP,

dujxh wkdw krog0xs sureohpv lq d yhuwlfdo uhodwlrqvkls pd| eh doohyldwhg li wkh �upv

lq txhvwlrq phujh1 Zkloh lqwhjudwlrq lpsuryhv wkh lqfhqwlyhv ri wkh frqwuroolqj �up wr

pdnh uhodwlrqvkls0vshfl�f lqyhvwphqwv/ lw gxoov wkh lqfhqwlyhv ri wkh vxeruglqdwh �up+v,1

Lqwhjudwlrq lv rswlpdo li wkh ryhudoo h�hfw lv srvlwlyh1

Dorqj zlwk JKP/ wklv sdshu surylghv d wkhru| ri lqwhjudwlrq edvhg rq frqwudfwxdo

lqfrpsohwhqhvv1 Xqolnh wkhlu prgho/ krzhyhu/ rxu prgho lv qrw sulpdulo| derxw yhuwlfdo

lqwhjudwlrq/ qru grhv lw fhqwhu xsrq wkh sureohp ri surylglqj djhqwv zlwk lqfhqwlyhv wr

pdnh uhodwlrqvkls0vshfl�f lqyhvwphqwv1 Lqvwhdg/ lw lv edvhg rq wkh lqdelolw| ri sduwlhv wr

zulwh �qdqfldo frqwudfwv hqvxulqj wkdw doo srvlwlyh QSY surmhfwv duh xqghuwdnhq1 Lq rxu

prgho/ lqwhjudwlrq frphv zlwk erwk ehqh�wv dqg frvwv1 Rq wkh rqh kdqg/ lqwhjudwlrq

hqwdlov oltxlglw| vslooryhuv iurp kljk0 wr orz0uhwxuq surmhfwv/ wkhuhe| surylglqj lqwhjudwhg

�upv zlwk ehwwhu dffhvv wr h{whuqdo �qdqfh wkdq qrq0lqwhjudwhg �upv1 Wkh gdun vlgh

ri lqwhjudwlrq lv wkdw/ e| srrolqj lqwhuqdo fdvk  rzv/ lqwhjudwlrq dw ohdvw sduwo| vklhogv

�upv iurp wkh glvflsolqdu| suhvvxuh ri wkh fdslwdo pdunhw1

Lq d wzr0shulrg prgho/ Erowrq dqg Vfkduivwhlq +4<<3, vkrz wkdw lq d zruog zkhuh

�qdqfldo frqwudfwlqj lv lqfrpsohwh/ wkh wkuhdw qrw wr surylgh iroorz0xs �qdqflqj pd| eh

wkh rqo| phdqv wkdw lqyhvwruv kdyh wr lqgxfh eruurzhuv wr uhsd| wkhlu ghew1 Zkloh wklv

plwljdwhv wkh xqghulqyhvwphqw sureohp/ lw grhv qrw vroyh lw frpsohwho|1 Lq sduwlfxodu/

orz0uhwxuq �upv duh oltxlgdwhg diwhu wkh �uvw shulrg hyhq wkrxjk oltxlgdwlrq lv vwulfwo|

lqh!flhqw1 Vlqfh wkh lqyhvwru fdqqrw euhdn hyhq lq wkh vhfrqg shulrg/ kh rqo| surylghv

iroorz0xs �qdqflqj li wklv doorzv klp wr h{wudfw d juhdwhu uhsd|phqw lq wkh �uvw shulrg

ryhu dqg deryh zkdw kh fdq rewdlq e| phdqv ri d frqwudfw1 Dv iru orz0uhwxuq �upv/ wkh

�up*v hqwluh fdvk  rz lv yhul�deoh1 Frqvhtxhqwo|/ wkh frqwlqxdwlrq suredelolw|/ l1h1 wkh

suredelolw| ri rewdlqlqj vhfrqg0shulrg �qdqflqj/ lv }hur1 Dw wkh vdph wlph/ wkh kljk0

uhwxuq �up*v olplwhg oldelolw| frqvwudlqw lv vodfn/ lpso|lqj wkdw wkh kljk0uhwxuq �up kdv

h{fhvv �uvw0shulrg oltxlglw|1 Wr vnlp r� wkh h{fhvv oltxlglw|/ wkh lqyhvwru zrxog kdyh wr

udlvh wkh �up*v frqwlqxdwlrq suredelolw|1 Exw wklv lv lpsrvvleoh dv wkh kljk0uhwxuq �up

douhdg| rewdlqv vhfrqg0shulrg �qdqflqj zlwk suredelolw| rqh1

Li wkhuh duh wzr �upv/ phujlqj wkh �upv +l1h1 surmhfwv, pd| doohyldwh wkh xqghulq0
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yhvwphqw sureohp hyhq li wkh �upv duh h{ dqwh lghqwlfdo1 Zlwk d fhuwdlq suredelolw|/ rqh

ri wkh wzr surmhfwv kdv d kljk uhwxuq zkloh wkh rwkhu kdv d orz uhwxuq1 Lq wklv fdvh/ li

wkh �upv kdyh phujhg/ wkh lqyhvwru fdq vnlp r� vrph ri wkh kljk0uhwxuq surmhfw*v h{fhvv

oltxlglw| lq h{fkdqjh iru udlvlqj wkh orz0uhwxuq surmhfw*v frqwlqxdwlrq suredelolw|/ wkxv

lqfuhdvlqj h!flhqf|1 Dv d uhvxow/ wkh phujhg �up*v frqwlqxdwlrq suredelolw| h{fhhgv wkh

dyhudjh frqwlqxdwlrq suredelolw| wkdw rewdlqv li wkh wzr �upv uhpdlq vhsdudwh1 Lqflghq0

wdoo|/ wkh rxwfrph fdqqrw eh uhsolfdwhg e| d frqwudfw zkhuh/ li wkhuh lv erwk d orz0 dqg d

kljk0uhwxuq �up/ wkh kljk0uhwxuq �up vxssolhv wkh orz0uhwxuq �up zlwk h{fhvv oltxlglw|1

Wkh uhdvrq lv wkdw/ vlqfh sur�wv duh qrqyhul�deoh/ wkh kljk0uhwxuq �up kdv dq lqfhqwlyh

wr frqfhdo lwv w|sh dqg vdyh rq wkh wudqvihu sd|phqw1

Vlplodu wr wkh surshuw| uljkwv olwhudwxuh/ lq rxu prgho lqwhjudwlrq lqyroyhv d fkdqjh

lq wkh dxwkrulw| vwuxfwxuh1 Li wkh wzr �upv uhpdlq vhsdudwh/ wkh pdqdjhu ri wkh orz0

uhwxuq �up fdqqrw rughu wkh pdqdjhu ri wkh kljk0uhwxuq �up wr surylgh wkh orz0uhwxuq

�up zlwk h{fhvv oltxlglw|1 Dovr/ dv zdv dujxhg deryh/ d frqwudfw vwlsxodwlqj vxfk d

wudqvihu lv lpsrvvleoh gxh wr wkh qrq0yhul�delolw| ri wkh �upv* fdvk  rzv1 Krzhyhu/ li

wkh �upv lqwhjudwh/ rqh ri wkh wzr pdqdjhuv +ru d wklug sduw| iuhtxhqwo| uhihuuhg wr

dv ckhdgtxduwhuv* lq wkh lqwhuqdo fdslwdo pdunhwv olwhudwxuh, kdv wkh dxwkrulw| wr vkliw

ixqgv iurp rqh surmhfw wr dqrwkhu/ wkxv doorzlqj wkh phujhg �up wr eruurz djdlqvw wkh

surmhfwv* frpelqhg fdvk  rzv1 Lqflghqwdoo|/ lq rxu prgho lqwhjudwlrq lqyroyhv qr fkdqjh

lq wkh xqghuo|lqj lqirupdwlrq vwuxfwxuh dv erwk pdqdjhuv douhdg| ixoo| revhuyh hdfk

rwkhuv* fdvk  rzv sulru wr wkh phujhu1

Wkhuh lv dovr d gdun vlgh wr lqwhjudwlrq1 Dv lqwhjudwlrq ohdgv wr d srrolqj ri fdvk

 rzv/ wkh phujhg �up pd| eh deoh wr �qdqfh vhfrqg0shulrg surgxfwlrq zlwk lqwhuqdo

ixqgv lq fdvhv zkhuh wkh wzr vwdqg0dorqh �upv kdg wr uhvruw wr wkh fdslwdo pdunhw1

Khqfh/ lqwhjudwlrq pd| zhdnhq wkh lqyhvwru*v whuplqdwlrq wkuhdw1 Li wklv qhjdwlyh h�hfw

grplqdwhv wkh vslooryhu h�hfw/ lqwhjudwlrq pd| qr orqjhu eh rswlpdo1 Dv lv vkrzq/ wklv

lv wkh fdvh li wkh suredelolw| wkdw surmhfwv kdyh d kljk uhwxuq lv vx!flhqwo| kljk1

Wkh prgho dovr dgguhvvhv wkh lvvxh ri zkhwkhu �upv vkrxog rswlpdoo| phujh zlwk

�upv zkrvh surmhfwv duh srvlwlyho| ru qhjdwlyho| fruuhodwhg zlwk wkhlu rzq surmhfwv1 Li

wkh wzr surmhfwv duh vwurqjo| srvlwlyho| fruuhodwhg/ wkh suredelolw| ri kdylqj erwk d kljk0

dqg d orz0uhwxuq surmhfw lv orz1 Dffruglqjo|/ oltxlglw| vslooryhuv duh xqolnho| wr rffxu/

dqg wkh h{shfwhg h!flhqf| jdlq iurp lqwhjudwlrq lv qhjoljleoh1 Frqyhuvho|/ li wkh wzr

surmhfwv duh vwurqjo| qhjdwlyho| fruuhodwhg/ wkh suredelolw| ri kdylqj erwk d kljk0 dqg d

orz0uhwxuq surmhfw lv kljk/ dqg wkh h{shfwhg jdlq iurp lqwhjudwlrq lv odujh1 Khqfh/ rxu

prgho r�huv d udwlrqdoh iru frusrudwh glyhuvl�fdwlrq edvhg rq wkh qrwlrq wkdw glyhuvl�hg

�upv kdyh ehwwhu dffhvv wr h{whuqdo �qdqfh> dq h{sodqdwlrq wkdw gl�huv iurp wkh h{lvwlqj

wd{ dqg djhqf| frvw h{sodqdwlrqv +h1j1 Ohzhoohq 4<:4> Dplkxg dqg Ohy 4<;4> Mhqvhq
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4<;9> Pdmg dqg P|huv 4<;:> Vwxo} 4<<3,1

Lq dgglwlrq wr JKP/ rxu sdshu lv uhodwhg wr uhfhqw zrun e| Ioxfn dqg O|qfk +4<<<,1

Ioxfn dqg O|qfk vwxg| phujhuv ehwzhhq �upv wkdw duh �qdqfldoo| frqvwudlqhg dqg �upv

wkdw duh qrw �qdqfldoo| frqvwudlqhg1 Iru wkh phujhu wr fuhdwh v|qhujlhv/ lw lv fuxfldo wkdw

rqh ri wkh �upv lv vx!flhqwo| sur�wdeoh wr eh �qdqfhg dv d vwdqg0dorqh1 E| frqwudvw/ lq

rxu prgho wkh txhvwlrq ri zkhwkhu lqwhjudwlrq lv rswlpdo grhv qrw klqjh rq wkhuh ehlqj dq

dv|pphwu| ehwzhhq wkh �upv1 Li erwk �upv duh �qdqfldoo| frqvwudlqhg/ lqwhjudwlrq pd|

eh rswlpdo dv lw surylghv wkh �pv zlwk dffhvv wr h{whuqdo �qdqfh1 Rq wkh rwkhu kdqg/

lqwhjudwlrq pd| dovr eh rswlpdo li qrqh ri wkh �upv lv fxuuhqwo| �qdqfldoo| frqvwudlqhg

dv lw lqfuhdvhv wkh olnholkrrg wkdw h{whuqdo �qdqflqj zloo eh surylghg lq wkh ixwxuh1

Pruhryhu/ Ioxfn dqg O|qfk dvvxph h{rjhqrxv frruglqdwlrq frvwv wr hqvxuh wkdw qrq0

lqwhjudwlrq +ru glyhvwlqj, ehfrphv rswlpdo iru fhuwdlq sdudphwhu ydoxhv1 E| frqwudvw/ lq

rxu prgho wkh frvwv dqg ehqh�wv ri lqwhjudwlrq duh erwk hqgrjhqrxv1

Rxu sdshu dovr frqwulexwhv wr wkh jurzlqj olwhudwxuh rq lqwhuqdo fdslwdo pdunhwv1

Lqwhuqdo fdslwdo pdunhwv vhuyh wr uhdoorfdwh ixqgv ehwzhhq surmhfwv/ h1j1 wr vshqg wkh

fdvk  rz jhqhudwhg lq rqh glylvlrq rq lqyhvwphqw lq dqrwkhu glylvlrq +Zlooldpvrq 4<:8>

Jhuwqhu/ Vwhlq/ dqg Vfkduivwhlq 4<<7> Vwhlq 4<<:,1 Zkdw wklv vxjjhvwv lv �dq lqwhugh0

shqghqfh dprqj rwkhuzlvh frpsohwho| xquhodwhg lqyhvwphqw surmhfwv wkdw mxvw kdsshq

wr eh orfdwhg xqghu wkh urri ri wkh vdph frpsdq|� +Vwhlq 4<<:/ s1445,1 Vlploduo|/ lq

rxu prgho wkh txhvwlrq ri zkhwkhu d sduwlfxodu surmhfw rewdlqv iroorz0xs �qdqflqj pd|

ghshqg rq wkh shuirupdqfh ri wkh vhfrqg surmhfw1 Vhyhudo uhfhqw duwlfohv surylgh hyl0

ghqfh lq idyru ri wklv lqyhvwphqw0lqwhughshqghqfh k|srwkhvlv1 Iru lqvwdqfh/ Vklq dqg

Vwxo} +4<<;, grfxphqw wkdw wkh lqyhvwphqwv ri vpdoo glylvlrqv lq glyhuvl�hg �upv duh

vwurqjo| uhodwhg wr wkh fdvk  rzv ri rwkhu glylvlrqv1 Olnhzlvh/ Odprqw +4<<:, �qgv wkdw

wkh lqyhvwphqwv ri qrq0rlo glylvlrqv lq wkh X1V1 rlo lqgxvwu| duh olqnhg wr wkh fdvk  rzv

jhqhudwhg lq wkh �upv* fruh exvlqhvv1

Whfkqlfdoo|/ rxu sdshu lv uhodwhg wr Phkwd +4<<6, zkr vwxglhv rswlpdo frqwudfwlqj lq

d sulqflsdo0djhqw iudphzrun zlwk olplwhg oldelolw| dqg pxowlsoh surmhfwv1 Phkwd vkrzv

wkdw/ dv wkh qxpehu ri surmhfwv jrhv wr lq�qlw|/ wkh h!flhqf| orvv gxh wr olplwhg oldelolw|

jrhv wr }hur1 Vlploduo|/ lq rxu prgho frpelqlqj lqglylgxdo surmhfwv uhod{hv wkh �upv*

olplwhg oldelolw| frqvwudlqwv/ wkxv lqfuhdvlqj h!flhqf|1 Xqolnh rxu prgho/ krzhyhu/ Phkwd

frqvlghuv d frpsohwh frqwudfwlqj iudphzrun zkhuh rxwsxw lv yhul�deoh1

Ilqdoo|/ rxu sdshu lv uhodwhg wr/ exw gl�huv lq lwv irfxv iurp/ wkh olwhudwxuh rq jurxs

ohqglqj +Edqhumhh/ Ehvoh|/ dqg Jxlqqdqh 4<<7> Ehvoh| dqg Frdwh 4<<8> Duphqgäul} gh

Djklrq 4<<<,1 Wkh hvvhqwldo ihdwxuh ri jurxs ohqglqj lv mrlqw oldelolw|/ l1h1 li dq| rqh

phpehu ri wkh jurxs grhv qrw uhsd| klv ordq/ wkh hqwluh jurxs lv wuhdwhg dv ehlqj lq

ghidxow1 Dv lq rxu prgho/ wklv fuhdwhv dq lqwhughshqghqfh dprqj eruurzhuv1 Xqolnh rxu
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prgho/ krzhyhu/ wkh jurxs ohqglqj olwhudwxuh lv sulpdulo| frqfhuqhg zlwk wkh vwudwhjlf

lqwhudfwlrq ehwzhhq eruurzhuv/ h1j1 iuhh ulglqj/ pxwxdo prqlwrulqj/ ru sxqlvkphqw ri

ghyldwlqj jurxs phpehuv e| rwkhu jurxs phpehuv1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho1 Vhfwlrq

6 frqwdlqv rxu pdlq uhvxow= li surmhfw exqgolqj grhv qrw d�hfw wkh �upv* qhhg wr uhwxuq

wr wkh fdslwdo pdunhw iru iroorz0xs �qdqflqj/ lqwhjudwlrq lv dozd|v rswlpdo1 Rq wkh

rwkhu kdqg/ li surmhfw exqgolqj uhgxfhv wkh �up*v qhhg wr uhwxuq wr wkh fdslwdo pdunhw/

lqwhjudwlrq lv rqo| rswlpdo li wkh h{ dqwh suredelolw| ri d kljk uhwxuq lv vx!flhqwo|

orz1 Vhfwlrq 7 vkrzv wkdw wklv uhvxow frqwlqxhv wr krog li wkh �up dqg wkh lqyhvwru fdq

uhqhjrwldwh erwk rq dqg r� wkh htxloleulxp sdwk1 Ilqdoo|/ Vhfwlrq 8 frqvlghuv duelwudu|

fruuhodwlrqv1 Dv lv vkrzq/ wkh h!flhqf| jdlq iurp lqwhjudwlrq lv lqyhuvho| uhodwhg wr wkh

surmhfwv* fruuhodwlrq frh!flhqw1 Vhfwlrq 9 frqfoxghv1

5 Wkh Prgho

Wkh prgho lv edvhg rq Erowrq dqg Vfkduivwhlq +4<<3,1 Vxssrvh wkhuh duh wzr shulrgv dqg

wzr �upv zlwk qr fdvk ru dvvhwv1 Wkh �upv idfh lghqwlfdo lqyhvwphqw rssruwxqlwlhv1 Dw

wkh ehjlqqlqj ri wkh �uvw shulrg/ hdfk �up fdq lqyhvw 8 : f dqg hduq dq hqg0ri0shulrg

uhwxuq Z, 	 8 zlwk suredelolw| w : f dqg Z� : 8 zlwk suredelolw| �� wc zkhuh Z� : Z,1

Vlqfh Z G' wZ, n E�� w�Z� : 8c wkh lqyhvwphqw lv vwulfwo| sur�wdeoh1 Wkh vhfrqg shulrg

lv d uhsolfd ri wkh �uvw shulrg1 Iru wkh prphqw/ zh dvvxph wkdw surmhfwv duh xqfruuhodwhg

erwk dfurvv shulrgv dqg dfurvv �upv1 Lq Vhfwlrq 8/ zh wkhq doorz iru wkh fdvh zkhuh lq

dq| jlyhq shulrg wkh wzr surmhfwv pd| eh fruuhodwhg zlwk hdfk rwkhu1

Dv d ehqfkpdun/ frqvlghu �uvw wkh fdvh zkhuh wkh wzr �upv uhpdlq vhsdudwh +cqrq0

lqwhjudwlrq,1 Dw gdwh fc d prqrsrolvwlf lqyhvwru fdq pdnh d wdnh0lw0ru0ohdyh0lw r�hu wr

hdfk ri wkh �upv zklfk wkh �upv dffhsw li wkh frqwudfw surylghv qrqqhjdwlyh h{shfwhg

ydoxh14 Wkh frqwudfwlqj hqylurqphqw lv dv iroorzv1 Doo uhohydqw yduldeohv duh revhuydeoh/

exw rqo| sd|phqwv wr dqg iurp wkh �upv duh sxeolfo| yhul�deoh1 Lq sduwlfxodu/ wklv

lpsolhv wkdw qhlwkhu dfwxdo sur�wv qru wkh �upv* lqyhvwphqw ghflvlrqv duh yhul�deoh1

Krzhyhu/ vlqfh wkh surmhfw |lhogv dw ohdvw Z,c wkh lqyhvwru/ diwhu sd|lqj 8c fdq dozd|v

hqirufh uhsd|phqw ri Z, dv wklv dprxqw lv lq wkh �upv* wloov uhjdugohvv ri zkhwkhu wkh|

kdyh lqyhvwhg ru qrw1 Ilqdoo|/ dq| sur�w qrw sdlg rxw dw gdwh � pxvw uhpdlq lq wkh �upv

dqg fdqqrw eh frqvxphg xqwlo gdwh 21

Vxssrvh iru d prphqw wkdw wkhuh lv rqo| rqh shulrg1 Dw gdwh �c hdfk �up rswlpdoo|

4Vhh Erowrq dqg Vfkduivwhlq +4<<3,1 Erwk lq wkh ruljlqdo prgho e| Erowrq dqg Vfkduivwhlq dqg wkh

wzr0�up yduldqw frqvlghuhg khuh/ wkh txdolwdwlyh uhvxowv uhpdlq wkh vdph li wkh wdnh0lw0ru0ohdyh0lw r�hu

lv pdgh e| wkh �up+v,1

8



uhsruwv wkdw sur�wv duh orz/ lpso|lqj wkdw wkh lqyhvwru jhwv edfn rqo| Z, 	 8� Dqwlfl0

sdwlqj wklv/ wkh lqyhvwru surylghv qr �qdqflqj1 Li/ krzhyhu/ wkhuh duh wzr shulrgv dqg

wkh lqyhvwru lv qhhghg lq wkh vhfrqg shulrg/ kh fdq wkuhdwhq wr fxw r� ixqglqj dw gdwh

�/ wkxv h{wudfwlqj pruh wkdq Z, lq wkh �uvw shulrg1 Irupdoo|/ wkh dvvxpswlrq wkdw wkh

lqyhvwru lv qhhghg lq wkh vhfrqg shulrg dprxqwv wr dvvxplqj wkdw

+D14, Z� � Z, 	 8�

Lqflghqwdoo|/ vlqfh Z, 	 8c wkh lqyhvwru*v wkuhdw wr fxw r� ixqglqj lv fuhgleoh1

Wkh lqyhvwru*v frqwudfw0ghvljq sureohp fdq eh dqdo|}hg dv d gluhfw uhyhodwlrq jdph

zkhuh wkh lqyhvwru sd|v hdfk �up 8 grooduv dw gdwh f dqg wkh �upv hdfk pdnh d uhsruw

	r 5 7 G' i,c �j dw gdwh ��5 Li d �up dqqrxqfhv 	rc lw lqglfdwhv wkdw lwv �uvw0shulrg sur�wv

duh o E	r� c zkhuh o E,� G' Z, dqg o E�� G' Z�� Edvhg rq wklv uhsruw/ wkh �up wkhq sd|v

-� E	r� grooduv dw gdwh � dqg -2 E	r� grooduv dw gdwh 2c dqg wkh lqyhvwru sd|v wkh �up 8

grooduv zlwk suredelolw| q E	r� dw gdwh � wr �qdqfh vhfrqg0shulrg surgxfwlrq1 Qrwh wkdw

doorzlqj iru d vhfrqg uhsruw dw gdwh 2 lv srlqwohvv dv hdfk �up zrxog dozd|v uhsruw

wkh w|sh fruuhvsrqglqj wr wkh orzhvw srvvleoh vhfrqg0shulrg sd|phqw -21 Khqfh/ wkh

lqyhvwru*v sureohp lv wr �qg ydoxhv q Er� c -� Er� c dqg -2 Er� wkdw pd{lpl}h h{shfwhg

sur�wv vxemhfw wr wkh �uvw0 dqg vhfrqg0shulrg olplwhg oldelolw| frqvwudlqwv -� Er� � o Er�

dqg -2 Er� � o Er� � -� Er� n Z,/ zkhuh r lv d �up*v wuxh w|sh/ dv zhoo dv wkh xvxdo

wuxwkwhoolqj dqg lqglylgxdo udwlrqdolw| frqvwudlqwv1 Irupdoo|/ wkh lqyhvwru vroyhv

4@ 
qEr�c-�Er�c-2Er�

�8 n w
k
-� E,� n q E,�

�
-2 E,�� 8

�l
nE�� w�

k
-� E�� n q E��

�
-2 E��� 8

�l
v1w1

o Er��-� Er� n q Er�
k
Z �-2 Er�

l
+4,

� o Er��-� E	r� n q E	r�
k
Z �-2 E	r�

l
iru doo rc 	r 5 7c

-� Er� � o Er� c +5,

dqg

-2 Er� � o Er��-� Er� n Z, iru doo r 5 7� +6,

Wkh lqglylgxdo udwlrqdolw| frqvwudlqwv kdyh ehhq rplwwhg dv wkh| duh lpsolhg e| wkh

olplwhg oldelolw| frqvwudlqwv +5,0+6,16

5Lq sulqflsoh/ d �up*v uhsruw frxog frqglwlrq erwk rq lwv rzq w|sh dqg wkh rwkhu �up*v w|sh1 Dv lv

vkrzq dw wkh hqg ri wklv vhfwlrq/ krzhyhu/ h{whqglqj wkh phvvdjh vsdfh grhv qrw fkdqjh uhvxowv1
6Wuxwkwhoolqj fdq dowhuqdwlyho| eh hqvxuhg e| vhwwlqj U4 +av, A u +v, > zklfk pdnhv lw sk|vlfdoo| lp0

srvvleoh iru w|sh v wr plplfn w|sh av= Lq wkh fdvh ri xszdugv lqfhqwlyh frpsdwlelolw|/ wkh vroxwlrq e|

Erowrq dqg Vfkduivwhlq +4<<3, vdwlv�hv erwk wklv frqglwlrq dqg +4,1
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Dv uhsruwv ghshqg rqo| rq wkh �upv* rzq w|shv/ wkh rswlpdo frqwudfw xqghu qrq0

lqwhjudwlrq lv wkh vdph dv lq Erowrq dqg Vfkduivwhlq +4<<3,1 Dffruglqjo|/ wkh rswlpdo

frqwudfw lv q E,� ' fc q E�� ' �c -� E,� ' -2 E�� ' Z,c dqg-� E�� ' Z�Qrwh wkdw/ dowkrxjk

wkh rswlpdo frqwudfw lv qrw xqltxh/ dq| vroxwlrq pxvw kdyh q E,� ' f/ q E�� ' �/ dqg

-� E,� ' Z,� Lqvhuwlqj wkh rswlpdo frqwudfw lq wkh lqyhvwru*v remhfwlyh ixqfwlrq |lhogv

�8 n Z, n E�� w� EZ � 8 � c +7,

zklfk lpsolhv wkdw wkh lqyhvwru lqyhvwv dw gdwh f li dqg rqo| li

8 � Z � Z � Z,

2� w
� +8,

Wkh deryh vroxwlrq lqyroyhv wzr w|shv ri lqh!flhqflhv1 Iluvw/ li Z � EZ � Z,� * E2� w� 	

8 	 Zc wkh lqyhvwru grhv qrw lqyhvw dowkrxjk wkh surmhfw kdv d vwulfwo| srvlwlyh h{shfwhg

ydoxh1 Vhfrqg/ li wkh lqyhvwru lqyhvwv/ wkh h{ dqwh h{shfwhg zhoiduh orvv iurp lqh!flhqw

oltxlgdwlrq dw gdwh � lv w EZ � 8 � � Qrwh/ krzhyhu/ wkdw dowkrxjk oltxlgdwlrq lv vwulfwo|

lqh!flhqw/ wkhuh zloo eh qr uhqhjrwldwlrq rq wkh htxloleulxp sdwk ehfdxvh wkh pd{lpxp

dprxqw wkdw wkh lqyhvwru fdq dvvxuh lq wkh vhfrqg shulrg lv Z, 	 8�7

Lw uhpdlqv wr vkrz wkdw wkh lqyhvwru fdqqrw lpsuryh xsrq wkh deryh vroxwlrq e|

lqwurgxflqj uhsruwv wkdw frqglwlrq erwk rq d �up*v rzq w|sh dqg wkh rwkhu �up*v w|sh1

Dv lv zhoo nqrzq/ li surmhfwv duh fruuhodwhg dqg vx!flhqwo| odujh shqdowlhv duh srvvleoh/

uhsruwv wkdw frqglwlrq rq wkh hqwluh vwdwh ri qdwxuh w|slfdoo| |lhog wkh �uvw0ehvw +Fuìphu

dqg PfOhdq 4<;8/ 4<;;> Mrkqvrq/ Sudww/ dqg ]hfnkdxvhu 4<<3,1 Lq wkh suhvhqw fdvh/

wkh �upv fdq ixoo| revhuyh hdfk rwkhuv* fdvk  rzv/ lpso|lqj wkdw wkh �uvw0ehvw fdq hyhq

eh uhdfkhg li wkh surmhfwv duh xqfruuhodwhg1 Krzhyhu/ gxh wr wkh qrq0yhul�delolw| ri

�uvw0shulrg zhdowk/ wkh lqyhvwru fdqqrw lpsrvh shqdowlhv ryhu dqg deryh zkdw wkh �upv

yroxqwdulo| dqqrxqfh lq wkhlu uhsruwv/ yl}1 -� E	r� � Jlyhq wklv uhvwulfwlrq/ lw lv lpphgldwh

wkdw doorzlqj iru dq h{whqghg phvvdjh vsdfh |lhogv qr lpsuryhphqw1

6 Oltxlglw| Vslooryhuv dqg Fdslwdo Pdunhw Glvflsolqh

614 Lqwhjudwlrq

Frqvlghu qrz wkh fdvh zkhuh wkh wzr �upv kdyh phujhg +clqwhjudwlrq*,1 Dw gdwh �c wkh

phujhg �up fdq eh hlwkhu ri w|sh E,c ,� c E,c �� c ru E�c ��1 Wkh fruuhvsrqglqj �uvw0shulrg

fdvk  rzv duh o E,c ,� G' 2Z, zlwk suredelolw| w2c o E,c �� G' Z, n Z� zlwk suredelolw|

2w E�� w� c dqg o E�c �� G' 2Z� zlwk suredelolw| E�� w�2 � Zlwkrxw orvv ri jhqhudolw|/

7D pruh vxewoh lvvxh dulvhv li zh doorz iru uhqhjrwldwlrq r� wkh htxloleulxp sdwk1 R�0wkh0htxloleulxp

sdwk uhqhjrwldwlrq lv frqvlghuhg lq Vhfwlrq 71

:



zh uhvwulfw dwwhqwlrq wr frqwudfwv zkhuh wkh lqyhvwru sd|v 28 zlwk suredelolw| q E	r� dw

gdwh �c dqg wkh phujhg �up sd|v -� E	r� dw gdwh 4 dqg -2 E	r� dw gdwh 2/ zkhuh wkh

phvvdjh vsdfh lv qrz h7 G' iE,c ,� c E,c �� c E�c ��j � Lq sulqflsoh/ pruh jhqhudo frqwudfwv duh
frqfhlydeoh/ h1j1 zkhuh wkh lqyhvwru udqgrpl}hv ryhu sd|phqwv wkdw duh gl�huhqw iurp

f dqg 28� Dv lv vkrzq lq Dsshqgl{ D/ krzhyhu/ doorzlqj iru dq h{whqghg frqwudfwlqj

vsdfh ohdgv wr wkh vdph uhvxowv1

Zkloh zh frqwlqxh wr dvvxph wkdw Z� � Z, 	 8c zh qrz doorz iru wkh srvvlelolw| wkdw

wkh phujhg �up fdq �qdqfh rqh +exw rqo| rqh, vhfrqg0shulrg surmhfw zlwkrxw eruurzlqj

qhz fdslwdo dw gdwh �1 Irupdoo|/ zh vkdoo glvwlqjxlvk ehwzhhq wkh iroorzlqj wzr fdvhv=

li 2 EZ� � Z,� 	 8c wkh lqyhvwru lv dozd|v qhhghg iru wkh phujhg �up wr rshudwh lq wkh

vhfrqg shulrg +cqr vhoi0�qdqflqj*,1 Rq wkh rwkhu kdqg/ li 2 EZ� � Z,� � 8c wkh phujhg

�up fdq �qdqfh h{dfwo| rqh vhfrqg0shulrg surmhfw zlwk lqwhuqdo ixqgv li dqg rqo| li erwk

�uvw0shulrg uhwxuqv duh kljk +cvhoi0�qdqflqj*,1 Iru h{srvlwlrqdo fodulw|/ zh ghdo zlwk wkh

wzr fdvhv lq wzr vhsdudwh vxevhfwlrqv1

615 Qr Vhoi0Ilqdqflqj

Xqghu cqr vhoi0�qdqflqj*/ wkh phujhg �up fdqqrw rshudwh lq wkh vhfrqg shulrg zlwkrxw

eruurzlqj dgglwlrqdo fdslwdo dw gdwh �1 Irupdoo|/ wklv dprxqwv wr dvvxplqj wkdw

+D15, 2 EZ� � Z,� 	 8�

Wkh lqyhvwru*v frqwudfw0ghvljq sureohp lv wkhq

4@ 
qEr�c-�Er�c-2Er�

�28 n w2
k
-� E,c ,� n q E,c ,�

�
-2 E,c ,�� 28

�l
+9,

n2w E�� w�
k
-� E�c ,� n q E�c ,�

�
-2 E�c ,�� 28

�l
nE�� w�2

k
-� E�c �� n q E�c ��

�
-2 E�c ��� 28

�l

v1w1

o Er��-� Er� n q Er�
k
2Z �-2 Er�

l
+:,

� o Er��-� E	r� n q E	r�
k
2Z �-2 E	r�

l
iru doo rc 	r 5 h7c

-� Er� � o Er� c +;,

dqg

-2 Er� � o Er��-� Er� n 2Z, iru doo r 5 h7� +<,

Dv xqghu qrq0lqwhjudwlrq/ wkh lqglylgxdo udwlrqdolw| frqvwudlqwv kdyh ehhq rplwwhg dv

wkh| duh lpsolhg e| wkh olplwhg oldelolw| frqvwudlqwv +;,0+<,1

;



Lqvwhdg ri vroylqj wkh deryh sureohp/ zh frqvlghu d uhod{hg sureohp zkhuh wkh joredo

lqfhqwlyh frpsdwlelolw| frqvwudlqwv +:, duh uhsodfhg e| wkh frqvwudlqwv wkdw qhlwkhu w|sh

E�c �� qru w|sh E�c ,� kdv dq lqfhqwlyh wr plplfn w|sh E,c ,� � Lq wkh surri ri Sursrvlwlrq 4/

zh wkhq vkrz wkdw wkh vroxwlrq wr wklv uhod{hg sureohp dovr vroyhv wkh ruljlqdo sureohp1

Lq wkh uhod{hg sureohp/ wkh lqyhvwru vroyhv +9, vxemhfw wr wkh olplwhg oldelolw| frqvwudlqwv

+;,0+<, dqg wkh grzqzdugv lqfhqwlyh frpsdwlelolw| frqvwudlqwv

o Er��-� Er� n q Er�
k
2Z �-2 Er�

l
� o Er��-� E,c ,� n q E,c ,�

k
2Z �-2 E,c ,�

l
c

zkhuh r 5 iE�c �� c E�c ,�j � Ghqrwh wkhvh grzqzdugv lqfhqwlyh frpsdwlelolw| frqvwudlqwv

e| � E�c �� dqg � E�c ,� c uhvshfwlyho|1 Wkh iroorzlqj wzr ohppdv vlpsoli| wkh dqdo|vlv1

Ohppd 41 Dw dq| rswlpxp/ lw pxvw krog wkdw q E,c ,� ' f dqg -� E,c ,� ' 2Z,�

Surri1 Zh dujxh wr d frqwudglfwlrq1 Vxssrvh qE,c ,� : fc dqg gh�qh 7-�E,c ,� G' 2Z,

dqg 7-2E,c ,� G' -2E,c ,� � 2Z, n -�E,c ,�1 Li qE,c ,� 	 �c uhsodflqj E-�E,c ,�c -2E,c ,�� zlwk�
7-�E,c ,�c 7-2E,c ,�

�
vwulfwo| lqfuhdvhv wkh lqyhvwru*v h{shfwhg sur�w/ zkhuhdv li qE,c ,� ' �c

uhsodflqj E-�E,c ,�c -2E,c ,�� zlwk
�
7-�E,c ,�c 7-2E,c ,�

�
ohdyhv wkh lqyhvwru*v h{shfwhg sur�w

xqfkdqjhg1 Pruhryhu/ li �E�c ��/ �E�c ,�c dqg wkh olplwhg oldelolw| frqvwudlqwv krog xqghu

-�E,c ,� dqg -2E,c ,�/ wkh| dovr krog xqghu 7-�E,c ,� dqg 7-2E,c ,��

Iurp wkh vhfrqg0shulrg olplwhg oldelolw| frqvwudlqw iru w|sh E,c ,�c lw iroorzv wkdw
7-2
� E,c ,� � 28 	 f1 Rq wkh rwkhu kdqg/ vlqfh 7Z � 8 : f dqg 7-2

� E,c ,� � 2Z,/ lw pxvw eh

wuxh wkdw 27Z� 7-2
� E,c ,� : f1 Dffruglqjo|/ uhgxflqj qE,c ,� vwulfwo| lpsuryhv wkh lqyhvwru*v

h{shfwhg sur�w zlwkrxw ylrodwlqj dq| ri wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv/ zklfk

frqwudglfwv wkh rswlpdolw| ri qE,c ,� : f� Jlyhq wkdw qE,c ,� ' f lv rswlpdo/ wkh idfw wkdw

-�E,c ,� ' f lv dovr rswlpdo lv lpphgldwh1

Ohppd 51 Dw dq| rswlpxp/ wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv �E�c ,� dqg

�E�c �� pxvw eh elqglqj1

Surri1 Zh dujxh djdlq wr d frqwudglfwlrq1 Vxssrvh �E�c �� lv vodfn1 Li qE�c �� ' fc

�E�c �� lpsolhv wkdw wkh �uvw0shulrg olplwhg oldelolw| frqvwudlqw iru w|sh E�c �� pxvw dovr

eh vodfn1 Exw wklv lpsolhv wkdw wkh lqyhvwru fdq lpsuryh klv h{shfwhg sur�w e| udlvlqj

-�E�c �� zlwkrxw ylrodwlqj dq| frqvwudlqw/ frqwudglfwlrq1 Li qE�c �� 5 Efc �� c wkh xqltxh

rswlpdo sd|phqwv iru w|sh E�c �� duh -�E�c �� ' Z, n Z� dqg -2E�c �� ' 2Z,1 Vlqfh

-�E,c ,� ' 2Z, dqg qE,c ,� ' f e| Ohppd 4/ krzhyhu/ wklv ylrodwhv �E�c ��c frqwudglfwlrq1

Ilqdoo|/ li qE�c �� ' �c dq| rswlpdo frqwudfw pxvw vdwlvi| -�E�c ��n-2E�c �� ' 2Z�n2Z,1

Vlqfh/ 2EZ� � Z,� : 2E7Z � Z,�/ wklv ylrodwhv djdlq �E�c ��c frqwudglfwlrq1

Qh{w/ vxssrvh �E�c ,� lv vodfn1 Li qE�c ,� ' fc wkh dujxphqw lv wkh vdph dv deryh1

Li qE�c ,� 5 Efc �� c wkh xqltxh rswlpdo sd|phqwv iru w|sh E�c ,� duh -�E�c ,� ' Z� n Z,

<



dqg -2E�c ,� ' 2Z,� Revhuyh wkdw li 2qE�c ,�E7Z � Z,� � Z� � Z,c wklv frqwudfw lv lqghhg

lqfhqwlyh frpsdwleoh1 Vlqfh 2EZ, � 8 � 	 fc krzhyhu/ wkh lqyhvwru lv vwulfwo| ehwwhu r�

e| uhgxflqj qE�c ,�c frqwudglfwlrq1 Ilqdoo|/ li qE�c ,� ' �c dq| rswlpdo frqwudfw pxvw

vdwlvi| -�E�c ,� n -2E�c ,� ' Z� n Z, n 2Z,1 Lq sduwlfxodu/ wklv lpsolhv wkdw dq| rswlpdo

frqwudfw |lhogv wkh vdph sur�w wr wkh lqyhvwru dv wkh frqwudfw zkhuh -�E�c ,� ' Z� n Z,

dqg -2E�c ,� ' 2Z,1 Dv zdv vkrzq deryh/ krzhyhu/ wkh lqyhvwru zrxog wkhq zdqw wr

ghfuhdvh qE�c ,�c frqwudglfwlrq1

Ohppd 4 hvwdeolvkhv wkdw wkh orzhvw w|sh E,c ,� uhfhlyhv }hur uhqw lq htxloleulxp1

Ohppd 5 lv d vwdqgdug ihdwxuh ri frqwudfwlqj sureohpv ri wklv vruw1 Htxlsshg zlwk

Ohppdv 4 dqg 5/ zh fdq qrz ghulyh wkh rswlpdo frqwudfw1

Sursrvlwlrq 41 Xqghu cqr vhoi0�qdqflqj*/ wkh iroorzlqj frqwudfw lv rswlpdo =

4, W|sh E,c ,� G q E,c ,� ' f dqg -� E,c ,� ' 2Z,�

5, W|sh E,c �� G q E�c ,� ' �* d2 E�� w�o/ -� E�c ,� ' Z�nZ,c dqg -2 E�c ,� ' 2Z, li w 	 �*2c

dqg q E�c ,� ' �/ -� E�c ,� ' 2Zc dqg -2 E�c ,� ' 2Z, li w � �*2�

6, W|sh E�c �� G q E�c �� ' �c -� E�c �� ' 2Zc dqg -2 E�c �� ' 2Z,�

Surri1 Vhwwlqj q E,c ,� ' f dqg -� E,c ,� ' 2Z, dqg lqvhuwlqj wkh elqglqj �E�c ,� dqg

�E�c �� frqvwudlqwv lq +9,/ wkh remhfwlyh ixqfwlrq fdq eh uhzulwwhq dv

�2 EZ, � 8 � n 2Z, n ew E�� w�q E�c ,� EZ � 8 � n 2 E�� w�2 q E�c �� EZ � 8 � � +43,

E| lqvshfwlrq/ +43, lv vwulfwo| lqfuhdvlqj lq erwk qE�c ,� dqg qE�c ��c lpso|lqj wkdw wkh

vroxwlrq lv qE�c ,� ' qE�c �� ' � li ihdvleoh1 Li 27Z � Z� n Z,c vhwwlqj qE�c ,� ' qE�c �� ' �

lv lqghhg ihdvleoh1 Wkh rswlpdo sd|phqwv -� E�c ,� c -2 E�c ,� c -� E�c �� c dqg -2 E�c ��

wkhq iroorz iurp �E�c ,�/ �E�c ��c dqg wkh uhvshfwlyh olplwhg oldelolw| frqvwudlqwv1

Li 27Z : Z�nZ,c vhwwlqj qE�c ,� ' � ylrodwhv hlwkhu �E�c ,� ru wkh vhfrqg0shulrg olplwhg

oldelolw| frqvwudlqw iru w|sh E�c ,�� Khqfh/ qE�c ,� 	 �� Qh{w/ revhuyh wkdw 2Z : -2E�c ,��

Wr vhh wklv/ vxssrvh wr wkh frqwudu| wkdw 2Z � -2E�c ,�1 Vxewudfwlqj wkh elqglqj �E�c ,�

frqvwudlqw iurp wkh vhfrqg0shulrg olplwhg oldelolw| frqvwudlqw iru w|sh E�c ,� jlyhv

Z� n Z, � -2E�c ,� n q E�c ,�
k
2Z �-2E�c ,�

l
� +44,

Li 2Z ' -2E�c ,�c wklv ylrodwhv 27Z : Z� n Z,c frqwudglfwlrq1 Vxssrvh wkhuhiruh wkdw 2Z 	

-2E�c ,�� Vroylqj +44, iru q E�c ,�/ zh kdyh q E�c ,� � dZ� n Z, �-2E�c ,�o * d2Z �-2E�c ,�o/

zklfk lv vwulfwo| juhdwhu wkdq � vlqfh 2Z 	 -2E�c ,� dqg 27Z : Z�nZ, lpso| wkdw Z�nZ, 	

-2E�c ,�c frqwudglfwlrq1 Vroylqj wkh elqglqj �E�c ,� frqvwudlqw iru qE�c ,�/ zh rewdlq

q E�c ,� ' d-�E�c ,�� 2Z,o * d27Z �-2E�c ,�o � Pruhryhu/ vlqfh 2Z : -2E�c ,�c lw krogv wkdw
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YqE�c ,�*Y-�E�c ,� : YqE�c ,�*Y-2E�c ,� : fc lpso|lqj wkdw erwk wkh �uvw0dqg vhfrqg0

shulrg olplwhg oldelolw| frqvwudlqw iru w|sh E�c ,� pxvw eh elqglqj1 Vroylqj wkh elqglqj

olplwhg oldelolw| frqvwudlqwv iru -�E�c ,� dqg -2E�c ,�/ zh kdyh -�E�c ,� ' Z� n Z, dqg

-2E�c ,� ' 2Z,� Lqvhuwlqj wkhvh ydoxhv lq q E�c ,� ' d-�E�c ,�� 2Z,o * d27Z �-2E�c ,�o c zh

�qdoo| rewdlq q E�c ,� ' dZ� � Z,o * d2 E7Z � Z,�o ' �* d2 E�� w�o �

Lw uhpdlqv wr vkrz wkdw wkh vroxwlrq wr wkh uhod{hg sureohp dovr vroyhv wkh ruljlqdo

sureohp +9,0+<, 1 Vlqfh �E�c ,� dqg �E�c �� duh erwk elqglqj/ doo rwkhu lqfhqwlyh frpsdw0

lelolw| frqvwudlqwv duh dovr elqglqj/ zklfk lpsolhv wkdw wkh vroxwlrq lv joredoo| lqfhqwlyh

frpsdwleoh1

Dv lq wkh fdvh ri qrq0lqwhjudwlrq/ vrph ri wkh sd|phqwv iurp wkh �up wr wkh lqyhvwru

duh qrw xqltxh1 Krzhyhu/ dq| rswlpdo frqwudfw pxvw h{klelw wkh vdph frqwlqxdwlrq

suredelolwlhv dqg |lhog wkh vdph h{shfwhg xwlolw| wr erwk wkh �up dqg wkh lqyhvwru dv

wkh frqwudfw lq Sursrvlwlrq 41

Zkhq fkrrvlqj dq rswlpdo frqwudfw/ wkh lqyhvwru idfhv d wudghr� ehwzhhq h!flhqf|

dqg uhqw h{wudfwlrq1 Zkloh frqwlqxdwlrq lv vrfldoo| h!flhqw/ lw lqyroyhv d shuvrqdo orvv iru

wkh lqyhvwru ri 2 EZ, � 8 �1 Wkh lqyhvwru lv wkhuhiruh rqo| zloolqj wr �qdqfh vhfrqg0shulrg

surgxfwlrq li grlqj vr doorzv klp wr h{wudfw d juhdwhu uhsd|phqw lq wkh �uvw shulrg

ryhu dqg deryh zkdw kh fdq rewdlq wkurxjk d frqwudfw/ yl}1 2Z,1 Dv iru w|sh E,c ,�c wkh

hqwluh �uvw0shulrg sur�w lv yhul�deoh1 Frqvhtxhqwo|/ w|sh E,c ,�*v frqwlqxdwlrq suredelolw|

lv f1 E| frqwudvw/ w|sh E�c ��*v �uvw0shulrg sur�w lv vx!flhqwo| kljk wr frpshqvdwh

wkh lqyhvwru iru wkh pd{lpxp srvvleoh vhfrqg0shulrg orvv1 Dffruglqjo|/ w|sh E�c ��*v

frqwlqxdwlrq suredelolw| lv �1 Dv iru w|sh E�c ,�/ wkh pd{lpxp �uvw0shulrg uhsd|phqw

wkdw wkh lqyhvwru fdq h{wudfw rq wrs ri wkh yhul�deoh dprxqw 2Z, lv Z� � Z,� Wr pdnh

w|sh E�c ,� lqgl�huhqw ehwzhhq sd|lqj 2Z, dqg rewdlqlqj qr iroorz0xs �qdqflqj/ dqg

sd|lqj 2Z, soxv -
� E�c ,��2Z, � Z��Z, dqg rewdlqlqj dq h{shfwhg vhfrqg0shulrg uhqw ri

q E�c ,� 2 EZ � Z,� c wkh frqwlqxdwlrq suredelolw| dqg wkh uhsd|phqw -� E�c ,� pxvw vdwlvi|

q E�c ,� '
-� E�c ,�� 2Z,

2 EZ � Z,�
�

Fohduo|/ li w � �*2c zklfk lpsolhv wkdw Z��Z, � 2 EZ � Z,� c lw lv rswlpdo wr vhw -
� E�c ,� '

2Z dqg q E�c ,� ' �� Frqyhuvho|/ li w 	 �*2c wkh �uvw0shulrg olplwhg oldelolw| frqvwudlqw

-� E�c ,�� 2Z, � Z� � Z, lv elqglqj1 Wkh vroxwlrq lv wkhq -� E�c ,� ' Z� n Z, dqg

q E�c ,� '
Z� � Z,

2 EZ � Z,�
'

�

2 E�� w�
c

dv vwdwhg lq wkh sursrvlwlrq1

E| lqvhuwlqj wkh rswlpdo frqwudfw lq wkh lqyhvwru*v remhfwlyh ixqfwlrq/ zh fdq frpsduh

wkh lqyhvwru*v sur�w xqghu lqwhjudwlrq zlwk klv sur�w xqghu qrq0lqwhjudwlrq1 Wkh uhvxow

lv vxppdul}hg lq wkh iroorzlqj sursrvlwlrq1

44



Sursrvlwlrq 51 Li w 	 �*2c wkh lqyhvwru lqyhvwv dw gdwh f li dqg rqo| li 8 �
Z� EZ � Z,� * E2� w n w2� � Frqyhuvho|/ li w � �*2c wkh lqyhvwru lqyhvwv dw gdwh f li dqg

rqo| li 8 � Z � EZ � Z,� * E2� w2� � Lq erwk fdvhv/ lqwhjudwlrq lv rswlpdo1

Surri1 Li w 	 �*2c wkh lqyhvwru*v h{shfwhg sur�w xqghu wkh frqwudfw lq Sursrvlwlrq

4 lv 2 EZ, � 8 � n 2
k
w n E�� w�2

l
EZ � 8 � c dqg li w � �*2c wkh lqyhvwru*v h{shfwhg sur�w

lv 2 EZ, � 8 �n 2 E�� w2� EZ � 8 �1 E| frqwudvw/ wkh lqyhvwru*v h{shfwhg sur�w xqghu qrq0

lqwhjudwlrq lv 2 EZ, � 8 �n E�� w� 2 EZ � 8 � +fi1 +7,,/ zklfk lv vwulfwo| ohvv wkdq hlwkhu ri

wkh wzr sur�wv xqghu lqwhjudwlrq iru doo w� Vroylqj wkh uhvshfwlyh sur�wv iru 8 frpsohwhv

wkh surri1

Wkxv/ lq wkh devhqfh ri vhoi0�qdqflqj/ lqwhjudwlrq lv dozd|v rswlpdo1 Dv wkh sursrvl0

wlrq vkrzv/ lqwhjudwlrq uhgxfhv erwk w|shv ri lqh!flhqflhv wkdw duh suhvhqw li wkh �upv

uhpdlq vhsdudwh1 Iluvw/ wkh fulwlfdo lqyhvwphqw ohyho xqghu lqwhjudwlrq lv juhdwhu wkdq

xqghu qrq0lqwhjudwlrq/ lpso|lqj wkdw pruh surmhfwv duh �qdqfhg li wkh| duh sxw wrjhwkhu

xqghu wkh urri ri d vlqjoh �up1 Vhfrqg/ li wkh lqyhvwru lqyhvwv/ wkh h{shfwhg zhoiduh orvv

iurp lqh!flhqw oltxlgdwlrq dw gdwh � lv w22 EZ � 8 � li w � �*2 dqg

�
w2 n 2w E�� w� d�� q E�c ,�o

�
2 EZ � 8 � '

�
w � w2

�
2 EZ � 8 �

li w 	 �*2� E| frqwudvw/ wkh h{shfwhg zhoiduh orvv xqghu qrq0lqwhjudwlrq lv 2w EZ � 8 � c

zklfk lv vwulfwo| kljkhu wkdq hlwkhu ri wkh wzr ydoxhv xqghu lqwhjudwlrq1

Wr vhh zk| lqwhjudwlrq lpsuryhv h!flhqf|/ frqvlghu wkh fdvh zkhuh rqh surmhfw kdv

d kljk uhwxuq dqg wkh rwkhu kdv d orz uhwxuq +li erwk surmhfwv kdyh wkh vdph uhwxuq/

wkh uhsd|phqwv dqg frqwlqxdwlrq suredelolwlhv duh wkh vdph xqghu lqwhjudwlrq dqg qrq0

lqwhjudwlrq,1 Li wkh wzr �upv uhpdlq vhsdudwh/ rqh ri wkhp +w|sh �, lv frqwlqxhg zkloh

wkh rwkhu +w|sh ,, lv whuplqdwhg1 Dv dujxhg hduolhu/ lqfuhdvlqj w|sh ,*v frqwlqxdwlrq

suredelolw| eh|rqg f grhv qrw sd| iru wkh lqyhvwru dv kh fdqqrw h{wudfw pruh wkdq wkh

yhul�deoh dprxqw Z, lq wkh �uvw shulrg1 Dw wkh vdph wlph/ krzhyhu/ w|sh �*v �uvw0

shulrg olplwhg oldelolw| frqvwudlqw lv vodfn1 Zkloh w|sh � kdv h{fhvv oltxlglw| ri Z� � Zc

wkh lqyhvwru fdqqrw vlskrq r� wklv h{fhvv oltxlglw| dv w|sh �*v frqwlqxdwlrq suredelolw|

douhdg| dwwdlqv wkh pd{lpxp ydoxh ri �1 E| frqwudvw/ li wkh wzr �upv lqwhjudwh/ wkh

lqyhvwru fdq vlskrq r� vrph ri w|sh �*v h{fhvv oltxlglw| lq h{fkdqjh iru udlvlqj w|sh

,*v frqwlqxdwlrq suredelolw|1 Dv d uhvxow/ wkh �upv* dyhudjh frqwlqxdwlrq suredelolw|

lv lqfuhdvhg iurp dq E,� n q E��o *2 ' �*2 wr q E�c ,� ' �* d2 E�� w�o : �*2 li w 	 �*2

dqg q E�c ,� ' � li w � �*2c zklfk h{sodlqv wkh h!flhqf| jdlq1 H�hfwlyho|/ lqwhjudwlrq

wkxv lqyroyhv d oltxlglw| vslooryhu iurp wkh kljk0 wr wkh orz0uhwxuq surmhfw zlwk wkh

frqvhtxhqfh wkdw lw lv rswlpdo iru wkh lqyhvwru wr udlvh wkh �upv* dyhudjh frqwlqxdwlrq

suredelolw|/ wkhuhe| uhgxflqj wkh dprxqw ri lqh!flhqw oltxlgdwlrq1
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Lqflghqwdoo|/ wkh h!flhqf| jdlq fdqqrw eh uhsolfdwhg e| dq lqvxudqfh frqwudfw zkhuh/

li wkhuh lv erwk d kljk0 dqg d orz0uhwxuq �up/ wkh kljk0uhwxuq �up wudqvihuv h{fhvv

oltxlglw| wr wkh orz0uhwxuq �up dw gdwh �1 Wkh uhdvrq lv wkdw/ xqghu dq| vxfk duudqjhphqw

wkh lqfhqwlyh0frpsdwlelolw| frqvwudlqw ri wkh kljk0uhwxuq �up lv ylrodwhg/ lpso|lqj wkdw

w|sh � suhihuv wr fodlp wkdw kh lv w|sh , udwkhu wkdq pdnh wkh lqvxudqfh sd|phqw18 Lq

rughu wr uhdol}h wkh h!flhqf| jdlq/ wkh wzr �upv pxvw wkhuhiruh qhfhvvdulo| phujh1

616 Vhoi0Ilqdqflqj

Xqghu vhoi0�qdqflqj/ wkh phujhg �up fdq �qdqfh rqh ri wkh wzr vhfrqg0shulrg surmhfwv

zlwk lqwhuqdo ixqgv li dqg rqo| li erwk �uvw0shulrg uhwxuqv duh kljk1 Irupdoo|/ wklv

dprxqwv wr dvvxplqj wkdw

+D16, 28 : 2 EZ� � Z,� � 8�

Jlyhq wkdw w|sh E�c �� fdq �qdqfh d vhfrqg0shulrg surmhfw zlwkrxw eruurzlqj dgglwlrqdo

fdslwdo iurp wkh lqyhvwru dw gdwh �/ wkh frqwudfw lq Sursrvlwlrq 4 lv qr orqjhu lqfhqwlyh

frpsdwleoh1 Li w|sh E�c �� whoov wkh wuxwk/ klv h{shfwhg sd|r� lv 2Z� � 2Z,� E| frqwudvw/

li w|sh E�c �� plplfnv w|sh E,c ,� c kh fdq xvh wkh uhwdlqhg fdvk ri 2Z� � 2Z, wr �qdqfh d

vhfrqg0shulrg surmhfw1 Klv h{shfwhg sd|r� lv wkhq 2Z��2Z,nEZ � 8 � c zklfk lv vwulfwo|

juhdwhu wkdq klv h{shfwhg sd|r� iurp wuxwkwhoolqj1 Wr uhvwruh lqfhqwlyh frpsdwlelolw|/ wkh

lqyhvwru pxvw udlvh w|sh E�c ��*v sd|r� iurp wuxwkwhoolqj e| uhgxflqj hlwkhu -� E�c �� ru

-2 E�c �� � Uhgxflqj wkh �uvw0shulrg uhsd|phqw -� E�c �� udlvhv d qhz sureohp/ krzhyhu/

dv w|sh E�c ,� pd| wkhq zdqw wr plplfn w|sh E�c �� � Wkh frqwudfw ehorz fduhixoo| dyrlgv

wklv sureohp e| uhgxflqj -2 E�c �� dqg vhwwlqj -� E�c �� : Z� n Z,c wkhuhe| pdnlqj lw

sk|vlfdoo| lpsrvvleoh iru w|sh E�c ,� wr plplfn w|sh E�c ��1

Sursrvlwlrq 61 Xqghu vhoi0�qdqflqj/ wkh iroorzlqj frqwudfw lv rswlpdo =

4, W|sh E,c ,� G q E,c ,� ' f dqg -� E,c ,� ' 2Z,�

5, W|sh E,c �� G q E�c ,� ' �* d2 E�� w�o/ -� E�c ,� ' Z�nZ,c dqg -2 E�c ,� ' 2Z, li w 	 �*2c

dqg q E�c ,� ' �/ -� E�c ,� ' 2Zc dqg -2 E�c ,� ' 2Z, li w � �*2�

6, W|sh E�c �� G q E�c �� ' �c -� E�c �� ' 2Z�c dqg -2 E�c �� ' Z � 2 EZ� � Z,� n 8�

Surri1 Dv xqghu cqr vhoi0�qdqflqj*/ zh djdlq vroyh d uhod{hg sureohp1 Wkh fruuh0

vsrqglqj lqfhqwlyh frpsdwlelolw| frqvwudlqw iru w|sh E�c ��/ zklfk h{solflwo| wdnhv lqwr

dffrxqw wkh srvvlelolw| wkdw w|sh E�c �� fdq �qdqfh rqh ru pruh vhfrqg0shulrg surmhfwv

8Uhfdoo wkdw lq wkh fdvh ri qrq0lqwhjudwlrq/ wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw ri w|sh k xqghu

wkh rswlpdo frqwudfw krogv zlwk htxdolw|1
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zlwk lqwhuqdo ixqgv e| plplfnlqj w|sh E,c ,�c lv ghqrwhg e| 7�E�c ���9 W|sh E�c ��*v sd|r�

iurp ghyldwlqj dqg plplfnlqj w|sh E,c ,� lv wkhq dv iroorzv=

L(E�c �� '

;AAAAA?
AAAAA=

2Z� �-�E,c ,� n qE,c ,� d27Z �-2E,c ,�o

n d�� qE,c ,�o E7Z � 8 �
li 8 � 2Z� �-�E,c ,� 	 28

2Z� �-�E,c ,� n qE,c ,� d27Z �-2E,c ,�o

n d�� qE,c ,�o 2E7Z � 8 �
li 2Z� �-�E,c ,� � 28�

Jlyhq wkdw -�E,c ,� � 2Z,/ wkh fdvh zkhuh 2Z� � -�E,c ,� 	 8 fdq eh vdiho| ljqruhg

dv lw ylrodwhv +D16,1 Pruhryhu/ revhuyh wkdw Ohppdv 4 dqg 5 frqwlqxh wr krog +zlwk

�E�c �� ehlqj uhsodfhg e| 7�E�c ��,1 Vlqfh qE,c ,� ' f dqg -�E,c ,� ' 2Z, e| Ohppd 4/

+D16, lpsolhv wkdw L(E�c �� ' 2EZ� � Z,� n 7Z � 8 1 Dv lq wkh surri ri Ohppd 4/ wkh

lqyhvwru*v remhfwlyh ixqfwlrq fdq wkhq eh uhzulwwhq dv

�2 EZ, � 8 � n 2wE�� w�qE�c ,�2E7Z � 8 � n E�� w�2 E2qE�c ��� �� E7Z � 8 � � +45,

Dv +45, lv vwulfwo| lqfuhdvlqj lq erwk qE�c ,� dqg qE�c ��c wkh dujxphqwv lq wkh surri ri

Sursrvlwlrq 4 h{whqg wr wkh suhvhqw surri1 Lq sduwlfxodu/ wkh rswlpdo frqwudfwv iru w|shv

E,c ,� dqg E�c ,� duh wkh vdph dv lq Sursrvlwlrq 41 Ixuwkhupruh/ zh kdyh qE�c �� ' �/

zklfk/ lq frqmxqfwlrq zlwk 7�E�c ��c lpsolhv wkdw -�E�c �� ' 2Z� dqg -2E�c �� ' 7Zn8 �
2EZ� � Z,�1 Wr fkhfn iru wkh qhjohfwhg lqfhqwlyh frpsdwlelolw| frqvwudlqwv/ qrwh wkdw lw

lv lpsrvvleoh iru w|sh E�c ,� wr uhsd| -�E�c �� ' 2Z� dw gdwh �1

Erwk wkh uhsd|phqwv dqg wkh frqwlqxdwlrq suredelolw| iru wkh orzhvw dqg wkh lqwhu0

phgldwh w|sh duh wkh vdph dv xqghu cqr vhoi0�qdqflqj*1 Zkdw kdv fkdqjhg/ krzhyhu/ lv

wkh uhsd|phqw iru wkh kljkhvw w|sh1 W|sh E�c ��*v sd|r� lv qrz Z � 8 n 2 EZ� � Z,� c

zklfk lv vwulfwo| juhdwhu wkdq klv sd|r� ri 2 EZ� � Z,� xqghu cqr vhoi0�qdqflqj*1 Dv wkh

frqwlqxdwlrq suredelolw| ri w|sh E�c �� uhpdlqv wkh vdph/ wklv lpsolhv wkdw wkh lqyhvwru*v

sur�w lv uhgxfhg e| Z � 8� Wkxv/ doorzlqj iru wkh srvvlelolw| ri vhoi0�qdqflqj fdxvhv d

vkliw lq sur�wv iurp wkh lqyhvwru wr wkh �up1

Dv xqghu cqr vhoi0�qdqflqj*/ wkh sd|phqwv iurp wkh �up wr wkh lqyhvwru duh qrw

xqltxh1 Krzhyhu/ dq| rswlpdo frqwudfw pxvw h{klelw wkh vdph frqwlqxdwlrq suredelolwlhv

dqg |lhog wkh vdph h{shfwhg xwlolw| wr erwk wkh �up dqg wkh lqyhvwru dv wkh frqwudfw

lq Sursrvlwlrq 61 Lqvhuwlqj wkh rswlpdo frqwudfw lq wkh lqyhvwru*v remhfwlyh ixqfwlrq dqg

vroylqj iru 8 surylghv xv zlwk wkh iroorzlqj sursrvlwlrq1

9Zh ljqruh wkh srvvlelolw| ri rq0wkh0htxloleulxp0sdwk vhoi0�qdqflqj1 Dv wkh vroxwlrq wr wkh uhod{hg

sureohp grhv qrw doorz iru wklv srvvlelolw|/ wkh uhvwulfwlrq lv zlwkrxw orvv ri jhqhudolw|1 Lq Dsshqgl{ D/

krzhyhu/ zh frqvlghu d pruh jhqhudo frqwudfwlqj hqylurqphqw zklfk dovr doorzv iru wkh srvvlelolw| ri

rq0wkh0htxloleulxp0sdwk vhoi0�qdqflqj1
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Sursrvlwlrq 71 Li w 	
s
2 � �c wkh lqyhvwru lqyhvwv dw gdwh f li dqg rqo| li 8 �

Z � EZ � Z,� * E2� w�1 Li w 5
ks

2� �c �*2
�
c wkh lqyhvwru lqyhvwv dw gdwh f li dqg rqo|

li 8 � Z � EZ � Z,� *
�
� n w n E�� w�2 *2

�
� Ilqdoo|/ li w � �*2c wkh lqyhvwru lqyhvwv dw

gdwh f li dqg rqo| li 8 � Z � EZ � Z,� *
�
� n 2w E�� w� n E�� w�2 *2

�
�

Li w 	
s
2� �c qrq0lqwhjudwlrq lv rswlpdo1 Frqyhuvho|/ li w � s

2� �/ lqwhjudwlrq lv

rswlpdo1

Surri1 Li w 	 �*2c wkh lqyhvwru*v h{shfwhg sur�w xqghu wkh rswlpdo frqwudfw lq Sursr0

vlwlrq 6 lv 2 EZ, � 8 �n2
�
w n E�� w�2 *2

�
EZ � 8 � c dqg li w � �*2c wkh lqyhvwru*v h{shfwhg

sur�w xqghu wkh rswlpdo frqwudfw lv 2 EZ, � 8 �n2
�
2w E�� w� n E�� w�2 *2

�
EZ � 8 �1 E|

frqwudvw/ wkh lqyhvwru*v h{shfwhg sur�w li wkh wzr �upv uhpdlq vhsdudwh lv 2 EZ, � 8 � n

E�� w� 2 EZ � 8 �/ zklfk lv vwulfwo| ohvv wkdq klv sur�w xqghu lqwhjudwlrq li dqg rqo| li

w � s
2� �� Vroylqj wkh uhvshfwlyh sur�wv iru 8 frpsohwhv wkh surri1

Dv wkh sursrvlwlrq vkrzv/ lqwhjudwlrq pd| qr orqjhu eh rswlpdo li lw doorzv �upv wr

�qdqfh vhfrqg0shulrg surgxfwlrq zlwkrxw kdylqj wr uhwxuq wr wkh fdslwdo pdunhw1 Lq

d zruog zkhuh �qdqfldo frqwudfwlqj lv lqfrpsohwh/ wkh wkuhdw qrw wr surylgh iroorz0xs

�qdqflqj +wkh cwhuplqdwlrq wkuhdw*, pd| eh wkh rqo| h�hfwlyh lqvwuxphqw wkdw lqyhvwruv

kdyh wr pdnh �upv uhsd| wkhlu ghew1 Zlwkrxw wklv lqvwuxphqw/ lqyhvwruv pd| eh xqzloolqj

wr surylgh dq| �qdqflqj dw doo1 E| uhgxflqj wkh �upv* h{srvxuh wr wkh glvflsolqdu|

vdqfwlrqv ri lqyhvwruv/ lqwhjudwlrq pd| wkxv djjudydwh �qdqflqj frqvwudlqwv fdxvhg e|

frqwudfwxdo lqfrpsohwhqhvv1 Lq Sursrvlwlrq 7/ wklv lv uh hfwhg lq d ghfuhdvh lq wkh fulwlfdo

lqyhvwphqw ohyho frpsduhg zlwk wkdw lq Sursrvlwlrq 51

Wkh ghfuhdvh lq wkh fulwlfdo lqyhvwphqw ohyho jrhv kdqg lq kdqg zlwk d ghfuhdvh lq

lqyhvwru sur�wv1 Wr hqvxuh wkdw w|sh E�c �� grhv qrw plplfn w|sh E,c ,�/ wkh lqyhvwru pxvw

udlvh w|sh E�c ��*v htxloleulxp sd|r� frpsduhg zlwk wkdw xqghu cqr vhoi0�qdqflqj*1 Lq

idfw/ w|sh E�c ��*v htxloleulxp sd|r� lv qrz kljkhu wkdq wzlfh wkh htxloleulxp sd|r�

rewdlqhg e| w|sh � xqghu qrq0lqwhjudwlrq1 Dffruglqjo|/ li wkh h{ dqwh suredelolw| ri

w|sh E�c �� jurzv vx!flhqwo| odujh/ lqwhjudwlrq ehfrphv wrr frvwo| iru wkh lqyhvwru1 Lq

wkh suhvhqw frqwh{w/ wklv lv wkh fdvh li w 	
s
2� ��

7 R�0wkh0Htxloleulxp0Sdwk Uhqhjrwldwlrq

714 Qrq0Lqwhjudwlrq

Dv uhpdunhg hduolhu/ wkhuh lv qr vfrsh iru rq0wkh0htxloleulxp0sdwk uhqhjrwldwlrq dv wkh

lqyhvwru qhfhvvdulo| pdnhv d orvv lq wkh vhfrqg shulrg1 Li wkh sduwlhv fdq uhqhjrwldwh

r� wkh htxloleulxp sdwk/ krzhyhu/ wkh �rswlpdo� frqwudfw lq Sursrvlwlrq 4 lv qr orqjhu
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lqfhqwlyh frpsdwleoh1 Wr vhh wklv/ vxssrvh w|sh � ghyldwhv dqg plplfnv w|sh ,� Lq wkdw

fdvh/ wkh �up lv oltxlgdwhg hyhq wkrxjk frqwlqxdwlrq zrxog |lhog dq h!flhqf| jdlq ri

Z�8� Wr uhdol}h wklv jdlq/ wkh �upzrxog rqo| qhhg dgglwlrqdo ixqgv ri 8�EZ� � Z,� 	 Z,/

lpso|lqj wkdw lw lv pxwxdoo| ehqh�fldo iru wkh sduwlhv wr uhsodfh wkh ruljlqdo frqwudfw zlwk

d qhz frqwudfw vwlsxodwlqj d sd|phqw ri 8 � EZ� � Z,� iurp wkh lqyhvwru wr wkh �up dw

gdwh � dqg d uhsd|phqw ri 8�EZ� � Z,� � % � Z, iurp wkh �up wr wkh lqyhvwru dw gdwh 2�

Iroorzlqj Erowrq dqg Vfkduivwhlq +4<<3,/ zh dvvxph wkdw lq wkh uhqhjrwldwlrq jdph wkh

�up dqg wkh lqyhvwru fdq pdnh d wdnh0lw0ru0ohdyh0lw r�hu zlwk suredelolw| k dqg �� kc

uhvshfwlyho|1 W|sh �*v sd|r� iurp plplfnlqj w|sh , dqg uhqhjrwldwlqj lv wkhq

k EZ � 8 n Z� � Z,� n E�� k� EZ� � Z,� ' Z� � Z, n k EZ � 8 � c

zklfk lv vwulfwo| juhdwhu wkdq klv sd|r� ri Z��Z, iurp wuxwkwhoolqj1 Wr uhvwruh lqfhqwlyh

frpsdwlelolw|/ wkh lqyhvwru pxvw udlvh w|sh �*v wuxwkwhoolqj sd|r� e| k EZ � 8 � c h1j1 e|

lqfuhdvlqj -� E�� iurp Z wr Z� dqg uhgxflqj -
2 E�� iurp Z, wr Z�EZ� � Z,��k EZ � 8 � �:

Zh wkxv kdyh wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 81 Xqghu qrq0lqwhjudwlrq dqg r�0wkh0htxloleulxp sdwk uhqhjrwldwlrq/

wkh iroorzlqj frqwudfw lv rswlpdo=

4, W|sh , G qE,� ' f dqg -�E,� ' Z,�

5, W|sh � G qE�� ' �c -�E�� ' Z�c dqg -2E�� ' Z � EZ� � Z,�� k EZ � 8 � �

Qrwh wkdw/ dv uhqhjrwldwlrq uhgxfhv wkh lqyhvwru*v h{shfwhg sur�w e| E�� w�kE7Z�8 �c

erwk wkh fulwlfdo lqyhvwphqw ohyho dqg wrwdo zhoiduh duh orzhu wkdq xqghu ixoo frpplwphqw1

715 Lqwhjudwlrq

Dv xqghu qrq0lqwhjudwlrq/ zh zrxog h{shfw wkdw doorzlqj iru r�0wkh0htxloleulxp0sdwk

uhqhjrwldwlrq orzhuv lqyhvwru sur�wv dqg wkhuhe| uhgxfhv erwk wkh fulwlfdo lqyhvwphqw

ohyho dqg wrwdo zhoiduh1 Wkh txhvwlrq wkhq lv zkhwkhu wkh ghfuhdvh lq sur�wv lv juhdwhu

xqghu lqwhjudwlrq ru qrq0lqwhjudwlrq1 Li wkh ghfuhdvh lq sur�wv lv juhdwhu xqghu lqwhjud0

wlrq/ wkh uhvxow wkdw xqghu cqr vhoi0�qdqflqj* lqwhjudwlrq lv dozd|v rswlpdo pd| qr orqjhu

krog1 Rq wkh rwkhu kdqg/ li wkh ghfuhdvh lq sur�wv lv juhdwhu xqghu qrq0lqwhjudwlrq/ wkh

uhvxow wkdw xqghu vhoi0�qdqflqj qrq0lqwhjudwlrq lv rswlpdo iru vx!flhqwo| vpdoo ydoxhv

ri w pd| qr orqjhu eh wuxh1 Wkh sxusrvh ri wklv vhfwlrq lv wr looxvwudwh wkdw erwk uh0

vxowv frqwlqxh wr krog li zh doorz iru r�0wkh0htxloleulxp0sdwk uhqhjrwldwlrq1 Lq zkdw

:Erowrq dqg Vfkduivwhlq +4<<3/ Vhfwlrq Le, sursrvh dq dowhuqdwlyh/ exw sd|r�0htxlydohqw vroxwlrq

zkhuh U5 +k, lv ohiw xqfkdqjhg dqg U4 +k, lv uhgxfhg wr ��� +� � I , = Rqfh djdlq/ wklv vkrzv wkdw wkh

wudqvihuv xqghu wkh rswlpdo frqwudfw duh qrw xqltxh1

49



iroorzv/ zh uhvwulfw dwwhqwlrq wr wkh fdvh zkhuh Z� n Z, 	 28� Wkh uhvxow/ krzhyhu/ lv

shuihfwo| jhqhudo dqg h{whqgv wr doo rwkhu sdudphwhu ydoxhv +lq wrwdo/ wkhuh duh D fdvhv

wr eh glvwlqjxlvkhg,1 Zh ehjlq zlwk wkh rswlpdo frqwudfw1

Sursrvlwlrq 91 Gh�qh 	w G' �� k EZ� � 8 � * dEZ� � Z,� E2� k�o c dqg vxssrvh Z� n

Z, 	 28� Xqghu lqwhjudwlrq dqg r�0wkh0htxloleulxp0sdwk uhqhjrwldwlrq/ wkh iroorzlqj frq0

wudfw lv rswlpdo =

4, W|sh E,c ,� G q E,c ,� ' f dqg -� E,c ,� ' 2Z,�

5, W|sh E,c �� G q E�c ,� ' dZ� � Z, n k E7Z � 8 �o * d2E7Z � Z,�o/ -� E�c ,� ' Z� n Z,c dqg

-2 E�c ,� ' 2Z, li w 	 	wc dqg qE�c ,� ' �/ -�E�c ,� ' Z� n Z,/ dqg -2E�c ,� ' 27Z � Z� n

Z, � kE7Z � 8 � li w � 	w�

6, W|sh E�c �� G q E�c �� ' � dqg -� E�c �� ' 2Z�� Pruhryhu/ xqghu +D15, +cqr vhoi0

�qdqflqj*,/ w|sh E�c �� uhfhlyhv -2E�c �� ' 2 d7Z n Z, � Z� � kE7Z � 8 �o c zkhuhdv xqghu

+D16, +vhoi0�qdqflqj,/ kh uhfhlyhv -2E�c �� ' 2 d7Z n Z, � Z� � kE7Z � 8 �o�E��k�E7Z�8 ��

Surri1 Vhh Dsshqgl{ E1

Lqvhuwlqj wkh rswlpdo frqwudfw lq wkh lqyhvwru*v remhfwlyh ixqfwlrq/ zh fdq djdlq

frpsduh wkh lqyhvwru*v sur�w xqghu lqwhjudwlrq zlwk wkdw xqghu qrq0lqwhjudwlrq1 Wkh

iroorzlqj sursrvlwlrq vkrzv wkdw rxu uhvxowv duh urexvw zlwk uhvshfw wr wkh srvvlelolw| ri

r�0wkh0htxloleulxp0sdwk uhqhjrwldwlrq1

Sursrvlwlrq :1 Vxssrvh Z� n Z, 	 28 1 Xqghu cqr vhoi0�qdqflqj*/ lqwhjudwlrq lv

dozd|v rswlpdo1 Xqghu vhoi0�qdqflqj/ wkhuh h{lvwv d fulwlfdo ydoxh f 	 w 	 � vxfk wkdw

iru doo w 	 w qrq0lqwhjudwlrq lv rswlpdo/ dqg iru doo w � w lqwhjudwlrq lv rswlpdo1

Surri1 Frqvlghu �uvw +D15, +cqr vhoi0�qdqflqj*,1 Iru w|shv E,c ,� dqg E�c ,�c lqyhvwru

sur�wv duh wkh vdph xqghu lqwhjudwlrq dqg qrq0lqwhjudwlrq/ zkhuhdv iru w|sh E�c ,�c lq0

yhvwru sur�wv duh vwulfwo| juhdwhu xqghu lqwhjudwlrq iru doo w1 Qh{w/ vxssrvh +D16, krogv

+vhoi0�qdqflqj,/ dqg frqvlghu wkh fdvh zkhuh w � 	wc lpso|lqj wkdw qE�c ,� ' �1 E| lq0

vshfwlrq/ lqyhvwru sur�wv duh juhdwhu xqghu lqwhjudwlrq li dqg rqo| li E�� w�E��k� 	 2wc

zklfk lv wuxh iru doo w � 	w1 Rq wkh rwkhu kdqg/ li w 	 	wc lpso|lqj wkdw qE�c ,� 	 �c

lqyhvwru sur�wv duh juhdwhu xqghu lqwhjudwlrq li dqg rqo| li

E�� w�E�� k�E7Z � 8 � 	 2w
7Z � 8

7Z � Z,

dZ� � 7Z n kE7Z � 8 �o c

ru

w � w G'

yxxw� n
�
� n

k

�� k

Z� � 8

Z� � Z,

�2

�
�
� n

k

�� k

Z� � 8

Z� � Z,

�
�

Frpsdulqj w zlwk 	w |lhogv 	w : wc zklfk frpsohwhv wkh surri1
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8 Fruuhodwhg Surmhfwv

Li d �up zdqwv wr phujh zlwk dqrwkhu �up/ vkrxog lw phujh zlwk d �up zkrvh surmhfwv

duh srvlwlyho| ru qhjdwlyho| fruuhodwhg zlwk lwv rzq surmhfwvB Lq wkh iroorzlqj/ zh wu| wr

dqvzhu wklv txhvwlrq e| lqyhvwljdwlqj wr zkdw h{whqw wkh h!flhqf| jdlq iurp lqwhjudwlrq

+li lqwhjudwlrq lv h!flhqw dw doo, ghshqgv rq wkh xqghuo|lqj fruuhodwlrq frh!flhqw 4�

Qrwlfh wkdw li 4 ' fc zh duh edfn wr Vhfwlrq 61

Zkloh lw lv lpphgldwh wkdw wkh rswlpdo frqwudfwv xqghu erwk vhoi0�qdqflqj dqg cqr

vhoi0�qdqflqj* duh wkh vdph dv lq Vhfwlrq 6/ doorzlqj iru fruuhodwlrq ehwzhhq wkh surmhfwv

dowhuv wkh suredelolwlhv ri wkh uhvshfwlyh w|shv dqg wkxv wkh lqyhvwru*v h{shfwhg sur�w1;

Uhfdoo wkdw li wkh surmhfwv duh xqfruuhodwhg/ wkh suredelolw| ri w|sh E,c ,� lv w2c wkh sure0

delolw| ri w|sh E,c �� lv w E�� w� c dqg wkh suredelolw| ri w|sh E�c �� lv E�� w�2 � Li wkh

surmhfwv duh fruuhodwhg/ wkh fruuhvsrqglqj suredelolwlhv duh w d�� E�� 4� E�� w�o iru w|sh

E,c ,�c 2 E�� 4� w E�� w� iru w|sh E,c ��c dqg E�� w� d�� w E�� 4�o iru w|sh E�c ���< Jlyhq

wkhvh suredelolwlhv/ zh fdq ghulyh wkh frxqwhusduwv ri Sursrvlwlrqv 5 dqg 71 Frqvlghu

�uvw wkh fdvh zkhuh +D15, krogv +cqr vhoi0�qdqflqj*,1 Zh kdyh wkh iroorzlqj uhvxow1

Sursrvlwlrq ;1 Vxssrvh +D15, krogv +cqr vhoi0�qdqflqj*,1 Li w 	 �*2c wkh lqyhvwru

lqyhvwv dw gdwh f li dqg rqo| li 8 � Z � EZ � Z,� * d2� w n E�� 4� w2o � Frqyhuvho|/ li

w � �*2c wkh lqyhvwru lqyhvwv li dqg rqo| li 8 � Z � EZ � Z,� * d2� w2 � 4w E�� w�o �

Lq erwk fdvhv/ lqwhjudwlrq lv rswlpdo iru doo 4 	 �� Li 4 ' �c lqwhjudwlrq dqg qrq0

lqwhjudwlrq duh uhyhqxh0htxlydohqw1

Surri1 Li w 	 �*2c wkh lqyhvwru*v h{shfwhg sur�w xqghu wkh rswlpdo frqwudfw lq

Sursrvlwlrq 4 lv 2 EZ, � 8 �n2
k
w n E�� w�2 � 4w2

l
EZ � 8 � c dqg li w � �*2c wkh lqyhvwru*v

h{shfwhg sur�w lv 2 EZ, � 8 �n2 d�� w2 � 4w E�� w�o EZ � 8 �1 E| frqwudvw/ wkh lqyhvwru*v

h{shfwhg sur�w li wkh wzr �upv uhpdlq vhsdudwh lv 2 EZ, � 8 � n E�� w� 2 EZ � 8 �/ zklfk

lv vwulfwo| ohvv wkdq +htxdo wr, hlwkhu ri wkh wzr sur�wv xqghu lqwhjudwlrq li 4 	 � +li

4 ' ��� Vroylqj wkh uhvshfwlyh sur�wv iru 8 frpsohwhv wkh surri1

;Wr vhh zk| wkh rswlpdo frqwudfwv duh lghqwlfdo wr Vhfwlrq 6/ qrwh wkdw qhlwkhu wkh lqfhqwlyh frp0

sdwlelolw| frqvwudlqwv qru wkh olplwhg oldelolw| frqvwudlqwv ghshqg rq wkh suredelolwlhv ri wkh uhvshfwlyh

w|shv1 Lw lv wkhq vwudljkwiruzdug wr vkrz wkdw Ohppdv 4 dqg 5 frqwlqxh wr krog1 Lqvhuwlqj wkh uhvxowv

iurp Ohppdv 4 dqg 5 lq wkh lqyhvwru*v remhfwlyh ixqfwlrq vkrzv wkdw wkh remhfwlyh ixqfwlrq lv lqfuhdvlqj

lq erwk � +k> o, dqg � +k> k, iru doo �= Wkh uhvw lv dqdorjrxv wr wkh surri ri Sursrvlwlrq 41
<Wkh surri lv vwudljkwiruzdug1 Ghqrwh wkh udqgrp yduldeohv dvvrfldwhg zlwk wkh wzr surmhfwv e| [

dqg \> uhvshfwlyho|1 Wkh mrlqw suredelolwlhv duh wkhq $ =@ Su +{ @ �o> | @ �k, @ Su +{ @ �k> | @ �o, >

Su +{ @ | @ �o, @ ��$> dqg Su +{ @ | @ �k, @ 4� ��$= Vlqfh � =@ Fry +[>\ , @�[�\ dqg �[ @ �\ /

zh kdyh � @ 4� $@� +4� �, = Vroylqj iru $ frpsohwhv wkh surri1

Lqflghqwdoo|/ dv $ � plq ^�> 4� �` > zh rewdlq dv d orzhu erxqg iru wkh fruuhodwlrq frh!flhqw � @

4� +plq ^�> 4� �`, @ ^� +4� �,` = Iru hdfk �> zh fdoo doo � iru zklfk � � � +�, krogv ihdvleoh1
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Uhfdoo iurp Vhfwlrq 6 wkdw lqwhjudwlrq rqo| pdwwhuv zlwk uhvshfw wr wkh lqwhuphgl0

dwh w|sh E�c ,� � Li wkh �up lv hlwkhu ri w|sh E,c ,� ru E�c �� c wkh lqyhvwru*v sur�w xqghu

lqwhjudwlrq dqg qrq0lqwhjudwlrq lv wkh vdph1 Frqvlghu qrz wkh h{wuhph fdvh zkhuh wkh

wzr surmhfwv duh shuihfwo| srvlwlyho| fruuhodwhg1 Lq wklv fdvh/ wkh suredelolw| ri w|sh

E�c ,� lv }hur/ lpso|lqj wkdw lw pdnhv qr gl�huhqfh zkhwkhu wkh surmhfwv duh exqgohg ru

qrw1 E| frqwudvw/ li 4 	 � wkh suredelolw| ri w|sh E�c ,� lv qrq0}hur dqg lqwhjudwlrq lv

vwulfwo| rswlpdo1 Wkh h!flhqf| jdlq iurp lqwhjudwlrq lv pd{lpdo li wkh wzr surmhfwv duh

shuihfwo| qhjdwlyho| fruuhodwhg/ lq zklfk fdvh wkh h{ dqwh suredelolw| ri w|sh E�c ,� lv �1

Lq Sursrvlwlrq ;/ wklv lv uh hfwhg lq wkh idfw wkdw wkh fulwlfdo lqyhvwphqw ohyho lv vwulfwo|

ghfuhdvlqj lq wkh fruuhodwlrq frh!flhqw 4�

Wkh uhvxow wkdw wkh h!flhqf| jdlq iurp lqwhjudwlrq lv ghfuhdvlqj lq wkh dprxqw ri

fruuhodwlrq lv uhplqlvfhqw ri d vlplodu uhvxow lq sruwirolr wkhru|1 Wkh uhdvrq iru wkh gl0

yhuvl�fdwlrq ehqh�w lv gl�huhqw/ krzhyhu/ vlqfh doo djhqwv duh ulvn qhxwudo1 Zkdw pdwwhuv

lv vroho| wkh suredelolw| ri kdylqj d kljk0 dqg d orz0uhwxuq surmhfw dw wkh vdph wlph/ lq

zklfk fdvh oltxlglw| vslooryhuv fdq pdwhuldol}h1

Frqvlghu �qdoo| wkh fdvh zkhuh +D16, krogv +vhoi0�qdqflqj,1 Iru wkh vdnh ri euhylw|/

zh rqo| frqvlghu wkh txhvwlrq ri zkhwkhu wr lqwhjudwh ru qrw1 Wkh fruuhvsrqglqj fulwlfdo

lqyhvwphqw ohyhov duh hdv| wr ghulyh dqg olvwhg lq wkh zrunlqj sdshu yhuvlrq +Lqghuvw dqg

Pÿoohu 4<<<,1

Sursrvlwlrq <1 Vxssrvh +D16, krogv +vhoi0�qdqflqj,1 Ghshqglqj rq wkh fruuhodwlrq

frh!flhqw/ wkh frpsdulvrq ehwzhhq lqwhjudwlrq dqg qrq0lqwhjudwlrq lv dv iroorzv1

4, 4 5 E2*�c �o G Qrq0lqwhjudwlrq lv dozd|v rswlpdo1

5, 4 5 E�*�c 2*�o G Li w 	 �* d� E�� 4�o qrq0lqwhjudwlrq lv rswlpdo/ zkhuhdv li w �
�* d� E�� 4�o lqwhjudwlrq lv rswlpdo1

6, 4 5 E��*2c �*�o G Li w 	 hw G'
�
4� 2 n

s
H n 42 � H4

�
* d2 E�� 4�o qrq0lqwhjudwlrq lv

rswlpdo/ zkhuhdv li w � hw lqwhjudwlrq lv rswlpdo1

7, 4 5 d��c��*2o G Lqwhjudwlrq lv dozd|v rswlpdo1

Surri1 Li w 	 �*2c wkh lqyhvwru*v h{shfwhg sur�w xqghu wkh rswlpdo frqwudfw lq Sursr0

vlwlrq 6 lv 2 EZ, � 8 � n d�� w n w E�� 4� E� n w�o EZ � 8 � c dqg li w � �*2c wkh lqyhvwru*v

h{shfwhg sur�w xqghu wkh rswlpdo frqwudfw lv 2 EZ, � 8 �nd� n �w E�� 4�o E�� w� EZ � 8 �1

E| frqwudvw/ wkh lqyhvwru*v h{shfwhg sur�w li wkh wzr �upv uhpdlq vhsdudwh lv 2 EZ, � 8 �n

E�� w� 2 EZ � 8 �1 Frpsdulqj h{shfwhg sur�wv frpsohwhv wkh surri1

Sursrvlwlrq < lv yhu| lqwxlwlyh1 Li wkh fruuhodwlrq frh!flhqw lv forvh wr �/ wkh sure0

delolw| ri kdylqj erwk d kljk0 dqg d orz0uhwxuq surmhfw lv qhjoljleoh1 Frqvhtxhqwo|/
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wkh oltxlglw| vslooryhu h�hfw lv vpdoo dqg wkh dgglwlrqdo lqh!flhqf| gxh wr vhoi0�qdqflqj

grplqdwhv +Fdvh 4,1 Lq wklv fdvh/ qrq0lqwhjudwlrq lv dozd|v rswlpdo1 Frqyhuvho|/ li wkh

fruuhodwlrq frh!flhqw lv forvh wr ��c wkh oltxlglw| vslooryhu h�hfw lv vx!flhqwo| odujh dqg
lqwhjudwlrq lv dozd|v rswlpdo +Fdvh 7,143 Iru doo rwkhu ydoxhv ri 4/ wkhuh h{lvwv d fulwlfdo

ydoxh ri w +�* d� E�� 4�o lq Fdvh 5 dqg hw lq Fdvh 6, vxfk wkdw lqwhjudwlrq lv rswlpdo

li dqg rqo| li w olhv deryh wklv ydoxh1 Dv lv hdv| wr vkrz/ wkh fulwlfdo ydoxh lv vwulfwo|

lqfuhdvlqj lq 41 Pruhryhu/ li 4 ' 2*� wkh fulwlfdo ydoxh lv �c dqg li 4 ' f wkh fulwlfdo

ydoxh lv hw ' s
2� �c zklfk fruuhvsrqgv wr wkh vroxwlrq lq Vhfwlrq 61

9 Frqfoxglqj Uhpdunv

Wklv sdshu suhvhqwv d wkhru| ri lqwhjudwlrq edvhg rq wkh lqdelolw| ri sduwlhv wr zulwh

frpsuhkhqvlyh �qdqfldo frqwudfwv1 Lqwhjudwlrq hqwdlov erwk ehqh�wv dqg frvwv1 Rq wkh

rqh kdqg/ lqwhjudwlrq lqyroyhv oltxlglw| vslooryhuv iurp kljk0 wr orz0uhwxuq surmhfwv hq0

vxulqj wkdw lqwhjudwhg �upv fdq �qdqfh pruh surmhfwv wkdq qrq0lqwhjudwhg �upv1 Rq wkh

rwkhu kdqg/ lqwhjudwlrq/ e| srrolqj �upv* fdvk  rzv/ uhgxfhv wkh �upv* qhhg wr uhwxuq

wr wkh fdslwdo pdunhw iru iroorz0xs �qdqflqj1 Exw lq d zruog zkhuh �qdqfldo frqwudfwlqj

lv lqfrpsohwh/ wkh wkuhdw qrw wr surylgh iroorz0xs �qdqflqj pd| eh wkh rqo| lqvwuxphqw

wkdw lqyhvwruv kdyh wr pdnh �upv uhsd| wkhlu lqlwldo ghew1 E| zhdnhqlqj wklv wkuhdw/

lqwhjudwlrq pd| wkxv djjudydwh douhdg| h{lvwlqj �qdqflqj frqvwudlqwv1

Lq dgglwlrq wr dgguhvvlqj wkh txhvwlrq ri rswlpdo �up vl}h/ wkh sdshu dovr dgguhvvhv

wkh wzlq txhvwlrq ri rswlpdo vfrsh1 Jlyhq wkdw d �up zdqwv wr phujh zlwk dqrwkhu �up/

vkrxog lw phujh zlwk d �up zkrvh surmhfwv duh srvlwlyho| ru qhjdwlyho| fruuhodwhg zlwk lwv

rzq surmhfwvB Lqwhuhvwlqjo|/ wkh dqvzhu lv wkdw exqgolqj qhjdwlyho| fruuhodwhg surmhfwv

lv dozd|v ehwwhu hyhq wkrxjk lq rxu prgho doo djhqwv duh ulvn qhxwudo/ wkh uhdvrq ehlqj

wkdw qhjdwlyh fruuhodwlrq pd{lpl}hv wkh olnholkrrg wkdw oltxlglw| vslooryhuv pdwhuldol}h1

Vlploduo|/ rqh pd| dvn zkhwkhu d �up*v sruwirolr vkrxog rswlpdoo| frqvlvw ri surmhfwv

ehorqjlqj wr wkh vdph ru d gl�huhqw ulvn fodvv/ ru zkhwkhu lw lv ehwwhu wr exqgoh surmhfwv

zlwk wkh vdph ru d gl�huhqw sur�wdelolw|1 Zkloh qhlwkhu txhvwlrq kdv ehhq dgguhvvhg lq

wkh sdshu/ wkh sdshu surylghv dq lghdo iudphzrun wr h{dplqh wkhvh dqg rwkhu txhvwlrqv

frqfhuqlqj wkh frpsrvlwlrq ri �upv* surmhfw sruwirolrv1

Rxu sdshu dovr vxjjhvwv wkdw lqwhjudwlrq pd| eh dq rswlpdo uhvsrqvh wr suhgdwlrq1 Dv

srlqwhg rxw e| Erowrq dqg Vfkduivwhlq +4<<3,/ wkh lqyhvwruv* frpplwphqw wr whuplqdwh

ixqglqj li d �up*v shuirupdqfh lv srru pd| surylgh rwkhu �upv zlwk lqfhqwlyhv wr orzhu

wkhlu �qdqfldoo| frqvwudlqhg ulydo*v sur�wv/ h1j1 e| lqfuhdvlqj dgyhuwlvlqj ru vwduwlqj d

43Li � 5 ^�4>�4@5` > wkhuh h{lvw ydoxhv ri � iru zklfk qrq0lqwhjudwlrq lv rswlpdo/ exw wkh| olh rxwvlgh

wkh ihdvleoh udqjh +fi1 irrwqrwh 43,1
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sulfh zdu1 Li wkhuh duh wzr �qdqfldoo| frqvwudlqhg �upv/ rxu uhvxowv vxjjhvw wkdw phujlqj

wkh wzr �upv pd| uhgxfh wkhlu frpshwlwruv* lqfhqwlyhv wr suh| dv srru shuirupdqfh e|

d surmhfw qr orqjhu qhfhvvdulo| ohdgv wr wkh surmhfw*v whuplqdwlrq1 Lq sduwlfxodu/ li wkh

vhfrqg surmhfw shuirupv zhoo/ lw pd| hyhq eh wuxh wkdw erwk surmhfwv duh frqwlqxhg

zlwk suredelolw| rqh1 Khqfh/ rxu prgho vxjjhvwv wkdw pxowl0surmhfw �upv vxfk dv kljko|

glyhuvl�hg frqjorphudwhv kdyh d ghhshu srfnhw dqg duh wkxv ohvv yxoqhudeoh wr suhgdwru|

ehkdylru e| frpshwlwruv wkdq vwdqg0dorqh �upv1

: Dsshqgl{ D= Jhqhudo Frqwudfwlqj Hqylurqphqw

Wklv vhfwlrq vkrzv wkdw wkh frqwudfwv ghulyhg lq Sursrvlwlrqv 4 dqg 6 uhpdlq rswlpdo lq

d pruh jhqhudo frqwudfwlqj hqylurqphqw1 Zh doorz iru wkh iroorzlqj frqwudfwlqj vsdfh1

Diwhu wkh lqyhvwphqw ri 28 dw gdwh f/ wkh �up dqqrxqfhv d w|sh r dw gdwh �� Zlwk

suredelolw| ��Er�/ zkhuh � 5 U ' ifc �c 2j dqg
S

�MU ��Er� ' �/ wkh lqyhvwru pdnhv +qhw,

sd|phqwv ��
� Er� dw gdwh � dqg �2

� Er� dw gdwh 21 Wkhvh sd|phqwv duh fkrvhq vxfk wkdw

lw lv erwk ihdvleoh dqg rswlpdo iru w|sh r wr lqyhvw lq h{dfwo| � vhfrqg0shulrg surmhfwv lq

fdvh wkh uhdol}dwlrq ri wkh udqgrp yduldeoh lv �1

Jlyhq wklv vhwxs/ wkh lqyhvwru*v remhfwlyh ixqfwlrq lv

�28� w2
[
�MU

��E,c ,�
k
��

� E,c ,� n�2
� E,c ,�

l
� 2wE�� w�

[
�MU

��E�c ,�
k
��

� E�c ,� n�2
� E�c ,�

l

�E�� w�2
[
�MU

��E�c ��
k
��

� E�c �� n�2
� E�c ��

l
�

Dv lq wkh pdlq wh{w/ zh frqvlghu d uhod{hg sureohp1 Wkh �uvw0 dqg vhfrqg0shulrg olplwhg

oldelolw| frqvwudlqwv iru w|sh r 5 �7/ u�
� Er� dqg u2

� Er�c duh dv iroorzv=

0 Li �fEr� : f/ u�
fEr� dqg u2

fEr� duh jlyhq e|

oEr� n��
f Er� � fc

oEr� n��
f Er� n�2

f Er� � f�

0 Li ��Er� : f/ u2
�Er� dqg u2

�Er� duh jlyhq e|

oEr� n��
� Er�� 8 � fc

oEr� n��
� Er� n�2

� Er�� 8 n Z, � f�

0 Li �2Er� : f/ u�
2Er� dqg u2

2Er� duh jlyhq e|

oEr� n��
2 Er�� 28 � fc

oEr� n��
2 Er� n�2

2 Er�� 28 n 2Z, � f�
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Dv dq looxvwudwlrq/ frqvlghu wkh fdvh zkhuh � ' �1 Li u�
�Er� dqg u2

�Er� erwk krog/ wkh �up

fdq lqyhvw lq rqh vhfrqg0shulrg surmhfw1 Vlqfh 7Z�8 : fc lqyhvwphqw lv vwulfwo| rswlpdo1

Wkh �up fdq/ krzhyhu/ dovr lqyhvw lq wzr vhfrqg0shulrg surmhfwv li lw kdv vx!flhqw ixqgv

iru erwk lqyhvwphqw dw gdwh � dqg uhsd|phqw dw gdwh 2 hyhq lq wkh zruvw srvvleoh vwdwh1

Zh ljqruh wkhvh dgglwlrqdo frqvwudlqwv +iru � ' fc �, iru wkh wlph ehlqj1 Odwhu/ zh zloo

vkrz wkdw wkh| duh vdwlv�hg e| wkh fkdudfwhul}hg vroxwlrq1

Dv lq wkh pdlq wh{w/ zh uhvwulfw dwwhqwlrq wr wkh grzqzdugv lqfhqwlyh frpsdwl0

elolw| frqvwudlqwv iru w|shv E�c �� dqg E�c ,� zlwk uhvshfw wr w|sh E,c ,� dqg vkrz wkdw

wkh qhjohfwhg lqfhqwlyh frpsdwlelolw| frqvwudlqwv krog xqghu wkh rswlpdo vroxwlrq1 Gh0

qrwh wkh sd|r� zklfk w|sh r rewdlqv rq wkh htxloleulxp sdwk e| LEr�1 Vxssrvh w|sh

r 5 iE�c ,�c E�c ��j ghyldwhv dqg dqqrxqfhv E,c ,�1 Wkh uhvshfwlyh sd|r� li � 5 U lv uh0

dol}hg lv ghqrwhg e| L�Er�1 Wr fdofxodwh wkh sd|r�v iru � ' fc �/ zh pxvw �uvw ghwhu0

plqh krz pdq| surmhfwv w|shv E�c �� dqg E�c ,� fdq �qdqfh jlyhq wkh vshfl�hg sd|phqwv

��
� E,c ,� dqg �2

� E,c ,�1 Qrwh wkdw dq xsshu erxqg rq wkh qxpehu ri surmhfwv lv jlyhq e|

wkh uhvrxufhv dydlodeoh dw gdwh � dqg e| wkh uhtxluhg uhsd|phqw dw gdwh 21 Frqvlghu

�uvw � ' � dqg vxssrvh wkdw wkh ghyldwlqj w|sh r kdv vx!flhqw ixqgv wr lqyhvw lq wzr

surmhfwv/ l1h1 oEr�n��
� E,c ,� � 28 1 Klv vhfrqg0shulrg olplwhg oldelolw| frqvwudlqw lv phw li

oEr� n 2 EZ, � 8 � n��
� E,c ,� n�2

� E,c ,� � f� Wr vhh wkdw wklv frqvwudlqw lv lqghhg vdwlv�hg/

vlpso| lqvhuw u2
�E,c ,�1 Khqfh/ li w|sh r kdv vx!flhqw ixqgv wr lqyhvw lq wzr vhfrqg0shulrg

surmhfwv/ kh zloo eh deoh wr uhsd| �2
� E,c ,� dw gdwh 21 Frqvlghu qh{w � ' f1 Zh fdq djdlq

xvh wkh suhylrxv dujxphqw wr vkrz wkdw/ li wkh ghyldwlqj w|sh r fdq lqyhvw lq rqh surmhfw/

kh fdq dovr uhsd| �2
f E,c ,� dw gdwh 21 Wr vxppdul}h/ zh kdyh

L2Er� ' oEr�� 28 n��
2 E,c ,� n�2

2 E,c ,� n 27Zc

L�Er� '

;?
= oEr�� 8 n 7Z n��

� E,c ,� n�2
� E,c ,� li oEr� n��

� E,c ,�� 28 	 f

oEr�� 28 n 27Z n��
� E,c ,� n�2

� E,c ,� rwkhuzlvh/

dqg

LfEr� '

;AAAAA?
AAAAA=

oEr� n��
f E,c ,� n�2

f E,c ,� li oEr� n��
f E,c ,� 	 8

oEr� n��
f E,c ,� n�2

f E,c ,� n 2 E7Z � 8 �
li oEr� n��

f E,c ,� � 28 dqg oEr�� 28

n2Z, n��
f E,c ,� n�2

f E,c ,� � f

oEr� n��
f E,c ,� n�2

f E,c ,� n 7Z � 8 rwkhuzlvh1

Wkh dgglwlrqdo fdvh glvwlqfwlrq zlwk uhjdug wr LfEr� lv gxh wr wkh idfw wkdw/ xqolnh

� ' �c 2/ lw grhv qrw jhqhudoo| krog iru � ' f wkdw d �up lqyhvwlqj lq wzr surmhfwv

fdq dxwrpdwlfdoo| uhsd| �2
f E,c ,� lq doo vwdwhv1 Zh duh qrz lq wkh srvlwlrq wr vwdwh wkh

lqfhqwlyh frpsdwlelolw| frqvwudlqw iru w|sh r 5 iE�c ,�c E�c ��j/ zklfk lv ghqrwhg e| 	�Er�=

LEr� � [
�MU

��E,c ,�L�Er��
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Wkh iroorzlqj wzr fodlpv duh dqdorjrxv wr Ohppdv 4051

Fodlp 41 Dw dq| rswlpxp/ lw pxvw krog wkdw �fE,c ,� ' � dqg ��
f E,c ,� n �2

f E,c ,� '

�2Z,1 Pruhryhu/ lw lv rswlpdo wr vhw �2
f E,c ,� ' �2Z, dqg ��

f E,c ,� ' f1

Surri1 Zh vkrz wkdw ��E,c ,� : f lv qrw rswlpdo iru � ' �c 2 e| dujxlqj wr d frqwud0

glfwlrq1 Iluvw/ vxssrvh wkh ruljlqdo frqwudfw iru � ' f lv uhsodfhg e| d frqwudfw vshfli|lqj
7��
f E,c ,� ' �2Z, dqg 7�2

f E,c ,� ' f1 Fohduo|/ wkh qhz frqwudfw vdwlv�hv u|
fE,c ,� iru | ' �c 21

Pruhryhu/ wkh lqyhvwru*v sur�w xqghu wkh qhz frqwudfw lv qrw vpdoohu wkdq xqghu wkh rog

frqwudfw +lq idfw/ li u2
fE,c ,� zdv suhylrxvo| elqglqj/ lw lv qrw d�hfwhg dw doo,1 Lw uhpdlqv

wr fkhfn zkhwkhu 	�Er� krog iru w|shv E�c �� dqg E�c ,�1 Wklv lv lqghhg wkh fdvh li LfEr�

grhv qrw lqfuhdvh dv d uhvxow ri wkh uhsodfhphqw1 Exw iurp wkh gh�qlwlrq ri LfEr�/ lw lv

reylrxv wkdw wkh ghyldwru*v sd|r� lv qrq0lqfuhdvlqj vlqfh wkh vxp ri sd|phqwv dw gdwhv

� dqg 2 lv qrq0lqfuhdvlqj zkloh wkh ixqgv dydlodeoh dw gdwh � duh ghfuhdvlqj144

Qh{w/ frqvlghu wkh frqwudfw iru � 9' f dvvxplqj wkdw ��E,c ,� : f1 Vxssrvh wkh rulj0

lqdo frqwudfw lv uhsodfhg e| d frqwudfw vshfli|lqj 7��
� E,c ,� ' �8 � 2Z, dqg 7�2

� E,c ,� '

��Z,1 Reylrxvo|/ wkh lqyhvwru*v sd|r� fdqqrw ghfuhdvh dv d uhvxow ri wkh uhsodfhphqw1

Pruhryhu/ L�Er� fdqqrw lqfuhdvh/ lpso|lqj wkdw lqfhqwlyh frpsdwlelolw| lv suhvhuyhg145

Jlyhq wkh qhz frqwudfwv E 7��
f E,c ,�c 7�

2
f E,c ,�� dqg E 7��

� E,c ,�c 7�
2
� E,c ,��/ lw wkhq iroorzv wkdw

�8 � 7�2
� E,c ,� 	 f dqg L�Er� � LfEr�1 Khqfh/ e| uhgxflqj ���'fE,c ,� dqg lqfuhdvlqj �fE,c ,�/

wkh lqyhvwru fdq vwulfwo| lpsuryh klv sur�w zlwkrxw ylrodwlqj 	�Er�/ zklfk frqwudglfwv wkh

rswlpdolw| ri wkh ruljlqdo frqwudfw zkhuh ��E,c ,� : f iru vrph � 9' f1

Kdylqj suryhg wkdw �fE,c ,� ' �/ lw lv lpphgldwh wkdw u2
� E,c ,� pxvw eh elqglqj/ l1h1

wkdw ��
f E,c ,� n�2

f E,c ,� ' �2Z,1 Pruhryhu/ wkh lqyhvwru lv lqgl�huhqw ehwzhhq sd|phqwv

dw gdwh � dqg gdwh 2c zkloh lqfuhdvlqj ��
f E,c ,� dw wkh frvw ri ghfuhdvlqj �2

f E,c ,� rqo|

uhod{hv wkh frqvwudlqw 	�Er�1 Khqfh/ wkhuh h{lvwv d vroxwlrq vshfli|lqj �2
f E,c ,� ' �2Z,

dqg ��
f E,c ,� ' f1

E| Fodlp 4/ zh kdyh LfE�c ,� ' Z� � Z,/ LfE�c �� ' 2EZ� � Z,� li +D15, krogv +cqr

vhoi0�qdqflqj*,/ dqg LfE�c �� ' 2EZ� � Z,� n 7Z � 8 li +D16, krogv +vhoi0�qdqflqj, +qrwh

wkdw wr ghulyh wkhvh h{suhvvlrqv/ zh rqo| qhhg �fE,c ,� ' � dqg ��
f E,c ,�n�2

f E,c ,� ' �2Z,/

zklfk/ dffruglqj wr Fodlp 4/ pxvw krog xqghu dq| vroxwlrq,1

Fodlp 51 Dw dq| rswlpxp/ wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv 	� E�c ,� dqg
	� E�c �� pxvw eh elqglqj1

44Lq idfw/ jlyhq + �Q4

3
+o> o,> �Q5

3
+o> o,,/ zh rewdlq X3+k> o, @ �k � �o/ zkloh iru w|sh +k> k, +D15, lpsolhv

X3+k> k, @ 5+�k � �o,> dqg +D16, lpsolhv X3+k> k, @ 5+�k � �o, . �� � I 1
45Qrwh wkdw �Q4

l
+o> o, @ lI �5�o dqg �Q5

l
+o> o, @ l�o lpso| Xl+v, @ u+v,�5�o. l+����o, iru w|shv +k> k,

dqg +k> o,1
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Surri1 Vxssrvh wr wkh frqwudu| wkdw 	�Er� lv vodfn iru r 5 iE�c ,�c E�c ��j � Pruhryhu/

vxssrvh wkdw �fEr� ' �1 Iurp 	�Er� lw iroorzv wkdw u�
fEr�pxvw dovr eh vodfn/ lpso|lqj wkdw

wkh lqyhvwru fdq lpsuryh klv sur�w e| ghfuhdvlqj ��
f Er� zlwkrxw ylrodwlqj dq| frqvwudlqw/

frqwudglfwlrq1 Vxssrvh qh{w wkdw �fEr� 	 �/ lpso|lqj wkdw ��Er� : f iru vrph � ' �c 2/

dqg uhsodfh wkh ruljlqdo frqwudfw e| d qhz frqwudfw vshfli|lqj 7��
� Er� ' �8 � oEr� dqg

7�2
� Er� ' �2

� Er� n
k
��

� Er�� 7��
� Er�

l
1 Qrwh wkdw h{shfwhg sd|r�v duh qrw d�hfwhg e| wklv

fkdqjh1 Lq sduwlfxodu/ li lw zdv erwk ihdvleoh dqg rswlpdo iru wkh �up wr lqyhvw lq h{dfwo|

� surmhfwv dw gdwh � xqghu wkh ruljlqdo frqwudfw/ wklv pxvw dovr krog xqghu wkh qhz

frqwudfw dv wkh ixqgv dydlodeoh dw gdwh � duh h{dfwo| �8 1 Jlyhq wkdw 	�Er� lv vodfn/ wkh

lqyhvwru ehqh�wv iurp ghfuhdvlqj �2
� Er� xqwlo u

2
� Er� ehfrphv elqglqj +zklfk rffxuv li

7�2
� Er� ' ��Z,,1 Li wklv grhv qrw |hw jhqhudwh d frqwudglfwlrq/ wkh lqyhvwru fdq vwulfwo|

lpsuryh klv sur�w e| ghfuhdvlqj ��Er� dqg vlpxowdqhrxvo| lqfuhdvlqj �fEr�/ frqwudglfwlrq

+revhuyh wkdw wklv lv srvvleoh dv 	�Er� lv +vwloo, vodfn,1

Lw iroorzv iurp Fodlp 5 wkdw LE�c ,� ' Z� � Z,/ LE�c �� ' 2EZ� � Z,� xqghu cqr vhoi0

�qdqflqj*/ dqg LE�c �� ' 2EZ��Z,�n7Z�8 xqghu vhoi0�qdqflqj1 Lqvhuwlqj wkh vroxwlrq iru

w|sh E,c ,� dqg wkh elqglqj lqfhqwlyh frpsdwlelolw| frqvwudlqwv lq wkh lqyhvwru*v remhfwlyh

ixqfwlrq/ lw lv lpphgldwh wkdw wkh frqwudfwv iru w|shv r 5 iE�c ,�c E�c ��j pxvw eh fkrvhq
wr pd{lpl}h E7Z � 8 �E��Er� n 2�2Er��1 Wkh iroorzlqj fodlp lv wkhq reylrxv1

Fodlp 61 Xqghu cqr vhoi0�qdqflqj*/ lw lv rswlpdo wr vhw �2E�c �� ' �/ ��
2 E�c �� '

28 � 27Z/ dqg �2
2 E�c �� ' �2Z,1 Frqyhuvho|/ xqghu vhoi0�qdqflqj lw lv rswlpdo wr vhw

�2E�c �� ' �/ ��
2 E�c �� ' 28 � 2Z�/ dqg �2

2 E�c �� ' �7Z � 8 n 2EZ� � Z,�1 Pruhryhu/

li dgglwlrqdoo| 27Z � Z� n Z,/ lw lv rswlpdo wr vhw �2E�c ,� ' �/ ��
2 E�c ,� ' 28 � 27Z/ dqg

�2
2 E�c ,� ' �2Z,1

Lw uhpdlqv wr ghulyh wkh frqwudfw iru w|sh E�c ,� li 27Z 	 Z� n Z,1

Fodlp 71 Li 27Z 	 Z� n Z,/ lw lv rswlpdo wr vhw ��
2 E�c ,� ' 28 � Z� � Z,/ �

2
2 E�c ,� '

�2Z,/ �
�
f E�c ,� ' �Z, � Z�/ �

2
f E�c ,� ' f/ �2E�c ,� ' �* d2E�� w�o/ dqg �fE�c ,� ' E� �

2w�* d2E�� w�o1

Surri1 Iluvw/ revhuyh wkdw lw fdqqrw eh wuxh wkdw �2E�c ,� ' � dv wklv ylrodwhv u2
2E�c ,�1

Pruhryhu/ lw lv reylrxv wkdw �fE�c ,� ' � fdqqrw eh rswlpdo hlwkhu1 Lw wkhuhiruh uhpdlqv

wr fkhfn wkh iroorzlqj wkuhh vroxwlrq fdqglgdwhv1

Fdqglgdwh l,= �2E�c ,� ' f� Wklv lpphgldwho| lpsolhv wkdw ��E�c ,� ' �1 Lqvhuwlqj wkh

uhvxow lq wkh elqglqj 	�E�c ,� frqvwudlqw |lhogv

�2
� E�c ,� n�2

� E�c ,� n 7Z � 8 ' �2Z,�
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Khqfh/ zh fdq vhw ��
� E�c ,� ' �Z� � Z, n 8 dqg �2

� E�c ,� ' Z� � Z, � 7Z1

Fdqglgdwh ll,= ��E�c ,� ' f1 E| wkh vdph dujxphqwv dv lq wkh surri ri Sursrvlwlrq 4/

zh kdyh ��
2 E�c ,� ' 28 � Z� � Z,/ �

2
2 E�c ,� ' �2Z,/ dqg

�2E�c ,� '
Z� � Z ,

2E7Z � Z,�
'

�

2E�� w�
�

Pruhryhu/ zh fdq vhw ��
f E�c ,� ' �Z, � Z� dqg �2

f E�c ,� ' f1

Fdqglgdwh lll,= ��E�c ,� : f dqg �2E�c ,� : f1 Iluvw/ qrwlfh wkdw u�
� E�c ,� pxvw eh

elqglqj/ l1h1 ��
� E�c ,� ' �8 � Z� � Z, +li wklv zhuh qrw wkh fdvh/ zh frxog vkliw sd|phqwv

iurp gdwh � wr gdwh 2 zlwkrxw d�hfwlqj h{shfwhg sd|r�v1, Dv 	�E�c ,� lv elqglqj dqg

�2
� E�c ,� : �Z, e| u2

�E�c ,�/ zh rewdlq

��E�c ,� '
Z� � Z, � �2E�c ,�E�

2
2 E�c ,� n 27Z�

7Z n�2
� E�c ,�

�

Qrwh wkdw f 	 ��E�c ,� 	 �1 Wkh frqwudfw iru w|sh E�c ,� pxvw wkhq eh fkrvhq wr pd{lpl}h

E7Z � 8 �E��E�c ,� n 2�2E�c ,��/ ru

Z� � Z, n �2E�c ,� d2�
2
� E�c ,�� 2�2

2 E�c ,�o

7Z n�2
� E�c ,�

� +46,

Vlqfh ��E�c ,� dqg �2E�c ,� erwk olh vwulfwo| ehwzhhq f dqg �c dq| vroxwlrq pxvw kdyh

�2
2 E�c ,� ' �2Z,/ l1h1 u

2
2E�c ,� pxvw eh elqglqj1 Lqvhuwlqj wkh elqglqj u2

2E�c ,� frqvwudlqw

lq +46, dqg gl�huhqwldwlqj zlwk uhvshfw wr �2
� E�c ,� vkrzv wkdw wkh ghulydwlyh lv vwulfwo|

qhjdwlyh1 Khqfh/ lw lv rswlpdo wr vhw �2
� E�c ,� ' �Z,c lq zklfk fdvh u2

�E�c ,� lv elqglqj1

Lw wkhq uhpdlqv wr pd{lpl}h E7Z � 8 � d��E�c ,� n 2�2E�c ,�o vxemhfw wr wkh elqglqj 	�E�c ,�

frqvwudlqw/ zklfk fdq eh zulwwhq dv d��E�c ,� n 2�2E�c ,�o E7Z�Z,� ' Z��Z,1 Frqvhtxhqwo|/

wkh lqyhvwru lv lqgl�huhqw ehwzhhq vkliwlqj suredelolw| pdvv iurp � ' 2 wr � ' �/ zklfk

lpsolhv wkdw zh fdq uhvwulfw dwwhqwlrq wr fdqglgdwhv l,0ll,1

Frpsdulqj wkh lqyhvwru*v sur�w xqghu l, dqg ll,/ zh �qg wkdw sur�wv xqghu fdqglgdwh

ll, duh juhdwhu wkdq ru htxdo wr wkrvh xqghu fdqglgdwh l, li dqg rqo| li

w � Z� � 8

Z� � Z,

� +47,

Vlqfh 8 � 7Zc wkh UKV lq +47, lv erxqghg iurp ehorz e| EZ�� 7Z�*EZ��Z,� ' w/ lpso|lqj

wkdw +47, lqghhg krogv1 Dffruglqjo|/ wkh frqwudfw vshfl�hg lq ll,/ zklfk lv wkh vdph dv

lq Fodlp 7/ lv rswlpdo1

Revhuyh wkdw wkh frqwudfwv lq Fodlpv 607 duh htxlydohqw wr wkrvh lq Sursrvlwlrqv 4 dqg

61 Lw uhpdlqv wr yhuli| wkdw wkhvh frqwudfwv vdwlvi| wkh qhjohfwhg lqfhqwlyh frpsdwlelolw|

frqvwudlqwv1 Iluvw/ qrwh wkdw iru dq| r 5 �7 dqg � 5 U zlwk ��Er� : fc wkh xqltxh
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rswlpdo vroxwlrq lv wr lqyhvw lq h{dfwo| � surmhfwv1 Vhfrqg/ li 27Z 	 Z� n Z, dqg w|sh

E�c �� plplfv w|sh E�c ,�/ wkh �up fdqqrw frqwlqxh dw gdwh � zlwkrxw dgglwlrqdo ixqglqj

iurp wkh lqyhvwru gxh wr 2Z� n��
f E�c ,� ' Z� � Z, dqg +D14,1 Frqvhtxhqwo|/ w|sh E�c ��

kdv qr lqfhqwlyh wr plplf w|sh E�c ,�1 Ilqdoo|/ lw lv reylrxv wkdw doo xszdugv lqfhqwlyh

frpsdwlelolw| frqvwudlqwv dovr krog1

; Dsshqgl{ E= Surri ri Sursrvlwlrq 9

Dv lq Vhfwlrq 6/ zh vroyh d uhod{hg surjudpzklfk rqo| frqvlghuv wkh grzqzdugv lqfhqwlyh

frpsdwlelolw| frqvwudlqwv zlwk uhvshfw wr w|sh E,c ,�1 Xqolnh Vhfwlrq 6/ krzhyhu/ zh

pxvw qrz dovr wdnh lqwr dffrxqw wkh srvvlelolw| wkdw wkh sduwlhv fdq uhqhjrwldwh erwk

rq dqg r� wkh htxloleulxp sdwk1 Zlwk uhjdug wr rq0wkh0htxloleulxp0sdwk uhqhjrwldwlrq/

zh fdq vdiho| uhvwulfw rxuvhoyhv wr uhqhjrwldwlrq0surri frqwudfwv1 Zlwk uhjdug wr r�0

wkh0htxloleulxp0sdwk uhqhjrwldwlrq/ krzhyhu/ wklv lv qrw srvvleoh1 Jlyhq wkh frqwudfwlqj

vsdfh/ uhqhjrwldwlrq wdnhv sodfh li xqghu wkh ruljlqdo frqwudfw wkh �up uhfhlyhv qr vhfrqg0

shulrg ixqglqj1 Lq wklv fdvh/ zh iroorz Erowrq dqg Vfkduivwhlq +4<<3, dqg dvvxph wkdw

wkh �up dqg wkh lqyhvwru fdq pdnh d wdnh0lw0ru0ohdyh0lw r�hu zlwk suredelolw| k dqg

��k/ uhvshfwlyho|1 Wkh qhz frqwudfw pd| qrz vshfli| sd|phqwv dw gdwhv � dqg 2 zklfk

wuljjhu lqyhvwphqw lq hlwkhu }hur/ rqh/ ru wzr surmhfwv1 Ri frxuvh/ wkh qhz frqwudfw pxvw

dovr vdwlvi| wkh �up*v �uvw0 dqg vhfrqg0shulrg olplwhg oldelolw| frqvwudlqwv1

Wr vhw xs wkh lqyhvwru*v pd{lpl}dwlrq sureohp/ ghqrwh e| E-�Er�c -2Er�c qEr�� wkh

frqwudfw zklfk lv fkrvhq e| w|sh r rq wkh htxloleulxp sdwk dw gdwh �1 Iluvw/ zh ghwhuplqh

wkh htxloleulxp xwlolwlhv ri erwk sduwlhv rq dqg r� wkh htxloleulxp sdwk1 Vxssrvh w|sh

r fkrrvhv wkh frqwudfw lqwhqghg iru w|sh 	r +lq fdvh r 9' 	r/ zh duh rqo| lqwhuhvwhg lq

r ' E�c ,� ru r ' E�c ��/ dqg 	r ' E,c ,�,1 Li qE	r� ' �/ uhqhjrwldwlrq lv qrw dq lvvxh1 Li

qE	r� 	 �/ ghqrwh wkh �up*v +frqwlqxdwlrq, sd|r� lq fdvh lw uhfhlyhv qr ixqglqj xqghu wkh

rog frqwudfw e| 7LErc 	r�1 Vlploduo|/ ghqrwh wkh lqyhvwru*v +frqwlqxdwlrq, sd|r� e| 7T Erc 	r�1

Wr ghulyh wkhvh sd|r�v/ zh pxvw glvwlqjxlvk ehwzhhq vl{ fdvhv1

Fdvh 4 = oEr�� -�E	r� � 28� Lq wklv fdvh/ w|sh r fdq frqwlqxh erwk surmhfwv zlwkrxw

dgglwlrqdo ixqglqj/ zklfk |lhogv 7LErc 	r� ' oEr��-�E	r� n 2E7Z�8 � dqg 7T Erc 	r� ' -�E	r�1

Fdvh 5 = 8 � oEr� � -�E	r� 	 28 dqg oEr� � -�E	r� � 2E8 � Z,�� Zkloh wkh �up fdq

rqo| sxuvxh d vlqjoh surmhfw zlwk lqwhuqdo ixqgv/ lw fdq dozd|v rewdlq ixqglqj iru wkh

vhfrqg surmhfw1 Wr vhh wklv/ revhuyh wkdw frqwlqxlqj erwk surmhfwv uhtxluhv rqo| 28 �
doEr��-�E	r�o/ zklfk lv ohvv wkdq ru htxdo wr 2Z,1 Khqfh/ wkhuh h{lvwv d frqwudfw vdwlvi|lqj

erwk wkh �up*v �uvw0 dqg vhfrqg0shulrg olplwhg oldelolw| frqvwudlqwv zkloh doorzlqj wkh

lqyhvwru wr euhdn hyhq1 Li wkh �up pdnhv wkh wdnh0lw0ru0ohdyh0lw r�hu/ wkh frqwlqxdwlrq

sd|r�v/ zklfk vkdoo eh ghqrwhg e| 7L8 Erc 	r� dqg 7T 8 Erc 	r�/ duh 7L8 Erc 	r� ' oEr��-�E	r� n
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2E7Z�8 � dqg 7T 8 Erc 	r� ' -�E	r�c uhvshfwlyho|1 Li wkh lqyhvwru pdnhv wkh r�hu/ wkh lvvxh lv

vrphzkdw pruh lqyroyhg1 Vwudljkwiruzdug frpsxwdwlrqv vkrz wkdw wkh pd{lpxp wkdw

wkh lqyhvwru fdq uhdol}h lv

7T UErc 	r� ' -�E	r� n 4�?
k
7Z � 8c oEr��-�E	r�� 28 n 2Z,

l
c

zkhuhdv wkh �up*v sd|r� lv jlyhq e|

7L UErc 	r� '

;?
= oEr��-�E	r� n 7Z � 8 li oEr��-�E	r�� 28 n 2Z, � 7Z � 8

2E7Z � Z,� rwkhuzlvh1

Zh wkhq kdyh 7LErc 	r� ' k 7L8 Erc 	r� n E�� k� 7L UErc 	r�� Ghulydwlrq ri 7T Erc 	r� lv dqdorjrxv1

Fdvh 6 = 8 � oEr��-�E	r� 	 28 dqg oEr��-�E	r� 	 2E8 � Z,�� Lq wklv fdvh/ wkh �up

fdq rqo| frqwlqxh d vlqjoh vhfrqg0shulrg surmhfw/ iru zklfk lw douhdg| kdv wkh qhfhvvdu|

uhvrxufhv1 Frqvhtxhqwo|/ zh kdyh 7LErc 	r� ' oEr��-�E	r� n 7Z � 8 dqg 7T Erc 	r� ' -�E	r�1

Fdvh 7 = oEr� � -�E	r� 	 8 dqg oEr� � -�E	r� � 2E8 � Z,�� Zkloh wkh �up grhv

qrw kdyh wkh ixqgv wr �qdqfh rqh ru hyhq pruh vhfrqg0shulrg surmhfwv/ lw fdq dozd|v

rewdlq vx!flhqw ixqgv wr frqwlqxh erwk surmhfwv1 Dv lq Fdvh 5/ zh wkxv kdyh 7L8 Erc 	r� '

oEr��-�E	r�n2E7Z�8 � dqg 7T 8 Erc 	r� ' -�E	r�1 Li wkh lqyhvwru pdnhv wkh wdnh0lw0ru0ohdyh0

lw r�hu/ zh pxvw glvwlqjxlvk ehwzhhq wkh fdvh zkhuh kh frqwlqxhv zlwk rqh surmhfw dqg

zkhuh kh frqwlqxhv zlwk wzr surmhfwv1 Li kh frqwlqxhv zlwk rqh surmhfw/ kh uhdol}hv

7T Uc�Erc 	r� ' -�E	r� n 4�?
k
7Z � 8c oEr��-�E	r�� 8 n Z,

l
c

zkhuhdv li kh frqwlqxhv zlwk wzr surmhfwv/ klv sd|r� lv

7T Uc2Erc 	r� ' -�E	r� n 4�?
k
2E7Z � 8 �c oEr��-�E	r�� 28 n 2Z,

l
�

Wr uhvroyh wkh lqyhvwru*v srvvleoh lqgl�huhqfh/ zh dvvxph wkdw li erwk dowhuqdwlyhv |lhog

wkh vdph sd|r�/ kh frqwlqxhv zlwk erwk surmhfwv1 Wkh �up*v sd|r� li rqh dqg wzr

vhfrqg0shulrg surmhfwv duh frqwlqxhg lv wkhq

7L Uc�Erc 	r� '

;?
= oEr��-�E	r� li oEr��-�E	r�� 8 n Z, � 7Z � 8

7Z � Z, rwkhuzlvh/

dqg

7L Uc2Erc 	r� '

;?
= oEr��-�E	r� li oEr��-�E	r�� 28 n 2Z, � 2E7Z � 8 �

2E7Z � Z,� rwkhuzlvh/

uhvshfwlyho|1

Fdvh 8 = oEr�� -�E	r� 	 8 dqg 8 � Z, � oEr��-�E	r� 	 2E8 � Z,�� Lq wklv fdvh/ wkh

�up fdqqrw frqwlqxh zlwkrxw wkh lqyhvwru*v dlg/ dqg lwv uhvrxufhv rqo| doorz iru h{whuqdo
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ixqglqj ri rqh vhfrqg0shulrg surmhfw1 Zh wkxv kdyh 7L8 Erc 	r� ' oEr� � -�E	r� n 7Z � 8

dqg 7T 8 Erc 	r� ' -�E	r�/ zkloh

7T UErc 	r� ' -�E	r� n 4�?
k
7Z � 8c oEr��-�E	r�� 8 n Z,

l

dqg

7L UErc 	r� '

;?
= oEr��-�E	r� li oEr��-�E	r�� 8 n Z, � 7Z � 8

7Z � Z, rwkhuzlvh1
�

Fdvh 9 = oEr� � -�E	r� 	 8 � Z,� Dv wkhuh lv qr uhqhjrwldwlrq/ zh rewdlq 7L8 Erc 	r� '

oEr��-�E	r� dqg 7T 8 Erc 	r� ' -�E	r��

Zh duh qrz lq wkh srvlwlrq wr vwdwh wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv ��Er� iru

w|shv r 5 iE�c ��c E�c ,�j G

qEr�
k
oEr��-�Er� n 27Z �-2Er�

l
n d�� qEr�o 7LErc r�

� qE,c ,�
k
oEr��-�E,c ,� n 27Z �-2E,c ,�

l
n d�� qE,c ,�o 7LErc E,c ,���

Xvlqj wkh uhvxowv iurp Fdvhv 409/ zh kdyh wkh iroorzlqj fodlp +uhfdoo wkdw e| dvvxpswlrq/

Z� n Z, 	 28 ,1

Fodlp 41 Li -�E,c ,� ' 2Z,/ wkh �up*v frqwlqxdwlrq sd|r�v iurp plplfnlqj w|sh

E,c ,� dqg uhqhjrwldwlqj duh dv iroorzv=

l, W|sh E�c ��= 7LEE�c ��c E,c ,�� ' 2EZ��Z,�n2kE7Z�8 � xqghu +D15, +cqr vhoi0�qdqflqj*,/

dqg 7LEE�c ��c E,c ,�� ' 2EZ� � Z,� n Ekn ��E7Z � 8 � xqghu +D16, +vhoi0�qdqflqj,1

ll, W|sh E�c ,�= 7LEE�c ,�c E,c ,�� ' Z� � Z, n kE7Z � 8 ��

Surri1 Frqvlghu �uvw w|sh E�c ��� Vxssrvh +D15, krogv/ dqg vhw r ' E�c �� dqg 	r '

E,c ,�1 Vlqfh 2EZ� � Z,� : 2E8 � Z,�/ zh duh lq Fdvh 71 Li wkh lqyhvwru pdnhv wkh

r�hu/ klv frqwlqxdwlrq sd|r�v lq wkh rqh0 dqg wzr0surmhfw fdvh duh 7T Uc�Erc 	r� ' 7Z � 8

dqg 7T Uc2Erc 	r� ' 2E7Z � 8 �c uhvshfwlyho|/ lpso|lqj wkdw 7T Uc2Erc 	r� : 7T Uc�Erc 	r�1 Iurp

wklv lw iroorzv wkdw 7LErc 	r� ' 2EZ� � Z,� n 2kE7Z � 8 �� Rq wkh rwkhu kdqg/ li +D16,

krogv/ Fdvh 5 dssolhv vlqfh oEr� � -�E	r� ' 2EZ� � Z,� � 8 / oEr� � -�E	r� 	 28 / dqg

2EZ� �Z,� : 2E8 �Z,�� Dv oEr��-�E	r�� 28 n2Z, : 7Z�8 / lw lpphgldwho| iroorzv wkdw
7LErc 	r� ' 2EZ� � Z,� n Ekn ��E7Z � 8 ��

Qh{w/ frqvlghu w|sh E�c ,� dqg vhw r ' E�c ,� dqg 	r ' E,c ,�� Vlqfh oEr��-�E	r� ' Z��Z,/

Z� � Z, 	 8 e| +D14,/ Z� � Z, : 8 � Z,/ dqg Z� � Z, 	 2E8 � Z,�/ Fdvh 8 dssolhv1 Dv

oEr��-�E	r�� 8 � Z, : 7Z � 8 / lw iroorzv wkdw 7LErc 	r� ' Z� � Z, n kE7Z � 8 �1

Wkh uhvw ri wkh surri lv dqdorjrxv wr wkdw lq Sursrvlwlrq 4 dqg 6 ru Dsshqgl{ D1 Zh

�uvw ghulyh wkh xqltxh rswlpdo frqwudfw iru w|sh E,c ,�1
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Fodlp 51 Dw dq| rswlpxp/ lw pxvw krog wkdw qE,c ,� ' f dqg -�E,c ,� ' 2Z,1

Surri1 Wkh surri lv vlplodu wr wkdw ri Ohppd 41 Zh �uvw suryh wkdw qE,c ,� ' f e|

dujxlqj wr d frqwudglfwlrq1 Vxssrvh wkhuhiruh wkdw qE,c ,� : f dqg dgmxvw -2E,c ,� vxfk

wkdw wkh vhfrqg0shulrg olplwhg oldelolw| frqvwudlqw iru w|sh E,c ,� lv elqglqj1 Qrwh wkdw wklv

lqfuhdvhv wkh lqyhvwru*v sd|r�/ zkloh ��Er� vwloo krogv iru w|shv r 5 iE�c ,�c E�c ��j1 Qh{w/
vhw 7-�E,c ,� ' 2Z, dqg 7-2E,c ,� ' -2E,c ,��E2Z,�-�E,c ,��/ dqg gh�qh {- G' 2Z,�-�E,c ,�1

Zh fodlp wkdw iru {- : fc wklv lpsuryhv wkh lqyhvwru*v sd|r� zkloh ��Er� vwloo krogv1

Li qE,c ,� ' �c wkh lqyhvwru lv lqgl�huhqw1 Li qE,c ,� 	 �/ krzhyhu/ wkh lqyhvwru*v sd|r�

lqfuhdvhv lq vwdwhv zkhuh qr vhfrqg0shulrg ixqglqj lv surylghg1 Pruhryhu/ fkhfnlqj

Fdvhv 409 frq�upv wkdw 7T EE,c ,�c E,c ,�� lv qrq0ghfuhdvlqj1 D vlplodu dujxphqw krogv zlwk

uhvshfw wr ��Er�/ l1h1 dv wkh ghyldwlqj w|sh r pxvw sd| wkh h{wud dprxqw {- lq fdvh wkh

surmhfw lv whuplqdwhg/ klv uhqhjrwldwlrq sd|r� 7LErc E,c ,�� lv qrq0lqfuhdvlqj1

Zh fdq qrz dujxh dv lq Ohppd 41 E| ghfuhdvlqj qE,c ,�/ wkh lqyhvwru*v sd|r� vwulfwo|

lqfuhdvhv zlwkrxw ylrodwlqj ��Er� vlqfh 7-2E,c ,� 	 28 e| wkh vhfrqg0shulrg olplwhg oldelolw|

frqvwudlqw iru w|sh E,c ,�/ frqwudglfwlrq1 Lw wkhq iroorzv wkdw -�E,c ,� ' 2Z,1

Zh surfhhg dv iroorzv1 Iluvw/ zh ghulyh wkh rswlpdo frqwudfw iru w|shv E�c �� dqg E�c ,�

iurp wkh fodvv ri uhqhjrwldwlrq0surri frqwudfwv1 Wkxv/ li wkh frqwudfw vshfl�hv qEr� 	 �/

wklv uhtxluhv wkdw 7LErc r� ' oEr��-�Er� dqg 7T Erc r� ' -�Er� +wklv fdq dozd|v eh hqvxuhg

e| vhwwlqj -�Er� ' oEr�,1 Vhfrqg/ zh vkrz wkdw wkh uhvwulfwlrq wr uhqhjrwldwlrq0surri

frqwudfwv lv zlwkrxw orvv ri jhqhudolw|146

Wkh dujxphqw lv qrz wkh vdph dv lq Sursrvlwlrqv 4 dqg 61 Dffruglqjo|/ ��Er� lv

elqglqj dqg fdq eh lqvhuwhg lq wkh lqyhvwru*v remhfwlyh ixqfwlrq/ zklfk |lhogv wkh frq0

wudfwv lq Sursrvlwlrq 91 Dv wkhvh frqwudfwv rqo| vroyh wkh uhod{hg sureohp/ zh pxvw

fkhfn zkhwkhu wkh qhjohfwhg lqfhqwlyh frpsdwlelolw| frqvwudlqwv duh vdwlv�hg1 Iluvw/ qrwh

wkdw vlqfh -�E�c ,� ' Z� n Z,c wkh frqwudfwv duh lqghhg uhqhjrwldwlrq0surri1 Pruhryhu/

w|sh E�c ,� fdqqrw plplf w|sh E�c ��/ lpso|lqj wkdw zh rqo| qhhg wr fkhfn zkhwkhu w|sh

E�c �� kdv dq lqfhqwlyh wr plplfn w|sh E�c ,�1 Lq wklv fdvh/ w|sh E�c ��*v uhvrxufhv duh

htxdo wr Z� � Z,1 Wzr fdvhv pxvw eh glvwlqjxlvkhg1 Iluvw/ vxssrvh +D15, krogv1 Vlqfh

dgglwlrqdoo| Z�nZ, 	 28 / Fdvh 8 dssolhv1 Pruhryhu/ 7L UEE�c ��c E�c ,�� ' Z��Z,1 Khqfh/
7LEE�c ��c E�c ,�� lv jlyhq e|

qE�c ,�dZ� � Z, n 2E7Z � Z,�o n E�� qE�c ,��dZ� � Z, n kE7Z � 8 �o

' Z� � Z, n qE�c ,�2E7Z � Z,� n E�� qE�c ,��kE7Z � 8 ��

46Dv zh rshudwh lq d uhvwulfwhg frqwudfwlqj hqylurqphqw/ wkh uhqhjrwldwlrq0surriqhvv sulqflsoh grhv

qrw qhfhvvdulo| dsso|1 Lw pxvw wkxv eh vkrzq wkdw uhvwulfwlqj dwwhqwlrq wr uhqhjrwldwlrq0surri frqwudfwv

lqyroyhv qr orvv ri jhqhudolw|1
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Lqvhuwlqj qE�c ,� ' dZ� � Z, n k E7Z � 8 �o *2E7Z � Z,� |lhogv

2EZ� � Z,� n 2kE7Z � 8 �� kE7Z � 8 �
Z� � Z, n kE7Z � 8 �

2E7Z � Z,�
c

zklfk lv erxqghg iurp deryh e| w|sh E�c ��*v htxloleulxp sd|r� 2EZ��Z,�n2kE7Z�8 �1

Rq wkh rwkhu kdqg/ li +D16, krogv/ Fdvh 6 dssolhv1 Lq wklv fdvh/ lqfhqwlyh frpsdwlelolw|

lv lpphgldwh dv 7LEE�c ��c E�c ,�� ' Z� � Z,1

Lw uhpdlqv wr vkrz wkdw uhvwulfwlqj dwwhqwlrq wr uhqhjrwldwlrq0surri frqwudfwv iru

w|shv r 5 iE�c ,�c E�c ��j lv zlwkrxw orvv ri jhqhudolw|1 Vxssrvh wr wkh frqwudu| wkdw wkh

frqwudfw iru vrph w|sh r 5 iE�c ,�c E�c ��j lv uhqhjrwldwhg rq wkh htxloleulxp sdwk1 Lq wklv

fdvh/ zh fdq vwudljkwiruzdugo| vshfli| d qhz frqwudfw zkhuh 7-�Er� ' oEr�c 7-2Er� � 2Z,c

dqg 7qEr� � �� Dv lv hdv| wr yhuli|/ wklv frqwudfw hduqv erwk w|sh r dqg wkh lqyhvwru wkh

vdph sur�w dv wkh ruljlqdo frqwudfw dqg lv qrw uhqhjrwldwhg li 7qEr� 	 ��

< Uhihuhqfhv

Dplkxg/ \1/ dqg Ohy/ E1 +4<;4,/ �Ulvn Uhgxfwlrq dv d Pdqdjhuldo Prwlyh iru Frq0

jorphudwh Phujhuv/� Ehoo Mrxuqdo ri Hfrqrplfv 45/ 938094:1

Duphqgäul} gh Djklrq/ E1 +4<<<,/ �Rq wkh Ghvljq ri d Fuhglw Djuhhphqw zlwk Shhu

Prqlwrulqj/� Mrxuqdo ri Ghyhorsphqw Hfrqrplfv 93/ :<04371

Edqhumhh/ D1/ Ehvoh|/ W1/ dqg Jxlqqdqh/ W1 +4<<7,/ �Wk| Qhljkeru*v Nhhshu= Wkh

Ghvljq ri d Fuhglw Frrshudwlyh zlwk Wkhru| dqg Whvw/� Txduwhuo| Mrxuqdo ri Hfr0

qrplfv 43</ 7<408481

Erowrq/ S1/ dqg Vfkduivwhlq/ G1V1 +4<<3,/ �D Wkhru| ri Suhgdwlrq Edvhg rq Djhqf|

Sureohpv lq Ilqdqfldo Frqwudfwlqj/� Dphulfdq Hfrqrplf Uhylhz ;3/ <604391

Ehvoh|/ W1/ dqg Frdwh/ V1 +4<<8,/ �Jurxs Ohqglqj/ Uhsd|phqw Lqfhqwlyhv dqg Vrfldo

Froodwhudo/� Mrxuqdo ri Ghyhorsphqw Hfrqrplfv 79/ 404;1

Frdvh/ U1 +4<6:,/ �Wkh Qdwxuh ri wkh Ilup/� Hfrqrplfd 7/ 6;907381

Fuìphu/ M1/ dqg PfOhdq/ U1 +4<;8,/ �Rswlpdo Vhoolqj Vwudwhjlhv xqghu Xqfhuwdlqw| iru

d Glvfulplqdwlqj Prqrsrolvw Zkhq Ghpdqgv duh Lqwhughshqghqw/� Hfrqrphwulfd

86/ 67806941

Fuìphu/ M1/ dqg PfOhdq/ U1 +4<;;,/ �Ixoo H{wudfwlrq ri wkh Vxusoxv lq Ed|hvldq dqg

Grplqdqw Vwudwhj| Dxfwlrqv/� Hfrqrphwulfd 89/ 457:0458;1
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Ioxfn/ V1/ dqg O|qfk/ D1Z1 +4<<<,/ �Zk| Gr Ilupv Phujh dqg Wkhq GlyhvwB D Wkhru|

ri Ilqdqfldo V|qhuj|/� Mrxuqdo ri Exvlqhvv :5/ 64<06791

Jhuwqhu/ U1K1/ Vfkduivwhlq/ G1V1/ dqg Vwhlq/ M1F1 +4<<7,/ �Lqwhuqdo yhuvxv H{whuqdo

Fdslwdo Pdunhwv/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 43</ 4544045631

Jurvvpdq/ V1M1/ dqg Kduw/ R1G1 +4<;9,/ �Wkh Frvwv dqg Ehqh�wv ri Rzqhuvkls= D

Wkhru| ri Yhuwlfdo dqg Odwhudo Lqwhjudwlrq/� Mrxuqdo ri Srolwlfdo Hfrqrp| <7/ 9<40

:4<1

Kduw/ R1G1/ dqg Prruh/ M1K1 +4<<3,/ �Surshuw| Uljkwv dqg wkh Qdwxuh ri wkh Ilup/�

Mrxuqdo ri Srolwlfdo Hfrqrp| <;/ 444<0448;1

Lqghuvw/ U1/ dqg Pÿoohu/ K1P1 +4<<<,/ �Surmhfw Exqgolqj/ Oltxlglw| Vslooryhuv/ dqg

Fdslwdo Pdunhw Glvflsolqh/� Glvfxvvlrq Sdshu <<0;</ Vrqghuiruvfkxqjvehuhlfk 837/

Xqlyhuvlw| ri Pdqqkhlp1

Mhqvhq/ P1F1 +4<;9,/ �Djhqf| Frvwv ri Iuhh Fdvk Iorz/ Frusrudwh Ilqdqfh/ dqg

Wdnhryhuv/� Dphulfdq Hfrqrplf Uhylhz :9/ 656065<1

Mrkqvrq/ V1/ Sudww/ M1/ dqg ]hfnkdxvhu/ U1 +4<<3, �H!flhqf| Ghvslwh Pxwxdoo| Sd|r�0

Uhohydqw Sulydwh Lqirupdwlrq= Wkh Ilqlwh Fdvh� Hfrqrphwulfd 8;/ ;:60<331

Odprqw/ R1 +4<<:,/ �Fdvk Iorz dqg Lqyhvwphqw= Hylghqfh iurp Lqwhuqdo Fdslwdo Pdu0

nhwv/� Mrxuqdo ri Ilqdqfh 85/ ;6043<1

Ohzhoohq/ Z1J1 +4<:4,/ �D Sxuh Ilqdqfldo Udwlrqdoh iru wkh Frqjorphudwh Phujhu/�

Mrxuqdo ri Ilqdqfh 59/ 854086:1

Pdmg/ V1/ dqg P|huv/ V1F1 +4<;:,/ �Ydoxlqj wkh Jryhuqphqw*v Wd{ Fodlp rq Ulvn|

Dvvhwv/� QEHU Zrunlqj Sdshu 48861

Phkwd/ V1U1 +4<<6,/ �D Vroxwlrq wr d Fodvv ri Djhqf| Sureohpv/ zlwk Dssolfdwlrq wr

wkh Txhvwlrq ri Olplwhg Oldelolw|/� Hfrqrplfv Ohwwhuv 76/ 4<604<:1

Vklq/ K10K1/ dqg Vwxo}/ U1P1 +4<<;,/ �Duh Lqwhuqdo Fdslwdo Pdunhwv H!flhqwB� Txdu0

whuo| Mrxuqdo ri Hfrqrplfv 446/ 86408861

Vwhlq/ M1F1 +4<<:,/ �Lqwhuqdo Fdslwdo Pdunhwv dqg wkh Frpshwlwlrq iru Frusrudwh Uh0

vrxufhv/� Mrxuqdo ri Ilqdqfh 85/ 44404661

Vwxo}/ U1P1 +4<<3,/ �Pdqdjhuldo Glvfuhwlrq dqg Rswlpdo Ilqdqflqj Srolflhv/� Mrxuqdo

ri Ilqdqfldo Hfrqrplfv 59/ 605:1
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Zlooldpvrq/ R1H1 +4<:8,/ Pdunhwv dqg Klhudufklhv= Dqdo|vlv dqg Dqwlwuxvw Lpsolfd0

wlrqv1 Qhz \run= Iuhh Suhvv1

Zlooldpvrq/ R1H1 +4<;8,/ Wkh Hfrqrplf Lqvwlwxwlrqv ri Fdslwdolvp1 Qhz \run= Iuhh

Suhvv1
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