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A bstract

W edevelopatheoreticalmodelthatreplicatesthreeobservedphenomenainsecu-
ritiesmarkets:serialcorrelationintrades;serialcorrelationinsquaredpricechanges
(conditionalheteroskedasticity);andmorepersistentserialcorrelationintradesthan
in squaredpricechanges.Inthemodelexogenous news is capturedbysignals that
informedagentsreceive.A gentstradeanonymouslythroughamarketspecialist,who
doesnotreceiveasignal.W eshowthatentryandexitofinformedtradersfollowing
thearrivalofnewsproducesserialcorrelationinthenumberoftradesandserialcor-
relationinsquaredpricechanges.B ecausethebid-askspreadofthemarketspecialist
tendstoshrinkasindividualstradeandrevealtheirinformation,theserialcorrelation
intrades ismorepersistentthantheserialcorrelationinsquaredpricechanges.

¤W ethankL awrenceH arris,B ruceL ehman Steve L eR oy,Charles Stuart,andseminarparticipants at
U niversityofA arhus,U niversityofA rizona,U niversityofCaliforniaatSantaCruz,U niversityofCalifornia
atSan D iego,EconometricSociety1 998 W interM eetings,FederalR eserveBankofKansas City,Federal
R eserveBankofSanFransisco,andU niversityofTexas,forcommentsandsuggestions.A llerrorsareour
own.

1

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Research Papers in Economics

https://core.ac.uk/display/7354951?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


1 Introd uc tion

M anyasset pric esexhib it c ond itionalheterosked asticitythroughserialcorrelationinsquared
price changes. Statistic almod elsthat ¯t the observed serialcorrelationinsquared pric e
changesare now w id ely used inempirical¯nance.1 M od elingserialcorrelationinsquared
price changeshasimportant implicationsfor optionpric ingand cond itionalreturnforec ast-
ing.Ac curate spec ī c ationofa statistic almod elrequiresknow led ge ofaneconomic mod el
that explainsw hy serialcorrelationispresent.Although there isw id espread speculation
that the arrivalofnew sin¯nancialmarketshasanimportant impac t onsquared pric e
changes,w e know ofno economic mod elthat linksthe arrivalofnew sto serialcorrelation
insquared pric e changes.We provid e aneconomic mod elthat linksthe b ehavior oftrad ers
ina ¯nancialmarket follow ingthe arrivalofnew s,to serialcorrelationinthe squared pric e
changesthat arise from the market.

E mpiric alanalysisof̄ nanciald ata revealsseveralad d itionalfeaturesofthe d ata that
anec onomic mod elshould explain.First,there isextensive serialcorrelationinthe numb er
oftrad es(Harris, 1987) and intotalsharestrad ed (Harris, 1987; And ersen, 1996; B rock
and LeB aron, 1996). Sec ond , serialcorrelationintrad esismore persistent thanserial
correlationinsquared pric e changes(Harris, 1987; And ersen, 1996; Steigerw ald , 1997).2

G allant,Hsieh,and Tauchen(1991) show that ifthe numb er oftrad esina calend ar period
isseriallycorrelated ,thensquared pric e changesareseriallycorrelated .Although the ¯nd ing
ofG allant,Hsieh,and Tauchenprovid esanimportant linkb etw eentrad esand squared pric e
changes,aneconomic mod elthat linksthe arrivalofnew sto the empiric alfeaturesofthe
d ata through the ac tionsoftrad ersisneed ed to ac curatelyspec ifya statisticalmod el.

We d evelop aneconomic mod eloftrad e ina ¯nancialmarket that linksthe arrivalof
new sto serialcorrelationintrad es,and hence,serialcorrelationinsquared pric e changes.
T he exogenousarrivalofprivate information(new s) iscaptured by signalsthat informed
agentsrec eive.Agentstrad e anonymously w ith a market specialist w ho d oesnot receive
a signal. T he market specialist facesanad verse selec tionproblem b ec ause the specialist
trad esw ith more informed agentsw ith positive prob ab ility.

T he arrivalofprivate signalshastw o important e®ec ts.First, informed trad ersenter
the market, increasingthe numb er oftrad esrelative to trad ingperiod sinw hich there is
no new s(such trad ingperiod sare c ommonly referred to as\trad ingd ays").O ver trad ing
period sshorter thana trad ing d ay, ifinformed trad ershave aninformationalad vantage,

1Forasurvey,seeBollerslev,Engle,andN elson(1 993).
2Similarly,Tauchen, Z hang,and L iu(1 996)reportthatapricechangehas morepersistente®ects on

volumethanonsquaredpricechanges.
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thenmost likely informed trad ersw illhave aninformationalad vantage the next period as
w ellsince informationisrevealed slow lyover time,d ue to the presence ofliquid ity trad ers.
T husthe entry and exit ofinformed trad ersimpliestrad esare serially correlated .Sec ond ,
the market spec ialist w id ensthe b id -askspread inresponse to the possible ad verse selec tion
prob lem.Astrad e oc curs,the market spec ialist usesB ayesrule to upd ate b eliefsand hence
the b id and ask.Asinformed trad erstrad e and revealtheir information,the b id -askspread
d eclines.B ec ause the squared (calend ar period ) pric e change isd etermined by the numb er
oftrad esinthe period and the variance ofthe pric e innovationfor each trad e,positive serial
correlationintrad eslead sto positive serialcorrelationinsquared pric e changes.B ecause
the b id -askspread b ound sthe variance oftrad e-by-trad e pric e innovations, the d eclining
bid -askspread red uc esthe serialcorrelationinsquared price changesw ithout a®ec tingthe
serialcorrelationintrad es.T hus,serialcorrelationintrad esismore persistent thanisserial
correlationinsquared pric e changes.

T he entry and exit ofinformed trad ersafter the arrivalofprivate informationisa key
component ofour mod el.T he importance ofprivate informationasa d eterminant ofstock
price volatility issupported by French and R oll(1986), w ho c onclud e that revelationof
private information(rather thanpublic informationor pricing errors) d rivesstock pric e
changes. O ur mod elisb ased onthe market microstruc ture mod elofE asley and O 'Hara
(1992 ) w hich mod elsthe new sarrivalproc ess.M arket mic rostruc ture mod elsw hich d o not
mod elthe new sarrivalprocessgenerallyd o not exhib it serialcorrelationintrad es.G losten
and M ilgrom (1985) c onsid er only a single new sevent, so trad esare c onstant and thus
serially uncorrelated . Sargent (1993) and B rock and LeB aron(1996) mod eltrad ersw ho
receive noisysignals.B ec ause trad ersd o not d ecid e to leave the market,trad esare serially
uncorrelated ,although volume generally d eclinesthrough time.

Severalresearcherspropose alternative explanationsforserialcorrelationinsquared pric e
changes.T immerman(1996) c omb inesrare struc turalb reaksinthe d ivid end proc essw ith
incomplete learning.Shorish and Spear (1996) show how moralhazard b etw eenthe ow ner
and manager ofa ¯rm generatesserialcorrelationinsquared pric e changesina Lucas
asset pric ingmod el. DenHaanand Spear (1997) show how agency costsand b orrow ing
constraintsgive rise to w ealth e®ec tsthat yield serialcorrelationinsquared interest rate
changes.Divid end b ased mod elsprovid e animportant ¯rst step byd irec tlyexplainingserial
correlationinsquared pric e changesat low frequencies.Serialcorrelationinsuch mod els
d oesnot arise from the trad ingproc ess,since the \no trad e"theoremshold .Incontrast our
mod elexplainshow new s(say ab out the d ivid end process) generateshigh frequencyserial
correlationthrough the trad ingprocess.
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2 M arket M ic rostruc ture M od el
We consid er a pure d ealership market.Inthisw ayw e rule out b rokerageservic esprovid ed by
the spec ialist,implyingthat allord ersare market ord ers.3 T he specialist setsa b id and ask,
w hich are the pric esat w hich he isw illingto buyand sell,respec tively,one share ofstock.
T he b id and askare d etermined so that the spec ialist earnszero expec ted pro¯tsfrom each
trad e.T he zero expec ted pro¯t c ond itionisanequilib rium cond ition,w hich arisesfrom the
potentialfree entry ofad d itionalmarket spec ialistsshould the b id and asklead to positive
expec ted pro¯tsfor the specialist.T hus,asinG lostenand M ilgrom (1985) and E asleyand
O 'Hara (1992 ),w e assume a B ertrand -style market.

T he informationstructure ofthe market isasfollow s.Informed trad erslearnthe true
share value w ith positive prob ab ility b efore trad ingstarts, w hile the specialist and unin-
formed trad ersd o not learnthe true share value b efore trad ingstarts.We d e¯ne the interval
over w hich asymmetric informationispresent to b e a trad ingd ay, although w e rec ognize
that the intervalneed not c orrespond to one calend ar d ay.At the b eginningofeach trad ing
d ay informed trad ersrec eive the signalSm ,w here m ind exestrad ingd ays.At the end of
each trad ingd ay the signalisrevealed to uninformed trad ersand to the spec ialist,and all
trad ersagree uponthe share value.

O neach trad ing d ay the rand om d ollar value per share, Vm , takesone oftw o values
vLm < vH m w ith P(Vm = vLm ) = ±.To ensure the c ontinuity ofpric esover trad ingd ays,
EVm = vm ¡1 ifthe informed learnthe true value ofthe stockontrad ingd ay m ¡1.Ifthe
informed d o not learnthe true value ofthe stockontrad ingd ay m ¡1,thenw e presume
the possible share valuesare unchanged and vLm = vLm ¡1 and vH m = vH m ¡1.

T he signalsrec eived by informed trad ersat the start ofa trad ingd ay are ind epend ent
ac rosstrad ingd aysand id entically d istributed .T he signalSm takesthe value: sH ifthe
informed rec eive the high signaland learnVm = vH m , sL ifthe informed rec eive the low
signaland learnVm = vLm , and s0 ifthe informed receive the uninformative signaland
hence,no private information.T he prob ab ilitythat the informed learnthe true value ofthe
stockthrough the signalisµ,so the prob ab ility that Sm takesthe value sL is±µ.

T he signalcompletely d eterminesthe trad ing d ec isionsofthe informed . Cond itional
onrec eiving the uninformative signal, informed agentsd o not trad e b ecause ofid entic al
preferences.Ifinformed trad ersreceive signalsL,theninformed trad ersalw ayssellaslong
asthe spec ialist isuncertainthat the true value isvLm .Ifinformed trad ersrec eive signal
sH , theninformed trad ersalw aysbuy aslongasthe spec ialist isuncertainthat the true

3O urmarketspecialistdoesnotkeepanorderbook.BollerslevandD omowitz(1 991)relatethevariance
ofpricesdirectlytothespreadexistingintheorderbook.A ssuch,theyareabletoobtainheteroskedasticity
withoutserialcorrelationinthenumberoftrades.
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value isvH m .
Alltrad ersand the market spec ialist,are riskneutraland rational.To ind uce uninformed

rationaltrad ersto trad e,some d isparity ofpreferencesor end ow mentsacrosstrad ersmust
exist.We let !i b e the rate oftime d iscount for the ith trad er.AsinG lostenand M ilgrom
each ind ivid ualassignsrand om utility to sharesofstock,s,and current c onsumption,c,as
!sVm + c.4 T he larger the value of! the greater isthe d esire to invest and forego current
c onsumption.We set ! = 1 for the spec ialist and informed trad ers.T here are three types
ofuninformed trad ers,those w ith ! = 1,w ho have id enticalpreferencesand d o not trad e,
those w ith ! = 0 , w ho alw ayssellthe stock,and those w ith ! = 1 ,w ho alw aysbuy the
stock.Amongthe populationofuninformed trad ers, the proportionw ith ! = 1 is1¡",
the proportionw ith ! = 1 is(1¡°)",and the proportionw ith ! = 0 is°".T he trad ing
d ecisionsofthe uninformed are d etermined c ompletelybythe value of! and d o not d epend
onthe b id and ask.

Trad ersarrive to the market one at a time,so w e ind extrad ersbytheir ord er ofarrival.
T he prob ab ilitythat the arrivingtrad er isinformed is® > 0 .A trad er arrives,observesthe
b id and ask,and d ec id esw hether to buy,sell,or not trad e.Let C i b e the rand om variable
that c orrespond sto the trad e d ecisionoftrad er i.T henC i takesone ofthree values:cA if
the ith trad er buysone share at the ask,Ai;cB ifthe ith trad er sellsone share at the b id ,
B i;and cN ifthe ith trad er elec tsnot to trad e.T he sequence oftrad ingd ec isionsispublic
information.Let Z i b e the publicly available informationset after itrad ershave c ome to
the market.T he informationset available to the spec ialist and the uninformed isZ i.

B ec ause the spec ialist and the uninformed have the same informationset, they have
the same learningprocess.Inw hat follow s,w e simply refer to the learningproc essfor the
spec ialist,notingthat the same proc essappliesto the uninformed .After the ac tionofthe
trad er,the spec ialist revisesb eliefsab out the signalrec eived byinformed trad ers,and thence
ab out the true value ofa share.After the ith trad er hascome to the market,the spec ialist's
b eliefthat informed trad ersreceived a high signalis,

P(Sm = sH jZ i) = yi:

Correspond ingly,the spec ialist'sb eliefthat informed trad ersrec eived a low signalis,

P(Sm = sLjZ i) = xi:
4W eassumeanin̄ nitenumberoftraderssothattheprobabilityofanyplayerplayingmorethanonceis

zero.BecauseVm isrealizedattheendofthetradingday,Vm istherandom sharevalueusedtoconstruct
atrader'sutilityattheendofatradingday.
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B yc onstruc tion,the spec ialist'sb eliefthat informed trad ersrec eived anuninformative signal
is,

P(Sm = s0jZ i) = 1¡xi¡yi:

T he spec ialist'sb eliefsab out Sm translate d irec tly into b eliefsab out the value ofa share.
Ifthe spec ialist b elievesSm = sH ,thenthe ac curacyofthe signalimpliesthat the specialist
b elievesVm = vH m .Similarly, ifthe spec ialist b elievesSm = sL, thenthe specialist also
b elievesVm = vLm . Ifthe specialist b elievesSm = s0 , thenthe specialist assignsthe
uncond itionalprob ab ilitiesto the possible valuesfor Vm .To summarize,after the ith trad er
hascome to the market,the spec ialist'scond itionalprob ab ility that Vm = vH m is

P(Vm = vH m jZ i) = yi+ (1¡xi¡yi)(1¡±);

w hileP(Vm = vLm jZ i) = 1¡P(Vm = vH m jZ i).T he ac tionofeach trad er,eventhe d ec ision
not to trad e,c onveysinformationab out the signalrec eived by informed trad ers.

2 .1 DeterminationofAskand B id
At the b eginning ofeach trad ing d ay, x0 = µ± and y0 = µ (1¡±). Let A1 and B 1 b e
the initialaskand b id , respec tively.(T husA1 isthe askthat the ¯rst trad er faces.) T he
equilib rium cond itionthat the specialist earnzero expec ted pro¯t from each trad e provid es
the equationsthat d etermine the quoted prices(B 1;A1).Inessence,the quoted pric esset
the spec ialist'sexpec ted lossfrom trad e w ith aninformed trad er equalto the spec ialist's
expec ted gainfrom trad e w ith anuninformed trad er.We explic ilty d erive A1 (d erivationof
B 1 follow ssimilar logic).Ifthe ¯rst trad er trad esat the ask,thenthe specialist'sexpec ted
lossfrom trad e w ith aninformed trad er is

® ¢y0 (A1¡vH m );

w here y0 (A1¡vH m ) isthe expec ted lossifthe ¯rst trad er trad esat the ask,giventhat the
¯rst trad er isinformed .Similarly,ifthe ¯rst trad er trad esat the ask,thenthe spec ialist's
expec ted gainfrom trad e w ith anuninformed trad er is

(1¡® )"(1¡°)f[x0 + ± (1¡x0 ¡y0)](A1¡vLm )+ [y0 + (1¡±)(1¡x0 ¡y0)](Ai¡vH m )g:

Ifexpec ted pro¯tsequalzero,then

A1 =
®y0 vH m + (1¡®)"(1¡°)E(Vm jZ 0 )

®y0 + (1¡®)"(1¡°)
;
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w here E(Vm jZ 0 ) = x0 vLm + y0vH m + (1¡x0 ¡y0 )EVm .Inparallelfashion

B 1 =
®x0 vLm + (1¡® )"°E(Vm jZ 0 )

®x0 + (1¡®)"°
:

T he equationsfor (B i;Ai) are simplythe equationsfor (B 1;A1) w ithy0 replaced byyi¡1 and
x0 replac ed by xi¡1 (w hich impliesE(Vm jZ 0 ) isreplac ed byE(Vm jZ i¡1)).Asone w ould
expec t,b oth the b id and askincrease w ith yi¡1 and d ec rease w ith xi¡1.

It iseasy to see that vLm ·B i·Ai·vH m ,w ith stric t inequalityunlessthe specialist
iscertainthe informed learned the true value ofVm (no ad verse selec tion).M athematic ally,
the specialist iscertainthe informed learned the true value ofVm ifxi¡1 = 1 or yi¡1 = 1.
It isalso easy to see that B i · E(Vm jZ i¡1) · Ai, w hich follow sd irec tly from vLm ·
E(Vm jZ i¡1)·vH m .

2 .2 LearningRules
Astrad ingoc curs,informationac c ruesto the specialist.Inresponse,the spec ialist upd ates
the prob ab ilities(xi;yi).We b eginby examininghow the specialist learnsfrom the ac tion
ofthe ¯rst trad er and explic itly d iscussonlyupd atingofy1 (upd atingofx1 follow ssimilar
logic ).5 T he keyparametersthat governthe speed oflearningare ® and ".Ifthe ¯rst trad er
trad esat the ask

y1 = y0
® + (1¡®)"(1¡°)
®y0 + (1¡®)"(1¡°)

:

Aslongasy0 < 1,a trad e at the askincreasesy1.If® = 1 or " = 0 onlyinformed trad ers
trad e,so learningisimmed iate and y1 = 1.Ifthe ¯rst trad er trad esat the b id

y1 = y0
(1¡® )"°

®x0 + (1¡®)"°
:

Aslongasx0 > 0 , a trad e at the b id d ec reasesy1.If® = 1 or " = 0 againlearningis
immed iate,so y1 = 0 and x1 = 1.Finally,ifthe ¯rst trad er d oesnot trad e

y1 = y0
(1¡®)(1¡")

® (1¡x0 ¡y0)+ (1¡®)(1¡")
:

Aslongas(1¡x0 ¡y0 ) > 0 ,a d ec isionnot to trad e d ec reasesy1.If® = 1,or if" = 1 in
w hich case alluninformed trad erstrad e,thenlearningisimmed iate w ithy1 = 0 and x1 = 0.

5T heupdating,orlearningformulaearederivedfrom BayesruleintheA ppendix.
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T he learningformulae for yiare simply the learningformulae for y1 w ith y0 replac ed by
yi¡1.T he learningformulae for xiare:

xi= xi¡1
(1¡®)"(1¡°)

®yi¡1 + (1¡®)"(1¡°)
;

iftrad er itrad esat the ask;

xi= xi¡1
® + (1¡® )"°

®xi¡1 + (1¡®)"°
;

iftrad er itrad esat the b id ;and

xi= xi¡1
(1¡® )(1¡")

® (1¡xi¡1¡yi¡1)+ (1¡®)(1¡")
;

iftrad er id oesnot trad e.

2 .3 ConsistencyofLearning
We have posited that the signalisrevealed at the end ofa trad ing d ay, w hich c onsists
ofa ¯nite numb er oftrad er arrivals. To ensure that the learningformulae w e d esc rib ed
ab ove are useful,w e establish that ifthere w ere anin̄nite numb er oftrad er arrivals, the
spec ialist w ould learnthe value ofSm .Asa result,the b id and askconverge to the strong-
form e± cient value ofa share,inw hich the b id and askre°ec t b oth the public and private
information. B ec ause transac tionpricesare d etermined by the b id and ask, transac tion
pricesalso c onverge to the strong-form e± c ient value ofa share.

T hree setsofb eliefscapture the spec ialist'suncertaintyab out the value ofSm .T he ¯rst
isthe spec ialist'sb eliefthat Sm = sH , w hich isexpressed asthe sequence ofcond itional
prob ab ilitiesfyig1i= 1.T he sec ond isthe spec ialist'sb eliefthat Sm = sL,w hich isexpressed
asthe sequence ofcond itionalprob ab ilitiesfxig1i= 1 ,and ¯nally the third isthe b eliefthat
Sm = s0 ,w hich isexpressed asthe sequence f1¡xi¡yig1i= 1 .

T heorem 1:T he sequence ofbid sand asks,and hence the sequence oftransactionprices,
converge almost surelyto their strong-form e± cient valuesat anexponentialrate.Formally,
asi! 1 :

IfSm = sH , thenxi
as! 0 , yi

as! 1 and Ai
as! vH m , B i

as! vH m .
IfSm = sL, thenxi

as! 1,yi
as! 0 and Ai

as! vLm , B i
as! vLm .

IfSm = s0 , thenxi
as! 0 , yi

as! 0 and Ai
as! EVm , B i

as! EVm .
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P roof:See Append ix.

Although the asymptotic b ehavior ofpric esisstraightforw ard to d etermine,c alculating
the serialcorrelationpropertiesrequiresknow led ge ofthe d istributionofshare pric esineach
time period ,a more d i± cult taskw hich w e turnto next.

3 Calend ar P eriod Implications
W ith the learningrulesestablished , w e now show that the mod elac countsfor the main
empiric al̄ nd ingsd esc rib ed inthe introd uc tion.We ¯rst show that one implic ationofthe
mod elisthat thenumb er oftrad esina calend ar period isseriallycorrelated .Asd esc rib ed in
the introd uc tion,such serialcorrelationlead sto serialcorrelationinsquared price changes.
We thenshow that the serialcorrelationinthenumb er oftrad esper c alend ar period ismore
persistent thanisthe serialcorrelationinsquared pric e changes.

To d erive c alend ar period implic ations,w e must b e clear ab out how trad ingopportunities
are aggregated .A trad ingd ay c ontainsk c alend ar period s(such asanhour).A calend ar
period , w hich isind exed byt, c ontains´ trad er arrivals,w hich asab ove are ind exed byi.
(We c anthinkofa trad er arrival,or trad ingopportunity,asa unit ofec onomic time.) T he
sample period consistsofa large sample oftrad ingd ays.

Calendar Period Trades

First w e examine the c ovariance struc ture ofthe numb er oftrad esper calend ar period .
Let thenumb er oftrad esin(calend ar) period tb e It:B ec ause ´ trad ersarrive each period ,It
takesinteger valuesb etw een0 and ´.Infac t Itisd istributed asa b inomialrand om variable
w here the numb er oftrad escorrespond sto the numb er of\suc cesses"in´ \trials".For all
period sontrad ingd ay m the prob ab ility that a trad er d ec id esto trad e is

P(C i6= cN jSm 6= s0 ) = ® + (1¡®)";
P(C i6= cN jSm = s0 ) = (1¡® ) ";

so the d istributionofItc ond itionalonthe value ofSm is

Itj(Sm 6= s0 ) » B (́ ;® + "(1¡®));
Itj(Sm = s0 ) » B (́ ;"(1¡®)):

T hus,for allcalend ar period sontrad ingd ay m
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E [ItjSm 6= s0 ] = ¹1 = ´ (® + "(1¡®));
E [ItjSm = s0 ] = ¹ 0 = ´"(1¡®);

V ar [ItjSm 6= s0 ] = ¾ 21 = ´ [® + "(1¡®)](1¡®)(1¡");
V ar [ItjSm = s0 ] = ¾ 20 = ´"(1¡® )[1¡ "(1¡® )]:

U ncond itionally,w e have:

E [It] = ¹ = µ¹1 + (1¡µ)¹ 0 (1)
V ar [It] = ¾ 2 = µ¾ 21 + (1¡µ)¾ 20 + µ(1¡µ)(¹ 1¡¹ 0)

2 (2 )

G iventhe ab ove struc ture for the numb er oftrad esina calend ar period ,w e c and erive
the serialcorrelationpropertiesofthe numb er oftrad es.

T heorem 2 :Let r > 0.Ifr < k, thenIt¡r and Itare positivelyserially correlated .If
r ¸k, thenIt¡r and Itare uncorrelated .Further for allr, the correlationbetw eenIt¡r and
Itisgivenby:

C or(It¡r;It) =
µ(1¡µ)(® ´)2

¾ 2

"
k¡min(r;k)

k

#

P roof: See Append ix.

T heorem 2 givesthe exac t formula for the c orrelation.T herefore,it isstraightforw ard
to establish comparative statics,w hich w e summarize inthe follow ingcorollary.

Corollary 3:Ifr < k, thenthe correlationbetweenIt¡r and It is d ec reasinginr,
increasingink, increasingin´ and increasingin®.

P roof:
Substitutinginthe d e¯nitionsofkand ¾ 2 into equation(7) and assumingr < k,results

in:

C or(It¡r;It) =
µ¿¡r´

¿

¶ ´µ(1¡µ)® 2

"(1¡®)[1¡"(1¡®)]+ µ® [(1¡® )(1¡2 ")+ ® ´ (1¡µ)]
:
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T he resultsthenfollow by takingthe appropriate d erivatives.

T he c omparative static c alculationsinCorollary3implycertainpatternsofserialcorre-
lationintrad esac rossmarkets.We ¯rst stud yhow the serialcorrelationintrad esisa®ec ted
by changesinthe parameterscharac terizingaggregationover time.Asthe numb er ofperi-
od sina trad ingd ay,k,increases,the impac t ofthe entryand exit ofinformed trad ersgrow s
and the serialcorrelationincreases.Asthe numb er oftrad er arrivalsina calend ar period ,
´, increases, the impac t ofinformed trad ersisagainreinforced and the serialcorrelation
increases.T husone may expec t to see more pronounced serialcorrelationinasset markets
inw hich the revelationofprivate informationtakesa relativelylonger period oftime.Sim-
ilarly,one mayexpec t to see more pronounced serialcorrelationinthicker marketsthanin
thinner markets.

B oth ofthe preced ingcalculationsallow only one parameter to change; implic it inour
c omparisonofmarket thicknessisthe assumptionthat the length ofthe trad ingd ayis¯xed .
Y et for manycomparsions,b othkand ´ are changing.A lead ingcase w ould b e c omparsion
ofinformationgathered at tw o d i®erent calend ar period frequencies,say5minute intervals
versushourly intervals.B ec ause the d ata are gathered for the same asset, the numb er of
trad er arrivalsina trad ingd ay, ¿ = ḱ , isconstant for b oth frequencies.To und erstand
the e®ec t onthe c orrelationcaused by changingfrom 5minute intervalsto hourlyintervals,
w e substitute ¿

k for ´ and take the d erivative w ith respec t to k. Asthe change from 5
minute intervalsto hourlyintervalssimultaneouslyd ec reaseskand increases´,w e have tw o
c ountervailinge®ec tsonthe c orrelation.Ingeneral,the serialcorrelationcaneither increase
or d ec rease w ith a change incalend ar period and ,perhapsmost interestingly,the change is
not c onstant ac rossr.B ec ause the magnitud e ofthe e®ec t ofa change inkonthe c orrelation
d epend sonr,it isfor longlagsthat w e w ould most likelysee the serialcorrelationintrad es
d ecline asw e move from 5minute d ata to hourly d ata.

To und erstand how the serialcorrelationintrad esd epend suponthe und erlyingpara-
metersofthe market mic rostructure mod el, w e c and ec ompose the c orrelationinto three
terms.T he ¯rst term isthe d i®erence b etw eenthe numb er oftrad esona trad ingd ayw ith
new sand ona trad ing d ay w ithout new s, w hich is(¹ 1¡¹ 0 )2.T he remainingtw o terms
are the c ond itionalvariancesona trad ingd ay w ith new s(¾ 21) and a trad ingd ay w ithout
new s(¾ 20 ),respec tively.Anincrease in(¹1¡¹ 0 )

2 increasesb oth the c ovariance oftrad esand
the variance oftrad es,w here (¹1¡¹ 0 )

2 entersthe variance through the c omponent for the
variance ofthe cond itionalmeans,so the overallimpac t onthe serialcorrelationintrad es
must b e c alculated .Anincrease to the c ond itionalvarianceslead sonlyto anincrease inthe
variance,so the overallimpac t isto red uc e the serialcorrelationintrad es.

To und erstand w hy the serialcorrelationisanincreasingfunctionof®, observe that
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increasing ® hastw o e®ec tsonthe correlation. First, w ith a larger numb er ofinformed
trad ers,there isa w id er d i®erence b etw eenthenumb er oftrad esona trad ingd ayw ithnew s
and ona trad ing d ay w ithout new s. Sec ond , b ecause the informed trad ersallmake the
same trad ingd ec ision,anincrease inthe numb er ofinformed trad ersd ec reasesat least one
ofthe c ond itionalvariances.Asa result, the positive impac t onthe covariance outw eighs
the postive impac t onthe variance.B ec ause the serialcorrelationintrad esisanincreasing
functionof® , a market w ith many informed trad ershasmore serialcorrelationintrad es
thand oesa market w ith few er informed trad ers.

Next,c onsid er the relationship b etw een" (the frac tionofuninformed w ho d o not trad e)
and the serialcorrelationintrad es. For spec ī c parameter valuesthe partiald erivative
isd e¯nitively signed . If" issmall(precisely, if" < 1¡2 ®"

2 (1¡®)), thenvirtually alltrad esare
by informed trad ersand increasing " d ilutesthe informed trad ersand red uc esthe serial
correlationintrad es. If® islarge (prec isely if®µ ¸ 1

2 ), thenincreasing " increasesthe
variationintrad esac rossd aysand increasesthe serialcorrelationintrad es.

Insimilar fashion,increasingµ increasesthe correlationifµ issmallenough (prec isely
(1¡µ2 ) > ¾ 21).B ec ausegood and b ad new saresymmetric inthemod el,theserialcorrelation
isuna®ec ted by changesto °or ±.Aninterestingimplic ationisthat our mod elpred ic ts
c orrelationina varietyofmarkets.For example,there isserialcorrelationintrad esinb oth
liquid and illiquid markets.O ur ¯nd ingsofserialcorrelationeveninilliquid marketsisalso
supported empiricallybyLange (1998).

O fcourse, serialcorrelationinthe numb er oftrad esc ould b e artī c ially imposed by
c reatingserialcorrelationinthe private informationarrivalproc ess. E ngle et al. (1990 )
¯nd some evid ence ofserialcorrelationinpublic new s;although serialcorrelationinpublic
new sd oesnot imply serialcorrelationinprivate new s.Appealingto serialcorrelationin
private new sd oesnot reallyprovid e aneconomic c ause for serialcorrelationinsquared pric e
changesasit b egsthe questionasto w hat causesserialcorrelationinprivate new s.

Behavior of Individual Trader Price Changes

To und erstand the serialcorrelationinsquared pric e changesper calend ar period , w e
¯rst stud y the b ehavior ofthe pric e changesthat follow the arrivalofeach trad er. T he
price change that resultsfrom the ac tionoftrad er iisUi= E(Vm jZ i)¡E(Vm jZ i¡1),w here
E(Vm jZ i) = xivLm + yivH m + (1¡xi¡yi)EVm .6 T he d e¯nitionofUiincorporatesthe arrival

6T heprice is conditionalon publicinformationand is hencetheoreticallyobservabletotheeconome-
trician.Inrealitythesetofparametersmustbeestimated,resultinginanestimateofthepricebasedon
theestimatedparameters.H owever,inmostempiricalstudiesofserialcorrelationinsquaredpricechanges,
econometriciansusethebid,ask,orlasttrade,whichmayhavedi®erentpropertiesfromtheprice.
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ofpublic informationafter the d ecisionoftrad er i¡1 but b efore the d ecisionoftrad er i.To
relate d ecisionsineconomic time givenbyour mod elto the c alend ar period measurements,
w e w rite c alend ar period pric e changesas

¢ Pt=
t́X

i= (t¡1)́ + 1
Ui: (3)

P rice changesineconomic time thusd rive c alend ar pric e changes.Inturn,the information
content oftrad es(or no trad es) d rive price changesineconomic time. T he information
content ofa trad e or no trad e d epend sonthe history oftrad esand the parameter values.
For example, if" islarge,no trad esc onvey relatively more information. If°islarge, a
trad e at the askconveysrelativelymore information.Trad esor no trad esat earlyec onomic
time period sc onveymore informationthantrad esat later time intervals.Inthisw ay,serial
correlationinsquared pric e changesare serially correlated .

To provid e insight,w e stud yind etailthe pric e change associated w ith the arrivalofthe
¯rst trad er ontrad ingd ay m .T here are three possible valuesfor U1,one correspond ingto
each ofthe possible trad e d ec isions.IfC 1 = cA,thenE(Vm jZ 1) = A1,and

U1 =
®y0 [vH m ¡E(Vm jZ 0 )]

P(C 1 = cAjZ 0)
:

IfC 1 = cB ,thenE(Vm jZ 1) = B 1 and

U1 =
®x0 [vLm ¡E(Vm jZ 0 )]

P(C 1 = cBjZ 0 )
:

Finally,ifC 1 = cN ,then

E(Vm jZ 1) =
® (1¡x0 ¡y0 )EVm + (1¡® )(1¡")E(Vm jZ 0)

® (1¡x0 ¡y0 )+ (1¡®)(1¡")

and

U1 =
® (1¡x0 ¡y0 )[EVm ¡E(Vm jZ 0)]

P(C 1 = cN jZ 0)
:

Ifinitialpriorsare logic ally consistent,so that ±y0 = (1¡±)x0 , thenupd atingfrom the
¯rst trad er ismore informative ifthe a trad e oc cursthenifa trad er d oesnot oc cur and
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B 1 < E(Vm jZ 0 ;C 1 = cN ) < A1.W hile the inequalityisgenerallysatis̄ ed for the remaining
trad ers,it ispossible for E(Vm jZ i¡1;C i= cN ) to falloutsid e (B i;Ai).7

T he meanpric e change from trad er 1 is

E(U1jZ 0 ) =
X

j= A;B ;N
P(C 1 = cjjZ 0)U1(C 1 = cj);

w hich equals

®y0 vH m + ®x0 vLm + ® (1¡x0 ¡y0)EVm ¡®E(Vm jZ 0 ) = 0:

B ec ause

P(C i= cAjsm )6= P(C i= cAjZ i)

for any¯nite i,pric e changesare not meanzero w ith respec t to the informationset ofthe
informed .

T he variance ofthe price change from trad er 1 is

E
³
U 21jZ 0

´
=

X

j= A;B ;N
P(C 1 = cjjZ 0 )U 2

1(C 1 = cj)

w hich equals

(®y0 )2 [vH m ¡E(Vm jZ 0 )]2
P(C 1 = cAjZ 0 )

+
(®x0 )2 [vLm ¡E(Vm jZ 0)]2

P(C 1 = cB jZ 0)
+
® 2 (1¡x0 ¡y0 )2 [EVm ¡E(Vm jZ 0)]2

P(C 1 = cN jZ 0)
:

To und erstand the impac t ofinformed trad ersonthe b ehavior ofcalend ar period squared
price changes,w e must c ompare the variance ofU1 for Sm = s0 w ith the variance ofU1 for
Sm 6= s0.(Ingeneral, the c omparisonw illd epend onw hether the low or high signalw as
received .If°= ± = :5,thenx0 = y0 and the variance ofU1 isid entic alfor the low and high
signals.Inthe remaind er ofthe sec tionw e assume °= ± = :5 and so w e d o not need to
d istinguish b etw eenthe low and high signals.) T he ad d itionofthe signalaltersthe variance
ofU1 onlythrough the impac t onthe prob ab ilityw ith w hich each trad e outc ome isobserved

E
³
U 21jSm = sm ;Z 0

´
=

X

j= A;B ;N
P(C 1 = cjjSm = sm )U 2

1(C 1 = cj):

We compare the prob ab ilitiesofeach trad e outcome for Sm = sH w ith Sm = s0:
7Forexample,if"is verylargeand® is verysmall(sothattherarenotradedecisionsaremostoften

madebyinformedtraders),thenitispossiblethatE (VmjZ i¡1 ;Ci=cN )> A i.
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P(C 1 = cAjSm = sH ) = P(C 1 = cAjSm = s0 )+ ®
P(C 1 = cN jSm = sH ) = P(C 1 = cN jSm = s0)¡® ;

w here the prob ab ilitythat C 1 = cB isthesamefor the tw o valuesofSm .T husE(U 21jSm = sH ;Z 0)¡
E(U 2

1jSm = s0 ;Z 0 ) equals

®
(
(®y0 )2 [vH m ¡E(Vm jZ 0 )]2

[P(C 1 = cAjZ 0 )]2
¡® 2 (1¡x0 ¡y0 )2 [EVm ¡E(Vm jZ 0 )]2

[P(C 1 = cN jZ 0 )]2
)
;

w hich isgreater thanzero b ec ause EVm = E(Vm jZ 0 ). B ecause the term ispositive, the
price uncertaintyfrom the ¯rst trad er ishigher ona d ay w ith new sthanona d ay w ithout
new s. T he impac t oftrad er 2 and follow ing trad ersisnot immed iately signed b ecause
EVm 6= E(Vm jZ i) for i> 0.T o d etermine the signofthe d i®erence w e stud y the b ehavior
ofUifor generali.

For generalithere are 3i possible valuesfor Ui,so d irec t calculationofthe moments
ofUi isted ious.R ather, w e c onstruct analytic b ound sto the momentsthat d esc rib e the
b ehavior ofthe d istributionofUi.Let

eAi¡ eB i= maxfAi;E[Vm jZ i¡1;C i= cN ]g¡minfB i;E[Vm jZ i¡1;C i= cN ]g

b e the \spread " or the d i®erence b etw eenthe maximum pric e change and the minimum
price change.For most parameter values,the spread isequalto the familiar b id -askspread .
How ever,asnoted earlier,for some parameter valuesa no trad e mayind uce larger or smaller
price changesthana trad e at the askor b id ,respec tively.

Let fUigḱi= 1 b e the sequence oftrad er price changes(price changesineconomic time)
for a trad ingd ay.W ith respec t to the public informationset,the elementsofthe sequence
are uncorrelated b ut are d epend ent and not id entic ally d istributed .Spec ī c ally,the trad er
price changesare heterosked astic and the heterosked astic ity isautoregressive.

T heorem 4 :P rice changesineconomic time satisfy:

1.E(UijZ i¡1) = 0

2 .E(UhUijZ i¡1) = 0 for h < i

3.[P(C i= cA)P(C i= cB )P(C i= cN )]
³eAi¡ eB i

2́ ·E(U 2ijZ i¡1)·
³eAi¡ eB i

2́
:
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P roof: See Append ix.

T he ¯rst tw o partsofT heorem 4 d eliver the trad itionalresultsthat EUi= 0 and that
E(UiUj) = 0 ifid oesnot equalj.T he spread d rivesthe variance inUi.T heorem 4 and
P roposition1 together implythat E(U 2

ijZ i¡1) ! 0 asi! 1.Asthe market maker b ec omes
certainofthe true value ofthe share,the b id and askconverge to the true value ofthe share
and squared pric e changesgo to zero.

To d etermine how the propertiesofthe d istributionofUi are a®ec ted by the signal
received byinformed trad ers,w e c ompare the variance ofUiifSm = s0 w ith the variance of
UiifSm 6= s0.P arallelto the c ase for trad er 1,E(U 2

ijSm = sH ;Z i¡1)¡E(U 2ijSm = s0 ;Z i¡1)
equals

®
(
(®yi¡1)

2 [vH m ¡E(Vm jZ i¡1)]
2

[P(C 1 = cAjZ i¡1)]
2 ¡® 2 (1¡xi¡1¡yi¡1)

2 [EVm ¡E(Vm jZ i¡1)]
2

[P(C 1 = cN jZ i¡1)]
2

)
:(4 )

T he d i®erence (4 ) d epend sonE(Vm jZ i¡1),w hich inturnd epend son(xi¡1;yi¡1).
Ifthe proportionofinformed trad ersishigh enough,thenlearningtakesplac e quickly

and the entire d istributionofUi c anb e d irec tlycalculated .For example,if® = :9,thenthe
b id -askspread isred uced very close to zero inonly 10 trad es.For ® = :9 and °= ± = :5,
the c olumnsofTable 1 containthe valuesof(4 ) c orrespond ingto trad er 1 through trad er 8
and the row sofTable 1 c orrespond to d i®erent valuesof".

Table 1
Value of E(U 2ijSm = sH ;Z i¡1)¡E(U 2ijSm = s0 ;Z i¡1)

® = :9
T rad er: 1 2 3 4 5 6 7 8
" = :9 3.4 6 0.64 0.55 0.14 0.0 8 0.03 0.0 1 0.0 0
" = :8 2 .89 0.52 0.4 6 0.11 0.07 0.0 2 0.0 1 0.0 0
" = :7 2 .30 0.4 7 0.32 0.0 9 0.0 4 0.0 1 0.0 1 0.0 0
" = :6 1.66 0.4 2 0.18 0.07 0.0 2 0.0 1 0.0 0 0.0 0
" = :5 0.97 0.33 0.0 4 0.0 4 0.0 0 0.0 0 0.0 0 0.0 0
" = :4 0.2 0 0.18 -.05 -.0 1 0.0 0 0.0 0 0.0 0 0.0 0
" = :3 -.65 -.11 -.0 9 -.0 9 -.0 1 -.0 1 0.0 0 0.0 0
" = :2 -1.61 -.70 -.14 -.05 -.0 4 -.0 1 -.0 1 0.0 0
" = :1 -2 .73 -2 .12 -.32 -.15 -.0 9 -.0 2 -.0 1 0.0 0

T he entriesinTable 1 revealtw o important features. First, aslearningac cumulates
(movingacrossa row ) the d i®erence insquared pric e changestend stow ard zero.Sec ond ,
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the value of" playsa keyrole.For large valuesof",the b ehavior oftransac tionlevelpric e
changesissuch that the variance ishigher,uniformly,for d aysinw hich the informed trad e.
As" d eclines,the variance oftransac tionlevelprice changescanb e higher ond aysinw hich
the informed d o not trad e.W hy? W ith " low , very few ofthe uninformed trad e and so
there are veryfew trad esifSm = s0 (b ec ause the informed also d o not trad e).W ith so few
trad es,learningisslow ed enough that the slow learningcorrespond ingto Sm = s0 ac tually
outw eighsthe uncertaintyassociated w ithSm 6= s0.

For smaller valuesof® learningoc cursmore slow ly,so red uc tionofthe b id -askspread
to zero takesmany more trad esand c alculationofthe exac t d istributioniscumb ersome.
To und erstand the b ehavior of(4 ) w ith a smaller value of®, w e approximate the exac t
d istributionw ith simulations.Inthe last ¯gure titled \mean: squared price changes"w e
report thesimulated d istributionfor ® = :2 and " = :5and c onstruct 30 0 0 simulations.To b e
precise,w esimulate 30 0 0 trad ingd ays.At the outset ofeach trad ingd aythe prob ab ilitythat
the informed rec eive a signal(µ) is.4 ,so slightlylessthanhalfofthe simulationscorrespond
to the line lab eled \New sDays".8 A trad ingd ayisassumed to consist of960 trad er arrivals,
but asthe ¯gure revealsthe squared pric e change ise®ec tivelyzero after the ¯rst 50 0 trad er
arrivals.T he last attached ¯gure containsE(U 2

ijSm = sH ;Z i¡1)¡E(U 2ijSm = s0 ;Z i¡1) as
the d i®erence b etw eenthe linescorrespond ingto \New sDays"and \No New sDays".As
the ¯gure reveals,the d i®erence isgenerally positive and shrinksto zero asthe numb er of
trad ersincreases.(T he horizontalaxismeasuresthe numb er oftrad ersthat have arrived ,
so learningisnearly complete after 50 0 trad ershave c ome to the market.)

Calendar Period Squared Price Changes

From the resultsab ove,w e form a struc ture for the expec tationofthe calend ar period
squared pric e change. T he analytic and simulationresultsind icate that (for reasonably
large valuesof") ontrad ingd aysinw hich the informed d o not trad e,the spec ialist'sinitial
uncertaintyab out the signalisresolved fairlyquickly.Asa result,the variance incalend ar
period price changes,w hich isd rivenbythe rand om d ec isionsofthe uninformed ,isconstant
over the course ofthe trad ingd ay.Incontrast,ontrad ingd aysinw hich the informed d o
trad e,the spec ialist'suncertaintyisnot resolved quickly,but rather d eclinesover the course
ofthe trad ingd ay.To capture these phenomena mathematically,let jind exthe c alend ar
period sina trad ingd ay.For t= 1;:::;jw e represent the struc ture as

E
h
(¢Pt)2 jSm = s0

i
= ¾0

8Toensurethatourresultsarestable,we n̄dlittlevariationinresultswhenthenumberofsimulations
isdoubled.
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E
h
(¢Pt)2 jSm 6= s0

i
=

kX

j= 1
¾j1 (t= j);

w here w e assume ¾1 > ¾ 2 > ¢¢¢> ¾k > ¾ 0.Ifcalend ar period tisthe ¯rst period oftrad ing
d ay m onw hich Sm 6= s0 ,the expec ted squared pric e change is¾1.T he inequality ¾k > ¾ 0
arisesfrom the observationthat the informationad vantage ofthe informed persistsuntilthe
trad ingd ay end s.T he uncond itionalexpec tationofcalend ar period squared price changes
is

E
h
(¢Pt)2

i
= µ¹¾k+ (1¡µ)¾ 0 ;

w here ¹¾k = 1
k
Pk

j= 1 ¾j.
To d erive the serialcorrelationpropertiesofthe squared pric e change ina calend ar

period ,animportant c ond itionarisesthat ensure the c orrelationispositive.
Forgeneralkthe c ovariance ofcalend ar period squared pric e changes,C ov

h
(¢ Pt¡r)

2 ;(¢ Pt)
2
i
,

equals
"
k¡min(r;k)

k

#
fµ (1¡µ)

k¡rX

j= 1
(¾j¡¾ 0 )(¾j+ r ¡¾ 0 )+ µ2

kX

j= 1
(¹¾k¡¾j)(¹¾k¡¾j+ r)g;

w here the ad d itionisw rapped at k.T hat is,ifj+ r > k,thenreplac e j+ r w ithj+ r¡k.
Asfor the c ovariance ofcalend ar period trad es,the covariance ofcalend ar period squared

price changesiszero ifr ¸k.To d etermine the signofthe c ovariance ifr < k, w e must
examine each term ind etail. T he ¯rst term inb racketsisthe sum ofthe c ond itional
covariances,w hich ispositive.T he second term inb racketsisthe sum ofthe c ovariances
ofthe cond itionalmeans, w hich isgenerally negative. Determinationofthe signofthe
c ovariance d epend sonthe relative magnitud esofthe tw o terms.

We b eginour analytic d erivationsw ith a trad ingd ayinw hich there are tw o period s,so
k= 2 .For thiscase animportant c ond itionemergesthat isneed ed to ensure the c ovariance
ispositive.

Cond ition1 issaid to hold for period j¤, with 1 < j¤·k, ifj¤ isthe largest value ofj
for which

¾j> µ¹¾k+ (1¡µ)¾ 0:

Cond ition1 isperhapsmost intuitive for the c ase k= 2 .(Ifa trad ingd ay c orrespond ed
to a c alend ar d ay,thenempiric alstud y ofmorningsversusafternoonsw ould yield k= 2 .)
R ecallthat positive covariance b etw eentw o rand om variables,w ith the same uncond itional
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mean,impliesthat ifone rand om variable isb elow the uncond itionalmean,thenthe other
rand om variable tend sto b e b elow the uncond itionalmean.Correspond ingly,ifone rand om
variable isab ove the uncond itionalmean,thenthe other rand om variable tend sto b e ab ove
the uncond itionalmean.From the struc ture for the expec tationofcalend ar period squared
price changesit follow sthat ¾1 liesab ove the uncond itionalmeanand ¾ 0 liesb elow the
uncond itionalmean.Let (¢ Pt¡1)

2 b e the ¯rst period oftrad ingd ay m .IfSm = s0 , then
inexpec tation(¢ Pt¡1)

2 equals¾0 and so tend sto b e b elow the uncond itionalmean.Y et
ifSm = s0, theninexpec tation(¢ Pt)2 also equals¾ 0 and so also tend sto b e b elow the
uncond itionalmean.IfSm 6= s0 ,theninexpec tation(¢ Pt¡1)2 equals¾1 and so tend sto b e
ab ove the uncond itionalmean.W ithSm 6= s0 ,theninexpec tation(¢ Pt)

2 equals¾ 2 and the
b ehavior ofthe c ovariance d epend sonthe relative magnitud e of¾ 2 and the c ond itionalmean.
IfCond ition1 hold s, then¾ 2 islarger thanthe uncond itionalmean,so if(¢ Pt¡1)

2 tend s
to b e ab ove the uncond itionalmean,then(¢ Pt)2 also tend sto b e ab ove the uncond itional
mean.

P roposition5:Let r > 0.T he covariance ofcalend ar period squared price changesis
"
k¡min(r;k)

k

#
fµ (1¡µ)

k¡rX

j= 1
(¾j¡¾ 0 )(¾j+ r ¡¾ 0 )+ µ2

kX

j= 1
(¹¾k¡¾j)(¹¾k¡¾j+ r)g;

where the ad d itioniswrapped at k.T hat is, ifj+ r > k, thenreplace j+ r withj+ r¡k.
Ifr < k= 2 and Cond ition1 hold sfor period 2 , then

C ov
h
(¢ Pt¡r)

2 ;(¢ Pt)
2
i
=

"
k¡r
k

#
fµ (1¡µ)(¾1¡¾ 0 )(¾ 2 ¡¾ 0 )+

µ2

2
(¾1¡¾ 2 )

2 g¸0:

P roof:See Append ix.

To shed further light onthe b ehavior ofthe c ovariance ofcalend ar period squared pric e
changes, w e d erive analytic resultsfor a trad ing d ay w ith 3 period s. Ifk = 3, thenthe
sec ond term inthe formula for C ov

h
(¢ Pt¡r)

2 ;(¢ Pt)
2
i
,w hich correspond sto the c ovariance

ofthe cond itionalmeans,isid enticalfor r = 1 and r = 2 .Asthe cond itionalcovariance for
r = 1 exceed sthe cond itionalcovariance for r = 2 ,

C ov
h
(¢ Pt¡1)

2 ;(¢ Pt)
2
i
> C ov

h
(¢Pt¡2 )

2 ;(¢Pt)
2
i
:

We b eginbyestab lishingund er w hat c ond itionC ov
h
(¢Pt¡2 )

2 ;(¢ Pt)
2
i
ispositive.
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P roposition6:Let Cond ition1 hold for period 3 withk= 3.For r < kthe covariance
ofcalend ar period squared price changesispositive.

P roof:See Append ix.

W hile Cond ition1 hold snaturally for period 2 , there isno such naturalintuitionfor
extend ingCond ition1 to hold for period 3.Ifthere are 3 period sina trad ingd ay, then
inthe last period ofa trad ing d ay enough ofthe informationofthe trad ersmay have
b eenrevealed that the expec ted squared pric e change for that period need not exceed the
uncond itionalexpec ted squared price change for a period . IfCond ition1 hold sonly for
period 2 ,thenthe d ecline ofthe c ovariance incalend ar period squared pric e changescanb e
d ramatic allyrapid .

More Rapid Decay of Covariance for Calendar Period Squared Price Changes

Asw e shallsee, the heterosked astic ity inU 2i that arisesfrom the movementsinthe
expec ted b id -askspread playanimportant role inexplainingthe persistence puzzle.IfU 2i is
assumed to b e homosked astic ,asinG allant,Hsieh,and Tauchen(1991),thenthe c ovariance
ofcalend ar period squared pric e changesisd rivenexclusivelybythe c ovariance incalend ar
period trad es, and the persistence inthe c ovariance intrad esshould b e matched by the
persistence inthe c ovariance insquared pric e changes.O ur mod elb reaksthe persistence
linkb ecause one pred ic tionofour mod elisthat the variance ofUiisnot constant.Infact,
the variance ofUi d eclinesastrad esoc cur b ecause informationisrevealed and the b id -ask
spread d eclinesover time.Ifthe variance ofUi d eclines,thenthe covariance insquared pric e
changesw illeventually b e lessthanthe c ovariance inthe numb er oftrad es.We show that
evend uringthe period inw hich alltrad ersare w illingto trad e,the variance ofUi d eclinesso
that the new sarrivalhasa more persistent e®ec t onthe numb er oftrad esthanonsquared
price changes.

Close stud y ofthe c ase inw hich k = 3 revealsmuch ab out the relative d ec ay ofthe
c orrelationincalend ar period trad esand squared price changes.O ne ofthe empiric alfeatures
b rought forw ard inthe introd uc tionisthat the c orrelationofcalend ar period trad esd ec ays
more slow lythand oesthe c orrelationofcalend ar period squared pric e changes.Close stud y
ofthe c ase inw hich k = 3 revealsw hy thisisso. Asthe variance ofeither quantity is
constant asthe lagofthe c orrelationchanges,the d ec ay ofthe c orrelationisd rivenby the
d ecay ofthe c ovariance.

Suppose Cond ition1 hold sfor period 3 so that C ov
h
(¢Pt¡r)

2 ;(¢Pt)
2
i
ispositive for

r = 1;2 .
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P roposition7:Let Cond ition1 hold for period 3 w ith k = 3. T he covariance, and
hence the correlation, ofcalend ar period squared price changesd ecaysmore rapid lythanthe
covariance ofcalend ar period trad es.

P roof:T he proportionald ec ay ratesare revealed by d irec t calculationfrom the covari-
ances.For calend ar period trad es

C ov [It¡1;It]¡C ov [It¡2 ;It]
C ov [It¡1;It]

=
1
2
;

so the c ovariance d eclinesby¯ftyperc ent.
For calend ar period squared pric e changesthe correspond ingquantity is

1
2
+

1
C ov

h
(¢Pt¡1)

2 ;(¢ Pt)
2
i
½1
3
µ (1¡µ)[(¾1¡¾ 0 )(¾ 2 ¡¾3)+ (¾ 2 ¡¾ 0)(¾3¡¾ 0)]

¾
:

B ec ause Cond ition1 hold sfor period 3, the c ovariance b etw een(¢Pt¡1)
2 and (¢ Pt)

2 is
positive.B y d e¯nition¾1 > ¾ 2 > ¾3 > ¾ 0 ,so the sec ond term ispositive and the c ovariance
d eclinesbymore than¯ftyperc ent.

IfCond ition1 hold sfor period 2 , it ispossible that the covariance ofcalend ar period
squared pric e changesat lag 2 isnegative.Asthe covariance ofcalend ar period trad esis
alw aysnonnegative,such a ¯nd ingfurther enforc esthe more rapid d ec ay ofthe c ovariance
ofcalend ar period squared pric e changes.

Corrolary 8:Let Cond ition1 hold for period 2 w ith k= 3.T here isanopensubset of
parameter valuesfor which C ov

h
(¢Pt¡2 )

2 ;(¢Pt)
2
i
isnegative.

P roof:Weneed onlyestablish that there exist parameter valuesfor w hich the c ovariance
isnegative. Consid er the set f¾jg3j= 1 = f2 0 ;7;3g so ¹¾3 = 10:Let ¾0 = 1. From the
d e¯nitionofthe covariance ofcalend ar period squared pric e changes,C ov

h
(¢Pt¡2 )

2 ;(¢Pt)
2
i

isnegative ifµ > :33.Let µ = :4 ,so Cond ition1 hold sfor period 2 .AsCond ition1 continues
to hold for period 2 for anopenset ofvaluesofµ ab ove .4 ,Corollary8 isestablished .

Note that for the set ofparameter valuesthat establish Corollary 8,Cond ition1 d oes
not hold for period 3,asmust b e the case from Lemma 4 .
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4 Simulations
To provid e anid ea ofthe patternofserialcorrelationthat isimplied by our mod el, w e
simulate sequencesoftrad esand the assoc iated price changesover a period ofmanytrad ing
d ays.

Let the unit ofeconomic time b e one sec ond and assume that informationisrevealed at
the end ofeach d ay,so that there are ¿ = 2 880 trad ingopportunitiesinan8 hour trad ing
d ay.Note that the mod elcould also b e interpreted asfor example,w ith a unit ofec onomic
time b eing2 sec ond sw ith new srevealed at the end ofthe sec ond d ay.9

Suppose ´ = 30 ,so that c alend ar time period sare 30 sec ond sinlength.O ur simulated
sample consistsof10 0 trad ingd ays, each ofw hich hasprob ab ility ofnew sµ = :4 .G iven
new s,the prob ab ilityofgood new sis± = :55.To ensure that asymmetriesinthe mod elare
not d rivingour resultsw e set °= " = 1

2 ,so that the uninformed are equallylikely to buy
or sell.A keyparameter that remainsisthe proportionoftrad ersw ith private information.
We initiallyset ® = :2 ,but vary thisparameter,alongw ith ´ invarioussimulations.

Figure 1 c ontainsthe b id and askfrom a sample offour trad ingd ays.O nthe ¯rst d ay,
S= sL,so the informed trad ed .O nthe second and third d ays,S= s0 ,so the informed d id
not trad e,w hile onthe fourth d ay,S= sH ,so againthe informed trad ed .T he w id e spread
at the start ofeach d ayre°ec tsthe ad verse selec tionfaced bythe spec ialist uncertainofthe
partic ipationofinformed trad ers.Squared pric e changesare thuslarge at the b eginingof
the d ay.AsseeninFigure 3,squared price changesd ecline exponentially w ith the b id -ask
spread asnew sisrevealed .Further,squared pric e changesare large onnew sd aysversus
no new sd ays.Figure 2 show sthe trad e proc ess.O nd ays1 and 4 the informed trad e,so
there are more trad es(the meanis1.9).O nno new sd aysthe informed d o not trad e and
the meaniscorrespond inglylow er (the meanis1.1).

Figure 4 d epic tsthe resultsover 10 0 trad ingd ays.Figure 4 show sthe autoc orrelation
functionsfor b oth trad esand squared pric e changes.T he magnitud e ofthe serialcorrelation
intrad esismuch larger and more persistent, b arely d ecliningevenafter 10 lags. Serial
correlationinsquared pric e changesismuch smaller and d eclinesto nearlyzero after 4 lags.

Aninterestingexample isto use the estimationresultsin[8].Ina similar mod el, [8]
ob tainestimatesof® = :172 ,"= .33, µ = :75, ¿ = 96, and ± = :50 2 .We also set ´ = 4 ,
equivalent to 5 minute calend ar intervals. R esultsare d etailed inFigure 5. T he serial
correlationintrad esissmallbut quite persistent.T he serialcorrelationinsquared pric e
changesissmalland b arelypersistsfor tw o lags.

9EasleyandO 'H ara(1 993)inamodelsimilartoours,assumethatatradingopportunityis v̄eminutes
andatradingdayisonedayforA shlandO il,basedonthenumberoftradesobserveddaily(amaximumof
73).
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5 Conclusions
Inthispaper w e provid e aneconomic mod elthat generatesserialcorrelationintrad es
and serialcorrelationinsquared pric e changes.Further,serialcorrelationintrad esismore
persistent thanserialcorrelationinsquared pric e changes.We propose that serialcorrelation
intrad esarisessimplyfrom the entry and exit ofinformed trad ers,w ho receive a private
signal.G iventhat informed trad ersare trad inginthe current period ,informed trad er w ill
most likely trad e inthe follow ingperiod ,w hich generatesserialcorrelationintrad es.T he
serialcorrelationintrad esisquite strongand persistent.Inthe simulationsafter 30 lags
the c orrelationw asstillab ove .8.

Inour mod elserialcorrelationintrad esgeneratesserialcorrelationinsquared pric e
changes. G iventhat the informed trad ersare trad ing, there ismore variance insquared
price changessimply b ec ause there are more trad esina calend ar period . M ore trad es
impliesthat the price change isthe sum ofmore rand om trad es,w hich inturnimpliesthat
the pric e change hasa larger variance.B ecause there isserialcorrelationintrad es, there
isserialcorrelationinsquared price changes.How ever,there isanad d itionale®ec t onthe
serialcorrelationinsquared pric e changes,the d ecline inthe b id -askspread .Alltrad esare
at the b id -askspread ,hence expec ted price changesare b ound ed bythe b id -askspread .T he
b id -askspread d eclinesaslearningproc eed s,w hich red uc esthe variance and the persistence
ofthe serialcorrelationinsquared pric e changes.G iventhere are more trad esina calend ar
period ,there are most likelymore trad esinthe next calend ar period ,w hich implieshigher
variance inb oth period s. How ever, the trad esinthe sec ond calend ar period are from a
rand om variable w ith a smaller variance,d ue to the smaller b id -askspread .Hence the serial
correlationissmaller and lesspersistent. O ur simulationsind ic ate that the c orrelation
coe± cient at one lagis.35,and d eclinesto .1 after 30 lags.Hence our mod elreplic atesthe
observed empiricalfeaturesofthe d ata and explainsserialcorrelationthrough the entryand
exit ofinformed trad ersand the assoc iated revelationofinformationinthe pric es.

W hat informationset should b e used to form c ond itionalexpec tationsof(¢Pt)2? T he
ab ove resultsind ic ate that pred ic tionofthe variance ofprice changesd epend sonpred ic tion
ofthe entryand exit ofinformed trad ers.Spec ī c ally,the c ond itionalvariance ofstockpric es
d epend sonthe previousnumb er oftrad es,but d oesso ina nonlinear w ay.T he prob ab ility
ofinformationarriving,µ,playsanintriguingrole.Serialcorrelationishighest inmarketsin
w hichnew sarrivesinfrequently,w here the arrivalofnew scausesa largenumb er ofinformed
to enter.

Future research includ esexpand ingour mod elto the possib ilityofmultiple trad ingpe-
riod sw ith rand omly arrivingprivate new sevents.M ultiple trad ingperiod sallow sfor the
fullyinformed not to trad e (ifno new sisreleased ) hence the serialcorrelationintrad esw ill
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likelyb e evenstronger.
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6 Append ix

Derivation of Learning Formulae

We explicilty d erive the learningformula for yigiventhat trad er itrad esat the ask.All
other learningformulae follow the same logic.From B ayesrule

P(Sm = sH jZ i¡1;C i= cA) =
P(Sm = sH jZ i¡1)P(C i= cAjSm = sH )P

j= sL;sH ;s0
P(Sm = jjZ i¡1)P(C i= cAjSm = j)

:

We must c alculateP(C i= cAjSm = j) for j= sL;sH ;s0.Ifthe informed receive the signal
sH ,thenthe informed w illtrad e at the ask.Further,thefrac tion"(1¡°) ofthe uninformed
w illalso trad e at the ask.Hence

P(C i= cAjSm = sH ) = ® + (1¡®)"(1¡°):

Ifthe informed rec eive the signalsL or d o not rec eive a signal,thenthe informed w illnot
trad e at the ask.B ec ause onlythe uninformed trad e at the askifSm equalssL or s0 ,b oth
P(C i= cAjSm = sL) and P(C i= cAjSm = s0 ) equal(1¡®)"(1¡°).

Proof of Theorem 1

T he learningformulae for xi and yi are nonlinear in(xi¡1;yi¡1) and are not recursive,
w hich make it d i± cult to d etermine the asymptotic b ehavior ofxi and yi. B ec ause the
d enominator ofthe learningformula,c ond itionalonthe d ec isionoftrad er i,isid enticalfor
xi,yi and 1¡xi¡yi, the learningformulae for ratiosofxi and yi are linear inratiosof
(xi¡1;yi¡1) and recursive.We w orkw ith ratiosxiand yiand b eginw ith the case Sm = sH ,
for w hich the relevant ratiosare xi

yi
and 1¡xi¡yi

yi
.Consid er xi

yi
.Iftrad er itrad esat the ask

xi
yi
=
xi¡1
yi¡1

¢P(C i= cAjSm = sL)
P(C i= cAjSm = sH )

:

Iftrad er itrad esat the b id ,thenthe expressionfor xi
yi
isasab ove w ith C i= cA replaced by

C i= cB.Iftrad er id oesnot trad e
xi
yi
=
xi¡1
yi¡1

;

b ec auseP(C i= cN jSm = sL) equalsP(C i= cN jSm = sH ).We have

ln
Ã
xi
yi

!
= ln

Ã
x0
y0

!
+ nAln

"
P(C i= cAjSm = sL)
P(C i= cAjSm = sH )

#
+ nB ln

"
P(C i= cB jSm = sL)
P(C i= cBjSm = sH )

#
;
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w here nA isthe numb er ofthe ¯rst itrad ingopportunitiesfor w hich there w asa trad e at
the ask,nB isthe numb er ofthe ¯rst itrad ingopportunitiesfor w hich there w asa trad e
at the b id ,and n N isthe numb er ofthe ¯rst itrad ingopportunitiesfor w hich there w asno
trad e.

B ec ause the trad er arrivalproc essisi.i.d .,

1
i
ln

Ã
xi
yi

!
as!

X

j=cA;cB

P(C i= jjSm = sH )ln
"
P(C i= jjSm = sL)
P(C i= jjSm = sH )

#
(5)

asi! 1.T he right-hand sid e of(5),multiplied by minusone, isa measure ofd istance
b etw eenthe prob ab ilitymeasure P(¢jSm = sH ) and the prob ab ilitymeasure P(¢jSm = sL),
w hich istermed the entropy ofP(¢jSm = sH ) relative to P(¢jSm = sL) and isd enoted
J (sH ;sL).B yconstruc tionthe entropyisnonnegative and equalszero onlyifthe prob ab ility
measuresd i®er solelyona set w ith measure zero.Hence

1
i
ln

Ã
xi
yi

!
as! ¡J (sH ;sL) < 0

asi! 1 ,so that xi
yi
b ehavesase¡iJ (sH ;sL).T husxi

yi
c onvergesalmost surely to zero at the

exponentialrate iJ (sH ;sL).A similar argument show sthat 1¡xi¡yiyi
c onvergesalmost surely

to zero at the exponentialrate iJ (sH ;sN ).
IfSm = sH , thenxi

yi
as! 0 and 1¡xi¡yi

yi
as! 0 asi! 1.

IfSm = sL, thenthe relevant ratiosare yi
xi
and 1¡xi¡yi

xi
.IfSm = s0, thenthe relevant

ratiosare xi
1¡xi¡yi and

yi
1¡xi¡yi. Againthe fac t that the trad er arrivalproc essisi.i.d . is

su± cient to establish that
ifSm = sL, thenyi

xi
as! 0 and 1¡xi¡yi

xi
as! 0 ,

ifSm = s0 , then xi
1¡xi¡yi

as! 0 and yi
1¡xi¡yi

as! 0 ,
asi! 1.

From the c onvergence propertiesofthe ratios, w e caneasily d ed uce the c onvergence
propertiesofxiand yi.We continue w ith the c aseSm = sH and note that similar arguments
hold for Sm = sL and Sm = s0.T he statement 1¡xi¡yi

yi
as! 0 isequivalentlyw rittenas

1
yi
¡xi
yi
¡1 as! 0: (6)

B ec ause xi
yi

as! 0 ,the statement (6) isequivalent to

1
yi
¡1 as! 0 ;
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w hich d irec tly impliesyi
as! 1.Ifyi

as! 1,thenthe statement xi
yi

as! 0 impliesxi
as! 0.From

the d e¯nitionofAiand B i,ifxi
as! 0 and yi

as! 1,thenAi
as! vH m and B i

as! vH m .

Proof of Theorem 2

T he proofisa straightforw ard ,but ted iouscalculationofthe c orrelation.B y d e¯nition,
the c ovariance is

C ov(It¡r;It) = E(It¡rIt)¡EIt¡r ¢EIt:

Ifr¸k,thenthe ind epend ence ofthe signalproc essimpliesthat It¡r isind epend ent of
It,so E(It¡rIt) = EIt¡r ¢EItand the c ovariance iszero.

Ifr < k,thenthere are three possible cond itionalexpec tationsof(It¡rIt).First,ifIt¡r
and Itare measured onthe same trad ingd ay the cond itionalexpec tationof(It¡rIt) is

µ¹ 21 + (1¡µ)¹ 20 ;

w hich oc cursw ith prob ab ility k¡r
k . Second , ifIt¡r and It are measured onconsecutive

trad ingd aysand Sm + 1 6= s0 ,the c ond itionalexpec tationof(It¡rIt) is

µ¹ 21 + (1¡µ)¹ 0 ¹1;

w hich oc cursw ith prob ab ility r
kµ.T hird ,ifIt¡r and Itare measured onconsecutive trad ing

d aysand Sm + 1 = s0 ,the cond itionalexpec tationof(It¡rIt) is

µ¹ 0 ¹1 + (1¡µ)¹ 20 ;

w hich oc cursw ith prob ab ility r
k(1¡µ).We c omb ine the three cond itionalexpec tationsto

yield

E(It¡rIt) =
k¡r
k

h
µ¹ 21 + (1¡µ)¹ 20

i
+
r
k
[µ¹ 1 + (1¡µ)¹ 0]

2 :

B ec ause the processfor c alend ar period trad esisstationary,EIt¡r equalsEIt.Asnoted in
the text

EIt= µ¹1 + (1¡µ)¹ 0 ;

so

C ov (It¡r;It) =
k¡r
k

µ (1¡µ)(¹ 1¡¹ 0)2

=
k¡r
k

µ (1¡µ)(® ´)2 :
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Comb iningthe tw o possible casesfor r relative to kyield s

C ov(It¡r;It) =
(
µ(1¡µ)(® ´)2

h
k¡r
k

i
r < k

0 r¸k
(7)

Comb ining the c ovariance and variance ofIt givenby (1) givesthe d esired correlation.
B ec ause alltermsare postive for r < k,the correlationispositive.

Proof of Theorem 4

For the proofofT heorem 4 ,let C N represent C i = cN inthe c ond itioninginformation
set.We have

E(UijZ i¡1)
= P(C i= cA)(Ai¡E(Vm jZ i¡1))+ P(C i= cB )(B i¡E(Vm jZ i¡1))

+P(C i= cN )¢(E[Vm jZ i¡1;C N ]¡E(Vm jZ i¡1))
= P(C i= cA)Ai+ P(C i= cB )B i+ P(C i= cN )E[Vm jZ i¡1;C N ]¡E(Vm jZ i¡1)
= E(Vm jZ i¡1)¡E(Vm jZ i¡1) = 0:
Insimilar fashionw e ¯nd that Uiisa seriallyuncorrelated rand om variable.Let h and

ib e d istinct valuesw ith h < i,

E(UhUijZ i¡1) = EZ i¡1 fUh [E(Vm jZ i¡1)¡E(Vm jZ i¡1)]g = 0:

R ecallE(U 2
ijZ i¡1) equals

P(C i= cA)(Ai¡E(Vm jZ i¡1))2 + P(C i= cB )(B i¡E(Vm jZ i¡1))2

+P(C i= cN )(E[Vm jZ i¡1;C N ]¡E(Vm jZ i¡1))2 :
T he upper b ound for the c ond itionalvariance is

E
³
U 2ijZ i¡1

´
· P(C i= cA)( ~Ai¡E(Vm jZ i¡1))2 + P(C i= cB )(~B i¡E(Vm jZ i¡1))2

+P(C i= cN )(E[Vm jZ i¡1;C N ])¡E(Vm jZ i¡1))2

· [P(C i= cA)+ P(C i= cN )]( ~Ai¡E(Vm jZ i¡1))2

+ [P(C i= cB )+ P(C i= cN )](~B i¡E(Vm jZ i¡1))2

· ( ~Ai¡E(Vm jZ i¡1))2 + (~B i¡E(Vm jZ i¡1))2

·
h
(~Ai¡E(Vm jZ i¡1))¡(~B i¡E(Vm jZ i¡1))

i2

=
h eAi¡ eB i

i2
;
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w here the ¯rst inequalityfollow sfrom the d e¯nitionof~Aiand ~B iand the fourth inequality
follow sfrom B i·E[Vm jZ i¡1]·Ai.Note that the uncond itionalvariance isimmed iately
ob tained from J ensen'sinequality

EU 2i ·E
³eAi¡ eB i

2́ ·
³
E eAi¡E eB i

2́
:

To ob tainthe low er b ound for the c ond itionalvariance w e c onsid er three c ases. If
B i·E[Vm jZ i¡1;C N ]·Ai,then

E
³
U 2ijZ i¡1

´
¸ P(C i= cA)(Ai¡E(Vm jZ i¡1))2 + P(C i= cB )(B i¡E(Vm jZ i¡1))2

¸ P(C i= cA)P(C i= cB )
³
~Ai¡ ~B i

2́
;

w here the second inequalityfollow sfrom Lemma 4 .1,w hich isprovenb elow .IfB i·Ai·
E[Vm jZ i¡1;C N ],then

E
³
U 2ijZ i¡1

´
¸ P(C i= cN )(E[Vm jZ i¡1;C N ]¡E(Vm jZ i¡1))2 + P(C i= cB )(B i¡E(Vm jZ i¡1))2

¸ P(C i= cN )P(C i= cB )
³
~Ai¡ ~B i

2́
;

w here the sec ond inequalityfollow sfrom Lemma 4.1.IfE[Vm jZ i¡1;C N ]·B i·Ai,then

E
³
U 2ijZ i¡1

´
¸ P(C i= cA)(Ai¡E(Vm jZ i¡1))2 + P(C i= cN )(E[Vm jZ i¡1;C N ]¡E(Vm jZ i¡1))2

¸ P(C i= cA)P(C i= cN )
³
~Ai¡ ~B i

2́
;

w here the sec ond inequalityfollow sfrom Lemma 4.1.
T he uncond itionalvariance thussatis̄ es:

E
·
P(C i= cA)P(C i= cB )P(C i= cN )

³eAi¡ eB i
2́
¸
·E

³
U 2i

´

Lemma 4 .1:Let c2 [0 ;1].For anypair ofrealnumbersa and b

c(1¡c)(a + b)2 ·ca2 + (1¡c)b2 :

P roof.T he left sid e ofthe inequality isc(1¡c)(a2 + b2 + 2 ab), w hich w hensub trac ted
from b oth sid esc onvertsthe inequality to

0 ·c2 a2 + (1¡c)2 b2 ¡2c(1¡c)ab= [ca¡(1¡c)b]2 :
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Proof of Proposition 5

We ¯rst carefullyd erive C ov
h
(¢ Pt¡1)

2 ;(¢Pt)
2
i
for k= 2 .Let N = 1 ift¡1 isthe ¯rst

period ofa trad ingd ayand let N = 2 ift¡1 isthe sec ond period .T hen
E

h
(¢ Pt¡1)

2 jN = 1
i
= µ¾1 + (1¡µ)¾0 = E

h
(¢ Pt)

2 jN = 2
i
;

E
h
(¢ Pt¡1)2 jN = 2

i
= µ¾ 2 + (1¡µ)¾0 = E

h
(¢ Pt)2 jN = 1

i
;

E
h
(¢ Pt)2

i
= µ

³
¾1
2 +

¾2
2

´
+ (1¡µ)¾ 0:

B ec ause N isequallylikely to take the values1 or 2 ,the c ond itionalcovariance is
1
2 fE

h
(¢Pt¡1)

2 (¢Pt)
2 jN = 1

i
¡E

h
(¢ Pt¡1)

2 jN = 1
i
E

h
(¢Pt)

2 jN = 1
i
g

+ 1
2 fE

h
(¢Pt¡1)

2 (¢ Pt)
2 jN = 2

i
¡E

h
(¢Pt¡1)

2 jN = 2
i
E

h
(¢Pt)

2 jN = 2
i
g: (A4 :1)

From the formulae for the expec ted c alend ar period squared pric e change giventhe value of
N ,(A4:1) equals

1
2 f[µ¾1¾ 2 + (1¡µ)¾ 20 ]¡(µ¾1 + (1¡µ)¾0 )(µ¾ 2 + (1¡µ)¾0 )+ µ [µ¾ 2 ¾1 + (1¡µ)¾ 2 ¾ 0]
+ (1¡µ)[µ¾0 ¾1 + (1¡µ)¾ 20 ]¡(µ¾ 2 + (1¡µ)¾ 0)(µ¾1 + (1¡µ)¾ 0)g;

w hich issimplī ed as
1
2 µ (1¡µ)(¾1¡¾ 0)(¾ 2 ¡¾ 0): (A4 :2 )

T he c ovariance ofthe cond itionalmeansis

Ef
³
E(¢ Pt¡1)

2 ¡E
h
(¢Pt¡1)

2 jN
í ³

E(¢ Pt)
2 ¡E

h
(¢ Pt)

2 jN
í
g;

w hich equals

P(N = 1)f
³
E(¢ Pt¡1)2 ¡E

h
(¢Pt¡1)2 jN = 1

í ³
E(¢ Pt)2 ¡E

h
(¢Pt)2 jN = 1

í
g

+P(N = 2 )f
³
E(¢ Pt¡1)2 ¡E

h
(¢Pt¡1)2 jN = 2

í ³
E(¢ Pt)2 ¡E

h
(¢Pt)2 jN = 2

í
g:

Note
³
E(¢ Pt¡1)

2 ¡E
h
(¢Pt¡1)

2 jN = 1
í
= µ (¹¾ 2 ¡¾1);³

E(¢ Pt)
2 ¡E

h
(¢Pt)

2 jN = 1
í
= µ (¹¾ 2 ¡¾ 2 );³

E(¢ Pt¡1)2 ¡E
h
(¢Pt¡1)2 jN = 2

í
= µ (¹¾ 2 ¡¾ 2 );³

E(¢ Pt)2 ¡E
h
(¢Pt)2 jN = 2

í
= µ (¹¾ 2 ¡¾1):

T hus,the c ovariance ofthe c ond itionalmeansis
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h
µ
³
¾1
2 +

¾ 2
2 ¡¾1

í h
µ
³
¾1
2 +

¾2
2 ¡¾ 2

í
= µ2

³
¾1
2 ¡¾2

2

´³
¾ 2
2 ¡¾1

2

´
: (A4 :3)

From (A4:2 ) and (A4 :3) the C ov
h
(¢ Pt¡1)

2 ;(¢ Pt)
2
i
equals

1
2 µ (1¡µ)(¾1¡¾ 0)(¾ 2 ¡¾ 0)+ µ2

³
¾1
2 ¡¾2

2

´³
¾2
2 ¡¾1

2

´
:

B ec ause ¾1 > ¾ 2 , the second term ofthe c ovariance isnegative (w hile the ¯rst term is
positive) and the c ovariance ispositive if

(1¡µ)(¾1¡¾ 0)(¾ 2 ¡¾ 0) > µ
2 (¾1¡¾ 2 )

2 : (A4 :4 )

First,by inspec tion

(¾1¡¾ 0 ) > (¾1¡¾ 2 ):

T husto verify(A4 :4 ),w e need onlyshow

(1¡µ)(¾ 2 ¡¾ 0) > µ
2 (¾1¡¾ 2 ):

B ec ause µ
2 (¾1¡¾ 2 ) = µ (¹¾ 2 ¡¾ 2 ),to verify the preced inginequality,w e must show

(1¡µ)(¾ 2 ¡¾ 0)¡µ (¹¾ 2 ¡¾ 2 ) > 0:

Cond ition1 implies

(1¡µ)(¾ 2 ¡¾ 0) > µ (1¡µ)(¹¾ 2 ¡¾ 0 ):

Hence

(1¡µ)(¾ 2 ¡¾ 0)¡µ (¹¾ 2 ¡¾ 2 ) > µ (1¡µ)(¹¾ 2 ¡¾ 0 )¡µ (¹¾ 2 ¡¾ 2 ):

T he right-hand sid e ofthe prec ed inginequalityequals

µ [(¾ 2 ¡¾ 0 )¡µ (¹¾ 2 ¡¾ 0 )];

and Cond ition1 implies

(¾ 2 ¡¾ 0 )¡µ (¹¾ 2 ¡¾ 0 ) > 0:

6.1

Proof of Proposition 6

Ifk= 3,thenthe c ovariance ofcalend ar period squared price changesislarger for r = 1
thanfor r = 2 , so P roposition6 isestablished ifC ov

h
(¢Pt¡2 )2 ;(¢ Pt)2

i
ispositive.We
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have C ov
h
(¢Pt¡2 )

2 ;(¢ Pt)
2
i
equals

1
3µf(1¡µ)(¾1¡¾0 )(¾3¡¾0 )+ µ (¹¾3¡¾1)(¹¾3¡¾3)+ µ (¹¾3¡¾ 2 )(¹¾3¡¾1)+ µ (¹¾3¡¾3)(¹¾3¡¾ 2 )g

T he ¯rst term ispositive,the sec ond negative,and the remaingtw o termsare opposite in
signand d epend onthe signof(¹¾3¡¾ 2 ).We c onsid er each ofthe three cases:(¹¾3¡¾ 2 ) > 0 ,
(¹¾3¡¾ 2 ) < 0 ,and (¹¾3¡¾ 2 ) = 0 inturn.

Case 1:(¹¾3¡¾ 2 ) > 0

If(¹¾3¡¾ 2 ) > 0 , then¾1 > ¹¾3 > ¾ 2 > ¾3 > ¾ 0.De¯ne d 1 = ¾1 ¡¹¾3, d 2 = ¹¾3¡¾ 2 ,
d 3 = ¾ 2 ¡¾3,and d 4 = ¾3¡¾ 0.T he C ov

h
(¢ Pt¡2 )2 ;(¢ Pt)2

i
ispositive if

(1¡µ)(¾1¡¾ 0)(¾3¡¾ 0)+ µ (¹¾3¡¾3)(¹¾3¡¾ 2 ) > jµ (¹¾3¡¾1)(¹¾3¡¾3)+ µ (¹¾3¡¾ 2 )(¹¾3¡¾1)j;
w hich isequivalentlyexpressed as

(1¡µ)
³P 4

j= 1 d j
´
d 4 + µ (d 2 + d 3)d 2 > µd 1 (2 d 2 + d 3): (A5:1)

R ew rite (A5:1) as

d 1 (1¡µ)d 4 + (1¡µ)
³P 4

j= 2 d j
´
d 4 + µ (d 2 + d 3)d 2 > d 1µ (d 2 + d 3)+ µd 1d 2:

IfCond ition1 hold sfor period 3,then

(1¡µ)d 4 > µ (d 2 + d 3);

and (A5:1) issatisī ed if

d 2 (1¡µ)d 4 + µd 2 (d 2 + d 3)+ (1¡µ)
³P 4

j= 3d j
´
d 4 > µd 1d 2: (A5:2 )

IfCond ition1 hold sfor period 3,then

(1¡µ)d 4 > µd 2 ;

and (A5:2 ) issatis̄ ed if

µd 2 (2 d 2 + d 3)¡µd 1d 2 = µd 2 (2 d 2 + d 3¡d 1) = 0

From the d e¯nitionof¹¾3,
P3

j= 1 (¾j¡¹¾3) = d 1¡2 d 2 ¡d 3,so

(2 d 2 + d 3¡d 1) = 0:

Case 2 :(¹¾3¡¾ 2 ) < 0
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If(¹¾3¡¾ 2 ) < 0 , then¾1 > ¾ 2 > ¹¾3 > ¾3 > ¾ 0.De¯ne d 1 = ¾1 ¡¾ 2 , d 2 = ¾ 2 ¡¹¾3,
d 3 = ¹¾3¡¾3,and d 4 = ¾3¡¾ 0.T he C ov

h
(¢ Pt¡2 )2 ;(¢ Pt)2

i
ispositive if

(1¡µ)(¾1¡¾ 0)(¾3¡¾ 0)+ µ (¹¾3¡¾1)(¹¾3¡¾ 2 ) > jµ (¹¾3¡¾1)(¹¾3¡¾3)+ µ (¹¾3¡¾ 2 )(¹¾3¡¾3)j;
w hich isequivalentlyexpressed as

(1¡µ)
³P 4

j= 1 d j
´
d 4 + µ (d 1 + d 2 )d 2 > µd 3(2 d 2 + d 1): (A5:3)

From the d e¯nitionof¹¾3,

2 d 2 + d 1 = d 3;

so (A5:3) issatis̄ ed if

(1¡µ)d 3d 4 ¡µd 23 > 0:

Note (1¡µ)d 3d 4 ¡µd 23 = d 3(d 4 ¡µ (d 3+ d 4 )).IfCond ition1 hold sfor period 3

¾3¡¾ 0 > µ (¹¾3¡¾ 0 );

w hich isequivalentlyexpressed as

d 4 > µ (d 3+ d 4 ):

Case 3:(¹¾3¡¾ 2 ) = 0

T he C ov
h
(¢Pt¡2 )2 ;(¢ Pt)2

i
ispositive if

(1¡µ)(¾1¡¾ 0)(¾3¡¾ 0) > jµ (¹¾3¡¾1)(¹¾3¡¾3)j:
First,by inspec tion

(¾1¡¾ 0 ) > (¾1¡¹¾3):
Second ,ifCond iton1 hold sfor period 3

(1¡µ)(¾3¡¾ 0) > µ (¹¾3¡¾3):
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Figure 2 :
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Figure 3:
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