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$EVWUDFW

, XQFRYHU D QHZ IRUFH WRZDUGV LQFUHDVLQJ GRPLQDQFH �WKH SURSHUW\ ZKHUHE\� LQ

G\QDPLF JDPHV� WKH OHDGHU WHQGV WR LQFUHDVH KHU OHDG LQ H[SHFWHG WHUPV�� 7KH QHZ

HmHFW UHVXOWV IURP WKH VWUDWHJLF FKRLFH RI FRYDULDQFH LQ UDFHV� , DVVXPH WKDW SOD\HUV

PXVW FKRRVH QRW WKH DPRXQW RI UHVRXUFHV WR VSHQG EXW KRZ WR DOORFDWH WKRVH UHVRXUFHV�

, VKRZ WKDW WKH ODJJDUG KDV DQ LQFHQWLYH WR FKRVH D GLmHUHQW SDWK IURP WKH OHDGHU� ,Q

HTXLOLEULXP� WKLV UHVXOWV LQ WKH ODJJDUG FKRRVLQJ D OHVV SURPLVLQJ SDWK� LQ HmHFW WUDGLQJ

Rm ORZHU H[SHFWHG YDOXH IRU ORZHU FRUUHODWLRQ ZLWK UHVSHFW WR WKH OHDGHU� 7KLV LQ WXUQ

OHDGV WR LQFUHDVLQJ GRPLQDQFH� ,Q RUGHU WR PDNH WKH SRLQW DV FOHDU DV SRVVLEOH DQG

GLmHUHQWLDWH LW IURP WKH IRUFHV SUHYLRXVO\ FKDUDFWHUL]HG� , DVVXPH WKDW QR MRLQW SD\Rm

�RU HpFLHQF\� HmHFW LV SUHVHQW�
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� ,QWURGXFWLRQ

$Q LPSRUWDQW TXHVWLRQ LQ PDQ\ G\QDPLF JDPHV LV ZKHWKHU DV\PPHWULHV EHWZHHQ SOD\HUV WHQG

WR LQFUHDVH RYHU WLPH �LQFUHDVLQJ GRPLQDQFH� RU GHFUHDVH RYHU WLPH �FDWFKLQJ XS�� *LOEHUW DQG

1HZEHU\ ������ FKDUDFWHUL]H FRQGLWLRQV XQGHU ZKLFK PRQRSRO\ GRPLQDQFH SHUVLVWV RYHU WLPH

HYHQ WKRXJK WKHUH DUH RSSRUWXQLWLHV IRU ULYDO nUPV WR FKDOOHQJH DQ LQFXPEHQW PRQRSROLVW�

%XGG� +DUULV DQG 9LFNHUV ������ LGHQWLI\ VRPH RI WKH EDVLF IRUFHV OHDGLQJ WR LQFUHDVLQJ

GRPLQDQFH LQ WKH FRQWH[W RI D G\QDPLF PRGHO RI 5	'� &DEUDO DQG 5LRUGDQ ������ SURYLGH

VXpFLHQW FRQGLWLRQV IRU LQFUHDVLQJ GRPLQDQFH LV WKH FRQWH[W RI G\QDPLF FRPSHWLWLRQ ZLWK

OHDUQLQJ�E\�GRLQJ� 0RUH UHFHQWO\� $WKH\ DQG 6FKPXW]OHU ������ GHULYH JHQHUDO FRQGLWLRQV IRU

LQFUHDVLQJ GRPLQDQFH LQ D UHGXFHG�IRUP PRGHO RI G\QDPLF FRPSHWLWLRQ��

2QH FRPPRQ IHDWXUH RI DOO RI WKHVH PRGHOV LV WKDW VWUDWHJLHV DUH GHnQHG E\ VRPH PHDVXUH

RI HmRUW LQ WU\LQJ WR PRYH DKHDG RI FRPSHWLWRUV� ,QFUHDVLQJ GRPLQDQFH WKHQ UHVXOWV ZKHQ WKH

OHDGHU KDV D JUHDWHU LQFHQWLYH WR H[HUW HmRUW WKDQ WKH ODJJDUG� $V %XGG� +DUULV DQG 9LFNHUV

������ SXW LW� ?WKH TXHVWLRQ LV ZKHWKHU WKH FXUUHQW OHDGHU ZRUNV KDUGHU WKDQ WKH ODJJDUG_

GRHV WKH CJDS
 EHWZHHQ nUPV WHQG WR LQFUHDVH RU GHFUHDVH"� 7KH DQVZHU� WKH\ VKRZ� LV WKDW

?WKH >V\VWHP@ WHQGV WR HYROYH LQ WKH GLUHFWLRQ ZKHUH MRLQW SD\RmV DUH JUHDWHU��

7KH LQFUHDVLQJ GRPLQDQFH UHVXOWV RI *LOEHUW DQG 1HZEHU\ ������� %XGG� +DUULV DQG

9LFNHUV ������� &DEUDO DQG 5LRUGDQ ������ DQG $WKH\ DQG 6FKPXW]OHU ������ DUH DOO EDVHG

RQ WKLV SURSHUW\ RI G\QDPLF JDPHV� WRJHWKHU ZLWK VRPH IRUP RI WKH HpFLHQF\ HmHFW� WKH

SURSHUW\ ZKHUHE\ WRWDO SD\RmV DUH JUHDWHU ZKHQ DV\PPHWULHV DUH JUHDWHU� ,Q RWKHU ZRUGV�

VXSSRVH WKDW WRWDO SD\RmV DUH JUHDWHU ZKHQ WKH OHDGHU JHWV IDUWKHU DKHDG LQ D UDFH� 7KHQ�

LQ HTXLOLEULXP WKH OHDGHU ZLOO WHQG WR JHW IDUWKHU DKHDG LQ WKH UDFH�

,Q WKLV SDSHU� , XQFRYHU DQ DGGLWLRQDO IRUFH WRZDUGV LQFUHDVLQJ GRPLQDQFH� RQH WKDW LV

EDVHG RQ WKH VWUDWHJLF FKRLFH RI FRYDULDQFH� 6XSSRVH WKDW SOD\HUV PXVW FKRRVH QRW WKH DPRXQW

RI UHVRXUFHV WR VSHQG EXW KRZ WR DOORFDWH WKRVH UHVRXUFHV� 6SHFLnFDOO\� VXSSRVH WKDW HDFK

SOD\HU KDV D n[HG DPRXQW RI UHVRXUFHV WR VSHQG DQG PXVW FKRRVH EHWZHHQ DOWHUQDWLYH SDWKV

RI XQFHUWDLQ VXFFHVV� %\ FKRRVLQJ WKH VDPH SDWK� WKH SOD\HUV
 VXFFHVV LV SHUIHFWO\ FRUUHODWHG�

%\ FKRRVLQJ GLmHUHQW SDWKV� VXFFHVV LV LQGHSHQGHQW DFURVV SOD\HUV�� ,Q WKLV FRQWH[W� , VKRZ

WKDW WKH ODJJDUG LQ D UDFH KDV DQ LQFHQWLYH WR FKRVH D GLmHUHQW SDWK IURP WKH OHDGHU� ,Q

HTXLOLEULXP� WKLV UHVXOWV LQ WKH ODJJDUG FKRRVLQJ D OHVV SURPLVLQJ SDWK� LQ HmHFW WUDGLQJ Rm

ORZHU H[SHFWHG YDOXH IRU ORZHU FRUUHODWLRQ ZLWK UHVSHFW WR WKH OHDGHU� 7KLV LQ WXUQ OHDGV WR

LQFUHDVLQJ GRPLQDQFH�

,Q RUGHU WR PDNH WKH SRLQW DV FOHDU DV SRVVLEOH� , DVVXPH WKDW QR MRLQW SD\Rm �RU HpFLHQF\�

HmHFW LV SUHVHQW� ,Q WKLV FRQWH[W� DQ\ IRUFH WRZDUGV LQFUHDVLQJ GRPLQDQFH PXVW RULJLQDWH LQ

VRPHWKLQJ RWKHU WKDQ WKH MRLQW SD\Rm DQG HpFLHQF\ HmHFWV�

7KH SDSHU LV RUJDQL]HG DV IROORZV� ,Q WKH QH[W VHFWLRQ� , LQWURGXFH D WZR�SOD\HU� LQnQLWH

�2WKHU UHVXOWV UHODWHG WR LQFUHDVLQJ GRPLQDQFH LQFOXGH )ODKHUW\ ������� $UWKXU ������� .OHSSHU �������

DQG %DJZHOO� 5DPH\ DQG 6SXHOEHU �������
�+RHUQLJ ������ FRQVLGHUV WKH FKRLFH RI 5	' HmRUW DQG W\SH RI HmRUW� +RZHYHU� KH GRHV QRW DGGUHVV WKH

LVVXH RI FRUUHODWLRQ DFURVV SOD\HUV�

�



SHULRG JDPH ZKHUH SOD\HUV PXVW FKRRVH LQ HDFK SHULRG EHWZHHQ WZR DOWHUQDWLYH SDWKV� 6HFWLRQ

� SUHVHQWV WKH PDLQ UHVXOWV� 6HFWLRQ � LQFOXGHV D GLVFXVVLRQ RI WKH UHVXOWV DQG VRPH FRQFOXGLQJ

UHPDUNV�

� 0RGHO GHnQLWLRQV DQG DVVXPSWLRQV

&RQVLGHU DQ LQnQLWH�SHULRG JDPH ZLWK WZR SOD\HUV� ,Q HDFK SHULRG� WKH VWDWH RI WKH JDPH

LV VXPPDUL]HG E\ DQ LQWHJHU ] � ==� 6KRUW UXQ SD\RmV DUH VXPPDUL]HG E\ WKH IXQFWLRQV

SL�]�� L  �� �� , DVVXPH WKDW SD\Rm IXQFWLRQV DUH PRQRWRQLF DQG V\PPHWULF� L�H� S��]� LV

LQFUHDVLQJ LQ ] DQG S��]�  S��b]� �DQG WKXV S��]� LV GHFUHDVLQJ LQ ]�� %\ DQ DEXVH RI

QRWDWLRQ WKDW VLPSOLnHV WKH DQDO\VLV� , GHQRWH E\ S�Q� WKH SD\Rm IRU D SOD\HU ZKR LV ?DKHDG�

LV VWDWH ]  Q w � �WKH ?OHDGHU��� WKH SD\Rm IRU WKH ULYDO SOD\HU �WKH ?ODJJDUG�� LV WKHUHIRUH

S�bQ��

2QH XVHIXO ZD\ RI WKLQNLQJ DERXW WKH PRGHO LV WKDW WZR nUPV DWWHPSW WR PRYH XS D

TXDOLW\ ODGGHU �RU GRZQ D FRVW ODGGHU� E\ H[HUWLQJ 5	' HmRUW� ,Q HDFK SHULRG� SD\RmV DUH

GHWHUPLQHG E\ WKH GLmHUHQFH LQ TXDOLW\ OHYHOV� Q  TL b TM� 0RWLRQ DFURVV VWDWHV LV WKHUHIRUH

GHWHUPLQHG E\ WKH nUPV
 VXFFHVV LQ PRYLQJ XS WKH ODGGHU�

$ FUXFLDO IHDWXUH RI WKH PRGHO LV WKDW SOD\HUV PXVW FKRRVH EHWZHHQ WZR DOWHUQDWLYH SDWKV�

D DQG E� DQG� RQFH D SDWK LV FKRVHQ� D n[HG DPRXQW RI HmRUW LV VSHQW LQ IROORZLQJ WKDW SDWK�

,I ZH LQWHUSUHW WKH PRGHO DV RQH RI 5	' FRPSHWLWLRQ� WKHQ WKLV DPRXQWV WR DVVXPLQJ WKDW

WKH 5	' EXGJHW LV n[HG DQG WKDW WKH RQO\ FKRLFH LV EHWZHHQ GLmHUHQW UHVHDUFK SDWKV� (DFK

SDWK DOORZV SOD\HUV WR PRYH XS WKH ODGGHU RQH VWHS ZLWK D SRVLWLYH SUREDELOLW\� m DQG n�

UHVSHFWLYHO\� ZKHUH ERWK m DQG n DUH VWULFWO\ EHWZHHQ � DQG �� ,I SOD\HUV ZHUH WR FKRRVH

SDWKV EDVHG RQ H[SHFWHG YDOXH RQO\� WKHQ WKH FKRLFH ZRXOG EH WULYLDO_D LI m ! n DQG E LI

n ! m� +RZHYHU� VHOHFWLQJ D SDUWLFXODU SDWK DOVR LPSOLHV D SDUWLFXODU FRUUHODWLRQ ZLWK UHVSHFW

WR WKH ULYDO SOD\HU
V PRWLRQ� 6SHFLnFDOO\� , DVVXPH WKDW� LI ERWK SOD\HUV FKRRVH WKH VDPH SDWK�

WKHQ HLWKHU ERWK SOD\HUV PRYH XS RQH VWHS RU QHLWKHU RQH GRHV� ,I SOD\HUV FKRRVH GLmHUHQW

SDWKV� KRZHYHU� WKHQ WKH SUREDELOLW\ RI VXFFHVV LV LQGHSHQGHQW DFURVV SOD\HUV� )LQDOO\� LI

SOD\HUV FKRRVH HDFK RI WKH SDWKV ZLWK VWULFWO\ SRVLWLYH SUREDELOLW\� WKHQ WKH SOD\HUV
 PRWLRQ

LV SRVLWLYHO\ EXW LPSHUIHFWO\ FRUUHODWHG� )RUPDOO\�

$VVXPSWLRQ � 6XFFHVV LV SHUIHFWO\ FRUUHODWHG IRU D JLYHQ SHULRG DQG SDWK� LQGHSHQGHQW

DFURVV SHULRGV DQG SDWKV�

$ 0DUNRY VWUDWHJ\ IRU SOD\HU L LV D PDS [L�Q�� JLYLQJ WKH SUREDELOLW\ RI FKRRVLQJ SDWK

D LQ VWDWH Q� $ SDLU RI VWUDWHJLHV [L�Q�� WRJHWKHU ZLWK WKH �FRPPRQ� GLVFRXQW IDFWRU p�

LQGXFH YDOXH IXQFWLRQV YL�Q�� , WUHDW YDOXH IXQFWLRQV LQ WHUPV RI DYHUDJH SHULRG SD\Rm� VR

YL�Q�  �� b p�SL�Q� � pY�
L
� ZKDUH Y

�

L
LV SOD\HU L
V H[SHFWHG FRQWLQXDWLRQ YDOXH� 0RUHRYHU�

, UHVWULFW WR V\PPHWULF HTXLOLEULD� )RU VLPSOLFLW\� LI ZLWK VRPH DEXVH RI QRWDWLRQ� , GHQRWH

VWUDWHJLHV DQG YDOXH IXQFWLRQV E\ [�Q� DQG Y�Q�� UHVSHFWLYHO\�

�



7KH PDLQ UHVXOW RI WKH SDSHU LV WKDW LQFUHDVLQJ GRPLQDQFH UHVXOWV HYHQ ZKHQ WKHUH LV

QR MRLQW SD\Rm HmHFW� )RU WKLV SXUSRVH� , DVVXPH WKDW WRWDO SD\RmV DUH FRQVWDQW� WKDW LV�

LQGHSHQGHQW RI WKH VWDWH� 6SHFLnFDOO\� , DVVXPH WKDW

$VVXPSWLRQ � � � S�Q� � �� S�Q� � S�bQ�  ��

$VVXPSWLRQ � LPSOLHV WKDW� LI LQFUHDVLQJ GRPLQDQFH RFFXUV� LW GRHV QRW UHVXOW IURP WKH

MRLQW SD\Rm HmHFW� , DOVR DVVXPH WKDW D OHDGHU DFKLHYHV KHU PD[LPXP SD\Rm IRU D nQLWH OHDG

OHQJWK�

$VVXPSWLRQ � 7KHUH H[LVWV DQ xQ VXFK WKDW� IRU Q ! xQ� S�Q�  ��

� 0DLQ UHVXOWV

, QRZ SUHVHQW WKH PDLQ UHVXOWV RI WKH SDSHU� /HPPD � DQG &RUROODU\ � FKDUDFWHUL]H WKH

HTXLOLEULXP ZKHQ WKH WZR SDWKV DUH HTXDOO\ SURPLVLQJ �m  n�� , VKRZ WKDW WKH UDFH WKHQ

KDV WKH QDWXUH RI D ?PDWFKLQJ SHQQLHV� JDPH� WKH HTXLOLEULXP EHLQJ IRU SOD\HUV WR FKRRVH

HDFK SDWK ZLWK SUREDELOLW\ �

�
� ,I m ! n� KRZHYHU� WKHQ WKH OHDGLQJ SOD\HU FKRRVHV WKH

PRVW SURPLVLQJ SDWK ZLWK JUHDWHU SUREDELOLW\� ZKLFK LQ WXUQ LPSOLHV LQFUHDVLQJ GRPLQDQFH_

3URSRVLWLRQ ��

/HPPD � 6XSSRVH WKDW m  n� 7KHQ� LQ HTXLOLEULXP DQG IRU Q ! xQ LW PXVW EH WKDW

[�Q�  
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3URRI� ([SHFWHG SD\Rm LQ VWDWH Q LV JLYHQ E\
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)LUVW QRWLFH WKDW LW PXVW EH � � Y�Q� � � IRU DOO Q� ,Q IDFW� VXSSRVH WKH RSSRVLWH LV WUXH

DQG WKDW Y�bQ��  �� Y�bQ� � �� ! �� 7KLV LV RQO\ SRVVLEOH LI� LQ VWDWH Q�� �  �� ZKLFK

FRUUHVSRQGV WR WKH FDVH ZKHQ [�Q�� DQG [�bQ�� DUH HTXDO WR HDFK RWKHU DQG HTXDO WR � RU

�� %XW FOHDUO\ WKLV LV QRW DQ HTXLOLEULXP� IRU LQ VWDWH Q� WKH SOD\HU UHFHLYLQJ D SD\Rm RI ]HUR

ZRXOG LQFUHDVH KLV RU KHU YDOXH E\ FKRRVLQJ D GLmHUHQW [�bQ��� 7KLV DUJXPHQW DOVR LPSOLHV

WKDW� LI Q ! xQ� � ! ��

6XSSRVH WKDW �� �� ,W IROORZV WKDW
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,I Q ! xQ� �  S�Q� ! Y�Q�� &RQVHTXHQWO\� Y�Q� LV ORFDOO\ FRQFDYH DQG Y�bQ�  � b Y�Q�

LV ORFDOO\ FRQYH[� 7KLV LPSOLHV WKDW WKH OHDGHU
V RSWLPDO [�Q� LV WKDW ZKLFK PLQLPL]HV ��

ZKHUHDV WKH ODJJDUG
V RSWLPDO [�bQ� LV WKDW ZKLFK PD[LPL]HV �� 7KH EHVW UHVSRQVHV LQ WKH

OHPPD WKHQ IROORZ�

,Q ZRUGV� /HPPD � VWDWHV WKDW WKH OHDGHU
V EHVW UHVSRQVH LV WR ?LPLWDWH� WKH ODJJDUG�

ZKHUHDV WKH ODJJDUG
V EHVW UHVSRQVH LV WR ?GLmHUHQWLDWH� IURP WKH OHDGHU� ,Q IDFW� LI WKH

OHDGHU ZDQWV WR PD[LPL]H WKH SUREDELOLW\ RI VHOHFWLQJ WKH VDPH SDWK DV WKH ODJJDUG� WKHQ VKH

VKRXOG WDNH SDWK D ZLWK SUREDELOLW\ � LI WKH ODJJDUG VHOHFWV D ZLWK SUREDELOLW\ JUHDWHU WKDQ
� �� DV LQGLFDWHG E\ WKH /HPPD� /LNHZLVH� LI WKH ODJJDUG ZDQWV WR PLQLPL]H WKH SUREDELOLW\

RI VHOHFWLQJ WKH VDPH SDWK DV WKH OHDGHU� WKHQ KH VKRXOG WDNH SDWK E LI WKH OHDGHU VHOHFWV D

ZLWK SUREDELOLW\ JUHDWHU WKDQ � �� DV LQGLFDWHG E\ WKH /HPPD�

7KH LQWXLWLRQ IRU WKLV UHVXOW LV WKDW D OHDGHU
V FXUUHQW SD\Rm LV JUHDWHU WKDQ KHU GLVFRXQWHG

YDOXH� WKDW LV� ?WKLQJV FDQ RQO\ JHW ZRUVH�� 7KLV LPSOLHV WKDW KHU YDOXH IXQFWLRQ LV FRQFDYH�

VKH KDV OHVV WR JDLQ IURP H[WHQGLQJ KHU OHDG WKDQ VKH KDV WR ORVH IURP EHLQJ FDXJKW XS E\

WKH ODJJDUG� 6KH WKXV SUHIHUV WR PLQLPL]H WKH YDULDQFH RI PRWLRQ DFURVV VWDWHV� ZKLFK VKH

GRHV E\ PD[LPL]LQJ WKH FRUUHODWLRQ ZLWK UHVSHFW WR WKH ODJJDUG� &RQYHUVHO\� WKH ODJJDUG
V

FXUUHQW SD\Rm LV ORZHU WKDQ KLV GLVFRXQWHG YDOXH� WKDW LV� ?WKLQJV FDQ RQO\ JHW EHWWHU�� 7KLV

LPSOLHV WKDW KLV YDOXH IXQFWLRQ LV FRQYH[� KH KDV OHVV WR ORVH IURP OHWWLQJ KLV ODJ H[WHQG WKDQ

KH KDV WR JDLQ IURP FDWFKLQJ XS ZLWK WKH OHDGHU� +H WKXV SUHIHUV WR PD[LPL]H WKH YDULDQFH RI

PRWLRQ DFURVV VWDWHV� ZKLFK KH GRHV E\ PLQLPL]LQJ WKH FRUUHODWLRQ ZLWK UHVSHFW WR WKH OHDGHU�

$Q LPPHGLDWH LPSOLFDWLRQ RI /HPPD � LV WKDW WKH JDPH KDV WKH QDWXUH RI D ?PDWFKLQJ

SHQQLHV� JDPH� WKH HTXLOLEULXP RI ZKLFK LV IRU SOD\HUV WR HTXDOO\ PL[ EHWZHHQ WKH WZR SRVVLEOH

SDWKV�

&RUROODU\ � 6XSSRVH WKDW m  n� 7KHQ� LQ HTXLOLEULXP DQG IRU Q ! xQ� [�Q�  [�bQ�  � ��

/HPPD � DQG &RUROODU\ � FKDUDFWHUL]H WKH HTXLOLEULXP ZKHQ WKH WZR SDWKV DUH HTXDOO\

SURPLVLQJ �m  n�� , QRZ FRQVLGHU WKH FDVH ZKHQ RQH RI WKH SDWKV LV PRUH SURPLVLQJ �m ! n�

DQG VKRZ WKDW LQFUHDVLQJ GRPLQDQFH UHVXOWV LQ HTXLOLEULXP�

3URSRVLWLRQ � �LQFUHDVLQJ GRPLQDQFH� 7KHUH H[LVWV DQ xm VXFK WKDW� LI n � m � xm� WKHQ

LQ HTXLOLEULXP DQG DW VWDWH Q ! xQ WKH V\VWHP PRYHV DZD\ IURP ]HUR LQ H[SHFWHG YDOXH�

3URRI� )URP WKH SURRI RI /HPPD �� ZH FRQFOXGH WKDW� LQ HTXLOLEULXP� SOD\HUV PL[ EHWZHHQ

WKH WZR SDWKV� ,Q IDFW� YDOXH IXQFWLRQV DUH VWULFWO\ FRQFDYH �OHDGHU� DQG FRQYH[ �ODJJDUG��

VR WKDW� HYHQ LI m LV FKDQJHG E\ D VPDOO DPRXQW� WKH QDWXUH RI WKH EHVW UHVSRQVH IXQFWLRQV

UHPDLQV DV EHIRUH� WKH OHDGHU SUHIHUULQJ WR ?LPLWDWH� WKH ODJJDUG� WKH ODWWHU SUHIHUULQJ WR

GLmHUHQWLDWH IURP WKH IRUPHU�

([SHFWHG SD\Rm DW VWDWH Q LV JLYHQ E\

Y�Q�  ��b p�S�Q� � p�bY�Qb �� � p�pY�Q� � p��Y�Q� ���
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7KH IDFW WKDW WKH OHDGHU PL[HV LPSOLHV WKDW WKH ULJKW�KDQG VLGH RI WKH YDOXH IXQFWLRQ LV

LQYDULDQW ZLWK UHVSHFW WR [�Q�� 6XEVWLWXWLQJ � DQG � IRU [�Q�� HTXDWLQJ� DQG VROYLQJ IRU

[�bQ�� ZH JHW

[�bQ�  
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6LQFH S�Q� � �� Q � xQ �VWULFW LQHTXDOLW\ IRU Q � bxQ� DQG S�Q�  �� Q ! xQ� Y�Q� LV LQFUHDV�

LQJ LQ Q IRU Q ! xQ� 0RUHRYHU� E\ WKH VDPH DUJXPHQW DV LQ WKH SURRI RI /HPPD �� Y�Q� LV

FRQFDYH IRU Q ! xQ� ,W IROORZV WKDW WKH DERYH GHULYDWLYH LV QHJDWLYH� ZKLFK LQ WXUQ LPSOLHV

WKDW [�bQ� � � � �UHFDOO WKDW� IRU m  n� [�Q�  [�bQ�  � ��� $Q DQDORJRXV DUJXPHQW

LPSOLHV WKDW [�Q� ! � �� 6LQFH SDWK D LV EHWWHU WKDQ E �LQ H[SHFWHG YDOXH�� WKH UHVXOW IROORZV�

7KH DERYH UHVXOWV DUH EDVHG RQ VHYHUDO DVVXPSWLRQV UHJDUGLQJ WKH YDOXH RI m DQG Q� 7KH

UHVXOWV DUH WLJKW LQ WKH VHQVH WKDW RQH FDQ nQG FRXQWHUH[DPSOHV ZKHQ WKRVH DVVXPSWLRQV IDLO�

6SHFLnFDOO\� LI m LV PXFK JUHDWHU WKDQ n� LW LV QR ORQJHU WKH FDVH WKDW SOD\HUV PL[ EHWZHHQ WKH

WZR SDWKV� ,Q IDFW� IRU m VXpFLHQWO\ JUHDWHU WKDQ n� ERWK SOD\HUV FKRRVH SDWK D� 0RUHRYHU�

LI Q LV OHVV WKDQ xQ� RQH FDQ nQG H[DPSOHV ZKHUHE\ WKH V\VWHP PRYHV WRZDUG ]HUR LQ H[SHFWHG

YDOXH� LW VXpFHV WR DVVXPH WKDW p LV FORVH WR ]HUR DQG S�Q� FRQYH[�

$OWHUQDWLYH IRUPXODWLRQV RI PDLQ UHVXOW� 7KH SUHYLRXV UHVXOWV DUH OLPLWHG LQ WKDW

WKH\ RQO\ DSSO\ IRU WKH FDVH ZKHQ WKH OHDGHU LV ?IDU� DKHDG RI WKH ODJJDUG� +RZHYHU� LPSRVLQJ

DGGLWLRQDO UHVWULFWLRQV RQ WKH YDOXH RI p� , FDQ SURYH VLPLODU YHUVLRQV RI WKH LQFUHDVLQJ GRP�

LQDQFH UHVXOW ZKLFK DSSO\ DW HYHU\ VWDWH� 7KH IROORZLQJ UHVXOWV GLVSHQVH ZLWK $VVXPSWLRQ

��

3URSRVLWLRQ � 6XSSRVH WKDW S�Q� LV VWULFWO\ FRQFDYH IRU Q ! �� 7KHUH H[LVW xm DQG xp VXFK

WKDW� LI n � m � xm� DQG p � xp� WKHQ WKH V\VWHP PRYHV DZD\ IURP ]HUR LQ H[SHFWHG YDOXH�

3URRI� ,I p LV FORVH WR ]HUR� WKHQ WKH SD\Rm IXQFWLRQ SURYLGHV D nUVW�RUGHU DSSUR[LPDWLRQ

WR WKH YDOXH IXQFWLRQ� &RQFDYLW\ RI S�Q� WKHUHIRUH LPSOLHV FRQFDYLW\ RI Y�Q�� 7KH UHVW RI WKH

SURRI SURFHHGV DV DV LQ /HPPD ��

�



3URSRVLWLRQ � 6XSSRVH WKDW S�Q� ! �

�
Lm Q ! �� 7KHUH H[LVW xm DQG xp VXFK WKDW� LI n � m �

xm� DQG p ! xp� WKHQ WKH V\VWHP PRYHV DZD\ IURP ]HUR LQ H[SHFWHG YDOXH�

3URRI� 5HFDOO WKDW Y�Q�  �� b p�S�Q� � p

r
�bY�Qb �� � �pY�Q� � ��Y�Q� ��

s
� 7RJHWKHU

ZLWK Y�Q��Y�bQ�  �� WKLV LPSOLHV WKDW OLPp�� Y�Q�  
�

�
� 6LQFH S�Q� ! �

�
Lm Q ! �� LW IROORZV

WKDW IRU p ODUJH HQRXJK� S�Q� ! Y�Q�� 7KH SURRI WKHQ SURFHHGV DV LQ /HPPD ��

� 'LVFXVVLRQ

$OWKRXJK P\ PRGHO LPSOLHV LQFUHDVLQJ GRPLQDQFH� WKH UHDVRQV IRU WKH UHVXOW DUH LQ VWDUN

FRQWUDVW ZLWK UHVSHFW WR VWDQGDUG LQFUHDVLQJ GRPLQDQFH UHVXOWV� ,Q WKH ODWWHU� WRWDO SD\RmV

DUH LQFUHDVLQJ ZKHQ LQFUHDVLQJ GRPLQDQFH WDNHV SODFH� 7\SLFDOO\� WKLV UHVXOWV IURP D FRQYH[

SD\Rm IXQFWLRQ� WKDW LV� D IXQFWLRQ ZLWK WKH SURSHUWLHV WKDW WKH OHDGHU KDV PRUH WR JDLQ IURP

H[WHQGLQJ KHU OHDG WKDQ WKH ODJJDUG KDV WR ORVH IURP IDOOLQJ IDUWKHU EHKLQG� %\ FRQWUDVW� P\

PRGHO IHDWXUHV FRQVWDQW WRWDO SD\RmV� VR WKDW WKH DERYH HmHFW LV DEVHQW� ,QVWHDG� WKH FUXFLDO

IHDWXUH RI WKH HTXLOLEULXP LV WKDW WKH OHDGHU KDV OHVV WR JDLQ IURP PRYLQJ IDUWKHU DKHDG

WKDQ VKH KDV WR ORVH IURP EHLQJ FDXJKW XS E\ WKH ODJJDUG� ZKHUHDV WKH ODJJDUG KDV PRUH WR

JDLQ IURP PRYLQJ FORVHU WR WKH OHDGHU WKDQ KH KDV WR ORVH IURP IDOOLQJ IDUWKHU EHKLQG� 7KLV

LPSOLHV WKDW WKH OHDGHU SUHIHUV ORZ YDULDQFH RI PRWLRQ LQ WKH VWDWH VSDFH� RU� HTXLYDOHQWO\�

KLJK FRUUHODWLRQ ZLWK UHVSHFW WR WKH ODJJDUG� ZKHUHDV WKH ODJJDUG SUHIHUV WKH RSSRVLWH� WKDW

LV� ORZ FRUUHODWLRQ ZLWK UHVSHFW WR WKH OHDGHU�

,Q WKH VWDQGDUG LQFUHDVLQJ GRPLQDQFH UHVXOWV� FRQYH[LW\ RI WKH SD\Rm IXQFWLRQ WUDQV�

ODWHV LQWR HTXLOLEULXP VWUDWHJLHV ZKHUHE\ WKH OHDGHU PDNHV D JUHDWHU HmRUW WKDQ WKH ODJJDUG�

%\ FRQWUDVW� P\ PRGHO IHDWXUHV FRQVWDQW WRWDO HmRUW� VR WKDW WKH SUHYLRXV HmHFW LV DEVHQW�

,QVWHDG� FRQYH[LW\ RI WKH ODJJDUG
V YDOXH IXQFWLRQ WUDQVODWHV LQWR DQ HTXLOLEULXP VWUDWHJ\

ZKHUHE\ WKH ODJJDUG WUDGHV Rm D ORZHU H[SHFWHG YDOXH IRU D ORZHU FRUUHODWLRQ ZLWK UHVSHFW WR

WKH OHDGHU�
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5HIHUHQFHV

$UWKXU� : %ULDQ ������� ?&RPSHWLQJ 7HFKQRORJLHV� ,QFUHDVLQJ 5HWXUQV� DQG /RFN�,Q E\

+LVWRULFDO (YHQWV�� 7KH (FRQRPLF -RXUQDO ��� ���^����

$WKH\� 6XVDQ� DQG $UPLQ 6FKPXW]OHU ������� ?,QQRYDWLRQ DQG WKH (PHUJHQFH RI

0DUNHW 'RPLQDQFH�� 0,7 DQG 8QLYHUVLW�DW =�XULFK� $XJXVW�

%DJZHOO� .\OH� *DUH\ 5DPH\� DQG 'DQLHO ) 6SXHOEHU ������� ?'\QDPLF 5HWDLO

3ULFH DQG ,QYHVWPHQW &RPSHWLWLRQ�� 5DQG -RXUQDO RI (FRQRPLFV ��� ���^����

%XGG� &KULVWRSKHU� &KULVWRSKHU +DUULV� DQG -RKQ 9LFNHUV ������� ?$ 0RGHO RI

WKH (YROXWLRQ RI 'XRSRO\� 'RHV WKH $V\PPHWU\ %HWZHHQ )LUPV 7HQG WR ,QFUHDVH RU

'HFUHDVH"�� 5HYLHZ RI (FRQRPLF 6WXGLHV ��� ���^����

&DEUDO� /XurV 0 %� DQG 0LFKDHO + 5LRUGDQ ������� ?7KH /HDUQLQJ &XUYH� 0DUNHW

'RPLQDQFH DQG 3UHGDWRU\ 3ULFLQJ�� (FRQRPHWULFD ��� ����^�����

)ODKHUW\� 0 7KHUHVH ������� ?,QGXVWU\ 6WUXFWXUH DQG &RVW�5HGXFLQJ ,QYHVWPHQW��

(FRQRPHWULFD ��� ����^�����

*LOEHUW� 5LFKDUG -� DQG 'DYLG 0 * 1HZEHU\ ������� ?3UHHPSWLYH 3DWHQWLQJ DQG

WKH 3HUVLVWHQFH RI 0RQRSRO\ 3RZHU�� $PHULFDQ (FRQRPLF 5HYLHZ ��� ���^����

+RHUQLJ� 6WHIIHQ ������� ?$ 0RGHO RI '\QDPLF 5	' &RPSHWLWLRQ :LWK (QGRJHQRXV

,QQRYDWLRQ 7DUJHWV DQG /HDSIURJJLQJ�� 8QLYHUVLGDGH &DWuROLFD 3RUWXJXHVD� )HEUXDU\�

.OHSSHU� 6WHYHQ ������� ?(QWU\� ([LW� *URZWK� DQG ,QQRYDWLRQ RYHU WKH 3URGXFW /LIH

&\FOH�� $PHULFDQ (FRQRPLF 5HYLHZ ��� ���^����
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