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1. Introduction

ValueatR isk(VaR )hasbecomeakeytoolforriskmanagementof…nan-
cialinstitutions. T heregulatoryenvironmentandtheneedforcontrolling
riskinthe…nancialcommunityhaveprovidedincentivesforbankstodevelop
proprietaryriskmeasurementmodels. A mongotheradvantages, Values at
R iskprovidequantitativeandsyntheticmeasuresofrisk, thatallowtotake
intoaccountvariouskindsofcross-dependencebetweenassetreturns, fat-tail
andnonnormalitye¤ects, arisingfrom thepresenceof…nancialoptionsor
defaultrisk, forexample.

T hereisalsogrowinginterestontheeconomicfoundationsofVaR .Fora
longtime, economistshaveconsideredempiricalbehaviouralmodelsofbanks
orinsurancecompanies, wheretheseinstitutionsmaximisesomeutilitycri-
teriaunderasolvencyconstraintofVaR type[seeG ollier, KoehlandR ochet
(19 9 6), andSantomeroandBabbel(19 9 6)andthereferencestherein]. Simi-
larly, otherresearchershavestudiedoptimalportfolioselectionunderlimited
downsideriskasanalternativetotraditionalmean-variancee¢cientfrontiers
[seeR oy(19 52), L evyandSarnat(19 7 2), A rzacandBawa(19 7 7 ), Jansen,
KoedijkanddeVries (19 9 8)]. Finally, internaluseofVaR by…nancialin-
stitutionshasbeenaddressedinadelegatedriskmanagementframeworkin
ordertomitigateagencyproblems [Kimball(19 9 7 ), FrootandStein(19 9 8),
Stoughtonand Z echner(19 9 9 )]. Indeedriskmanagementpractitioners de-
termine VaR levels foreverybusiness unitand perform incrementalVaR
computationsformanagementofrisklimitswithintradingbooks. Sincethe
numberofsuch subportfolios is usuallyquitelarge, this involves hugecal-
culations thatprecludeonlineriskmanagement. O neoftheaims ofthis
paperis toderivethesensitivityofVaR withrespecttoamodi…cationof
theportfolioallocation. Suchasensitivityhasalreadybeenderivedundera
G aussianandzeromeanassumptionbyG arman(19 9 6, 19 9 7 ).

D espiteoftheintensiveuseofVaR thereis alimitedliteraturedealing
withthetheoreticalpropertiesoftheseriskmeasuresandtheirconsequences
onriskmanagement. Followinganaxiomaticapproach, A rtzner, D elbaen,
EberandH eath(19 9 6, 19 9 7 )(seealsoA lbanese(19 9 7 )foralternativeaxioms)
haveprovedthatVaR lacksthesubadditivitypropertyforsomedistributions
ofassetreturns. T hismayinduceanincentivetodisagregatetheportfoliosin
ordertocircumventVaR constraints. SimilarlyVaR isnotnecessarilyconvex
in theportfolioallocation, whichmayleadtodi¢culties whencomputing
optimalportfolios underVaR constraints. B esideglobalproperties ofrisk
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measures, itisthusalsoimportanttostudytheirlocalsecondorderbehavior.
A partfrom thepreviouseconomicissues, itisalsointerestingtodiscuss

theestimationoftheriskmeasurewhichisrelatedtoquantileestimationand
tailanalysis. Fullyparametricapproaches arewidelyusedbypractitioners
(seee.g. JP M organR iskmetricsdocumentation), andmostoftenbasedon
theassumptionofjointnormalityofasset(orfactor)returns. T heseparamet-
ricapproachesareratherstringent. T heygenerallyimplymisspeci…cationof
thetails and VaR underestimation. Fullynonparametricapproaches have
alsobeen proposedandconsistin determiningtheempiricalquantile(the
historicalVaR ) orasmoothedversionofit[H arrelandD avis (19 82), Falk
(19 84),(19 85), Jorion(19 9 6), R idder(19 9 7 )]. R ecentlysemi-parametricap-
proacheshavebeendevelopped. T heyarebasedoneitherextremevalueap-
proximationforthetails[Bassi, EmbrechtsandKafetzaki (19 9 8), Embrechts,
R esnickandSamorodnitsky(19 9 8)], orlocallikelihoodmethods[G ouriéroux
andJasiak(19 9 9 a)].

H oweveruptonowthestatisticalliteraturehasfocusedontheestimation
ofVaR levels, whileinanumberofcases, theknowledgeofpartialderiva-
tivesofVaR withrespecttoportfolioallocationismoreuseful. Forinstance,
partialderivatives arerequiredtochecktheconvexityofVaR , toconduct
marginalanalysis ofportfolios orcompute optimalportfolios underVaR
constraints. Suchderivatives areeasytoderiveformultivariate G aussian
distributions, but, inmostpracticalapplications, thejointconditionalp.d.f.
ofassetreturns isnotG aussianandinvolvescomplextaildependence[Em-
brechts, M cN eilandStraumann(19 9 9 )]. T hegoalhereistoderiveanalytical
forms forthesederivatives inaverygeneralframework. Theseexpressions
canbeusedtoeasestatisticalinferenceandtoperform localriskanalysis.

T hepaperisorganizedasfollows. InSection2, weconsiderthe…rstand
secondorderexpansionsofValueatR iskwithrespecttoportfolioallocation.
W egetexplicitexpressionsforthe…rstandsecondorderderivatives, which
arecharacterizedintermsofconditionalmomentsofassetreturnsgiventhe
portfolioreturn. T hisallowstodiscusstheconvexitypropertiesofValueat
R isk. In Section 3, we introducethenotion ofVaR e¢cientportfolio. It
extends thestandardnotionofmean-variancee¢cientportfoliobytaking
VaR asunderlyingriskmeasure. Firstorderconditionsfore¢ciencyarede-
rivedandinterpreted. Section4 is concernedwithstatisticalinference. W e
introducekernelbasedapproachesforestimatingtheValueatR isk, checking
itsconvexityanddeterminingVaR e¢cientportfolios. InSection5 theseap-
proachesareimplementedonrealdata, namelyreturnsontwohighlytraded
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stocksontheParisBourse. Section6gatherssomeconcludingremarks.

2. ThesensitivityandconvexityofVaR

2.1 D e…nitionoftheValueatR isk

W e considern …nancialassets whose prices attime tare denoted by
pi;t;i= 1;:::;n. T hevalueattofaportfoliowithallocationsai;i= 1;:::;n

is then : Wt(a) =
nX

i= 1
aipi;t = a0pt. Iftheportfoliostructure is held …xed

between the currentdatetand the future datet+ 1, the change in the
marketvalueisgivenby: Wt+ 1(a)¡Wt(a) = a0(pt+ 1¡pt):

T he purpose ofVaR analysis is toprovide quantitative guidelines for
settingreserve amounts (orcapitalrequirements) in phasewith potential
adversechanges inprices [seee.g. JP M organ(19 9 6), W ilson(19 9 6), Jorion
(19 9 7 ), D u¢e and Pan (19 9 7 ), D owd (19 9 8), Stulz (19 9 8) foradetailed
analysisoftheconceptofVaR andapplications inriskmanagement]. Fora
lossprobabilitylevel® , theValueatR iskV aR t(a;®) isde…nedby:

Pt[Wt+ 1(a)¡Wt(a)+ V aR t(a;® ) < 0 ]= ® ; (2.1)

wherePtistheconditionaldistributionoffutureassetpricesgiventheinfor-
mationavailableattimet. Suchade…nitionassumesacontinuousconditional
distributionofreturns. Typicalvaluesforthelossprobabilityrangefrom1%
to5 % , dependingonthetimehorizon. H encetheVaR isthereserveamount
suchthattheglobalposition(portfolioplusreserve)onlysu¤ersalossfora
givensmallprobability® overa…xedperiodoftime, herenormalizedtoone.
T heVaR canbeconsideredasanupperquantileatlevel1¡® , since:

Pt[¡a0yt+ 1 > V aR t(a;®)]= ® ; (2.2)

whereyt+ 1 = pt+ 1¡pt.
A tdate tthe VaR is a function ofpastinformation, ofthe portfolio

structurea andofthelossprobabilitylevel® .

2.2 G aussiancase

InpracticeValueatR iskisoftencomputedunderthenormalityassump-
tionforpricechanges(orreturns), denotedasyt+ 1. L etus introduce¹tand
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 t, theconditionalmeanandcovariancematrixofthisG aussiandistribution.
T henfrom (2.2) andthepropertiesoftheG aussiandistributionwededuce
theexpressionoftheValueatR isk:

V aR t(a;®) = ¡a0¹t+ (a0 ta)1=2 z 1¡® ; (2.3)

where z 1¡® isthequantileoflevel1¡® ofthestandardnormaldistribution.
T his expression shows thedecompositionoftheVaR intotwocomponents
whichcompensateforexpectednegativereturnsandrisk, respectively.

L etus computethe…rstandsecondorderderivatives oftheVaR with
respecttotheportfolioallocation. W eget:

@V aR t(a;® )
@a

= ¡¹t+
 ta

(a0 ta)1=2
z 1¡®

= ¡¹t+
 ta
a0 ta

(V aR t(a;®)+ a0¹t)

= ¡Et[yt+ 1ja0yt+ 1 = ¡V aR t(a;® )]; (2.4)
@ 2 V aR t(a;® )

@a@a0
=

z 1¡®
(a0 ta)1=2

"
 t¡

 taa0 t

a0 ta

#

=
z 1¡®

(a0 ta)1=2
Vt[yt+ 1ja0yt+ 1 = ¡V aR t(a;® )]: (2.5)

In particularwenotethatthese …rstand secondorderderivatives are
a¢nefunctionsoftheVaR withcoe¢cients dependingontheportfolioal-
location, butindependentof® . In the nextsubsection we extend these
interpretationsofthe…rstandsecondorderderivativesoftheValueatR isk
intermsof…rstandsecondorderconditionalmoments giventheportfolio
value.

2.3 G eneralcase

T hegeneralexpressions forthe…rstandsecondorderderivativesofthe
VaR aregiven inthepropertybelow. T heyarevalidas soonasyt+ 1 hasa
continuousconditionaldistributionwithpositivedensityandadmitssecond
ordermoments.

Property1 :
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i) T he …rstorderderivative ofthe Value atR iskwith respecttothe
portfolioallocationis :

@V aR t(a;®)
@a

= ¡Et[yt+ 1ja0yt+ 1 = ¡V aR t(a;®)].

ii) T hesecondorderderivativeoftheValueatR iskwithrespecttothe
portfolioallocationis :

@ 2 V aR t(a;® )
@a@a0

=
@ logga;t

@ z
(¡V aR t(a;®))Vt[yt+ 1ja0yt+ 1 = ¡V aR t(a;®)]

¡
(
@
@ z
Vt[yt+ 1ja0yt+ 1 = ¡z ]

)

z = V aR t(a;®)

;

wherega;tdenotestheconditionalp.d.fofa0yt+ 1.

Proof: i) T heconditionde…ningtheVaR canbewrittenas :

Pt[X + a1Y > V aR t(a;®)]= ® ;

where X = ¡
nX

i= 2
aiyi;t+ 1;Y = ¡y1;t+ 1. T he expression ofthe …rstorder

derivativedirectlyfollowsfrom L emma1 inA ppendix1.

ii)T hesecondorderderivativecanbededucedfromthe…rstorderexpan-
sionofthe…rstorderderivativearoundabenchmarkallocation ao. L etus
seta = ao+ "ej, where" isasmallrealnumberandejisthecanonicalvector,
withallcomponentsequaltozerobutthejth equaltoone. W ededuce:

@V aR t(a;®)
@ai

= Et[X jZ + "Y = 0 ]+ o(");

where:

X = ¡yi;t+ 1;Z = ¡a0oyt+ 1¡V aR t(ao;®);

Y = ¡yj;t+ 1 + Et[yj;t+ 1jZ = 0 ]:
T heresultfollowsfrom L emma3inA ppendix2.
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Q .E.D

2.4ConvexityoftheVaR

Itmaybeconvenientforariskmeasuretobeaconvexfunctionofthe
portfolioallocationthusinducingincentiveforportfoliodiversi…cation. From
the expression ofthe second orderderivativeofthe VaR , wecan discuss
conditions which ensure convexity. L etus considerthe twoterms ofthe
decompositiongiveninProperty1. T he…rsttermispositivede…niteassoon
asthep.d.f.oftheportfoliopricechange(orreturn) is increasingin its left
tail. T his condition is satis…ed ifthis distribution is unimodal, butcanbe
violatedinthecaseofseveralmodes inthetail. T hesecondterm involves
theconditionalheteroscedasticityofchangesinassetpricesgiventhechange
intheportfoliovalue. Itisnonnegativeifthisconditionalheteroscedasticity
increaseswiththenegativelevel¡z ofchangeintheportfoliovalue. T his
expressestheideaofincreasingmultivariateriskinthelefttailofportfolio
return. To illustrate these twocomponents we furtherdiscuss particular
examples.

1) G aussiandistribution

IntheG aussiancaseconsideredinsubsection2.2, weget:

@ logga;t(z )
@ z

=
¡z + a0¹t
a0 ta

:

T herefore:

@ logga;t
@ z

(¡V aR t(a;® )) =
V aR t(a;®)+ a0¹t

a0 ta

=
z 1¡®

(a0 ta)1=2
; fromequation(2.3):

T his positivecoe¢cient(as soonas ® < 0:5) corresponds tothemulti-
plicativefactorobservedinequation (2.5). Besides thesecondterm ofthe
decomposition is zeroduetotheconditionalhomoscedasticityofytgiven
a0yt.
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2) G aussianmodelwithunobservedheterogeneity

T heprevious examplecanbeextendedbyallowingforunobservedhet-
erogeneity. M orepreciselyletus introducean heterogeneity factoruand
assumethattheconditionaldistributionofassetpricechangesgiventhein-
formationheldattimethasmean ¹t(u) andvariance  t(u). T hevarious
termsofthedecompositioncaneasilybecomputedandadmitexplicitforms.
Forinstanceweget:

ga;t(z ) =
Z
ga;t(z ju)¦ (u)d u;

where ga;t(z ju) is the G aussian distribution oftheportfoliopricechanges
giventheheterogeneityfactor, and¦ denotestheheterogeneitydistribution
.

W ededucethat:

@ logga;t(z )
@ z

=

@ga;t(z )
@ z

ga;t(z )
=

Z @
@ z
ga;t(z ju)¦ (u)d u

Z
ga;t(z ju)¦ (u)d u

= E~¦

"
@ logga;t(z ju)

@ z

#
;

wheretheexpectation is takenwithrespecttothemodi…edprobability ~¦
de…nedby:

~¦ (u) = ga;t(z ju)¦ (u)=[
Z
ga;t(z ju)¦ (u)d u]:

D uetoconditionalnormality, weobtain:

@ logga;t
@ z

(¡V aR t(a;®)) = E~¦

"
V aR t(a;®)+ a0¹t(u)

a0 t(u)a

#
: (2.6)

L etusproceedwiththesecondtermofthedecomposition. W eget:

Vt[yt+ 1ja0yt+ 1 = ¡z ]

= E¦ Vt[yt+ 1ja0yt+ 1 = ¡z ;u]+ V¦Et[yt+ 1ja0yt+ 1 = ¡z ;u]:
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T heconditionalhomoscedasticitygivenu, impliesthatVt[yt+ 1ja0yt+ 1 = ¡z ;u]
doesnotdependonthelevelz andwededucethat:

@
@z
Vt[yt+ 1 ja0yt+ 1 =¡z] =

@
@z
V¦E t[yt+ 1ja0yt+ 1 =¡z;u]

=
@
@z

·
V¦

·
¹t(u)+

 t(u)a
a0 t(u)a

(¡z¡a0¹t(u))
¸̧
: (2.7 )

L etus detailformulas (2.6) and (2.7 ), when ¹t(u) = 0 ;8u, i.e. fora
conditionalG aussianrandomwalkwithstochasticvolatility. From (2.6)we
deducethat:

@ logga;t
@ z

(¡V aR t(a;® )) = V aR t(a;® )E~¦

"
1

a0 t(a)a

#
> 0:

From (2.7 ), weget:

¡@
@ z

Vt[yt+ 1ja0yt+ 1 = ¡z ] = ¡@
@ z

"
V¦

"
¡z  t(u)a

a0 t(u)a

# #

= ¡@
@ z

"
z 2 V¦

"
 t(u)a
a0 t(u)a

# #

z = ¡ z

= + 2 z V¦

"
 t(u)a
a0 t(u)a

#
;

whichisnonnegativeforz = V aR t(a;®). T hereforetheVaR isconvexwhen
pricechangesfollowaG aussianrandomwalkwithstochasticvolatility.

3. VaR E¢cientPortfolio

Portfolioselection is basedonatrade-o¤ betweenexpectedreturnand
risk, andrequiresachoicefortheriskmeasuretobeimplemented. U sually
theriskis evaluatedbytheconditionalsecondordermoment, i.e. volatil-
ity. T his leadstothedeterminationofthemean-variancee¢cientportfolio
introducedbyM arkovitz(19 52). Itcanalsobebasedonasafety…rstcrite-
rion(probabilityoffailure), initiallyproposedbyR oy(19 52) [seeL evyand
Sarnat(19 7 2), A rzacandBawa(19 7 7 ), Jansen, KoedijkanddeVries(19 9 8)
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forapplications]. Inthis sectionweextendthetheoryofe¢cientportfolios,
whenValueatR iskisadoptedasriskmeasureinsteadofvariance.

3.1 D e…nition

W econsideragivenbudgetw tobeallocatedattimetamongn risky
assetsandariskfreeasset. T hepriceattoftheriskyassetsarept, whereas
thepriceoftheriskfreeassetisoneandtheriskfreeinterestrateis r. T he
budgetconstraintatdatetis :

w = ao + a0pt;

whereao istheamountinvestedintheriskfreeassetanda theallocationin
theriskyassets. T heportfoliovalueatthefollowingdateis :

Wt+ 1 = ao(1 + r)+ a0pt+ 1

= w (1 + r)+ a0[pt+ 1¡(1 + r)pt]

= w (1 + r)+ a0yt+ 1 (say):

T heValueatR iskofthisportfolioisde…nedby:

Pt[Wt+ 1 < ¡V aR t(ao;a;® )]= ® ; (3.1)

andcanbewrittenintermsofthequantileoftheriskypartoftheportfolio.

V aR t(ao;a;®) = w (1 + r)+ V aR t(a;®); (3.2)

where V aR t(a;® )satis…es :Pt[a0yt+ 1 < ¡V aR t(a;®)]= ®: (3.3)

W ede…neaVaR e¢cientportfolioasaportfoliowithallocationsolving
theconstrainedoptimizationproblem :

8
><
>:

maxa EtWt+ 1

s:t: V aR t(ao;a;®)·V aR o;
(3.4)

whereV aR o isabenchmarkV aR level.
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T hisproblem isequivalentto:
8
><
>:

maxa a0Etyt+ 1

s:t: V aR t(a;®)·V aR o¡w (1 + r) = gV aR o;
(3.5)

T he VaR e¢cientallocationdepends ontheloss probability ® , on the
boundV aR o limitingtheauthorizedrisk(inthecontextofcapitaladequacy
requirementofthe BasleCommitteeon BankingSupervision, usuallyone
third oronequarterofthebudgetallocated totradingactivities) andon
theinitialbudgetw . Itis denotedbya¤t = a¤t[® ; gV aR o]. T heconstraintis
bindingattheoptimumanda¤t solvesthe…rstorderconditions :

8
>>><
>>>:

Etyt+ 1 = ¡̧ ¤
t
@V aR t

@a
(a¤t;®);

V aR t(a¤t;®) = gV aR o;

(3.6)

where¸¤t isaL agrangemultiplier. Inparticularitimpliesproportionalityat
theoptimumbetweentheglobalandlocalexpectationsofthenetgains :

Etyt+ 1 = ¸¤tEt

h
yt+ 1ja¤

0
tyt+ 1 = ¡ gV aR o

i
: (3.7 )

4. Statisticalinference

Estimationmethods canbedeveloppedfrom stationaryobservations of
variablesofinterest. H enceitispreferabletoconsiderthesequenceofreturns
(pt+ 1 ¡pt)=pt insteadofthepricemodi…cations pt+ 1 ¡pt, andaccordingly
theallocationsmeasuredinvalues insteadofshares. Inthis sectionyt+ 1 =
(pt+ 1¡pt)=ptdenotesthereturnanda theallocationinvalue.

M oreoverweconsiderthecaseofi.i.d. returns, whichallowstoavoidthe
dependenceonpastinformation.

4.1 EstimationoftheValueatR isk

Sincetheportfoliovalueremainsthesamewhetherallocationsaremea-
suredinsharesorvalues, theVaR isstillde…nedby:

Pt[¡a0yt+ 1 > V aR t(a;® )]= ® ;
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and, sincethereturnsarei.i.d. itdoesnotdependonthepast:

P[¡a0yt+ 1 > V aR (a;®)]= ®:

Itcan beconsistently estimated from T observations byreplacingthe
unknowndistributionoftheportfoliovaluebyasmoothedapproximation.
Forthis purposeweintroduceaG aussiankernelandde…netheestimated
VaR , denotedby dV aR , as :

1
T

TX

t= 1
©

Ã
¡a0yt¡ dV aR

h

!
= ® ; (4.1)

where© isthec.d.f. ofthestandardnormaldistributionandh istheselected
bandwidth. In practice equation (4.1) is solved numerically by a G auss-
N ewtonalgorithm. Ifvar(p) denotestheapproximationatthepth stepofthe
algorithm, theupdatingisgivenbytherecursiveformula:

var(p+ 1) = var(p) +

1
T

TX

t= 1
©

Ã
¡a0yt¡var(p)

h

!
¡®

1
Th

TX

t= 1
'

Ã
a0yt+ var(p)

h

! ; (4.2)

where' isthep.d.f. ofthestandardnormaldistribution.
T hestartingvaluesforthealgorithmcanbesetequaltotheVaR obtained

underaG aussianassumptionorthehistoricalVaR (empiricalquantile).
O therchoices thanthe G aussiankernelmayalsobemadewithoutaf-

fectingtheproceduresubstantially. T heG aussiankernelhastheadvantage
ofbeingeasytointegrateanddi¤erentiatefromananalyticalpointofview,
andtoimplementfromacomputerizedpointofview.

Finallyletus remarkthat, duetothesmallkerneldimension(one), we
donotfacethestandardcurseofdimensionalityoftenencounteredinkernel
methods. H ence ourapproach is alsofeasible in the presence ofa large
numberofassets.

4.2 ConvexityoftheVaR

FromtheexpressionofthesecondorderderivativeoftheVaR providedin

Property1, weknowthattheH essian
@ 2 V aR (a;®)

@a@a0
ispositivesemide…niteif
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@ logga;t(z )
@ z

> 0 ; and
@V [yt+ 1ja0yt+ 1 = z ]

@ z
À 0 , fornegative z values. T hese

su¢cientconditions can easilybecheckedwithouthavingtoestimatethe
ValueatR isk. Indeedconsistentestimators ofthep.d.f. oftheportfolio
valueandoftheconditionalvarianceare:

ĝa(z ) =
1
Th

TX

t= 1
'

Ã
a0yt¡z

h

!
; (4.3)

V̂ [yt+ 1ja0yt+ 1 =z]=

TX

t=1

yty0t'
µ
a0yt¡z

h

¶

TX

t=1

'
µ
a0yt¡z

h

¶ ¡

TX

t=1

yt'
µ
a0yt¡z

h

¶ TX

t=1

y0t'
µ
a0yt¡z

h

¶

"
TX

t=1

'
µ
a0yt¡z

h

¶# 2 :

(4.4)

4.3EstimationofaVaR e¢cientportfolio.

D uetotherathersimpleformsofthe…rstandsecondorderderivatives
oftheVaR , itisconvenienttoapplyaG auss-N ewtonalgorithmwhendeter-
miningtheVaR e¢cientportfolio. M orepreciselyletus lookforasolution
totheoptimizationproblem (3.5) inaneighbourhoodoftheallocationa(p).
T heoptimizationproblembecomesequivalentto:

maxa a0Eyt+ 1

s:t: V aR (a(p);®)+
@V aR
@a0

(a(p);®)[a¡a(p)]

+
1
2
[a¡a(p)]0

@ 2 V aR
@a@a0

(a(p);® )[a¡a(p)]· gV aR o:

T hisproblemadmitsthesolution:

a(p+ 1) = a(p)¡[@
2 V aR
@a@a0

(a(p);®)]¡1
@V aR
@a

(a(p);®)

+

2
6664
2 ( gV aR o¡V aR (a(p);® ))+ Q (a(p);®)

Ey0t+ 1[
@ 2 V aR
@a@a0

(a(p);®)]¡1Eyt+ 1

3
7775

1=2
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£[@
2 V aR
@a@a0

(a(p);®)]¡1Eyt+ 1;

with: Q (a(p);®) =
@V aR
@a0

(a(p);®)[
@ 2 V aR
@a@a0

(a(p);®)]¡1
@V aR
@a

(a(p);®):
Togettheestimate, thetheoreticalrecursionisreplacedbyitsempirical

counterpart, in which theexpectationEyt+ 1 is replaced by ¹̂ =
1
T

TX

t= 1
yt,

whiletheVaR anditsderivativesarereplacedbytheircorrespondingkernel
estimatesgiveninthetwoprevioussubsections.

5. A nempiricalillustration

T his sectionillustratestheimplementationoftheestimationprocedures
described in Section 4.1 W e analyze twocompanies listed on the Paris
Bourse: T homson-CSF (electronicdevices) andL ’O réal(cosmetics). Both
stocksbelongtotheFrenchstockindexCA C40. T hedataaredailyreturns
recordedfrom 04/01/19 9 7 to05/04/19 9 9 , i.e. 546observations. T hereturn
meanand standarddeviationare 0.0049 % and 1.262% forthe…rststock,
0.0586% and 1.330% forthesecond stock. M inimum returns are -4.524%
and -4.341% , whilemaximum values are3.9 85% and4.013% , respectively.
W ehaveforskewness -0.238 7 and0.0610, andforkurtosis4.09 9 and4.29 5.
T hisindicatesthatthedatacannotbeconsideredasnormallydistributed(it
iscon…rmedbythevalues38 7 .5 and420.0 takenbytheJarque-B era(19 80)
teststatistic). T hecorrelation is 0.003% . W ehavecheckedtheabsenceof
dynamicsbyexaminingtheautocorrelograms, partialautocorrelogramsand
L jung-B oxstatistics.

Figure 1 shows the estimated VaR ofa portfolio includingthese two
stockswithdi¤erentallocations. T heallocationsrangefrom0 (1)to1 (0) in
T homson-CSF(L ’O réal) stock. T helossprobabilitylevelis1% . T hedashed
lineprovides theestimated VaR basedon thekernelestimator(4.1). W e
haveselectedthebandwidthaccordingtotheclassicalproportionalityrule:
h = (4 =3)1=5¾aT¡1=5, where¾a isthestandarddeviationoftheportfoliore-
turnwithallocation a. W ealsoprovidetheestimatesgivenby(2.3) based
onthenormalityassumption(solidline)andtheestimatesusingtheempiri-
cal…rstpercentile(dashedline). T hestandardVaR basedonthenormality
assumptionarefarbelowtheotherestimatedvalues as itcouldhavebeen

1 G aussprogramsdeveloppedforthissectionareavailableonrequest.
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expectedfromtheskewnessandkurtosisexhibitedbytheindividualstockre-
turns. T hisstandardVaR leadstoanunderestimationofthereserveamount
aimedtocoverpotentiallosses. W enotethatthekernelbasedestimatorand
percentilebasedestimatorleadtosimilarresultswithasmootherpatternfor
the…rstone.

IN SERT Figure1 : EstimatedVaR

L etusnowexaminethesensitivities. Estimated…rstpartialderivativesof
theportfolioVaR aregiveninFigure2. T hesolidlineprovidestheestimate
ofthepartialderivativeforthe…rststockThomson-CSFbasedonakernel
approach. T hedottedlineconveys its G aussian counterpartanddoes not
re‡ectthenonmonotonicityofthe…rstderivative. T hetwootherdashed
linesgivetheanalogouscurvesforthesecondstockL ’O réal. A ttheportfolio
correspondingtotheminimum VaR inFigure1, the…rstderivativesw.r.t.
eachportfolioallocationareequalasseenonFigure2, andcoincidewiththe
L agrangemutiplierassociatedwiththeconstrainta1 + a2 = 1.

IN SERT Figure2 : Estimatedsensitivity

W hatcouldbesaidaboutVaR convexitywhenaparticularallocation
a is adopted? Bothconditions @ logga;t(z )

@z > 0 and @V [yt+ 1ja0yt+ 1= z ]
@ z À 0 for

negative z values canbeveri…ed inordertocheckVaR convexity. W ecan
usetheestimators basedon (4.3) and(4.4) forsuchaveri…cation. L etus
takeadiversi…edportfoliowithallocationa = (0:5;0:5)0. Figure3givesthe
estimatedlogderivativeofthep.d.f.oftheportfolioreturns(see(4.3)) and
showsthatthe…rstconditionisnotempiricallysatis…ed.

IN SERT Figure3 : Firstconditionforconvexity

M oreoverthesecond condition is alsonotempiricallymet. Indeedwe
canobserveinFigure4thatthesolidanddashedlinesrepresentingthetwo
eigenvaluesoftheestimatedconditionalvariance(see(4.4)) arenotstrictly
positivefornegative z values. H enceweconcludetothelocalnonconvexity
ofthe VaR foraportfolioevenly invested in Thomson-CSF and L ’O réal.
Sucha…ndingisnotnecessarilyvalidforotherallocationstructures.

IN SERT Figure4 : Secondconditionforconvexity
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W eendthis sectionbydiscussingtheshapesoftheestimatedVaR . W e
comparetheG aussianandkernelapproaches inFigures 5 and6. Theasset
allocationsrangefrom -1 to1 inbothassets. T hecontourplotcorresponds
toincrements intheestimatedVaR by0.5% . H encethecontourlines cor-
respondtosuccessiveisoVaR curveswithlevels0.5% , 1% , 1.5% , ..., starting
from 0 (allocation a = (0 ;0 )0). U nderaG aussianassumption, the isoVaR
correspondstoanellipticalsurface(seeFigure5). T heisoVaR obtainedby
thekernelapproachareprovided inFigure6. W eobservethatthecorre-
spondingVaR arealwayshigherthantheG aussianones, andthatsymme-
trywithrespecttotheorigin is lost. In particular, withoutthe G aussian
assumption, thedirections ofsteepest(resp. ‡attest) ascentarenomore
straightlines. H oweverunderbothcomputations ofisoVaR theportfolios
withsteepest(resp. ‡attest) ascentareobtainedforallocationofthesame
(resp. opposite) signs.

FinallytheisoVaR curves canbeusedtocharacterizetheVaR e¢cient
portfolios. T heestimatede¢cientportfolioforagivenauthorizedlevel gV aR o

isgivenbythetangencypointbetweentheisoVaR curveoflevel gV aR o and
thesetoflineswithequation: a1¹̂1 + a2 ¹̂ 2 = constant, where¹̂1, ¹̂ 2 denote
theestimatedmeans. Sincethe isoVaR curves donotdi¤ersubstantially
onourempiricalexamplethee¢cientportfoliosarenotverymucha¤ected
bytheuseofthe G aussianorthekernelapproach. T his …ndingwouldbe
challengedifassetswithnonlinearpayo¤s, suchasoptions, wereintroduced
intheportfolio.

IN SERT Figure5 : IsoVaR CurvesbyG aussianapproach

IN SERT Figure6: IsoVaR Curvesbykernelapproach

6. Concludingremarks

W ehaveconsideredthelocalpropertiesoftheValueatR isk. Inparticular
wehavederivedexplicitexpressionsforthesensitivitiesoftheriskmeasures
withrespecttotheportfolioallocationandappliedtheresultstothedeter-
mination ofVaR e¢cientportfolios. T heempiricalapplication points out
thedi¤erencebetweenaVaR analysis basedonaG aussianassumptionfor
assetreturnsandadirectnonparametricapproach.

T hisanalysishasbeenperformedundertworestrictiveconditions, namely
i.i.d. returns and constantportfolioallocations. T heseconditions can be
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weakened. ForinstancewecanintroducenonparametricM arkovmodelsfor
returns, allowingfornonlineardynamics, and computethecorresponding
conditionalVaR togetherwiththeirderivatives. Suchanextensionisunder
currentdevelopment. T heassumptionofconstantholdingsuntilthebench-
markhorizoncanalsobequestioned. Indeedinpracticetheportfoliocanbe
frequentlyupdatedandamajorpartoftheriskcanbeduetounappropriate
updating. T hee¤ectofadynamicstrategyontheVaR canonlybevalu-
atedbyM onte-Carlomethods[seeforinstancetheimpulseresponseanalysis
in G ouriérouxand Jasiak (19 9 9 b)]. Ithas alsotobetaken intoaccount
when determiningadynamicVaR e¢cienthedgingstrategy [seeFoellmer
and L eukert(19 9 8)]. Finallyletus remarkthatourkernelbasedapproach
canbeusedtoanalysethesensitivityoftheexpectedshortfall, i.e. theex-
pectedlossknowingthattheloss islargerthatagivenlossquantile. T his is
alsoundercurrentdevelopment.
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A ppendix1
Expansionofaquantile

L emma1 : L etus considerabivariatecontinuous vector(X ;Y ) andthe
quantileQ (";®) de…nedby:

P[X + "Y > Q (";® )]= ®:

T hen:

@
@"
Q (";®) = E[Y jX + "Y = Q (";® )]:

Proof: L etusdenotebyf(x;y)thejointp.d.f. ofthepair(X ;Y ). W eget:

P[X + "Y > Q (";®)]= ®

()
Z"Z

Q (";®)¡"y
f(x;y)d x

#
d y= ®:

:

T hedi¤erentiationwithrespectto" provides.
Z"

@Q (";®)
@"

¡y
#
f(Q (";®)¡";y)d y= 0 ;

whichleadsto:

@Q (";® )
@"

=
R
yf(Q (";®)¡"y;y)d yZ
f(Q (";®)¡"y;y)d y

= E[Y jX + "Y = Q (";®)]:

Q .E.D
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A ppendix2
Expansionoftheconditionalexpectation

L emma2 : L etusconsideracontinuousthreedimensionalvector(X ;Y ;Z );
then:

E[X jZ + "Y = 0 ]

= E[X jZ = 0 ]¡"
@ logg(z )

@ z

#

z = 0

Cov[X ;Y jZ = 0 ]

¡" @
@ z

Cov[X ;Y jZ = z ]]z = 0 + "E[Y jZ = 0 ]@
@ z
E[X jZ = z ]]z = 0 + o(");

whereg isthemarginalp.d.f.ofZ .

Proof: L etus denotebyf(x;y;z ) thejointp.d.f. ofthetriple (X ;Y ;Z )

andbyf(x;yjz ) = f(x;y;z )
g(z )

theconditionalp.d.f.ofX ;Y givenZ = z . T he

conditionalexpectationisgivenby:

E[X jZ + "Y = 0 ] =

ZZ
xf(x;y;¡"y)d xd y

ZZ
f(x;y;¡"y)d xd y

=

ZZ
xf(x;y;0 )d xd y¡"

ZZ
xy

@
@ z

f(x;y;0 )d xd y
ZZ

f(x;y;0 )d xd y¡"
ZZ

y
@
@ z

f(x;y;0 )d xd y
+ o(")

= E[X jZ = 0 ]¡"E
"
X Y

@ logf
@ z

(X ;Y ;0 )jZ = 0
#

+ "E[X jZ = 0 ]E
"
Y
@ logf
@z

(X ;Y ;0 )jZ = 0
#
+ o(")
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= E[X jZ = 0 ]¡"Cov[X ;Y
@ logf
@z

(X ;Y ;0 )jZ = 0 ]+ o(")

= E[X jZ = 0 ]¡"
@ logg(z )

@ z
]z = 0 Cov[X ;Y jZ = 0 ]

¡ "Cov[X ;Y
@ logf
@ z

(X ;Y j0 )jZ = 0 ]+ o("): (A:1)

L etusnowconsiderthederivativeoftheconditionalcovariance. W eget:

@
@ z

Cov[X ;Y jZ = z ]

=
@
@ z
[E[X Y jZ = z ]¡E[X jZ = z ]E[Y jZ = z ]]

= E
"
X Y

@ logf
@z

(X ;Y jz )jZ = z
#
¡E[X jZ = z ]E

"
Y
@ logf
@z

(X ;Y jz )jZ = z
#

¡ @
@ z
E[X jZ = z ]E[Y jZ = z ]

= Cov
"
X ;Y

@ logf
@z

(X ;Y jz )jZ = z
#
¡ @
@ z

E[X jZ = z ]E[Y jZ = z ]:

T heexpansionofL emma2 directlyfollowsaftersubstitutioninequation
(A:1).

Q .E.D

L emma3 : W henE[Y jZ = 0 ]= 0 , theexpansionreducesto:

E[X jZ + "Y = 0 ]

= E[X jZ = 0 ]¡"
@ logg(z )

@ z
]z = 0 Cov[X ;Y jZ = 0 ]

¡" @
@ z

Cov[X ;Y jZ = z ]]z = 0 + o("):
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L emma4 : W henE[Y jZ = 0 ]= 0 , andCov [X ;Y jZ = z ] is independent
ofz (conditionalhomoscedasticity) theexpansionreducesto:

E[X jZ + "Y = 0 ]

= E[X jZ = 0 ]¡"
@ logg(z )

@ z
]z = 0 Cov[X ;Y jZ = 0 ]+ o(").

L etusremarkthatL emma4 is inparticularvalidforaG aussianvector
(X ;Y ;Z ). Inthisspeci…ccase, weget:

logg(z ) = ¡1
2
log2 ¼ ¡1

2
logV Z ¡1

2
(z ¡EZ )2

V Z
;

@ logg(z )
@ z

]z = 0 =
EZ
V Z

:
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Figure 1 : Estimated VaR

Figure 2 : Estimated sensitivity
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Figure 3 : First condition for convexity

Figure 4 : Second condition for convexity
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Figure 5 : IsoVaR curves by Gaussian approach
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Figure 6 : IsoVaR curves by kernel approach
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