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1 Theory

1.1 Basic assumptions

We consider a search-theoretic model of the labor market in the line of Burdett and Mortensen
(1998) as extended by Postel-Vinay and Robin (1999). The model economy features a con-
tinuum of workers with exogenous and constant mass M facing a continuum of competitive
firms with a mass normalized to 1 that produce one unique multi-purpose good.

Workers differ in their personal ‘abilities’ or ‘skills’. The skill level is measured by a
parameter € that varies across workers. Firms also differ in the technologies that they operate.
Technologies are indexed by a number p measuring their generic level of productivity. The
output flow of a type ¢ worker operating a type p technology is simply given by ep.

Workers can either be employed or unemployed, and the aggregate unemployment rate
is denoted by u. A type £ unemployed worker has a flow earning of £b, with b a positive
constant!, thought of as the sum of possible sources of income during unemployment. Those
may consist e.g. of unemployment benefits and the worker’s valuation of ‘home production’.
(Although unemployment benefits per se may not be systematically related to skills, the
adopted simple specification makes sense under the ‘home production’ interpretation.)

Unemployed workers have to forgo the flow income b when they find a job, and they
sample job offers sequentially at a Poisson rate A\g. All firms have the same probability of
being sampled (random matching technology).? We also allow workers to search for a better
job while employed, so firms make offers to employed workers as well. The arrival rate of offers

to on-the-job searchers is A;. The pool of unemployed workers is regularly fueled by layofts

!The fact that a worker’s productivities “at home” and at work are both proportional to e greatly
simplifies the upcoming analysis. Although neutral regarding most of our results, this assumption has some
particular implications that we shall point out along the analysis.

2This is a disputable assumption. One could oppose to this assumption the alternative assumption of
‘balanced matching’ as in Burdett and Vishwanath (1988) (the probability that a worker samples a given
firm is proportional to its size), or the endogenous matching process of Robin and Roux (1998). Since we
are mostly interested in the wage setting mechanism in this paper, we leave the analysis of more involved
matching processes for future research.



that occur at the exogenous rate ¢, and by a constant flow uM of newborn workers who
begin their working life as unemployed. To keep population constant over time, we assume
that every living worker, employed or not, faces a constant mortality rate pu. Although not
essential, the birth-death process will be shown to be useful in the empirical applications.
Agents discount the future at a common rate p > 0.

Finally, we make the following important three assumptions on the wage setting mecha-

nism:

1. Firms can vary their wage offers according to the characteristics of the particular worker

they meet;

2. Firms can (although they don’t necessarily do) counter the offers received by their

employees from competing firms;

3. Wage contracts are long-term contracts that can be renegotiated by mutual agreement
only. The only way for an employer to break the contract against the employee’s will

is to fire him.

The first two assumptions are a departure from the standard Burdett and Mortensen
(1998) model. Their implications are explored by Postel-Vinay and Robin (1999) in a model
where workers are all equally productive, but differ in their opportunity cost of employment.

Assumption 3 is more standard and only ensures that a firm cannot unilaterally cancel a
promotion obtained by one of its employees after having received an outside job offer, once
the worker has eventually turned down that offer. It follows that wage cuts within the firm

are not permitted.

1.2 Worker behavior

We first introduce some notation. Firms are heterogeneous with respect to the technologies

that they operate, which are distributed over @,ﬁ] according to some continuous cdf T,
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which for the time being is taken as given, and will be derived endogenously later along
the lines described in Postel-Vinay and Robin (1999). To save on space, we also define
[ (-) =1—T(-). The workers’ ‘personal ability’ parameters ¢ are exogenously distributed
among the total population of workers according to the cdf H over [g,Z], both positive
numbers. Without loss of generality we normalize the distribution of worker heterogeneity
and set the mean of ¢, f; edH (e), to 1. Workers are risk-neutral and discount the future at
an exogenous and constant rate p > 0. They face a constant mortality rate p. To keep the

population constant, p also designates the constant rate of natality, and newborn workers

are assumed to draw their value of ¢ randomly in the distribution H.

The lifetime utility of an unemployed worker with competence ¢ (a worker of type &, for
short) is denoted by Vj (¢), and that of the same worker when employed at a firm of type p
and paid a wage w is V (g, w, p).

A type p firm is able to employ a type € unemployed worker if the match is productive
enough to at least compensate the worker for his forgone unemployment income, i.e. ep > &b.
Therefore, the infimum of I'’s support has to be no less than b, for a firm less productive
than b would never attract any worker. Whenever that condition is met, any type p firm
will want to hire any type £ unemployed worker upon ‘meeting’ him on the search market.
To this end, the type p firm optimally offers to the type € unemployed worker the minimum
wage ¢, (&, p) that exactly compensates this worker for his opportunity cost of employment,

which is defined by

V(€7¢0 (Eap)ap) :VO(E)' (1)

Because a given employed worker’s future employment prospects depend on both the tech-
nological level of the firm he works at and his personal ability, the minimum wage at which
a type € unemployed worker is willing to work at a given type p firm depends on p and ¢, as

shown by equation (1).



When a given type p firm’s employee receives an outside offer from a firm type p’, the
incumbent employer can either counter the offer or just stay passive. Throughout the analy-
sis, we shall assume that outside offers are countered with a given probability 6. In case the
offer is matched, denote by ¢ (&, p, p’) the optimal wage that the challenging firm p’ wants to
propose to a worker (of type ) employed at a firm with technology p, and that the worker
is willing to accept. With our assumption of constant returns to (efficient) labor, the best
the firm of type p can do for its employee is to set his wage exactly equal to ep. The highest
level of utility the worker can attain by staying at the type p firm is therefore V (g,ep, p).
Accordingly, he accepts to move to a potentially better match with a firm of type p’ if the

latter offers at least the wage ¢ (¢, p,p’) defined by

14 (57 ¢ (5,]),]?/) 7p/) =V (67 5pup) . (2)

Any less generous offer on the part of the type p’ firm is successfully countered by the type
p firm. It is naturally not always profitable for the type p’ firm to offer the wage ¢ (¢, p, /).
Specifically, it will become clear that if p’ is less than p, then ¢ (e, p,p") > €p/, in which case
the type p’ firm will never raise its offer up to this level. Rather, the worker will stay at his
current firm, and be promoted to the wage ¢ (¢,p',p) that makes him indifferent between
staying and working at the type p’ firm.

Now, in case the offer from p’' is not matched by p, the challenging firm can attract the
worker by merely compensating him for the utility he gets from his current wage, say w, i.e.
V (e, w,p). The optimal wage offer from p’' in this case is denoted by ¥ (&, p,p’, w) and is

defined by:

Ve, ¥ (e,p, 0 w),p) =V (e, w,p). (3)

Again here, it is not always feasible for p’ to offer ¥ (e,p,p’,w). Clearly, if w > ¢ (¢,p, p),
then the incumbent employer already does better for the worker than what he can at best

get by moving to the type p’ firm. The worker therefore never moves in such cases.
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The next step is to define the value functions V4 (-) and V (-). Since offers accrue to

unemployed workers at rate g, Vj (¢) solves the following Bellman equation:

(p+:u+)‘0) Vb(&‘) :€b+>\0 'EP{V(67¢O (57p)7p)}'

Using definition (1) to replace V (g, ¢, (¢,p),p) by Vo (¢) in the latter equation then shows

that:

_¢eb
p+pu

Vo (¢) (4)

We thus find that an unemployed worker’s expected lifetime utility depends on his personal
ability € only through the amount of output he produces when engaged in home production,
eb. This naturally results from the fact that their first employer is able to appropriate the
entire surplus generated by the match until the worker gets his first outside offer. The only
income the employer originally has to compensate the worker for is eb.

Now turning to employed workers, consider a type € worker employed at a type p firm
and receiving a wage w < ep. This worker is hit by outside offers from competing firms at
rate \;. If the offer stems from a firm with technology p’ such that ¢ (g, p’,p) < w, then the
challenging firm is obviously less attractive to the worker than his current employer since it
cannot even offer him his current wage. The worker thus rejects the offer and continues his
current employment relationship at an unchanged wage rate. Now if the offer stems from a
type p' firm such that w < ¢ (g,p',p) < ep, then either the offer is matched by p, in which
case the challenging firm p’ will not be able to attract the worker but the incumbent employer
will have to grant the worker a raise—up to ¢ (¢,p’, p)—to retain him from accepting the
other firm’s offer, or the offer is not matched and the worker moves to p’ for a wage equal
to 1 (g,p,p',w). The first situation arises with probability 6 and leaves the worker with
a lifetime utility of V' (g,ep/,p’), while the second one arises with probability (1 —6) and
leaves the worker’s utility unchanged at V' (¢, w, p). Finally, if the offer originates from a firm

equipped with a better technology than p, then the worker eventually accepts the outside
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offer and goes working at the type p’ firm for a wage ¢ (¢, p,p’) and a utility V (¢,ep, p) if p
counters the offer (probability 6), and for a wage 9 (¢, p,p',w) and an unchanged utility of
V (e,w,p) if p doesn’t counter the offer (probability 1 — ).

For a given worker type € and a given productivity p, define the threshold productivity
q(e,w,p) by ¢ (g,q (e, w,p),p) = w, so that ¢ (,p',p) < w if p' < q(e,w,p). Contacts with
firms with a technology less productive than ¢(e,w, p) end up not causing any wage increase
because the current employer (with a technology yielding productivity p) can outbid such a
challenging firm by offering a wage lower than w. Since in addition layoffs and deaths still
occur at respective rates 6 and p, we may now write the Bellman equation solved by the

value function V (e, w,p):

[p+6+p+ T (q(e,w,p)] -V (e,w,p) = w
+ M0 (p) —T(q(e,w,p))] - Ey {V (¢,ep',0') lq (e, w,p) < p < p}

+M0-T(p)-V (e,ep,p) + Vo (e). (5)

In case the offer from the challenging firm of type p'is matched by the incumbent employer

of type p, then if ¢ (¢,w,p) < p’ < p, the incumbent firm can keep its employee but must

promote him to the wage ¢(e, p/, p) such that V' (e, ¢ (e,p/,p) ,p) =V (g,ep/,p'). If p’ > p then

the firm of type p’ wins the competition and hires the type ¢ worker at the wage ¢(e,p,p’)

defined by (2): V (g,¢ (e,p,7') ,0") =V (g,ep, p). In case the offer is not countered, then the

worker moves to p’ whenever p’ > ¢ (g, w, p) but his lifetime utility remains unchanged.
Imposing w = ep in the latter relationship, we easily get:

ep + 6V (¢)
[/ 3 3 - .
(5:2p,p) p+o+pu

(6)

Plugging this back into (5), replacing the expectation term by its expression and integrating

by parts, we finally get a definition for V' (+):

)\196 p =
+o6+pn) Ve, w,p) =w+ oV €+7~/ I'(x) dx. 7
(p+8+10)V (&) o T (7



We can now derive expressions of the reservation wages ¢, (), ¢ () and 1 (), as well as
the threshold technological index ¢ (). We begin with the latter for a given productivity p
and a given worker type €. Using (6) and (7) together with the fact that, by definition,

V (e,w,p) =V(e,eq(e,w,p),q(e,w,p)), we get an implicit definition of ¢ (&, w, p):

~—

)\1(9 /p = w
qle,w,p) — —— I'(z) de = —. 8
Con o Twde=1 (

Note that, as intuition suggests, (8) shows that ¢ (¢,ep,p) = p. Now consider a pair of tech-
nologies p < p/. Substituting ¢ (¢, p, p) for w in (8), using the fact that ¢ (¢,¢ (¢,p,7') ,p') =

p, and rearranging terms, we get:

¢(e,p,p)=¢- (p—/\ilg /pf(w) dw)- 9)

p+o+u

The last expression brings about some comments. First off, a type € worker employed at
a firm with productivity p, and who receives an alternative offer from a firm of productivity
of p’ (not necessarily greater than p) will be promoted but never to a wage greater than ep.
The worker’s current productivity therefore imposes an upper bound on his next promotion
and his potential productivity in the challenging firm p’ imposes an upper bound on the
second next promotion. Therefore, the employee’s reservation wage ¢(e, p, p’) increases with
p and falls with p’, because to some extent workers are willing to trade a smaller share of
the total rent today for a larger share tomorrow. It is thus more difficult to draw a worker
out of a more productive firm, and equivalently workers are more easily willing to work at
more productive firms.

This in turn has two crucial implications. The first one is that workers may be willing
to accept wage cuts, even though they are not threatened of losing their job. Consider for
instance the top rank type e worker in a type p firm, who earns exactly w = ep, and assume
this worker gets an offer from a firm of type p’ > p which p counters. This worker is thus

willing to work at the type p’ firm for any wage above ¢ (¢, p, p'), which is strictly less than
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his current wage ep, according to equation (9). The second key implication of ¢’s properties
is that senior workers are predicted by the model to be on average less mobile than junior
workers for a given level of personal skills . To see this, note that a type € worker making
w in a type p firm is ‘upgraded’ (i.e. either promoted or hired by a better firm) when he
receives an offer from a type p’ firm such that either p’ < p and w < ¢ (&,p',p), in which case
he gets a raise, or p’ > p, in which case he goes to the firm of type p/. This makes workers
with long tenures, who on average have received more offers and therefore get higher wages
in better firms, less likely to receive an attractive offer that would result in an upgrade.
Finally consider a pair of technologies p and p’ such that p’ > ¢ (e, w,p). From (3) and

(7), one can get an expression for ¢ (g, p, p’, w):

/

0 v _
Ve, pp,w) = w—p_:\éﬁ-s-/p ['(z) dx (10)
= w—ep+o(e,pp). (11)

The mobility wage 1 (-) for unmatched offers has the same properties as ¢ (+): it increases
with p, decreases with p’ and it can be greater or smaller than w, depending on the relative

productivities p and p’. It naturally increases with the current wage w.

We now turn to the unemployed workers’ reservation wages ¢, (+), which are defined by
the equality (1). Replacing w by ¢, (¢,p) in (5) and noticing that q (¢, ¢, (¢,p) ,p) = €b,® we

get for any given e:

gbo(e,p):gb(e,b,p):a-(b—%-/})pf(w) dm). (12)

Again, this calls for some comments. First, we see that unemployed workers of all types are

prepared to work for a wage ¢, (-) that is less than the opportunity cost of employment

3This is shown by the definitions of ¢ (-) and ¢, (-):

Vo (5) =V (Ea d)O (s,p) 7p) =V (575(] () ) q ()) )

which implies from (4) and (6) that q (e, ¢g (€,p) ,p) = €b.



eb. This is because being employed means not only earning a wage, but also getting better
employment prospects. Second, as we naturally expected, ¢, (-) turns out to be a decreasing
function of p. Since better matches yield better future job opportunities, they are more
attractive to workers and take advantage of this feature by offering lower wages. Third, the
reservation wage does not depend on the arrival rate of offers A\g. In standard search theory,
reservations wages do depend on \g, because the wage offers are not necessarily equal to the
reservation wage. A longer search duration may thus increase the value of the eventually
accepted job. Here, this does not happen: Firms always pay the reservation wage to workers;
Therefore, there is no gain to expect from rejecting an offer and waiting for the following

one.

1.3 Worker flows

Let us denote by L (¢, w, p) the number of type € employees at a type p firm earning a wage
less than or equal to w, by L (¢,p) the total number of type € employees at a type p firm

and by L (p) the total workforce of such a firm. It is shown in appendix A that:

L(e,p) = —— - 1(p=0)-h(e), (13)
N[5+ p+ Mot (p)]°
where 1 (-) is the indicator function, and that
L(g,w,p) = L(e,q(s,w,p)). (14)

Consequently, replacing L (p) = ffL (g,p) de into (13), we get:

L(e,p)=h(e)- L(p)

with

-1(p>0b). (15)

L(sp) _ Mub 6+ p+ M0
€)

L(p) = h( N [5+M+>\10f(p)]2

Note for future use that L(p) increases with p.
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Under the current model’s assumptions, the distribution of individual heterogeneity
within the firms is independent of their types. More productive firms simply hire more
workers. This stems from the assumption that the productivity of a match (e,p) is ep.
Nothing thus prevents the formation of highly dissimilar pairs (low €, high p, or low p, high
£). A might seem more realistic to restrict match formation by imposng worker selection to
some extent, which could be done simply e.g. by assuming that, to operate a technology p,
a minimal value of ¢ is required. Yet, this would be an ad hoc way of generating assortative
mating. Matching theory suggests that assortative mating only rules out additive substi-
tutability. The more fundamental reason why we do not obtain assortative mating here is
the assumption of constant returns to labor. A firm has no incentive to select workers upon
their quality because it is optimal to hire anyone yielding positive profits, since hiring today
in no way hampers future recruitment. Extending the current model to allow for diminish-
ing returns to labor is a very promising line of research but clearly out of scope given the

additional complexity it implies.

Finally equating aggregate labor market flows pins down the rate of unemployment:

Il o
O+ p+Xo

(16)

The steady-state assumption has allowed us to compute the various stocks and flows of
workers. The model is now completely solved given a particular distribution I' of produc-
tivities. Taking I' as exogenous may be a sensible assumption in a short-run perspective.

However, to the extent that a firm’s productivity follows from its investment choices, it

certainly should be made endogenous in the longer run.
1.4 Rent sharing

The lowest paid type € worker in a type p firm is one that has just been hired, therefore
earning ¢, (£, p), while the highest-paid type € worker in that firm earns his marginal produc-

tivity ep. Having thus defined the support of the within-firm earnings distribution of type ¢
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workers for any type p firm, we can readily derive the value of the current operating surplus
for such a firm:
z ep
o= [ ([ rmw)Lednn) - Cr=dulen) - Lenlen ) i
where ff g(w)L (g,dw,p) denotes the Stieljes integral of g(w) with respect to the measure
L (e,dw, p) over the interval (A, B]. Note that this measure has a mass point at w = ¢, (¢, p)
(see Appendix A).

Integrating by parts, we change the latter expression into:

€ P
= / / L(e,w,p) dwde.
£ 0(57]9)

Using (14) and the change of variables z = ¢ (¢, w, p), we get a new expression for 7 (p),*

r(p) = //&‘Lax <1+:fgil) d d (17)

_ )\OuM./ 6+ pu+ M0 '<1+ Alef(g;))dw (1)
N [6+ 1+ MOT ()] ptétp)

in which we have used (13) and since, by convention, f; eh (g) de = 1. Note that the current
operating surplus 7(p) is thus an increasing and continuous function.

A parameter of interest is the following: on an average how much a worker can hope to
be paid when employed? Individual earnings processes being stationary and ergodic, one can
compute this number by evaluating the mean wage of a cross-section of many employees:

Eow = /ﬁ[ B 7T(p)] L(p)_v(p)dp

where T is the average firm size (1 — u)M/N and 2&0® Mp ) is the density of firm types in a

large cross-section of workers (each firm p is weighted by how many workers it employs).

4Since
6(](5, va) _ 1

ow € [1 + p_i‘gf_#f (q(e,w,p))
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After some straightforward (but cumbersome) algebra, one finally obtains:

EGw:b—i—

p /T’ (6+ 1+ M6)(E + WL (p)dp 19)

ptot+ply [6+ 11+ 0T (p)]°
which shows that when p gets small, Esw approaches b. Firms exploit the long-sightedness of
workers to make them give initially (¢,(¢,p) < b) all the gains they can later expect from firm
competition for employees. A result similar to Diamond’s (1971) monopsony wage therefore
emerges: when firms can fully take advantage of their monopsony power on unemployed
workers, they can recover a large part of the rent they are constrained to yield to workers
because of on-the-job search. Our model thus fills the gap between Diamond’s equilibrium
search with no search on the job (and Albrecht and Axell’s (1984) extensionto heterogenous

workers and firms), and Burdett and Mortensen’s (1989) wage posting model with on-the-job

search.
1.5 Equilibrium productivity dispersion

We can now endogenize the productivity parameter p along the lines of Postel-Vinay and
Robin (1999). Equilibrium productivity dispersion arises from the firms’ dispersed invest-
ment choices. Assume firms are ex ante identical and endowed with a technology exhibiting
constant returns to labor and decreasing returns to capital. More specifically, the output
per efficiency unit of labor of a firm with a capital stock of &k is p = k%, with 0 < oo < 1.5
With this specification, and taking the user cost of capital as an exogenous constant r,
the final level of profit made by a type p employer is I1(p) = 7 (p) — rp'/®. In equilibrium, all
firms must make the same (maximal) profit, say II*. The following thus holds in equilibrium:

7 (p) —rp/* =1I*  for all p € supp(T),

7 (p) —rpt/* <II*  otherwise.

5This specification is borrowed from Acemoglu and Shimer (1997). Also, Robin and Roux (1998) estimate
the coefficients of a Cobb-Douglas production function K- L? on firm data and find that 3 is roughly equal
to one while « is much smaller, somewhere between 0 and .1 depending on the particular sector considered.
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Since 7 (p) — rp'/* is a constant on the support of I', and since 7 is differentiable, it is

therefore true that:
/ - r (1—-o)/«
™ (p)=—"-p , (20)

which is equivalent to:

that is to say, with (13):

)\OuM. 6+M+>\10 p+6+,u+)\19f(p) _i.p(l—a)/a

N[5+ p+M0T ()] p+o+p a

This is a quadratic equation in T (p) which can easily be solved:

208M (5 + 1+ M)

- (p+ 8+ p) - pl-o/e
O+ p 4+ A00 1+4/1+4+4 =
pot MOl (p) 2(p+6+ )L - pl-e/a \/ p 2080 (5 4 11+ M\, 0)
2
_ : p) . (21)
p+o+p)=
1+ 4p - o p(l—a)/a -1
\/ BT+ it M)

The bounds of I''s support solve I'(p) = 1 and T (p) = 0 respectively.®
Note that this discussion is empirically useful because it provides a natural specification
of the distribution ofthe firm heterogeneity parameter p. It shows that when T (p) has the

form in (21) then firms’ current operating surplus is

m(p) = rp'/* +x(p) —rp¥/®

"
= rplle 4 51_7(170‘)/0‘ [(1—a)p—10]

Since the beginning, we have been taking for granted that the support of v has the form [1_9,1_9], i.e. 18
an interval. The above analysis confirms this conjecture. Also, we have been working under the assumption
that I'(-) had no mass points. In Postel-Vinay and Robin (1999, proposition 1), we show that it is indeed
true in equilibrium. The reason why this is the case is easy to spell out. If a mass of firms choose the same
p then there exists a mass of employed workers who can be attracted by a firm with a greater productivity.
Consequently, the current operating surplus increases faster right after p than just before. Since rp'/¢ is
continuously differentiable, it is therefore impossible that p be an optimal response of any firm to all other
firms behaving according to a distribution of productivities exhibiting a mass point at p. It thus follows that
the equilibrium distribution of productivities is continuous, hence I' and L are differentiable.
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and the the wage bill of a firm of type p is

c(p) = pL(p) —=(p)

T
= pL(p) — rp"/* - ag(l“”/a (1= a)p—b]

which provides a particularly simple and attractive natural specification of mean wage per
firm for empirical analysis. Specification (21) can be adopted without assuming that p results

from capital choice and ex ante profit maximisation.

2 Structural estimation

2.1 Description of the DAS data

The “Déclarations Annuelles des Salaires” dataset is a large collection of matched employer-
employee information collected by the Income Division of the French Statistical Institute IN-
SEE (Institut National de la Statistique et des Etudes Economiques — Division des Revenus).
The data are based on a mandatory employer report of the gross earnings of each salaried
employee of the private sector subject to French payroll taxes. Our analysis sample covers
all individuals employed in French enterprises who were born in October of even-numbered
years. Our extract runs from 1995 through 1997, our last available survey. We have deliber-
ately selected a much shorter period than is available because we want to find out whether it
is possible to estimate our structural model on an homogeneous period of the business cycle.
Moreover, firm size is only available from 1995 onward. Each observation corresponds to
a unique enterprise-individual-year combination. The observation includes an identifier that
corresponds to the employee and an identifier that corresponds to the establishment. For
each observation, we have information on the number of days during the calendar year the
individual worked at the establishment, as well as the full-time/part-time/intermittent /at-
home work-status of the employee. Each observation also includes, in addition to the variables

listed above, the sex, month, year and place of birth, occupation, total net nominal earnings
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during the year and annualized gross nominal earnings during the year for the individual, as
well as the location (département) and industry of the employing establishment.

The sample provides individual wage bills reported by the employers on a yearly basis.
We know for example that worker ¢ was employed by the firm-establishment j during d days
in 1995 within a time interval beginning this day of 1995 and ending that day of 1995. A
trajectory featuring an employer change may be such that the end of one employment spell
does not coincide with the beginning of the next one, and a worker may also leave the panel
before the end of the recording period. There is no way of knowing the status of the worker
during such periods not covered by a wage statement. He/she may have permanently or
temporarily quit participating, or be unemployed, or have found a job in the Public Sector,
or have started up his/her own business. In the estimation, we shall interpret temporary at-
trition as resulting from layoffs (with instantaneous probability édt) and permanent attrition
as resulting either from layoffs or from retirements (with instantaneous probability pdt).

We may have several wages recorded for the same individual in the same firm-establishment
if the worker stays employed by one firm for more than one year. Unfortunately, there is
no way to know exactly at which moment he/she received a wage increase if the daily wage
reported one year is greater than the one reported the year before. Finally, it frequently hap-
pens that real wages decrease from one year to the next even if the worker has not changed
employers. This may reflect fluctuations of bonuses with the firm’s activity since there is
no way of separating contractual wages from bonuses which in some cases may be a non
negligible share of salaries. Wage changes may also reflect occupation changes within the
same establishment and compensating differentials. These wage fluctuations could be cap-
tured in an ad hoc way by a pure idiosyncratic shock. We preferred to estimate the sructural
model as it was laid out in the preceding sections at the price of a lack of fit because our
main goal here is precisely to evaluate the capacity of the structural model to reproduce the

main features of the wage dynamics. Incorporating productivity fluctuations in the model
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is certainly not a straightforward extension of the model as we know that it could generate

job destruction as in Mortensen and Pissarides (1994) for example.

2.2 Parametric specification

To keep things as simple as possible, we shall estimate the model under the assumption
that the psychological discount rate p is nil and that the distribution of firm productivities
satisfies the equilibrium characterization (21). Under those assumptions, the model predicts

that:

e the productivity distribution is Pareto: for all p € [p, 7],

(5+M+)\1‘9F( ) N (6_‘_”)&.1)(1*04)/0‘

or again, introducing k; = A1/ (§ + u) and L = (1 — u)M/N the mean labor force per

active firm,
T\ T X9 1/a
1+ 5100 (p) = L (1 + £10) s ;
since in a steady state equilibrium Agu = (6 + p)(1 — u);

e the support of firm productivities is [p,p] with

e the labor force of a firm of type p is

N [64 p+M0T (p)]?
Z ) 1 —|— /{19 .
[ + /<&10F }

L(1+ k10) ’

L(p) =
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firms’ profit then becomes:
m(p) = rp/* + L[(1 - a)p—b];

the distribution of firm sizes in the population of active firms, given that T (p) is

uniformly distributed over [0, 1], has density

y L (1+ k10) 1
f( ) — K10 ' 203/2°
with support [£, ] where
L
E - L(B):l—f-HlQ’

7 = L) =T (1+r0);

the distribution H (¢) of worker types € within each firm is independent of the employer

type p and can be specified as one wants, up to the assumed normalization of its mean;

the wage offered to a formerly unemployed worker of type € by a type-p firm is

bole,p) = 5{b—m19/bpf(x)dx]

p—
= £ |b(1+4 K10) — k1Op — /<;10/ ['(x) dw] ;
p

the wage resulting from the competition between a type-p firm and a type-p’ firm

(p' > p) is:

¢(67p7p,) = £ |p— 519 /p f(l’) d.’lﬂ‘]
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e the wage a worker can get in a type-p’ firm when the worker is paid w by a type-p firm

which decides not to match the alternative offer is:

.0 w) = v_.of'T d]
Y (e,p,p',w) 6[5 fﬁ/p (z) dz

= w—ep+¢(e,pp).
2.3 Estimation

The complicated nature of the data (namely that only annual wages are observed) and
the fact that the distributions of firm sizes and productivities have bounded supports’,
rules out maximum likelihood as a potential candidate for the estimation of the model.
Moreover parameters strongly interact with each other. One should therefore be cautious
not to estimate simultaneously all parameters without being assured that each parameter is
separately identified by a specific data source. Since here efficiency is not an issue (we have
a potentially infinite source of DADS data), if we can estimate one parameter independently
of the others, we do it.

We proceed as follows: first we estimate the in-to and out-of sample transition parameters
0, pand g from a cohort of workers initially employed and whom we follow until they either
change employer or quit the survey. Second, we estimate the remaining parameters from a
cross-section of individual observations of wages and employer sizes. Finally, we tune these
estimates using a simulated method of moments based on dynamic moments such as the
covariance between two consecutive wages or between current wages and present and lagged
employer sizes. Note that each estimation algorithm was first tested and verified working

using Monte Carlo simulation.

"With bounds which cannot be directly estimated. The model is certainly not very good at predicting
minimum and maximum firm sizes. In the data the minimum firm size is one and the inverse mean size is
likely not a good estimate of 1 + k16!
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2.3.1 Consistent estimation of in-to and out-of sample transition parameters 6,
wand Ay

The recording period starts at time 0 (namely January 1st, 1995) and ends at time 7" (namely
December 31st, 1997). All the N sampled individuals are employed at the beginning of the
observation period. Define d;; as the length of time idividual ¢ spends employed (by one or
several employers) before exiting recorded employment (toward unemployment, inactivity,
selfemployment or government jobs, whatsoever) or until the end of the recording period. If
individual 7 stays employed without interruption let d;» = 0. Otherwise, let d;s be the length
of time spent out of the sample before re-entry or until the end of the recording period. We
shall estimate &, u and \g by maximizing the likelihood of the N observations (d;;, d;3).®
Employees face two independent risks that may make them leave the employment activ-
ities covered by the DADS data: lay-off, occuring at rate 6, and attrition (i.e. inactivity,
selfemployment or government jobs), at rate u. The attrition risk also applies to unemployed
workers who can yet re-enter the sample by finding a new job at rate \g. Let (E;,U;, D;)
be a triple of independent random variables following three exponential distributions with

parameters 0, i and \g. We have
diy < min(E;, D;, T)

d e
where = means “‘equal in distribution”, and

d;o i T—d; if B;,+U; > min(Di, T)

Ly, if B+ U; < min(D;, T)
or again:
di1 d min(D;, T) _ .
- > .
( diQ ) T — miﬂ(Di, T) > if EZ = mln(DﬂT)

d E; ' .

=\ 7 g ) if £; +U; > min(D;,T) > E;
< (l? ) if B; +U; <min(D;,T).

8Note that we could use more in- and out-of-sample spells than the first two.
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Note that it is also true that d;; = min(min(E;, D;),T") where min(E;, D;) is a random

variable following an exponential distribution with parameter 6 + p. In particular, Ed;; =

1-exp(—(§+4)T)
Otp

We have

, rendering possible a consistent estimation of 4 + p by a method of moments.

Pr{min(D;,T) = d; and E; > min(D;, T)} = 1(dy = T) - e *Te "

+1(dyy < T) - pe Hdinetdin,
and given E,=d < T,

Pr{dﬂ < mln(Dl,T) < dil + Uz}
= PI’{UZ >T —d; and D; > T} + PI'{UZ >D; —dyand dy < D; < T}

T
_ e_/JTe_AO(T_dil)_}_/ Iue—,uwe—/\o(m—dil)dx

di1
—HT g=do(T=din) | emHdin — emiTro(T=dn)
= e e 7
8 B+ Ao
—pdia
= |\ e*()‘OJFH)diQ + € ‘
Ao ] N

The likelihood of one observation (d;1, d;2) then follows as

Udi, din) = 1(dg +dig < T) - e~ ETmdin . ) je=(Gotiidiz
8
Ao + p

+1(d;; = T,dip=0)-e T,

+1(dyy, < T,dip=T —dy) - (Nge~ Qotmdiz )y | e Ol

2.3.2 Estimation of the remaining parameters from a cross-section of wages/firm
size data

Given a cross-section of individual wages and employer’s sizes, one can obtain consistent
estimates of L, k10, o and r in the following way. Contrary to the previous case, we cannot
easily resort to maximum likelihood since the support of these cross-sectional distributions
depend on the parameters of interest. We therefore use moment-based estimation methods.

A consistent estimate of L and k16 is thus straightforward to obtain from the distribution
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of employer sizes, using the first two moments of this distribution. Remember that the
estimation sample is a sample of workers, not firms: each observation of firm size has therefore
to be weighted by the number of times it is replicated in the sample which is precisely

proportional to the firm size. The cross-sectional firm size mean should therefore converge

to
g L(p)y
pw) = [ o My
_ I 1+/<;192/ 3k107y(p
3H19 1 —+ /£19F ]

. ]_ + /{19 {1 ‘|

B 3’<01(9 (1+ ,ﬁe

. -3+ 3%19 —|— Klg

N 3 (1 + Klg)
where 22 )f 1@ i the density of firm types in the sample of employed workers; the second-order

moment converges to
L
E(L*) = / L(p)*- Mdp
p L
3
_ IQ(l—f-Iile) {1_ 1 5‘|
510 (14 K10)
72 [5 4 10k10 4+ 10(k10)* + 5(k10)® + (£10)*]
5(1+ k10)°

and the variance to

V(L) = E(L*) - E(L)*
S S il 1
9(1+ K10)

It is also possible to obtain a consistent estimate of b from the wage mean (equation
(19)), and an estimate of r and « by regressing earnings on firm sizes. The mean wage per

firm of type p is indeed:

Bl = -7
B . e _L[(l—oz)p b}
P70 L(p)



with

2(1oio¢)

p= [Zu rmt) (2) L(p)]

Practically, we estimate r and « by non linear least squares:

1/ T*

2
r.a 1 ) 7€z
(r,a) = arg(mln) {p(na; ;) — w; — T% _ 7} ‘

%

TO BE CONTINUED.

References

[1] Acemoglu, D. and R. Shimer (1997) “Efficient Wage Dispersion”, MIT and Princeton

Working Paper.

[2] Burdett, K. and D. T. Mortensen (1998) “Wage Differentials, Employer Size and Unem-

ployment”, International Economic Review, 39, 257-73.

[3] Burdett, K. and T. Vishwanath (1988), “Balanced Matching and Labor Market Equilib-

rium”, Journal of Political Economy, 96 (5), pp. 1048-1065.

[4] Postel-Vinay, F. and J.-M. Robin (1999) “The Distribution of Earnings in an Equilibrium

Search Model with State-Dependent Offers and Counter-Offers”, INRA-LEA WP. n°98.4.

[5] Robin, J.-M. and S. Roux (1998) “Random or Balanced Matching: An Equilibrium
Search Model with Endogenous Capital and Two-Sided Search”, CREST-INSEE WP.

n°9838.

Appendix
A Derivation of L (s, w, p)

The workers of type ¢ paid less than w by firms of type p leave this category either because they are

laid off—which occurs at rate 6—or because they die—which occurs at rate y—or finally because
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they receive an offer which grants them a wage increase or induces them to move to a different firm.
From previous paragraphs, we see that only those type ¢ workers who receive an offer from a firm
no less productive than g (e, w,p) < p will either see their wage raised above w, or leave their type
p employer. They receive those offers at rate M T (g (¢,w, p)), and a proportion # of those offers are

countered. The total outflow of such workers from p is therefore equal to:

{6 + p+ M0T (q (e, w,p))} - L(e,w,p)
FM(1-6)- (/w T(q(e,2,p)) - L(e,dx,p) + L (e, b (¢, p) >p)) - (22)
CN)
The first term in the above equation corresponds to layoffs, deaths and workers having been hit by
countered outside offers, while the second term corresponds to workers leaving because they have
received unmatched offers.”

On the inflow side, workers entering the category (&, w, p) come from three sources. Either they
are hired away from a firm operating a technology less productive than ¢ (&, w, p) that has matched
the offer made by the type p firm at hand, or they are hired away from a firm of any type after
an unmatched offer from p, or finally they come out of unemployment. Let L(e,p) = L(e,ep,p)
denote the total number of type £ employees at a type p firm (the highest paid worker of type e
in such a firm earns exactly w = ep), and let u be the total rate of unemployment. Summing the
three sources, we get the total inflow into the category L (e, w, p):

AouM
N

q(,w,p)
hie)-1(w > ¢, (5,p))+)\19-/ L (e, x) dI' (z)

+ M (1—9)-/pL(5,¢(5,p,x,w),x) dr' (z). (23)

=3

The first term counts the number of type ¢ unemployed workers hired each period. The indicator
function 1 (w > ¢ (e, p)) is needed here because no type & unemployed worker would accept a wage
w striclty less than ¢ (¢, p), and all would accept any wage w > ¢, (¢, p). Note for future use that
this term can take the equivalent form 1 (g (e, w,p) > b). The second term counts the workers lost
by firms of all types less than ¢ (¢, w, p) to the type p firm after they have unsuccessfully countered
its offer. Finally, the last term counts the workers lost to the type p firm by firms of all types when

the type p firm’s offer has not been matched. Consider indeed a worker who is currently employed

9This is implicitely assuming that w > @, (,p), since ¢, (&, p) is the smallest wage a firm of type p can
pay to a worker of type €. Therefore, as will become clear below, L (e, w,p) = 0 for all w < ¢ (¢,p). Also
note that, as will become clear below as well, there is a mass of type e workers employed at the wage ¢, (e, p).

Finally, since q(e, ¢¢(e,p),p) = b, T(q(e, ¢ole,p),p)) =T(b) = 1.
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by a firm of type x at a wage w’. Any firm with productivity p contacting this worker may hire him
at the wage 1 (g, z,p,w') if his current employer does not respond to poaching (with probability
1—46). Now

, A6 P_
<~ wgw—i—m-s- P($)d$

— W <Y(ep,x,w).

It thus follows that a firm p hires at a wage lower than w any worker paid less than v (¢, p, x, w) in

an firm x which does not counter the offer.

The stationarity of L (e, w, p) implies that (22) must equal (23), which yields a complex differ-
ential equation solves by L (e, w, p). This equation is in fact much simpler than it looks, as we shall
now see.

First remark that integrating by parts and using the change of variables z = ¢ (e, z,p) in (22)

allows to rewrite (22) as:
—_— q(67w7p)
{6+p+MT(q(e,w,p)} - L(e,w,p)+ M (1—9)-/ L(e,¢(e,2,p),p) dl'(2) (24)
2

Second, note from (10) that, for all z < g (¢, w,p), ¥ (¢,p, z,w) > ez.'® This implies that for all
x < q(e,w,p), L(e, ¢ (e,p,x,w),x) = L (e, x). This allows to rewrite (23) as:

u (e:w,p)
@ 1) 20 0 [T L)
) P
+)\1(1—9)-/ L(e, ¢ (e,p,z,w),x) dl (x). (25)
q(67w7p)

Next, we may also notice from (8), (9) and (10), that for any (e, w,p,p):

=w from (8)

A1 0e - A\ 0z v _
o (e,q(e,w,p),p) =¢eq(e,w,p ——-/ I'(z daz——-/ I'(z) dx
o) ) =sgewn) o= [ Twde- S [T

=1 (e,p, 0, w).

That is: ¥ (e,p, p’, w) is the wage paid by firm p’ to a worker ¢ yielding the same expected income
flow as being paid w at firm p, which equivalent to being paid ¢ (&, w,p) /e at firm ¢ (&, w, p), which
in turn is the same as being paid ¢ (&, ¢ (e, w, p),p’) at firm p'.

10This can be seen by noticing that ¥ (g, p, ¥, w) = w + ex — ¢ (&, x, p), which equals ez for x = q (e, w, p).
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(25) can thus be rewritten as:

AouM
N

q(e;w,p)
h(e) - 1(a (e w,p) = b) + Ar - / L(e,x) dT ()

+A(1-9) / L(e,p(e,q(e,w,p),x),x)dl (x). (26)

Now looking at a the specific case where w = ep is the maximal wage that firm p could pay to
a worker €, we get an equation defining L (¢,ep,p) = L (e,p). If we notice that ¢ (e,ep,p) = p and
that ¢ (e, p, z,ep) = ¢ (e, p, x), equating (24) and (26) yields:

(64wt AT} L)+ M (1=0) [ Lo Eo)p) dr @)

_ )‘OJI\L[M.h(g).l(pr)Jr)q-/pL(s,x) dr(x)+A1(1—9)-/]7L(6,¢(67p>f6),$> dr* (z).

P p

Comparing the two sides of this last equation with (24) and (26) makes clear the following important

result (equation (14) in the main text):
for all (e,w <ep,p), L(e,w,p) = L(e,q(e,w,p)),
since those two numbers solve the same equation. It follows that

L(e,¢(e,2,p),p) = L(e,x) and L(e,¢(e,q(c,w,p),x),2)=L(e,q(e,w,p)) = L(e,w,p).

Substituting the last two equalities in (24) and (26) respectively, and equating the two yields a final

expression for the flow balance equation at the firm level:

)\OuM

{6+ p+M0T (q(,w,p)} - L(e,w,p) = =

o)
-h(z—:)-l(q(a—:7w7p)Zb)—i—)\lﬁ-/ L) dr (x).

Again looking at the case w = ep, we get:

{6+ p+XM0T (p)} - /pL(e,as) dr (ag)] —

which solves as:

AouM.h(g)_ L(p)-1(p>10)

L) dl) = =5 8+ i+ MOL (p)

—

hence (13):

AouM . O+ p+ X6
N[5+ p+ AT ()

L(e,p) = 1(p=b)-h(e).
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A final remark is in order here. As can easily be shown either by directly equating (24) and
(26) in the case w = ¢ (&,p), or by applying the result (14) to that same case, there is a mass of

lowest-paid type ¢ workers in each firm, given by:

AouM h(e
L(€7¢)O (€7p)7p) = ON : (5+M(+))\19

Interestingly, this number is independent of the firm’s type. This clearly results from the fact that
all firms are productive enough to at least compensate all unemployed workers for their forgone
productivity “at home”, b. This remarkably simple result is partly due to our specification of output
flows and unemployment income. Amending those specifications would make matters slightly more
complex, for some firms might become unattractive to some unemployed workers. For the treatment

of this case, see Postel-Vinay and Robin (1999).
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