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Devwudfw

Wklv sdshu h{dplqhv lqfhqwlyhv ri srru djhqwv wr hvfdsh sryhuw| e| vdylqj1 Rzlqj

wr olplwhg oldelolw|/ orz zhdowk fuhdwhv eruurzlqj frqvwudlqwv/ suhyhqwlqj wkh srru iurp

ehlqj deoh wr �qdqfh surgxfwlyh surmhfwv1 Ixwxuh zhdowk lqfuhdvhv uhvxowlqj iurp fxuuhqw

vdylqj zrxog uhod{ wkhvh eruurzlqj frqvwudlqwv/ udlvlqj ixwxuh surgxfwlylw| dqg lqfrphv/

wkxv surylglqj d srvvleoh fkdqqho ri xszdug prelolw|1 Krzhyhu/ wkh h{whqw wr zklfk

wkhvh ehqh�wv dffuxh wr wkh djhqwv wkhpvhoyhv ghshqgv rq wkh doorfdwlrq ri edujdlqlqj

srzhu zlwk wkhlu ohqghuv +ru odqgorugv,1 Li djhqwv kdyh qr edujdlqlqj srzhu/ wkh uhwxuqv

wr vdylqj ri srru djhqwv duh dssursuldwhg hqwluho| e| ohqghuv/ uhvxowlqj lq sryhuw| wudsv1

Lq wklv fdvh wkh orqj uxq zhdowk glvwulexwlrq ehfrphv srodul}hg lqwr wzr fodvvhv/ zlwk

qr plggoh fodvv dqg qr lqwhufodvv prelolw|1 Li rq wkh rwkhu kdqg wkh djhqwv kdyh doo

wkh edujdlqlqj srzhu wkhq wkh uhwxuqv wr vdylqj dffuxh wr wkhp hqwluho|/ dqg djhqwv

dffxpxodwh zhdowk lqgh�qlwho| luuhvshfwlyh ri lqlwldo frqglwlrqv1
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Lw lv zhoo nqrzq wkdw rqh ri wkh xqiruwxqdwh frqvhtxhqfhv ri sryhuw| lv wkdw lw lqklelwv wkh

srru iurp hqjdjlqj lq surgxfwlyh zrun/ rzlqj wr wkhlu lqdelolw| wr �qdqfh vxfk surmhfwv

wkhpvhoyhv ru eruurz wkh qhfhvvdu| ixqgv1 Lw lv dovr zhoo xqghuvwrrg krz wkh doorfdwlrq

ri edujdlqlqj srzhu lq �qdqfldo frqwudfwv ehwzhhq srru djhqwv dqg ohqghuv +ru odqgorugv,

fdq vljql�fdqwo| d�hfw wkhlu h�ruw lqfhqwlyhv dqg surgxfwlylw|1 Lq wkh ghyhorsphqw hfr0

qrplfv olwhudwxuh/ wklv kdv iruphg wkh wkhruhwlfdo edvlv iru wkh surgxfwlylw|0hqkdqflqj uroh

ri lqvwlwxwlrqdo uhirupv vxfk dv odqg uhirupv/ frqwudfw uhjxodwlrqv/ vxevlgl}hg fuhglw dqg

sxeolf hpsor|phqw surjudpv +Hvzdudq dqg Nrwzdo +4<;9,/ Vkhww| +4<;;,/ Gxwwd/ Ud| dqg

Vhqjxswd +4<;<,/ Prrnkhumhh +4<<:d/ 4<<:e,/ Edqhumhh/ Jhuwohu dqg Jkdwdn +4<<:,/ dqg

Kr� dqg O|rq +4<<8,,1 Lq wkh olwhudwxuh rq pdfurhfrqrplfv dqg �qdqfh/ vxfk prghov

kdyh ehhq xvhg wr h{sodlq wkh suhvhqfh ri eruurzlqj frqvwudlqwv/ zk| h{whuqdo �qdqfh lv

iuhtxhqwo| pruh h{shqvlyh wkdq lqwhuqdo �qdqfh dqg zk| glvwulexwlrq pd| kdyh d uroh lq

h{sodlqlqj rxwsxw �xfwxdwlrqv +Ehuqdqnh dqg Jhuwohu +4<;<,/ Jdoru dqg ]hlud +4<<6,/ Kr�

+4<<7,/ Kropvwurp dqg Wluroh +4<<7,/ Djklrq dqg Erowrq +4<<:, dqg Slnhww| +4<<:,,1 Vlp0

lodu prghov kdyh ehhq xvhg wr h{sodlq zk| irupv ri lqgxvwuldo rujdql}dwlrq pd| ghshqg

rq zhdowk lqhtxdolw|/ dqg zk| zrunhu frrshudwlyhv pd| rffdvlrqdoo| shuirup vxshulru wr

fdslwdolvw �upv +Edqhumhh dqg Qhzpdq +4<<6,/ Erzohv dqg Jlqwlv +4<<7/ 4<<8, dqg Ohjurv

dqg Qhzpdq +4<<9,,1 Lq wkhvh vhwwlqjv/ uhgxflqj wkh lqhtxdolw| ri zhdowk ru srzhu fdq

jlyh ulvh wr lqfuhdvhg surgxfwlylw| dqg shu fdslwd rxwsxw/ uhyhuvlqj wudglwlrqdo qrwlrqv ri

htxdolw|0h�flhqf| wudghr�v1 Wkh| surylgh lqvwdqfhv zkhuh wkh Frdvh Wkhruhp frqfhuqlqj

wkh lqghshqghqfh ri h�flhqf| iurp lqhtxdolw| grhv qrw dsso|/ rzlqj wr wkh suhvhqfh ri

cwudqvdfwlrq frvwv* vxfk dv prudo kd}dug dqg zhdowk frqvwudlqwv1

Jlyhq wkh fhqwudo lpsruwdqfh ri zhdowk frqvwudlqwv lq wkhvh prghov/ lw lv lpsruwdqw wr

xqghuvwdqg wkhlu lpsolfdwlrqv iru vdylqj lqfhqwlyhv zklfk d�hfw wkh hyroxwlrq ri zhdowk ryhu

wlph1 Li djhqwv duh uhvwulfwhg lq wkhlu dffhvv wr fuhglw/ whqdqf| ru hpsor|phqw rzlqj wr

olplwhg fxuuhqw zhdowk/ rqh zrxog h{shfw vxfk djhqwv wr eh prwlydwhg wr vdyh djjuhvvlyho|

lq rughu wr hdvh vxfk frqvwudlqwv lq wkh ixwxuh1 Wr wkh h{whqw wkdw wklv lv wuxh/ wkh hfrqrp|

zrxog eh fkdudfwhul}hg e| vxevwdqwldo zhdowk prelolw|/ dqg zhdowk frqvwudlqwv zrxog pdwwhu
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rqo| whpsrudulo| lq dq| jlyhq djhqw*v olihwlph1 Wkh frqyhujhqfh suhglfwlrqv ri wkh qhrfodv0

vlfdo jurzwk prgho zrxog wkhq frqwlqxh wr eh ydolg1 \hw prvw hfrqrplhv duh fkdudfwhul}hg

e| wkh suhvhqfh ri vrph djhqwv wkdw uhpdlq shuvlvwhqwo| srru ryhu wkhlu olihwlph1 Zk| grhv

sryhuw| whqg wr shuvlvw iru vrph dqg qrw rwkhuvB Zk| gr vrph vrflhwlhv whqg wr eh fkdu0

dfwhul}hg e| pruh xszdug prelolw| wkdq rwkhuvB Zkhq lv lw wkh fdvh wkdw qrqfrqyh{lwlhv

lqkhuhqw lq fuhglw frqvwudlqwv fuhdwh glyhujhqfh ehwzhhq djhqwv zlwk gl�huhqw ohyhov ri lqlwldo

zhdowkB Wkhvh txhvwlrqv prwlydwh wkh vwxg| ri g|qdplf prghov lq zklfk zhdowk ohyhov ri

djhqwv hyroyh hqgrjhqrxvo|/ ghshqglqj rq rxwfrphv ri fxuuhqw surmhfwv/ fxuuhqw �qdqfldo

frqwudfwv dqg vxevhtxhqw frqvxpswlrq2vdylqj ghflvlrqv pdgh e| djhqwv1 Sduwlfxoduo| lqwhu0

hvwlqj duh wkh lpsolfdwlrqv ri lqvwlwxwlrqdo fkdudfwhulvwlfv vxfk dv doorfdwlrq ri edujdlqlqj

srzhu ru klvwrulfdo zhdowk lqhtxdolw| rq wkh g|qdplfv ri zhdowk dffxpxodwlrq1

Wkh h{lvwlqj olwhudwxuh rq g|qdplf lqwhudfwlrqv ehwzhhq frqwudfwlqj dqg zhdowk w|slfdoo|

irfxvhv rq ryhuodsslqj jhqhudwlrqv prghov zkhuh vdylqjv wdnh wkh irup ri czdup jorz*

ehtxhvwv frqvwlwxwlqj d frqvwdqw iudfwlrq ri olihwlph lqfrph +Edqhumhh dqg Qhzpdq +4<<4/

4<<6,/ Jdoru dqg ]hlud +4<<6,/ Djklrq dqg Erowrq +4<<:,/ Slnhww| +4<<:,,1 Zkloh wklv

juhdwo| vlpsol�hv wkh g|qdplf dqdo|vlv/ lw lv wdqwdprxqw wr dvvxplqj wkdw doo djhqwv vdyh

dq h{rjhqrxvo| �{hg iudfwlrq ri wkhlu lqfrph/ dv lq Vrorz*v qhrfodvvlfdo jurzwk prgho1

Pruhryhu/ wkh lqgl�huhqfh ri djhqwv wr wkh ixwxuh iruwxqhv ri wkhlu ghvfhqgdqwv lqkhuhqw

lq wklv irupxodwlrq lv vrphzkdw wurxeolqj zkhq wkh prgho jhqhudwhv sryhuw| wudsv wkdw

pljkw eh dyrlghg e| vpdoo grvhv ri +qrqsdwhuqdolvwlf, dowuxlvp1e Lw grhv qrw wkurz oljkw

rq wkh qdwxuh ri vdylqj lqfhqwlyhv jhqhudwhg iru dq| jhqhudwlrq zlwklq lwv rzq olihwlph

zkhuh vdylqjv ghflvlrqv duh olnho| wr d�hfw rqh*v rzq ixwxuh zhoo0ehlqj1 Dqg dqdo|}lqj wkh

ghwhuplqdqwv ri vdylqjv surshqvlwlhv ri wkh srru lv reylrxvo| ixqgdphqwdo wr xqghuvwdqglqj

wr wkh sdwwhuqv ri zhdowk prelolw| wkdw zloo hphujh lq dq| jlyhq vrflhw|1

Wklv prwlydwhv rxu lqwhuhvw lq d prgho lq zklfk vdylqjv lqfhqwlyhv duh hqgrjhqrxvo|

ghwhuplqhg/ dv wkh rxwfrph ri g|qdplf rswlpl}dwlrq ri lqwhuwhpsrudo zhoiduh e| krxvhkrogv/

jlyhq wkhlu h{shfwdwlrqv frqfhuqlqj krz wkhlu ixwxuh dffhvv wr fuhglw ru hpsor|phqw zloo

wkhuhe| eh d�hfwhg1 Wr nhhs wkh prgho wudfwdeoh zh devwudfw iurp lqwhudfwlrqv dfurvv wkh
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ghflvlrqv ri gl�huhqw djhqwv dw dq| srlqw lq wlph +wkdw kdyh ehhq vwxglhg lq pdq| ri wkh

deryh flwhg sdshuv,1 Rxu sulqflsdo irfxv lv rq wkh h�hfw ri wkh doorfdwlrq ri frqwudfwxdo

edujdlqlqj srzhu ehwzhhq d uhsuhvhqwdwlyh djhqw dqg �qdqflhuv ru dvvhw rzqhuv +khuhdiwhu

uhihuuhg wr dv sulqflsdov, wkdw vkh frqwudfwv zlwk1 Lq dq| jlyhq shulrg wkhuh lv dq h{rjhqrxv

pdwfklqj surfhvv sdlulqj djhqwv zlwk sulqflsdov zkr vxevhtxhqwo| edujdlq ryhu d vkruw

shulrg �qdqfldo frqwudfw1 Wkh zhdowk ri wkh djhqw lv yhul�deoh e| wkh sulqflsdo> frqvhtxhqwo|

wkh frqwudfw wkh| qhjrwldwh lv frqglwlrqhg rq wklv zhdowk1 Djhqwv vxevhtxhqwo| pdnh h�ruw

ghflvlrqv wkdw d�hfw wkh +udqgrp, uhwxuqv iurp wkh surmhfw �qdqfhg/ dqg frqvxpswlrq

vdylqj ghflvlrqv wkdw d�hfw wkhlu ixwxuh zhdowk +zlwk d frqvwdqw ohqglqj lqwhuhvw udwh,1

Zh vwxg| wzr srodu vhwwlqjv/ rqh lq zklfk wkh djhqw kdv doo wkh edujdlqlqj srzhu +dnlq wr

d cfrpshwlwlyh* pdunhw zlwk iuhh hqwu| ri sulqflsdov,/ dqg dqrwkhu lq zklfk wkh sulqflsdo kdv

doo wkh edujdlqlqj srzhu +dnlq wr d cprqrsro|* pdunhw,1 Zh gr qrw prgho krz wkh doorfdwlrq

ri edujdlqlqj srzhu pd| eh hqgrjhqhrxvo| ghwhuplqhg e| ghhshu lqvwlwxwlrqdo sdudphwhuv

+vxfk dv dvvhw rzqhuvkls sdwwhuqv/ iulfwlrqv lq vhdufk dqg edujdlqlqj surfhvvhv/ ohjdo uxohv

dqg frqwudfwxdo uhjxodwlrqv/ uhodwlyh ghjuhhv ri lpsdwlhqfh/ ru qxpehu ri wudqvdfwlqj sduwlhv

rq hlwkhu vlgh ri wkh pdunhw,1

Rxu sulqflsdo uhvxow lv wkdw txdolwdwlyh sdwwhuqv ri zhdowk prelolw| ghshqg lpsruwdqwo|

rq wkh doorfdwlrq ri edujdlqlqj srzhu1 Zkhq wkh sulqflsdov kdyh doo wkh edujdlqlqj srzhu/

sryhuw| wudsv hphujh/ dv srru djhqwv kdyh qr lqfhqwlyhv wr vdyh dw doo1D Vx�flhqwo| zhdowk|

djhqwv pdlqwdlq zhdowk ryhu wlph1 Wkh orqj uxq zhdowk glvwulexwlrq lv frpsohwho| srodul}hg/

dqg h{klelwv }hur prelolw|1 Lq frqwudvw/ zkhq djhqwv kdyh doo wkh edujdlqlqj srzhu/ vwurqj

lqfhqwlyhv wr vdyh duh jhqhudwhg1 Qr sryhuw| wuds fdq h{lvw> djhqwv dffxpxodwh zhdowk

lqgh�qlwho| luuhvshfwlyh ri lqlwldo frqglwlrqv1 Zkloh wkh h{wuhph vlwxdwlrqv zkhuh rqh vlgh

kdv doo wkh edujdlqlqj srzhu duh dgplwwhgo| xquhdolvwlf/ rxu uhvxowv vxjjhvw wkdw lqvwlwxwlrqdo

fkdudfwhulvwlfv ri uhdo hfrqrplhv wkdw d�hfw uhodwlyh edujdlqlqj srzhu zloo eh dq lpsruwdqw

ghwhuplqdqw ri vdylqjv dqg xszdug prelolw|1

Vhfwlrq 5 glvfxvvhv uhodwhg olwhudwxuh1 Vhfwlrq 6 lqwurgxfhv wkh prgho1 Vhfwlrq 7 frqvlghuv
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wkh fdvh zkhuh sulqflsdov kdyh doo wkh edujdlqlqj srzhu/ zkloh Vhfwlrq 8 frqvlghuv wkh uhyhuvh

vlwxdwlrq1 Wkh Dsshqgl{ lqfoxghv wkh pruh whfkqlfdo surriv1

2 +i*@|i_ w�|ih@|�hi

Orxu| +4<;4, � wkh slrqhhulqj sdshu rq zhdowk g|qdplfv zlwk lpshuihfw fdslwdo pdunhwv

� frqvwuxfwhg d prgho zlwk d qhrfodvvlfdo lqyhvwphqw whfkqrorj| dqg hqgrjhqrxv vdylqjv

edvhg rq g|qdplf rswlpl}dwlrq1 Kh ghprqvwudwhg wkdw wkh zhdowk surfhvv lv hujrglf/ uhvxow0

lqj lq d xqltxh orqj uxq zhdowk glvwulexwlrq/ lqghshqghqw ri lqlwldo frqglwlrqv1 Lq klv prgho/

wkhuhiruh/ wkhuh duh qr sryhuw| wudsv= wkh qhrfodvvlfdo frqyhujhqfh uhvxowv h{whqg1 D vlplodu

frqfoxvlrq zdv rewdlqhg e| Edqhumhh dqg Qhzpdq +4<<4, lq d prgho zkhuh zhdowk frq0

vwudlqhg djhqwv zhuh vxemhfw wr prudo kd}dug/ rzlqj wr wkh devhqfh ri dq| olplwhg oldelolw|

sureohpv1

Pruh uhfhqw olwhudwxuh kdv suhvhqwhg d ydulhw| ri prghov zlwk sryhuw| wudsv/ zkhuh orqj

uxq lqhtxdolw| dqg shu fdslwd rxwsxw ghshqg rq lqlwldo lqhtxdolw|/ yld h�hfwv rq fdsdflw|0

exloglqj vxfk dv qxwulwlrq +Ud| dqg Vwuhxihuw +4<<6,,/ ru h{rjhqrxv lqyhvwphqw wkuhvkrogv

+Edqhumhh dqg Qhzpdq +4<<6,/ Jdoru dqg ]hlud +4<<6,/ Pdql +4<<:,,1 Wkh lqyhvwphqw

wkuhvkrogv dulvh iurp qrqfrqyh{lwlhv lq wkh whfkqrorj|1 Wkh srru fdqqrw hvfdsh iurp sryhuw|

wudsv e| dgglwlrqdo eruurzlqj +rzlqj wr fdslwdo pdunhw lpshuihfwlrqv,/ vdylqj +suhfoxghg e|

wkh dvvxpswlrq ri frqvwdqw vdylqjv udwh,/ ru judgxdo dffxpxodwlrq ri fdslwdo vwrfn +rzlqj

wr wkh whfkqrorjlfdo qrqfrqyh{lwlhv,1 Slnhww| +4<<:, frqvlghuv d prgho zlwk d frqyh{ whfk0

qrorj| dqg d frqvwdqw vdylqjv udwh1 Wklv prgho kdv qr sryhuw| wudsv/ exw wkhuh duh pxowlsoh

vwhdg| vwdwhv dqg orqj uxq rxwsxw fdq ghshqg rq lqlwldo lqhtxdolw|1 Wkh prgho ri Djklrq

dqg Erowrq +4<<:, kdv d qrqfrqyh{ whfkqrorj| dqg d frqvwdqw vdylqjv udwh kljk hqrxjk

wr hqvxuh wkdw zhdowk lv hujrglf> wkh| irfxv rq lqhtxdolw| g|qdplfv lq wkh lqwhuphgldwh

whup1 Jkdwdn/ Pruhool dqg Vm�rvwurp +4<<:, dqdo|vh d prgho zlwk dq h{rjhqrxv lqyhvwphqw

wkuhvkrog dqg hqgrjhqrxv vdylqjv lq d wzr shulrg vhwwlqj1 Wkh| irfxv rq wkh h�hfwv ri

fuhglw pdunhw lpshuihfwlrqv rq h�ruw dqg vdylqj lqfhqwlyhv ri |rxqj djhqwv lq d frpshwlwlyh

vhwwlqj zkhuh djhqwv kdyh doo wkh edujdlqlqj srzhu1 Wkh prgho vwxglhg lq wklv sdshu lv frq0

wudvwhg wr wklv olwhudwxuh lq wkdw lw kdv d frqyh{ whfkqrorj|/ hqgrjhqrxv vdylqjv ghflvlrqv lq
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dq lq�qlwh krul}rq iudphzrun/ dqg h{dplqhv wkh lpsolfdwlrqv ri xqhtxdo edujdlqlqj srzhu1

Zkhwkhu ru qrw sryhuw| wudsv dulvh ghshqgv rq wkh hqgrjhqrxv hphujhqfh ri lqyhvwphqw

wkuhvkrogv/ ghwhuplqhg h{foxvlyho| e| lqvwlwxwlrqdo fkdudfwhulvwlfv ri wkh hfrqrp|1

Rwkhu olwhudwxuh rq wkh g|qdplfv ri lqhtxdolw| lq d dv|pphwulf lqirupdwlrq frqwudfwlqj

iudphzrun lqfoxghv Juhhq +4<;:,/ Wkrpdv dqg Zruudoo +4<<3,/ Dwnhvrq dqg Oxfdv +4<<5,/

Zdqj +4<<8,/ dqg Skhodq +4<<;,1 Doo ri wkhvh sdshuv vwxg| h�flhqw lqvxudqfh zkhuh djhqw

hqgrzphqwv duh sulydwh lqirupdwlrq dqg iroorz dq l1l1g1 surfhvv1 Wkh| gl�hu iurp rxu prgho

lq d ydulhw| ri uhvshfwv=

+d, wkh lqfhqwlyh sureohp dulvhv iurp sulydwh lqirupdwlrq +xqrevhuydeoh hqgrzphqwv,

udwkhu wkdq prudo kd}dug +xqrevhuydeoh h�ruw,>

+e, djhqwv duh dvvxphg xqdeoh wr vdyh>

+f, wkh| xvh d phfkdqlvp0ghvljq dssurdfk/ l1h1/ zkhuh d vrfldo sodqqhu ghylvhv dq h�0

flhqw orqj0whup phfkdqlvp/ zkhuhdv zh vwxg| d vhtxhqfh ri htxloleulxp vkruw0shulrg

frqwudfwv>

+g, wkh| frqvlghu wkh fdvh lq zklfk wkh sodqqhu vhhnv wr pd{lpl}h wkh sd|r� ri wkh djhqwv/

zklfk fruuhvsrqgv wr wkh fdvh lq rxu prgho zkhuh wkh djhqwv kdyh doo wkh edujdlqlqj

srzhu1

Wkh uhvxowv dovr gl�hu pdunhgo|= wkh lqvxudqfh prgho whqgv wr jhqhudwh +doprvw, doo djhqwv

guliwlqj grzq lqwr sryhuw|1 Lq wkh fruuhvsrqglqj cfrpshwlwlyh* fdvh/ rxu prgho surgxfhv

d gldphwulfdoo| rssrvlwh frqfoxvlrq= djhqwv* zhdowk guliw xszdugv lqgh�qlwho|/ luuhvshfwlyh

ri lqlwldo frqglwlrqv1 Wkh xszdug guliw dulvhv rzlqj wr wkh vwurqj vdylqj lqfhqwlyhv lq rxu

prgho1 Dqrwkhu uhdvrq iru wkh gl�huhqfh lq uhvxowv lv wkh olplwhg oldelolw| dvshfw ri rxu

prgho/ zklfk hqvxuhv wkdw wkh lqfhqwlyh sureohp uhpdlqv qrqqhjoljleoh iru srru djhqwv1S

SA�i @h}�4i?|t i4T*L)i_ �? L�h 4L_i* �? |�i UL4Ti|�|��i U@ti @hic �L�i�ihc U*Lti*) UL??iU|i_ |L |�Lti

�ti_ �? |�i _)?@4�U �?t�h@?Ui *�|ih@|�hi �? tL4i hitTiU|t� A��t �t _�tU�tti_ u�h|�ih �? 5iU|�L? D�

9



� A�i �L_i*

��� �hL�iU|t @?_ �@)Lgt

Wkhuh duh wzr w|shv ri djhqwv= D dqg S1 Wlph uxqv 3> 4> 5> = = =1 Dw dq| gdwh/ d S lv pdwfkhg

zlwk dq D zlwk zhdowk z> wkh odwwhu lv dq hqwuhsuhqhxu rshudwlqj d surgxfwlyh surmhfw iru

zklfk S surylghv �qdqfh/ ru ohdvhv uhohydqw dvvhwv1 D fdq hqjdjh lq d surmhfw dw d vfdoh �

o|lqj ehwzhhq 3 dqg 41 Dw vfdoh � wkh surmhfw lqyroyhv dq xsiurqw frvw ri �i / dqg |lhogv d

uhwxuq �U/ zkhuh U A i 1 Zlwk suredelolw| 4� h|/ wkh surmhfw idlov wr jhqhudwh dq| uhwxuq/

zkhuh h| 5 ^3> 4` lv qrqfrqwudfwleoh h�ruw ri wkh djhqw dw w1 Khqfh wkhuh duh frqvwdqw uhwxuqv

wr vfdoh/ dqg d fdsdflw| frqvwudlqw rq wkh vfdoh ri wkh surmhfw/ srvvleo| dulvlqj iurp olplwv

rq wkh wlph ru dwwhqwlrq ri wkh hqwuhsuhqhxu1 Exw wkh surgxfwlrq whfkqrorj| lv frqyh{1

D*v gdwh w sd|r� lv x+f|, � G+h|,/ zkhuh f| � 3 lv D*v frqvxpswlrq dw w1 x lv vwulfwo|

lqfuhdvlqj dqg frqfdyh/ zlwk x+3, @ 3> vr olqhdu xwlolw| lv srvvleoh1 Qrwh dovr wkdw qr

dvvxpswlrq kdv ehhq pdgh frqfhuqlqj pdujlqdo xwlolw| dw }hur frqvxpswlrq1 H�ruw glvxwlolw|

G lv vwulfwo| lqfuhdvlqj/ vwulfwo| frqyh{/ vdwlvi|lqj G+3, @ G�+3, @ 3/ olpe<�G+h, @ 4/

dqg G���+h, � 3 iru doo h � 31

Rqfh pdwfkhg dw d jlyhq gdwh/ S dqg D hqwhu lqwr d vkruw0whup frqwudfw/ zkhuh S

sd|v iru vhwxs frvw �i dqg uhfhlyhv sd|phqwv t|> u| iurp D lq wkh hyhqw ri idloxuh dqg

vxffhvv uhvshfwlyho|1 Wkh uhvxowlqj zhdowk ri D dw wkh hqg ri gdwh w lv wkhq {| @ z| � t| lq

idloxuh vwdwh/ dqg || @ z| . �U� u| lq wkh vxffhvv vwdwh1 Htxlydohqwo|/ wkh frqwudfw fdq eh

uhsuhvhqwhg e| {|> ||/ zlwk uhvxowlqj wudqvihuv wr S ehlqj z| � �i � {| lq idloxuh vwdwh/ dqg

z| � �i . �U � || lq wkh vxffhvv vwdwh1 Wkh frqwudfw kdv wr uhvshfw wkh olplwhg oldelolw|

frqvwudlqw {|> || � 31 Frpelqhg zlwk wkh dvvxpswlrq wkdw xwlolw| ri }hur frqvxpswlrq lv

�qlwh/ wklv olplwhg oldelolw| frqvwudlqw kdv elwh iru djhqwv zlwk qhjoljleoh zhdowk/ qhfhvvlwdwlqj

sd|phqw ri lqirupdwlrqdo uhqwv wr lqgxfh h�ruw lqfhqwlyhv1

:
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Ohw }| 5 i{|> ||j ghqrwh D*v zhdowk dw hqg ri shulrg w1 D wkhq ghflghv frqvxpswlrq f| 5

^3> }|`1 Wkh uhvxowlqj vdylqj }|�f| lv lqyhvwhg dw dq h{rjhqrxv udwh ri uhwxuq u A 3/ uhvxowlqj

lq d ohyho ri zhdowk z|n� @ +4.u,+}|�f|, dw wkh ehjlqqlqj ri gdwh w.4/ zkhqfh D lv pdwfkhg

djdlq zlwk d S1

D*v remhfwlyh lv wr pd{lpl}h
S
"

|'� �
|3�x+f|, �G+h|,/ zlwk glvfrxqw udwh � @ �

�no
1 Wkh

dvvxpswlrq rq wkh glvfrxqw udwh hqvxuhv wkdw lq dxwdun| D zrxog pdlqwdlq klv zhdowk/

vr wkdw wkh zhdowk g|qdplfv lq rxu prgho uhvxow hqwluho| iurp wkh h�hfwv ri frqwudfwxdo

vwuxfwxuh1 Rq wkh rwkhu kdqg/ S*v remhfwlyh dw w lv wr pd{lpl}h h{shfwhg sur�w dw w/ jlyhq

e| z| � �i . h|+�U � ||, � +4� h|,{|1 Wklv fruuhvsrqgv wr wkh dvvxpswlrq wkdw D dqg S

hqwhu lqwr d vkruw shulrg frqwudfw/ dqg wkh qdwxuh ri wkh pdunhw lv vxfk wkdw D lv yhu| olnho|

wr eh pdwfkhg zlwk rwkhu S*v dw vxffhhglqj gdwhv wkdw lw grhv qrw sd| S wr lqfrusrudwh

h�hfwv ri wkh fxuuhqw frqwudfw rq wkh vdph D*v zhdowk dw ixwxuh gdwhv1 D ri frxuvh nqrzv

wkdw klv ixwxuh zhdowk zloo d�hfw wkh qdwxuh ri frqwudfwv lq wkh ixwxuh/ vr zloo lqfrusrudwh

wkhvh h�hfwv zkhq pdnlqj fxuuhqw ghflvlrqv1

��� A�i 5|@|�U �i?U�4@h!

Lw lv xvhixo wr txlfno| uhylhz wkh fdvh zkhuh wkhuh lv d vlqjoh gdwh +vr zh gurs wkh w vxevfulsw

lq wklv vhfwlrq,/ vwxglhg lq pruh ghwdlo lq Prrnkhumhh +4<<:d/4<<:e,1 Wkhq D pxvw frqvxph

wkh hqwluh hqg0ri0shulrg zhdowk/ uhvxowlqj lq wkh iroorzlqj h{suhvvlrq iru h{shfwhg xwlolw|

hx+|, . +4� h,x+{,�G+h,1

Wkh vhw ri ihdvleoh frqwudfwv iru D zlwk jlyhq zhdowk z lv �> {> |> h vdwlvi|lqj wkh iroorzlqj

irxu frqvwudlqwv=

+l, Lqfhqwlyh Frqvwudlqw +LF,= G�+h, @ pd{i3> x+|,� x+{,j

+ll, D*v Sduwlflsdwlrq Frqvwudlqw +DSF,= x+{, . hG�+h,�G+h, � x+z,

+lll, S*v Sduwlflsdwlrq Frqvwudlqw +SSF,= z � �i . h+�U� |,� +4� h,{ � 3

+ly, Olplwhg Oldelolw| +OO,= {> | � 3

;



Qrwh wkdw wkhuh lv dozd|v d ihdvleoh frqwudfw � @ 3> { @ | @ z> h @ 3/ zklfk zh khuhdiwhu

fdoo wkh qxoo frqwudfw1 Wkh vhw ri ihdvleoh frqwudfwv pdsv lqwr wkh vhw ri ihdvleoh sd|r�v

X� @ z��i.h+�U�|,�+4�h,{>X� @ x+{,.hG�+h,�G+h,/ doorzlqj xv wr jhqhudwh d xwlolw|

srvvlelolw| iurqwlhu1 Frqvwudlqhg h�flhqw frqwudfwv jhqhudwh pd{lpdo +Sduhwr xqgrplqdwhg,

sd|r�v zlwklq wkh ihdvleoh vhw1

wj66B 4 Hyhu| qrqqxoo ihdvleoh frqwudfw zlwk � 5 +3> 4, lv zhdno| Sduhwr grplqdwhg e|

rqh zlwk hlwkhu � @ 4 ru � @ 31

Surri= Li hU� i A 3 wkhq sxwwlqj � @ 4 dqg nhhslqj {> |> h xqfkdqjhg suhvhuyhv ihdvlelolw|/

dqg lqfuhdvhv wkh ohqghuv sd|r�/ zkloh ohdylqj wkh eruurzhu*v sd|r� xqfkdqjhg1 Rq wkh

rwkhu kdqg li hU�i ? 3 wkhq wkh vdph lv wuxh li � lv vhw dw 3 dqg {> |> h duh ohiw xqfkdqjhg1

Khqfh zlwkrxw orvv ri jhqhudolw| zh fdq ljqruh lqwhulru ydoxhv ri surmhfw vfdoh �1 Qrwh

dovr wkdw vlqfh x lv frqfdyh/ dq| frqwudfw zlwk � @ 3 lv zhdno| grplqdwhg e| rqh lqyroylqj

h @ 3 dqg | @ {1 Wkh wzr sduwlflsdwlrq frqvwudlqwv lpso| wkdw wkh rqo| frqwudfw vdwlvi|lqj

h @ � @ 3 lv wkh qxoo frqwudfw1 Khqfh wkh frqfdylw| ri x lpsolhv wkdw li wkhuh h{lvwv

d ihdvleoh qrq0qxoo frqwudfw/ zh fdq irfxv hqwluho| rq frqwudfwv lqyroylqj � @ 4 zkhq

ghvfulelqj frqvwudlqhg h�flhqw frqwudfwv1

S dqg D edujdlq ryhu wkh vhw ri frqvwudlqhg h�flhqw frqwudfwv1 Li S kdv doo wkh edujdlqlqj

srzhu/ wkh frqwudfw �+z,> {+z,> |+z,> h+z, pd{lpl}hv X� vxemhfw wr LF/ DSF/ SSF dqg OO1

Lq frqwudvw/ li D kdv doo wkh edujdlqlqj srzhu/ �+z,> {+z,> |+z,> h+z, pd{lpl}hv X� vxemhfw

wr LF/ DSF/ SSF dqg OO

Ohw xv �uvw frqvlghu wkh surshuwlhv ri wkh frqwudfw uhvxowlqj zkhq S kdv doo wkh edujdlqlqj

srzhu/ dqg z @ 31 Wkhq DSF lv lpsolhg e| OO dqg LF/ vr lw lv rswlpdo iru S wr vhw { @ 3/

dqg wkh sureohp uhgxfhv wr vhohfwlqj |+z,> h+z, wr pd{lpl}h h^U � |`/ zlwk G�+h, @ x+|,1

Qrwh wkdw lw lv rswlpdo iru S wr vhw h A 3> | A 3/ vlqfh d vpdoo lqfuhdvh lq | iurp 3 zrxog

lqfuhdvh S*v sur�w1 Ohw wkh rswlpdo h eh ghqrwhg hW1

<



Dvvxpswlrq ^D` hW^U� x3�+G�+hW,,` A i 1

^D` lpsolhv wkdw zlwk z @ 3 wkhuh h{lvwv d qrq0qxoo ihdvleoh frqwudfw> khqfh wkh rswlpdo

frqwudfw iurp S*v srlqw ri ylhz jhqhudwhv srvlwlyh vxusoxv wr erwk1 D hduqv d srvlwlyh lqiru0

pdwlrqdo uhqw ehfdxvh rqo| wkh fduurw +srvlwlyh |, fdq eh xvhg wr surylgh h�ruw lqfhqwlyhv/

dqg dvvxpswlrq ^D` hqvxuhv wkdw wklv lv lq wkh lqwhuhvw ri S1 Wklv lv zkhuh wkh olplwhg oldelolw|

dvvxpswlrq sod|v d fuxfldo uroh1

Li ^D` lv qrw vdwlv�hg/ wkhuh lv qr qrq0qxoo ihdvleoh frqwudfw iru dq djhqw zlwk }hur zhdowk1

Lq wkdw fdvh gh�qlqj zW @ hW^U�x3�+G�+hW,,`�i A 3/ wkhuh lv qr qrq0qxoo ihdvleoh frqwudfw

iru doo djhqwv zlwk zhdowk ehwzhhq 3 dqg zW1 Vxfk djhqwv zloo wkhuhiruh eh h{foxghg iurp

wkh pdunhw dowrjhwkhu1 Li hWG�+hW,�G+hW, � x+zW, wkhuh lv d qrq0qxoo ihdvleoh frqwudfw iru

d zW djhqw1 Li wkh lqhtxdolw| lv vwulfw/ wkhq wkh rswlpdo frqwudfw iru S iru vxfk dq djhqw

zloo dzdug d vwulfwo| srvlwlyh vxusoxv wr erwk sduwlhv= wklv fruuhvsrqgv wr d skhqrphqrq

dqdorjrxv wr d whqdqf| odgghu/ zkhuh djhqwv pxvw dffxpxodwh d fhuwdlq plqlpdo ohyho ri

zhdowk ehiruh wkh| fdq jdlq dffhvv wr wkh pdunhw1 Lq zkdw iroorzv zh vkdoo h{foxgh wklv

lqwhuhvwlqj fdvh1

Suhylrxv olwhudwxuh vkrzv krz wkh doorfdwlrq ri edujdlqlqj srzhu ru D*v zhdowk d�hfwv

wkh frqwudfw dqg wkh lqgxfhg h�ruw1 Iru lqvwdqfh zkhq X lv olqhdu wkhq h� +z, � h�+z, �

h8 � G�3�+U,/ dqg erwk h� +z,> h�+z, duh qrqghfuhdvlqj +Prrnkhumhh +4<<:d,,1 Lqfuhdvhg

zhdowk shuplwv djhqwv wr srvw odujhu froodwhudo/ dqg wkxv fuhgleo| frpplw wr dffhswlqj odujhu

sxqlvkphqwv lq fdvh wkh surmhfw idlov1 Wklv lqgxfhv kljkhu h�ruw ohyhov1 Pruhryhu/ jlyhq

dvvxpswlrq ^D`/ srru djhqwv pxvw eh r�huhg lqirupdwlrqdo uhqwv wkdw duh lqfuhdvlqj lq wkh

ohyho ri h�ruw wkdw kdv wr eh lqgxfhg1 Vr wkh doorfdwlrq ri edujdlqlqj srzhu pdwwhuv= wkhvh

uhqwv duh frxqwhg dv d ehqh�w e| D exw d frvw e| S1 Vkliwlqj edujdlqlqj srzhu wr S wkxv

uhgxfhv wkh ohyho ri h�ruw lqgxfhg1 Krz wkhvh uhvxowv duh prgl�hg lq wkh fdvh zkhuh D lv

ulvn0dyhuvh lv dqdo|vhg lq Prrnkhumhh +4<<:e,1
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Zh qrz pryh wr wkh lq�qlwh krul}rq vhwwlqj/ dqg irfxv rq Pdunry htxloleulxp/ zkhuh

frqwudfwv duh frqglwlrqhg rq wkh zhdowk ri djhqwv= �+z,> {+z,> |+z,> h+z,/ frpelqhg zlwk

D*v frqvxpswlrq vwudwhj| f+},1 Ohw Y +z, ghqrwh wkh uhvxowlqj suhvhqw ydoxh xwlolw| iru D dw

wkh ehjlqqlqj ri dq| gdwh zkhq kh kdv zhdowk z1

Wkhq D*v frqvxpswlrq vwudwhj| lv dv iroorzv1 Ohw z� ghqrwh klv wdujhw lqlwldo zhdowk

iru wkh qh{w gdwh1 Wklv fruuhvsrqgv wr vdylqj �z�1 Wkh wdujhw zhdowk vroyhv wkh iroorzlqj

sureohp1

E+}, � pd{
f$B��$5

x+} � �z�, . �Y +z�,= +4,

Khuh E+}, ghqrwhv D*v suhvhqw ydoxh xwlolw| dw dq| gdwh zkhuh kh dwwdlqv hqg0ri0shulrg

zhdowk } iroorzlqj uhdol}dwlrq ri wkh surmhfw uhwxuq dqg sd|phqw ri wudqvihuv wr S lq olqh=

fdoo wklv wkh h{ srvw ydoxh ixqfwlrq1 Wklv lqfrusrudwhv D*v vxevhtxhqw frqvxpswlrq0vdylqj

ghflvlrq dw wklv gdwh/ dqg zkdw D h{shfwv wr dwwdlq iurp wkh iroorzlqj gdwh1 Wklv h{ srvw

ydoxh ixqfwlrq khosv gh�qh D*v vdylqjv dqg h�ruw lqfhqwlyhv/ wr zklfk zh qrz wxuq1

Wkh vdylqj lqfhqwlyh frqvwudlqw fdq eh zulwwhq dv

+VLF,= Iru doo } � 3= f+}, @ } � �z+},/ zkhuh z+}, vroyhv +4,1

zkloh D*v h�ruw lqfhqwlyh xqghu dq| jlyhq frqwudfw +{> |,= h zloo eh fkrvhq wr pd{lpl}h

hE+|, . +4� h,E+{,�G+h,/ |lhoglqj

+HLF,= G�+h, @ pd{iE+|,�E+{,> 3j

Ilqdoo|/ wkh uhodwlrq ehwzhhq h{ dqwh dqg h{ srvw ydoxh ixqfwlrqv lv dv iroorzv=

Y +z, � h+z,E+|+z,, . +4� h+z,,E+{+z,,�G+h+z,, +5,

Wkh fruuhvsrqglqj vhtxhqfh ri hyhqwv lv ghslfwhg lq Iljxuh 41
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Jlyhq htxloleulxp �+z,> {+z,> |+z,> h+z,> f+}, dqg dvvrfldwhg ydoxh ixqfwlrqv E> Y / d frq0

wudfw +�> {> |> h, lv ihdvleoh iru D zlwk zhdowk z li lw vdwlv�hv +LF,/ +OO,/ +SSF, dqg

+DSF,= hE+|, . +4� h,E+{,�G+h, � E+z,

Dv lq wkh vwdwlf fdvh/ wklv khosv gh�qh wkh vhw ri ihdvleoh frqwudfwv/ dqg wkhuhdiwhu wkh vhw ri

frqvwudlqhg h�flhqw frqwudfwv ehwzhhq wklv D dqg wkh S kh lv fxuuhqwo| pdwfkhg zlwk1
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Lq wkh fdvh zkhuh sulqflsdov kdyh doo wkh edujdlqlqj srzhu/ wkh dssursuldwh qrwlrq ri

Pdunry htxloleulxp lv wkh iroorzlqj1

Gh�qlwlrq +�+=,> {+=,> |+=,> h+=,> f+=,, lv d S0htxloleulxp li +d, f+}, vdwlv�hv +VLF, iru hyhu| }/

dqg +e, iru hyhu| z= �+z,> {+z,> |+z,> h+z, pd{lpl}hv z � �i . h^�U� |`� +4� h,{ ryhu

wkh vhw ri frqwudfwv ihdvleoh uhodwlyh wr wklv htxloleulxp1

Zkhq wkh doorfdwlrq ri edujdlqlqj srzhu lv uhyhuvhg/ wklv lv prgl�hg dv iroorzv1

Gh�qlwlrq i{+=,> |+=,> h+=,> f+=,j lv dq D0htxloleulxp li +d, f+}, vdwlv�hv +VLF, iru hyhu| }/ dqg

+e, iru hyhu| z= �+z,> {+z,> |+z,> h+z, pd{lpl}hv hE+|, . +4� h,E+{,�G+h, ryhu wkh vhw

ri frqwudfwv ihdvleoh uhodwlyh wr wklv htxloleulxp1

Qrwh wkdw Ohppd 3 dovr dssolhv wr wklv vhwwlqj1 Khqfh zh pd| frq�qh rxu dwwhqwlrq wr

frqwudfwv lqyroylqj � @ 3 ru 41 Qrwh krzhyhu wkdw E/ xqolnh x/ pd| qrw eh frqfdyh1 Vr

wkhuh pd| h{lvw ihdvleoh frqwudfwv lqyroylqj qr surgxfwlrq= � @ 3/ exw zklfk duh qrq0qxoo/

zlwk | 9@ {1 Li | ? { wkhq ri frxuvh wklv lv htxlydohqw wr wkh qxoo frqwudfw vlqfh lw zloo holflw

h @ 31 Exw wkh fdvh zlwk | A {> h A 3> � @ 3 vwloo uhpdlqv1 Zh krzhyhu vkdoo qrw frqvlghu

wkh srvvlelolw| ri vxfk frqwudfwv1 Wkhuh duh wzr uhdvrqv iru wklv1 Iluvw/ li � @ 3 wkhq wkhuh lv

qr surmhfw �qdqfhg/ dqg khqfh qr surmhfw rxwfrphv rq zklfk wudqvihuv fdq eh frqglwlrqhg1

Wkhq | @ { dqg zh duh edfn wr d qxoo frqwudfw1 Vhfrqg/ d qrq0qxoo frqwudfw zlwk � @ 3

pd| dulvh rqo| rzlqj wr wkh qrqfrqdylw| ri E= D zrxog rswlpdoo| olnh wr ehdu vrph ulvn/

dqg vr h�hfwlyho| sxufkdvhv d orwwhu| iurp S1 Exw lw dq h{shqvlyh zd| ri ex|lqj ulvn/ vlqfh

lw qhfhvvlwdwhv wkh dssolfdwlrq ri frvwo| h�ruw e| D1 Vxfk d frqwudfw zrxog eh grplqdwhg e|

d udqgrpl}hg frqwudfw zlwk h @ 31 Jlyhq wkdw zh gr qrw frqvlghu udqgrpl}hg frqwudfwv/ lw

grhv qrw pdnh dq| vhqvh wr frqvlghu wkhvh frqwudfwv hlwkhu1

Khqfh lw zkdw iroorzv/ hlwkhu qr qrq0qxoo ihdvleoh frqwudfw h{lvwv dw z/ lq zklfk fdvh wkh

htxloleulxp pxvw eh dvvrfldwhg zlwk {+z, @ |+z,> h+z, @ 3 @ �+z,/ ru +zlwkrxw orvv ri

jhqhudolw|, wkh htxloleulxp lqyroyhv d frqvwudlqhg h�flhqw frqwudfw lq zklfk � @ 41
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Wkh �rru frqwudfw lv wkh rqh r�huhg wr D zlwk z @ 31 Lq zkdw iroorzv/ uhphpehu wkdw

^D` frqwlqxhv wr eh dvvxphg1 Wkh qh{w sursrvlwlrq ghvfulehv vrph surshuwlhv ri frqwudfwv

r�huhg wr djhqwv zlwk }hur zhdowk= vshfl�fdoo| wkhvh duh vlplodu wr rswlpdo frqwudfwv lq wkh

vwdwlf vhwwlqj lq wkdw D zloo uhfhlyh lqirupdwlrqdo uhqwv1

�iNVNt�|�NA 4 Lq dq| S0htxloleulxp=

+d, h+3, A 3> |+3, A 3> {+3, @ 31

+e, Y +3, @ eEf�(�EeEf��3(EeEf��
�3B A 3

+f, Wkhuh h{lvwv zW vxfk wkdw Y +z, @ Y +3, A E+z, iru doo z 5 ^3> zW,/ dqg Y +z, A Y +3,

iru doo z A zW1

Surri= Qrwh wkdw f+3, @ 3 @ z+3,/ vr

E+3, @ x+3, . �Y +3, @ �Y +3,

zkloh

Y +3, @ h+3,E+|+3,, . +4� h+3,,E+{+3,,�G+h+3,,>

zkhuh {+3,> |+3,> h+3, pd{lpl}h h^U � |` � +4 � h,{ � i vxemhfw wr +LF,/ +OO,/ +SSF, dqg

+DSF, fruuhvsrqglqj wr z @ 31

Qrwh wkdw dw z @ 3/ +DSF, lv lpsolhg e| +OO, dqg +LF,= hE+|, . +4� h,E+{,�G+h, @

E+{, . hG�+h,�G+h, � E+{, � E+3,

Vr |+3,> {+3,> h+3, pd{lpl}hv h^U�|`�+4�h,{ vxemhfw wr G�+h, @ pd{iE+|,�E+{,> 3j/

|> { � 31

Zh qrz fodlp wkdw {+3, @ 31 Li wklv lv idovh/ wkhq S fdq orzhu {+3, voljkwo| dqg uhdol}h

dq lpsuryhphqw dv orqj dv U� |+3, . {+3, A 31 Rq wkh rwkhu kdqg li U� |+3, . {+3, � 3/

zh kdyh |+3, A 3 dqg d voljkw orzhulqj ri |+3, zloo uhdol}h dq lpsuryhphqw1
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Khqfh

Y +3, @ E+3, . h+3,G�+h+3,,�G+h+3,, @ �Y +3, . h+3,G�+h+3,,�G+h+3,,

lpso|lqj

Y +3, @
h+3,G�+h+3,,�G+h+3,,

4� �

Ilqdoo| zh vkrz wkdw |+3, A 3/ zklfk lpsolhv Y +3, A 31 Li wklv lv xqwuxh/ |+3, @ 3 @ h+3,

dqg +SSF, lv ylrodwhg/ vr wkhuh fdqqrw h{lvw d ihdvleoh frqwudfw dw z @ 3 jhqhudwlqj srvlwlyh

sur�w1 Exw S fdq vhohfw | @ |W+A 3, iurp wkh vwdwlf rswlpdo frqwudfw/ lq uhvsrqvh wr zklfk

D zloo uhvsrqg zlwk h � hW/ vlqfh E+|, � E+3, � x+|, � x+3, iru doo |1 Wklv zloo jhqhudwh

d sur�w iru S qr vpdoohu wkdq wkh vwdwlf rswlpdo frqwudfw/ vr dvvxpswlrq ^D` lpsolhv wkdw

wkhuh grhv h{lvw d ihdvleoh dqg sur�wdeoh frqwudfw dw z @ 31

Qrz qrwh wkdw E lv d vwulfwo| lqfuhdvlqj ixqfwlrq/ dqg E+3, @ �Y +3, ? Y +3,1 Gh�qh zW

dv vxs
�
izmY +3, A E+z,j1 Dqg qrwh wkdw iru dq| z A zW/ Y +z, � E+z, A E+zW, � Y +3,1

Wkh lpsolfdwlrq ri Sursrvlwlrq 4 lv wkdw D*v ydoxh ixqfwlrq Y pxvw eh qrqfrqyh{1 Wklv

lv hylghqw li E lv frqwlqxrxv lw pxvw eh �dw +l1h1/ qr vdylqj lqfhqwlyhv, ryhu d udqjh ri

orz zhdowk ohyhov/ zkhuhdv lw pxvw eh ulvlqj odwhu rq1 Dqg li E lv glvfrqwlqxrxv dw 3/

wklv qhfhvvlwdwhv d glvfrqwlqxlw| ri Y dw 31 Srru djhqwv pxvw eh r�huhg d c�rru* frqwudfw

wkdw dzdugv wkhp xwlolw| lq h{fhvv ri wkhlu rxwvlgh rswlrq1 Wklv qrqfrqyh{lw|/ zklfk sod|v

d ixqgdphqwdo uroh lq wkh dqdo|vlv ehorz/ dulvhv hqwluho| iurp dvshfwv ri wkh frqwudfwxdo

vwuxfwxuh/ udwkhu wkdq wkh whfkqrorj|1

e�2 � 5�4T*i � �,^��*�Mh��4

Zh vkdoo wu| wr h{solflwo| frqvwuxfw d S0htxloleulxp zlwk frqwlqxrxv ydoxh ixqfwlrqv +khuh0

diwhu uhihuuhg wr dv d vlpsoh S0htxloleulxp +VSH,,/ zkhuh

Y +z, @

+
Y +3,> li z � zW

E+z,> li z A zW
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B(w )

V(0)

w *

Iljxuh 5= C�j H{ Dqwh XB,�j 8�AW|�NA Y �A B 7�6V,j ��.`��,�Oi��6�

dqg uhqwv duh jhqhudwhg rqo| iru srru djhqwv1 Vhh Iljxuh 51 Wr wklv hqg zh lpsrvh wkh

iroorzlqj dvvxpswlrq +hW ghqrwhv wkh rswlpdo S0htxloleulxp h�ruw iru z @ 3 lq wkh vwdwlf

vhwwlqj,=

Dvvxpswlrq ^E`

+4 . �,x

�
U

4 . �

�
� x+U, ? �+4� �,^hWG�+hW,�G+hW,`= +6,

^E` fdq eh ylhzhg dv d uhvwulfwlrq rq wkh fxuydwxuh ri x +jlyhq doo rwkhu sdudphwhuv,/

vwdwlqj wkdw wkh djhqw lv qrw _wrr ulvn0dyhuvh% +lw lv dozd|v vdwlv�hg zkhq X lv olqhdu,1 Jlyhq

frqfdyh x/ lw fdq dovr eh lqwhusuhwhg dv vd|lqj wkdw � fdqqrw eh forvh wr 4/ jlyhq x dqg U1

49



e�� �L?t�4T|�L?�5@��?} #iU�t�L?t �? @ 5�4T*i ��i^��*�Mh��4

Qrwh wkdw dq VSH vdwlv�hv

Y +z, @ pd{iY +3,> E+z,j +7,

lpso|lqj

E+}, @ pd{
f$B�$5

^x+} � �z, . �pd{iY +3,> E+z,j` +8,

Frqwudvw wklv zlwk wkh vwdqgdug Udpvh| rswlpdo vdylqj sureohp/ zkhuh wkh ydoxh ixqf0

wlrq Z +z, vdwlv�hv=

Z +z, @ pd{
f$B ��$�

^x+z � � �z, . �Z + �z,`

dqg Z +3, @ x+3, . �Z +3,/ vr wkdw

Z +3, @
x+3,

4� �
@ 3=

Wkh frqwudvwlqj ihdwxuh ri d S0htxloleulxp lv wkdw D kdv dffhvv wr wkh �rru frqwudfw dw

z @ 3/ zklfk r�huv srvlwlyh vxusoxv Y +3, A 31 Khqfh wkh frqvxpswlrq0vdylqj ghflvlrq ri

D/ ghvfulehg e| +8,/ gl�huv iurp d vwdqgdug Udpvh| sureohp/ rqo| lqvridu dv D dozd|v kdv

dydlodeoh dq h{lw rswlrq/ l1h1/ ri uxqqlqj grzq klv zhdowk wr 3 dw dq| jlyhq gdwh dqg h{lwlqj

zlwk wkh sd|r� Y +3, A 31

71614 Dq Duwl�fldo Udpvh| Sureohp zlwk dq H{lw Rswlrq

Zh fdq slq grzq wkh h{ srvw ydoxh ixqfwlrq E ri wkh djhqw lq d VSH/ xvlqj +8,/ zklfk

fruuhvsrqgv wr dq duwl�fldo +ghwhuplqlvwlf, Udpvh| sureohp zlwk wkh h{lw rswlrq Y W
� Y +3,1

Gh�qlwlrq x vdwlv�hv wkh Pdlqwhqdqfh Frqglwlrq +PF, uhodwlyh wr Y W li

olp
S<"

^x+f,� fx
�+f,` � +4� �,Y W

= +9,

�iNVNt�|�NA 5 Frqvlghu wkh +ghwhuplqlvwlf, Udpvh| sureohp zlwk h{lw rswlrq Y W1

+l, Li x grhv qrw vdwlvi| PF uhodwlyh wr Y W/ wkhq wkh vroxwlrq lv +iru doo },=

f+}, @ }>E+}, @ x+}, . �Y W +:,

4:
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Iljxuh 6= C�j H{ Srvw XB,�j 8�AW|�NA E�

+ll, Li x vdwlv�hv PF uhodwlyh wr Y
W/ wkh vroxwlrq lv ghvfulehg dv iroorzv1 Ohw W +}, htxdo

wkh rswlpdo h{lw wlph iru dq djhqw zlwk lqlwldo zhdowk }/ zlwk W +}, @ 4 li wkh djhqw

qhyhu h{lwv1 Wkhuh h{lvwv dq lq�qlwh vhtxhqfh i}&j
"

&'f
/ zlwk 3 @ }f ? }� ? }2 ? � � �/

dqg }" � olp&<" }& ? 4/ vxfk wkdw W +}, @ n iru } 5 ^}&3�> }&` +zlwk lqgl�huhqfh

kroglqj iru dgmdfhqw ydoxhv ri W dw wkh hqgsrlqwv,/ dqg W +}, @4 iru doo } � }"1

Wkh dvvrfldwhg ydoxh ixqfwlrq lq fdvh +ll, lv

E+}, @
4� �&

4� �
x

�
+4� �,}

4� �&

�
. �

&
Y
W iru doo } 5 ^}&3�> }&`

@
4

4� �
x ++4� �,}, iru doo } � }"= +;,

Surri= Frqvlghu wkh uhodwhg sureohp ri vhohfwlqj d uhdo qxpehu { 5 ^4> �

�3B
` wr pd{lpl}h

#+{> }, � {x+ 5
%
, . ^4� +4� �,{`Y W1

4;



+Khuh { fruuhvsrqgv wr �3B&

�3B
/ zkhuh wkh h{lw gdwh n lv wuhdwhg dv d frqwlqxrxv yduldeoh

lq ^4>4,1 Vlqfh lw lv rswlpdo wr vprrwk frqvxpswlrq shuihfwo| xqwlo wkh h{lw gdwh/ D zloo

frqvxph xswlo wkh h{lw gdwh dw wkh vwhdg| ohyho ri f+}, @ 5E�3B�
E�3B&�

/ wkhuhe| uxqqlqj grzq zhdowk

wr 3 dw n/ dqg h{lwlqj zlwk Y W1 Wklv jhqhudwhv wkh ydoxh ixqfwlrq E+}, @ �3B&

�3B
x+ 5E�3B�

�3B&
, .

�&Y W1,

Qrz qrwh wkdw

#% @ x+ 5
%
,� {x�+ 5

%
, 5

%2
� +4� �,Y W

@ x+ 5
%
,� 5

%
x�+ 5

%
,� +4� �,Y W

vr wkh frqfdylw| ri x lpsolhv wkdw # lv frqfdyh lq {/ iru dq| }1

Li x grhv qrw vdwlvi| PF uhodwlyh wr Y W/ wkhq #%+{> }, ? 3 iru doo {/ vr wkhq wkh rswlpdo

ydoxh ri { @ 4/ l1h1/ n @ 41 Wkhq D frqvxphv doo fxuuhqw zhdowk dqg h{lwv dw wkh qh{w gdwh/

lpso|lqj +l,1

Lw lv hdvlo| fkhfnhg wkh vdph lv wkh fdvh zkhq x vdwlv�hv PF uhodwlyh wr Y W dv dq htxdolw|1

Li x vwulfwo| vdwlv�hv PF uhodwlyh wr Y W/ wkhuh h{lvwv p vxfk wkdw x+p, � px�+p, @

+4 � �,Y W1 Gh�qh �} @ 6

�3B
1 Wkhq } A �} lpsolhv 5

%
� �}+4 � �, @ p iru doo { 5 ^4> �

�3B
`1

Khqfh #%+{> }, � 3 iru doo {/ vr rswlpdo { @ �

�3B
/ ru n @ 41 Frqyhuvho|/ } ? �} lpsolhv

wkdw #%+
�

�3B
> }, ? 3/ vr lw lv rswlpdo iru wkh djhqw wr h{lw dw vrph �qlwh gdwh1 Lq sduwlfxodu/

} � p lpsolhv wkdw rswlpdo { @ 4 @ n1 Dqg } 5 +p> 6

�3B
, lpsolhv wkdw wkh djhqw pxvw h{lw

dw vrph gdwh n A 41

Wr fdofxodwh wkh h{dfw h{lw gdwh/ wkh frqfdylw| ri # lpsolhv wkdw lw vx�fhv wr orrn dw wkh

wzr lqwhjhu vroxwlrqv iru n jhqhudwlqj ydoxhv ri 5

%
forvhvw wr p1 Hyhu| �qlwh n zloo wkhuhiruh

eh dq rswlpdo h{lw gdwh iru vrph }/ dqg wkh h{dfw vzlwfk srlqwv fdq eh fdofxodwhg e| wkh

frqglwlrq ri lqgl�huhqfh ehwzhhq dgmdfhqw h{lw gdwhv1

Sursrvlwlrq 5 lghqwl�hv wkh ydoxh ixqfwlrq E/ jlyhq wkh �rru xwlolw| Y W/ lq dq| VSH1

Wkh rswlpdo vdylqj vwudwhj| lv fkdudfwhul}hg e| dq lq�qlwh vhtxhqfh ri wkuhvkrogv }�> }2> = = =

frqyhujlqj wr d �qlwh wkuhvkrog }"/ zlwk wkh surshuw| wkdw iru dq| zhdowk ehorz }� D

zlvkhv wr vdyh qrwklqj dqg uxq grzq klv zhdowk wr 3/ zkloh deryh }" kh vhhnv wr pdlqwdlq

4<



klv zhdowk1 Iru lqwhuphgldwh zhdowk ohyhov kh sodqv wr frqvxph dw d udwh zklfk zrxog uxq

grzq klv zhdowk lq d �qlwh qxpehu ri shulrgv1 Wkh uhvxowlqj h{ srvw ydoxh ixqfwlrq E lv

frqwlqxrxv dqg vwulfwo| lqfuhdvlqj1 Lw lv frqfdyh eh|rqg }" lq wkh zhdowk pdlqwhqdqfh

uhjlrq1 Ehiruh wklv/ krzhyhu/ hyhu| wkuhvkrog frqvwlwxwhv d srlqw zkhuh E lv nlqnhg dqg

orfdoo| qrqfrqyh{1 Furvvlqj rqh ri wkh wkuhvkrogv fdxvhv wkh djhqw wr vorz grzq wkh udwh

dw zklfk wkh zhdowk lv ghfxpxodwhg/ e| frqvxplqj ohvv hyhu| shulrg/ zklfk lqfuhdvhv wkh

pdujlqdo xwlolw| ri wkh qh{w lqfuhphqw lq zhdowk1

Wkh h{ srvw ydoxh ixqfwlrq lq wkh VSH lv gh�qhg hqwluho| e| wkh xwlolw| fruuhvsrqglqj

wr wkh �rru frqwudfw1 Wr frqvwuxfw dq VSH lw vx�fhv wr fkhfn wkdw wkh rswlpdo frqwudfw

ghvljqhg e| S iru }hur zhdowk djhqwv zkrvh vdylqjv dqg h�ruw lqfhqwlyhv duh gh�qhg e| wklv

ydoxh ixqfwlrq/ jhqhudwhv h{dfwo| wkh vdph �rru frqwudfw1 Dvvxpswlrq ^E` hqvxuhv wklv lv

lqghhg wkh fdvh1

�iNVNt�|�NA 6 Dvvxph ^E` krogv1 Wkhq wkhuh h{lvwv d vlpsoh S0htxloleulxp zlwk wkh iro0

orzlqj surshuwlhv= wkhuh h{lvwv zW A 3 vxfk wkdw

+l, Iru doo z ? zW/ wkh vwdwlf +S, rswlpdo frqwudfw lv r�huhg= h+z, @ hW> |+3, @ |W> {+3, @ 3

dqg wkh uhvxowlqj �rru xwlolw| lv Y +3, @ Y W
�

e
W
(

�EeW�3(EeW�
�3B 1

+ll, Iru dq| z � z
W=

Y +z, @ E+z, @

;?
=

�3B&

�3B x

�
E�3B��
�3B&

�
. �&Y W li z 5 ^}&3�> }&`

�
�3Bx ++4� �,z, > li z A �}

+lll, wkhuh lv d sryhuw| wuds ehorz zW/ l1h1/ z| ? zW lpsolhv zA @ 3 iru doo W A w zlwk

suredelolw| rqh1

Surri= Zh �uvw vkrz wkdw ^E` lpsolhv wkdw wkh �rru frqwudfw pxvw frlqflgh zlwk wkh vwdwlf

rswlpdo frqwudfw1

wj66B 5 Li ^E` krogv/ wkhq h+3, @ hW> |+3, @ |W pd{lpl}hv h^U � |` vxemhfw wr G�+h, @

pd{iE+|,�E+3,> 3j dqg | � 3/ zkhuh E ghqrwhv wkh h{ srvw ydoxh ixqfwlrq zlwk h{lw rswlrq

Y W1
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Surri= Qrwh wkdw zh fdq uhvwulfw wkh udqjh ri ihdvleoh ydoxhv ri | wr ^3> U`/ vlqfh dq| | A U lv

vwulfwo| grplqdwhg e| | @ U1 ^E` lv htxlydohqw wr wkh frqglwlrq wkdw hyhq zlwk | @ U/ h{lwlqj

lpphgldwho| lv ehwwhu wkdq zdlwlqj rqh shulrg/ l1h1/ x+U, . �Y W A �3B
2

�3B
x+ �3B

�3B2
U, . �2Y W1

Khqfh iru doo | 5 ^3> U`/ D zloo h{lw dw wkh yhu| qh{w gdwh/ dqg E+|, @ x+|, . E+3,1 Vr

E+|, � E+3, @ x+|,/ dqg wkh sureohp uhgxfhv wr wkh vwdwlf rswlpdo frqwudfwlqj sureohp1

Wklv suryhv Ohppd 51

Wkh h{ srvw ydoxh ixqfwlrq EW fruuhvsrqglqj wr h{lw rswlrq Y @ Y W vdwlv�hv EW+3, @

�Y W ? Y W @ Y +3,1 Vlqfh EW lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj/ wkhuh h{lvwv zW vxfk wkdw

Y W @ EW+zW,1

Lw uhpdlqv wr fkhfn wkdw Y +z, @ pd{iY W> EW+z,j lv wkh h{ dqwh ydoxh ixqfwlrq iru D

jhqhudwhg e| wkh rswlpdo frqwudfw +{+z,> |+z,> h+z, iru S/ l1h1/ zklfk iru dq| z pd{lpl}hv

z � i . h^U � |` � +4 � h,{ vxemhfw wr +HLF,= G�+h, @ pd{iEW+|, � EW+{,> 3j/ +DSF,=

hEW+|,.+4�h,EW+{,�G+h, � EW+z,/ +OO,= |> { � 3/ dqg +SSF,= z�i.h^U�|`�+4�h,{ �

31

Zh qrz fodlp wkdw qhlwkhu +DSF, qru +SSF, elqgv lq wklv sureohp li z ? zW1 Li z ? zW

dqg zh gurs wkhvh wzr frqvwudlqwv/ wkhq wkh sureohp uhgxfhv wr wkdw frqvlghuhg lq Ohppd 5

deryh/ zlwk { @ 31 Lw lv wkhq hylghqw wkdw wkh uhvxowlqj vroxwlrq vdwlv�hv erwk sduwlflsdwlrq

frqvwudlqwv vwulfwo|1

Rq wkh rwkhu kdqg/ dw dq| z A zW/ qrwh wkdw li wkhuh lv qr ihdvleoh qrq0qxoo frqwudfw/ wkhq

Y +z, @ E+z,1 Vr zlwkrxw orvv ri jhqhudolw| vxssrvh wkhuh lv d ihdvleoh qrq0qxoo frqwudfw=

zh kdyh wr vkrz wkdw +DSF, pxvw elqg lq dq| rswlpdo frqwudfw1 Rwkhuzlvh/ zh fdq gurs

+DSF,1 Wkhq wkh sureohp lv wkh vdph dv zkhq z ? zW/ dqg zh kdyh vkrzq deryh wkdw lq

wkh vroxwlrq wr wklv sureohp wkh djhqw jhwv Y W @ E+zW, ? E+z, dqg +DSF, lv ylrodwhg/ d

frqwudglfwlrq1 Wklv hvwdeolvkhv +l, dqg +ll,1

Sduw +lll, iroorzv iurp wkh idfw wkdw ehorz zW/ D pxvw uhfhlyh wkh �rru frqwudfw/ zklfk

jhqhudwhv hqg0ri0shulrg zhdowk ri 3 ru |W/ erwk ohvv wkdq U/ zklfk lq wxuq lv ohvv wkdq }�/

wkh wkuhvkrog iru lpphgldwh h{lw lq wkh h{ srvw ydoxh ixqfwlrq EW1

Wkh uroh ri dvvxpswlrq ^E` fdq qrz eh h{sodlqhg1 Lw hqvxuhv wkdw U/ wkh pd{lpxp
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uhwxuq iurp wkh surmhfw lv ohvv wkdq wkh �uvw wkuhvkrog }� uhtxluhg wr lqgxfh D wr vdyh

dq|wklqj1 Vlqfh U h{fhhgv wkh pd{lpxp sd|phqw wkdw wkh sulqflsdo pljkw frqfhlydeo|

pdnh wr D +zlwk }hur lqlwldo zhdowk, lq wkh hyhqw ri vxffhvv/ wklv lpsolhv wkdw vxfk dq

djhqw zloo lqyduldeo| frqvxph klv hqwluh hqg0ri0shulrg zhdowk1 Wklv uhgxfhv wkh frqwudfwlqj

sureohp wr d vwdwlf rqh/ vr S zloo lqghhg r�hu vxfk djhqwv wkh vdph frqwudfw dv lq d rqh

shulrg vhwwlqj1 Lq wxuq wklv lv wkh �rru frqwudfw xvhg wr frqvwuxfw wkh h{ srvw ydoxh ixqfwlrq/

vr zh kdyh frqvwuxfwhg dq htxloleulxp1

e�e ì@*|� #)?@4�Ut �? |�i 5�4T*i ��,^��*�Mh��4

Zkdw duh zhdowk g|qdplfv zkhq zf A zW lq wkh VSHB

Rqh reylrxv fdvh/ zklfk lqfoxghv wkh fdvh zkhuh x lv olqhdu=

�iNVNt�|�NA 7 Vxssrvh x grhv qrw vdwlvi| PF uhodwlyh wr Y W1 Wkhq wkhuh lv d joredo

sryhuw| wuds= z| @ 3 iru doo w A 4 zlwk suredelolw| rqh1

Surri= Li x grhv qrw vdwlvi| PF uhodwlyh wr Y W/ wkhq f+}, @ } iru doo }/ vr wkh zhdowk qh{w

shulrg lv }hur/ luuhvshfwlyh ri fxuuhqw zhdowk1

Zlwk olqhdu xwlolw| D kdv qr suhihuhqfh dw doo iru vprrwklqj frqvxpswlrq> lq wklv fdvh

wkh �uvw wkuhvkrog }� lv lq�qlwh dqg D qhyhu vdyhv dw doo/ suhihuulqj lqvwhdg wr uxq grzq

klv qh{w shulrg zhdowk wr 3 lq rughu wr uhfhlyh wkh �rru frqwudfw1 Ohw xv frqvlghu lqvwhdg

wkh fdvh zkhuh wkhuh lv hqrxjk suhihuhqfh iru frqvxpswlrq vprrwklqj wkdw x vdwlv�hv PF

uhodwlyh wr Y W/ lpso|lqj wkdw iru vx�flhqwo| odujh }/ wkh djhqw zloo sodq wr pdlqwdlq klv

zhdowk1 Xvh �}W A 3 wr ghqrwh wkh pdlqwhqdqfh wkuhvkrog }�?s|+ lq wkh VSH1

Qrwh wkdw li dw d zhdowk ohyho �z A �}W/ wkhuh lv qr ihdvleoh qrq0qxoo frqwudfw/ wkhq

{+z, @ |+z, @ z/ dqg �z lv devruelqj1 Wkh djhqw lv d�xhqw hqrxjk/ ghflglqj wr cuhwluh* wr

d vwdwlrqdu| frqvxpswlrq/ rswlqj rxw ri surgxfwlyh dfwlylw|1 Lq wkdw fdvh djhqwv vx�flhqwo|

srru uhpdlq orfnhg lq sryhuw| iru hyhu/ dqg wkrvh vx�flhqwo| d�xhqw vwd| d�xhqw1 Lqlwldo

frqglwlrqv wkxv pdwwhu dw wkh h{wuhphv1 Zkdw derxw wkrvh vwduwlqj zlwk lqwhuphgldwh

zhdowkvB Wr dqdo|vh wklv/ zh pdnh wkh iroorzlqj dvvxpswlrq1
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Dvvxpswlrq ^F` Z/ wkh vhw ri zhdowk ohyhov iru zklfk d qrq0qxoo ihdvleoh frqwudfw h{lvwv/

lv dq lqwhuydo/ ri wkh irup ^3>Z W`/ zkhuh Z W h{fhhgv �}W/ wkh pdlqwhqdqfh wkuhvkrog lq wkh

VSH1

Wklv dvvxpswlrq lv vdwlv�hg lq wkh iroorzlqj vhwwlqjv1 Li x�+4, lv vx�flhqwo| odujh/ d

ihdvleoh qrq0qxoo frqwudfw h{lvwv dw hyhu| z1 Ohw x�+4, eh ghqrwhg e| �1 Wkhq vlqfh wkh

udwh ri lqfuhdvh ri E lv erxqghg ehorz e| �/ lw vx�fhv wkdw wkhuh h{lvwv h�ruw ah vxfk wkdw

ahU � i A
	e(�E	e�
q

/ ru � A
	e(�E	e�
	e-3s 1 Wkhq wkhuh lv d ihdvleoh frqwudfw zlwk � @ 4> { @ z> h @ ah

iru dq| z/ dqg ^F` lv vdwlv�hg/ zlwk Z W @41

Li x�+4, @ 3 wkhq lw lv sodxvleoh wkdw iru z vx�flhqwo| odujh qr ihdvleoh qrq0qxoo frqwudfw

h{lvwv1. Li d ihdvleoh qrq0qxoo frqwudfw h{lvwv iru doo z � �}W/ dqg li �
��

lv frqyh{/ wkhq ^F` lv

vdwlv�hg zlwk �qlwh Z W +d vwdqgdug dujxphqw xvhg h1j1 lq Qhzpdq +4<<:, hqvxuhv wkdw S*v

h{shfwhg sur�w lv ghfuhdvlqj lq z,1 Lq wklv fdvh hyhu| z A Z W lv devruelqj1

Jlyhq ^F`/ zh qrz h{dplqh surshuwlhv ri wkh zhdowk g|qdplf iru dq djhqw vwduwlqj zlwk

lqlwldo zhdowk o|lqj ehwzhhq wkh sryhuw| wuds wkuhvkrog zW dqg wkh cuhwluhphqw* wkuhvkrog

Z W1

�iNVNt�|�NA 8 Vxssrvh ^F` lv vdwlv�hg/ dqg Z W lv �qlwh1 Wkhq wkhuh h{lvwv � A 3 vxfk

wkdw=

+l, jlyhq dq| lqlwldo zhdowk zf 5 ^3>Z W`/ wkh djhqw*v zhdowk z| zloo frqyhujh wr 3 lq �qlwh

wlph zlwk suredelolw| dw ohdvw �1

+ll, jlyhq dq| lqlwldo zhdowk zf 5 +�}W>Z W,/ z| zloo frqyhujh wr d ohyho h{fhhglqj Z W lq

�qlwh wlph zlwk suredelolw| dw ohdvw �1

Wkh surri ri wklv uhvxow xwlol}hv wkh iroorzlqj ohppdv/ surriv ri zklfk duh surylghg lq

wkh Dsshqgl{1

.A��t ?ii_t |L Mi �ih��i_� A�i M@t�t uLh |�i UL?�iU|�hi �t |�i uL**L��?}� �ML�i |�i 4@�?|i?@?Ui |�hit�L*_

� �t UL?U@�i �? |�i 5�,� Nt�?} hi@tL?�?} @?@*L}L�t |L T@h| E�� Lu *i44@ . Mi*L�c %E�� ��** *�i @ML�i |�i

4@?�|i?@?Ui |�hit�L*_ uLh � t��U�i?|*) *@h}i� �*tL k ' � hi^��hit |�@| igLh| Mi ML�?_i_ @�@) uhL4 f�

A�i? @t �< �?s|+c ThL��_�?} �?Ui?|��it MiUL4i �?�?�|i*) ULt|*)�
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wj66B 6 Iru dq| zhdowk z 5 +zW>Z W`/ dq| frqwudfw +{+z,> |+z,, rswlpdo iru S dw z pxvw

vdwlvi| {+z, ? z ? |+z,1

wj66B 7 Frqvlghu d vhtxhqfh ri zhdowk ohyhov z? lq ^3>Z W` frqyhujlqj wr az/ dqg wkh

fruuhvsrqglqj frqwudfw vhtxhqfh lq wkh VSH +{?> |?> h?, frqyhujlqj wr +a{> a|> ah,1 Wkhq +a{> a|> ah,

lv dq rswlpdo frqwudfw iru S dw az1

wj66B 8 Iru dq| z 5 ^3>Z W`/ wkhuh h{lvwv � A 3 vxfk wkdw +l, {+z, ? z � �/ dqg +ll,

|+z, A z . �1

wj66B 9 Iru dq| z 5 ^3>Z W`/ h+z, lv erxqghg dzd| iurp 41

Khqfh wkh suredelolw| ri idloxuh frqvhtxhqw rq dq| z 5 ^3>Z W` lv erxqghg dzd| iurp

}hur1 Vr wkh suredelolw| ri dq| �qlwh qxpehu ri vxffhvvlyh idloxuhv lv dovr erxqghg dzd|

iurp 3/ dqg sduw +l, ri Sursrvlwlrq 8 iroorzv1 Iru sduw +ll,/ qrwh wkdw z A �}W lpsolhv wkdw

|+z, A �}W . �/ dqg wkh vwduwlqj zhdowk dw wkh qh{w gdwh iroorzlqj xsrq d vxffhvv zloo eh

kljkhu wkdq wrgd| e| dw ohdvw �1 Vr +ll, iroorzv dv orqj dv wkh vxffhvv suredelolw| lv erxqghg

dzd| iurp }hur1 Exw wklv lv hqvxuhg e| wkh idfw wkdw |+z, � {+z, lv erxqghg ehorz e| 5�1

Wklv frqfoxghv wkh surri ri Sursrvlwlrq 81

Wkh suhfhglqj uhvxow hvwdeolvkhv wkdw doo zhdowk ohyhov ehwzhhq wkh sryhuw| dqg uhwluh0

phqw wkuhvkrogv pxvw eh wudqvlhqw1 Khqfh wkh orqj uxq zhdowk glvwulexwlrq pxvw eh srodul}hg

ehwzhhq 3 dqg zhdowkv h{fhhglqj Z W1 Wkh vdph uhvxow h{whqgv zkhq Z W @4/ wkrxjk wkh

dujxphqw lv vrphzkdw pruh lqyroyhg=

�iNVNt�|�NA 9 Vxssrvh ^F` lv vdwlv�hg/ dqg Z W @ 41 Wkhq iurp dq| lqlwldo zhdowk/ z|

doprvw vxuho| frqyhujhv hlwkhu wr 3 ru 41 Wkh suredelolw| ri frqyhujlqj wr 3 lv srvlwlyh iurp

dq| lqlwldo zhdowk1 Wkh suredelolw| ri frqyhujlqj wr4 lv srvlwlyh iru dq| lqlwldo zhdowk deryh

�}W1

Zh rxwolqh wkh surri khuh1 Gh�qh h e| wkh frqglwlrq hU @ i 1 Wkhq U A i lpsolhv

wkdw h 5 +3> 4,1 Qh{w zh hvwdeolvk wkh iroorzlqj Ohppd/ zkrvh surri lv suhvhqwhg lq wkh

Dsshqgl{1
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wj66B : Vxssrvh Z W @41 Wkhq wkhuh h{lvwv �Z A �}W dqg d qxpehu � A 3 vxfk wkdw iru

dq| z A �Z =

+l, {+z, A �}W

+ll, h+z, � h

+lll, h+z,|+z, . ^4� h+z,`{+z, � z . �1

Wkh surri ri Sursrvlwlrq 9 wkhq surfhhgv dv iroorzv1 Frqglwlrqdo rq wkh hyhqw wkdw

z| A �Z iru doo w/ wkh vwurqj odz ri odujh qxpehuv iru Pdunry surfhvvhv lpsolhv wkdw z| zloo

doprvw vxuho| frqyhujh wr 41 Pruhryhu/ li lqlwldo z lv vx�flhqwo| kljk +h1j1/ kljkhu wkdq

vrph �Z A �Z ,/ wkhq zlwk srvlwlyh suredelolw| z| zloo vwd| deryh �Z iru hyhu iru doo w1 Iru

dq| z 5 ^3> �Z `/ rq wkh rwkhu kdqg/ dujxphqwv vlplodu wr wkrvh xvhg lq Sursrvlwlrq 8 deryh

zloo hqvxuh wkdw wkh suredelolw| ri frqyhujlqj wr 3 lv erxqghg dzd| iurp }hur1 Khqfh iru doo

z wkh suredelolw| ri hlwkhu frqyhujlqj wr 3 ru 4 lv erxqghg dzd| iurp }hur/ vr wklv hyhqw

pxvw rffxu doprvw vxuho|1

Zh frqmhfwxuh wkdw wkh surshuwlhv hvwdeolvkhg iru wkh vlpsoh S0htxloleulxp duh vkduhg

e| doo S0htxloleuld zlwk frqwlqxrxv ydoxh ixqfwlrqv1

D `�ihi �}i?|t O@�i �** |�i �@h}@�?�?} �L�ih

Zh qrz vwxg| wkh cfrpshwlwlyh* fdvh zkhuh djhqwv kdyh doo wkh edujdlqlqj srzhu1 Lq zkdw

iroorzv/ zh fkdudfwhul}h surshuwlhv vdwlv�hg e| dq| D0htxloleulxp/ udwkhu wkdq frqvwuxfw d

vshfl�f D0htxloleulxp1 Qrwh wkdw duelwudu| D0htxloleuld pd| lqyroyh glvfrqwlqxrxv ydoxh

ixqfwlrqv/ xqolnh wkh sduwlfxodu VSH zh dqdo|}hg lq wkh suhylrxv Vhfwlrq1 Lq wklv vhqvh wkh

fkdudfwhul}dwlrq ri htxloleuld lq wklv Vhfwlrq lv pruh jhqhudo1

Zh vwduw zlwk d xvhixo ohppd/ hvwdeolvklqj wkdw S*v fdqqrw hyhu hduq dq| srvlwlyh uhqwv

li wkh| kdyh qr edujdlqlqj srzhu1 Zkloh wkh uhvxow lv lqwxlwlyh/ srvvleoh glvfrqwlqxlwlhv lq

D*v ydoxh ixqfwlrq frpsolfdwh wkh dujxphqw/ vlqfh uhqw h{wudfwlrq e| D pxvw eh frqvwuxfwhg

lq d zd| wr qrw uhvxow lq glvfrqwlqxrxv h�ruw fkdqjhv ohdglqj wr grzqzdug mxpsv lq S*v

h{shfwhg sur�w +wkdw wkuhdwhq wkh ihdvlelolw| ri wkh frqwudfw,1
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wj66B ; Lq dq| D0htxloleulxp/ SSF elqgv dw hyhu| zhdowk ohyho z1

Surri= Vxssrvh qrw/ dqg wkhuh lv d frqwudfw � @ 4> h> |> { dvvljqhg wr zhdowk z zkhuh SSF

grhv qrw elqg1

Iluvw frqvlghu wkh fdvh zkhuh E lv frqwlqxrxv hlwkhu dw | ru dw {1 Wkhq zh fdq uh0

gxfh wkh wudqvihu wr S dw zklfkhyhu vwdwh kdsshqv wr eh d frqwlqxlw| srlqw ri E1 Iru d

vx�flhqwo| vpdoo wudqvihu/ wkh fruuhvsrqglqj h�ruw fkdqjh lqgxfhg zloo eh vpdoo/ vr wkh

euhdnhyhq frqvwudlqw zloo eh suhvhuyhg1 Wkh yduldwlrq zloo lqfuhdvh D*v suhvhqw ydoxh xwlolw|/

d frqwudglfwlrq1

Qh{w/ vxssrvh wkdw E lv qrw frqwlqxrxv dw hlwkhu | ru {1 Wkhq wkhuh duh wkuhh srvvlelol0

wlhv= +d, U A |�{/ +e, U @ |�{/ dqg +f, U ? |� {1 Li +d, krogv/ uhgxfh wkh wudqvihu wr S

lq wkh vxffhvvixo vwdwh voljkwo|/ vr wkdw wkh lqhtxdolw| U A |� { lv pdlqwdlqhg1 Wkh djhqw*v

h�ruw fdqqrw idoo lq uhvsrqvh/ vr SSF zloo frqwlqxh wr eh uhvshfwhg1 Wkhq D*v suhvhqw ydoxh

xwlolw| lqfuhdvhv/ d frqwudglfwlrq1 Lq fdvh +f, wkh uhyhuvh dujxphqw zrunv= wkh wudqvihu lq

wkh xqvxffhvvixo vwdwh fdq eh uhgxfhg voljkwo| wr h�hfw dq lpsuryhphqw1 Lq fdvh +e,/ erwk

| dqg { fdq eh udlvhg lq vwhs/ vr dv wr suhvhuyh wkh htxdolw| ri U zlwk | � {1 Wkhq dq|

fkdqjh lq h�ruw grhv qrw d�hfw SSF/ zkloh D lv uhqghuhg ehwwhu r�1

Dq lpphgldwh lpsolfdwlrq ri wklv uhvxow lv wkdw doo wkh ehqh�wv ri lqfuhphqwdo lqlwldo

zhdowk pxvw dffuxh wr wkh djhqw/ wkxv hqvxulqj wkdw wkh uhwxuq wr vdylqj fdq qhyhu gurs wr

}hur dv lq wkh fdvh ri srru djhqwv lq wkh VSH1

�iNVNt�|�NA : Lq dq| D0htxloleulxp Y lv vwulfwo| lqfuhdvlqj1

Surri= Iurp lwv gh�qlwlrq lw lv hylghqw wkdw Y lv qrqghfuhdvlqj1 Vxssrvh wkhuh h{lvw z�> z2

zlwk z2 A z� vxfk wkdw Y +z2, @ Y +z�,1 Wkhq h+z�,> |+z�,> {+z�, lv ihdvleoh dw z2/ dqg

khqfh pxvw dovr eh rswlpdo dw z21 Exw khuh SSF grhv qrw elqg1

Wkh iroorzlqj sursrvlwlrq jrhv ixuwkhu dqg surylghv d orzhu erxqg wr wkh udwh ri uhwxuq

wr vdylqj iru wkh djhqw1 Wklv erxqg lv jlyhq e| wkh pdujlqdo xwlolw| ri wkh kljkhvw srvvleoh

ohyho ri frqvxpswlrq dw wkh iroorzlqj gdwh1
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�iNVNt�|�NA ; Ohw f+|, � | � �$+|, ghqrwh wkh frqvxpswlrq vwudwhj| ri wkh djhqw lq dq|

htxloleulxp1 Wkhq dw dq| zhdowk z=

olp
"<fn

Y +z . �,� Y +z,

�
� x�+pd{if+|+z,,> f+{+z,,j,= +<,

Wzr fruroodulhv ri wkh suhfhglqj uhvxow iroorz1 Iluvw/ lq dw ohdvw rqh vwdwh dw wkh iroorzlqj

gdwh frqvxpswlrq pxvw eh dw ohdvw dv kljk dv wrgd|1 Vhfrqg/ lq wkh fdvh zkhuh wkh djhqw

kdv olqhdu xwlolw|/ vdylqj klv hqwluh hqg0ri0shulrg zhdowk lv d ehvw uhvsrqvh1

�iNVNt�|�NA < +l, Li x lv vwulfwo| frqfdyh wkhq lq dq| D0htxloleulxp wkh frqvxpswlrq0

vdylqj vwudwhj| ri wkh djhqw pxvw vdwlvi| dw dq| }=

f+}, � pd{if+|+$+},,,> f+{+$+},,,j

+ll, Li x lv olqhdu/ wkhq lw lv d ehvw uhvsrqvh iru wkh djhqw wr dffxpxodwh zhdowk dw wkh idvwhvw

srvvleoh udwh/ l1h1/ vhw $+}, @ +4 . u,}1

Surri= Li +l, lv idovh/ f+}, pxvw eh srvlwlyh/ vr lw lv ihdvleoh iru wkh djhqw wr frqvxph d olwwoh

elw +� A 3, ohvv1 Wklv zrxog fdxvh zhdowk dw wkh iroorzlqj gdwh wr eh $+}, . "

B
lqvwhdg ri

$+},1 Lw pxvw wkhuhiruh eh wkh fdvh wkdw iru hyhu| vpdoo � A 3=

x+f+},,� x+f+},� �, � �^Y +$+}, .
�

�
,� Y +$+},,`

� �x�+pd{if+|+$+},,,> f+{+$+},,,j, +43,

xvlqj Sursrvlwlrq ;1 Wdnlqj olplwv zlwk uhvshfw wr �/ zh rewdlq +l,1 Zkhq x+f, @ f/ wkhq

Sursrvlwlrq ; lpsolhv wkdw wkh ehqh�w ri lqfuhdvlqj qh{w shulrg*v zhdowk e| "

B
lv dw ohdvw �/

wkh fxuuhqw frvw lq whupv ri iruhjrqh frqvxpswlrq1

Wkh frqwudvw zlwk wkh vdylqj vwudwhj| lq wkh vlpsoh S 0htxloleulxp lv hvshfldoo| vwdun lq

wkh fdvh zkhq x lv olqhdu= lq wkdw htxloleulxp D dozd|v zdqwv wr uxq grzq klv zhdowk wr 31

Khuh lw lv dozd|v rswlpdo iru wkh djhqw wr frqvxph qrwklqj +wkrxjk lq htxloleulxp kh pxvw
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eh frqvxplqj vrphzkhuh/ vr pxvw eh lqgl�huhqw ehwzhhq frqvxplqj dqg vdylqj dw doo vxfk

srlqwv,1 Qrwh dovr wkdw lq d vwdwlf vhwwlqj wkh djhqw qhhgv h{whuqdo �qdqfh rqo| li z ? i 1

Rwkhuzlvh li z A i / wkh djhqw kdv qr qhhg iru hlwkhu fuhglw ru lqvxudqfh iurp dq| sulqflsdo=

wkh �uvw0ehvw fdq eh dfklhyhg +zlwk |+z, @ z.U�i> {+z, @ z�i,1 Lq d g|qdplf vhwwlqj/

zh pljkw lqlwldoo| jxhvv wkdw wkh vdph lv wuxh iru z vx�flhqwo| odujh/ zlwk D frqvxplqj wr

hqvxuh zhdowk pdlqwhqdqfh iurp wkh hqg ri rqh shulrg wr wkh ehjlqqlqj ri wkh qh{w1 Zkloh

iru orzhu ydoxhv ri z/ D lv hlwkhu fuhglw frqvwudlqhg/ ru idfhv wkh srvvlelolw| ri idflqj vxfk

fuhglw frqvwudlqwv lq wkh iruhvhhdeoh ixwxuh +z idoolqj ehorz i,/ lq zklfk fdvh kh vdyhv doo

klv zhdowk1 Krzhyhu/ qrwlfh wkdw lq hyhq li fxuuhqwo| z h{fhhgv i / lw pd| idoo ehorz i dw

vrph ixwxuh gdwh iroorzlqj d vwulqj ri idloxuhv1 Dqwlflsdwlrq ri srvvleoh fuhglw frqvwudlqwv

lq wkh ixwxuh pd| wkhuhiruh prwlydwh vrph dgglwlrqdo vdylqj hyhq iru zhdowk| vhoi0�qdqflqj

hqwuhsuhqhxuv1 Vxfk dq htxloleulxp uhpdlqv wr eh frqvwuxfwhg +lq �qlwh krul}rq yhuvlrqv ri

wkh sureohp dqdorjxhv ri wkhvh gr dsshdu,1 Exw wklv lqwxlwlrq vxjjhvwv d whqghqf| iru d

shushwxdo xszdug guliw lq wkh zhdowk surfhvv/ hvshfldoo| dw orz zhdowk ohyhov1 Lq sduwlfxodu

rqh pljkw h{shfw wkdw wkh djhqw zloo qhyhu idoo lqwr d sryhuw| wuds1

Wkh fdvh ri olqhdu xwlolw| pd| eh frqvlghuhg wrr h{wuhph/ zlwk wkh djhqw kdyh qr suhi0

huhqfhv dw doo iru frqvxpswlrq vprrwklqj1 Vr lw lv uhohydqw wr frqvlghu wkh fdvh zkhuh x lv

vwulfwo| frqfdyh1 Iruwxqdwho|/ zh fdq suryh vrph uhohydqw surshuwlhv ri wkh zhdowk g|qdp0

lfv iru jhqhudo frqfdyh xwlolw| ixqfwlrqv/ vxfk dv wkh wkh lpsrvvlelolw| ri dq| sryhuw| wuds

+gh�qhg e| wkh surshuw| wkdw }hur zhdowk lv dq devruelqj vwdwh/ l1h1/ $+|+3,, @ 3 @ $+{+3,,,=

�iNVNt�|�NA 43 Li x lv vwulfwo| frqfdyh/ wkhuh fdqqrw eh dq| D0htxloleulxp zlwk d sryhuw|

wuds1

Wkh surri ri wklv uholhv xsrq wkh iroorzlqj h{whqvlrq ri Sursrvlwlrq ;/ zklfk vkdushqv wkh

orzhu erxqg rq wkh uhwxuq wr vdylqj/ wr wkh h{shfwhg pdujlqdo xwlolw| ri frqvxpswlrq dw wkh

iroorzlqj gdwh1 Wklv uhvxow lv ri vrph lqwhuhvw lq lwv rzq uljkw/ dv lw lpsolhv d vxepduwlqjdoh

surshuw| iru �

�
�ES� / vlplodu wr wkdw lq wkh fdvh ri h�flhqw orqj whup lqvxudqfh frqwudfwv1

�iNVNt�|�NA 44 +l, Frqvlghu dq| htxloleulxp dqg dq| lqlwldo zhdowk ohyho z iru zklfk dq

rswlpdo frqwudfw h{lvwv zklfk dvvljqv hqg0ri0shulrg zhdowk ohyhov |+z,> {+z, wkdw duh

5;



erwk srlqwv ri +uljkw0,frqwlqxlw| ri E+=,1 Wkhq

olp
"<fn

Y +z . �,� Y +z,

�
� ^h+z,

4

x�+f+|+z,,,
. +4� h+z,,

4

x�+f+{+z,,,
`3� +44,

+ll, Frqvlghu dq| htxloleulxp dqg dq| hqg0ri0shulrg zhdowk ohyho } zklfk lqgxfhv hqg0ri0

shulrg zhdowk ohyhov dw wkh iroorzlqj gdwh wkdw duh erwk +uljkw0,frqwlqxlw| srlqwv ri E1

Wkhq zlwk h ghqrwlqj h+$+},,=

4

x�+f+},
� h

4

x�+f+|+$+},,,,
. +4� h,

4

x�+f+{+$+},,,,
+45,

Zh wxuq �qdoo| wr wkh lqwxlwlrq frqfhuqlqj xszdug guliw ri zhdowk/ dv d uhvxow ri vwurqj

vdylqj lqfhqwlyhv jhqhudwhg lq D0htxloleuld1 Wklv lqwxlwlrq lv frq�uphg luuhvshfwlyh ri djhqwv*

suhihuhqfhv iru frqvxpswlrq vprrwklqj/ surylghg wkh htxloleulxp vdwlv�hv d plog uljkw0

frqwlqxlw| surshuw|1

�iNVNt�|�NA 45 Dvvxph wkdw x lv vwulfwo| frqfdyh/ x�+4, A 3 dqg d ihdvleoh qrq0qxoo

frqwudfw h{lvwv dw doo zhdowk ohyhov1 Wkhq lq dq| D0htxloleulxp zlwk d uljkw0frqwlqxrxv h{

srvw ydoxh ixqfwlrq E/ zhdowk frqyhujhv doprvw vxuho| wr 4 iurp dq| lqlwldo ohyho1

Wkh uhdvrqlqj ehklqg wklv uhvxow lv vrphzkdw lqyroyhg/ exw wkh pdlq lghd lv wkh iroorzlqj1

Jlyhq wh frqfdylw| ri x dqg x�+4, A 3/ wkh pduwlqjdoh frqyhujhqfh wkhruhp lpsolhv wkdw

frqvxpswlrq frqyhujhv doprvw vxuho|1 Li lw frqyhujhv wr d �qlwh olplw wkhq wkh djhqw pxvw

hyhqwxdoo| eh ohiw zlwk qr h�ruw lqfhqwlyhv/ zklfk zrxog ohdg wr d ylrodwlrq ri ihdvlelolw| dv

wkh sulqflsdov zrxog idlo wr euhdn hyhq1

Zkdw fdq zh vd| derxw wkh fdvh zkhuh x�+4, @ 3 dqg cuhwluhphqw* ri vx�flhqwo| zhdowk|

djhqwvB

�iNVNt�|�NA 46 Dvvxph wkdw d ihdvleoh qrq0qxoo frqwudfw grhv qrw h{lvw iru zhdowk deryh

vrph wkuhvkrog Z W1 Wkhq iurp dq| lqlwldo zhdowk z 5 ^3>Z W,/ wkh zhdowk dw vrph ixwxuh

gdwh zloo h{fhhg Z W zlwk srvlwlyh suredelolw|/ lq dq| uljkw0frqwlqxrxv D0htxloleulxp1
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Khqfh luuhvshfwlyh ri lqlwldo frqglwlrqv hyhu| djhqw pxvw cuhwluh* zlwk srvlwlyh suredelolw|

dw vrph ixwxuh gdwh1 Krzhyhu/ lw lv gl�fxow wr hqvxuh wkdw cuhwluhphqw* lv dq devruelqj vwdwh/

vr rqh pxvw hqwhuwdlq wkh srvvlelolw| wkdw djhqwv uhwluh iru d �qlwh qxpehu ri shulrgv dqg

wkhq uhwxuq wr surgxfwlyh dfwlylw|1 Lq wklv fdvh uhwluhphqw lv dq hyhqw wkdw zloo rffxu

lq�qlwho| riwhq1 Vrphzkdw vxusulvlqjo|/ wklv odvw sursrvlwlrq lv gl�fxow wr h{whqg wr lwv

doprvw vxuh yhuvlrq= wklv zrxog uhtxluh wkh suredelolw| ri furvvlqj wkh wkuhvkrog dw vrph

ixwxuh gdwh iurp dq| lqlwldo zhdowk wr eh erxqghg dzd| iurp }hur1

+,6,+,��,5

Djklrq/ S1 dqg S1 Erowrq +4<<:,/ _D Wkhru| ri Wulfnoh Grzq Jurzwk dqg Ghyhorsphqw/%

Uhylhz ri Hfrqrplf Vwxglhv/ 97/ 484~4:51

Dwnhvrq D1 dqg U1 Oxfdv +4<<5,/ _Rq H�flhqw Glvwulexwlrq zlwk Sulydwh Lqirupdwlrq/%

Uhylhz ri Hfrqrplf Vwxglhv/ 8</ 75:07861

Edqhumhh/ D1/ S1 Jhuwohu dqg P1 Jkdwdn +4<<:,/ _Hpsrzhuphqw dqg H�flhqf|= Wkh

Hfrqrplfv ri Whqdqf| Uhirup/% plphr/ Ghsduwphqw ri Hfrqrplfv/ P1L1W1

Edqhumhh/ D1 dqg D1 Qhzpdq +4<<4,/ _Ulvn0Ehdulqj dqg wkh Wkrhu| ri Lqfrph Glvwulex0

wlrq/% Uhylhz ri Hfrqrplf Vwxglhv/ 54405681

������� +4<<6,/ _Rffxsdwlrqdo Fkrlfh dqg wkh Surfhvv ri Ghyhorsphqw/% Mrxuqdo

ri Srolwlfdo Hfrqrp|/ 434+5,/ 5:705<;1

������ +4<<7,/ _Sryhuw|/ Lqfhqwlyhv dqg Ghyhorsphqw/% Dphulfdq Hfrqrplf Uh0

ylhz/ Sdshuv dqg Surfhhglqjv/ ;7+5,/ 54405481

Ehuqdqnh E1 dqg P1 Jhuwohu +4<<3,/ _Ilqdqfldo Iudjlolw| dqg Hfrqrplf Shuirupdqfh/%

Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 438/ ;:04471
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Ekdgxul D1 +4<:6,/ _Djuduldq Edfnzdugqhvv xqghu Vhpl0Ihxgdolvp/% Hfrqrplf Mrxuqdo/

;6/ 453046:1

Erzohv V1 dqg K1 Jlqwlv +4<<7,/ _H�flhqw Uhglvwulexwlrq= Qhz Uxohv iru Pdunhwv/ Vwdwhv

dqg Frppxqlwlhv/% Zrunlqj Sdshu 4<<70:/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri

Pdvvdfkxvhwwv/ Dpkhuvw1

���� +4<<8,/ _Wkh Glvwulexwlrq ri Zhdowk dqg wkh Dvvljqphqw ri Frqwuro Uljkwv/%

plphr/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Pdvvdfkxvhwwv/ Dpkhuvw1

Gxwwd/ E1/ G1 Ud| dqg N1 Vhqjxswd +4<;<,/ _Frqwudfwv zlwk Hylfwlrq lq Lq�qlwho| Uh0

shdwhg Sulqflsdo Djhqw Uhodwlrqvklsv/% lq Sudqde Edugkdq +hg1, Wkh Hfrqrplf Wkh0

ru| ri Djuduldq Lqvwlwxwlrqv/ Foduhqgrq Suhvv/ R{irug1

Hvzdudq P1 dqg D1 Nrwzdo +4<;9,/ _Dffhvv wr Fdslwdo dqg Djuduldq Surgxfwlrq Rujd0

ql}dwlrq/% Hfrqrplf Mrxuqdo1

Jdoru R1 dqg M1 ]hlud +4<<6,/ _Lqfrph Glvwulexwlrq dqg Pdfurhfrqrplfv/% Uhylhz ri

Hfrqrplf Vwxglhv/ 93+4,/ 680851

Jkdwdn P1/ P1 Pruhool dqg W1 Vm�rvwurp +4<<:,/ _G|qdplf Lqfhqwlyhv/ Rffxsdwlrqdo

Prelolw| dqg wkh Dphulfdq Guhdp/% plphr/ Ghsduwphqw ri Hfrqrplfv/ Lrzd Vwdwh

Xqlyhuvlw|1

Juhhq H1 +4<;:,/ _Ohqglqj dqg wkh Vprrwklqj ri Xqlqvxudeoh Lqfrph/% lq Frqwudfwxdo

Duudqjhphqwv iru Lqwhuwhpsrudo Wudgh/ Xqlyhuvlw| ri Plqqhvrwd Suhvv/ Plqqhdsrolv1

Kr�/ N1 +4<<7,/ _Wkh Vhfrqg Wkhruhp ri wkh Vhfrqg Ehvw/% Mrxuqdo ri Sxeolf Hfrqrplfv/

78/ 55605751

���~ dqg D1 O|rq +4<<8,/ _Qrq0Ohdn| Exfnhwv= Rswlpdo Uhglvwulexwlyh Wd{dwlrq dqg

Djhqf| Frvwv/% Mrxuqdo ri Sxeolf Hfrqrplfv1

Kropvwurp/ E1 dqg M1 Wluroh +4<<7,/ _Ilqdqfldo Lqwhuphgldwlrq/ Ordqdeoh Ixqgv dqg

wkh Uhdo Vhfwru/% Zrunlqj Sdshu/ Lqvwlwxw G*Hfrqrplh Lqgxvwulhooh/ Xqlyhuvlw| ri

Wrxorxvh1
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Ohjurv/ S1 dqg D1 Qhzpdq +4<<9,/ _Zhdowk H�hfwv/ Glvwulexwlrq/ dqg wkh Wkhru| ri

Rujdql}dwlrq/% Mrxuqdo ri Hfrqrplf Wkhru|1

Orxu| J1 +4<;4,/ _Lqwhujhqhudwlrqdo Wudqvihuv dqg wkh Glvwulexwlrq ri Hduqlqjv/% Hfrqr0

phwulfd 7</ ;76~;9:1

Pdql D1 +4<<;,/ _Lqfrph Glvwulexwlrq dqg wkh Ghpdqg Frqvwudlqw/% plphrjudsk/ Gh0

sduwphqw ri Hfrqrplfv/ Ydqghuelow Xqlyhuvlw|1

Prrnkhumhh/ G1 +4<<:d,/ _Lqirupdwlrqdo Uhqwv dqg Surshuw| Uljkwv lq Odqg/% lq Surshuw|

Uljkwv/ Lqfhqwlyhv dqg Zhoiduh/ M1 Urhphu +Hg1,/ Pdfploodq Suhvv1

����0 +4<<:e,/ _Zhdowk H�hfwv/ Lqfhqwlyhv dqg Surgxfwlylw|/% Uhylhz ri Ghyhorsphqw

Hfrqrplfv1

Qhzpdq D1 +4<<:,/ _Ulvn0Ehdulqj dqg Nqljkwldq Hqwuhsuhqhxuvkls/% plphr/ Ghsduwphqw

ri Hfrqrplfv/ Froxpeld Xqlyhuvlw|1

Skhodq F1 +4<<;,/ _Rq wkh Orqj Uxq Lpsolfdwlrqv ri Uhshdwhg Prudo Kd}dug/% Mrxuqdo

ri Hfrqrplf Wkhru|/ :</ 4:704<41

Slnhww| W1 +4<<:,/ _Wkh G|qdplfv ri wkh Zhdowk Glvwulexwlrq dqg wkh Lqwhuhvw Udwh zlwk

Fuhglw Udwlrqlqj/% Uhylhz ri Hfrqrplf Vwxglhv1

Ud| G1 dqg S1 Vwuhxihuw +4<<6,/ _G|qdplf Htxloleuld zlwk Xqhpsor|phqw Gxh wr Xq0

ghuqrxulvkphqw/% Hfrqrplf Wkhru|1

Urjhuvrq Z1 +4<;8,/ _Uhshdwhg Prudo Kd}dug/% Hfrqrphwulfd/ 86/ 9<0:91

Vkhww| Vxgklu +4<;;,/ _Olplwhg Oldelolw|/ Zhdowk Gl�huhqfhv dqg Whqdqf| Frqwudfwv lq

Djuduldq Hfrqrplhv/% Mrxuqdo ri Ghyhorsphqw Hfrqrplfv/ 5<+4,/ 40551

Wkrpdv M1 dqg W1 Zruudoo +4<<3,/ _Lqfrph Ioxfwxdwlrqv dqg Dv|pphwulf Lqirupdwlrq/%

Mrxuqdo ri Hfrqrplf Wkhru|/ 84/ 69:06<31

Zdqj F1 +4<<8,/ _G|qdplf Lqvxudqfh zlwk Sulydwh Lqirupdwlrq dqg Edodqfhg Exgjhwv/%

Uhylhz ri Hfrqrplf Vwxglhv/ 95+7,/ 8::08<91
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DSSHQGL[

Surri ri Ohppd 6= Vlqfh z A zW/ zh nqrz E+z, @ Y +z, @ h+z,E+|+z,, . +4 �

h+z,,E+{+z,,�G+h+z,,1

Zh �uvw fodlp wkdw |+z, A {+z, dqg h+z, A 31 Rwkhuzlvh h+z, @ 3/ dqg S*v h{shfwhg

sur�w lv z � i � {+z,1 Pruhryhu/ E+z, @ E+{+z,,/ lpso|lqj {+z, @ z1 Vr S hduqv d

qhjdwlyh h{shfwhg sur�w/ d frqwudglfwlrq1

Qh{w zh fodlp wkdw |+z, A z1 Rwkhuzlvh {+z, ? |+z, � z/ lpso|lqj Y +z, @

h+z,E+|+z,, . +4� h+z,,E+{+z,,�G+h+z,, ? E+z,/ frqwudglfwlqj +DSF,1

Ilqdoo|/ vxssrvh {+z, � z1 Wkhq |+z, A {+z, � z/ dqg D zrxog rewdlq dq h{shfwhg

suhvhqw ydoxh xwlolw| riE+z, xsrq vhohfwlqj h @ 31 VlqfhG+=, lv vwulfwo| frqyh{ dqg h+z, A 3/

D pxvw hqg xs zlwk d suhvhqw ydoxh xwlolw| wkdw vwulfwo| h{fhhgv E+z,/ frqwudglfwlqj wkh

surshuw| wkdw Y +z, @ E+z,1

wj66B < Frqvlghu d vhtxhqfh ri zhdowk ohyhov z? lq ^3>Z W` frqyhujlqj wr az/ dqg wkh

fruuhvsrqglqj frqwudfw vhtxhqfh lq wkh VSH +{?> |?> h?, frqyhujlqj wr +a{> a|> ah,1 Wkhq +a{> a|> ah,

lv dq rswlpdo frqwudfw iru S dw az1

Surri ri Ohppd <= Ihdvlelolw| ri wkh olplw frqwudfw dw az iroorzv iurp frqwlqxlw| ri E

dqg G1 Li lw lv qrw rswlpdo/ wkhuh h{lvwv �{> �|> �h ihdvleoh dw az zklfk jhqhudwhv iru S d kljkhu

h{shfwhg sur�w1 Gh�qh �{? e| wkh frqglwlrq E+�{?,. �hG�+�h,�G+�h, @ Y +z?,/ dqg �|? e| wkh

frqglwlrq E+�|?, @ E+�{?,.G�+�h,1 Wkhq +�{?> �|?> �h, lv ihdvleoh dw z?/ dqg iru odujh hqrxjk q

zloo eh forvh hqrxjk wr +�{> �|> �h, wr jhqhudwh d kljkhu sur�w wkdq +{?> |?> h?,/ d frqwudglfwlrq1

Wklv hvwdeolvkhv Ohppd <1

wj66B 43 Iru dq| z 5 ^3>Z W`/ wkhuh h{lvwv � A 3 vxfk wkdw +l, {+z, ? z � �/ dqg +ll,

|+z, A z . �1

Surri ri Ohppd 43 Li +l, lv idovh/ zh fdq �qg d vhtxhqfh z? lq ^3>Z ` vxfk wkdw z?
�

{+z?, lv frqyhujlqj wr 31 Frqvwuxfw d vxevhtxhqfh dorqj zklfk +{+z?,> |+z?,> h+z?,> z?,
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frqyhujhv/ vd|/ wr +a{> a|> ah> az,1 Wkhq e| Ohppd </ wkh frqwudfw +a{> a|> ah, lv rswlpdo iru S dw

az/ dqg a{ @ az/ frqwudglfwlqj Ohppd 61 D vlplodu dujxphqw hvwdeolvkhv +ll,1

wj66B 44 Iru dq| z 5 ^3>Z W`/ h+z, lv erxqghg dzd| iurp 41

Surri ri Ohppd 44 Rwkhuzlvh/ zh fdq �qg d vhtxhqfh ri zhdowk ohyhov z? lq ^3>Z W` iru

zklfk wkh fruuhvsrqglqj h�ruw ohyhov h? frqyhujh wr 41 Vlqfh G�+h?, @ E+|?, � E+{?,/ |?

pxvw frqyhujh wr 4/ dqg S*v sur�w z? � i . h?^U� |?`� +4� h?,{? frqyhujhv wr �41

Surri ri Ohppd : Li +l, lv idovh/ zh fdq frqvwuxfw d vhtxhqfh z? $ 4 vxfk wkdw {? @

{+z?, � �}W1 Wkhq |? $ 4/ rwkhuzlvh +DSF, zloo eh ylrodwhg iru odujh hqrxjk q1 Vr

G�+h?, @ E+|?,�E+{?,$4/ dqg h? $ 41 Ohw }? � h?|? . +4� h?,{?1 Wkhq iru odujh q/

}? A �}W/ dqg

+4� h?,^E+}?,�E+{?,` . h?^E+}?,�E+|?,` � +4� h?,^E+}?,�E+�}W,` . h?^E+}?,�E+|?,`

� +4� h?,E�+}?,+}? � �}W, . h?E�+}?,+}? � |?,

@ E�+}?,^+4� h?,+}? � �}W, . h?+}? � |?,`

wkh vhfrqg lqhtxdolw| xwlolvlqj wkh idfw wkdw E lv frqfdyh deryh �}W1 Qrz qrwh wkdw

olp
?

^+4� h?,+}? � �}W, . h?+}? � |?,` @ � olp
?

+4� h?,+�}W � {?, @ 3

vlqfh h? $ 41 Vr

olp
?

+4� h?,^E+}?,�E+{?,` . h?^E+}?,�E+|?,` � 3=

Vlqfh +4� h?,E+{?, . h?,E+|?, @ E+z?, .G+h?,/ lw iroorzv wkdw

olp
?

^E+}?,�E+z?,�G+h?,` � 3=

Pruhryhu/ olp?G+h?, @4/ vr

olp
?

^E+}?,�E+z?,` @4>

lpso|lqj

olp
?

^}? � z?` @4=
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Wkhq S*v h{shfwhg sur�w zklfk lv erxqghg deryh e| z? � }? � i . h?U/ pxvw frqyhujh wr

�4/ d frqwudglfwlrq1

Wr hvwdeolvk +ll,/ xwlol}h +l, dqg wkh vwulfw frqfdylw| ri E deryh �}W wr lqihu wkdw

E+h+z,|+z, . +4� h+z,,{+z,, A h+z,E+|+z,, . +4� h+z,,E+{+z,,

@ E+z, .G+h+z,,

� E+z,

vr wkdw

h+z,|+z, . +4� h+z,,{+z, A z=

Khqfh h+z, ? h lpsolhv wkdw S*v sur�w

z � h+z,|+z,� +4� h+z,,{+z,� i . h+z,U ? 3=

Ilqdoo|/ +lll, iroorzv iurp wkh idfw wkdw

E+h+z,|+z, . +4� h+z,,{+z,, � E+z, .G+h,

zklfk frpsohwhv wkh surri1

Surri ri Sursrvlwlrq ;= Zh glylgh wkh surri lqwr wkuhh fdvhv= +d, U A |�{> +e, U ? |�{>

+f, U @ | � {1

Fdvh +d,= Wdnh dq| srvlwlyh � ? h^U� +|�{,`/ zkhuh h ghqrwhv wkh h�ruw dvvljqhg dw z1

Frqvwuxfw d frqwudfw +�|?r @ |. "
e
> �|?s @ {,/ dqg ohw �h? ghqrwh wkh dvvrfldwhg h�ruw uhvsrqvh1

Wkhq e| frqvwuxfwlrq SSF lv vdwlv�hg dw zhdowk z . � e| wkh qhz frqwudfw +�|?r > �|
?
s ,/ li wkh

djhqw zhuh wr frqwlqxh wr vhohfw h�ruw h1 Vlqfh E lv vwulfwo| lqfuhdvlqj/ wkh djhqw*v rswlpdo

h�ruw uhvsrqvh �h? � h1 Jlyhq U A �|?r � �|?s / SSF pxvw frqwlqxh wr eh vdwlv�hg dw �h?1 Khqfh

wkh qhz frqwudfw lv ihdvleoh dw zhdowk z. �1 Vlqfh wkh h�ruw h lv vwloo dydlodeoh wr wkh djhqw/

Y +z . �, � hE+�|?r , . +4� h,E+�|?s ,�G+h, +46,

Qrwh wkdw E+�|?r , � E+|, � x+fr .
"
e
, � x+fr, li fr � f+|, vlqfh lw lv dozd|v ihdvleoh iru wkh

djhqw wr hqwluho| frqvxph dq| lqfuhphqw lq hqg0ri0shulrg zhdowk1 Khqfh

Y +z . �,� Y +z, � h^x+fr .
�

h
,� x+fr,`
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� �x�+fr .
�

h
,

� �x�+pd{ifr> fsj.
�

h
, +47,

zkhuh +fr> fs , ghqrwhv +f+|,> f+{,,1 Wkh uhvxow wkhq iroorzv xsrq glylglqj wkurxjk dqg wdnlqj

olplwv zlwk uhvshfw wr �1

Fdvh +e,= Uhyhuvh wkh dujxphqw ri wkh suhfhglqj fdvh/ dqg glvwulexwh d zhdowk lqfuhdvh

hqwluho| wr wkh xqvxffhvvixo udwkhu wkdq vxffhvvixo vwdwh wr rewdlq wkh vdph frqfoxvlrq1

Fdvh +f,= Iru duelwudu| srvlwlyh �/ frqvwuxfw wkh qhz frqwudfw +�|?r @ | . �> �|?s @ {. �,/

zklfk zloo eh ihdvleoh dw zhdowk z . � li wkh djhqw frqwlqxhv wr vhohfw h1 Lw zloo eh ihdvleoh

hyhq li kh zhuh wr fkdqjh klv h�ruw/ vlqfh U @ | � {1 Xvlqj vlplodu uhdvrqlqj wr wkdw xvhg

lq fdvh +d, deryh=

Y +z . �,� Y +z, � ^hix+fr . �,� x+fr,j. +4� h,ix+fs . �,� x+fs ,

� �^hx�+fr . �, . +4� h,x�+fs . �,`

� �x�+pd{ifr> fsj. �,= +48,

Surri ri Sursrvlwlrq 44= +l, E| dvvxpswlrq/

Y +z, @ hE+|, . +4� h,E+{,�G+h, +49,

zkhuh E lv uljkw0frqwlqxrxv dw | @ |+z, dqg { @ {+z,1 Wkhq iru vpdoo hqrxjk � A 3/ wkhuh

h{lvw srvlwlyh lqfuhphqwdo sd|phqwv �++�,>�%+�, wkdw vroyh wkh iroorzlqj wzr htxdwlrqv=

h�+ . +4� h,�% @ �

E+| .�+,�E+|, @ E+{.�%,�E+{,

Pruhryhu/ �++�, dqg �%+�, erwk whqg wr 3 dv �$ 3./ dqg vr grhv #+�, � E+| .�++�,,�

E+|,1 E| frqvwuxfwlrq/ wkh frqwudfw | .�++�,> {.�%+�, holflwv wkh vdph h�ruw uhvsrqvh h

dv wkh suhylrxv frqwudfw> khqfh lw lv ihdvleoh dw zhdowk z . �1 Wkhuhiruh=

Y +z . �,� Y +z, � #+�,= +4:,
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Vlqfh E+} .�,�E+}, � x+f+}, . �,� x+f+},,/ lw iroorzv wkdw iru } @ |> {=

olp
"<fn

^#+�,��5+�,x
�+f+},,` � 3= +4;,

Zhljkwlqj lqhtxdolw| +4;, e| wkh suredelolw| ri wkh fruuhvsrqglqj rxwfrphv dqg dgglqj

dfurvv wkh wzr vwdwhv/ lw iroorzv wkdw

olp
"<fn

^#+�,� �3��` � 3 +4<,

zkhuh � ghqrwhv ^h �
��ESE+E/E5���� . +4� h, �

��ESE%E/E5���� `1 +44, wkhq iroorzv iurp frpelqlqj +4:,

dqg +4<,/ dqg sduw +ll, iurp dq dujxphqw vlplodu wr wkdw lq sduw +l, ri Sursrvlwlrq <1

Surri ri Sursrvlwlrq 43= Vxssrvh wkhuh lv dq htxloleulxp zlwk d sryhuw| wuds/ zklfk

uhtxluhv wkdw $+|+3,, @ 3 @ $+{+3,,1 Li x lv vwulfwo| frqfdyh/ d vwdqgdug uhyhdohg suhihuhqfh

dujxphqw lpsolhv wkdw $+=, pxvw eh qrqghfuhdvlqj1 Zh dovr nqrz wkdw |W � |+3, A {W �

{+3, lv qhfhvvdu| iru wkh djhqw wr h{huw h�ruw dqg wkxv vdwlvi| SSF1 Khqfh $+}, @ 3 dqg

E+}, @ x+}, . �Y +3, iru doo } 5 ^3> |W`1 Vr E lv gl�huhqwldeoh dw {W1

Li E lv uljkw0gl�huhqwldeoh dw |W/ wkhq +45, lpsolhv wkdw �

��E+W� � ^h+3, �
��E+W� . +4 �

h+3,, �
��E%W� ` xsrq xvlqj wkh k|srwkhvlv wkdw f+|W,� |W @ f+{W,� {W @ 31 Vlqfh �

�� lv vwulfwo|

lqfuhdvlqj/ dqg h ohvv wkdq 4 +rwkhuzlvh SSF zloo eh ylrodwhg,/ wklv lqhtxdolw| frqwudglfwv

|W A {W1

Li E lv qrw uljkw0gl�huhqwldeoh dw |W/ wkhq qrwh wkdw wkh udwh ri lqfuhdvh ri E dw |W lv

erxqghg ehorz e| x�+|W,/ vlqfh lw lv ihdvleoh iru wkh djhqw wr hqwluho| frqvxph doo lqfuhphqwdo

zhdowk1 Qrz prgli| wkh surri ri suhfhglqj Sursrvlwlrqv wr lqihu wkdw wkh lqhtxdolw| lq +<,

pxvw eh vwulfw dw |W/ zklfk zloo djdlq jhqhudwh d frqwudglfwlrq1 +Li U � |W � {W wkhq qrwh

wkdw wkh uhdvrqlqj hpsor|hg lq wkh surri ri Sursrvlwlrq ; lpsolhv wkdw wkh udwh ri lqfuhdvh ri

Y dw }hur zhdowk lv vwulfwo| juhdwhu wkdq x�+{W,/ vlqfh dw ohdvw sduw ri wkh lqfuhphqwdo zhdowk

fdq eh glvwulexwhg wr wkh djhqw lq wkh xqvxffhvvixo vwdwh1 Dqg liU A |W�{W/ wkh lqfuhphqwdo

glvwulexwlrqv �r>�s frqvwuxfwhg lq wkh surri ri Sursrvlwlrq 44 rq wkh dvvxpswlrq wkdw E

lv uljkw0frqwlqxrxv dw |W zlwk d vorsh erxqghg ehorz e| x�+|W,/ zloo eh ihdvleoh hyhq li E

lv qrw uljkw0frqwlqxrxv dw |W1 Wkh uhdvrq lv wkdw wkh udwh ri lqfuhdvh ri E lv wkhq hyhq

kljkhu/ vr lq fdvh lw lv rswlpdo iru wkh djhqw wr fkdqjh klv h�ruw/ kh zrxog lqfuhdvh lw1 Vlqfh

U A |W � {W wkh lqfuhdvhg h�ruw fdqqrw mhrsdugl}h SSF1,
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Surri ri Sursrvlwlrq 45 Qrwh �uvw wkdw dq| ihdvleoh frqwudfw +|> {> h, zlwk � @ 4 dw z

uhtxluhv h A 3 dqg | A z1 Iru li h @ 3/ DSF uhtxluhv E+{, � E+z,/ l1h1/ { � z1 Wkhq SSF

pxvw eh ylrodwhg= z � i � { � �i ? 31 Dqg li | � z wkhq h A 3 lpsolhv { ? | � z dqg

DSF zloo eh ylrodwhg1

wj66B 45 Lq dq| D0htxloleulxp=

+l, �?u
�MZ

h+z, lv erxqghg dzd| iurp 3 li hlwkhu Z/ wkh vhw ri zhdowk ohyhov iru zklfk d

ihdvleoh qrqqxoo frqwudfw h{lvwv/ lv erxqghg/ ru li x�+4, A 31

+ll, t�T
�MZ

h+z, lv erxqghg dzd| iurp 4 li Z lv erxqghg1

Li +l, lv idovh/ zh fdq frqvwuxfw d vhtxhqfh ri zhdowk ohyhov z? $ z +zkhuh z frxog

srvvleo| eh 4, dqg fruuhvsrqglqj qrqqxoo frqwudfwv +|?> {?> h?, zlwk h? $ 31 E| DSF dqg

wkh lqfhqwlyh frqvwudlqw/ Y +z?, @ E+{?, . h?G
�+h?, � G+h?, � E+z?,/ vr olp? Y +z?, @

olp?E+{?,, � olp?E+z?,1 Dw wkh vdph wlph/ SSF lpsolhv z? � i . h?U � +4 � h?,{? �

h?|? � 3/ ru olp?z?� olp? {? � i 1 Wkhq iru duelwudu| dqg vpdoo �> � A 3/ iru q vx�flhqwo|

odujh zh zloo kdyh E+z?, � E+{?, ? � zklovw z? � {? A i � �1 Li z? dqg {? duh erxqghg

deryh e| �z/ wklv frqwudglfwv wkh idfw wkdw wkh udwh ri lqfuhdvh ri E ehwzhhq {? dqg z? lv

erxqghg ehorz e| x�+ �z,1 Ru li z? dqg {? duh xqerxqghg wkhq wkh udwh ri lqfuhdvh ri E lv

erxqghg ehorz e| x�+4,1

Li +ll, lv idovh zh fdq �qg d vhtxhqfh ri zhdowkv z? $ z dqg fruuhvsrqglqj ihdvleoh

frqwudfwv +|?> {?> h?, lq zklfk SSF elqgv dw hyhu| q/ zlwk h? $ 4/ vr G�+h?, @ E+|?, �

E+{?, $ 4/ zklfk uhtxluhv olp? |? @ 41 Vlqfh SSF elqgv iru hdfk q/ zh kdyh z? � i .

h?^U�|?`�+4�h?,{? @ 31 Wklv lpsolhv wkdw olp?z? � i�U.olp? |? @4/ frqwudglfwlqj

erxqghgqhvv ri Z1 Wklv suryhv Ohppd 451

Qrz uhwxuq wr wkh surri ri Sursrvlwlrq 451 Vlqfh x�+4, A 3/ Sursrvlwlrq 44 lpsolhv

wkdw �

��ES|�
irupv d vxepduwlqjdoh lq dq| uljkw0frqwlqxrxv D0htxloleulxp/ zkhuh f| ghqrwhv

wkh frqvxpswlrq ri wkh djhqw dw gdwh w1 Khqfh �
��ES|�

frqyhujhv doprvw vxuho|1 Vlqfh x lv

vwulfwo| frqfdyh/ wklv lpsolhv wkdw f| frqyhujhv doprvw vxuho|1

6;



Zh fodlp wkdw doprvw vxuho| f| $ 4/ zklfk zloo lpso| wkdw }| $ 4/ dqg khqfh wkdw

z| $41 +Lw lv uhdglo| yhu�hg wkdw }| lv erxqghg li dqg rqo| li z| lv erxqghg1,

Wdnh dq| ] ? 4 dqg lqwhjhu W A �

6
^E+], � E+3,` � 4/ zkhuh p ghqrwhv pdujlqdo

glvxwlolw| ri h�ruw dw wkh orzhu erxqg wr h�ruw surylghg e| wkh suhfhglqj ohppd1 Gh�qh

wkh hyhqw

E+], � if| frqyhujhv wr vrph fW ?4 dqg }| ? ] iru doo wj

Qrwh wkdw }| ? ] lpsolhv h{lvwhqfh ri vrph Z vxfk wkdw z| ? Z iru doo w1 Xvlqj wkh

dujxphqw ri Ohppd 45/ zh fdq irxqg erxqgv h> �h 5 +3> 4, iru h�ruw ohyhov dulvlqj lq dq|

frqwudfw fruuhvsrqglqj wr zhdowk lq ^3>Z `1

Qh{w/ vhohfw � 5 +3> +4� �,p,1 Qrwh wkdw vlqfh x+3, @ 3/ frqwlqxlw| dqg frqfdylw| ri x

lpso| wkdw x lv xqlirupo| frqwlqxrxv1 Khqfh zh fdq �qg � A 3 vxfk wkdw mx+f,� x+f�,m ? �

zkhqhyhu mf� f�m ? �1

Frqglwlrqdo rq zhdowk z dw wkh ehjlqqlqj ri gdwh 3/ gh�qh iru dq| srvlwlyh lqwhjhu

W wkh W 0vwhs dkhdg srvvleoh uhdol}dwlrqv ri }> f dqg z xqghu wkh jlyhq D0htxloleulxp lq

wkh iroorzlqj pdqqhu1 Ohw q| 5 iv> ij ghqrwh wkh rxwfrph ri wkh surmhfw w gdwhv dkhdg/

dqg ohw q| ghqrwh wkh klvwru| ri surmhfw rxwfrphv +q|> q|3�> = = = > qf, ehwzhhq gdwhv 3 dqg

w1 Wkh frqwudfw lwvhoi vshfl�hv }f+qf> z, @ |+z, li qf @ v dqg {+z, rwkhuzlvh1 Xvlqj wkh

htxloleulxp frqvxpswlrq vwudwhj| wklv hqdeohv xv wr zrun rxw ff+qf> z, @ f+}f+qf> z,,/ dqg

wkh zhdowk dw wkh ehjlqqlqj ri qh{w gdwh= z�+qf> z, @ �3�^}f+qf> z,�ff+qf> z,1 Surfhhglqj

lq wklv idvklrq zh fdq �qg wkh W 0vwhs dkhdg uhdol}dwlrqv dv ixqfwlrqv ri wkh klvwru| ri wkh

rxwfrphv ri wkh surmhfw ehwzhhq 3 dqg W = }A +qA > z,> fA +qA > z,> zA +qA3�> z,1

Gh�qh F+z> W , @ ifmf @ f|+q|> z,> w � Wj/ wkh vhw ri srvvleoh uhdol}dwlrqv ri frqvxpswlrqv

W 0vwhsv dkhdg1

Wkhq gh�qh wkh hyhqw

D+], � ih| 5 +h> �h, iru doo w dqg olp
|<"

gldpF+z|> W , @ 3j

wj66B 46 Iru dq| ]=

Sure^D+],mE+],` @ 4= +53,
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Surri ri Ohppd 461 Gh�qh wkh hyhqw D�+], � ih| 5 +h> �h, iru doo wj1Qrwh wkdw

Sure^D�+],mE+],` @ 4/ lpso|lqj wkdw Sure^D+],mE+],` @ Sure^D+],mD�+], _ E+],`1 Zh

fodlp wkdw wklv odwwhu suredelolw| htxdov rqh1 Li wklv lv idovh wkhuh lv d srvlwlyh phdvxuh ri

sdwkv iru hdfk ri zklfk wkh iroorzlqj lv wuxh1 Wkhuh lv � A 3 dqg dq lq�qlwh vhtxhqfh ri gdwhv

vxfk wkdw iru dq| gdwh w lq wklv vhtxhqfh/ zh fdq �qg d srvvleoh frqvxpswlrq f&+q&> z|,/

n � W vwhsv dkhdg vxfk wkdw mf&+q&> z|, � fWm A �1 Vlqfh h| lv erxqghg dzd| iurp }hur

dqg rqh/ hyhu| n0vwhs rxwfrph klvwru| kdv suredelolw| erxqghg dzd| iurp }hur/ dqg doprvw

vxuho| zloo rffxu lq�qlwho| riwhq1 Wkhq doprvw vxuho| f&n| zloo htxdo f
&+q&> z|, iru dq lq�qlwh

vhtxhqfh ri gdwhv n. w1 Vr wkhuh zloo eh d srvlwlyh phdvxuh ri sdwkv dorqj zklfk f| idlov wr

frqyhujh/ frqwudglfwlqj wkh pduwlqjdoh frqyhujhqfh wkhruhp1

wj66B 47 Iru dq| ]=

Sure^D+], _E+],` @ 3= +54,

Surri ri Ohppd 471 Wkh surri uhvwv rq wkh iroorzlqj fodlp1

Fodlp1 Ohw v| +uhvs1 i |, ghqrwh w0vwhs klvwrulhv lq zklfk wkh surmhfw uhvxowv lq d vxffhvv

+uhvs1 idloxuh, lq hyhu| shulrg1 Wkhq iru dq| ]=

Sure^E+}A +vA > z|,,�E+}A +iA > z|,, A p+W.4, iru doo w A wW iru vrph wWmD+],_E+],` @ 4

+55,

Frqvlghu dq| sdwk lq D+], _ E+],/ dqg vhohfw wW vxfk wkdw gldpF+z|> W , ?
"

2
iru doo

w A wW1 Qrwh wkdw dorqj dq| vxfk sdwk/ h| A h dw doo w> khqfh wkh h�ruw lqfhqwlyh frqvwudlqw

lpsolhv E+}�+v�> z|,,�E+}�+i�> z|,, A p iru doo w1 Vr wkh lqhtxdolw|

E+}
�A +v

�A > z|,,�E+}
�A +i

�A > z|,, A p+ �W . 4, +56,

krogv iru �W @ 4 iru doo w1 Zh vkdoo vkrz wkdw li lw krogv iru �W � 4 lw krogv iru �W dv zhoo1

Xvh }7 dqg }77 wr ghqrwh }
�A3�+v

�A3�> z|,> }
�A +v

�A > z|, uhvshfwlyho|1 Vlploduo| xvh }8

dqg }88 wr ghqrwh }
�A3�+i

�A3�> z|,> }
�A +i

�A > z|, uhvshfwlyho|1 Dqg xvh }87 > }78 wr ghqrwh

}
�A +i> v

�A3�> z|, dqg }
�A +v> i

�A3�> z|, uhvshfwlyho|1
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Qh{w qrwh wkdw

Y +$+}7,,� Y +$+}8 ,, @
4

�
^E+}7,�E+}8 ,`�

4

�
^x+f+}7,,� x+f+}8 ,,`

E| wkh lqgxfwlrq k|srwkhvlv E+}7,�E+}8 , A �Wp1 Pruhryhu/ vlqfh w A wW/ zh kdyh hqvxuhg

e| frqvwuxfwlrq wkdw �

B
^x+f+}7,,� x+f+}8 ,,` ? �

B
�1 Vlqfh � ? +4� �,p=

Y +$+}7,,� Y +$+}8 ,, �
4

�
^ �Wp� �` A �Wp

1

Vlqfh

Y +$+}7,, @ pd{
e

^hE+}77, . +4� h,E+}87,�G+h,`

Y +$+}8 ,, @ pd{
e

^hE+}78 , . +4� h,E+}88 ,�G+h,`

lw lv hylghqw wkdw Y +$+}7,,�Y +$+}8 ,, A �Wp lpsolhv wkdw pd{iE+}77,�E+}87,> E+}78 ,�

E+}88 ,j A �Wp1 Vlqfh E+}77, � E+}87, � p dqg E+}78 , � E+}88 , � p/ lw wkhq iroorzv

wkdw E+}77,�E+}88 , A + �W . 4,p/ hvwdeolvklqj wkh Fodlp1

Zh duh qrz lq d srvlwlrq wr suryh Ohppd 471 Frqvlghu dq| sdwk dorqj zklfk frqvxps0

wlrq frqyhujhv wr vrph fW ? 4/ dqg }| lv erxqghg deryh e| ]1 Wkhq E+}|, lv erxqghg

deryh e| E+],1 Uhfdoo wkdw zh vhohfwhg W A �

6
^E+],�E+3,`� 41 Wkh Fodlp deryh lpsolhv

wkhq wkdw

E+}A +vA > z|,, A p+W . 4, .E+}A +iA > z|,, A� p+W . 4, .E+3, A E+],

l1h1/ wkdw }A +vA > z|, h{fhhgv wkh xsshu erxqg ] iru doo w A wW1 Vlqfh jlyhq hyhqw D+],/ d

vwulqj ri W vxffhvvlyh vxffhvvhv zloo doprvw vxuho| rffxu lq�qlwho| riwhq/ wkh uhvxow ri Ohppd

47 iroorzv1

Frpelqlqj wkh uhvxowv ri Ohppdv 46 dqg 47 lw iroorzv wkdw Sure^E+],` @ 3 iru dq| ]1

Li zh gh�qh wkh hyhqw E � ^"
&'�
E+n, @ olp& E+n, wkdw }| lv erxqghg zkloh f| frqyhujhv wr d

�qlwh olplw/ wklv lpsolhv wkdw Sure^E` @ 31 Khqfh li frqvxpswlrq frqyhujhv wr d �qlwh olplw/

doprvw vxuho| }| $ 4> khqfh z| $ 41 Sursrvlwlrq 45 wkhq iroorzv iurp wkh revhuydwlrq
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wkdw lw lv lpsrvvleoh iru frqvxpswlrq wr frqyhujh wr �qlwh olplw fW zkloh zhdowk frqyhujhv wr

lq�qlw|1 Xvlqj Sursrvlwlrq ; wklv zrxog uhtxluh wkh dv|pswrwlf udwh ri lqfuhdvh ri Y wr eh

erxqghg ehorz e| x�+fW,1 Exw Y lv erxqghg deryh e| wkh ydoxh ixqfwlrq �Y fruuhvsrqglqj wr

wkh fdvh zkhuh h�ruw glvxwlolw| ixqfwlrq lv lghqwlfdoo| }hur/ zkrvh dv|pswrwlf udwh ri lqfuhdvh

htxdov x�+4, ? x�+fW,/ dqg zh rewdlq d frqwudglfwlrq1

Surri ri Sursrvlwlrq 46 lv dqdorjrxv wr wkdw ri wkh suhylrxv Sursrvlwlrq1 Li wkh uhvxow

lv idovh/ wkhq zhdowk dqg frqvxpswlrq lv erxqghg zlwk suredelolw| rqh/ zklfk hqvxuhv wkdw

�

�
�ES|�

djdlq irupv d vxepduwlqjdoh/ vr f| frqyhujhv doprvw vxuho|1 Ohppd 45 hqvxuhv wkdw

h�ruw lv erxqghg dzd| iurp }hur dqg rqh/ vr doo �qlwh vwhs klvwrulhv zloo rffxu lq�qlwho|

riwhq zlwk suredelolw| rqh1
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