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Rswlrqv dqg H!flhqf| lq Pxowlshulrg Vhfxulw| Pdunhwv

Devwudfw

Zh h{whqg wkh uhvxow ri Urvv +4<:9/ Txduw1 M1 Hfrq1/ <3/ :80;<, wkdw Hxurshdq rs0

wlrqv jhqhudwh frpsohwh pdunhwv iurp wkh vlqjoh0shulrg wr d pxowlshulrg vhwwlqj1 Zh �qg

wkdw pxowlshulrg Hxurshdq rswlrqv rq d wudglqj vwudwhj| jhqhudwh g|qdplf frpsohwhqhvv

iru hyhu| duelwudjh0iuhh sulfh surfhvv/ surylghg wkdw wkh wudglqj vwudwhj| kdv qrq0qhjdwlyh

whuplqdo glylghqgv dqg vhsdudwhv vwdwhv dw wkh whuplqdo gdwh1 Ixuwkhupruh/ zh vkrz wkdw

li wkh xqfhuwdlqw| dqg lqirupdwlrq vwuxfwxuh lq dq hfrqrp| duh vxfk wkdw wkh qxpehu ri

lpphgldwh vxffhvvruv ri hyhu| qrq0whuplqdo hyhqw lv qrq0ghfuhdvlqj ryhu wlph/ wkhq pxowl0

shulrg Hxurshdq rswlrqv rq d wudglqj vwudwhj| jhqhudwh g|qdplf frpsohwhqhvv iru doprvw

hyhu| duelwudjh0iuhh sulfh surfhvv xqghu d vljql�fdqwo| zhdnhu frqglwlrq rq wkh wudglqj vwudw0

hj|*v whuplqdo glylghqgv1 Wklv frqglwlrq uhtxluhv wkh wudglqj vwudwhj| wr kdyh qrq0qhjdwlyh

whuplqdo glylghqgv dqg wr vhsdudwh vwdwhv dw wkh whuplqdo gdwh frqglwlrqdo rq wkh lqirupd0

wlrq dydlodeoh dw wkh suhylrxv gdwh1 Ilqdoo|/ zh h{dplqh wkh plqlpxp qxpehu ri rswlrqv

jhqhudwlqj g|qdplf frpsohwhqhvv iru doprvw hyhu| duelwudjh0iuhh sulfh surfhvv1

Mrxuqdo ri Hfrqrplf Olwhudwxuh Fodvvl�fdwlrq Qxpehuv= G85/ G941

Nh|zrugv= Rswlrqv> Lqfrpsohwh Pdunhwv> G|qdplf Vsdqqlqj



41 Lqwurgxfwlrq

Hxurshdq rswlrqv kdyh ehhq uhfrjql}hg dv dssursuldwh ghulydwlyh vhfxulwlhv wr jhqhudwh

frpsohwh pdunhwv/ l1h1/ ixoo vsdqqlqj ri wkh frqwlqjhqflhv lq dq hfrqrp|14 Frpsohwh pdunhwv

ohdg wr dq h!flhqw doorfdwlrq ri ulvn lq htxloleulxp1 Urvv ^5;` vkrzhg wkdw lq d vlqjoh0shulrg

vhwwlqj/ Hxurshdq rswlrqv rq d sruwirolr kdylqj qrq0qhjdwlyh glylghqgv dqg vhsdudwlqj vwdwhv

+l1h1/ sd|lqj gl�huhqw glylghqgv lq gl�huhqw vwdwhv, jhqhudwh frpsohwh pdunhwv1 Lq wklv sdshu

zh h{whqg Urvv* uhvxow wr pxowlshulrg vhfxulw| pdunhwv1

Wkhuh lv d vlpsoh zd| ri h{whqglqj Urvv* uhvxow1 Dq dssursuldwh vhw ri vlqjoh0shulrg Hx0

urshdq rswlrqv dydlodeoh dw hyhu| wudglqj gdwh jhqhudwhv g|qdplf frpsohwhqhvv +vhh Iulhvhq

^47`,1 Krzhyhu/ lq sudfwlfh rswlrqv duh uhwudghg +l1h1/ pxowlshulrg, dqg ihz pdwxulw| gdwhv

duh dydlodeoh iru wudgh1 Lw zrxog eh frvwo| wr lvvxh rswlrqv dw hyhu| wudglqj gdwh15

Lq frqwudvw/ zh frqvlghu pxowlshulrg Hxurshdq rswlrqv lvvxhg dw wkh lqlwldo gdwh zlwk

pdwxulw| dw wkh whuplqdo gdwh1 Zh lqyhvwljdwh g|qdplf frpsohwhqhvv zlwk pxowlshulrg Hx0

urshdq rswlrqv iru hyhu| duelwudjh0iuhh sulfh surfhvv +iru wkh sulplwlyh vhfxulwlhv dqg wkh

rswlrqv,> H{dplqlqj d sduwlfxodu duelwudjh0iuhh sulfh surfhvv zrxog qrw eh vdwlvidfwru| vlqfh

rqh pd| rewdlq g|qdplf frpsohwhqhvv iru vrph vhfxulw| sulfhv exw qrw iru rwkhuv16

Zh lqwurgxfh wzr qrwlrqv ri pxowlshulrg vhsdudwlrq1 D wudglqj vwudwhj| vhsdudwhv vwdwhv

dw wkh whuplqdo gdwh li lwv whuplqdo glylghqgv surylgh shu vh d ixoo ghvfulswlrq ri wkh vwdwh

ri qdwxuh1 D vxevwdqwldoo| zhdnhu qrwlrq ri vhsdudwlrq lv wkdw ri d wudglqj vwudwhj| wkdw

frqglwlrqdoo| vhsdudwhv vwdwhv dw wkh whuplqdo gdwh/ l1h1/ d wudglqj vwudwhj| zkrvh whuplqdo

glylghqgv surylgh d ixoo ghvfulswlrq ri wkh vwdwh ri qdwxuh jlyhq wkh lqirupdwlrq dydlodeoh dw

4 Vhh Duglwwl dqg Mrkq ^4`/ Edq} dqg Ploohu ^7`/ Euhhghq ^8`/ Euhhghq dqg Olw}hqehujhu ^9`/ Eurzq dqg Urvv
^:`/ Ghpdqjh dqg Odurtxh ^43`/ Juhhq dqg Mduurz ^48`/ Kdndqvvrq ^49/ 4:/ 4;`/ Mrkq ^4</ 53`/ dqg Vfkuhpv
^5<`1
5 D gl!fxow| wkdw pd| dulvh zkhq rswlrqv duh lvvxhg lv wkh h{lvwhqfh ri htxloleulxp1 Vhh Ndkq dqg Nudvd ^54`
dqg Srohpdufkdnlv dqg Nx ^59` iru urexvw h{dpsohv ri qrq0h{lvwhqfh ri htxloleulxp zlwk Dphulfdq rswlrqv
lq d vlqjoh0shulrg vhwwlqj dqg zlwk Hxurshdq rswlrqv lq d pxowlshulrg vhwwlqj/ uhvshfwlyho|1
6 Vhh/ iru h{dpsoh/ Pdjloo dqg Txlq}ll ^56/ ss1 568056:`1 Ghwhpsoh dqg Vhoghq ^44` vkrzhg wkdw li d qrq0
uhgxqgdqw rswlrq lv lvvxhg/ wkhq wkh sulfhv ri wkh sulplwlyh vhfxulwlhv jhqhulfdoo| fkdqjh1 Wkhuhiruh/ lw lv dovr
qrw dssursuldwh wr wdnh dv jlyhq wkh lqfrpsohwh pdunhwv sulfhv ri wkh sulplwlyh vhfxulwlhv1
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wkh suhylrxv gdwh1

Rxu �uvw pdmru uhvxow vd|v wkdw pxowlshulrg Hxurshdq rswlrqv rq d wudglqj vwudwhj|

kdylqj qrq0qhjdwlyh whuplqdo glylghqgv dqg vhsdudwlqj vwdwhv dw wkh whuplqdo gdwh jhqhudwh

g|qdplf frpsohwhqhvv iru hyhu| duelwudjh0iuhh sulfh surfhvv1 Dq lqwhuhvwlqj dvvhw sulflqj

lpsolfdwlrq lv wkdw pxowlshulrg Hxurshdq rswlrqv fdq eh xvhg wr sulfh dq| vhfxulw| +lq

sduwlfxodu/ vlqjoh0shulrg Hxurshdq rswlrqv,1 Zkloh wkh dvvxpswlrq ri vhsdudwlrq dw wkh

whuplqdo gdwh fdq eh zhdnhqhg/ zh vkrz wkdw lq jhqhudo/ pxowlshulrg Hxurshdq rswlrqv rq d

wudglqj vwudwhj| kdylqj qrq0qhjdwlyh whuplqdo glylghqgv dqg frqglwlrqdoo| vhsdudwlqj vwdwhv

dw wkh whuplqdo gdwh gr qrw jhqhudwh g|qdplf frpsohwhqhvv iru hyhu| duelwudjh0iuhh sulfh

surfhvv1

Wkh qrwlrq ri g|qdplf frpsohwhqhvv iru hyhu| duelwudjh0iuhh sulfh surfhvv lv uhvwulfwlyh1

Zkhq wkhuh duh qr pxowlshulrg Hxurshdq rswlrqv rq d wudglqj vwudwhj| jhqhudwlqj g|qdplf

frpsohwhqhvv iru hyhu| duelwudjh0iuhh sulfh surfhvv/ wkhuh pd| vwloo h{lvw pxowlshulrg Hxur0

shdq rswlrqv rq wkdw wudglqj vwudwhj| jhqhudwlqj g|qdplf frpsohwhqhvv iru �doprvw hyhu|�

duelwudjh0iuhh sulfh surfhvv1 Ixuwkhupruh/ wkh qxpehu ri pxowlshulrg Hxurshdq rswlrqv jhq0

hudwlqj g|qdplf frpsohwhqhvv iru hyhu| duelwudjh0iuhh sulfh surfhvv fdq eh uhodwlyho| odujh1

Iru wkdw uhdvrq zh wkhq h{dplqh g|qdplf frpsohwhqhvv iru �doprvw hyhu|� duelwudjh0iuhh

sulfh surfhvv/ zklfk zh uhihu wr dv jhqhulf g|qdplf frpsohwhqhvv1 Rxu vhfrqg pdmru uhvxow

vd|v wkdw zkhq wkh qxpehu ri lpphgldwh vxffhvvruv ri hyhu| qrq0whuplqdo hyhqw lv qrq0

ghfuhdvlqj ryhu wlph/ pxowlshulrg Hxurshdq rswlrqv rq d wudglqj vwudwhj| jhqhudwh jhqhulf

g|qdplf frpsohwhqhvv xqghu d vljql�fdqwo| zhdnhu frqglwlrq rq wkh wudglqj vwudwhj|*v whu0

plqdo glylghqgv1 Wklv frqglwlrq uhtxluhv wkh wudglqj vwudwhj| wr kdyh qrq0qhjdwlyh whuplqdo

glylghqgv dqg wr frqglwlrqdoo| vhsdudwh vwdwhv dw wkh whuplqdo gdwh1 Zh vkrz wkdw wklv uh0

vxow grhv qrw h{whqg wr hyhqw wuhhv lq zklfk wkh qxpehu ri lpphgldwh vxffhvvruv ri hyhu|

qrq0whuplqdo hyhqw ghfuhdvh ryhu wlph1

Zh �qg wkdw wkh plqlpxp qxpehu ri pxowlshulrg Hxurshdq rswlrqv rq d wudglqj vwudwhj|
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jhqhudwlqj jhqhulf g|qdplf frpsohwhqhvv fdq eh uhodwlyho| odujh1 Zh wkhq vkrz wkdw hlwkhu

pxowlshulrg Hxurshdq rswlrqv rq vhyhudo wudglqj vwudwhjlhv ru h{rwlf rswlrqv rq d vlqjoh

wudglqj vwudwhj| fdq vxevwdqwldoo| uhgxfh wkh plqlpxp qxpehu ri rswlrqv jhqhudwlqj jhqhulf

g|qdplf frpsohwhqhvv1

Rxu frqfoxvlrqv duh gl�huhqw iurp wkrvh uhdfkhg e| Edmhx{0Ehvqdlqrx dqg Urfkhw ^6`

lq d pxowlqrpldo iudphzrun jhqhudol}lqj wkh hfrqrp| ri Fr{/ Urvv/ dqg Uxelqvwhlq ^;`1

Edmhx{0Ehvqdlqrx dqg Urfkhw frqfoxghg lq ss1 405 wkdw Hxurshdq rswlrqv �duh qrw d jrrg

lqvwuxphqw iru g|qdplf vsdqqlqj� dqg wkdw �rqo| sdwk0ghshqghqw +ch{rwlf*, rswlrqv pd|

jhqhudwh g|qdplf vsdqqlqj1� Rxu �qglqjv derxw wkh delolw| ri ihz rswlrqv wr jhqhudwh jhqhulf

g|qdplf frpsohwhqhvv duh uhodwhg zlwk wkh uhvxow ri Nuhsv ^55`1 Nuhsv vkrzhg wkdw �doprvw

hyhu|� vhw ri orqj0olyhg vhfxulwlhv zlwk fduglqdolw| htxdo wr wkh odujhvw qxpehu ri lpphgldwh

vxffhvvruv ri dq hyhqw dprqj doo qrq0whuplqdo hyhqwv jhqhudwhv g|qdplf frpsohwhqhvv17

Wklv sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh rxwolqh wkh prgho1 Lq Vhfwlrq 6 zh

lqyhvwljdwh wkh h{lvwhqfh ri pxowlshulrg Hxurshdq rswlrqv jhqhudwlqj g|qdplf frpsohwhqhvv

iru hyhu| duelwudjh0iuhh sulfh surfhvv1 Lq Vhfwlrq 7 zh h{dplqh jhqhulf g|qdplf frpsohwhqhvv

zlwk pxowlshulrg Hxurshdq rswlrqv1 Lq Vhfwlrq 8 zh vwxg| wkh plqlpxp qxpehu ri pxo0

wlshulrg rswlrqv jhqhudwlqj jhqhulf g|qdplf frpsohwhqhvv1 Vhfwlrq 9 frqfoxghv1 Doo surriv

duh jlyhq lq wkh Dsshqgl{1

51 G|qdplfdoo| Frpsohwh Pdunhwv

Frqvlghu dq hyhqw wuhh hfrqrp| dv ghvfulehg/ iru h{dpsoh/ lq Gx!h ^45/ Fkdswhu 5`1 Ohw

W � ifc ���c Ajc zkhuh A 5 Q lv wkh qxpehu ri shulrgv lq dq hyhqw wuhh1 Wkh xqfhuwdlqw| dqg

wkh lqirupdwlrq vwuxfwxuh duh ghvfulehg e| d �owhuhg suredelolw| vsdfh Elcxc ix|j|MWc � �c

zkhuh l lv d �qlwh vhw ri vwdwhv ri qdwxuh/ x ' xA ' 2lc dqg x| lv wkh lqirupdwlrq dydlodeoh

dw wlph | 5 W18 Ohw s +s3A , eh wkh vhw ri hyhqwv dw doo gdwhv | : f +uhvshfwlyho|/ | 	 A �� Ohw

7 Vhh Gx!h dqg Kxdqj ^46` iru d frqwlqxrxv0wlph iudphzrun1
8 D �owhuhg suredelolw| vsdfh lv d txdguxsoh +
>x>ixwjw5W> S ,> zkhuh 
 lv d vwdwh vsdfh/ x lv d vljpd dojheud
ri vxevhwv ri 
/ ixwjw5W lv d qrq0ghfuhdvlqj vhtxhqfh ri vxe0vljpd dojheudv ri x> dqg S lv d suredelolw|
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& � yEs� dqg ?1 eh wkh qxpehu ri lpphgldwh vxffhvvruv ri hyhqw 1 5 s3A �

Wkhuh duh a 5 Q sulplwlyh vhfxulwlhv1 Ohw M �i�c ���c aj� Wkh glylghqg surfhvv ri vhfxulw|

� 5 M lv _�c zklfk lv dvvxphg dgdswhg19 Ohw _ � i_�j�MM1 Ohw R � iR�j�MM ghqrwh dq

h{0glylghqg sulfh surfhvv iru wkh sulplwlyh vhfxulwlhv1

D wudglqj vwudwhj| lv ghqrwhg e| � 5 K/ zkhuh K lv wkh vhw ri doo Ua 0ydoxhg surfhvvhv1 Zh

xvh wkh whup �sruwirolr� lqvwhdg ri �wudglqj vwudwhj|� zkhq A ' �� Iulfwlrqohvv vkruw0vdohv

duh doorzhg1 Wkh glylghqg surfhvv _�ER� jhqhudwhg e| wudglqj vwudwhj| � 5 K xqghu sulfh

surfhvv R lv gh�qhg e|

_�| ER� ' �|3� � ER| n _|�� �| � R|c ;| 5 Wc +4,

zkhuh �3� � f�

Dq duelwudjh iru d glylghqg0sulfh surfhvv E_c R� lv d wudglqj vwudwhj| � 5 K vxfk wkdw

_�ER� � f dqg _�ER� 9' f1 Zh vd| wkdw sulfh surfhvv R lv duelwudjh0iuhh li wkhuh h{lvwv qr

duelwudjh iru E_c R�1 Zkhqhyhu R lv duelwudjh0iuhh/ zh kdyh

R�A ' fc ;� 5 M� +5,

Lw iroorzv iurp +4, dqg +5, wkdw wkh whuplqdo glylghqg _�A grhv qrw ghshqg rq R iru hyhu|

wudglqj vwudwhj| � 5 K�

Zh ghqrwh d frqvxpswlrq surfhvv e| S 5 F/ zkhuh F lv wkh vhw ri doo U0ydoxhg surfhvvhv1

Wkh iroorzlqj qrwlrq ri g|qdplf frpsohwhqhvv lv vwdqgdug1

Gh�qlwlrq 41 D glylghqg0sulfh surfhvv E_c R� lv g|qdplfdoo| frpsohwh li/ iru hyhu| frqvxps0

wlrq surfhvv S 5 Fc wkhuh lv d wudglqj vwudwhj| � 5 K vxfk wkdw _�| ER� ' S|c | : f1 Rwkhuzlvh/

E_c R� lv lqfrpsohwh1

Zh xvh wkh whup �frpsohwh� lqvwhdg ri �g|qdplfdoo| frpsohwh� zkhq A ' �� Ohw (|n�E1|�

^�|n�E1|�` eh d Ea�?1|� pdwul{ ri rqh0shulrg glylghqgv +uhvshfwlyho|/ sulfhv, iru wkh sulplwlyh

phdvxuh rq +
>x,=
9 D surfhvv [ @ i[wjw5W lv dgdswhg li [w = 
 $ U lv phdvxudeoh zlwk uhvshfw wr +
>xw, iru hyhu| w 5 W=
Wkurxjkrxw/ doo surfhvvhv duh dvvxphg wr eh dgdswhg1
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vhfxulwlhv dw hyhqw 1| 5 s3A �Zh vd| wkdw d glylghqg0sulfh surfhvv E_c R� lv rqh0shulrg frpsohwh

dw hyhqw 1| 5 s3A li

o@?&d(|n�E1|� n �|n�E1|�o ' ?1|� +6,

Li E_c R� lv rqh0shulrg frpsohwh dw 1| iru hyhu| 1| 5 x|c zkhuh | 	 Ac wkhq E_c R� lv rqh0shulrg

frpsohwh dw wlph |� Lw iroorzv iurp +5, dqg +6, wkdw rqh0shulrg frpsohwhqhvv ri E_c R� dw wlph

A � � grhv qrw ghshqg rq R�

Wkh iroorzlqj lv d zhoo nqrzq uhvxow1

Ohppd 41 D glylghqg0sulfh surfhvv E_c R� lv g|qdplfdoo| frpsohwh li dqg rqo| li E_c R� lv

rqh0shulrg frpsohwh dw hyhu| hyhqw 1 5 s3A �

Wkhuh lv dq lq�qlwh qxpehu ri glvwlqfw duelwudjh0iuhh sulfh surfhvvhv iru hyhu| glylghqg

surfhvv _� Lw iroorzv iurp +6, wkdw rqh0shulrg frpsohwhqhvv ri d glylghqg0sulfh surfhvv E_c R�

dw dq hyhqw 1| 5 x|/ zkhuh | � A � 2c ghshqgv rq R� Xvlqj Ohppd 4/ lw pd| eh wkh fdvh

wkdw E_c R� lv g|qdplfdoo| frpsohwh exw E_c R�� lv lqfrpsohwh iru R 9' R�1 Vlqfh vhfxulw| sulfhv

ghwhuplqh zkhwkhu d glylghqg0sulfh surfhvv lv g|qdplfdoo| frpsohwh/ Gh�qlwlrq 4 lv qrw

vdwlvidfwru| iru wkh sxusrvhv ri rxu sdshu1

Zh qrz lqwurgxfh d qrwlrq ri g|qdplf frpsohwhqhvv iru hyhu| duelwudjh0iuhh sulfh surfhvv1

Gh�qlwlrq 51 D glylghqg surfhvv _ lv g|qdplfdoo| frpsohwh li E_c R� lv g|qdplfdoo| frpsohwh

iru hyhu| duelwudjh0iuhh sulfh surfhvv R�

Xqghu vwdqgdug prqrwrqlflw| dvvxpswlrqv rq frqvxphu suhihuhqfhv/ li glylghqg surfhvv

_ lv g|qdplfdoo| frpsohwh/ wkhq hyhu| Udgqhu ^5:` htxloleulxp frqvxpswlrq doorfdwlrq zlwk

_ lv dq Duurz0Gheuhx ^5/ <` htxloleulxp frqvxpswlrq doorfdwlrq dqg/ wkhuhiruh/ lw lv Sduhwr

rswlpdo1

Zh vd| wkdw d glylghqg surfhvv _ lv rqh0shulrg frpsohwh dw hyhqw 1 5 s3A li E_c R� lv

rqh0shulrg frpsohwh dw 1 iru hyhu| duelwudjh0iuhh sulfh surfhvv R� Li _ lv rqh0shulrg frpsohwh
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dw 1| iru hyhu| 1| 5 x|c zkhuh | 	 Ac wkhq _ lv rqh0shulrg frpsohwh dw wlph |�

61 G|qdplf Frpsohwhqhvv zlwk Rswlrqv

Vxssrvh wkdw wkh glylghqg surfhvv ri wkh sulplwlyh vhfxulwlhv lv qrw g|qdplfdoo| frp0

sohwh1 Wkh txhvwlrq zh duh lqwhuhvwhg lq lv zkhwkhu dphqglqj wkh sulplwlyh vhfxulwlhv zlwk

pxowlshulrg rswlrqv jhqhudwhv d g|qdplfdoo| frpsohwh glylghqg surfhvv1 Lq d vlqjoh0shulrg

vhwwlqj/ Urvv vkrzhg wkdw rswlrqv rq sruwirolrv duh ehwwhu vxlwhg wr jhqhudwh frpsohwh pdu0

nhwv wkdq rswlrqv rq lqglylgxdo vhfxulwlhv1 Wkhuhiruh/ zh frqvlghu lq rxu pxowlshulrg vhwwlqj

rswlrqv rq wudglqj vwudwhjlhv1

Dpxowlshulrg Hxurshdq fdoo +sxw, rswlrq rq wudglqj vwudwhj| � 5 K zlwkpdwxulw| dw wlph

A dqg h{huflvh sulfh g 5 Un +l1h1/ qhjdwlyh h{huflvh sulfhv duh suhfoxghg lq rxu dqdo|vlv,/ lv

d vhfxulw| zlwk whuplqdo glylghqgv jlyhq e| 6@%Efc _�A �g� ^uhvshfwlyho|/ 6@%Efcg � _�A �`/

dqg }hur glylghqgv dw dq| rwkhu wudglqj gdwh1 Khqfh/ zh doorz rswlrqv rq +l, lqglylgxdo

vhfxulwlhv/ +ll, ex|0dqg0krog wudglqj vwudwhjlhv lqyroylqj pruh wkdq rqh vhfxulw| +l1h1/ wudglqj

vwudwhjlhv zkhuh wkh srvlwlrq lq hyhu| vhfxulw| lv �{hg dorqj dq hyhqw wuhh,/ dqg +lll, wudglqj

vwudwhjlhv zkhuh wkh srvlwlrq lq vrph vhfxulw| fkdqjhv dv wkh xqfhuwdlqw| lv uhvroyhg dorqj

dq hyhqw wuhh1 Zh ghqrwh d glylghqg0sulfh surfhvv iru d vhw ri pxowlshulrg Hxurshdq rswlrqv

rq wudglqj vwudwhj| � 5 K +sulplwlyh vhfxulw| � 5 M, e| Ee�c ^� ^uhvshfwlyho|/ Ee�c ^�o1

Lq d vlqjoh0shulrg iudphzrun/ Hxurshdq rswlrqv rq d sruwirolr kdylqj qrq0qhjdwlyh gly0

lghqgv dqg vhsdudwlqj vwdwhv jhqhudwh frpsohwh pdunhwv1 Wr vwxg| g|qdplf frpsohwhqhvv

zlwk pxowlshulrg rswlrqv zh dovr qhhg d qrwlrq ri pxowlshulrg vhsdudwlrq1

Gh�qlwlrq 61 D wudglqj vwudwhj| � 5 K vhsdudwhv vwdwhv dw wlph A li _�A E1A � 9' _�A E1
�
A � iru

hyhu| 1A c 1
�
A 5 xA c 1A 9' 1 �A 1

Lq rwkhu zrugv/ wudglqj vwudwhj| � vhsdudwhv vwdwhv dw wlph A li lwv whuplqdo glylghqgv

surylgh shu vh d ixoo ghvfulswlrq ri wkh vwdwh ri qdwxuh +l1h1/ li wkh fduglqdolw| ri wkh vxssruw

9



ri �*v whuplqdo glylghqgv frlqflghv zlwk wkh qxpehu ri whuplqdo hyhqwv,1 Wkh surshuw| jlyhq

lq Gh�qlwlrq 6 pd| dovr eh fdoohg +xqfrqglwlrqdo, vhsdudwlrq dw wkh whuplqdo gdwh1

Dowkrxjk frlqflglqj zlwk wkh vlqjoh0shulrg qrwlrq ri d sruwirolr vhsdudwlqj vwdwhv zkhq

A ' �/ rxu gh�qlwlrq ri d wudglqj vwudwhj| vhsdudwlqj vwdwhv dw wkh whuplqdo gdwh lv uhvwulfwlyh

lq pxowlshulrg pdunhwv1 Iru h{dpsoh/ d vwrfn lq wkh pxowlshulrg elqrpldo hfrqrp| ri Fr{/

Urvv/ dqg Uxelqvwhlq grhv qrw vhsdudwh vwdwhv dw wkh whuplqdo gdwh1

Zh qrz surylgh d vxevwdqwldoo| zhdnhu qrwlrq ri pxowlshulrg vhsdudwlrq1

Gh�qlwlrq 71 D wudglqj vwudwhj| � 5 K vhsdudwhv vwdwhv dw wlph A frqglwlrqdo rq xA3� li/

iru hyhu| 1A3� 5 xA3�c _�A E1A � 9' _�A E1
�
A � iru hyhu| 1A / 1�A � 1A3�c 1A 9' 1 �A 1

Lq rwkhu zrugv/ wudglqj vwudwhj| � vhsdudwhv vwdwhv dw wlph A frqglwlrqdo rqxA3� li/ jlyhq

wkh lqirupdwlrq dydlodeoh dw wlph A��c lwv whuplqdo glylghqgv surylgh d ixoo ghvfulswlrq ri wkh

vwdwh ri qdwxuh1 Wkh surshuw| jlyhq lq Gh�qlwlrq 7 pd| dovr eh fdoohg frqglwlrqdo vhsdudwlrq

dw wkh whuplqdo gdwh1

Zkhq A ' �c rxu gh�qlwlrq ri d wudglqj vwudwhj| frqglwlrqdoo| vhsdudwlqj vwdwhv dw wkh

whuplqdo gdwh frlqflghv zlwk wkh vlqjoh0shulrg qrwlrq ri d sruwirolr vhsdudwlqj vwdwhv1 Xvlqj

Gh�qlwlrqv 6 dqg 7/ li wudglqj vwudwhj| � vhsdudwhv vwdwhv dw wlph Ac wkhq lw vhsdudwhv vwdwhv

dw wlph A frqglwlrqdo rq xA3��

Zh qrz looxvwudwh rxu wzr qrwlrqv ri pxowlshulrg vhsdudwlrq zlwk dq h{dpsoh1

H{dpsoh 41 Frqvlghu d wzr0shulrg hyhqw wuhh zlwkl ' i�c2c �c ejc 1�� ' i�c 2jc 1�2 ' i�c ejc

dqg 12r ' irj iru hyhu| r 5 l� Wkhuh duh wkuhh vhfxulwlhv1 Vhfxulw| D kdv _�
2
E12�� ' ec

_�2 E122� ' �c dqg _�2 E12r� ' 2 iru hyhu| r 5 i�c ej� Vhfxulw| E kdv _�2 E12�� ' ec _�2 E12r� ' �

iru hyhu| r 5 i2c �jc dqg _�2 E12e� ' 21 Vhfxulw| F kdv _�2 E12�� ' ec _�2 E122� ' �c _�2 E12�� ' 2c

dqg _�
2
E12e� ' � +vhh Iljxuh 4,� Vhfxulw| D grhv qrw vhsdudwh vwdwhv dw wlph 2 frqglwlrqdo rq

x� dqg/ wkhuhiruh/ grhv qrw vhsdudwh vwdwhv dw wlph 2� Vhfxulw| E vhsdudwhv vwdwhv dw wlph

:
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Iljxuh 4= Vhfxulw| D grhv qrw frqglwlrqdoo| vhsdudwh vwdwhv dw wlph 5 dqg/ wkhuhiruh/ grhv qrw

vhsdudwh vwdwhv dw wlph 51 Vhfxulw| E frqglwlrqdoo| vhsdudwhv vwdwhv dw wlph 5 exw grhv qrw vhsdudwh

vwdwhv dw wlph 51 Vhfxulw| F vhsdudwhv vwdwhv dw wlph 5 dqg/ wkhuhiruh/ frqglwlrqdoo| vhsdudwhv vwdwhv

dw wlph 51

2 frqglwlrqdo rq x� exw grhv qrw vhsdudwh vwdwhv dw wlph 21 Ilqdoo|/ vhfxulw| F vhsdudwhv

vwdwhv dw wlph 5 dqg/ wkhuhiruh/ vhsdudwhv vwdwhv dw wlph 2 frqglwlrqdo rq x�1�

Ohw K�
n eh wkh vhw ri wudglqj vwudwhjlhv � 5 K kdylqj qrq0qhjdwlyh whuplqdo glylghqgv

dqg +xqfrqglwlrqdoo|, vhsdudwlqj vwdwhv dw wkh whuplqdo gdwh1 Revhuyh wkdw K�
n ghshqgv rq

wkh glylghqg surfhvv _�

Wkh iroorzlqj lv rxu �uvw pdmru uhvxow1

Sursrvlwlrq 41 Iru hyhu| wudglqj vwudwhj| � 5 K�
n
c wkhuh h{lvw pxowlshulrg Hxurshdq rswlrqv

rq � vxfk wkdw E_c e�� lv g|qdplfdoo| frpsohwh1

Lw iroorzv iurp Sursrvlwlrq 4 wkdw xqghu wkh dvvxpswlrq ri vhsdudwlrq dw wkh whuplqdo

gdwh/ wkhuh h{lvwv d wudglqj vwudwhj| rq zklfk doo pxowlshulrg Hxurshdq rswlrqv fdq eh

zulwwhq wr jhqhudwh d g|qdplfdoo| frpsohwh glylghqg surfhvv1

Rqh pljkw frqmhfwxuh wkdw pxowlshulrg Hxurshdq rswlrqv rq d wudglqj vwudwhj| kdylqj

qrq0qhjdwlyh whuplqdo glylghqgv dqg frqglwlrqdoo| vhsdudwlqj vwdwhv dw wkh whuplqdo gdwh

jhqhudwh d g|qdplfdoo| frpsohwh glylghqg surfhvv1 Wkh iroorzlqj h{dpsoh vkrzv wkdw vxfk

frqmhfwxuh lv qrw fruuhfw1

;
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Iljxuh 5= Dq h{dpsoh zkhuh dowkrxjk wkhuh duh qr pxowlshulrg Hxurshdq rswlrqv rq wkh sulplwlyh

vhfxulw| jhqhudwlqj d g|qdplfdoo| frpsohwh glylghqg surfhvv/ wkhuh h{lvwv d pxowlshulrg Hxurshdq

rswlrq rq wkh sulplwlyh vhfxulw| jhqhudwlqj d g|qdplfdoo| frpsohwh glylghqg0sulfh surfhvv iru �do0

prvw hyhu|� duelwudjh0iuhh sulfh surfhvv1

H{dpsoh 51 Frqvlghu wkh hyhqw wuhh ri H{dpsoh 41 Dvvxph wkdw wkhuh lv d vlqjoh sulplwlyh

vhfxulw| zlwk _2E12r� ' 2 iru hyhu| r 5 i�c2jc _2E12r� ' � iru hyhu| r 5 i�c ejc dqg }hur

glylghqgv dw wlph � +vhh Iljxuh 5,� Qrwh wkdw wkh sulplwlyh vhfxulw| kdv qrq0qhjdwlyh whuplqdo

glylghqgv/ vhsdudwhv vwdwhv dw wlph 2 frqglwlrqdo rq x� exw grhv qrw vhsdudwh vwdwhv dw wlph 21

Zlwkrxw orvv ri jhqhudolw|/ vxssrvh wkdw d pxowlshulrg Hxurshdq sxw rswlrq rq wkh sulplwlyh

vhfxulw| zlwk h{huflvh sulfh htxdo wr 2 lv lvvxhg dw wlph f1 Dq| ixuwkhu pxowlshulrg Hxurshdq

rswlrq rq wkh sulplwlyh vhfxulw| lv uhgxqgdqw1 Wkh E2 � e� pdwul{ ri whuplqdo glylghqgv

jhqhudwhg e| wkh sulplwlyh vhfxulw| dqg wkh rswlrq lv
5
97

2 � 2 �

f � f �

6
:8 �

Lw iroorzv iurp +6, wkdw E_c e�� lv rqh0shulrg frpsohwh dw wlph �� Xvlqj +6,c E_c e�c Rc ^� lv

rqh0shulrg frpsohwh dw wlph f li dqg rqo| li

o@?&

;A?
A=

5
97
R�E1��� R�E1�2�

^�E1��� ^�E1�2�

6
:8

<A@
A>

' 2� +7,

Qrwh wkdw +7, grhv qrw krog iru hyhu| duelwudjh0iuhh sulfh surfhvv ERc ^� zlwk ^� ' k � R�c

zkhuh f 	 k 	 � dqg R� : f� Khqfh/ E_c e�c Rc ^� lv qrw rqh0shulrg frpsohwh dw wlph f iru

<



vrph duelwudjh0iuhh sulfh surfhvv ERc ^�� Xvlqj Ohppd 4/ E_c e�c Rc ^� lv lqfrpsohwh iru vrph

duelwudjh0iuhh sulfh surfhvv ERc ^�1 Lw iroorzv iurp Gh�qlwlrq 5 wkdw E_c e�� lv qrw g|qdplfdoo|

frpsohwh1 Krzhyhu/ zh vkdoo vkrz lq Sursrvlwlrq 5 wkdw E_c e�c Rc ^� lv g|qdplfdoo| frpsohwh

iru �doprvw hyhu|� duelwudjh0iuhh sulfh surfhvv ERc ^�1�

Dowkrxjk H{dpsoh 5 vkrzhg wkdw wkhuh pd| qrw h{lvw pxowlshulrg Hxurshdq rswlrqv rq d

wudglqj vwudwhj| kdylqj qrq0qhjdwlyh whuplqdo glylghqgv dqg frqglwlrqdoo| vhsdudwlqj vwdwhv

dw wkh whuplqdo gdwh wkdw jhqhudwh d g|qdplfdoo| frpsohwh glylghqg surfhvv/ zh vkrz lq

Dsshqgl{ F wkdw wkh vhsdudwlrq dvvxpswlrq lpsrvhg lq Sursrvlwlrq 4 fdq eh zhdnhqhg1

Wkh qrwlrq ri d g|qdplfdoo| frpsohwh glylghqg surfhvv lv uhvwulfwlyh1 Iluvw/ dv H{dpsoh

5 dqwlflsdwhg/ zkhq wkhuh duh qr pxowlshulrg Hxurshdq rswlrqv rq d wudglqj vwudwhj| jhqhu0

dwlqj d g|qdplfdoo| frpsohwh glylghqg surfhvv/ wkhuh pd| vwloo h{lvw pxowlshulrg Hxurshdq

rswlrqv rq wkdw wudglqj vwudwhj| jhqhudwlqj d g|qdplfdoo| frpsohwh glylghqg0sulfh surfhvv

iru �doprvw hyhu|� duelwudjh0iuhh sulfh surfhvv1 Vhfrqg/ wkh qxpehu ri pxowlshulrg Hxurshdq

rswlrqv jhqhudwlqj d g|qdplfdoo| frpsohwh glylghqg surfhvv fdq eh uhodwlyho| odujh1

71 Jhqhulf G|qdplf Frpsohwhqhvv zlwk Rswlrqv

Vxssrvh wkdw wkh sulplwlyh vhfxulwlhv gr qrw jhqhudwh d g|qdplfdoo| frpsohwh glylghqg0

sulfh surfhvv iru �doprvw hyhu|� duelwudjh0iuhh sulfh surfhvv +iru h{dpsoh/ li wkh qxpehu ri

sulplwlyh vhfxulwlhv lv vpdoohu wkdq wkh qxpehu ri lpphgldwh vxffhvvruv ri dq hyhqw,1 Wkh

txhvwlrq zh duh lqwhuhvwhg lq lv zkhwkhu dphqglqj wkh sulplwlyh vhfxulwlhv zlwk pxowlshulrg

rswlrqv rq d wudglqj vwudwhj| jhqhudwhv d g|qdplfdoo| frpsohwh glylghqg0sulfh surfhvv iru

�doprvw hyhu|� duelwudjh0iuhh sulfh surfhvv1

Zh xvh dq lpsolfdwlrq ri wkh devhqfh ri duelwudjh/ l1h1/ wkh h{lvwhqfh ri vwulfwo| srvlwlyh

hyhqw sulfhv/ wr sdudphwhul}h vhfxulw| sulfhv1 Wkhq/ zh xvh wklv sdudphwhul}dwlrq wr lqwurgxfh

d qrwlrq ri g|qdplf frpsohwhqhvv iru �doprvw hyhu|� duelwudjh0iuhh sulfh surfhvv1

Wkh iroorzlqj lv d zhoo0nqrzq fkdudfwhul}dwlrq ri wkh devhqfh ri duelwudjh1

43



Ohppd 51 D glylghqg0sulfh surfhvv E_c R� lv duelwudjh0iuhh li dqg rqo| li/ iru hyhu| hyhqw

1| 5 s3A c wkhuh h{lvw hyhqw sulfhv �E1|� 5 U
?1|
nn vxfk wkdw

R|E1|� '
S

1|n�a1|

�1|n� � d_|n�E1|n�� n R|n�E1|n��oc +8,

zkhuh �1|n� lv wkh sulfh ri dq hyhqw 1|n� � 1| dw 1| 5 x|�

Xvlqj Ohppd 5/ zh fdq sdudphwhul}h duelwudjh0iuhh sulfh surfhvvhv e| vwulfwo| srvlwlyh

hyhqw sulfhv1 Wkh duelwudjh0iuhh sulfh surfhvv dvvrfldwhg zlwk hyhqw sulfhv � 5 U&
nn lv gh�qhg

e|

R|E_c�c 1|� '
S

1|n�a1|

�1|n� � d_|n�E1|n�� n R|n�E_c �c 1|n��oc ;1| 5 x|c | 	 A� +9,

Xvlqj wkh sdudphwhul}dwlrq ri duelwudjh0iuhh sulfh surfhvvhv e| vwulfwo| srvlwlyh hyhqw

sulfhv/ zh qrz lqwurgxfh d qrwlrq ri jhqhulf g|qdplf frpsohwhqhvv1

Gh�qlwlrq 81 D glylghqg surfhvv _ lv jhqhulfdoo| g|qdplfdoo| frpsohwh li wkh vhw i� 5

U&
nn G E_c RE_c ��� lv g|qdplfdoo| frpsohwhj lv rshq dqg kdv ixoo &0glphqvlrqdo Ohehvjxh

phdvxuh1

Iroorzlqj Pdjloo dqg Vkdihu ^57` lw fdq eh vkrzq wkdw xqghu vwdqgdug prqrwrqlflw|/

vprrwkqhvv/ dqg frqyh{lw| dvvxpswlrqv rq frqvxphu suhihuhqfhv/ li glylghqg surfhvv _ lv

jhqhulfdoo| g|qdplfdoo| frpsohwh/ wkhq/ iru d jhqhulf hfrqrp| +l1h1/ rq dq rshq vhw ri ixoo

phdvxuh lq wkh vsdfh ri hqgrzphqwv iru hdfk ri wkh frqvxphuv,/ d Udgqhu htxloleulxp frq0

vxpswlrq doorfdwlrq zlwk _ lv dq Duurz0Gheuhx htxloleulxp frqvxpswlrq doorfdwlrq dqg/

wkhuhiruh/ lw lv Sduhwr rswlpdo1

Ohw KS
n
eh wkh vhw ri wudglqj vwudwhjlhv kdylqj qrq0qhjdwlyh whuplqdo glylghqgv dqg frq0

glwlrqdoo| vhsdudwlqj vwdwhv dw wkh whuplqdo gdwh1 Revhuyh wkdw KS
n ghshqgv rq wkh glylghqg

surfhvv _�

Wkh iroorzlqj lv rxu vhfrqg pdmru uhvxow1
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Iljxuh 6= +d, Dq hyhqw wuhh zkhuh wkh qxpehu ri lpphgldwh vxffhvvruv ri hyhu| wlph 4 hyhqw lv

odujhu wkdq wkh qxpehu ri lpphgldwh vxffhvvruv ri wkh lqlwldo qrgh dqg/ wkhuhiruh/ Sursrvlwlrq 5

krogv1 +e, Dq h{dpsoh zkhuh wkh uhvwulfwlrq lpsrvhg lq Sursrvlwlrq 5 rq krz wkh xqfhuwdlqw| lv

uhvroyhg dorqj dq hyhqw wuhh grhv qrw krog vlqfh wkh qxpehu ri lpphgldwh vxffhvvruv ri hyhu| wlph

4 hyhqw lv vpdoohu wkdq wkh qxpehu ri lpphgldwh vxffhvvruv ri wkh lqlwldo qrgh1

Sursrvlwlrq 51 Vxssrvh wkdw ?1| � ?1|3� iru hyhu| E1|c 1|3�� 5 x|�x|3�c f 	 | 	 A 1 Wkhq/

iru hyhu| wudglqj vwudwhj| � 5 KS
nc wkhuh h{lvw pxowlshulrg Hxurshdq rswlrqv rq � vxfk wkdw

E_c e�� lv jhqhulfdoo| g|qdplfdoo| frpsohwh1

Dowkrxjk Sursrvlwlrq 5 lpsrvhv d vxevwdqwldoo| zhdnhu vhsdudwlrq dvvxpswlrq wkdq wkh

rqh lpsrvhg lq Sursrvlwlrq 4/ wkh qrwlrq ri d jhqhulfdoo| g|qdplfdoo| frpsohwh glylghqg

surfhvv rewdlqhg lq Sursrvlwlrq 5 lv rqo| voljkwo| zhdnhu wkdq wkh qrwlrq ri d g|qdplfdoo|

frpsohwh glylghqg surfhvv rewdlqhg lq Sursrvlwlrq 41

Wkh dvvxpswlrq wkdw ?1| � ?1|3� iru hyhu| E1|c 1|3�� 5 x| � x|3�c f 	 | 	 A / lv d

uhvwulfwlrq rq krz wkh xqfhuwdlqw| lv uhvroyhg dorqj dq hyhqw wuhh +vhh Iljxuh 6,1 Wklv

dvvxpswlrq uhtxluhv wkdw wkh qxpehu ri lpphgldwh vxffhvvruv ri hyhu| qrq0whuplqdo hyhqw

wr eh qrq0ghfuhdvlqj ryhu wlph1 Dq h{dpsoh ri dq hyhqw wuhh iru zklfk Sursrvlwlrq 5 krogv

lv zkhq hyhu| qrq0whuplqdo hyhqw kdv d �{hg qxpehu ri lpphgldwh vxffhvvruv1

Wkh iroorzlqj h{dpsoh vkrzv wkdw Sursrvlwlrq 5 grhv qrw h{whqg wr hyhqw wuhhv lq zklfk
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Iljxuh 7= Dq hyhqw wuhh zkhuh wkhuh duh qr pxowlshulrg Hxurshdq rswlrqv rq wkh sulplwlyh vhfxulw|/

zklfk kdv qrq0qhjdwlyh whuplqdo glylghqgv dqg frqglwlrqdoo| vhsdudwhv vwdwhv dw wlph 5c jhqhudwlqj
d jhqhulfdoo| g|qdplfdoo| frpsohwh glylghqg surfhvv1

wkh qxpehu ri lpphgldwh vxffhvvruv ri hyhu| qrq0whuplqdo hyhqw ghfuhdvh ryhu wlph1

H{dpsoh 61 Frqvlghu d wzr0shulrg hyhqw wuhh zlwk l ' i�c2c �c ec Dc Sjc 1�� ' i�c 2jc

1�2 ' i�cejc 1�� ' iDc Sjc dqg 12r ' irj iru hyhu| r 5 l� Vlqfh ?1� 	 ?1f iru hyhu| 1� 5 x�/

wklv hyhqw wuhh grhv qrw vdwlvi| wkh prqrwrqlflw| dvvxpswlrq rq wkh qxpehu ri lpphgldwh

vxffhvvruv ri hyhu| qrq0whuplqdo hyhqw lpsrvhg lq Sursrvlwlrq 51 Dvvxph wkdw wkhuh lv d vlqjoh

sulplwlyh vhfxulw| zlwk _2E12r� ' 2 iru hyhu| r 5 i�c �c Djc _2E12r� ' � iru hyhu| r 5 i2c ec Sjc

dqg }hur glylghqgv dw wlph � +vhh Iljxuh 7,1 Qrwh wkdw wkh sulplwlyh vhfxulw| kdv qrq0

qhjdwlyh whuplqdo glylghqgv dqg vhsdudwhv vwdwhv dw wlph 2 frqglwlrqdo rq x�� Zlwkrxw orvv

ri jhqhudolw|/ vxssrvh wkdw d pxowlshulrg Hxurshdq sxw rswlrq rq wkh sulplwlyh vhfxulw| zlwk

h{huflvh sulfh htxdo wr 2 lv lvvxhg dw wlph f1 Dq| ixuwkhu pxowlshulrg Hxurshdq rswlrq rq

wkh sulplwlyh vhfxulw| lv uhgxqgdqw1 Xvlqj +6,/ iru hyhu| duelwudjh0iuhh sulfh surfhvv ERc ^�/

E_c e�c Rc ^� lv qrw rqh0shulrg frpsohwh dw wlph f� Xvlqj Ohppd 4/ E_c e�c Rc ^� lv lqfrpsohwh

iru hyhu| duelwudjh0iuhh sulfh surfhvv ERc ^�1 Wkhuhiruh/ wkhuh duh qr pxowlshulrg Hxurshdq
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rswlrqv rq wkh sulplwlyh vhfxulw| vxfk wkdw E_c e�� lv jhqhulfdoo| g|qdplfdoo| frpsohwh1: �

81 Wkh Plqlpxp Qxpehu ri Rswlrqv Jhqhudwlqj Jhqhulf G|qdplf Frpsohwh0

qhvv

Vxssrvh wkdw wkh glylghqg surfhvv ri wkh sulplwlyh vhfxulwlhv lv qrw jhqhulfdoo| g|qdpl0

fdoo| frpsohwh1 Vlqfh lw lv frvwo| wr lvvxh rswlrqv/ zh qrz lqyhvwljdwh wkh plqlpxp qxpehu

ri rswlrqv jhqhudwlqj d jhqhulfdoo| g|qdplfdoo| frpsohwh glylghqg surfhvv1

Iru wudfwdelolw|/ ohw 7 : 2 eh wkh qxpehu ri lpphgldwh vxffhvvruv ri hyhu| qrq0whuplqdo

hyhqw� Revhuyh wkdw wkh hyhqw wuhhv h{dplqhg lq wklv vhfwlrq vdwlvi| wkh prqrwrqlflw| dv0

vxpswlrq rq wkh qxpehu ri lpphgldwh vxffhvvruv ri hyhu| qrq0whuplqdo hyhqw lpsrvhg lq

Sursrvlwlrq 51 Lw iroorzv iurp Sursrvlwlrq 5 wkdw li KS
n 9' >/ wkhq wkhuh h{lvw pxowlshulrg

Hxurshdq rswlrqv jhqhudwlqj d jhqhulfdoo| g|qdplfdoo| frpsohwh glylghqg surfhvv1 Khqfh/

zh dvvxph wkdw KS
n
9' >�

Wkhuh duh 2 � a 	 7 sulplwlyh vhfxulwlhv1 Zh dvvxph wkdw wkhuh lv d vhfxulw| � 5 M zlwk

_�A E1A � ' �c ;1A 5 xA c +:,

l1h1/ d erqg wkdw lv rqh0shulrg ulvniuhh dw wlph A �� dqg sd|v d xqlw whuplqdo glylghqg1; Iru

vlpsolflw|/ zh dvvxph wkdw

o@?&d(A E1A3��o ' ac ;1A3� 5 xA3�c +;,

l1h1/ hyhu| sulplwlyh vhfxulw| lv qrq0uhgxqgdqw dw hyhu| hyhqw 1A3� 5 xA3�1

Ohw VeE_�� eh wkh plqlpxp qxpehu ri pxowlshulrg Hxurshdq rswlrqv rq wudglqj vwudwhj|

� 5 KS
n
vxfk wkdw wkh glylghqg surfhvv E_c e�� lv jhqhulfdoo| g|qdplfdoo| frpsohwh1

Sursrvlwlrq 61 Iru hyhu| wudglqj vwudwhj| � 5 KS
nc 7 � a � VeE_�� � E7 � a� � 7A3�1

: Dq h{dpsoh fdq eh frqvwuxfwhg vxfk wkdw wkh vxssruw ri wkh sulplwlyh vhfxulw|*v whuplqdo glylghqgv ghshqgv
rq wkh lqirupdwlrq dydlodeoh dw wlph 4/ dqg vwloo qr vhw ri pxowlshulrg Hxurshdq rswlrqv rq wkh sulplwlyh
vhfxulw| zrxog jhqhudwh d jhqhulfdoo| g|qdplfdoo| frpsohwh glylghqg surfhvv1
; Wklv erqg fdq eh jhqhudwhg zlwk orqj srvlwlrqv dw wlph W � 4 rq d wudglqj vwudwhj| k 5 Kf

. dqg d
pxowlshulrg Hxurshdq sxw rswlrq rq k zlwk d vx!flhqwo| kljk h{huflvh sulfh1
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Lw iroorzv iurp Sursrvlwlrq 6 wkdw d jhqhulfdoo| g|qdplfdoo| frpsohwh glylghqg surfhvv

fdq eh jhqhudwhg zlwk d qxpehu ri vhfxulwlhv +lqfoxglqj wkh sulplwlyh vhfxulwlhv dqg wkh

rswlrqv, orzhu wkdq wkh qxpehu ri whuplqdo hyhqwv 7A 1 Lw fdq eh vkrzq wkdw/ iru hyhu|

2 � a 	 7c A : �c wkhuh h{lvw d glylghqg surfhvv _ dqg d wudglqj vwudwhj| � 5 KS
n
vxfk wkdw

VeE_�� ' 7 � a dVeE_�� ' E7 � a� � 7A3�o�

Vlqfh VeE_�� fdq eh txlwh odujh/ zh qrz doorz pxowlshulrg Hxurshdq rswlrqv rq vhyhudo

wudglqj vwudwhjlhv1 Ohw e ghqrwh wkh glylghqg surfhvv iru d vhw ri pxowlshulrg Hxurshdq

rswlrqv srvvleo| rq glvwlqfw wudglqj vwudwhjlhv1 Ohw VeE_� eh wkh plqlpxp qxpehu ri pxo0

wlshulrg Hxurshdq rswlrqv srvvleo| rq glvwlqfw wudglqj vwudwhjlhv vxfk wkdw wkh glylghqg

surfhvv E_c e� lv jhqhulfdoo| g|qdplfdoo| frpsohwh1

Sursrvlwlrq 71 Wkhuh h{lvw 7�a pxowlshulrg Hxurshdq rswlrqv srvvleo| rq glvwlqfw wudglqj

vwudwhjlhv vxfk wkdw E_c e� lv jhqhulfdoo| g|qdplfdoo| frpsohwh/ l1h1/ VeE_� ' 7 � a�

Lw iroorzv iurp Sursrvlwlrq 7 wkdw doorzlqj pxowlshulrg Hxurshdq rswlrqv rq vhyhudo

wudglqj vwudwhjlhv/ fdq vxevwdqwldoo| uhgxfh wkh plqlpxp qxpehu ri pxowlshulrg Hxurshdq

rswlrqv jhqhudwlqj d jhqhulfdoo| g|qdplfdoo| frpsohwh glylghqg surfhvv1

Dowhuqdwlyho|/ zh qrz frqvlghu �h{rwlf� rswlrqv rq d vlqjoh wudglqj vwudwhj|1 Dq h{dpsoh

ri dq h{rwlf rswlrq lv d pxowlshulrg Hxurshdq fdoo +sxw, rswlrq rq d wudglqj vwudwhj| � 5 K

zlwk ulvn| h{huflvh sulfh/ l1h1/ d vhfxulw| zlwk whuplqdo glylghqgv jlyhq e| 6@%Efc _�A � f�

^uhvshfwlyho|/ 6@%Efcf � _�A �`/ zkhuh f G l$Un lv d phdvxudeoh ixqfwlrq zlwk uhvshfw wr

xA3�c dqg }hur glylghqgv dw dq| rwkhu wudglqj gdwh� Ohw %� ghqrwh wkh glylghqg surfhvv iru

d vhw ri pxowlshulrg Hxurshdq rswlrqv rq wudglqj vwudwhj| � 5 KS
n zlwk ulvn| h{huflvh sulfh1

Ohw V%E_�� eh wkh plqlpxp qxpehu ri pxowlshulrg Hxurshdq rswlrqv rq wudglqj vwudwhj|

� 5 KS
n
zlwk ulvn| h{huflvh sulfh vxfk wkdw wkh glylghqg surfhvv E_c %�� lv jhqhulfdoo| g|0

qdplfdoo| frpsohwh1 Vlqfh d pxowlshulrg Hxurshdq rswlrq lv dq h{dpsoh ri wkh pxowlshulrg

h{rwlf rswlrq surylghg deryh/ zh kdyh V%E_�� � VeE_�� iru hyhu| wudglqj vwudwhj| � 5 KS
n�
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Sursrvlwlrq 81 Iru hyhu| wudglqj vwudwhj| � 5 KS
n
/ V%E_�� ' 7 � a 1

Sursrvlwlrq 8 vd|v wkdw d uhodwlyho| vpdoo qxpehu ri pxowlshulrg Hxurshdq rswlrqv zlwk

ulvn| h{huflvh sulfh rq d vlqjoh wudglqj vwudwhj|/ zklfk kdv qrq0qhjdwlyh whuplqdo glylghqgv

dqg frqglwlrqdoo| vhsdudwhv vwdwhv dw wkh whuplqdo gdwh/ jhqhudwh d jhqhulfdoo| g|qdplfdoo|

frpsohwh glylghqg surfhvv1

91 Frqfoxvlrq

Rxu sdshu h{whqgv Urvv* uhvxow wkdw Hxurshdq rswlrqv jhqhudwh frpsohwh pdunhwv iurp

wkh vlqjoh0shulrg wr d pxowlshulrg vhwwlqj1 Zh rewdlq wzr pdmru uhvxowv1 Iluvw/ zh vkrz

wkdw pxowlshulrg Hxurshdq rswlrqv rq d wudglqj vwudwhj| jhqhudwh g|qdplf frpsohwhqhvv

iru hyhu| duelwudjh0iuhh sulfh surfhvv/ surylghg wkdw wkh wudglqj vwudwhj| kdv qrq0qhjdwlyh

whuplqdo glylghqgv dqg vhsdudwhv vwdwhv dw wkh whuplqdo gdwh1 Vhfrqg/ zh �qg wkdw zkhq wkh

xqfhuwdlqw| dqg lqirupdwlrq vwuxfwxuh lq dq hfrqrp| duh vxfk wkdw wkh qxpehu ri lpph0

gldwh vxffhvvruv ri hyhu| qrq0whuplqdo hyhqw lv qrq0ghfuhdvlqj ryhu wlph/ wkhq pxowlshulrg

Hxurshdq rswlrqv rq d wudglqj vwudwhj| jhqhudwh jhqhulf g|qdplf frpsohwhqhvv xqghu d

vljql�fdqwo| zhdnhu frqglwlrq rq wkh wudglqj vwudwhj|*v whuplqdo glylghqgv1 Wklv frqglwlrq

uhtxluhv wkh wudglqj vwudwhj| wr kdyh qrq0qhjdwlyh whuplqdo glylghqgv dqg wr frqglwlrqdoo|

vhsdudwh vwdwhv dw wkh whuplqdo gdwh1

Zh �qg wkdw lq jhqhudo/ wkh plqlpxp qxpehu ri pxowlshulrg Hxurshdq rswlrqv rq d

wudglqj vwudwhj| jhqhudwlqj jhqhulf g|qdplf frpsohwhqhvv fdq eh uhodwlyho| odujh1 Zh vkrz

wkdw hlwkhu pxowlshulrg Hxurshdq rswlrqv rq vhyhudo wudglqj vwudwhjlhv ru h{rwlf rswlrqv rq d

vlqjoh wudglqj vwudwhj| fdq vxevwdqwldoo| uhgxfh wkh plqlpxp qxpehu ri rswlrqv jhqhudwlqj

jhqhulf g|qdplf frpsohwhqhvv1
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:1 Dsshqgl{ D

Lq wklv vhfwlrq zh suryh Sursrvlwlrq 51 Urvv vkrzhg wkh iroorzlqj1

Ohppd D41 Dvvxph wkdw A ' �c l ' i�c ���c 7jc zkhuh 7 5 Qc dqg o@?&d(�E1f�o ' a 	 7�

Wkhq/ iru hyhu| sruwirolr � 5 KS
n
c wkhuh h{lvw 7 � a Hxurshdq sxw rswlrqv rq � vxfk wkdw

E_c e�� lv frpsohwh1

Ohppd D5 iroorzv lpphgldwho| iurp Ohppd D41

Ohppd D51 Iru hyhu| wudglqj vwudwhj| � 5 KS
nc wkhuh h{lvw pxowlshulrg Hxurshdq rswlrqv

rq � vxfk wkdw E_c e�� lv rqh0shulrg frpsohwh dw wlph A � �1

Surri1 Ohw � 5 KS
n
c 1A3� 5 xA3� eh duelwudulo| fkrvhq1 Xvlqj Ohppd D4/ wkhuh h{lvw

pxowlshulrg Hxurshdq rswlrqv rq � vxfk wkdw E_c e�� lv rqh0shulrg frpsohwh dw 1A3�� Vlqfh

1A3� zdv duelwudulo| fkrvhq/ wkhuh h{lvw pxowlshulrg Hxurshdq rswlrqv rq � vxfk wkdw E_c e��

lv rqh0shulrg frpsohwh dw wlph A � ��

Ohw s G� $ �c zkhuh � � U&c � � U,c dqg &c , 5 Qc eh d ixqfwlrq1 s lv d ixqfwlrq ri

� rqwr � li sE�� ' �� Vxssrvh wkdw s lv d ixqfwlrq ri � rqwr �� Wkhq/ s lv rqh0wr0rqh

li s3�E+� lv d vhw zlwk rqh hohphqw iru hyhu| + 5 � 1 s lv vprrwk li iru hyhu| % 5 � wkhuh

lv dq rshq vhw L � U& frqwdlqlqj % dqg d ixqfwlrq 8 G L $ U, vxfk wkdw 8 E%� ' sE%� iru

hyhu| % 5 L _� dqg doo sduwldo ghulydwlyhv Y?8*Y%�� � � � Y%�? h{lvw dqg duh frqwlqxrxv1 s

lv d gl�hrprusklvp ehwzhhq � dqg � li s lv d vprrwk rqh0wr0rqh ixqfwlrq ri � rqwr �

dqg s3� lv vprrwk1 D vhw � � U& lv d pdqlirog ri glphqvlrq 6 5 Q li hyhu| % 5 � kdv d

qhljkerukrrg ` _� wkdw lv gl�hrprusklf wr dq rshq vhw L � U61 Ohw s G � $ � eh d

vprrwk ixqfwlrq iurp d pdqlirog ri glphqvlrq 6 wr d pdqlirog ri glphqvlrq ?� + 5 � lv d

uhjxodu ydoxh li o@?&d_sE%�*_%o ' ? iru hyhu| % 5 s3�E+�� Wkh surri ri wkh iroorzlqj uhvxow

fdq eh irxqg lq Ploqru ^58/ ss1 44`1
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Ohppd D61 Ohw s G � $ � eh d vprrwk ixqfwlrq iurp d pdqlirog ri glphqvlrq 6 wr d

pdqlirog ri glphqvlrq ?/ zkhuh 6 � ?� Li + 5 � lv d uhjxodu ydoxh/ wkhq wkh vhw s3�E+� ��

lv d pdqlirog ri glphqvlrq 6� ?�

Ohw Pr � Ur
nn
c zkhuh r 5 Qc eh d r0glphqvlrqdo pdqlirog zlwk ixoo r�glphqvlrqdo

Ohehvjxh phdvxuh1 Iru hyhu| r 5 i�c ���c ojc zkhuh o 5 Qc ohw �r eh d E6r��� yhfwru lqP6rc

zkhuh 6r 5 Qc ohw �r eh d E?r� �� yhfwru lq U?r
nnc zkhuh ?r 5 Qc ohw _r eh d Eo� �� yhfwru lq

Uoc dqg ohw Uof?r eh wkh vsdfh ri Eo�?r� pdwulfhv1 Ohw ? �
S

rMt�c���co� ?rc 6 �
S

rMt�c���co�6rc

P6 �
T

rMt�c���co�P
6rc � � E��c ���c �o�c dqg � � E��c ���c �o��

Ohppd D71 Li (r G P6r $ Uof?r lv vxfk wkdw o@?&d(rE�r�o ' o iru hyhu| �r 5 P6rc

r 5 i�c ���c ojc wkhq wkh vhw

iE�c�� 5P6�U?
nn G o@?&Ed (�E��� � �� n _� (2E�2� � �2 n _2 � � � (oE�o� � �o n _o o� ' oj

+<,

lv rshq dqg kdv ixoo E6n ?��glphqvlrqdo Ohehvjxh phdvxuh1

Surri1 Ohw (r G P6r $ Uof?r eh vxfk wkdw o@?&d(rE�r�o ' o iru hyhu| �r 5 P6rc r 5

i�c ���c oj� Ohw Vo3� � iEb�c ���c bo� 5 U
o G

oS
r'�

b2r ' �j eh wkh o0glphqvlrqdo xqlw vskhuh1 Ohw b

ghqrwh d E�� o� yhfwru lq Vo3�� Gh�qh s G Vo3��P6 � U?
nn $ Uo e|

s Ebc �c�� ' b � d (�E�
�� � �� n _� (2E�

2� � �2 n _2 � � � (oE�
o� � �o n _o o +43,

iru hyhu| Ebc�c ��5 Vo3��P6 � U?
nn� Xvlqj +43,/ zh kdyh

YsEbc�c ��*Y� '

5
999999997

b �(�E�
�� f2 � � � fo

f� b �(2E�2� � � � fo

111
111

111

f� f2 � � � b �(oE�
o�

6
::::::::8

+44,
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iru hyhu| Ebc �c ��5 Vo3��P6 � U?
nn
c zkhuh fr lv wkh E� � ?r� yhfwru df f � � � fo� Vlqfh

o@?&d(rE�r�o ' oc zh kdyh b �(rE�r� 9' fr iru hyhu| r 5 i�c ���c ojc b 5 Vo3�� Wkhuhiruh/

o@?&d_s Ebc �c ��*_Ebc �c ��o ' oc ;Ebc�c ��5 Vo3��P6 � U?
nn� +45,

Lw iroorzv iurp +45, wkdw Efc ���c f� 5 Uo lv d uhjxodu ydoxh1 Xvlqj Ohppd D6/ s3�Efc ���c f�

lv d pdqlirog ri glphqvlrq o � � n 6 n ? � o ' 6 n ? � �� Gh�qh wkh surmhfwlrq C G

Vo3��P6 � U?
nn

$P6 �U?
nn

e|

CEbc�c �� ' E�c��c ;Ebc �c ��5 Vo3��P6 � U?
nn
� +46,

Qrwh wkdw/ iru hyhu| E�c��5P6 � U?
nn
c

o@?&Ed (�E�
�� � �� n _� (2E�

2� � �2 n _2 � � � (oE�
o� � �o n _o o� 	 o

li dqg rqo| li E�c��5CEs3�Efc ���c f��� Vlqfh s3�Efc ���c f� lv d pdqlirog ri glphqvlrq 6n?��/

s3�Efc ���c f� kdv E6n?��glphqvlrqdo Ohehvjxh phdvxuh }hur1 Lw iroorzv wkdw CEs3�Efc ���c f��

kdv E6 n ?��glphqvlrqdo Ohehvjxh phdvxuh }hur1 Khqfh/ wkh vhw jlyhq e| +<, kdv ixoo

E6n ?��glphqvlrqdo Ohehvjxh phdvxuh1 Ixuwkhupruh/ wkdw vhw lv rshq1

Ohppd D81 Vxssrvh wkdw ?1A3� � ? iru hyhu| 1A3� 5 xA3�c zkhuh ? � 4@ 
1A32MxA32

?1A32� Li

glylghqg surfhvv _ lv rqh0shulrg frpsohwh dw wlph A � �/ wkhq wkhuh lv d Ea � ?� pdwul{ M

vxfk wkdw o@?&d(A E1A3��
� �Mo ' ? iru hyhu| 1A3� 5 xA3��

Surri1 Dvvxph wkdw ?1A3� � ? iru hyhu| 1A3� 5 xA3� dqg wkdw _ lv rqh0shulrg frpsohwh dw

wlph A � �1 Ohw 1A3� 5 xA3� eh duelwudulo| fkrvhq1 Ohw ( eh dq duelwudulo| fkrvhq Ea � ?�

vxepdwul{ ri (A E1A3��� Qrwh wkdw o@?&E(� ' ?� Iru hyhu| r 5 i�c ���c ojc ohw wr eh d Ea � ��

yhfwru lq Ua
nn� Xvlqj Ohppd D7 zlwk o ' ?c ?r ' ac _r ' df f � � � fo�c (rE�r� ' (�c dqg

�r ' wr iru hyhu| r 5 i�c ���c ojc zh kdyh

o@?&i(� � d w� w2 � � � w? oj ' ? +47,
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iru doprvw hyhu| Ew�c w2c ���c w?�5 U
au?
nn
� Li +47, krogv/ wkhq

o@?&i(A E1A3��
� � d w� w2 � � � w? oj ' ?� +48,

Vlqfh 1A3� zdv duelwudulo| fkrvhq/ +48, krogv iru doprvw hyhu| Ew�c w2c ���c w?�5 U
a u?
nn

dqg iru

hyhu| 1A3� 5 xA3�� Khqfh/ wkhuh lv d Ea � ?� pdwul{ M vxfk wkdw o@?&d(A E1A3��� �Mo ' ?

iru hyhu| 1A3� 5 xA3��

Zh vd| wkdw d glylghqg surfhvv _ lv jhqhulfdoo| rqh0shulrg frpsohwh dw hyhqw 1| 5 s3A li

wkh vhw i� 5 U&
nn

G o@?&d(|n�E1|� n �|n�E_c �c 1|�o ' ?1|j lv rshq dqg kdv ixoo &0glphqvlrqdo

Ohehvjxh phdvxuh1 Li _ lv jhqhulfdoo| rqh0shulrg frpsohwh dw 1| iru hyhu| 1| 5 x|c zkhuh

| 	 Ac wkhq _ lv jhqhulfdoo| rqh0shulrg frpsohwh dw wlph |�

Ohppd D91 Dvvxph wkdw ?1| � ?1|3� iru hyhu| E1|c 1|3�� 5 x| � x|3�c f 	 | 	 A 1 D

glylghqg surfhvv _ lv jhqhulfdoo| g|qdplfdoo| frpsohwh li _ lv rqh0shulrg frpsohwh dw wlph

A � ��

Surri1 Vxssrvh wkdw ?1| � ?1|3� iru hyhu| E1|c 1|3�� 5 x| � x|3�c f 	 | 	 Ac dqg wkdw _ lv

rqh0shulrg frpsohwh dw wlph A � �� Zh qrz vkrz wkdw _ lv jhqhulfdoo| rqh0shulrg frpsohwh

dw wlph A �21 Ohw 1A32 5 xA32 eh duelwudulo| fkrvhq1 Ohw o � ?1A32� Iru hyhu| 1
r
A3� � 1A32c

ohw ?r � ?1r
A3�

/ dqg �r 5 U
?r
nn ghqrwh d E?r � �� yhfwru ri rqh0shulrg hyhqw sulfhv dw 1rA3��

Xvlqj Ohppd D8/ wkhuh lv d Ea � ?� pdwul{ M vxfk wkdw o@?&d(A E1A3��
� � Mo ' ? iru

hyhu| 1A3� 5 xA3�� Ohw Mo eh d Ea � o� vxepdwul{ ri M� Ohw _r ' d_A3�E1
r
A3��

� � Moo
�

dqg (r ' d(A E1rA3��
� � Moo� iru hyhu| r 5 i�c ���c oj� Revhuyh wkdw o@?&E(r� ' o iru hyhu|

r 5 i�c ���c oj� Xvlqj Ohppd D7/ wkh vhw

i� 5 U?
nn G o@?&Ed (� � �� n _� (2 � �2 n _2 ��� (o � �o n _o o� ' oj +49,

lv rshq dqg kdv ixoo ?�glphqvlrqdo Ohehvjxh phdvxuh1 Khqfh/ _ lv jhqhulfdoo| rqh0shulrg

frpsohwh dw 1A32� Vlqfh 1A32 zdv duelwudulo| fkrvhq/ _ lv jhqhulfdoo| rqh0shulrg frpsohwh dw

wlph A � 21 Li A ' 2c wkhq rxu surri lv frpsohwh1
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Vxssrvh wkdw A : 2� Zh qrz vkrz wkdw _ lv jhqhulfdoo| rqh0shulrg frpsohwh dw wlph

A � �1 Ohw 1A3� 5 xA3� eh duelwudulo| fkrvhq1 Iru hyhu| r 5 i�c ���c ojc ohw P6r � U
6r

nn

eh wkh vhw ri rqh0shulrg hyhqw sulfhv dw hyhu| qrq0whuplqdo vxffhvvru ri 1rA32 vxfk wkdw

E_c RE_c ��� lv rqh0shulrg frpsohwh dw hyhu| wlph | 5 iA � 2c A � �j1 Ohw o � ?1A3� dqg

?r � ?1r
A32

iru hyhu| 1rA32 � 1A3�1 Ohw �r 5 U
?r
nn ghqrwh d yhfwru ri rqh0shulrg hyhqw

sulfhv dw 1rA32� Ohw Mo eh d Ea � o� vxepdwul{ ri M� Ohw _r ' d_A32E1
r
A32�

� � Moo
� dqg

(rE�
r� ' id(A3�E1

r
A32� n�A3�E_c �

rc 1rA32�o
� �Moj

� iru hyhu| r 5 i�c ���c ojc �r 5P6r� Qrwh

wkdw o@?&d(rE�r�o ' o iru hyhu| r 5 i�c ���c ojc �r 5P6r� Xvlqj Ohppd D7/ wkh vhw

iE�c�� 5P6�U?
nn G o@?&Ed (�E��� � �� n _� (2E�2� � �2 n _2 ��� (oE�o� � �o n _o o� ' oj

lv rshq dqg kdv ixoo E6 n ?��glphqvlrqdo Ohehvjxh phdvxuh1 Khqfh/ _ lv jhqhulfdoo| rqh0

shulrg frpsohwh dw 1A3�� Vlqfh 1A3� zdv duelwudulo| fkrvhq/ _ lv jhqhulfdoo| rqh0shulrg frp0

sohwh dw wlph A � �1 Li A ' �c wkhq rxu surri lv frpsohwh1

Vxssrvh qrz wkdw A : �� Xvlqj wkh deryh uhdvrqlqj uhfxuvlyho|/ _ lv jhqhulfdoo| rqh0

shulrg frpsohwh dw hyhu| wlph | 	 A � �� Khqfh/ _ lv jhqhulfdoo| g|qdplfdoo| frpsohwh1

Surri ri Sursrvlwlrq 51 Ohw � 5 KS
n eh dq duelwudulo| fkrvhq wudglqj vwudwhj| dqg vxssrvh

wkdw ?1| � ?1|3� iru hyhu| E1|c 1|3�� 5 x| � x|3�c f 	 | 	 A 1 Xvlqj Ohppd D5/ wkhuh h{lvw

pxowlshulrg Hxurshdq rswlrqv rq � vxfk wkdw E_c e�� lv rqh0shulrg frpsohwh dw wlph A � ��

Xvlqj Ohppd D9/ E_c e�� lv jhqhulfdoo| g|qdplfdoo| frpsohwh1

;1 Dsshqgl{ E

Lq wklv vhfwlrq zh suryh Sursrvlwlrqv 6081

Surri ri Sursrvlwlrq 61 Ohw � 5 KS
n eh duelwudulo| fkrvhq1 Wkh fodlp wkdw VeE_�� � 7�a

iroorzv lpphgldwho| iurp +;,/ Ohppd 4/ dqg wkh gh�qlwlrq ri rqh0shulrg frpsohwhqhvv ri

d glylghqg surfhvv dw d wlph A � � hyhqw1 Zh qrz vkrz wkdw VeE_�� � E7 � a� � 7A3�1

Ohw 1A3� 5 xA3� eh duelwudulo| fkrvhq1 Xvlqj Ohppd D4/ wkhuh h{lvw 7 � a pxowlshulrg
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Hxurshdq rswlrqv rq � vxfk wkdw E_c e�� lv rqh0shulrg frpsohwh dw 1A3�1 Vlqfh 1A3� 5 xA3�

zdv duelwudulo| fkrvhq dqg wkhuh duh 7A3� hyhqwv dw wlph A � �c wkhuh h{lvw E7 � a� � 7A3�

pxowlshulrg Hxurshdq rswlrqv rq � vxfk wkdw E_c e�� lv rqh0shulrg frpsohwh dw wlph A � ��

Xvlqj Ohppd D9/ VeE_�� � E7 � a� � 7A3�1

Vlqfh zh xvh vrph ri wkh dujxphqwv ri wkh surri ri Sursrvlwlrq 8 lq wkh surri ri Sursr0

vlwlrq 7/ zh �uvw jlyh d surri ri Sursrvlwlrq 71

Surri ri Sursrvlwlrq 81 Ohw � 5 KS
n/ 1A3� 5 xA3� eh duelwudulo| fkrvhq1 Xvlqj Ohppd

D4/ wkhuh h{lvw 7 � a pxowlshulrg Hxurshdq sxw rswlrqv rq �c vd| zlwk h{huflvh sulfhv

ig,E1A3��j�$,$M73a c vxfk wkdw E_c e�� lv rqh0shulrg frpsohwh dw 1A3�� Vlqfh 1A3� zdv duel0

wudulo| fkrvhq/ frqvlghu 7 � a pxowlshulrg Hxurshdq sxw rswlrqv rq � zlwk ulvn| h{huflvh

sulfh dqg whuplqdo glylghqgv jlyhq e| %�A � i6@%Efcf, � _�A �j�$,$M73a c zkhuh/ iru hyhu|

, 5 i�c ���c 7 � ajc f, G l$Un lv gh�qhg e|

if,E/�j ' ig,E1A3�� G i/j � 1A3�jc;/ 5 lc

dqg }hur glylghqgv dw dq| rwkhu wudglqj gdwh1 Fohduo|/ f, lv phdvxudeoh zlwk uhvshfw wr xA3�

iru hyhu| , 5 i�c ���c 7 � aj� Qrwh wkdw E_c %�� lv rqh0shulrg frpsohwh dw wlph A � �� Xvlqj

Ohppd D9/ E_c %�� lv jhqhulfdoo| g|qdplfdoo| frpsohwh1

Surri ri Sursrvlwlrq 71 Ohw � 5 KS
n
eh duelwudulo| fkrvhq1 Xvlqj wkh dujxphqwv lq wkh

surri ri Sursrvlwlrq 8/ wkhuh h{lvw 7 � a pxowlshulrg Hxurshdq sxw rswlrqv rq � zlwk ulvn|

h{huflvh sulfhv if,j�$,$73a vxfk wkdw E_c %�� lv jhqhulfdoo| g|qdplfdoo| frpsohwh1 Ohw �, eh

gh�qhg e|

_�
,

A ' _�A n ~, �f,c ;, 5 i�c ���c 7 � ajc +4:,

zkhuh ~, �4@ 
/Ml

f,E/�� Vlqfh d orqj srvlwlrq dw wlph A�� lq ~,�f, xqlwv ri wkh erqg sd|lqj

d xqlw whuplqdo glylghqg jhqhudwhv wkh whuplqdo glylghqg ~,�f,c �
, lv zhoo gh�qhg iru hyhu|

, 5 i�c ���c 7�aj� Wkh whuplqdo glylghqgv ri 7�a pxowlshulrg Hxurshdq sxw rswlrqv rq wkh

55



wudglqj vwudwhjlhv i�,j�$,$73a zlwk h{huflvh sulfhv i~,j�$,$73a frlqflgh zlwk wkh whuplqdo

glylghqgv ri wkh h{rwlf rswlrqv lq wkh surri ri Sursrvlwlrq 91 Khqfh/ VeE_� ' 7 � a�

<1 Dsshqgl{ F

Zh qrz vkrz wkdw wkh vhsdudwlrq dvvxpswlrq lpsrvhg lq Sursrvlwlrq 4 fdq eh zhdnhqhg1

Zh vd| wkdw wudglqj vwudwhj| � 5 K vhsdudwhv ? lpphgldwh vxffhvvruv ri hyhqw 1| 5 x| dw

wlph A frqglwlrqdo rq 1|c zkhuh | � A � 2c li wkhuh lv d vhw s1| ri ? glvwlqfw lpphgldwh

vxffhvvruv ri 1|c vxfk wkdw iru hyhu| 1|n� 5 s1|c wkhuh h{lvwv 1A � 1|n� zlwk _�A E1A � 9' _�A E1
�
A �

iru hyhu| 1 �A � 1 �|n� � 1|c 1
�
|n� 9' 1|n��

Sursrvlwlrq F1 Iru hyhu| wudglqj vwudwhj| � 5 KS
n wkdw vhsdudwhv ?1| � � lpphgldwh vxf0

fhvvruv ri hyhqw 1| dw wlph A frqglwlrqdo rq 1| iru hyhu| 1| 5 x|c | � A � 2c wkhuh h{lvw

pxowlshulrg Hxurshdq rswlrqv rq � vxfk wkdw E_c e�� lv g|qdplfdoo| frpsohwh1

Surri1 Ohw � 5 KS
n
eh dq duelwudulo| fkrvhq wudglqj vwudwhj| wkdw vhsdudwhv ?1|�� lpphgldwh

vxffhvvruv ri hyhqw 1| dw wlph A frqglwlrqdo rq 1| iru hyhu| 1| 5 x|c | � A � 2� Xvlqj Ohppd

D5/ wkhuh h{lvw pxowlshulrg Hxurshdq rswlrqv rq � vxfk wkdw E_c e�� lv rqh0shulrg frpsohwh dw

wlph A ��� Zh qrz vkrz wkdw wkhuh duh pxowlshulrg Hxurshdq rswlrqv rq � vxfk wkdw E_c e��

lv rqh0shulrg frpsohwh dw hyhu| wlph | � A � 2� Ohw 1| 5 x|c zkhuh | � A � 2c eh duelwudulo|

fkrvhq� Ohw ? � ?1|� Ohw sn

1|
� i1�|n�c ���c 1

?
|n�j eh wkh vhw ri lpphgldwh vxffhvvruv ri 1|�

Vxssrvh wkdw � vhsdudwhv 1�|n�c ���c 1
?3�
|n� dw wlph A frqglwlrqdo rq 1|� Ohw s1| � i1�|n�c ���c 1

?3�
|n� j�

Xvlqj wkh dujxphqwv ri Euhhghq dqg Olw}hqehujhu ^9/ ss1 9580959`/ iru hyhu| 1r|n� 5 s1|c

wkhuh lv d olqhdu frpelqdwlrq ri pxowlshulrg Hxurshdq rswlrqv rq � sd|lqj dq xqlw glylghqg

dw vrph hyhqw 1A � 1r|n� dqg }hur glylghqgv dw hyhu| hyhqw 1 �A � 1|c 1
�
A 9' 1A � Iru hyhu|

1r
�

|n� 5 sn

1|
c ohw ^r|n�E1

r�

|n�� eh wkh sulfh ri wkh r|� olqhdu frpelqdwlrq ri pxowlshulrg Hxurshdq

rswlrqv dw 1r
�

|n�� Frqvlghu dovr d pxowlshulrg Hxurshdq fdoo rswlrq rq � zlwk h{huflvh sulfh

htxdo wr }hur1 Ohw ^?|n�E1|n�� eh wkh sulfh ri vxfk rswlrq dw 1|n� 5 sn1|� Zkhqhyhu ERc ^� lv

duelwudjh iuhh/ zh kdyh ^r|n�E1
r�

|n�� ' f li r 9' r�/ r 9' ?/ dqg ^r|n�E1
r�

|n�� : f li r ' r� ru r ' ? iru
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hyhu| 1|n� 5 sn

1|
� Wkh pdwul{ '|n�E1|� ri rqh0shulrg sulfhv ri wkh ? � � olqhdu frpelqdwlrqv

ri sxw rswlrqv dqg wkh fdoo rswlrq dw 1| lv jlyhq e|

'|n�E1|� '

5
999999999997

^�|n�E1
�
|n�� f � � � f f

f ^2|n�E1
2
|n�� � � � f f

111
111

111
111

f f � � � ^?3�|n� E1
?3�
|n� � f

^?|n�E1
�
|n�� ^?|n�E1

2
|n�� � � � ^?|n�E1

?3�
|n� � ^?|n�E1

?
|n��

6
:::::::::::8

�

Vlqfh o@?&d'|n�E1|�o ' ? dqg 1| zdv duelwudulo| fkrvhq/ wkhuh h{lvw pxowlshulrg Hxurshdq

rswlrqv rq � vxfk wkdw E_c e�� lv rqh0shulrg frpsohwh dw hyhu| 1|c | � A � 2� Wkh ghvluhg

fodlp iroorzv iurp Ohppd 41

H{dpsoh 5 vkrzv wkdw Sursrvlwlrq F grhv qrw h{whqg wr wudglqj vwudwhjlhv � 5 KS
n
wkdw

rqo| vhsdudwh ?1| � 2 lpphgldwh vxffhvvruv ri hyhqw 1| dw wlph A frqglwlrqdo rq 1| iru vrph

1| 5 x|c | � A � 21

Surri ri Sursrvlwlrq 41 Ohw � 5 K�
n eh duelwudulo| fkrvhq1 Fohduo|/ � 5 KS

n dqg �

vhsdudwhv ?1| � � lpphgldwh vxffhvvruv ri hyhqw 1| dw wlph A frqglwlrqdo rq 1| iru hyhu|

1| 5 x|c | � A � 2� Wkh ghvluhg uhvxow iroorzv iurp Sursrvlwlrq F1
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Mhuvh|/ 4<<91

461 G1 Gx!h dqg F10I1 Kxdqj/ Lpsohphqwlqj Duurz0Gheuhx Htxloleuld e| Frqwlqxrxv Wudg0
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Ilq1 Dqdo1 M1/ +4<:9,/ 7<08<1

4:1 Q1 K1 Kdndqvvrq/ H!flhqw Sdwkv Wrzdug H!flhqw Fdslwdo Pdunhwv lq Odujh dqg Vpdoo

Frxqwulhv/ �Ilqdqfldo Ghflvlrq Pdnlqj Xqghu Xqfhuwdlqw|� +K1 Ohy| dqg P1 Vduqdw/ Hgv1,/

Dfdghplf Suhvv/ Qhz \run/ 4<::1
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:8<0::91

4<1 N1 Mrkq/ H!flhqw Ixqgv lq d Ilqdqfldo Pdunhw zlwk Rswlrqv= d Qhz Luuhohydqfh Sursr0

vlwlrq/ M1 Ilqdqfh/ 6: +4<;4,/ 9;8�9<81

531 N1 Mrkq/ Pdunhw Uhvroxwlrq dqg Ydoxdwlrq lq Lqfrpsohwh Pdunhwv/ M1 Ilqdq1 Txdqw1

Dqdo1/ 4< +4<;7,/ 5<0771

541 F1 Ndkq dqg V1 Nudvd/ Qrq0h{lvwhqfh dqg Lqh!flhqf| ri Htxloleuld zlwk Dphulfdq

Rswlrqv/ Hfrq1 Wkhru|/ 6 +4<<6,/ 49<04:91

59



551 G1 Nuhsv/ Pxowlshulrg Vhfxulwlhv dqg wkh H!flhqw Doorfdwlrq ri Ulvn= D Frpphqw rq wkh
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+M1 PfFdoo/ Hg1,/ ss1 5360565/ Xqlyhuvlw| ri Fklfdjr Suhvv/ Fklfdjr/ 4<;51
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