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4 Lqwurgxfwlrq

Lw lv zhoo0nqrzq wkdw d rqh0vkrw Qdvk htxloleulxp ehwzhhq ehqhyrohqw jry0
huqphqwv lqghshqghqwo| vhwwlqj wkhlu wudgh srolflhv h{klelwv vwulfwo| srvlwlyh
wd{hv rq lpsruwv +ru h{sruwv, lq hdfk frxqwu|41 Wklv �wdul� zdu� htxloleulxp
uhvxow jhqhudol}hv wkh fodvvlfdo �rswlpxp wdul� dujxphqw� lq zklfk jryhuq0
phqwv xvh wdul� srolf| lq rughu wr wdnh dgydqwdjh ri wkh frxqwu|*v froohfwlyh
pdunhw srzhu rq lqwhuqdwlrqdo frpprglwlhv pdunhwv dqg prgli| wkh htxlole0
ulxp whupv ri wudgh zlwk wkh uhvw ri wkh zruog1

Zkloh wklv olqh ri uhvhdufk xqgrxewhgo| jlyhv lqvljkw lqwr wkh edvlf lq0
fhqwlyhv h{lvwlqj lq dfwxdo hfrqrplhv lw kdv ehhq fulwlfl}hg ehfdxvh lw uholhv
rq wkh dvvxpswlrq wkdw jryhuqphqwv pd{lpl}h vrfldo xwlolw|1 Wudgh srolf|
ghflvlrqv duh pdgh e| srolwlfdo hqwlwlhv dqg wkhuh kdv ehhq d ydvw olwhudwxuh
+vxuyh|hg vxehueo| e| Urguln +4<<:,, h{dplqlqj wkh olqn ehwzhhq wudgh sro0
lf| dqg srolwlfdo ghflvlrq pdnlqj1 Urguln*v vxuyh| suhvhqwv pdq| dowhuqdwlyh
dssurdfkhv wr wklv sureohp exw dv Urguln srlqwv rxw/ doo ri wkhp vkduh d vlq0
joh gl!fxow|1 Qdpho|/ lq yluwxdoo| doo ri wkhvh prghov wudgh srolf| lv d vhfrqg
ehvw lqvwuxphqw wr lpsohphqw wkh lpsolhg uhglvwulexwlrq ri lqfrph1 Xvxdoo|/
wkh xvh ri vrph w|sh ri grphvwlf srolf| zrxog |lhog d Sduhwr lpsuryhphqw1
Urguln jrhv rq wr srlqw rxw wkdw edvhg rq wkhvh prghov lw lv qrw reylrxv zk|
srolwlfdoo| prwlydwhg wudgh srolf| lv dqwl0wudgh lqvwhdg ri sur0wudgh1

Zkdw zh gr lv wr phujh wkh �wdul� zdu� htxloleulxp frqfhsw zlwk srolw0
lfdo hfrqrp| frqvlghudwlrqv wr frph xs zlwk dq h{sodqdwlrq iru wdul�v wkdw
lv qrw vxemhfw wr wkh Urguln fulwltxh1 Wkh srolwlfdo hfrqrp| dssurdfk zh
iroorz kdv lwv urrwv lq d sdshu e| Zroijdqj Pd|hu+4<;7,1 Pd|hu*v sdshu
pdunhg dq lpsruwdqw vwhs wrzdugv d srvlwlyh dssurdfk wr wudgh srolf|1 Kh
vkrzhg wkdw li wkh lqgluhfw xwlolw| ixqfwlrqv ri wkh flwl}hqv lq hdfk frxqwu|
duh vlqjoh0shdnhg dqg wkh wudgh srolf| lv ghwhuplqhg e| gluhfw ghprfudf|/
wkhq wkh htxloleulxp wdul� lq frxqwu| � lv wkh wdul� suhihuuhg e| wkh phgldq
yrwhu1 Wkh �Pd|hu htxloleulxp� lv khqfh htxlydohqw wr d wzr frxqwu| Qdvk
htxloleulxp lq wudgh srolflhv zkhuh wkh srolflhv duh wkh rqhv suhihuuhg e| wkh
wzr phgldq yrwhuv1 Lq d fodvvlfdo 5[5[5 iudphzrun zkhuh wkh glvwulexwlrq
ri fdslwdo lv pruh vnhzhg wkdq wkh glvwulexwlrq ri oderxu lq wkh fdslwdo ulfk
frxqwu| wkhq wkh htxloleulxp wudgh srolf| lv pruh surwhfwlrqlvw lq wkh fdslwdo0
ulfk frxqwu| dqg ohvv surwhfwlrqlvw lq wkh fdslwdo0srru frxqwu|1 Khqfh/ dw d
�Pd|hu htxloleulxp� wkhuh lv pruh surwhfwlrq wkdq dw wkh htxloleulxp eh0

4vhh Mrkqvrq +4<8607, dqg Nhqqdq dqg Ulh}pdq +4<;;,
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wzhhq vrfldo xwlowl| pd{lpl}lqj jryhuqphqwv1 Lq wklv fdvh/ frqvlghulqj wkh
lq xhqfh ri srolwlfdo ghflvlrq pdnlqj uhvxowv lq d jhqhudo whqghqf| wrzdug
pruh surwhfwlrqlvw htxloleuld1

Zh exlog rq Pd|hu*v zrun e| xvlqj wkh pdmrulw| uxoh iudphzrun exw do0
orzlqj fdqglgdwhv wr eh fkrvhq hqgrjhqrxvo| d od Ehvoh| dqg Frdwh +4<<:,1
Zh �qg wkdw wkhuh lv d �surwhfwlrqlvw guliw� lq d uhsuhvhqwdwlyh ghprfudflhv
iudphzrun1 Zh eruurz iurp Ehvoh| dqg Frdwh ++4<<:,/ +4<<;d,/+4<<;e,, dqg
+Rveruqh dqg Volylqvnl +4<<9,, wkh lghd ri �flwl}hq fdqglgdwhv�= wkh ixwxuh
srolf|pdnhu lv fkrvhq lq hdfk frxqwu| dprqj wkh flwl}hqv zkr duh zloolqj
wr uxq iru hohfwlrq dqg wkhvh flwl}hqv duh xqdeoh wr frpplw wr d jlyhq sro0
lf|1 Udwkhu/ flwl}hqv hohfwhg lpsohphqw wkh srolf| dvvrfldwhg zlwk wkhlu jlyhq
�w|sh� dv lq Pd|hu*v prgho1 Wklv ohdgv wr d �ghohjdwlrq h�hfw�1 Vlqfh wkh
hohfwlrq vwdjh wdnhv sodfh ehiruh wkh wudgh srolf| vhohfwlrq dqg fkdqjhv lq wkh
�w|sh� ri wkh srolf|pdnhu grhv kdyh vwudwhjlf h�hfwv rq wkh wudgh srolf| htxl0
oleulxp/ yrwhuv jhqhudoo| idyru wkh hohfwlrq ri vrpherg| zkrvh w|sh gl�huv
iurp wkhlu rzq1 Zh vkrz wkdw wkhuh h{lvwv d rqh fdqglgdwh shu frxqwu|0
htxloleulxp lq zklfk wkh vhohfwhg srolf|pdnhu lq frxqwu| � +� ' �c 2, lv wkh
lghdo fdqglgdwh ri wkh phgldq yrwhu dqg lv xqdeljxrxvo| pruh surwhfwlrqlvw
wkdq khu1 Wkxv/ ghohjdwlrq h�hfwv surgxfh �surwhfwlrqlvw guliw�1 Wklv uhvxow
lv vlplodu wr wkrvh irxqg e| rwkhuv zkr kdyh lqyhvwljdwhg ghohjdwlrq h�hfwv
lq d uhsuhvhqwdwlyh ghprfudf| iudphzrun iru gl�huhqw srolf| txhvwlrqv +Shuv0
vrq dqg Wdehoolql ++4<<5,/ +4<<7,/ +4<<9,,/ Fkdul/ Mrqhv dqg Pdulprq +4<<:,/
Ehvoh| dqg Frdwh +4<<;d,,1

Zh jr rq wr vkrz/ krzhyhu/ wkdw ehvlghv ghohjdwlrq h�hfwv/ wkhuh lv dq dg0
glwlrqqdo vrxufh iru d surwhfwlrqlvw guliw lq d uhsuhvhqwdwlyh ghprfudf| zkhq
fdqglgdwhv duh sxuho| rxwfrph0prwlydwhg1 Wklv lv zkdw zh fdoo wkh �devwhq0
wlrq h�hfw�1 Qrw rqo| gr fdqglgdwhv zlvk wr ghohjdwh wr pruh surwhfwlrqxvw
froohdjxhv/ exw wkhvh pruh surwhfwlrqlvw froohdjxhv zkr fdq zlq hohfwlrq/ suh0
ihu vwloo pruh surwhwlrqlvw fdqglgdwhv wkdq wkhpvhoyhv1 Wkhuhiruh/ wkh| kdyh
dq lqfhqwlyh wr devwdlq/ wkdw lv/ qrw uxq iru hohfwlrq1 Zh vkrz wkdw ehfdxvh ri
wklv �devwhqwlrq h�hfw� wkhuh h{lvwv d udqjh ri hohfwdeoh flwl}hqv doo ri zkrp
duh pruh surwhfwlrqlvw wkdq wkh phgldq yrwhu*v prvw suhihuuhg fdqglgdwh1
Wkxv/ fdqglgdwhv zkr duh pruh surwhfwlrqlvw wkdq wkh lghdo fdqglgdwhv ri wkh
phgldq yrwhu pd| uxq xqrssrvhg iru hohfwlrq ehfdxvh wkh rqo| flwl}hqv zkr
frxog ghihdw wkhp fkrrvh qrw wr uxq1
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5 Wkh Prgho

Wkhuh duh wzr frxqwulhv/ 4 dqg 5/ surgxflqj wzr jrrgv/ D dqg E/ zlwk wkh
khos ri vshfl�f idfwruv1 Lq hdfk vhfwru rqh xqlw ri vshfl�f idfwru lv qhhghg
wr surgxfh rqh xqlw ri wkh jrrg xqghu shuihfw frpshwlwlrq1 Khqfh +�� zloo
ghqrwh erwk wkh rxwsxw ri jrrg � lq frxqwu| � dqg wkh ryhudoo vwrfn ri wkh
vshfl�f idfwru lq vhfwru � ri frxqwu| �1 Wkhuh duh �� flwl}hqv lq frxqwu| ��

Hdfk flwl}hq & lv hqgrzhg zlwk +��

��
n w& xqlwv ri idfwru D dqg +��

��
xqlwv ri

idfwru E vxfk wkdw
S&'��

&'� w& ' f� Zh vxssrvh iru wkh vdnh ri vlpsolflw| wkdw/
lq hdfk frxqwu|/ wkh dyhudjh dqg phgldq hqgrzphqwv ri idfwru D gr frlqflgh1
Lq rwkhu zrugv li 6 lv wkh phgldq yrwhu w6 ' f� Lq wkh iroorzlqj w& zloo eh
wkh flwl}hq &*v �w|sh�1

Flwl}hq & kdv d vhpl0olqhdu xwlolw| ixqfwlrq L ES�&c S�&� ' kS�&�
�

2
S2�&nS�&c

k : fc zklfk lv wkh vdph lq erwk frxqwulhv1 Lq htxloleulxp doo frqvxphuv lq
frxqwu| � zloo kdyh wkh vdph ghpdqg iru jrrg D zklfk zloo eh ghqrwhg S��

Xqghu iuhh wudgh lw lv vwudljkwiruzdug wr vkrz wkdw frxqwu| � lv d qhw
h{sruwhu ri jrrg D li dqg rqo| li lwv rxwsxw shu khdg lq vhfwru D lv odujhu
wkdq lq frxqwu| �/ l1h1 +���� � +���� � f� Zlwkrxw dq| orvv ri jhqhudolw| zh
zloo dvvxph wkdw wkh rxwsxw ri jrrg D shu khdg lv odujhu lq frxqwu| 4/ khqfh
frxqwu| 4 h{sruwv jrrg D1

Dvvxpswlrq 4= �2+�� ���+�2 : f
Ohw jrrg E eh wkh qxphudluh jrrg1 Wkh sulfh ri wkh jrrg D lq frxqwu| �

lv R� � Wkurxjkrxw zh dvvxph wkdw hdfk frxqwu| ohylhv lpsruw wd{hv ru h{sruw
wd{hv rq jrrg D1 Wkh uhvshfwlyh vshfl�f wd{hv rq h{sruwv dqg lpsruwv ri
jrrg D lq frxqwulhv 4 dqg 5 duh |� dqg |2 dqg wkh lqwhuqdwlrqdo sulfh ri jrrg
D lv gh�qhg e| R ' R�n|� ' R2�|2� Wklv lv wkh sulfh zklfk rqh frxqwu| pxvw
sd| wr wkh rwkhu lq rughu wr uhfhlyh rqh xqlw ri jrrg D +ru wkh sulfh zklfk lw
uhfhlyhv zkhq lw vhoov rqh xqlw ri jrrg D wr wkh rwkhu frxqwu|,1 Lq frxqwu| �
flwl}hqv uhfhlyh d xqlirup oxps0vxp wudqvihu s� dqg wkh jryhuqphqw exgjhw
frqvwudlqwv lq frxqwulhv 4 dqg 5 duh uhvshfwlyho|

|� E+�� ���S��� ' ��s� +4,

|2E�2S�2 � +�2� ' �2s2

Lq frxqwu| � hdfk flwl}hq & kdv wkh vdph ghpdqg k � R� iru jrrg D1
Khqfh wkh pdunhw0fohdulqj htxloleulxp frqglwlrq iru jrrg D lv hdvlo| ghulyhg
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dv

E�� n�2� Ek� R� n��|� ��2|2 ' +�� n +�2 +5,

dqg wkhq zh rewdlq wkh htxloleulxp lqwhuqdwlrqdo sulfh dv

R ' kn
��|� ��2|2 � +�

�� n�2

+6,

zkhuh +� ' +�� n +�2� Lw iroorzv wkdw lq frxqwu| � zh rewdlq

S�� '
�2E|� n |2� n +�

�� n �2

+7,

iru doo & ' �c 2c ��c �� / zkloh lq frxqwu| 2c

S�2 '
���E|� n |2� n +�

�� n�2

+8,

iru doo & ' �c 2c ��c �2�

Wkh exgjhw frqvwudlqw iru lqglylgxdo n lq frxqwu| l lv jlyhq e|

R�S�� n S�� ' R�

�
+��

��

n w&

�
n
+��

��

n s� +9,

Xvlqj +4, dqg +9, wkh lqgluhfw xwlolw| ixqfwlrq ri d flwl}hq & lq frxqwu| 4
lv qrz rewdlqhg dv

L�

& E|�c |2� ' kS�� �
�

2
S2�� n R

�
+��

��

� S��

�
n
+��

��

n ER� |��w&

zlwk R dqg S�� jlyhq uhvshfwlyho| e| htxdwlrqv +6, dqg +7,1
Lq frxqwu| 5 wkh lqgluhfw xwlolw| ixqfwlrq ri d flwl}hq & lv rewdlqhg dv

L2

& E|�c |2� ' kS�2 �
�

2
S2�2 n R

�
+�2

�2

� S�2

�
n
+�2

�2

n ERn |2�w&

zkhuh R dqg S�2 jlyhq uhvshfwlyho| e| htxdwlrqv +6, dqg +8,1
Ohw xv qrz gh�qh wkh jdph zklfk lv sod|hg1 Lq wkh �uvw vwdjh dqg lq

hdfk frxqwu| hdfk flwl}hq ghflghv zkhwkhu ru qrw vkh zloo uxq iru hohfwlrqv
lq rughu wr uhsuhvhqw wkh frppxqlw|1 Zh dvvxph wkdw d fdqglgdwh lqfxuv dq
lq�qlwhvlpdo B : f ri uxqqlqj iru hohfwlrq1 Wkh hqwu| ghflvlrqv duh vwudwhjlf=
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wkh flwl}hqv ghflgh zkhwkhu wr uxq ru qrw e| hydoxdwlqj wkh srwhqwldo ehqh�w
iurp uxqqlqj zklfk/ iru hdfk ri wkhp/ ghshqgv rq wkh hqwu| ghflvlrqv ri doo
wkh rwkhu flwl}hqv lq wkh vdph frxqwu| dqg lq wkh rwkhu frxqwu|1 Lq wkh vhfrqg
vwdjh dqg lq hdfk frxqwu| wkh srolw| vhohfwv lwv uhsuhvhqwdwlyh lq dq hohfwlrq1
Doo flwl}hqv kdyh rqh yrwh zklfk/ li xvhg/ pxvw eh fdvw iru rqh ri wkh vhoi0
ghfoduhg fdqglgdwhv1 Wkh fdqglgdwh zkr uhfhlyhv wkh prvw yrwhv lv hohfwhg
dqg/ zkhq wkh fdqglgdwhv wlh/ doo wlhg fdqglgdwhv zlq zlwk htxdo suredelolw|1
Wkh w|shv ri wkh fdqglgdwhv +l1h1 wkhlu hqgrzphqwv ri wkh vshfl�f idfwru D,
duh shuihfwo| revhuydeoh erwk lqvlgh dqg rxwvlgh wkh frxqwu|1 Lq wkh wklug
vwdjh wkh uhsuhvhqwdwlyh vhohfwhg lq wkh vhfrqg vwdjh lq frxqwu| � vhohfwv wkh
frxqwu|*v wudgh srolf| +l1h1 wkh ydoxh ri |�,1 Li qrerg| uxqv iru r!fh wkh
ghidxow srolf| |� ' f +odlvvh}0idluh, lv dssolhg1

Qrwh wkdw zh iroorz Ehvoh| dqg Frdwh +4<<:, lq vxssrvlqj wkdw wkhuh lv qr
h{rjhqrxv ehqh�w iurp kroglqj r!fh5 +vxfk dv hjr uhqwv/ uhvrxufh glyhuvlrq
dqg wkh olnh,= fdqglgdwhv duh rqo| rxwfrph0prwlydwhg1 Zh zloo lqglfdwh ehorz
krz wkh uhprydo ri wklv dvvxpswlrq fdq prgli| vrph ri rxu uhvxowv1

Lq wklv sdshu zh zloo irfxv rq wkh rqh0fdqglgdwh htxloleuld/ l1h1 wkh htxl0
oleuld zkhuh/ lq hdfk frxqwu|/ rqh dqg rqo| rqh fdqglgdwh uxqv xqrssrvhg1
Zh zloo wkxv dyrlg dowrjhwkhu wkh sureohpv dvvrfldwhg zlwk pxowlsoh yrwlqj
htxloleuld zkhq wkhuh duh pruh wkdq wzr fdqglgdwhv zkr uxq iru hohfwlrq61
Ehvlghv frqyhqlhqfh wkhuh duh dovr vrph jrrg wkhruhwlfdo dujxphqwv iru jly0
lqj ohvv dwwhqwlrq wr pxowlsoh0fdqglgdwh htxloleuld lq rqh0glphqvlrqdo prghov
olnh rxuv1 Lq wkh �uvw sodfh/ dvvxplqj wkdw shrsoh yrwh vwudwhjlfdoo|/ frqwudu|
wr Rveruqh dqg Volylqvnl +4<<9, zkr dvvxphg vlqfhuh yrwlqj/ Ehvoh| dqg
Frdwh +4<<:, kdyh ehhq deoh wr vkrz wkdw/ lq d rqh0glphqvlrqdo prgho/ vrph
yhu| plog dvvxpswlrqv duh hqrxjk wr uxoh rxw hohfwlrqv zkhuh pruh wkdq wzr
fdqglgdwhv uxq1 Wkh edvlf dujxphqw lv udwkhu lqwxlwlyh1 Li wkuhh ru pruh fdq0
glgdwhv wlh dqg li wkhuh lv d vxevhw ri flwl}hqv qhduo| lqgl�huhqw ehwzhhq wzr
qhdue| fdqglgdwhv/ lw lv dozd|v wuxh +lq d odujh frxqwu| zlwk frqwlqxrxv ydul0
dwlrqv lq hqgrzphqwv, wkdw wkh| zloo suhihu wkh vxuh hohfwlrq ri rqh ri wkhvh
wzr wr wkh orwwhu| ehwzhhq doo wkh fdqglgdwhv1 Rq wkh rwkhu kdqg/ zkloh wzr0
fdqglgdwh htxloleuld gr h{lvw lq rxu prgho7 dqg pd| eh fkdudfwhul}hg wkh|
duh qrw urexvw1 Lq dq| frxqwu| zkhuh wkhuh duh wzr fdqglgdwhv wkh| dozd|v

5Iru d gl�huhqw dvvxpswlrq vhh iru lqvwdqfh Rveruqh dqg Volylqvn| +4<<9,1
6Rqh hqfrxqwhuv wkhvh sureohpv dv vrrq dv rqh frqvlghuv wzr0fdqglgdwh htxloleuld vlqfh

rqh kdv lq wklv fdvh wr fkhfn wkdw qr wklug fdqglgdwh lv zloolqj wr hqwhu1
7Wkhuh fdq eh wzr fdqglgdwhv lq hdfk frxqwu| ru rqh fdqglgdwh lq rqh dqg wzr fdqgl0

gdwhv lq wkh rwkhu1
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suhihu wr zlwkgudz wkhlu dssolfdwlrq lq rughu wr ohw d fdqglgdwh htxlglvwdqw
iurp wkhp ghfoduh klpvhoi dqg uxq xqrssrvhg1 Pruhryhu wkh odwwhu suhihuv
wkh htxloleulxp8 lq zklfk kh lv wkh rqo| fdqglgdwh wr dq| orwwhu| ehwzhhq
wzr fdqglgdwhv htxlglvwdqw iurp klp1

6 Wudgh Srolf| Vhohfwlrq

Ohw wkh flwl}hqv o dqg r eh wkh uhsuhvhqwdwlyhv fkrvhq uhvshfwlyho| lq frxqwulhv
4 dqg 5 dqg wo dqg wr wkhlu uhvshfwlyh �w|shv�1 Wkh �uvw0rughu frqglwlrqv iru
wkh wudgh srolf| jdph duh ghulyhg dv

�|��2 n
�2+�� ���+�2 ����2E|� n |2�

�� n�2

� wo�2 ' f +:,

iru frxqwu| 4 dqg

�|2�� n
�2+�� ���+�2 ����2E|� n |2�

�� n�2

n wr�� ' f +;,

iru frxqwu| 51
Lw lv hdv| wr fkhfn wkdw wkhvh frqglwlrqv duh erwk qhfhvvdu| dqg vx!flhqw

+l1h1 L�
o dqg L2

r duh uhvshfwlyho| vwulfwo| frqfdyh zlwk uhvshfw wr |�dqg |2 ,
dqg wkdw |� dqg |2 duh vwudwhjlf vxevwlwxwhv1 D Qdvk htxloleulxp ri wkh wudgh
srolf| jdph lv qrz dq| frxsoh E|�Ewoc wr�c |2Ewoc wr�� vroxwlrq ri htxdwlrqv +:,
dqg +;,1 Lw lv vwudljkwiruzdug wr vkrz wkdw wkhvh htxdwlrqv kdyh d xqltxh
vroxwlrq=

|�Ewoc wr� '
�

2

E�2+�� ���+2��� wr�2�� � woE2�2 n����2

�2 E�� n�2�
+<,

|2Ewoc wr� '
�

2

E�2+�� ���+2�� n wo�2�� n wrE�2 n 2�����

E�� n�2���

+43,

Dv fdq eh vhhq iurp htxdwlrq +<, lqwurgxflqj glvwulexwlrqdo frqvlghudwlrqv
zloo whqg wr uhgxfh wkh h{sruw wd{ lq frxqwu| 4 vlqfh wkh rzqhuv ri idfwru D
duh kxuw e| wkh wd{1 Khqfh/ wkh odujhu lv wkh frxqwu| 4 srolf| pdnhu*v idfwru
D hqgrzphqw wkh orzhu lv wkh vshfl�f wd{ rq frxqwu| 4 h{sruwv ri jrrg D1
Wkh vdph frqvlghudwlrqv +vhh htxdwlrq +43,,zloo whqg wr lqfuhdvh wkh wdul�

8vlqfh lw wxuqv rxw wkdw lw lv lqghhg d Qdvk htxloleulxp1
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lq frxqwu| 5 vlqfh wkh wdul� lqfuhdvhv lqfrphv ri vshfl�f idfwru D rzqhuv lq
frxqwu| 5

Zh qh{w vroyh iru wkh htxloleulxp zkhq hdfk frxqwu|*v phgldq yrwhu lv
hohfwhg1 Rqh frxog wklqn ri wklv dv d uhvxow ri Grzqvldq srolwlfdo frpshwl0
wlrq91 Wkh htxloleulxp ydoxhv ri |� dqg |2 fdq eh rewdlqhg iurp +<, dqg +43,
dqg vlpso| e| vhwwlqj wo ' wr ' f�

|�Ewoc wr� '
�

2

E�2+�� ���+2��

�2 E�� n�2�
+44,

|2Ewoc wr� '
�

2

E�2+�� ���+2��

�� E�� n�2�
+45,

Lq hdfk frxqwu| wkh wudgh srolf| lv wkh rswlpdo wudgh srolf| ri wkh phgldq

yrwhu dv lq Pd|hu +4<;7,1 Lq wklv fdvh/ frxqwu| 4 vhwv d srvlwlyh h{sruw wd{
dqg frxqwu| 5 kdv d srvlwlyh wdul�1 Wkh| gl�hu rqo| ghshqglqj rq frxqwu|
vl}h/ wkh odujhu frxqwu| vhwwlqj wkh odujhu wd{1 Wkxv/ wkh odujhu wkh frxqwu| 5
srolf| pdnhu*v idfwru D hqgrzphqw wkh odujhu lv wkh vshfl�f wd{ rq lpsruwv
ri jrrg D lq frxqwu| 51 Ri frxuvh wkhvh uhvxowv duh idluo| vwdqgdug1 Wkh
xwlolw| ixqfwlrq ri dq| jlyhq flwl}hq lq hlwkhu frxqwu| lv lqghhg vwulfwo| frqfdyh
+dqg khqfh vlqjoh0shdnhg, dqg wkh phgldq yrwhu wkhruhp fdq eh dssolhg1 Lq
wkh qh{w vhfwlrq zh ghwhuplqh zkhwkhu wklv lv dq htxloleulxp lq d �flwl}hq
fdqglgdwh� prgho ri srolwlfdo htxloleulxp1

Lw lv dovr srvvleoh wr ghwhuplqh wkh frqglwlrqv xqghu zklfk frxqwu| 4 lv
d qhw h{sruwhu ri jrrg D1 Qhw h{sruwv ri jrrg D e| frxqwu| 4 duh hdvlo|
rewdlqhg dv

�

2

Ewo � wr��2�� n E�2+�� ���+�2�

E�� n�2�

Lw lv wkxv d sulrul srvvleoh wkdq wkh qdwxudo +l1h1 iuhh0wudgh, vshfldol}dwlrq
ri frxqwulhv +ghwhuplqhg e| wkh vljq ri E�2+�� � ��+�2�, eh uhyhuvhg e| d
eldvhg fkrlfh ri srolf|0pdnhuv lq rqh ru erwk frxqwulhv:= wklv frxog rffxu iru
lqvwdqfh li wkh frxqwu| 2 srolf|0pdnhu *v hqgrzphqw lq idfwru D zdv pxfk
odujhu wkdq frxqwu| 4 srolf| pdnhu*v1 Ri frxuvh wklv fdq*w rffxu xqghu gluhfw
ghprfudf|1Zh zloo vkrz ehorz wkdw wklv qhyhu rffxuv lq htxloleulxp xqghu
uhsuhvhqwdwlyh ghprfudf|1

9Lq hdfk frxqwu| wzr r!fh0prwlydwhg fdqglgdwhv zkr fduh rqo| derxw zlqqlqj wkh
hohfwlrqv erwk frpplw lq htxloleulxp wr wkh srolf| suhihuuhg e| wkh phgldq yrwhu1

:�Qdwxudo� vshfldol}dwlrq rffxuv qrw rqo| xqghu iuhh wudgh exw dovr zkhq wkh srolflhv
duh vhw lq hdfk frxqwu| e| wkh phgldq yrwhuv +�u @ �v @ 3 ,1



Wkh Vrxufhv ri Surwhfwlrqlvw Guliw lq Uhsuhvhqwdwlyh Ghprfudflhv ;

7 Yrwlqj

Lq wklv vhfwlrq zh h{dplqh d prgho ri �flwl}hq fdqglgdwhv1� Zh dvvxph wkdw/
lq hdfk frxqwu|/ wkh flwl}hqv fdq dqwlflsdwh wkh xwlolw| lpsxwdwlrqv zklfk
dulvh iurp wkh srolflhv vhohfwhg e| hdfk srvvleoh frxsoh Ewoc wr� ri srolf|0
pdnhuv1 Lq frxqwu| 4 iru lqvwdqfh d flwl}hq & zloo uhfhlyh dq xwlolw| ohyho
L�
& E|�Ewoc wr�c |2Ewoc wr�c w&� ' T �E woc wrc w&� zklfk ghshqgv rq lwv rzq hq0

grzphqw dqg rq wkh w|shv ri wkh grphvwlf dqg wkh iruhljq srolf|0 pdnhuv1
Zh vkrz lq Dsshqgl{ wkdw T � dqg T 2 duh vwulfwo| frqfdyh uhvshfwlyho| zlwk
uhvshfw wr wo dqg wr1 Zh �uvw dqdo|}h wkh ghohjdwlrq h�hfw1

714 Wkh Ghohjdwlrq H�hfw

Lq wklv vhfwlrq zh vkrz wkdw hdfk srolf| pdnhu zdqwv wr ghohjdwh wkh dxwkrulw|
wr pdnh wudgh srolf| wr d pruh surwhfwlrqlvw fdqglgdwh1 Lw lv qrz vwudljkw0
iruzdug wr ghulyh h{solflwo| zkr lv wkh �lghdo� srolf|0pdnhu iru d w&�w|sh
flwl}hq ri frxqwu| � jlyhq wkh srolf|0pdnhu*v w|sh lq wkh rwkhu frxqwu|1 Lq
frxqwu| 4

wo Ew&c wr� '
2��w&E�� n�2�� E�2+�� ���+�2� n wr�2��

E��2 n 2�����

+46,

Zh fdq qrz vhh fohduo| wkdw wkh srolf|pdnhu w|sh zklfk lv suhihuuhg e|
d w|sh w&�flwl}hq jhqhudoo| gl�huv iurp w&� Wklv vrxufh ri wklv gl�huhqfh olhv
lq wkh vwudwhjlf h�hfw ri wkh fkrlfh ri d srolf|pdnhu= vhohfwlqj d fdqglgdwh
zlwk d orzhu idfwru D hqgrzphqw ohdgv wr d kljkhu htxloleulxp ydoxh ri wkh
h{sruw wd{ |� lq frxqwu| 4 dqg khqfh wr d odujhu lqwhuqdwlrqdo sulfh iru jrrg
D1 Wklv lv ehqh�fldo iru doo flwl}hqv zkrvh w|shv duh odujhu wkdq vrph fulwlfdo
ydoxh> wkh| zrxog olnh wr ghohjdwh wkh wudgh srolf| fkrlfh wr vrph flwl}hq

pruh surwhfwlrqlvw wkdq wkhpvhoyhv1 ew&Ewr� ' wr�
�
+��
��
� +�2

�2

�
lv wkh fulwlfdo

hqgrzphqw ydoxh lq frxqwu| 4= dq| flwl}hq zlwk dq hqgrzphqw w& odujhu
+uhvs1 orzhu, wkdq wklv ydoxh idyruv d fdqglgdwh zlwk d orzhu +uhvs1 odujhu,
idfwru D hqgrzphqw wkdq khu rzq rqh +vhh �jxuh 4 ehorz,1 Wkh lqwxlwlrq
iru wklv uhvxow lv wkdw d kljkhu h{sruw wd{ uhvxowv lq ehwwhu whupv ri wudgh
iru rzqhuv ri idfwru D/ exw dovr orzhuv wkh grphvwlf sulfh ri jrrg D iru dq|
jlyhq lqwhuqdwlrqdo sulfh/ R1 Wklv/ uhgxfhv lqfrphv iru yrwhuv zkr rzq odujh
dprxqwv ri idfwru D1 Vr/ yrwhuv zkr rzq ohvv idfwru D zloo eh pruh djjuhvvlyh
dqg fkdujh kljkhu h{sruw wd{hv1 Lq �jxuh 4 doo idfwru rzqhuv zkr rzq pruh



Wkh Vrxufhv ri Surwhfwlrqlvw Guliw lq Uhsuhvhqwdwlyh Ghprfudflhv <

wkdq ew& ri idfwru D zdqw wr ghohjdwh wkh srzhu wr pdnh wudgh srolf| wr d
fdqglgdwh zkr rzqv ohvv idfwru D wkdq wkh| gr1 Wkhvh w|shv zloo fohduo| eh
lq wkh pdmrulw|1 wWo lv wkh w|sh suhihuuhg e| wkh phgldq yrwhu lq frxqwu| 41

45okθ̂

kθ

rθ

),( skr θθθ

rk θθ =

*
rθ

Iljxuh 4

Lq frxqwu| 5

wrEw&c wo� '
2�2w&E�� n�2� n E�2+�� ���+�2� n wo�2��

E2�2 n �����2

+47,

dqg wkh fruuhvsrqglqj fulwlfdo hqgrzphqw ydoxh ew&Ewo� ' wo n
�
+��
��

� +�2
�2

�
1

Wklv fdvh zrunv gl�huhqwo| wkdq wkh h{sruw fdvh1 Lq frxqwu| 5/ rzqhuv ri
idfwru D ehqh�w iurp kljkhu wdul�v lq wzr zd|v1 Iluvw/ wkh| lpsuryh wkh whupv
ri wudgh dv ehiruh/ exw qrz lqfuhdvhv lq wkh wdul� lqfuhdvh wkh grphvwlf sulfh
ri jrrg D ohdglqj wr dq lqfuhdvh lq lqfrph iru yrwhuv zkr rzq odujh dprxqwv
ri idfwru D1 Vr/ lq wkh fdvh ri wkh lpsruwlqj frxqwu|/ prvw idfwru rzqhuv suhihu
d srolf|pdnhu zkr rzqv pruh D wkdq wkh| gr1Iljxuh 5 looxvwudwhv wklv1 Khuh
doo idfwru rzqhuv wr wkh ohiw ri ew&/ fohduo| d pdmrulw|/ zlvk wr ghohjdwh wkh
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srzhu wr pdnh wudgh srolf| wr vrphrqh zkr rzqv pruh idfwru D wkdq wkh|
gr1 wWr lv wkh w|sh suhihuuhg e| wkh phgldq yrwhu lq frxqwu| 51

45o

kθ̂ kθ

sθ

),( rks θθθ

rk θθ =

*
sθ

Iljxuh 5

Zh qrz gh�qh vlqjoh fdqglgdwh htxloleuld1
Gh�qlwlrq= EwWoc w

W

r� lv d vlqjoh fdqglgdwh htxloleulxp li +l, Jlyhq wkdw
EwWoc w

W

r� duh zloolqj wr vhuyh qr rwkhu fdqglgdwh zkr frxog ehdw EwWoc w
W

r� lq
wkhlu uhvsfwlyh frxqwu| zdqwv wr vhuyh dqg +ll, EwWoc w

W

r� suhihu vhuylqj udwkhu
wkdq kdyh qrerg| vhuyh1

Lw lv qrz vwudljkwiruzdug wr vhh wkdw wkhuh h{lvwv dq htxloleulxp zkhuh/ lq
hdfk frxqwu|/ wkhuh lv rqh dqg rqo| rqh fdqglgdwh zkr lv wkh �lghdo srolf|0
pdnhu� ri wkh phgldq yrwhu1 Wr vroyh iru wklv htxloleulxp vhw w& ' f lq +46,
dqg +47, dqg vroyh wkh uhvxowlqj htxdwlrqv wr jhw

wWo '
�

�

��+�2 ��2+��

�� E�� n�2�
+48,

wWr '
�

�

�2+�� ���+�2

�2 E�� n�2�
+49,

Wklv htxloleulxp lv looxvwudwhg lq �jxuh 61 woEw
W

r� lv olnh d uhdfwlrq fxuyh
wkdw lqglfdwhv wkh ghvluhg w|sh ri wkh phgldq yrwhu lq frxqwu| 4 jlyhq wkdw
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frxqwu| 5 kdv vhohfwhg d w|sh wWr dv lwv srolwfldo ghflvlrq pdnhu1 Wklv ixqfwlrq
lv rewdlqhg iurp htxdwlrq +46, e| vhwwlqj w& ' f dqg wr ' wWr1 wrEw

W

o� lv
frxqwu| 5*v uhdfwlrq ixqfwlrq rewdlqhg e| vhwwlqj w& ' f dqg wo ' wWo lq
htxdwlrq +47,1

sθ

rθ

)( *
rs θθ

*
sθ

*
rθ

)( *
sr θθ

Iljxuh 6

Pruhryhu/ wkhvh fdqglgdwhv duh pruh surwhfwlrqlvw wkdq wkh uhvshfwlyh ph0

gldq yrwhuv ri wkhlu frxqwulhv= lq wkh h{sruwlqj frxqwu| wkh| rzq ohvv idfwru

D wkdq dyhudjh dqg lq wkh lpsruwlqj frxqwu| wkh| krog d odujhu wkdq dyhu0

djh dprxqw ri idfwru D1 Wklv iroorzv iurp d sxuh ghohjdwlrq h�hfw lq hdfk
frxqwu|= ghohjdwlqj wkh wudgh srolf| fkrlfh wr vrpherg| pruh surwhfwlrqlvw
wkdq wkhpvhoyhv lv d frqyhqlhqw zd| iru wkh phgldq yrwhuv wr fuhgleo| frpplw
wkhlu uhvshfwlyh frxqwulhv wr pruh djjuhvvlyh wudgh srolflhv1

Sursrvlwlrq 4 Wkhuh h{lvwv d rqh fdqglgdwh shu frxqwu|0htxloleulxp EwWoc w
W

r�
zkhuh

wWo '
�

�

��+�2 ��2+��

�� E�� n�2�

wWr '
�

�

�2+�� ���+�2

�2 E�� n�2�
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|W
�
' |W

2
'

�

�

�
+��

��

�
+�2

�2

�

Surri= +l, fohduo| wWo ' woEfc w
W

r� dqg wWr ' wrEfc w
W

o�c l1h1 Ew
W

oc w
W

r� lv d Qdvk
htxloleulxp zkhuh wkh srolf|pdnhu vhohfwhg lq hdfk frxqwu| lv wkh ehvw uhso|
ri wkh phgldq yrwhu ri wklv frxqwu| wr wkh srolf|pdnhu fkrvhq lq wkh rwkhu
frxqwu|> vwudljkwiruzdugo| lw lv d ehvw uhso| iru wkh rwkhu flwl}hqv lq erwk
frxqwulhv wr vwd| rxwvlgh wkh hohfwrudo frpshwlwlrq vlqfh wkh| zrxog zlq zlwk
}hur suredelolw|>

+ll, lw uhpdlqv wr vkrz wkdw lw lv ehwwhu iru wkh fdqglgdwhv lq erwk frxqwulhv
wr uxq iru r!fh udwkhu wkdq wr vwd| rxwvlgh> uhphpehu wkdw zh dvvxphg wkdw
li wkhuh lv qr fdqglgdwh wkh ghidxow srolf| lq wkh frxqwu| � lv odlvvh} idluh +l1h1
|� ' f,>

Ohw xv frqvlghu frxqwu| 4= odlvvh} idluh +dqg khqfh qrw uxqqlqj iru r!fh,

lv irupdoo| htxlydohqw wr kdylqj d srolf|0pdnhu ri w|sh hwo zkr zrxog vhohfw

|�

�hwoc wWr� ' f/ lh1 vxfk wkdw

hwo ' �

�

E�2+�� ���+�2�E2�� n ��2�

E�� n�2��2 E2�2 n���
: f +4:,

Lw lv wkhq vwudljkwiruzdug wr vkrz wkdw ew&EwWr�� wWo '
2

�

3�2+��n��+�2
���2

	 f dqg

khqfh wo Ew
W

oc w
W

r� 	 wWo 	 f 	 hwo = wkh vwulfw frqfdylw| ri T �E woc wrc w&� zlwk

uhvshfw wr wo qrz lpsolhv wkdw T �EwWoc w
W

rc w
W

o� : T �Ehwoc wWrc wWo�(
lq frxqwu| 5 qrz odlvvh} idluh lv htxlydohqw wr kdylqj d ghidxow srolf|0

pdnhu ri w|sh

hwr ' �

�

�E��� n 2�2�E�2+�� ���+�2�

E�� n�2��� E�2 n 2���
	 f +4;,

zkhuhdv ew&EwWo�� wWr ' 2

�

�2+��3��+�2
���2

: f dqg khqfh wrEw
W

oc w
W

r� : wWr : f :hwr G rqh djdlq wkh vwulfw frqfdylw| ri T 2Ewrc woc w&� zlwk uhvshfw wr wr lpsolhv

wkdw T 2EwWrc w
W

oc w
W

r� : T 2Ehwrc wWoc wWr���
Lw lv lqwhuhvwlqj wr frpsduh wkh ydoxhv ri |� dqg |2 dw wkh deryh htxloleulxp

zlwk wkhlu htxloleulxp ydoxhv xqghu gluhfw ghprfudf|1 Wklv fdq eh wkrxjkw
ri dv phdvxulqj wkh ghohjdwlrq h�hfw1Lw lv vwudljkwiruzdug wr vkrz wkdw wkh

lpsruw dqg h{sruw wd{hv duh erwk odujhu xqghu uhsuhvhqwdwlyh ghprfudf| li dqg

rqo| li ��

��n�2

	 2

�
c � ' �c 2� Wkdw lv/ li frxqwulhv duh urxjko| wkh vdph vl}h wkh

ghohjdwlrq h�hfw uhvxowv lq d kljkhu h{rsruw wd{ dqg d kljkhu wdul�1 Krzhyhu
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li/ iru lqvwdqfh/ ��

��n�2

: 2

�
wkh htxloleulxp ydoxh ri |� lv vwloo odujhu wkdq

|�Efcf� exw wkh htxloleulxp ydoxh ri |2 lv qrz orzhu wkdq |2Efc f� G vwudwhjlf
frpplwphqw wkurxjk wkh hohfwlrq ri d srolf|pdnhu pruh surwhfwlrqlvw wkdq
wkh phgldq yrwhu doorzv d �elj� frxqwu| wr rewdlq d ohvv surwhfwlrqlvw wudgh
srolf| iurp wkh vpdoohu frxqwu|1

715 Wkh Devwhqwlrq H�hfw

Lq frqwudvw zlwk wkh prgho ri uhsuhvhqwdwlyh ghprfudf| ghyhorsshg e| Ehvoh|
dqg Frdwh +4<<:,/ +4<<;, +vhh dovr Rveruqh dqg Volylqvnl +4<<9,, lq zklfk wkh
suhihuuhg fdqglgdwh ri dq| jlyhq flwl}hq lv d flwl}hq ri wkh vdph w|sh/ wkhuh
h{lvw khuh rwkhu rqh0fdqglgdwh htxloleuld wkdq wkh htxloleulxp zkhuh wkh sro0
lf|pdnhuv zkr duh fkrvhq duh wkh suhihuuhg fdqglgdwhv ri wkh phgldq yrwhuv1
Lpsolflw lq Sursrvlwlrq4 lv wkh qrwlrq wkdw yrwhuv wWo dqg wWr duh zloolqj wr uxq
iru r!fh dqg vhuyh li hohfwhg1 Wkhuh lv rqh gl!fxow| zlwk wklv dvvxpswlrq1
Erwk w|sh wWo dqg wWr yrwhuv suhihu d flwl}hq ri gl�huhqw w|sh wkdq wkhpvhoyhv
wr uxq +vhh �jxuh 4,1 Ohw xv frqvlghu iru lqvwdqfh wkh hohfwrudo frpshwlwlrq
surfhvv lq frxqwu| 5 +wkh vdph dqdo|vlv fdq eh dssolhg wr wkh hohfwrudo frp0
shwlwlrq lq frxqwu| 4,1 Ohw xv vkrz wkdw wkhuh fdq eh lq frxqwu| 5/ iru d
jlyhq w|sh wo0srolf|pdnhu vhohfwhg lq frxqwu| 4/ d w|sh wr fdqglgdwh vxfk
wkdw wr 9' wrEfc wo� uxqqlqj xqrssrvhg1 Iru wklv wr kdsshq lw lv qhfhvvdu|
dqg vx!flhqw wkdw +d, wklv fdqglgdwh suhihuv wkh srolwlfdo rxwfrph iroorzlqj
khu hohfwlrq wr wkh ghidxow +odlvvh}0idluh, rxwfrph/ +e, wkhuh h{lvwv qr flwl}hq
zkr zrxog suhihu khu rzq hohfwlrq wr wkh hohfwlrq ri wkh vlqjoh fdqglgdwh dqg
zkr zrxog eh suhihuuhg wr khu rssrqhqw e| d pdmrulw| ri flwl}hqv1

Qrwh wkdw wkh �uvw frqglwlrq lv vdwlv�hg li dqg rqo| li wkh vlqjoh fdqglgdwh
vwulfwo| suhihuv khu rzq hohfwlrq wr wkh hohfwlrq ri vrph rwkhu flwl}hq zkr
zrxog idyru odlvvh}0idluh +l1h1 |2 ' f,1 Lw lv vwudljkwiruzdug iurp +43, wr

ghulyh wkh w|sh hwrEwo� ri vxfk d flwl}hq=

hwrEwo� ' ��2+�� n��+�2 � wo�2��

��E�2 n 2���
' �

�2

�2 n 2��

ew&Ewo� +4<,

Zh zloo frph edfn wr wklv frqglwlrq ehorz1 Ohw xv qrz ghwhuplqh h{dfwo|
zkr duh wkh flwl}hqv zkr zrxog suhihu wkhlu rzq hohfwlrq wr wkh hohfwlrq ri
d wr�w|sh flwl}hq1 Iluvw rqh kdv wr ghwhuplqh wkh w|sh wW& ri flwl}hq zkr lv
lqgl�huhqw ehwzhhq khuvhoi dqg wkh w|sh wr� Jlyhq wkh olqhdu0txdgudwlf qdwxuh
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ri wkh lqgluhfw xwlolw| ixqfwlrqv T / wkh ydoxh ri wW& lv ghwhuplqhg e| vroylqj
wkh htxdwlrq wr� wrE w

W

&c wo� ' wrE w
W

&c wo�� wW&� Xvlqj htxdwlrq +47, zh rewdlq

wW& '
wr�2E2�2 n ����� 2E+���2 ���+�2�� 2wo�2��

E2�2 n����2

+53,

Wkhuh duh qrz rqo| wzr fdvhv wr eh frqvlghuhg=
+l, f 	 wr Efc wo� 	 ew&Ewo�;
D vx!flhqw frqglwlrq iru d wr�w|sh fdqglgdwh wr uxq xqrssrvhg lv vlpso|

wkdw wr � wr Efc wo� dqg wW& � f<c l1h1 wr Efc wo� � wr � 2wr Efc wo� +	 ew&Ewo�,1
Lq �jxuh 7 ohw � ' wr Efc wo� dqg � ' 2wr Efc wo� dqg iru vlpsolflw| fdoo d
fdqglgdwh zlwk dq hqgrzphqw ri wr Efc wo� +2wr Efc wo�, fdqglgdwh �E��1

Dq| fdqglgdwh wr wkh ohiw ri � +wr 	 wr Efc wo�, zrxog eh ghihdwhg e|
fdqglgdwh � vlqfh wkh phgldq yrwhu +w|sh wr Efc wo�, dqg doo yrwhuv wr wkh
uljkw ri wkh phgldq yrwhu zrxog suhihu �1 Lq dgglwlrq/ � zrxog vhuyh klpvhoi
udwkhu wkdq kdyh vrphrqh wr klv ohiw eh hohfwhg1 Iru d fdqglgdwh wr wkh uljkw
ri � +wr : 2wr Efc wo�,/ rqh fdq vkrz xvlqj htxdwlrq +53, wkdw wkh phgldq
yrwhu zrxog suhihu wr uxq klpvhoi +dqg zrxog fohduo| zlq, udwkhu wkdq kdyh d
fdqglgdwh wr wkh uljkw ri � lq r!fh1 Wkdw ohdyhv fdqglgdwhv ehwzhhq � dqg
� dv srvvleoh zlqqhuv ri vlqjoh fdqglgdwh hohfwlrqv1 Li dq| fdqglgdwh ehwzhhq
� dqg � fkrrvhv wr uxq wkh| zloo zlq1

Hyhq wkh h{wuhph fdqglgdwh � jhwv doo yrwhv wr wkh uljkw ri wkh phgldq
yrwhu dqg fdqglgdwhv wr wkh ohiw ri � gr hyhq ehwwhu1 Xvlqj htxdwlrq +53,
rqh fdq hdvlo| vkrz wkdw � suhihuv dq| fdqglgdwh lq wkh �� udqjh wr uxqqlqj
klpvhoi1 Lq dgglwlrq/ doo yrwhuv lq wkh �� udqjh zdqw d fdqglgdwh wr wkhlu
uljkw wr uxq dqg zrxog suhihu wr uxq wkhpvhoyhv udwkhu wkdq kdyh vrphrqh wr
wkhlu ohiw zlq1 Wkhuhiruh/ dq| fdqglgdwh ehwzhhq � dqg � lv d rqh fdqglgdwh
htxloleulxp1 Fdqglgdwhv forvhu wr � jhw odujhu zlqqlqj yrwh vkduhv exw zrxog
dozd|v suhihu wkdw vrphrqh wr wkhlu uljkw dfwxdoo| uxq1

Wkh glvwdqfh �� lq �jxuh 7 phdvxuhv wkh ghohjdwlrq h�hfw1 Wkh phgldq
yrwhu zdqwv wr ghohjdwh dxwkrulw| wr d yrwhu zlwk �� pruh ri wkh vshfl�f
idfwru wkdq kh kdv1 Wkh glvwdqfh iurp � wr � phdvxuhv wkh devwhqwlrq
h�hfw1 Wkh yrwhu dw � dowkrxjk lq vrph vhqvh wkh prvw �srsxodu� fdqglgdwh

;Qrwh wkdw d vx!flhqw frqglwlrq iru wklv vhw ri lqhtxdolwlhv lv e�n+�u, A 3 vlqfh

�v +3> �u,, @ e�n+�u,
Q4

5Q5.6Q4

=
<Qrwh wkdw doo wkh flwl}hqv orfdwhg dw wkh uljkw ri ��

n
vwulfwo| suhihu d w|sh �v�fdqglgdwh

wr d fdqglgdwh orfdwhg dw ��
n ru dw khu ohiw1 Khqfh li ��n ? 3 wkh w|sh �v�fdqglgdwh lv fkrvhq

e| d pdmrulw| ri yrwhuv1
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Iljxuh 4= Iljxuh 7

dfwxdoo| suhihuv vrphrqh wr klv uljkw wr uxq1 Lq idfw/ kh suhihuv dq| yrwhu
ehwzhhq � dqg � wr klpvhoi1 Vr/ dq| ri wkrvh yrwhuv uhsuhvhqw srwhqwldo rqh
fdqglgdwh htxloleuld1 Dv |rx pryh iurp � wr � wkh fdqglgdwhv duh ghfuhdvlqj
lq �srsxodulw|� dqg lqfuhdvlqj lq wkhlu �hdjhuqhvv� wr uxq iru hohfwlrq1

+ll, Zkhq ew&Ewo� 	 wr Efc wo� 	 f d vx!flhqw frqglwlrq iru d wr�w|sh
fdqglgdwh wr uxq xqrssrvhg lv vlpso| wkdw wr � wr Efc wo� dqg wW

&
� f/ l1h1

2wr Efc wo� � wr � wr Efc wo�1 Wkh orjlf lv wkh vdph dv fdvh +l, deryh vr zh zloo
qrw uhshdw wkh dujxphqw1

Wkh vdph dqdo|vlv fdq eh dssolhg wr wkh hohfwrudo frpshwlwlrq lq frxqwu|
41 Xvlqj htxdwlrqv +46,/ +47,/ dqg +53, zh fdq rewdlq d frpsohwh fkdudfwhu0
l}dwlrq ri wkh vhw ri rqh0fdqglgdwh htxloleuld1

Sursrvlwlrq 5 Jlyhq Dvvxpswlrq 4 dq| sdlu Ewoc wr� vxfk wkdw

�2E�2+�� ���+�2� n 2wr�2��

E��2 n 2�����

� wo �
�E�2+�� ���+�2� n wr�2��

E��2 n 2�����

E�2+�� ���+�2� n wo�2��

E2�2 n �����2

� wr �
2E�2+� ���+2� n 2wo�2��

E2�2 n �����2

lv d rqh fdqglgdwh shu frxqwu|0htxloleulxp1
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Reylrxvo| wkh htxloleulxp ri Sursrvlwlrq 4 +zkhuh wkh vlqjoh fdqglgdwh lq
hdfk frxqwu| lv wkh suhihuuhg fdqglgdwh ri wkh phgldq yrwhu, lv rqh ri wkhvh
htxloleuld1 Wkhuh duh lq dgglwlrq lq�qlwho| pdq| rwkhu htxloleuld dv vkrzq lq
Iljxuh 8 ehorz1 Dw wkh pruh �h{wuhplvw� ri wkh v|pphwulf htxloleuld +srlqw
E lq Iljxuh 8, rqh rewdlqv

wWWo ' �
2

�

E�2+�� ���+�2�E�� n 2�2�

E����2 n 2�2
2 n 2� 2

� ���

+54,

wWW
r

'
2

�

E�2+�� ���+�2�E�2 n 2���

�2 E����2 n 2�2
2 n 2�2

� �
+55,

sθ

rθ

)( *
rs θθ

*
sθ

*
rθ

)( *
sr θθ

**
sθ

**
rθ

)( **
rs θθ

)( **
sr θθ

A

B

Iljxuh 8

Li wkhvh prvw �h{wuhplvw� fdqglgdwhv duh fkrvhq wkh uhvxowlqj wdul� dqg
h{sruw wd{ lv +vxevwlwxwlqj htxdwlrqv +54, dqg +55, lqwr htxdwlrqv +<, dqg
+43,,

|� '
E2�2 n��� E2�

2
� n D���2 n e�2

2 � E�2+�� ���+�2�

S�� E2�2
2 n ����2 n 2�2

� ��2 E�� n�2�
+56,
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|2 '
E�2 n 2��� Ee�2

� n D���2 n 2�2
2 � E�2+�� ���+�2�

S�� E2�2
2 n ����2 n 2�2

� ��2 E�� n�2�
+57,

Qrwh wkdw wkh h{whqw ri wkh �surwhfwlrqlvw guliw� ghshqgv qrw rqo| rq wkh
h{whqw ri wkh ghohjdwlrq dqg devhqwlrq h�hfwv lq erwk frxqwulhv exw dovr rq
wkh vwudwhjlf lqwhudwlrq ehwzhhq wkh wzr frxqwulhv1 Lq idfw/ wkh vwudwhjlf frp0
sohphqwdulw| ehwzhhq wkh srolf|pdnhuv olplwv wkh lpsdfw ri wkh ghohjdwlrq
dqg devwhqwlrq h�hfwv1dv fdq eh vhhq e| qrwlqj wkdw wkh ydoxh ri wWr deryh
lv ohvv wkdq wzlfh wkh ydoxh ri wWW

r
1 Krzhyhu/ lw lv vwloo wkh fdvh wkdw li wkh

frxqwu| vl}hv duh qrw wrr glvvlplodu wkhq erwk wkh h{sruw wd{ dqg wkh wdul�
duh kljkhu wkdq zkhq rqo| wkh ghohjdwlrq h�hfw lv frqvlghuhg +Sursrvlwlrq
41, Wkxv/ erwk wkh ghohjdwlrq dqg devwhqwlrq h�hfwv whqg wr uhvxow lq kljkhu
surwhfwlrq ohyhov1

8 Frqfoxglqj uhpdunv

Lq wklv sdshu zh xvhg d wzr0frxqwu| iudphzrun wr vkrz wkdw d pdmrulw| ri
flwl}hqv lq erwk frxqwulhv idyru wkh hohfwlrq ri uhsuhvhqwdwlyhv zkr duh pruh
surwhfwlrqlvw wkdq wkhpvhoyhv1 Wkh nh| iru wklv uhvxow lv wkdw wkh hohfwlrq
ri d uhsuhvhqwdwlyh lv d zd| iru wkh flwl}hqv wr frpplw wkhlu frxqwu| wr d
pruh djjuhvvlyh wudgh srolf|1 Zh ghprqvwudwhg wkh h{lvwhqfh ri dq lq�qlwh
qxpehu ri rqh fdqglgdwh shu frxqwu| htxloleuld1 Surylghg wkdw wkh frxqwulhv
vl}hv duh qrw wrr glvvlplodu/ duh doo xqdpeljxrxvo| pruh surwhfwlrqlvw wkdq
wkh �Pd|hu htxloleulxp�/ l1h1 wkh phgldq yrwhu lq hdfk frxqwu| vhohfwv wudgh
srolf|1 Wklv �surwhfwlrqlvw guliw� pd| eh dvfulehg �uvw wr d ghohjdwlrq h�hfw
dqg dq devwhqwlrq h�hfw1 Wkh ghohjdwlrq h�hfw rffxuv ehfdxvh doo flwl}hqv
zdqw wr fkrrvh d srolf| pdnhu zkr lv pruh djjuhvlyh wkdq wkh| duh1 Wkh
devwhqwlrq h�hfw lv pruh vxewoh1 Wklv pruh surwhfwlrqlvw flwl}hq zkr lv fkrvhq
srolf| pdnhu klpvhoi zlvkhv wr ghohjdwh wr rqh pruh surwhfwlrqlvw vwloo1 Zkdw
zh vkrz lv wkdw vlqfh wkhuh duh rwkhu yldeoh fdqglgdwhv wkh fdqglgdwh prvw
suhihuuhg e| wkh phgldq yrwhu pd| fkrrvh wr �devwdlq� iurp uxqqlqj iru
r!fh lq rughu wr doorz vrphrqh pruh surwhfwlrqlvw wkdq klpvhoi wr uxq1 Wklv
uhvxowv lq hyhq juhdwhu surwhfwlrqlvw guliw wkdq zrxog eh suhvhqw zlwk rqo|
wkh ghohjdwlrq h�hfw1

Ixwxuh uhvhdufk zloo frqvlghu krz wkhvh frqfoxvlrqv pljkw fkdqjh li wkhuh
duh frvwv ru ehqh�wv iurp kroglqj r!fh1 Wkxv/ srolf|pdnhuv frxog eh �r!fh0
prwlydwhg�/ l1h1 wkh| ghulyh xwlolw| iurp ehlqj lq r!fh +vdodulhv/ hjr0uhqwv
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dqg wkh olnh, ru kroglqj r!fh frxog lqyroyh frvwv +orvv ri lqfrph/ sulydf|/
hwf1,1

Uhihuhqfhv

Ehvoh|/ W1 dqg V1Frdwh +4<<:,1 Dq Hfrqrplf Prgho ri Uhsuhvhqwdwlyh
Ghprfudf|/ Txduwhuo| Mrxuqdo ri hfrqrplfv 445= ;804471

Ehvoh|/ W1 dqg V1Frdwh +4<<;d,1 Fhqwudol}hg yv Ghfhqwudol}hg Srvlwlrq
ri Orfdo Sxeolf Jrrgv= D Srolwlfdo Hfrqrp| Dqdo|vlv/ plphr/ Orqgrq
Vfkrro ri Hfrqrplfv1

Ehvoh|/ W1 dqg V1Frdwh +4<<;e,1 Vrxufhv ri Lqh!flhqf| lq d Uhsuhvhq0
wdwlyh Ghprfudf|= D G|qdplf Dqdo|vlv/ Dphulfdq Hfrqrplf Uhylhz
;;= 46<04891

Fkdul/ Y1Y1/ O1H1 Mrqhv dqg U1 Pdulprq +4<<:,1 Wkh Hfrqrplfv ri
Vsolw0wlfnhw yrwlqj lq Uhsuhvhqwdwlyh Ghprfudflhv/ Dphulfdq Hfrqrplf
Uhylhz ;:= <8:0<:91

Pd|hu/ Z1 +4<;7,1 Hqgrjhqrxv Wdul� Irupdwlrq/ Dphulfdq Hfrqrplf
Uhylhz :7= <:30<;81

Shuvvrq/ W1 dqg J1 Wdehoolql +4<<5,1 Wkh Srolwlfv ri 4<<5= Ilvfdo Srolf|
dqg Hxurshdq Lqwhjudwlrq/ Uhylhz ri Hfrqrplf Vwxglhv 8<= 9;<0:341

Shuvvrq/ W1 dqg J1 Wdehoolql +4<<7,1 Uhsuhvhqwdwlyh Ghprfudf| dqg
Fdslwdo Wd{dwlrq/ Mrxuqdo ri Sxeolf Hfrqrplfv ;8= 860:31

Shuvvrq/ W1 dqg J1 Wdehoolql +4<<9,1 Ihghudo Ilvfdo Frqvwlwxwlrqv= Ulvn0
Vkdulqj dqg Prudo Kd}dug/ Hfrqrphwulfd 97= 95609791

DSSHQGL[

Ohppd 6 T � +uhvs1 T 2, lv vwulfwo| frqfdyh zlwk uhvshfw wr wo +uhvs1 wr,1
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Surri= Lw zloo eh hqrxjk wr suryh wkh vwulfw frqfdylw| ri T � +wkh frq0
fdylw| ri T 2 lv suryhg xvlqj d vlplodu dujxphqw,1 Iurp wkh gh�qlwlrq ri T �E
woc wrc w&� dqg htxdwlrqv +6,/ +7,/ +:, dqg +;, zh rewdlq
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