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Devwudfw

Wkh sdshu frpsduhv prghov ri lqvxudqfh ri uhdo surshuw| zkhq rzqhuv pd| frqyhuw
gdpdjhg surshuw| wr dqrwkhu xvh lqvwhdg ri uhvwrulqj lw wr wkh suh0gdpdjh xvh1 Iluvw
lw ghvfulehv wkh rswlpxp lqvxudqfh1 Wkh pdlq uhvxow lv wkdw wkh ghgxfwleoh dqg
wkh xsshu olplw duh frqqhfwhg e| wkh htxdwlrq= xsshu olplw soxv ghgxfwleoh htxdov
frqyhuvlrq srlqw1 Dq dowhuqdwlyh wr wkh ixoo rswlpxp lv d srolf| kdylqj d yduldeoh
xsshu olplw dqg d �{hg ghgxfwleoh1 Lw lv lqwhuhvwlqj iru wkhruhwlfdo uhdvrqv dqg
iru ghvfulswlyh uhdolw|1 Wkh frpsdudwlyh vwdwlfv ri wkh ixoo rswlpxp dqg wkh �{hg0
ghgxfwleoh dowhuqdwlyh duh hvvhqwldoo| wkh vdph1 Lq wkh �{hg0ghgxfwleoh prgho/ wkh
uhvsrqvh ri wkh xsshu olplw wr fkdqjhv lq sdudphwhuv lv dozd|v lq wkh vdph gluhfwlrq
exw ri ohvvhu pdjqlwxgh wkdq lq wkh ixoo rswlpxp1



4 Lqwurgxfwlrq
Wkh wrslf khuh lv lqvxudqfh ri uhdo surshuw|/ wkdw lv/ ri vwuxfwxuhv dqg rwkhu lpsuryh0
phqwv ri odqg1 Wkh lqwhuhvwlqj txhvwlrqv duh zk| grhv lw kdyh xsshu olplwv fkrvhq
e| wkh frqvxphuB dqg zkdw lv wkh uljkw zd| wr prgho lwB Wkhvh duh rshq txhvwlrqv
ehfdxvh pxfk ri wkh lqvxudqfh olwhudwxuh irfxvhv rq lqvxudqfh ri zhdowk/ zkloh1wkh
gh�qlqj ihdwxuh ri surshuw| lqvxudqfh frqwudfwv lv wkdw wkh| duh zulwwhq lq whupv ri
gdpdjh1 Gdpdjh lv phdvxuhg dv wkh frvw wr uhvwruh wkh surshuw| wr lwv xqgdpdjhg
frqglwlrq1 Lq prvw fdvhv lw lv gl�huhqw iurp orvv ri zhdowk1 Iru lqvwdqfh/ hyhu|rqh
fdq hqylvlrq vlwxdwlrqv lq zklfk wkh ghvwur|hg surshuw| lv qrw yhu| ydoxdeoh � orvv ri
zhdowk lv orz � exw wkh frvw wr uhsurgxfh lw � wkh gdpdjh � lv kljk1 Wkhvh vlwxdwlrqv
suhgrplqdwh ehfdxvh ri rssruwxqlwlhv wr xvh wkh odqg iru vrphwklqj gl�huhqw1 Zkhq
d krxvh lv ghvwur|hg/ wkh rzqhu frqyhuwv wkh vlwh wr dq dsduwphqw/ pdoo/ ru sdunlqj
orw/ ru shukdsv mxvw wr d voljkwo| gl�huhqw/ pruh prghuq krxvh/ dqg wkh ydoxh ri wkh
frqyhuvlrq olplwv wkh orvv ri zhdowk wr vrphwklqj ohvv wkdq wkh frvw ri uhvwrulqj wkh
ruljlqdo krxvh1

Wkh �uvw vwhs lv wr h{dplqh wkh rswlpxp frqwudfw1 Zkhq sulfhv duh idlu/ gdpdjh
lv fryhuhg zlwkrxw frlqvxudqfh xs wr wkh ohyho wkdw wuljjhuv frqyhuvlrq1 Zlwk ordglqj/
wkh rswlpxp frqwudfw kdv d ghgxfwleoh dqg dq xsshu olplw rq fryhudjh dqg wkh wzr
duh frqqhfwhg e| wkh uhodwlrq= xsshu olplw soxv ghgxfwleoh htxdov frqyhuvlrq srlqw1
Wkh hqwluh uhgxfwlrq lq fryhudjh fdxvhg e| wkh ordglqj kdv wkh irup ri d ghgxfwleoh1

Wkh wkhruhwlfdo rswlpxp lv dw rggv zlwk uhdolw|1 Lq dfwxdo lqvxudqfh frqwudfwv/
lqvxuhuv dqg frqvxphuv irfxv vroho| rq wkh xsshu olplw ri fryhudjh1 Ghgxfwleohv duh
xvxdoo| yhu| vpdoo dqg vhhp lqwhqghg rqo| wr glvfrxudjh wulyldo fodlpv1 Hyhq zkhq
ghgxfwleohv duh vxevwdqwldo/ dv lq hduwktxdnh lqvxudqfh zkhuh wkh| pd| eh dv pxfk dv
48(/ wkh| duh qrw frruglqdwhg zlwk wkh xsshu olplw rq fryhudjh xvlqj nqrzohgjh ri wkh
frqyhuvlrq srlqw1 Revhuyhg sudfwlfh ohdgv wr d prgho iru lqvxudqfh ri uhdo surshuw| lq
zklfk wkh ghgxfwleoh lv qrw d fkrlfh yduldeoh1 D �{hg0ghgxfwleoh prgho kdv hvvhqwldoo|
wkh vdph frpsdudwlyh vwdwlfv dv wkh ixoo| rswlpxp rqh1 Wkxv rq jurxqgv ri uhdolvp
lw lv ehwwhu wr vwxg| wkh �{hg0ghgxfwleoh frqwudfw zlwk wkh xqghuvwdqglqj wkdw li rqh
glg vwxg| wkh ixoo| rswlpxp rqh/ wkh uhvxowv zrxog qrw eh pxfk gl�huhqw1 Lvvxhv
lqyroylqj edfnjurxqg ulvn lq frqwudfwv zlwk d �{hg ghgxfwleoh duh dgguhvvhg lq d
frpsdqlrq sdshu1

5 Rswlpxp lqvxudqfh
Lw lv revhuyhg deryh wkdw frqyhuvlrq rswlrqv lpsrvh dq xsshu erxqg rq orvv ri zhdowk1
Qrwdwlrq lv qhhghg wr irupdol}h wklv srlqw1 Orrn dw wkh vlwxdwlrq wkdw h{lvwv zkhq
dq hyhqw kdv fdxvhg gdpdjh1 Wkh uhdol}dwlrq ri wkh udqgrp yduldeoh iru gdpdjh lv |1
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Wkh surshuw| lq xqgdpdjhg frqglwlrq kdv d ydoxh ri �1 Zkhq wkh rzqhu ri gdpdjhg
surshuw| uhvwruhv lw/ kh dwwdlqv zhdowk � � |1 Rq wkh rwkhu kdqg/ wkhuh lv vrph ehvw
rswlrq iru frqyhuwlqj wkh surshuw|1 Wkh frqyhuvlrq fkrvhq e| wkh surshuw| rzqhu lv
wkh rqh wkdw pd{lpl}hv qhw ydoxh1 Ohw wkh ydoxh ri wkh odqg dqg lpsuryhphqwv lq
wkh kljkhvw ydoxhg xvh eh �W/ dqg ohw wkh frvw ri exloglqj wkh ehvw lpsuryhphqwv eh
S1 Dprqj wkh frqyhuvlrq rswlrqv/ wkh juhdwhvw dwwdlqdeoh qhw ydoxh lv �W� S/ zklfk lv
dovr wkh ydoxh ri wkh odqg1 Wkh ghflvlrq wr uhvwruh ru frqyhuw lv wkh ghflvlrq wr vhohfw
wkh juhdwhu ri � � | dqg �W � S1 Dw wkh fulwlfdo ohyho ri gdpdjh/ ^ ' � � E�W � S�/ wkh
rswlrqv duh htxdoo| ydoxdeoh1 Diwhu vrph uhzulwlqj/ wkh rswlrq wr frqyhuw ehfrphv
wkh rswlrq wr srvvhvv 4@ d�� |c �� ^o ru/ htxlydohqwo|/ ��4�?d|c ^o1 Wkxv/ �� ^ lv d
 rru ehqhdwk zklfk zhdowk fdqqrw idoo/ qr pdwwhu wkh h{whqw ri gdpdjh1 Wkh vhfrqg
h{suhvvlrq lv frqyhqlhqw dqg htxdoo| lqwxlwlyh1 Lw vd|v wkdw wkh orvv ri zhdowk gxh wr
gdpdjh lv qr pruh wkdq ^1

Ohw �E|� eh wkh suredelolw| ghqvlw| ixqfwlrq ri gdpdjh dqg dvvxph wkdw �E|� lv
qhyhu }hur rq dfc A o exw lv dozd|v }hur hovhzkhuh1 Ghqrwh wkh fxpxodwlyh glvwulexwlrq
ixqfwlrq ri | e| ME|�/ dqg uhsuhvhqw lqwhjudwlrq xvlqj �E|�_| e| _M1 Ohw b eh wkh
ordglqj idfwru1 Gh�qh %E|� wr eh wkh suhplxp iru orvv xs wr |c dqg ohw UE|� ghqrwh
wkh lqghpqlw| dvvrfldwhg zlwk d orvv ri |� Wkhq

%E|� '

] |

f

E� n b�UE|�_M +4,

Ohwwlqj A eh wkh odujhvw srvvleoh gdpdjh/ wkh zkroh suhplxp lv %EA �1 Lq rughu wr
frpsuhvv qrwdwlrq/ lw zloo eh ghqrwhg %A 1

Dq h{suhvvlrq ri UE|� lv qhhghg1 Iurp wkh deryh

%�E|� ' E� n b�UE|��E|� +5,

dqg frqvhtxhqwo|

UE|� '
%�E|�

E� n b��E|�
+6,

Zlwk lqvxudqfh dv lpphgldwho| deryh/ zhdowk lq gdpdjh0vwdwh | lv

� � %A �4�?d|c ^o n
%�E|�

E� n b��E|�
+7,

Wklv prgho ri lqvxudqfh ghpdqg lv edvhg rq wkh suhplvh ri vshfldol}dwlrq1 Lq0
vxudqfh �upv duh vshfldolvwv wkdw vxsso| zhdowk frqwlqjhqw xsrq gdpdjh |/ exw wkh
ghpdqghu lv d jhqhudolvw zkr sd|v wkh suhplxp lq fhuwdlqw| zhdowk1 Wkxv wkh lq0
ghpqlw| UE|� fdq eh srvlwlyh ru }hur/ exw qhyhu qhjdwlyh/ ohdglqj wr wkh frqvwudlqw

%�E|� � f +8,
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D fruroodu| uhvwudlqw lv wkdw wkh suhplxp pxvw eh qrqqhjdwlyh1 Wkh frqvwudlqw ri
qrqqhjdwlyh lqghpqlw| dulvhv qrw iurp wudglwlrqv ru ohjdo frqvwudlqwv/ exw iurp hfr0
qrplf idfwruv wkdw xqghuo| wkhp1 Iru shuvshfwlyh qrwlfh wkdw vshfldol}dwlrq grhv qrw
dsso| lq doo lqvxudqfh pdunhwv1 Phpehuv ri dvvhvvleoh pxwxdov pdnh frqwlqjhqw sd|0
phqwv lq dgglwlrq wr d �{hg suhplxp1 Wkxv wkh frqvwudlqw ri qrqqhjdwlyh lqghpqlw|
lv qrw dssolfdeoh lq wkhlu fdvh/ wkh qrwlrq ri d suhplxp sdlg iru lqvxudqfh lv qrw zhoo
gh�qhg/ dqg wkh| duh rxwvlgh wkh vfrsh ri wklv dqdo|vlv41

514 Wkh sureohp=

Wkh sureohp lv wr pd{lpl}h/ wkurxjk fkrlfh ri %E��c wkh ixqfwlrq

] A

f

�E� � %A �4�?d|c ^o n
%�E|�

E� n b��E|�
�_M +9,

vxemhfw wr wkh frqvwudlqwv

%Ef� ' f +:,

dqg

%�E|� � f +;,

Wkh hqgsrlqw A lv �{hg/ exw wkh suhplxp %A lv iuhh wr eh fkrvhq rswlpdoo|1

515 Frqglwlrqv=

Wkh ghulydwlrqv ehorz doo frqfhuq �uvw rughu frqglwlrqv � wkh �uvw yduldwlrq1 Wkhvh
frqglwlrqv duh vx!flhqw iru dq rswlpxp khuh ehfdxvh wkh remhfwlyh ixqfwlrq lv frqfdyh
lq %E|�/ %�E|�/ dqg %A 1 Wr vkrz wkh h{lvwhqfh ri d ghgxfwleoh lw lv hqrxjk wr vkrz
wkdw wkh ghgxfwleoh vdwlv�hv �uvw0rughu frqglwlrqv1

Lq rughu wr vxsso| d sdudooho zlwk qrwdwlrq xvhg e| Ndplhq dqg Vfkzduw} +4<<4,/
ohw wkh qrwdwlrq 8 ghqrwh wkh lqwhjudqg

8 E|c %c %�c %A � ' �E� � %A �4�?d|c ^o n
%�E|�

E� n b��E|�
��E|�� +<,

Irxu frqglwlrqv ghwhuplqh wkh vroxwlrq=

4Vhh Pduvkdoo 4<:9 iru d glvfxvvlrq ri krz dvvhvvleoh pxwxdo duh rujdql}hg1
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Ghgxfwleoh= Wkh ghgxfwleoh lv qrq qhjdwlyh1 Iurp wkh frqvwudlqwv ri htxd0
wlrqv +:, dqg +;,/ wkh dffxpxodwlrq ri suhplxp vdwlv�hv/ rq wkh lqwhuydo dfc _o /

%�E|� ' %E|� ' f� +43,

Hxohu htxdwlrq= Rq wkh lqwhuydo E_c A o/ %�E|� vdwlv�hv wkh Hxohu htxdwlrq

_

_|
8%�E|c %c %

�c %A � ' 8%E|c %c %
�c %A � +44,

Wkh uljkw kdqg vlgh lv }hur ehfdxvh wkh remhfwlyh lv lqghshqghqw ri %1 Wkhuhiruh wkh
frqglwlrq uhtxluhv pdujlqdo xwlolw| ri zhdowk wr eh frqvwdqw zklfk lpsolhv wkdw

� � %A �4�?d|c ^o n
%�E|�

E� n b��E|�
' S +45,

iru dq xqnqrzq frqvwdqw S1 Wklv htxdwlrq glfwdwhv wkh irup ri %�E|�1 Wkh xqnqrzq
frqvwdqwv dw wklv srlqw duh _/ S/ %A / dqg wkh frqvwdqw &� wkdw lv qhhghg zkhq %�E|� lv
lqwhjudwhg1 Wzr pruh frqglwlrqv duh qhhghg1

Mrlqlqj frqglwlrq= Wkh mrlqlqj frqglwlrq jryhuqv wkh zd| lq zklfk wkh xqfrq0
vwudlqhg vroxwlrq rq E_c A o pxvw olqn xs zlwk wkh frqvwudlqhg vroxwlrq rq dfc _o1 Wkh
frqglwlrq lv fryhuhg lq vhyhudo vrxufhv1 Vwloo iroorzlqj Ndplhq dqg Vfkzduw} +4<<4,/
ohw - uhsuhvhqw wkh frqvwudlqhg vroxwlrq rq dfc _o dqg ohw % uhsuhvhqw wkh vroxwlrq rq
E_c A o1 Wkhq wkh frqglwlrq lv

8 E_c-c-�c %A �� 8 E_c %c %�c %A � n %�8%�E|c %c %
�c %A � ' f +46,

Wkh �uvw wzr whupv gl�hu ehfdxvh wkh -�E|� dvvrfldwhg zlwk wkh frqvwudlqhg h{wuhpdo
dqg wkh %�EA � dvvrfldwhg zlwk wkh xqfrqvwudlqhg h{wuhpdo duh gl�huhqw1 Wkh h{wuhpdo
% lv frqwlqxrxv dw wkh mrlqlqj srlqw/ exw wkh ghulydwlyhv duh qrw1 Lq wkh sureohp dw
kdqg/ wkh frqglwlrq lv

f ' �E� � %A � _�

�
�
�E� � %A � _n

%�E|�

E� n b��E|�
�� ��E� � %A � _n

%�E|�

E� n b��E|�
�

%�E|�

E� n b��E|�

�
+47,
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Whuplqdo frqglwlrq=

D iuhh whuplqdo ydoxh lv d vwdqgdug ihdwxuh lq wkh fdofxoxv ri yduldwlrqv/ exw wkh
suhvhqfh ri wkh whuplqdo ydoxh dv dq dujxphqw ri wkh lqwhjudqg lv d pruh xqxvxdo
zulqnoh1 Wkh uhdvrqlqj ehklqg wkh vwdqgdug sureohp lv wkdw dq lqfuhdvh ri B%A lq
wkh whuplqdo ydoxh pdnhv wkh vorsh ri %E|� vwhhshu dqg wkhuhiruh udlvhv wkh ydoxh ri
wkh remhfwlyh e|

��E� � %A � _n
%�EA �

E� n b��EA �
�

�

E� n b�
� B%A +48,

Khuh/ lq dgglwlrq/ wkh lqfuhdvh fkdqjhv wkh ydoxh ri wkh lqwhjudqg dw hyhu| srlqw dqg
wkdw fkdqjhv ydoxh e| wkh dprxqw�

�
] A

f

��E� � %A � _n
%�E|�

E� n b��E|�
�_M

�
� B%A +49,

Wkh frqglwlrq ri rswlpdolw| lv wkdw dq| yduldwlrq lq %A vkrxog qrw udlvh wkh ydoxh/
dqg wkxv wkh frqglwlrq lv

��E� � %A �4�?dAc ^o n
%�EA �

E� n b��EA �
�

�

E� n b�

�
] A

f

��E� � %A �4�?d|c ^o n
%�E|�

E� n b��E|�
�_M ' f +4:,

Wkh frqglwlrq fdq eh lqwhusuhwhg e| uhfrjql}lqj wkdw wkh vhfrqg whup lv wkh h{0
shfwhg ydoxh ri pdujlqdo xwlolw|/ eulh | ghqrwhg .��/ dqg wkh �uvw whup lv �

�nb
wlphv

wkh pdujlqdo xwlolw| ri zhdowk dw wkh srlqw A / eulh | ghqrwhg ��EA �1 Wkh whuplqdo
frqglwlrq lv wkhq uhzulwwhq dv

��EA �

.��
' � n b +4;,

Wkh ghpdqg sulfh ri zhdowk lq wkh ylflqlw| ri wkh srlqw A lv wkh pdujlqdo udwh ri
vxevwlwxwlrq ehwzhhq vwdwh0A zhdowk dqg fhuwdlqw| zhdowk .��EA �

.��
�EA � dqg wkh vxsso|

sulfh lv E�nb��EA �1 Wkxv wkh frqglwlrq vd|v wkdw wkh vxsso| sulfh htxdov wkh ghpdqg
sulfh dw wkh srlqw A 1 Iurp wkh uhvxow ri wkh Hxohu frqglwlrq lq htxdwlrq +45,/ ��EA �
' ��E|� iru doo | lq wkh lqwhuydo E_c A o dqg ��E|� 	 ��EA � iru doo | lq wkh lqwhuydo dfc _o1
Wkhuhiruh ehorz wkh ghgxfwleoh wkh ghpdqg sulfh ri frqwlqjhqw zhdowk lv ehorz wkh
vxsso| sulfh dqg deryh wkh ghgxfwleoh wkh ghpdqg sulfh lv htxdo wr wkh vxsso| sulfh1
Gldjudpv xvlqj wklv lghd kdyh dsshduhg lq Jroolhu +4<<5, dqg Pduvkdoo +4<<5,1
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Frpsdulvrq zlwk rwkhu ghulydwlrqv= Wkh vroxwlrq khuh h{whqgv wkrvh ri Ud0
yly +4<:<, dqg ri Duurz +4<:6,1 Lq ghulylqj wkh h{lvwhqfh ri d ghgxfwleoh/ wkh|
wuhdwhg wkh suhplxp dv d �{hg frqvwdqw1 Rwkhu dujxphqwv/ h{solflw ru lpsolflw/ zhuh
xvhg wr qduurz wkh udqjh ri dgplvvleoh suhplxpv wr wkrvh ohdglqj wr d ghgxfwleoh1
Wkhlu surfhgxuhv duh lqwxlwlyh exw urxqgderxw1 Lq ghulydwlrqv olnh wkrvh ri Duurz dqg
Udyly dqg ri Jroolhu +4<<9, wkh lqghpqlw| lv dvvrfldwhg zlwk wkh % yduldeoh lqvwhdg
ri wkh %� yduldeoh/ dv lw lv khuh1 Wkdw lv lpsruwdqw ehfdxvh lq fdofxoxv ri yduldwlrqv
wkh % yduldeoh lv qhfhvvdulo| frqwlqxrxv zkloh wkh %� yduldeoh fdq kdyh mxpsv1 Vrph
lqwhuhvwlqj w|shv ri lqvxudqfh ghpdqg duh glvfrqwlqxrxv +h1j1 Pduvkdoo +4<<5, dqg
Jduudww dqg Pduvkdoo/ +4<<9,/ dqg vhh wkh vhfwlrq ehorz,1 Frqwlqxlw| lq wkh suhvhqw
ghulydwlrq lv d uhvxow/ qrw dq dvvxpswlrq1

516 Ghulydwlrqv

Frqvlghu wkh mrlqlqj frqglwlrq lq htxdwlrq +47,1 Ehfdxvh xwlolw| lv frqfdyh/ wkh rqo|
srvvleoh vroxwlrq lv

%�E_� ' f +4<,

zkhuh lw lv uhphpehuhg wkdw wklv %�E|� ehorqjv wr wkh xqfrqvwudlqhg sduw ri wkh vrox0
wlrq/ wkdw shuwdlqlqj wr | � _1 Wklv lpsolhv wkdw wkh lqghpqlw| ixqfwlrq lv frqwlqxrxv
dw wkh srlqw _1 Xvlqj %�E_� ' f dqg wkh Hxohu frqglwlrq uhvxow dw htxdwlrq +45, hydo0
xdwhg dw wkh srlqw _/ lw iroorzv wkdw

S ' � � %A � _ +53,

Wkh vdph Hxohu htxdwlrq krogv iru doo | 5 E_c A o/ zlwk wkh frqvhtxhqfh wkdw

%�E|�

E� n b��E|�
' 4�?d|c ^o� _ +54,

Iurp wkh lqlwldo frqglwlrqv lw lv douhdg| nqrzq wkdw %�E|� ' %E|� ' f rq wkh lqwhuydo
dfc _o1 Wkxv lv suryhg=

Wkhruhp 4 Lq wkh vroxwlrq ri wkh sureohp lq htxdwlrqv +9/:/ dqg ;, U E|� ' f rq wkh
lqwhuydo dfc _o dqg hovhzkhuh lv

UE|� ' 4�?d|c ^o� _�

Dq lpphgldwh fruroodu| wr wkh wkhruhp lv
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Fruroodu| 4 Wkh xsshu olplw rq lqvxudqfh lq wkh sureohp lq htxdwlrqv +9/:/ dqg ;,
lv K vdwlvi|lqj Kn _ ' ^1

Idluo| sulfhg lqvxudqfh ohdgv wr d ghgxfwleoh ri }hur/ dv vkrzq lq

Fruroodu| 5 Li b ' f lq wkh sureohp lq htxdwlrqv +9/:/ dqg ;,/ _ ' f dqg K ' ^1

Surri1 Vxssrvh iru sxusrvhv ri odwhu frqwudglfwlrq wkdw _ : f1 Iurp htxdwlrq +4:,
dqg wkh dvvxpswlrq wkdw b ' f/ ghulyh wkh frqglwlrq

��E� � %A �4�?dAc ^o n
%�EA �

E� n b��EA �
� '

] _

f

��E� � %A �4�?d|c ^o�
�E|�

ME_�
_| +55,

Iurp wkh wkhruhp +dqg dvvxplqj | � ^,c wkdw uhgxfhv wr

��E� � %A � _� '

] _

f

��E� � %A � |�
�E|�

ME_�
_| +56,

Wklv frqglwlrq vd|v wkdw wkh h{shfwhg pdujlqdo xwlolw| frqglwlrqdo rq | 5 dfc _o lv wkh
vdph dv wkh whuplqdo pdujlqdo xwlolw|1 Rq | 5 dfc _o/

��E� � %A � _� � ��E� � %A � |� +57,

zlwk vwulfw lqhtxdolw| dw hyhu| srlqw h{fhsw _1 Wkxv wkh frqglwlrq lq htxdwlrq +4:,
fdqqrw eh vdwlv�hg1 Vlqfh wkh h{lvwhqfh ri d vroxwlrq lv qrw lq grxew/ wklv frqwudglfwv
wkh suhplvh wkdw _ : f1

Wkh h�hfwv ri yduldwlrqv lq wkh xwlolw| ixqfwlrq dqg lq wkh sdudphwhuv b/ �/ dqg ^ duh
lpsruwdqw lq wkhpvhoyhv dqg iru frpsdulvrq wr wkh �{hg0ghgxfwleoh prgho frqvlghuhg
iduwkhu ehorz1

Fruroodu| 6 Li wkh xwlolw| ixqfwlrq � lq wkh sureohp lq htxdwlrqv +9/:/ dqg ;, lv
uhsodfhg e| d xwlolw| ixqfwlrq þ wkdw srvvhvvhv ghfuhdvlqj devroxwh ulvn dyhuvlrq dqg lv
iru doo | vwulfwo| pruh ulvn dyhuvh wkdq �/ wkh uhvxow lv d ghfuhdvh lq _ dqg dq lqfuhdvh
lq %A 1

Surri1 Iurp htxdwlrq +4:, gh�qh wkh h{suhvvlrq

KE_� � ��E� � %A � _�E
�

� n b
� � nME_���

] _

f

��E� � %A � |�_M +58,

:



Ohw _W eh wkh vroxwlrq wr KE_� ' f1 Dv xvxdo/ doo uhvxowv duh lqyduldqw wr d!qh
wudqvirupdwlrq ri wkh xwlolw| ixqfwlrq1 Wkhuhiruh zlwkrxw orvv ri jhqhudolw| dvvxph
wkdw ��E� � %A � _W� ' 	��E� � %A � _W�1 Lw iroorzv wkdw iru doo � : � � %A � _W/
	��E�� 	 ��E��1 Wkxv zkhq wkh kdw xwlolw| lv vxevwlwxwhg lq htxdwlrq +58,/ wkh uhvxow
lv

	KE_W� � 	��E� � %A � _W�E
�

� n b
� � nME_W���

] _W

f

	��E� � %A � |�_M : f +59,

Wr vkrz wkdw d ghfuhdvh lq _ lv qhhghg wr uhvwruh rswlpdolw|/ lw lv qhfhvvdu| wr vkrz
wkdw K�E_W� : f1 Gl�huhqwldwh dqg vxevwlwxwh xvlqj �E�� ' 3���E��

��E��
/ zlwk wkh uhvxow

wkdw

	K�E_W� ' �E� � %A � _W� ��
E	��E� � %A � _W�E

�

� n b
� � nME_W���

] _W

f

�E� � %A � |�

�E� � %A � _W�
	��E� � %A � |�_M

�
+5:,

Frpsduh wkh txdqwlw| lv vtxduh eudfnhwv wr wkh txdqwlw| lq htxdwlrq +59,/ zklfk lv
douhdg| srvlwlyh1 Wkh rqo| gl�huhqfh lv wkh idfwru xqghu wkh lqwhjudo/ dqg wkdw idfwru
lv ohvv wkdq xqlw| e| GDUD1 Lw iroorzv wkdw 	K�E_W� : f1

Zkhq wkh rswlpxp ydulhv zlwk wkh sdudphwhuv b/ �/ dqg ^/ sulfh h�hfwv dqg
lqfrph h�hfwv duh vrphwlphv lq frqwudu| gluhfwlrqv � d frpprq vlwxdwlrq1 Vrph
fodulw| fdq eh dfklhyhg e| orrnlqj dw wkh fdvh ri FDUD/ h�hfwlyho| qhxwudol}lqj wkh
zhdowk h�hfwv1 Wkxv wkh frpsdudwlyh vwdwlfv duh vkrzq lq wzr yhuvlrqv1 Surriv duh
lq wkh Dsshqgl{1

Fruroodu| 7 Dvvxplqj wkdw wkh xwlolw| ixqfwlrq reh|v frqvwdqw devroxwh ulvn dyhuvlrq
lq wkh sureohp lq htxdwlrqv +9/:/ dqg ;,/ wkh frpsdudwlyh vwdwlfv duh
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' f _%A
_^

: f

+5;,

Xqghu ghfuhdvlqj devroxwh ulvn dyhuvlrq/ wkh frpsdudwlyh vwdwlfv duh

__
_b

: Jo 	 f __
_�

: f __
_^

	 f
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: Jo : f _K
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: �

_%A
_b

: f qhdu b ' f _%A
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	 f _%A
_^

: f

+5<,
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6 Ixuwkhu lpsolfdwlrqv
Uhdolvwlf prgl�fdwlrqv ri wkh prgho ohdg wr ixuwkhu lpsolfdwlrqv1 Wzr ri wkhp
duh glvfxvvhg lq wklv vhfwlrq1 Ghulydwlrqv duh rqo| vnhwfkhg ehfdxvh wkh uhvxowv duh
wudqvsduhqw dqg ehfdxvh wkh lpsolfdwlrqv � xqolnh wkh prgl�fdwlrqv � duh qrw uhdolvwlf1
Iru ydulrxv uhdvrq wkhvh surshuwlhv duh uduho| revhuyhg lq frqwudfwv ri lqvxudqfh ri
uhdo surshuw|1

Glvfrqwlqxrxv ghgxfwleoh Frqvlghu wkh frvw ixqfwlrq1 Lw dvvxphv wkdw wkh
frvw ri pdnlqj dq lqghpqlw| UE|� lv d frqvwdqw iudfwlrq bUE|�1 D vwhs wrzdug uhdolvp
lv wr frqvlghu wkdw wkh frvw kdv d �{hg frpsrqhqw dqg lv ri wkh irup � n bUE|�1 Wkh
�{hg frvw kdv wkh lqwhuhvwlqj lpsolfdwlrq wkdw

%�E|� ' f li UE|� ' f

' � n bUE|� li UE|� � f +63,

Wkxv lqghpqlw| lq lwv qrq0}hur udqjh lv

UE|� '
%�E|�� �

� n b
+64,

Dw wkh mrlqlqj srlqw/ zkhuh | ' _/ wkh frqglwlrq %�E_� ' f qr orqjhu dssolhv1 Lqvwhdg/
%�E_� : f/ phdqlqj wkdw wkh lqghpqlw| mxpsv iurp }hur wr vrph srvlwlyh ydoxh1 Wkdw
pdnhv shuihfw vhqvh ehfdxvh rqfh wkh �{hg frvw lv ryhufrph/ wkh lqghpqlw| vkrxog eh
sxvkhg wr wkh srlqw dw zklfk pdujlqdo frvw lv htxdo wr pdujlqdo ydoxh1

Urxqg vkrxoghu Wkh prgho kdv ^ nqrzq zlwk fhuwdlqw|1 Vxssrvh lqvwhdg wkdw
^ lv udqgrp zlwk glvwulexwlrq CE^m|�1 Vxssrvh wkdw ohyhov ri ^ duh qrq frqwudfwleoh/
dqg vxssrvh ixuwkhu wkdw wkh glvwulexwlrq ri ^ lv frpprq nqrzohgjh wr lqvxuhu dqg
folhqw1 Wkhvh duh uhdolvwlf dvvxpswlrqv1 Wkhq wkh sureohp lv dv ehiruh h{fhsw wkdw
d qhz xwlolw| ixqfwlrq pxvw eh xvhg/ qdpho|

��E� � %A n UE|�( |� '

] ^�

^f

�E� � %A �4�?d|c ^o n UE|��_CE^m|� +65,

Wklv xwlolw| ixqfwlrq lv wkh vdph dv � iru | 	 ^f/ exw lw glvsod|v surjuhvvlyho| orzhu
pdujlqdo xwlolw| dv | lqfuhdvlqjo| h{fhhgv ^f dqg jurzv wrzdugv ^�1

<



���E� � %A n UE|�( |� ' ��E� � %A � |n UE|�� li | 	 ^f

	 ��E� � %A � |n UE|�� li ^f 	 | 	 ^�

' f li | � ^� +66,

Dw htxdwlrq +45, wkh ghulydwlrq lv fkdqjhg1 Lw lv vwloo wuxh wkdw wkh pdujlqdo xwlolw|
lv frqvwdqw/ exw wkh lpsolfdwlrq ri frqvwdqw frqvxpswlrq deryh wkh ghgxfwleoh lv qr
orqjhu ydolg1 Zlwk wkh qhz xwlolw| ixqfwlrq/ frqvxpswlrq lv frqvwdqw rq d_c ^fo/ exw
iru | : ^f lw pxvw ghfolqh lq rughu wr vdwlvi| wkh Hxohu htxdwlrq1 Wklv kdsshqv e| d
uhgxfwlrq lq wkh pdujlqdo lqghpqlw| � wkdw lv/ e| d frlqvxudqfh � vwduwlqj dw | ' ^f
dqg ehfrplqj surjuhvvlyho| pruh pdunhg xqwlo dw | ' ^� dqg eh|rqg/ wkh pdujlqdo
lqghpqlw| lv }hur1 Lqvwhdg ri d vkduso| gh�qhg xsshu olplw/ wkh rswlpxp frqwudfw
kdv d urxqg vkrxoghu1

Dfwxdo srolflhv kdyh qhlwkhu ri wkhvh surshuwlhv/ zklfk lv rnd| ehfdxvh rswlpdolw|
iru wkh frqvxphu lv qrw d shuihfw jxlgh wr uhdo lqvxudqfh1 Lqghhg/ rwkhu lpsolfdwlrqv
ri wkh prgho uhtxluh d vlplodu vfuxwlq|1 Vshfl�fdoo|/ pruh wkrxjkw vkrxog eh jlyhq wr
wkh lpsolfdwlrq wkdw wkh ghgxfwleoh lv olqnhg wr wkh xsshu olplw1 Ghvfulswlyh uhdolvp
vxjjhvwv wkdw wkh ghgxfwleoh lv vhogrp lpsruwdqw dqg lq dq| hyhqw qrw olqnhg wr wkh
xsshu olplw lq wkh zd| uhtxluhg e| wkhru|1 Wkh iroorzlqj vhfwlrqv wkhuhiruh ghulyh d
prgho ri lqvxudqfh ri uhdo surshuw| wkdw kdv d �{hg ghgxfwleoh1 Lw wxuqv rxw wkdw wkh
frpsdudwlyh vwdwlfv ri wklv w|sh ri lqvxudqfh duh qrw pxfk gl�huhqw iurp wkrvh ri wkh
ixoo| rswlpxp w|sh1

7 Il{hg ghgxfwleoh
Rswlpxp lqvxudqfh frqwudfwv duh qrw dozd|v wkh ehvw rqhv wr vwxg|1 Lq pdq| sudfwlfdo
lqvwdqfhv wkh ghgxfwleohv duh devhqw ru yhu| vpdoo1 Pruhryhu/ wkh rswlpl}lqj uhodwlrq
ehwzhhq wkh xsshu erxqg wkh ghgxfwleoh lv qrw hqirufhg= zkhq wkh folhqw vd|v kh
zdqwv wr lqvxuh klv krxvh iru '633N/ wkh wkhru| uhtxluhv wkh vhoolqj djhqw wr vd| �Rnd|1
L nqrz |rxu frqyhuvlrq ydoxh lv '683N/ vr wkdw phdqv |rxu ghgxfwleoh lv '83N1� Wkh
djhqw grhv qrw vd| dq| vxfk wklqj ehfdxvh wkh frqyhuvlrq ydoxh lv xqnqrzq wr klp dqg
kh lv/ li dq|wklqj/ orrnlqj wr wkh frqvxphu*v fkrlfh ri xsshu olplw dv dq lqglfdwru ri
lw1 Wkh ghgxfwleoh lv douhdg| vhw lq wkh frqwudfw ru lv frpsxwhg e| duelwudu| irupxod/
iru lqvwdqfh/ dv d iudfwlrq ri wkh xsshu olplw1 Iru wkdw uhdvrq lw lv lqwhuhvwlqj dovr wr
frqvlghu wkh ghpdqg iru lqvxudqfh zkhq wkh ghgxfwleoh lv qrw d yduldeoh1 Wr idflolwdwh
frpsdulvrq/ dgrsw d gl�huhqwldo fdofxoxv iudphzrun1 Frqvlghu frqwudfwv zlwk xsshu
olplwv dqg d �{hg ghgxfwleoh1
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Wkh lqvxudqfh lqghpqlw| lv wkhuhiruh UE|� ' 4�?d| � _c Ko rq E_c A o dqg }hur hovh0
zkhuh1 Zhdowk lq gdpdjh vwdwh | : _ lv

� � %A �4�?d|c ^o n 4�?d|� _c Ko +67,

Wkh remhfwlyh fdq eh zulwwhq

8 E_c K(bc �c ^� '

] _

f

�E� � %A � |�_M

n

] _nK

_

�E� � %A � _�_M n

] A

_nK

�E� � %A �4�?d|c ^o n K�_M +68,

Wkh sureohp lv wr fkrrvh K wr pd{lpl}h h{shfwhg xwlolw| vxemhfw wr wkh frqvwudlqw ri
d ordghg suhplxp

%A ' E� n b�

�] _nK

_

E|� _�_M n K

] A

_nK

_M

�
+69,

Zkhq erwk _ dqg K duh fkrvhq rswlpdoo|/ wkh vroxwlrq lv wkh vdph dv lq wkh suhylrxv
vhfwlrq1 Lq suhvhqw qrwdwlrq lw vdwlv�hv

8_E_c K(bc �c ^� ' f

8KE_c K(bc �c ^� ' f +6:,

Ghqrwh wkh vroxwlrqv dw wkh pd{lpxp e| _Ebc �c ^� dqg KEbc �c ^�1 Wkh remhfwlyh kdv
fulwlfdo srlqwv rwkhu wkdq wkh joredo pd{lpxp � iru lqvwdqfh dw _ ' f/ K ' f/ zkhq
b ' f � exw wkh| duh qrw d frqfhuq khuh1 Dw wkh pd{lpxp/ wkh pdwul{ ri vhfrqg
sduwldov pxvw eh qhjdwlyh vhpl0gh�qlwh1 Lq rughu wr dyrlg qrq0jhqhulf frpsolfdwlrqv/
wklv ghulydwlrq dvvxphv wkdw lv lw qhjdwlyh gh�qlwh51

714 Frpsdulvrq ri wkh prghov

Lqfuhdvhg ulvn dyhuvlrq1 Wkh �qdo wrslf lv wkh h�hfw ri lqfuhdvhg ulvn dyhuvlrq1
Vxssrvh wkdw � dqg 	� duh xwlolw| ixqfwlrqv dqg wkdw 	� lv pruh ulvn dyhuvh= wkdw lv

iru � 5 Efc4�/ 	�E�� � �E��� +6;,

5Ph|hu dqg Ruplvwrq vwxg| vhfrqg0rughu frqglwlrqv lq wkh fdvh wkdw rqo| wkh ghgxfwleoh lv
yduldeoh1 Wkhlu uhvxow lv wkdw wkh remhfwlyh lv txdvl0frqfdyh1 Lw fdqqrw eh h{whqghg wr wkh suhvhqw
vlwxdwlrq ehfdxvh wkh remhfwlyh khuh srvvhvvhv d orfdo plqlpxp dw }hur xqghu idlu sulfhv/ dqg dw
vpdoo srvlwlyh ydoxhv ri e dqg g xqghu srvlwlyh ordglqj1
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Irup d zhljkwhg vxp iru @ 5 dfc �o

�E@(�� ' @	�E�� n E�� @��E�� +6<,

Lw fdq eh fkhfnhg wkdw wkh devroxwh ulvn dyhuvlrq vdwlv�hv

iru @ 5 Efc �o/ �E@c �� : �E��

iru @ 5 Efc ��/ �@E@c �� : f +73,

Fruroodu| 8 Vxssrvh wkdw �E@c�� lv wkh xwlolw| ixqfwlrq lq wkh sureohp lq htxdwlrqv
+68 dqg 69, dqg KE@� lv wkh vroxwlrq1 Wkhq K�Ef� : f1

Surri1 Ohw

8KE@c K� '

] A

_nK

��E@c ��_M � E� n b�

] A

_nK

_M

] A

|'f

��E@c��_M +74,

vr wkdw

8KE@c KE@�� ' f +75,

gh�qhv wkh vroxwlrq ixqfwlrq KE@�1 Wkhq

K�Ef� '
�8K@Efc KEf��

8KKEfc KEf��
+76,

Ehfdxvh wkh KEf� lv dq rswlpxp iru wkh xwlolw| �/ wkh remhfwlyh ixqfwlrq pxvw eh
frqfdyh dqg wkhuhiruh wkh ghqrplqdwru lv qhjdwlyh1 Gl�huhqwldwh wr �qg wkdw wkh
qxphudwru lv

8K@Efc KEf�� '

] A

_nK

��@_M � E� n b�

] A

_nK

_M

] A

|'f

��@_M +77,

Iurp htxdwlrq +6<,

��@E@c�� ' 	��E��� ��E�� +78,

H{sdqg dqg vxevwlwxwh

8K@Efc KEf�� '

] A

_nK

d	�� � ��o_ME�� E� n b�

] A

_nK

_M�

�E� n b�

] A

_nK

_M

�
E	��E� � %A �� ��E� � %A ��

] _nK

f

_M

�
+79,
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Ehfdxvh yrq Qhxpdqq0Prujhqvwhuq xwlolw| lv xqltxh rqo| xs wr d!qh wudqvirupdwlrq/
lw fdq eh dvvxphg zlwkrxw orvv ri jhqhudolw| wkdw

	��E� � %A � ' ��E� � %A � +7:,

Wkh �qdo whup lq htxdwlrq +79, ydqlvkhv1 Doo wkh dujxphqwv lq wkh grpdlq E_n Kc A o
duh iru zhdowkv ohvv wkdq � � %A 1 Wkh pruh ulvn dyhuvh xwlolw| ixqfwlrq kdv kljkhu
pdujlqdo xwlolw| lq wkdw udqjh1 Wkh whup �� E�nb�

U A

_nK
_M lv srvlwlyh ehfdxvh/ zhuh

lw qhjdwlyh/ wkh uhgxfwlrq ri rqh groodu rq E_ n Kc A o zrxog vdyh pruh wkdq d groodu
rq wkh hqwluh grpdlq dfc A o1 Wkhuhiruh

8KkEfc KEf�� : f +7;,

Lw iroorzv wkdw K�Ef� : f1

Sdudphwhuv=

Lq wkh sureohp vwxglhg khuh/ wkh ghgxfwleoh lv �{hg dw 7_ ' _Ebc �c ^�/ dqg dw wkdw
srlqw wkh frqglwlrq iru rswlpxp K lv/

8KE 7_c K(bc �c ^� ' f +7<,

Wkh vroxwlrq dw d pd{lpxp ri wklv sureohp lv ghqrwhg 	KEbc �c ^( 7_�1 Wkhuh duh rwkhu
vroxwlrqv wr wkh �uvw0rughu frqglwlrqv/ uhsuhvhqwlqj orfdo plqlpd zlwk orz ohyhov ri
wkh xsshu olplw/ exw wkh irfxv khuh lv vroho| rq wkh pd{lpxp1 Wkh orfdo ehkdylru ri
	K dw wkh pd{lpxp lv jlyhq lq wkh xvxdo zd| e|

	Kb ' �8Kb

8KK

+83,

Wkurxjk wkh dvvxpswlrq rq wkh pdwul{ ri vhfrqg sduwldov/ 8KK 	 f1 Lw lv vkrzq lq wkh
dsshqgl{ wkdw wkh sxuh sulfh h�hfw ri b rq 8K lv qhjdwlyh vr wkdw iru FDUD xwlolw|
dqg prghudwh ghjuhhv ri GDUD xwlolw|/ 8Kb 	 f1 Lw lv frqfhlydeoh/ dv xvxdo/ wkdw wkh
lqfrph h�hfw ri d kljk ghjuhh ri GDUD zrxog ryhuzkhop wkh sulfh h�hfw dqg fkdqjh
wkh vljq ri 8Kb/ exw wkdw fdvh lv qrw frqvlghuhg khuh1 Wkxv 	Kb lv qhjdwlyh1

Wkh pdlq �qglqj lv wkdw 	KEbc �c ^( 7_� dqg KEbc �c ^� kdyh vlplodu ehkdylru lq wkh
qhljkerukrrg ri wkh srlqw Ebc �c ^( 7_�1 Vwduw zlwk frlqvxudqfh udwh b1 Wkh ghulydwlyhv
ri vroxwlrqv wr wkh ixoo| rswlpl}hg v|vwhp duh frqqhfwhg e| wkh htxdwlrq +dprqj
rwkhuv,

8K__b n 8KKKb ' �8Kb +84,
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Glylglqj wkurxjk e| 8KK dqg vxevwlwxwlqj iurp htxdwlrq +83, jlyhv

	Kb ' Kb n _b
8_K

8KK

+85,

Wr wklv srlqw wkh ghulydwlrq xvhv qr idfwv vshfl�f wr wkh vlwxdwlrq xqghu vwxg|1 Wkh
vdolhqw idfw iurp suhylrxv vhfwlrqv lv wkdw wkh rswlpxp vdwlv�hv K n _ ' ^/ zklfk
lpsolhv

Kb ' �_b +86,

Wkh frqvhtxhqfh lv wkdw

	Kb ' KbE�� 8_K

8KK

� +87,

Iurp fruroodu| 7/ lw lv nqrzq wkdw wkh xqfrqvwudlqhg vroxwlrq vdwlv�hv Kb 	 f/ dqg iurp
htxdwlrq +83, dqg wkh hqvxlqj glvfxvvlrq wkh frqvwudlqhg vroxwlrq lv dovr qhjdwlyh1
Wkhuhiruh/ wkh pxowlsolhu frqqhfwlqj 	Kbdqg Kb lq htxdwlrq +87, pxvw eh srvlwlyh1

Wkh uhpdlqlqj wdvn lv wr vkrz wkdw wkh pxowlsolhu lv ohvv wkdq xqlw|1 Wkh idfw
wkdw 8_K 	 f/ zkhq wkh xwlolw| ixqfwlrq srvvhvvhv frqvwdqw devroxwh ulvn dyhuvlrq
+FDUD, ru ghfuhdvlqj devroxwh ulvn dyhuvlrq +GDUD, lv vkrzq lq wkh dsshqgl{1
Wkxv 8_K

8KK
lv srvlwlyh dqg/ iurp wkh srvlwlylw| ri wkh pxowlsolhu/ lw lv ohvv wkdq xqlw|1

Wkxv wkh pxowlsolhu lq htxdwlrq +87, pxvw eh d srvlwlyh qxpehu dqg ohvv wkdq xqlw|1
Vxppdul}lqj wkh uhvxowv vr idu/ wkh h�hfw ri lqfuhdvhg ordglqj lv wr uhgxfh wkh xsshu
olplw rq lqvxudqfh1 Lq wkh fdvh ri �{hg ghgxfwleoh/ wkh uhgxfwlrq lv ohvv1

Wxuqlqj wr wkh h�hfw ri lqfuhdvhg htxlw| �/ wkh ghulydwlrq lv wkh vdph dv idu dv wkh
uhvxowv

	K� ' �8K�

8KK

+88,

dqg

	K� ' K�E�� 8_K

8KK

� +89,

Wkh vshfl�f lqirupdwlrq qhhghg khuh lv/ dv vkrzq lq wkh dsshqgl{/ lq wkh fdvh ri
GDUD/

8K� 	 f +8:,

Lq fdvh ri FDUD/ wkh ydoxh lv }hur1 Wkdw phdqv 	K� 	 f lq GDUD dqg 	K� ' f lq
FDUD1 Ehfdxvh wkh whup lq sduhqwkhvhv lq htxdwlrqv +87, dqg +89, lv nqrzq wr eh
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srvlwlyh dqg ohvv wkdq xqlw|/ K� dqg 	K� duh }hur xqghu FDUD dqg qhjdwlyh xqghu
GDUD1 Pruhryhu/ xqghu GDUD wkh uhvsrqvh ri wkh frqvwudlqhg 	K� lv ohvv wkdq wkdw
ri wkh xqfrqvwudlqhg K�1

Yduldwlrq lq wkh frqyhuvlrq srlqw lv voljkwo| gl�huhqw ehfdxvh wkh frqglwlrq wkdw
_n K ' ^ wudqvodwhv wr

_^ n K^ ' � +8;,

Frqvhtxhqwo| wkh hqglqj irupxodv duh

	K^ ' �8K^

8KK

+8<,

	K^ '
8_K

8KK

n K^E�� 8_K

8KK

� +93,

Iurp fruroodu| 7/ wkh vljq ri K^ lv srvlwlyh1 Wkhq wkh vljq ri 	K^ lv dovr srvlwlyh ehfdxvh
hdfk ri wkh dgglwlyh frpsrqhqwv lv1 Xqghu FDUD/ K^ ' � dqg frqvhtxhqwo|/ iurp
wkh suhfhglqj htxdwlrq 	K^ ' �1 Xqghu GDUD/ K^ : � dqg K^ : 	K^ : �1 Wkxv/
djdlq/ wkh uhvsrqvh ri wkh frqvwudlqhg xsshu olplw lv lq wkh vdph gluhfwlrq/ exw ri
ohvvhu pdjqlwxgh/ wkdq wkh uhvsrqvh ri wkh xqfrqvwudlqhg xsshu olplw1

8 Frqfoxglqj uhpdunv
Wkh txhvwlrq ri zk| lqvxudqfh frqwudfwv kdyh xsshu olplwv zdv rqfh d sx}}olqj rqh1
Lq vrph dssolfdwlrqv/ dq dgyhuvh vhohfwlrq dujxphqw dssolhv/ wkdw lv/ lqvxuhuv lpsrvh
xsshu olplwv wr vfuhhq rxw edg ulvnv1 Wkh dujxphqw grhvq*w zrun iru lqvxudqfh ri
uhdo surshuw| ehfdxvh wkhuh w|slfdoo| lw lv wkh folhqw zkr ghwhuplqhv wkh xsshu olplw1
Lqvwhdg/ wkh uhdvrq iru xsshu olplwv lv wkdw orvv ri zhdowk lv erxqghg dqg pd| eh pxfk
ohvv wkdq wkh frvw wr uhsdlu gdpdjh1 Vfuxsxorxv frqvxphuv gr qrw zdqw lqvxudqfh
iru gdpdjh eh|rqg wkh srlqw dw zklfk orvv ri zhdowk fhdvhv/ dqg suxghqw lqvxuhuv gr
qrw zdqw wr vxsso| lw1

Zk| duh frqwudfwv zulwwhq iru gdpdjh dqg qrw iru orvv ri zhdowkB Wkh uhdvrq lv
wkdw gdpdjh lv phdvxudeoh/ wdqjleoh/ dqg wkhuhiruh frqwudfwleoh1 Gdpdjh � wkh frvw
wr uhvwruh surshuw| wr lwv suh0gdpdjh frqglwlrq � lv uhodwlyho| hdv| wr hvwlpdwh/ dqg
lw fdq eh dvvhvvhg e| phwkrgv wkdw gr qrw ydu| pxfk iurp rqh lqvwdqfh wr dqrwkhu1
Lq frqwudvw/ orvv ri zhdowk lv d qhexorxv frqfhsw ehfdxvh ri xqfhuwdlqw| derxw wkh
frqyhuvlrq srlqw1 Uhvroylqj wkh xqfhuwdlqw| lv frvwo|1 D pruh sx}}olqj txhvwlrq lv
zk| lqvxudqfh frqwudfwv duh qrw zulwwhq frqwlqjhqw rq frqyhuvlrq1 Zk| qrw pdnh dq
h{solflw olqn ehwzhhq lqghpqlw| dqg wkh uhdol}hg frqyhuvlrq ydoxh lqvwhdg ri uho|lqj
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rq dq xsshu olplwB Wkh uhdvrq pxvw eh wkdw frqyhuvlrq ydoxhv fdqqrw eh vshfl�hg lq
d zd| wkdw pdnhv wkh frqwudfwv hqirufhdeoh1 Wkh frqyhuvlrq ydoxh lv qhyhu nqrzq lq
d zd| wkdw frxog eh hqirufhg e| dq lpsduwldo frxuw ri odz1

Wkhvh srlqwv duh looxplqdwhg e| pdnlqj d frqwudvw1 Lq wkh forvho| dvvrfldwhg fdvh
ri dxwrpreloh froolvlrq lqvxudqfh/ frqyhuvlrq ydoxhv duh lq h�hfw frqwudfwleoh1 Vlqfh
wkh fdu grhv qrw rffxs| d slhfh ri odqg/ wkh dvvrfldwhg odqg ydoxh lv }hur1 Pruh0
ryhu/ wkh ydoxh ri wkh fdu lv nqrzq iurp wkh vr0fdoohg �eoxh0errn� ydoxhv/ zklfk duh
edvhg xsrq qxphurxv wudqvdfwlrqv lq fduv ri hyhu| pdnh/ prgho/ |hdu/ dqg frqglwlrq1
Zlwklq wkh froolvlrq frqwudfw wkh folhqw grhv qrw fkrrvh dq xsshu olplw1 Wkh xsshu
olplw lv xqghuvwrrg e| frqwudfw wr eh wkh ixwxuh eoxh0errn ydoxh/ d udqgrp yduldeoh
zkrvh uhdol}hg ydoxh fdq eh hqirufhg e| dq ixwxuh frxuw1 Ixuwkhu gdpdjh fdq rffxu
diwhu wkh pd{lpxp orvv ri zhdowk lv uhdfkhg/ dv kdsshqv zkhq d fdu zruwk '5333
lq wkh eoxh errn uhfhlyhv gdpdjh wkdw zrxog frvw '7333 wr uhsdlu1 Wkh dxwrpreloh
froolvlrq frqwudfw fryhuv wklv vlwxdwlrq zlwkrxw gl!fxow|1 Lq frqwudvw/ wkhuh duh qr
eoxh errn ydoxhv iru krphv dqg ydfdqw odqg/ dqg lqvxudqfh frqwudfwv iru uhdo surshuw|
duh qrw frqwlqjhqw rq frqyhuvlrq ydoxhv1

D txhvwlrq udlvhg lq wkh lqwurgxfwlrq lv zkdw prgho ri lqvxudqfh ri uhdo surshuw| lv
prvw dssursuldwh iru ixuwkhu uhvhdufk rq wkh h�hfwv ri edfnjurxqg ulvnvB Frlqvxudqfh
prghov duh qrw dwwudfwlyh ehfdxvh wkhuh lv olwwoh frlqvxudqfh lq sudfwlfdo lqvxudqfh ri
uhdo surshuw| dqg qrqh lq wkh rswlpxp frqwudfw1 Wkh ixoo| rswlpxp frqwudfw lwvhoi
kdv xquhdolvwlf ihdwxuhv vxfk dv glvfrqwlqxrxv ghgxfwleohv/ urxqg vkrxoghuv/ dqg d
wljkw olqn ehwzhhq wkh xsshu olplw dqg wkh ghgxfwleoh1 Wkdw wljkw olqn grhv qrw h{lvw
lq sudfwlfh ehfdxvh qhlwkhu wkh lqvxuhu qru wkh folhqw nqrzv zlwk dq| dffxudf| zkdw
wkh frqyhuvlrq srlqw zloo eh dw wkdw odwhu wlph/ li dq|/ zkhq wkh lqvxuhu pxvw sd|
wkh lqghpqlw|1 Frpsduhg wr wkh ixoo| rswlpxp prgho/ wkh �{hg0ghgxfwleoh prgho lv
pruh uhdolvwlf lq dsshdudqfh dqg kdv hvvhqwldoo| wkh vdph frpsdudwlyh vwdwlfv1 Vwxg|
ri lqvxudqfh ri uhdo surshuw| xvlqj wkh �{hg0ghgxfwleoh prgho lv xqghuwdnhq lq Jduudww
dqg Pduvkdoo +4<<<D,1

9 Dsshqgl{
Surri1 ^Surri ri Fruroodu| 7` Wzr htxdwlrqv olqn _/ %A / dqg b/ qdpho|/ iurp htxdwlrq
+4:, dqg rwkhu sduwv ri wkh ghulydwlrq

��E� � %A � _�E
�

� n b
��

] A

f

��E� � %A �4�?d|c _o�_M ' f +94,

Wkh rwkhu frqglwlrq lv/ iurp wkh gh�qlwlrq ri wkh whuplqdo ydoxh %A / wkh suhplxp/

E� n b�

] A

_

E4�?d|c ^o� _�_M � %A ' f +95,
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Wkh sureohp kdv wkh irup

a�E_c %A (bc �c ^� ' f

a2E_c %A (bc �c ^� ' f +96,

dqg frpsdudwlyh vwdwlfv frph iurp wkh v|vwhp=

�
__
_%A

�
'

�

a��a22 � a�2a2�

�
a22 �a�2
�a2� a��

�
�
� �a�� �a�e �a�D
�a2� �a2e �a2D

�
�
5
7 _b

_�
_^

6
8 +97,

Wr ehjlq/ wkhq

a�� ' ����E� � %A � _�

�
�

� n b
�
] A

_

_M

�

a�2 ' ����E� � %A � _�
�

� n b
n

] A

f

���E� � %A �4�?d|c _o�_M

a2� ' �E� n b�

] A

_

_M

a22 ' ��

Wkh frh!flhqw a�� ' f li b ' f ehfdxvh wkh rswlpxp ghgxfwleoh wkhuh lv }hur1
Rwkhuzlvh/ wkh vljq ri a�� lv srvlwlyh iru doo b : f/ zklfk lv d frqvhtxhqfh ri wkh idfw
wkdw

�

� n b
�
] A

_

_M : f +98,

Vxssrvh iru sxusrvhv ri frqwudglfwlrq wkdw wkh txdqwlw| lv qhjdwlyh1 Wkhq lw frxog
eh uhzulwwhq dv

� 	 E� n b�

] A

_

_M +99,

Zlwk ordglqj b/ wkh uljkw kdqg whup lv wkh vdylqj lq fhuwdlqw| grooduv ri d rqh groodu
uhgxfwlrq lq lqvxudqfh fryhudjh rq wkh lqwhuydo d_c A o1 Vlqfh wkh vdylqj lv pruh wkdq
d fhuwdlqw| groodu/ wkh frqvxphu zrxog fkrrvh wr uhgxfh fryhudjh1 Wkhuhiruh wklv fdq
qhyhu kdsshq lq dq rswlpxp1

Wkh vljq ri a�2 uhtxluhv vwxg|1 Lw wxuqv rxw wkdw lq FDUD/ a�2 ' f/ dqg lq
GDUD/ a�2 : f1 Vhh wkdw e| ghqrwlqj devroxwh ulvn dyhuvlrq e|

�E�� '
����E��

��E��

4:



dqg xvlqj lw wr uhzulwh dv

a�2 ' ���E� � %A � _��E� � %A � _�
�

� n b
+9:,

n

] A

f

�E� � %A �4�?d|c _o���E� � %A �4�?d|c _o�_M +9;,

Xqghu FDUD/ wkh �*v duh wkh vdph dqg wkh txdqwlw| lv

a�2 ' �E� � %A � _� �
�
��E� � %A � _�

�

� n b
�
] A

f

��E� � %A �4�?d|c _o�_M

�
+9<,

Iurp wkh frqglwlrq ri htxdwlrq +94, lw iroorzv wkdw a�2 ' f1 Rq wkh rwkhu kdqg/
xqghu GDUD wkh frh!flhqw lv

a�2 ' �E� � %A � _� �
�
��E� � %A � _�

�

� n b
�
] A

f

�E� � %A �4�?d|c _o�

�E� � %A � _�
��E� � %A � |�_M

�
+:3,

Frpsduh wkh whup lq vtxduh eudfnhwv wr wkh frqglwlrq ri htxdwlrq +94,1 Wkh| gl�hu
rqo| lq wkh suhvhqfh ri wkh idfwru xqghu wkh lqwhjudo vljq/ dqg wkdw idfwru lv qhyhu
juhdwhu wkdq xqlw| dqg vrphwlphv lv ohvv1 Wkxv a�2 lv d srvlwlyh qxpehu dqg lv pruh
srvlwlyh dv devroxwh ulvn dyhuvlrq ghfuhdvhv pruh udslgo|1

Wkh rwkhu whupv duh

a�� '
���E� � %A � _�

E� n b�2

a�e ' ���E� � %A � _�
�

� n b
�
] A

f

���E� � %A �4�?d|c _o�_M

a�D ' f

a2� '

] A

_

E4�?d|c ^o� _�_M + ' � E_�/ wkh idlu suhplxp,

a2e ' f

a2D ' E� n b�

] A

^

_M

Qrwh wkdw a�e lv wkh qhjdwlyh ri a�2 dqg frqvhtxhqwo| lw lv }hur lq FDUD/ qhjdwlyh lq
GDUD/ dqg pruh qhjdwlyh dv ulvn dyhuvlrq ghfuhdvhv pruh udslgo|1 Rwkhu vljqv duh
wudqvsduhqw1
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Wkh ghwhuplqdqw iru wkh pdwul{ ri �uvw sduwldov/ ghqrwhg { ' a��a22 � a�2a2�/
uhgxfhv wr

{ ' ���E� � %A � _�E� n b�

�
�

E� n b�
�
] A

_

�E|�_|

�2
n

E� n b�

] A

_

�E|�_|

] _

f

���E� � %A � |��E|�_| +:4,

Hdfk dgglwlyh whup lv qrq srvlwlyh dqg wkhuhiruh { lv qrq srvlwlyh1 Lw lv qhjdwlyh
h{fhsw lq wkh vshfldo fdvh wkdw b ' f dqg FDUD1 Lq wkdw fdvh/ { lv }hur ehfdxvh
wkh ghgxfwleoh lv }hur dqg wkh frqglwlrq lq htxdwlrq +94, lv ydfxrxv1 Wkh rwkhu
frqglwlrq � htxdwlrq +95, � jryhuqv1 Vlqfh wkh vlqjxodu fdvh lv udwkhu wulyldo/ lw lv
qrwhg lqiuhtxhqwo| ehorz1 Doo vwdwhphqwv h{foxgh wkh fdvh lq zklfk erwk FDUD dqg
b ' f duh suhvhqw1

Wkh h�hfw ri lqfuhdvhg ordglqj lv

__

_b
'

�

{
E�a22a�� n a�2a2�� +:5,

Wkh �uvw dgglwlyh whup lv qhjdwlyh/ dqg xqghu FDUD wkh vhfrqg whup lv }hur1 Vlqfh
{ lv qhjdwlyh/ wkh sxuh sulfh h�hfw lv/ dv h{shfwhg srvlwlyh1 GDUD pdnhv wkh vhfrqg
dgglwlyh whup lq sduhqwkhvhv lqwr d qhjdwlyh txdqwlw|/ whqglqj wr r�vhw wkh sxuh sulfh
h�hfw1 Li ulvn ghfuhdvhv wrr idvw/ wkh orvv ri zhdowk iurp lqfuhdvhg ordglqj vwlpxodwhv
ulvn dyhuvlrq vr pxfk wkdw pruh lqvxudqfh lv ghpdqghg/ qrw ohvv1 Dowkrxjk wkh vljq
frxog ehfrph qhjdwlyh/ wkh sudfwlfdo suhvxpswlrq lv wkdw lqfuhdvhg ordglqj udlvhv wkh
ghgxfwleoh1

Wkh h�hfw ri pruh ordglqj rq wkh suhplxp lv dovr dpeljxrxv/ dqg wklv wlph
dvvxpswlrqv derxw ulvn dyhuvlrq duh qrw foduli|lqj

_%A
_b

'
�

{
Ea2�a�� � a��a2�� +:6,

Wkh �uvw whup lq sduhqwkhvhv lv srvlwlyh1 Wkh vhfrqg whup lv qhjdwlyh/ exw dw b ' f
wkh a�� whup ydqlvkhv dv glvfxvvhg deryh dqg vr grhv wkh vhfrqg dgglwlyh whup1 Wkxv
dw b ' f/ wkh qhw vljq lv qhjdwlyh ehfdxvh { 	 f1 E| frqwlqxlw|/ wkh uhvxow krogv lq
vrph qhljkerukrrg ri }hur1

Fkdqjlqj htxlw| ydoxh � kdv rqo| zhdowk h�hfwv1 Lq sduwlfxodu

__

_�
'

a�e
{

+:7,

ehfdxvh a2e lv }hur1 Wkh whup a�e lv }hur xqghu FDUD dqg wkhuhiruh/ devhqw d zhdowk
h�hfw/ wkh ghgxfwleoh lv xqfkdqjhg1 Xqghu GDUD/ wkh h{suhvvlrq lq sduhqwkhvhv lv
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qhjdwlyh1 Wkhuhiruh wkh qhw h�hfw lv srvlwlyh1 Lqfuhdvhg htxlw| udlvhv zhdowk/ orzhuv
ulvn dyhuvlrq/ dqg khqfh udlvhv wkh ghgxfwleoh/ d sxuh zhdowk h�hfw1

Wkh h�hfw ri htxlw| rq suhplxp lv

_%A
_�

'
a2�a�e
{

+:8,

Iurp wkh qrwhv rq a�e/ wkh h�hfw lv qxoo xqghu FDUD dqg qhjdwlyh xqghu GDUD/ lq
dffrug zlwk wkh dqdo|vlv ri wkh ghgxfwleoh1

Wkh h�hfwv ri ydu|lqj wkh frqyhuvlrq ydoxh duh vlplodu1

__

_^
'

a�2a2D
{

+:9,

Wkh h�hfw lv }hur xqghu FDUD dqg qhjdwlyh xqghu GDUD1 Wkh lqwhusuhwdwlrq lv wkdw
udlvlqj wkh frqyhuvlrq ydoxh udlvhv wkh ulvn dqg uhgxfhv h{shfwhg zhdowk1 Wkh GDUD
frqvxphu lv srruhu dqg wkhuhiruh pruh ulvn dyhuvh/ ohdglqj wr ghfuhdvhg ghgxfwleoh1
Ilqdoo|/ wkh h�hfw rq wkh suhplxp lv xqdpeljxrxv

_%A
_^

'
�a��a2D

{
+::,

Wkh h�hfw lv dozd|v srvlwlyh1 Lqwxlwlyho|/ wkh lqfuhdvh lq h{srvxuh dozd|v lqgxfhv dq
lqfuhdvhg h{shqglwxuh rq suhplxp1 Wkdw frpsohwhv wkh surri1

Wkh uhvxowv iru wkh xsshu olplw duh irxqg iurp wkurxjk wkh htxdwlrq K ' ^ � _1
Wkh pdlqo| lqwhuhvwlqj rqhv duh/ iru wkh fdvh ri GDUD/

_K

_b
	 f

_K

_�
	 f

_K

_^
: �� +:;,

Vljqv ri vrph furvv sduwldov= Wkh remhfwlyh lv

8 E_c K(bc �c ^� '

] _

f

�E� � %A � |�_M n

] _nK

_

�E� � %A � _�_M

n

] A

_nK

�E� � %A �4�?d|c ^o n K�_M +:<,
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zkhuh

%A ' E� n b�

�] _nK

_

E|� _�_M n K

] A

_nK

_M
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+;3,

8KE_c K(bc �c ^� ' ��E� � %A � ^ n K�

] A

_nK

_M � E� n b�

] A

_nK

_M �
] A

f

��E�_M +;4,

8_E_c K(bc �c ^� ' ���E� � %A � _�

] _nK

_

_M n E� n b�

] _nK

_
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�] _nK

f

��E�_M n

] A

_nK

��E�_M
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+;5,

8_K 	 f
Iurp wkh suhylrxv htxdwlrq/

8_KE_c K(bc �c ^� ' ���E� � %A � _��E_n K� n E� n b��E_n K� �
�] _nK

f

��E�_M n

] A

_nK

��E�_M
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nE� n b�
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_

_M �
] A
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���E�_M
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���E� � %A � _�_M � E� n b�

] _nK

_

_M �
] A

f

���E�_M

� �
E� n b�

] _nK

_

_M

�
+;6,

Iurp htxdwlrq +;5, wkh �uvw olqh lv }hur1 Wkh plggoh olqh lv qhjdwlyh1 Xvlqj �E�
iru devroxwh ulvn dyhuvlrq/ wkh odvw olqh lv

�
%
�E� � %A � _���E� � %A � _�

U _nK

_
_M

�E� n b�
U _nK

_
_M � U A
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�E���E�_M
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E� n b�

] _nK

_

_M

�
' f +;7,

Xqghu GDUD/ � lv d pd{lpxp dw � � %A � _/ dqg e| frpsdulvrq wr htxdwlrq +;5,/
wkh �uvw h{suhvvlrq lq vtxduh eudfnhwv lv srvlwlyh1 Wkxv wkh zkroh odvw olqh lv qhjdwlyh
dqg 8_K 	 f xqghu FDUD dqg GDUD1

8Kb 	 f h{fhsw zkhq GDUD lv wrr odujh Iurp htxdwlrq +;4,/

8KbE_c K(bc �c ^� '
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���E� � %A � ^ n K�

] A
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] A
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Wkh odvw whup lv qhjdwlyh/ wkh sulfh h�hfw1 Xqghu FDUD/ wkh �uvw whup lv vtxduh
eudfnhwv lv

�
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��E� � %A � ^ n K�

] A

_nK

_M � E� n b�

] A

_nK

_M �
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f

��E�_M
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+;9,

ehfdxvh lwv lv wkh vdph dv wkh �uvw rughu frqglwlrq ri htxdwlrq +;4,1 Pruh jhqhudoo|/
wkh whup lv�

�E� � %A � ^ n K���E� � %A � ^ n K�

] A

_nK

_M � E� n b�

] A

_nK

_M �
] A �

f

�E���E�_M

�
+;:,

Xqghu GDUD/ � lv d pd{lpxp dw � � %A � ^ n K ' � � %A � _1 Wkhuhiruh wkh whup
lv srvlwlyh/ dqg lw lv pruh srvlwlyh dv wkh ghfuhdvh lq ulvn dyhuvlrq lv pruh udslg1 Lq
h{wuhph fdvhv/ wkh lqfrph h�hfw pljkw ryhufrph wkh sulfh h�hfw1 Rwkhuzlvh/ 8Kb 	 f1

8K� 	 f xqghu GDUD dqg ' f xqghu FDUD Iurp htxdwlrq +;4,/

8K�E_c K(bc �c ^� ' ���E� � %A � ^ n K�

] A

_nK

_M � E� n b�

] A

_nK

_M �
] A

f

���E�_M +;;,

Vxevwlwxwlqj iru devroxwh ulvn dyhuvlrq �/

8K�E_c K(bc �c ^� '

�
%
�E� � %A � ^ n K���E� � %A � ^ n K�

U A

_nK
_M

�E� n b�
U A

_nK
_M � U A

f
�E���E�_M

&
+;<,

Xqghu GDUD/ � lv d pd{lpxp dw ��%A � ^n K ' ��%A �_1 E| frpsdulvrq wr wkh
�uvw0rughu frqglwlrq ri htxdwlrq +;4,/ wkh h{suhvvlrq lq eudfnhwv lv srvlwlyh1 Xqghu
FDUD lw lv }hur1 Wkxv wkh uhvxow1

Uhihuhqfhv
^4` Jduudww/ U1 dqg M1 P1 Pduvkdoo/ 4<<9/ Lqvxudeoh Lqwhuhvw/ Rswlrqv wr Frqyhuw/

dqg Ghpdqg iru Xsshu Olplwv lq Rswlpxp Surshuw| Lqvxudqfh/ Mrxuqdo ri Ulvn
dqg Lqvxudqfh/ 96= 4;805391

^5` Duurz/ N1M1/ 4<:6/ 111111111DHU

^6` Pduvkdoo/ M1P1/ 4<<5/
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^7` Pduvkdoo/ M1P1/ 4<:9/ Uhvhuyhv yhuvxv Pxwxdolw|111 Hfrqrplf Lqtxlu|1

^8` Ph|hu/ M1 dqg P1E1 Ruplvwrq/ 4<<</ Dqdo|}lqj wkh Ghpdqg iru Ghgxfwleoh Lq0
vxudqfh/ Mrxuqdo ri Ulvn dqg Xqfhuwdlqw|/ 4;= 556�5631

^9` Jduudww/ U1 dqg M1 P1 Pduvkdoo/ 4<<</ H{foxvlrqv dqg wkh Ghpdqg iru Surshuw|
Lqvxudqfh/ plphr1

^:` Jroolhu/ F1/ 4<<9/ 1111Mrxuqdo ri Ulvn dqg Lqvxudqfh�

^;` Jroolhu/ F1/ 4<;:/ Wkh Ghvljq ri Rswlpdo Lqvxudqfh zlwkrxw wkh Qrqqhjdwlylw|
Frqvwudlqwv rq Fodlpv/ Mrxuqdo ri Ulvn dqg Lqvxudqfh/ 87= 64506571

^<` Slfdug hw do1

^43` Ndplhq/ P1 L1 dqg Q1 O1 Vfkzduw}/ 4<<4/ G|qdplf Rswlpl}dwlrq/ wkh Fdofxoxv ri
Yduldwlrqv/ dqg Rswlpxp Frqwuro lq Hfrqrplfv dqg Pdqdjhphqw/ 5qg Hglwlrq/
Qrukw0Kroodqg/ Qhz| \run/ 4<<41

^44` Udyly/ D1/ 4<:</ Wkh Ghvljq ri dq Rswlpdo Lqvxudqfh Srolf|/ Dphulfdq Hfrqrplf
Uhylhz/ 9<= ;70<91
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