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Abstract:

Empirical studies have shown little evidence to support the presence of all unit roots

present in the Az filter in quarterly seasonal time series. This paper analyses the
performance of the Hylleberg, Engle, Granger and Yoo (1990) (HEGY) procedure when
the roots under the null are not all present. We exploit the Vector of Quarters representation

and cointegration relationship between the quarters  when factors

2 2 2 3
(L-L)@+ L)’(“ L )(1_L ) and (1+ L+L"+L ) are a source of nonstationarity in a

process in order to obtain the distribution of tests of the HEGY procedure when the

underlying processes have a root at the zero, Nyquist frequency, two complex conjugates of

frequency 7 /2 and two combinations of the previous cases. We show both theoretically

and through a Monte-Carlo analysis that the t-ratios L, and b, and the F-type tests used in
the HEGY procedure have the same distribution as under the null of a seasonal random
walk when the root(s) is/are present, although this is not the case for the t-ratio tests

associated with unit roots at frequency 7 12

Key words: Seasonality, Vector of Quarters, unit root tests, HEGY tests
JEL classification: C22, C12.

Resumen:

Existe poca evidencia empirica que apoye el supuesto de que todas las raices del filtro Ay

estén presentes en las series temporales trimestrales. Este trabajo analiza el funcionamiento
del procedimiento propuesto por Hylleberg, Engle, Granger and Yoo (1990) (HEGY)
cuando no todas las raices unitarias bajo la hipotesis nula estan presentes. Explotando la
representacion multivariante de las series temporales y las relaciones de cointegracion

existentes entre los trimestres de las series cuando los siguientes filtros

@-L)@+L) (1+ LZ)(l_ LZ) y (1+ L+L%+ L3) son la fuente de no estacionariedad de los

procesos, para poder obtener la distribucion de los contrastes del procedimiento HEGY

cuando los procesos analizados tienen raices en la frecuencia cero, “Nyquist”, dos

conjugadas complejas en la frecuencia 7l2 y dos combinaciones de los casos previos.



Mostramos analiticamente y mediante ejercicios de simulacién que los contrastes tipo t

tﬁly t’?zy los tipo F usados en el procedimiento HEGY tienen la misma distribucién que
bajo la hipétesis nula general consistente en que la serie analizada sigue un paseo aleatorio

estacional cuando la raiz o raices estan presentes, pero este no es caso para los contrastes

tipo t asociados a las raices unitarias de la frecuencia 7l2



1.- Introduction.

This paper derives the distribution of Hylleberggte, Granger and Yoo
(1990) or HEGY seasonal unit root test statistidsetlver or not thedata
generating proces§DGP) of the time series admits unit roots at tleeoz
Nyquist (frequencyr7) or complex conjugates associated with frequemnf@y
Under the null hypothesis considered by HEGY, timetseries follows a
guarterly seasonal random walk:

Ysr = ¥Ysra tUg; S= 1,234, 1=1,2,---,N (1)
where, for observatiory,, the first subscript refers to the seasgnand the
second subscript to the year)(Whens = 1, it is understood that, ,, =y, ..
Also for ease of presentation, we assume that vasens are available for
preciselyN years, and so the total sample siz& s 4N. The seasonal random

walk requires the use of the seasonal differenezatpr A, = (1— L4) (whereL
is the usual lag operatd?ysﬁys_k,,), hence four unit roots are present in the

process.
Empirical studies have shown little evidenceuport the presence of all

the unit roots ofA,(see, among others, Ghysels and Osborn (2001), and

Hylleberget al (1993)). As Rodrigues and Taylor (2004a) state stbstantial

body of empirical evidence .... supports the viewt thkaasonal patterns in



macroeconomic time series evolve slowly over timspldying unit root
behavior at some, but not necessarily all the sedg$requencies”(pp 36) .

To our knowledge only Boswijk and Franses (199Rylor (2003),
Smith and Taylor (1999), del Barrio Castro (2006y alel Barrio Castro and
Osborn (2004) analyze seasonal unit root tests wenoots under the null are
not all present. Boswijk and Franses (1996) obthi& distribution of the
Dickey, Haza and Fuller (1984) (DHF) test statistleen the underlying process

is periodically integratedRl) (ys, =asYe,, +& With a,a,a,0,=1) and
therefore also as a specific case of a random (valk-1 process (2.1)). Taylor

(2003) obtains the distribution of the DHF testistec when applied to process
(2.1), while del Barrio Castro (2006) extended tbsult to processes (2.2) to
(2.5). Del Barrio Castro and Osborn (2004) preseatdistribution of the tests
used in the HEGY procedure when the underlying ggscis a periodic
integrated IPl) process and also for a standard random walk pso¢2.1).
Finally, Smith and Taylor (1999) present a chamation theorem which
clarifies the null and alternative sub-hypothedest &re tested by the HEGY
procedure for a gener8. Using the characterization theorem as a basiy, the
show that HEGY coefficients at complex frequena@asnot be identified with
phase and length restrictions when there are nat naots at all other

frequencies and/or when the shocks are seriallelzted.



This paper presents the distribution tefatio and F-type tests of the

HEGY procedure when the DGP of the time serienesaf the following:

Ysr = Ys10 T U (2.1)

Ysr =~ VYsur T Ug (2.2)

Yoo = VYs2r TUg (2.3)

Ysr = ¥Ys-2r TUs (2.4)

Ysr = Ysar ~ Ysar ~ Ysoar T Us (2.5)

The error process in (2.1) and (2.5) follow a stsdry AR(p) process
AL =&, whereg{z)=1-3"" g7z (the roots ofg(z) =0 all lie outside the
unit circle M =1). And the innovation proces{sssr} Is a martingale difference

sequence (MDS) with constant conditional variangé(see Fuller (1996)
Theorem 5.3.3 for details).

The paper is organized as follows. In the firsttism, we present the
preliminary results that are needed in order taaiobthe distribution of the
HEGY tests when the DGP is one of the set (2.1210). In the second section,
the distribution of the test statistics is shown tfze five cases under study. In
the third, some Monte-Carlo results are given wimléhe fourth, we present the
conclusions.

In the paper, we show that the distributiornt-gditio tests associated with

the zero and Nyquist frequency and F-type testscaed with frequency72



are pivotal when all or some of the unit roots ¢hher frequencies are not
present, regardless of any serial correlation ok laf serial correlation in the
shocks. This is not the case, however, for t-regsts associated with frequency
712, because when the shocks are not serially coecelate obtain a pivotal
distribution in the case of process (2.3) but 0ot(2.5). Hence the results of this

paper complement those reported in Smith and T4$@89).

2.- Preliminaries.

The seasonal random walk (1) can be alternatinsgdyesented in a vector
of quarters (VQ) where the observations for eaclr ywe stacked in vectors
Yr = [ylr y2r y3r y4r]I ' Ur :[ulru27u3ru4r]l:

Yr = Yr—l tU T (3)
(1_ B)Yr =U T
HereB is the annual backward operator (thatBSY. =Y,_, ). As pointed out by

Dickey et al (1984) and Osborn (1993), a seasonal random \gaik set ofS
separate random walk processes, one related too¢dlcl seasons. We will use
the Vector Moving Average (VMA) representation betannual difference of

processes (2.1) to (2.5) to obtain the asymptofitee HEGY procedure.
If the seasonal difference operamg:(l— L4) Is applied to processes

(2.1) to (2.5) then stationarity is achieved, bahinvertible moving averages



appear as a result of overdifferencing. In (4.1) (b5), we show this
noninvertible moving average representation whengbasonal difference (or

annual difference) operator is applied to proceg34s to (2.5) respectively:

Dy, =L+ 12+, (4.1)
Dyg =f-L+12-12), (4.2)
ALy, =0-1g, (4.3)
Byye =1+ g, (4.4)
By = (- L)ug, (4.5)

Alternatively, we can express (4.1) to (4.5) inextor moving average

representation (VMA) which will be the basis of e 1:
(L-B)Y, = (0} +0iBU, i= 12345 (5)
where vectorsy, .U, andB are as previously defined, a®}, and @} are 44

matrices that contain the coefficients of the MAogesses. We have two
different matrices for each of processes (2.1)26)(or equivalently (4.1) to
(4.5), as follows:

of = o) = for (4.1) (6.1)

s
=)
R P O O
P O O O
O O O o

O O O r
O O F B
O Kk




(1 0
-1 1

Q] =
1 -1
-1 1
(10
0 1

o =
-1 0
0 -1
10
01

Qg =
10
0 1
(1 0
-1 1

O =
0 -1
0 O

o +r O O o +r O O

R O O

o]

o O O o

-1 1 -1]
0 -1 1 for (4.2) (6.2)
O 0 -1 ' '
0O 0 O
0 -1 0]
O 0 -1

for (4.3 6.3
0 o o|fr@3) 63
0 0 0]
0 1 O]
0 01

for (4.4 6.4
0 o ol fr@a (64
0 0 O]
0 0 -1
O 0 O

for (4.5 6.5
0 o0 o|r@5 (65
0 0 0]

Following Burridge and Taylor (2001), it is possilib write:

Ur :ZLIJ;ET
J=0

whereE, =[&,,&,,&5,.&,4,], and we define the sequence of thd #natrices as:

1 O
LIJ(; — wl 1
v, ¢
Y3 Y

0
0
1

&,

O O O

Yia
/3y
Yiar

_‘//j4+3 Viso Wisn

[//j4—1
41/,'4
wj4+l

Wis2
Yisa
Wis

Yias |
‘//j4—2
l//j4—1
Vi |

j =12---

with ¢(z) =1->" W, z' being the inverse of(z). Finally wedefine W’ (1) as

W)= ¥ . In the next lemma, we summarize the stochastic



characteristics of processes (2.1) to (2.5) in $eofthe number of cointegration
relationships between the quarters we have in si@cation.
Lemma 1:

Consider Y in (2.1) to (2.5) and assuming that the elemenftsEp are

independent and identically distributed with zeream and variancec®as

1
Tls

B (r)=oC W (W(r)

where [rT/s] denotes the integer part of rTB (r) is a 41 vector Brownian

—Y B, I =1,2,3,4and5
[rT/s] = ( ) I n (7)

motion process with variance matr®, = o°C,W ()W (1) C;*, W(r) is a 4x1
vector Brownian motion process with variance matrixi ,, and C, = @}, + 6.

Finally = denotes weak convergence. It is understood tHatdrresponds to

(2.1), (4.1) and (6.i) for i=1, 2, 3, 4 and 5.

Proof can be obtained along the lines of the poddfemma 1 in Boswijk

and Franses (1996) and del Barrio Castro (2006 Mat from Theorem 5.3.5

of Fuller (1996) it is possible to establish thjclliz[ms] E. =W(r). Hence

the fact that the four VQ serie¥4 do not have the full set of unit roots for
process (2.i) is reflected in the rank of ematrices. That is, the number of

roots that are present in process (2.i) is equaheorank of the corresponding

10



matrix C, and to the number of quarters minus the numbecoaitegration
relationships between them. Furthermore as themiistegration among the

quarters of the time series, using the followingnitkies:

cw W)=gl)c, c¥W)=p-1c, C¥ ([M)=bC,+aC,
CW )= lple +¢(-1c,] Cw = l(-1c, +(b+a)c, ~(b-a)c,]

C,=vv;" C,=v,v," Cy=vvs' Co = VgV,

with:

a=" W0)-w(i)] b=Jw0)w()] wel 119 w=l11 -1
wlol o Aol e T Ao

it is possible to rewrite expression (7) as:

By(r)=/40w(vwi(r) B, (r)=~/400(=1v,w,(r)
- o)+ i

B, (r) = o (Uvywi (r )+0lﬂ( AR
By(r)= oy (=1 (r) +

11



Where wy(r), w,(r), wy(r) and w;(r) are standard Brownian motions and
mutually orthogonal transformations of the elememitsw(r) (see Burridge and
Taylor (2001)). Hence note thd, (r) is a function of one or more of the

previous orthogonal standard Brownian motions, ddpgy on the number of
underlying common trends present in the process (2.
The basic regression for the HEGY test, with augateon and no

deterministic terms, is:

p
—_ 1 2 3 3 *
A4ysr - n-lyé—)],r + ﬂzyé—lr + 7T3yé—)2,r + ﬂ4yé—)1,r + Z¢J A4ys—j,r + gsr (8)
=1

Wherey®, vy yO are auxiliary variables associated with the rastél - L),
(1 +L) and (1 +L% of the seasonal difference operafoy = (1 -L*% = (1- L)(1
+ L)(1 +L?. More specifically,

y& =@+ L+ 1)y,
y® =- (- L+ L)y,

ST

V9 =— (- L)+ Ly, ©

The overall HEGY null hypothesis of seasonal indign,ys, ~ SI(1), implies

the presence of unit roots at the zero frequenapt(red throughz) and at
seasonal frequencies (captured through 72; and 71,), so thatn, = 7, = 75 =
n, =0and hencd,y,, =&, .

According to HEGY, the regressors in (8) are, bgnstruction,

asymptotically orthogonal under this null hypotlsesThus, the associated

12



asymptotic distributions of the HEGY test statistican be obtained by

considering the three factors Af,, one by one. Based on the above, normalized
biasT7#; andt-ratio t, tests are proposed to test the ndllsz i = 1234, and

an F-type statistic is proposed to test the joint rafllHy: 72, = 72,=0, F34.
Ghysels, Lee and Noh (1994) also propoBedgipe statistics to test the nulls of
Ho: n, = n; = n,=0 andHy: 7, =7, = 71, = n,= 0, andF234 andF1234
respectively. For more details of the definitiordasymptotic distributions of

the tests, see Smith and Taylor (1998) and OshwirRadrigues (2002).

2.- Asymptotics.

The results of the distribution of the statistics regression (8), when the
underlying processes are (2.1), (2.2), (2.3), (4§2.5), are presented in the

next theorem, where we use the notation introddme®sborn and Rodrigues

(2002) and also the following two functionald(i, j)= [w(r)dw;(r) and
B(i)=[[w (r)]*dr, in which w;(r) for i = 1, 2, 3and3* are the mutually

independent standard Brownian motions defined im)(7see Burridge and

Taylor (2001).

13



THEOREM 1

(a) Assumey,, follows (2.1). Then for HEGY regression (8), tisgraptotic

distribution of t,, is given by

fwi(ryc,dw'(r) A1)

J_[W ryew (r)dar /B

(10)

WhereW" (r) =1/-/4w(r).
(b) Assumg,, follows (2.2). Then for HEGY regression (8), thgmagtotic

distribution of t,, is given by

_[W r)C,dw’ ( ) _A(22)

MW r)C,W’ (r)dr ./B(2)

(11)

WhereW" (r) =1/-/aw(r).
(b) Assumey,, follows (2.3). Then for HEGY regression (8), thgnagtotic

distributions oft,, , t, and F34 are given by

A jbjw r) Cadw'( ajw r)Co.dW (r)
" \/(a +b2) W’ (ryCw (r)dr
_ b(A(33)+ AB*,3)) - a(A(3*, 3)- A(33%))
J l2? +b2)( (3)+ B(3*))
. bW (r) Ciaw ( ajw (ryCaw (r)
" \/(a +0){W’ (ryC W (r)dr
_ b(A(S*,3)—A(33*))- ( ( 3)+ Ai3*,3*))
Ve +b°JB(3)+ B(3*))

(12)

14



WhereW" (r)=1/-/2W(r).
(d) Assumey,, follows (2.4). Then for HEGY regression (8), thgnagtotic

distributions oft, andt, are given by

IW erW (r) =A(i’i) I =1land?2 (13)

MW ryYcw (r)dr -/Bli)

WhereW™ (r)=1/-/4W(r).
(e) Assumey,, follows (2.5). Then for HEGY regression (8), thgnagtotic

distributions oft, ,t, ,t, and F34 are given by

IW r)C,dw (r) _A22)

Jjw rYew (r)ar B2

(14.a)

WhereW" (r) =1/-/4W(r), and:

15



b+ajw r)Cydw (r)+= bajw r)Cydw (r)
t:>2
7

\/(""J’bz) [W* (rycw’ (r)dr
(b +a)(A(33) + A@3*,3*)) + 5 (b - a)(A3*,3)- A(33*))

NI

J@‘ngz)(s(s)w(s*))
2b+ajw r)yCodw (r)-= b (b-a)[w’ (r)Cyaw (r)
J(""J’bz) W’ (rycw” (r)ar
~ (b+a)(A3-3) - A(33%)) - 5 ~ (b-a)(A(33) + Al33+)

tf,3 =

-2 o
B ) )
1w rycsaw () + (fw (rycsaw (
F34= 2 Jw? (r)yew( )
L(A33)+ A3 + (A8~ M35
z (86)+ B(3")

WhereW" (r) =1/-/2W(r).

(14.b)

It is clear from expressions (10) to (14.b) thhe tdistributions of

t; 1 andF34in the absence of all or some of the unit roospasted with the

other frequencies are pivotal, but those df, and t; depend on nuisance

parameters. It is evident that, in the absenceélscorrelationg(L)=1,a=0

andb =1, hence (12) and (14.b) reduce to:

16



LW (f)CdW() _ (A(33)+ A3 3%))
~wye J(B(3)+B(3+))
LW (r)CdW() _ (A33)- A(33Y))
~we, NCOREED)

1((w CAW (1) +[W' (r) de())

\/ j W (rycw(
[(A(33) + AB*,3%)) + (A3+,3) - A(33*))]

N

|2 (B@)+5(s")

1([W 'CodW (r) - [w'(r) de())

\/ j W (rycw’(
[(AG3*,3)- A(33*)) - (A(33) + A(3*,3*))]

N

|2 (B@+5(")

Then, without serial correlation, the distributiof t;

17

(12.1)

(14.b.1)

and t; remain

pivotal in the absence of all unit roots associatgth other frequencies.
However, if the unit root associated with frequemdg present, the distribution
of both t-ratio tests differ from those obtainedlenthe overall null hypothesis.
Although results in Theorem 1, (12.1) and (14.la&)not consider the
inclusion of deterministic terms (such as seasdoaimies and linear trend) in
the HEGY regression, our results could be easitereded to this situation.

More specifically, with the inclusion of seasonahtimies or seasonal dummies



and a linear trend our results will carry over whexpressed using de-meaned
and de-trended Brownian motions. Further, as shownSmith and Taylor
(1998), the inclusion of seasonal dummies in the&GMEBegression makes the
test statistics invariant to starting values aneé #geasonal trends further
invariance to seasonal drifts, and these resufily abso in our case.

In the simplest case of serial correlation, gf.)=(1-¢.) followed by
the innovationu, of processes (2.1) to (2.5), it is easy to seettiecoefficient
associated with the stationary regressors in (Byemes to:

N7 =17, 75, 7,0 1 -

S [-1/2(1+ @), - 1/2(1- @), - 1/2(1+ ), 0] for (2.)
|:|§=[7°[1,7AT3,7AT4,(0*]'_>

L [-120-¢), -1/2(0+ ¢),1/20-@),0] for (22)  (15)
N3 =[7.75,¢] - [-1/2(1-¢), - 1/2(1+¢),0] for (23)
N3 =07%74,¢1 - [-1- 0] for (24)
NS =[74.¢] - [-1+p0] for (25)

The previous results are obtained using (2.12t6)( (4.1) to (4.5), and
(9), based on the orthogonality of the nonstatiprzard stationary regressors of
(8). Note that in the absence of serial correlatid®) implies that the scaled

estimatorT7; forj= 2, 3, 4 diverges tow asT — oo except in the case df7,

for process (2.4), hence we could expect good pednce, in power terms, for

the t-ratio tests except for the one associatett wjt for process (2.4). For
positive values ofz, we do not expect good performance in terms ofgudar

the t-ratio tests associated with) for process (2.1)7,for processes (2.2), (2.3)

18



and (2.5) andn, for process (2.2). For negative valuesgofwe do not expect
good performance in terms of power for the t-reagsociated withz, for
processes (2.1) and (2.3), for process (2.1) and, for process (2.2). Finally,

from (15), using (4.1) to (4.5), it is easy to domf that the innovations of
regression (8) will follow a white noise process emhthe regression is

augmented by one lag &y, .

3.- Monte-Carlo results.

The Monte-Carlo results are shown in Tables 1.d.t0 These tables
reflect the proportion of times that the null hypegis is rejected fdrratio tests

ty . 1n, 1, and t; and forF-type testd=34, F234andF1234 for processes (2.1)
to (2.5) and also for process (1) wi{L)=(1-¢.), using the following
combination of parameterg={ 09,05,0,— 05,— 0.9}. The results are based on

50,000 replications and are computed for samplessiaf 100 and 200
observations (25 and 50 years), with a nominal giZz&%6. For each sample size,
we report the results based on regression (8) path and on the following

regression which also includes seasonal dummies:

— 1 2 3 3 *
A4 ysr - lus + niyé—)],r + 772 yé—lr + ﬂsyé—)z,r + n;lyé—)],r + ¢ A4 yS—l,T + Esr (16)
Note first, that for process (1) we obtain simitasults to those reported in

Burridge and Taylor (2001). Note too that the dffeicthe nuisance parameter

19



on the empirical size of, andt; is more clearly observable in the case of the

HEGY regression that includes the seasonal dum(i@&s This situation was
also observed for the rest of the processes.

The results of Tables 1l.a to 1.c clearly refléwt forecasts of the
asymptotic analysis, even though we are using ssaatiple sizes, making the
results relevant for practical situations. With aettyto the empirical size, it is

clear that we observe size distortions for op)\andt, Note also that the same

kind of problems observed for process (1) are als®rved for process (2.3), as

expected, because in (12) we have the same disomisufor t; and t; as those

obtained by Burridge and Taylor (2001) for procglgsin the presence of serial
correlation. Furthermore, the effect of the nuigsaparameters disappears when
there is an absence of serial correlation, as @edliin (12.1). Finally for

process (2.5), the non-pivotal distributiofgand t; (14.b and (14.b.1)) are

only clearly reflected in the empirical size foretHollowing values of
¢={0,- 05-09} .

If we take a look at the empirical power, it is@lclear that all the
forecasts made in the previous section, based & @re reflected in the
empirical power reported in Tables 1.a to 1.c. Nbsd the final effect of the t-
ratio test on the empirical power is dependenthenatbsolute value of parameter

¢ (since distortions tend to increase as the absolalue of¢ increases) and

20



also on the sample size (since problems of empipicaer tend to decrease as

the sample size increases).

4.- Concluding remarks.

In this paper, we obtain the distribution of thetio andF-type tests
of the HEGY procedure when the unit roots of therall null hypothesis are

not all present. We show that in these situatitiesdistribution oft, , t, and
F34 remain pivotal but those df, and t; are affected by nuisance parameters.

Hence we provide additional analytical evidence aahte-Carlo results to
support the recommendation of Burridge and Tay2®0() and Rodrigues and

Taylor (2004b) to use the joirft34 test instead of t-ratio tests, and t, .

Finally, the results of this paper complement thegmrted by Smith and Taylor

(1999).
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Table 1.a
Proportion of times that the null is rejected (noatisize 5%).

regression 4N ¢ |DGP|(1-L)|(1+L)|(@+LA) |'% |'% |'% |'%% |F34 | F234|F1234
(8) 1000 0.9/(1) [X |X |X 0.048/0.048| 0.045| 0.055/ 0.0500.053] 0.053
(16) 1) [ X [ X [X 0.0570.045| 0.026/ 0.173/0.047/0.047| 0.056
(8) 1000 05/(1) [X [X [X 0.050/0.047/0.0480.053/ 0.050|0.052 0.052
(16) 1) [ X [ X [X 0.0480.047/0.040] 0.102/ 0.049]0.050] 0.055
(8) 1000 o[ X [x [X 0.045/0.047/0.051] 0.049/ 0.050| 0.051| 0.050
(16) 1) | X [ X [X 0.0460.047]0.049]0.051/ 0.048/0.049 0.053
(8) 100 -05/(1) |[X [x [X 0.046/0.047/0.047/0.052/0.049]0.050| 0.049
(16) 1) | X [ x [X 0.0450.045/ 0.041] 0.102/0.049/0.051 0.053
(8) 1000 -0.9[(1) [X [X [X 0.046/ 0.049] 0.046{ 0.055 0.049|0.054 0.052
(16) Q) | X [ x [X 0.0450.055/ 0.030] 0.172/0.050| 0.056 0.058
(8) 2000 0.9[(1) |[X [X [X 0.051/0.051/ 0.046/ 0.056 0.0490.049 0.051
(16) 1) | X [ x [X 0.0550.049]0.029]0.181/ 0.048/0.047| 0.052
(8) 2000 05[(1) |X [X [X 0.051/0.051/ 0.048] 0.053/ 0.050/ 0.049 0.048
(16) 1) | X [ x [X 0.0520.049| 0.040] 0.110/ 0.050| 0.048| 0.050
(8) 2000 ol(M) [X X [X 0.048/0.048]0.052(0.051/ 0.050| 0.051] 0.051
(16) 1) [ X [ X [X 0.0500.051] 0.050] 0.057/ 0.050| 0.050] 0.050
(8) 200 -05/(1) [X [X [X 0.050/ 0.049]0.049] 0.055] 0.050| 0.050 0.049
(16) 1) [ X [X [X 0.0490.050| 0.039]0.112/0.0480.049 0.048
(8) 200 -0.9[(1) [X [X [X 0.050/ 0.049]0.045] 0.057/ 0.0490.052| 0.050
(16) 1) | X [ X [X 0.0500.059| 0.029] 0.186/ 0.0500.052| 0.053
(8) 100 0.9/(2.1)[X 0.052 1.000]0.072]1.000| 1.000 1.000 1.000
(16) (2.1)[X 0.058 1.0000.004] 1.000| 1.000 1.000 1.000
(8) 100 0.5/(2.1)[X 0.047 1.000] 0.585| 1.000| 1.000 1.000 1.000
(16) (2.1)X 0.0451.000] 0.144] 1.000| 1.000{ 1.000 1.000
(8) 1000  0[(2.1)[X 0.048 1.000] 0.998/0.997| 1.000/ 1.000 1.000
(16) (2.1)X 0.045 1.000] 0.948/0.992/ 1.000{ 1.000 1.000
(8) 100| -0.5[(2.1)|X 0.046/1.000] 1.000/0.533[ 1.000{ 1.000| 1.000
(16) (2.1) X 0.0460.9791.000/0.390| 1.000{ 1.000 1.000
(8) 100 -0.9/(2.1)[X 0.048 0.632/1.000/0.064| 1.000 1.000 1.000
(16) (2.1) X 0.048 0.234/1.000/0.032/1.000{ 1.000 1.000
(8) 200 0.9](2.1)[X 0.0511.000]0.090] 1.000| 1.000] 1.000 1.000
(16) (2.1) X 0.055 1.000] 0.004] 1.000| 1.000] 1.000 1.000
(8) 200 0.5[(2.1)[X 0.048 1.000] 0.867| 1.000| 1.000{ 1.000 1.000
(16) (2.1)X 0.0501.000] 0.405 1.000| 1.000] 1.000 1.000
(8) 200  0[(2.1)[X 0.049 1.000] 1.000] 1.000| 1.000] 1.000 1.000
(16) (2.1)X 0.0491.000] 1.000] 1.000| 1.000 1.000 1.000
(8) 200 -0.5[(2.1)[X 0.049 1.000] 1.000/0.839] 1.000{ 1.000 1.000
(16) (2.1)X 0.050 1.000] 1.000/ 0.740| 1.000 1.000 1.000
(8) 200 -0.9[(2.1)[X 0.0510.984] 1.000/0.083] 1.000 1.000 1.000
(16) (2.1) X 0.052 0.729/1.000/0.042/ 1.000{ 1.000 1.000

Based on 50,000 replications. Original DABsy., = Y., +Us,, (21) Y, = Y4, +U,,, and

with ysp =0 and(l- g )u,, =&, . t, .1, , t, andt, tests for

H,:7,=0,H,:7m,=0,H,:7n,=0and H,: 7, = 0. F34, F234andF1234tests for
H,:7,=m,=0,H,:n,=n,=n,=0andH,:n,=n,=mn,=mn,= 0.

sT?

24




Table 1.b
Proportion of times that the null is rejected (noatisize 5%).

regression 4N ¢ |DGP|(1-L)|(1+L)|(@+LA) |'% |'% |'% |'%% |F34 | F234|F1234
(8) 100 0.9/(2.2) X 0.6360.049] 1.000/ 0.066| 1.000{ 1.000 1.000
(16) (2.2) X 0.235 0.048]1.000/0.032/1.000{ 1.000 1.000
(8) 100| 0.5[(2.2) X 1.0000.048]1.000] 0.529] 1.000| 1.000] 1.000
(16) (2.2) X 0.978 0.047/1.000/0.387/ 1.000{ 1.000| 1.000
(8) 100  0[(2.2) X 1.0000.048/0.998/0.997/ 1.000| 1.000] 1.000
(16) (2.2) X 1.000 0.046/ 0.947,0.992] 1.000| 1.000] 1.000
(8) 100| -0.5/(2.2) X 1.0000.047/0.587]1.000] 1.000| 1.000] 1.000
(16) (2.2) X 1.0000.045/0.1471.000] 1.000| 1.000] 1.000
(8) 100 -0.9/(2.2) X 1.0000.050] 0.0721.000] 1.000| 1.000] 1.000
(16) (2.2) X 1.0000.058]0.004] 1.000] 1.000| 1.000| 1.000
(8) 200 0.9/(2.2) X 0.984 0.051] 1.000/0.083] 1.000{ 1.000 1.000
(16) (2.2) X 0.7290.0511.000/0.042/ 1.000{ 1.000 1.000
(8) 200 0.5/(2.2) X 1.0000.049]1.000] 0.838| 1.000| 1.000] 1.000
(16) (2.2) X 1.0000.051/1.000] 0.738] 1.000| 1.000] 1.000
(8) 200  0[(2.2) X 1.0000.050] 1.000] 1.000] 1.000| 1.000| 1.000
(16) (2.2) X 1.0000.049]1.000] 1.000] 1.000| 1.000] 1.000
(8) 200 -0.5/(2.2) X 1.0000.051/0.865] 1.000] 1.000| 1.000] 1.000
(16) (2.2) X 1.0000.049] 0.409] 1.000 1.000| 1.000] 1.000
(8) 200 -0.9((2.2) X 1.0000.050] 0.092]1.000] 1.000| 1.000| 1.000
(16) (2.2) X 1.0000.057] 0.004] 1.000| 1.000| 1.000] 1.000
(8) 100 0.9/(2.3) X 0.667 1.000] 0.045/ 0.056/ 0.049/ 1.000 1.000
(16) (2.3) X 0.2281.0000.032]0.168/0.051/ 1.000| 1.000
(8) 100 0.5/(2.3) X 1.000 1.000] 0.048] 0.053/0.050| 1.000] 1.000
(16) (2.3) X 0.994 1.000]0.043/0.104|0.049/1.000 1.000
(8) 100 0/(2.3) X 1.000 1.000] 0.049] 0.051/0.050| 1.000] 1.000
(16) (2.3) X 1.000 1.000] 0.052/0.052/ 0.051/0.994| 1.000
(8) 100 -0.5/(2.3) X 1.000 1.000] 0.0480.053/ 0.050] 0.998 1.000
(16) (2.3) X 1.0000.993]0.044] 0.102/0.051/0.876| 1.000
(8) 100 -0.9/(2.3) X 1.000 0.666/ 0.045] 0.056| 0.051/0.343] 1.000
(16) (2.3) X 1.000 0.229]0.030] 0.169] 0.050] 0.150] 1.000
(8) 200 0.9((2.3) X 0.990 1.000] 0.046/0.058/ 0.053/ 1.000 1.000
(16) (2.3) X 0.7511.000] 0.030/0.184/0.051/ 1.000 1.000
(8) 200 0.5[(2.3) X 1.000 1.000] 0.050] 0.052] 0.051/ 1.000] 1.000
(16) (2.3) X 1.000 1.000] 0.043/0.108/ 0.051/ 1.000] 1.000
(8) 200  0[(2.3) X 1.000 1.000] 0.050] 0.051]0.049] 1.000] 1.000
(16) (2.3) X 1.000 1.000] 0.052/0.054] 0.051/ 1.000] 1.000
(8) 200| -0.5/(2.3) X 1.000 1.000] 0.049] 0.054] 0.051/ 1.000] 1.000
(16) (2.3) X 1.000 1.000] 0.042/0.110/0.051/ 1.000] 1.000
(8) 200 -0.9(2.3) X 1.0000.990] 0.046] 0.057/0.051/0.833] 1.000
(16) (2.3) X 1.000 0.755/ 0.030] 0.181]0.051/0.414 1.000

Based on 50,000 replications. Original DGF&2) y,, =-y.,, +U,,
(23) vy ==V sr +U With Yo =0 and(1-¢L)u,, =&, . t,.t; , t, andt, tests for

H,:7n,=0,H,:7m,=0,H,:7n,=0and H,: 7, = 0. F34, F234andF1234tests for
H,:7,=m,=0,H,:n,=n,=n,=0andH,:n,=n,=mn,=mn,= 0.
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Proportion of times that the null is rejected (noatisize 5%).

Table 1.c

RegressiopdN | ¢ |DGP|(1-L) |(1+L)|(1+LA |t |'% |'%% |%  |F34 | F234|F1234
(8) 100 0.9/(2.4)[x |X 0.050| 0.049| 1.000] 1.000 1.000| 1.000] 1.000
(16) 24X |X 0.059]0.050] 0.9990.999/ 1.000| 1.000] 1.000
(8) 100 0.5/(2.4)[x  [X 0.050/0.047|1.000] 0.908] 1.000| 1.000] 1.000
(16) 24X |X 0.048/0.050| 1.000] 0.839/ 1.000| 1.000] 1.000
(8) 1000 0[(2.4)[x [X 0.049/0.048] 1.000] 0.051/ 1.000| 1.000] 1.000
(16) 24 X |X 0.049/0.049]1.000] 0.025/ 1.000| 1.000] 1.000
(8) 100| -0.5/(2.4)[X  [X 0.047/0.048]1.000] 0.908] 1.000| 1.000] 1.000
(16) 4X  [X 0.050/0.049| 1.000] 0.840/ 1.000| 1.000] 1.000
(8) 100] -0.9[(2.4)[X  [X 0.049]0.048] 1.000] 1.000 1.000| 1.000] 1.000
(16) 24X |X 0.049/0.057/0.999/0.999/ 1.000| 1.000] 1.000
(8) 200 0.9[(2.4)[X [X 0.048/0.048] 1.000] 1.000 1.000| 1.000] 1.000
(16) 24X [X 0.058/0.051/ 1.000] 1.000] 1.000| 1.000] 1.000
(8) 200 0.5[(2.4)[X [X 0.050| 0.050| 1.000] 0.998/ 1.000| 1.000] 1.000
(16) 24X |X 0.051/0.052/1.000] 0.993/ 1.000| 1.000] 1.000
(8) 2000  0|@24)[xX [X 0.050/0.049] 1.000] 0.049/ 1.000| 1.000| 1.000
(16) 24X |X 0.051/0.052/1.000] 0.024] 1.000| 1.000] 1.000
(8) 200 -0.5/(2.4)[X  [X 0.050|0.050| 1.000] 0.997/ 1.000| 1.000] 1.000
(16) 24 X |X 0.053/0.051/ 1.000] 0.993/ 1.000| 1.000] 1.000
(8) 200 -0.9[(2.9)[X  [X 0.049]0.049| 1.000] 1.000] 1.000| 1.000] 1.000
(16) (24 X |X 0.050| 0.055| 1.000] 1.000 1.000| 1.000] 1.000
(8) 100] 0.9[(2.5) X X 0.694]0.048] 0.049] 0.049/ 0.048/0.049 0.310
(16) (2.5) X X 0.258]0.045] 0.050] 0.049|0.050/ 0.049] 0.148
(8) 100 0.5/(2.5) X |X 1.000] 0.050| 0.049] 0.051] 0.048/0.049| 1.000
(16) (2.5) X X 1.000] 0.045/0.046/ 0.075 0.050/ 0.051] 0.928
(8) 100  0/(2.5) X X 1.000] 0.048|0.045| 0.056| 0.049/ 0.051] 1.000
(16) (2.5) X X 1.000] 0.045/0.027/0.180] 0.049/ 0.051] 1.000
(8) 100 -0.5[(2.5) X |X 1.000] 0.049]0.034]0.060] 0.050/ 0.052| 1.000
(16) (2.5) X X 1.000] 0.047/0.008| 0.306/ 0.047/0.051] 1.000
(8) 100 -0.9[(2.5) X X 1.000] 0.050] 0.029] 0.0580.048/ 0.053 1.000
(16) (2.5) X |X 1.000] 0.056| 0.003| 0.342/ 0.047/0.056/ 1.000
(8) 200| 0.9/(2.5) X X 0.995/0.050] 0.049] 0.052|0.049/0.050 0.781
(16) (2.5) X X 0.803/0.050] 0.051] 0.054] 0.050| 0.048 0.373
(8) 200| 0.5/(2.5) X X 1.000] 0.049]0.051/0.052/0.052/0.050| 1.000
(16) (2.5) X X 1.000] 0.050/ 0.048]0.080 0.051/ 0.050| 1.000
(8) 2000  0[(2.5) X X 1.000] 0.050| 0.045/ 0.0580.051/0.052| 1.000
(16) (2.5) X X 1.000]0.050/0.027]0.197/0.048/0.049 1.000
(8) 200| -0.5/(2.5) X X 1.000] 0.050| 0.036/ 0.061] 0.050/ 0.050| 1.000
(16) (2.5) X X 1.000] 0.049]0.008| 0.3280.049/ 0.049 1.000
(8) 200 -0.9](2.5) X |X 1.000] 0.051|0.030] 0.060] 0.051/0.054| 1.000
(16) (2.5) X X 1.000]0.057/0.003| 0.361] 0.049/ 0.052| 1.000
Based on 50,000 replications. Original DGF24) y,, = y._,, +U,,,
(25) yST = _yS—l,T - yS—Z,T - yS—3,T + uST Wlth ySO = 0 and (1_ ¢L)UST = EST " t t t and

IR i

t, testsforH,:7, = QH,:7m, =0,H, 77, =0and H, : n, = 0. F34, F234andF1234tests

for Hy:n,=n,=0, H,:n,=n,=n,=0andH,:n,=n,=n,=n,= 0.
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Appendix

Due to thel(1) property of one or two of the auxiliary variesly? , y?

ST ! ySZ'

and y, when the underlying process is one of the sdf) @. (2.5) and the
remaining variables in the regression are statigritie coefficients associated
with these variables converge at different rateerw{8) is estimated. To reflect
this, it is useful to define the (py x (4+p) scaling matrice$/;, M, M3 M, and
Ms, as:

M, =M, =diag[T, T¥?,---, T2} M, =M, =diag[T,T,T¥?,---, T?]

M, = diag [T,T,T,T”z,---,T”Z].

It is straightforward to see that the scaled OLi8rexors for HEGY regression
(8) can be summarized into the five different caasdollows:

~ B ﬁ_NS
Mini = T1/2|A S
T2,
| 2 L& (NSI) (NSI) 3/2 L& (NSi) (Si) T
- 1 - | | !
T ZZ(YS—],TI )(Ys—],rI ) T ZZYs—l,r (Ys—Lr)
— s=1£=1N Z:l &=1 X
T IV TN (V)
s=17= s=1r= i
I -1 AL NSi |
T ZZYS(—].,T)A4yST
X sir=t | i=1234and5
T2 YDy
s=1r=1 a
where:

LU IR A R BT R A Rk

v Us-1r s-1r
S1) 2 3 3 1
Ys(—L)r - [yé—)],r’ yé—)z,r! yé—)l,r!A4ys—],r’° o ’A4ys—p,r]

NS _ra21-AS 12 2 2 * *qr, NS2) _ 2 .
rl2 _[77-2] ’ I_I2 _[725_’77-31”4’@_!'.'1¢p] le(—Lr) _[yé—?l_,r]’
S2) _ 1 3 3 1
Ys(—],z - [yé—):Lr yé—)Z,r yé—)Lr ) A4 ys—Lr 17 A4 ys—p,r]
SNS _ra a2 T7.AS —ra 2 * *qn, NS3) _ 3 3 1.
rl3 —[7-[3774]’n3_[77i,ﬂ2,§q,"',¢p] Y( )_[y() ) ]!

v Us-1rT s—-2,T ys—Lr
S3) _ 1 2 1
Ys(—],; - [yé—)],r yé—)],r’A4ys—l,r"° '!A4ys—p,r]
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A3 =[] A5 =175, 7 oo ] YOS =1y, v, T
Ys(—sldf; = [yg)Z,ryS)l,r’A4ys—Lr DY pr]

AN =[] 08 =1,d . 61 YD =[y@, v, v, T
Y =Y BaYomr o BaYsmp]

As in the previous casess= 1, 2, 3, 4 and 5, corresponding to processds, (2.
(2.2), (2.3), (2.4) and (2.5) respectively. Notattldue to the nonstationary

elements of YI?) and the stationary elements of$) it follows that

s-1r
4 N .
T2 S YOV ) P~ 0. Note also that wheni = 1 and 2,
=1 7=1
45 NT
T2 S YANYSP) is a 1x 1, and wheri = 3 and 4, iis a 2x 2 diagonal

s=17=1
matrix. Finally, when =5, itis a 3x 3 diagonal matrix due to the orthogonality

of the nonstationary HEGY auxiliary variables.
To prove parts (10), (11) and (12), first note thiae distribution of

t, .t ,t, andt, could be obtained using:
__(aN)YPQa,y

T e JaN) YD QY
__(aN)Y P Qua,Y

" aaNy YO Q@

WhereY® Y@ Y® andA,Y are 4Nk1 vectors with generic elements
y&,, v, y&, and a,y, respectively andQ is a 4NN matrix

Q =1-X(X,"X,)*X," with the columns ofX; having the elements of the

stationary HEGY regressors in each case and tigfiags ofA,y., .
First, note that the HEGY stationary variables aomed inX; will take
into account the noninvertible MA process inducgdhte use of A,(i.e (4.1),

(4.2) and (4.3)), and the lags of A,y,, will take into account the
autoregressive serial correlatiglll)u,, = &,,. Hence as in Phillips and Oularis’
Theorem 4.2 (1990), it follows that:

@aN)PYQ QYY) =(@aN)*YP' YD +0,) =123

(4N)?Y D QY = (4N)?Y QYD +0, (1)

@N)YD'QA,Y =(aN) Y QE=(4N)Y E+o, (D) i=123

(4N)

C_ (aN)YD QALY
© o J(aN) Y9 QY

=12, t

AN)YS"Q,0,Y = (4N) YD QE = (4N) Y E +0, ()
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WhereE is a NN x 1 vector with generic elememt, . Note also that it is
possible to write:

. . N 4 ]
(aN) YD YD = (aN) 2 S [y0, F = (aN)2 Y av,cy, +d, =12

r=1s=1

N 4
(aNY2Y 2y D = (aN) Y S [y, = @N) P 2v,cyy, +d;

r=1s=1

N 4
(aN)2Y DY@ = (an) 2> S [ye, [ = (an) 2> 2y, cyy, +d,

s=2,T
r=1s=1

(AN)'YO E = (4N )%iygg, ,=(@N)™>Y,'CE, i=12

r=1s=1

N 4
(aN)* YD E=(aN)* 33 v £ = (4N) XY, 'CE,

r=1s=1

(aN) Y E = (N) 2D 3 v e, = (AN) TV, GIE,

r=1s=1

Using Lemma 1 and the following identities:
CW [M)=¢@)c, CW{)=¢(-1)C, CW (1)=bC;+aC,
C,/'CC,=16C, C,/'C,=4C, (C,'C.C,=16C, C,'C,=4C,

C,'C,C,=4C, C,'C,C;=4C;, C,'C,C,=-4C, C;'C,C,=4C,
C,/C,=2C, C,'C,=-2C, C,'C;=2C, C;'C,=2C,.
It is possible to Write

(4N)2> 4y, Cy, :>—16(,U ) [w(r)cw(r)dr = o?16p(1)* [W" (rJC W (r )dr

%M(l)jw(r)'cldw() o ap(@)[w" (r)cdw’ (r)

@N)™>Y,'CE, =
(4N) 2 4y, 'CY, :%1&// F [W(r)Cw(r)dr = o?1ep(- 1) [’ (rYC W' (r)ar
@4N)*>Y,'C,E, = 24(// 1)[W(r)C,dW(r) = o4 (= 1)[W’ (r)C,dW’ (r)

whereW" (r) =1/+/4W"(r). And also:
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(aN) Y 2v,CY, = o = W(r)(bc, +ac;) c,lbc, +ac; W(r)dr =
4; (02 + b2)[W(r)Cv (r )ar = o2(a2 + 12 )[W* (r)C W (r)dr
(4N)'YY, CE = L -l W(r)(oc, +ac;) caw(r) =

20 (bjW JCadW(r)-afw(r) 'C*dW(r)):

_a(ijv JCdW' (r)-a[w'(r) ch())

(@N)*SY, CE =< j wW(r)(bC, +ac;) ciaw(r)

_ 20" (bjw ChaW(r) +aw(r)C,aw(r))=

_a(bjw (r)C3aW’ (1) +a[w’ (r)c,aw (1))

wherew’ (r)=1/-/aw’(r). Finally note that ag — ¢ andd. - 0, expressions in
(10), (11) and (12) are easily obtained ustyg=v,v;', C, =v,Vv,", C; = Vv,Vv;',

: 1
Cy = VoW, (7.@) andF 34 = E(’[ﬁ3 +tﬁ3)+op(1).

Finally, the results of (13), (14.a) and (14.b) barobtained following the

methods with which the previous results were foursihg the following
identities:

cw W)clew w)=abre, (v t)c.cw )= w(-1c,

cw @) c.lew @)= a(-27¢ (. w*())‘c = 2y(-1)C,
cw ) ¢yl () = 2% +a%)c, (cow ) c, = (b+a)c, + (b-a)C;
cw W) c; = (b+a)c, - (b-a)c;
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