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A Monte-Carlo Method for Optimal Portfolios*

Jérôme Detemple†, René Garcia‡, Marcel Rindisbacher§

Résumé / Abstract

Cet article établit des résultats nouveaux sur (i) la structure des
portefeuilles optimaux, (ii) le comportement des termes de couverture et (iii) les
méthodes numériques de simulation en la matière. Le fondement de notre
approche repose sur l'obtention de formules explicites pour les dérivées de
Malliavin de processus de diffusion, formules qui simplifient leur simulation
numérique et facilitent le calcul des composantes de couverture des portefeuilles
optimaux. Une de nos procédures utilise une transformation des processus sous-
jacents qui élimine les intégrales stochastiques de la représentation des dérivées de
Malliavin et assure l'existence d'une approximation faible exacte. Cette
transformation améliore alors la performance des méthodes de Monte-Carlo lors
de l'implémentation numérique des politiques de portefeuille dérivées par des
méthodes probabilistes. Notre approche est flexible et peut être utilisée même
lorsque la dimension de l'espace des variables d'états sous-jacentes est large. Cette
méthode est appliquée dans le cadre de modèles bivariés et trivariés dans lesquels
l'incertitude est décrite par des mouvements de diffusion pour le prix de marché
du risque, le taux d'intérêt et les autres facteurs d'importance. Après avoir calibré
le modèle aux données nous examinons le comportement du portefeuille optimal
et des composantes de couverture par rapport aux paramètres tels que l'aversion au
risque, l'horizon d'investissement, le taux d'intérêt et le prix de risque du marché.
Nous démontrons l'importance des demandes de couverture. L'aversion au risque
et l'horizon d'investissement émergent comme des facteurs déterminants qui ont
un impact substantiel sur la taille du portefeuille optimal et sur ses propriétés
économiques.

This paper provides (i) new results on the structure of optimal portfolios,
(ii) economic insights on the behavior of the hedging components and (iii) an
analysis of simulation-based numerical methods. The core of our approach relies
on closed form solutions for Melliavin derivatives of diffusion processes which
simplify their numerical simulation and facilitate the computation and simulation
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of the hedging components of optimal portfolios. One of our procedures relies on
a variance-stabilizing transformation of the underlying process which eliminates
stochastic integrals from the representation of Malliavin derivatives and ensures
the existence of an exact weak approximation scheme. This improves the
performance of Monte-Carlo methods in the numerical implementation of
portfolio rules derived on the basis of probabilistic arguments. Our approach is
flexible and can be used even when the dimensionality of the set of underlying
state variables is large. We implement the procedure for a class of bivariate and
trivariate models in which the uncertainty is described by diffusion processes for
the market price of risk (MPR), the interest rate (IR) and other relevant factors.
After calibrating the models to the data we document the behavior of the portfolio
demand and the hedging components relative to the parameters of the model such
as risk aversion, investment horizon, speeds of mean-reversion, IR and MPR
levels and volatilities. We show that the hedging terms are important and cannot
be ignored for asset allocation purposes. Risk aversion and investment horizon
emerge as the most relevant factors: they have a substantial impact on the size of
the optimal portfolio and on its economic properties for realistic values of the
models’ parameters.

Mots Clés : Portefeuilles optimaux, demandes de couverture, dérivées de Malliavin, solutions
explicites, variables d'état multiples, couverture de taux d'intérêt, couverture de
prix du risque de marché, simulation de Monte Carlo, transformation de Doss,
comportement des portefeuilles

Keywords: Optimal portfolios, hedging demands, Malliavin derivatives, explicit solutions,
multiple state variables, IR-hedge, MPR-hedge, Monte Carlo simulation, Doss
transformation, portfolio behavior

JEL: G11



4 Lqwurgxfwlrq1

Sruwirolr doorfdwlrq prghov kdyh uhfhlyhg h{whqvlyh dwwhqwlrq lq wkh sdvw wkuhh ghfdghv1 Surpswhg
e| wkh vhplqdo zrun ri Phuwrq +4<9</ 4<:4, uhvhdufkhuv kdyh h{soruhg ydulrxv dvshfwv ri wkh sure0
ohp lq wkh frqwh{w ri �qdqfldo pdunhwv zlwk gl�xvlrq sulfh surfhvvhv +vhh iru lqvwdqfh Ulfkdug
+4<:8,,1 Qxphulfdo phwkrgv edvhg rq wkh g|qdplf surjudpplqj dssurdfk hpsor|hg lq wklv olw0
hudwxuh kdyh dovr ehhq xvhg wr h{dplqh vrph surshuwlhv ri rswlpdo sruwirolrv +Euhqqdq/ Vfkzdu}
dqg Odjqdgr +4<<:,,1 Qxphulfdo vfkhphv edvhg rq SGHv/ krzhyhu/ ehfrph lqfuhdvlqjo| gl!fxow
wr lpsohphqw zkhq wkh glphqvlrqdolw| ri wkh xqghuo|lqj vwdwh yduldeohv lqfuhdvhv1 Pruh uhfhqw
frqwulexwlrqv e| Ndudw}dv/ Ohkrf}n| dqg Vkuhyh +4<;:, dqg Fr{ dqg Kxdqj +4<;<, kdyh sursrvhg
dq dowhuqdwlyh uhvroxwlrq phwkrg edvhg rq pduwlqjdoh whfkqltxhv1 Wklv phwkrgrorj| surylghv d
forvhg irup vroxwlrq iru rswlpdo frqvxpswlrq zkhq pdunhwv duh frpsohwh hyhq zkhq wkh xqghuo|0
lqj sulfhv iroorz Lwr surfhvvhv zlwk surjuhvvlyho| phdvxudeoh frh!flhqwv1 D uhsuhvhqwdwlrq irupxod
iru rswlpdo sruwirolrv zdv ghulyhg e| Rfrqh dqg Ndudw}dv +4<<4, xvlqj wkh Fodun0Rfrqh irupxod1
Wklv uhsuhvhqwdwlrq h{suhvvhv wkh rswlpdo sruwirolr lq whupv ri h{shfwdwlrqv ri udqgrp yduldeohv
zklfk lqyroyh wkh Pdooldylq ghulydwlyhv ri wkh frh!flhqwv ri wkh prgho/ qdpho| wkh lqwhuhvw udwh
+LU, dqg wkh pdunhw sulfh ri ulvn +PSU,1

Exw zkloh wkhruhwlfdo irupxodv duh dydlodeoh iru rswlpdo sruwirolrv lq jhqhudo frqwh{wv olwwoh lv
nqrzq derxw wkhlu surshuwlhv dqg lq sduwlfxodu derxw wkh vwuxfwxuh dqg ehkdylru ri wkh khgjlqj
frpsrqhqwv1 Lqghhg/ hyhq li zh uhvwulfw dwwhqwlrq wr gl�xvlrq prghov/ uhdolvwlf vshfl�fdwlrqv ri
wkh xqfhuwdlqw| zlwk vwrfkdvwlf LU dqg PSU jlyh ulvh wr frpsoh{ khgjlqj whupv zklfk ghshqg rq
pxowlsoh vwdwh yduldeohv dqg duh riwhq gl!fxow wr hydoxdwh qxphulfdoo|1 Dv d uhvxow dwwhqwlrq kdv
ehhq ghyrwhg wr +l, vwdwh yduldeoh vshfl�fdwlrqv iru zklfk forvhg irup vroxwlrqv duh dydlodeoh +Nlp
dqg Rpehuj +4<<9,/ Olx +4<<<,/ Zdfkwhu +4<<<,, ru +ll, vshfl�fdwlrqv zklfk duh frpsxwdwlrqdoo|
wudfwdeoh edvhg rq g|qdplf surjudpplqj whfkqltxhv +Euhqqdq/ Vfkzdu} dqg Odjqdgr +4<<:,,/ ru
+lll, glvfuhwh wlph prghov edvhg rq dssur{lpdwhg Hxohu htxdwlrqv +Fdpsehoo dqg Ylfhlud +4<<;/
4<<<,,1

Wklv sdshu surylghv wkuhh pdlq frqwulexwlrqv1 Iluvw zh h{sorlw wkh gl�xvlrq vwuxfwxuh ri wkh
rssruwxqlw| vhw lq rughu wr surylgh h{solflw h{suhvvlrqv iru wkh Pdooldylq ghulydwlyhv dulvlqj lq
wkh khgjlqj frpsrqhqwv ri wkh rswlpdo sruwirolr1 Khgjlqj ghpdqgv duh h{suhvvhg lq wkh irup
ri frqglwlrqdo h{shfwdwlrqv ri udqgrp yduldeohv zklfk ghshqg rq wkh ghulydwlyhv ri wkh guliw dqg
wkh yduldqfh ri wkh uhohydqw vwdwh yduldeohv1 Wkhvh irupxodv duh ydolg iru dq| vwuxfwxuh ri wkh
xqghuo|lqj surfhvvhv dqg uhgxfh wkh frpsxwdwlrq ri wkh khgjlqj ghpdqgv wr wkh frpsxwdwlrq
ri h{shfwdwlrqv/ dv lq wudglwlrqdo rswlrq sulflqj wkhru|1 Ixuwkhupruh/ wkh| hqdeoh xv wr hvwdeolvk
qhz wkhruhwlfdo uhvxowv derxw wkh khgjlqj ehkdylru1 Vhfrqg zh dovr ghulyh d vhfrqg uhsuhvhqwdwlrq
ri Pdooldylq ghulydwlyhv ri gl�xvlrq surfhvvhv zklfk vlpsol�hv wkhlu hydoxdwlrq1 Rxu irupxod
uholhv rq d yduldqfh0vwdelol}lqj wudqvirupdwlrq ri wkh xqghuo|lqj surfhvv dqg holplqdwhv vwrfkdvwlf
lqwhjudov iurp wkhlu uhsuhvhqwdwlrq1 Dvlgh iurp lwv wkhruhwlfdo lqwhuhvw wklv qhz uhsuhvhqwdwlrq
kdv lqwhuhvwlqj ehqh�wv iru frpsxwdwlrqdo sxusrvhv1 Lqghhg/ wkh devhqfh ri vwrfkdvwlf lqwhjudov
hqvxuhv wkh h{lvwhqfh ri dq h{dfw zhdn dssur{lpdwlrq vfkhph iru wkh pduwlqjdoh sduw ri wkh
Pdooldylq ghulydwlyhv dqg wklv lpsuryhv wkh udwh ri frqyhujhqfh ri dssur{lpdwlrqv ri Pdooldylq
ghulydwlyhv wr wkhlu wuxh ydoxhv1 Wkh vfkhph dovr lqfuhdvhv wkh vshhg ri frqyhujhqfh ri vlpxodwhg
wudmhfwrulhv ri khgjlqj whupv dqg ri dq| vwdwlvwlf +vxfk dv frq�ghqfh lqwhuydov, ri vlpxodwhg
khgjlqj whupv1 Ilqdoo| lw pd| dovr khos wr uhgxfh wkh vhfrqg0rughu eldv dqg wkhuhiruh wkh vl}h
glvwruwlrq ri dv|pswrwlf frq�ghqfh lqwhuydov ri wkh Prqwh Fduor hvwlpdwru ri wkh khgjlqj ghpdqgv
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dqg sruwirolrv jlyhq wkh uhdol}dwlrq ri wkh vwdwh yduldeohv1 Wklug zh surylgh qhz uhvxowv rq wkh
hfrqrplf surshuwlhv ri rswlpdo sruwirolrv1 Zh h{dplqh elyduldwh dqg wulyduldwh prghov ri wkh LU
dqg PSU lq d vhwwlqj zlwk frqvwdqw uhodwlyh ulvn dyhuvlrq1 Lq rxu ehqfkpdun elyduldwh prgho wkh
LU surfhvv lv phdq0uhyhuwlqj lq wkh guliw dqg kdv vtxduh0urrw yrodwlolw| +PUVU surfhvv, dqg wkh
PSU surfhvv lv hlwkhu Jdxvvldq zlwk phdq0uhyhuwlqj guliw +PUJ surfhvv, ru zlwk phdq0uhyhuvlrq
dqg dq lqwhuhvw udwh lqwhudfwlrq whup lq wkh guliw +PUJLG surfhvv,1 Pruh hoderudwh wulyduldwh
prghov zlwk glylghqg0sulfh udwlr h�hfwv dqg zlwk vwrfkdvwlf yrodwlolw| duh dovr h{dplqhg1 Lq wkhvh
frqwh{wv zh grfxphqw wkh pdjqlwxgh ri wkh khgjlqj whupv dqg wkhlu ehkdylru uhodwlyh wr wkh
h{rjhqrxv sdudphwhuv ri wkh prgho vxfk dv ulvn dyhuvlrq/ lqyhvwphqw krul}rq/ vshhgv ri phdq0
uhyhuvlrq/ LU dqg PSU ydoxhv/ lpsruwdqfh ri wkh lqwhudfwlrq ehwzhhq wkh LU dqg wkh PSU/ dqg
LU dqg PSU yrodwlolwlhv1 Doo rxu qxphulfdo dqg hfrqrplf uhvxowv duh edvhg rq d uhsuhvhqwdwlrq
ri wkh rswlpdo sruwirolr zklfk hyroyhv iurp wkh Rfrqh0Ndudw}dv sruwirolr irupxod1 Wklv prgl�hg
irupxod zklfk hpskdvl}hv wkh uroh ri uhodwlyh ulvn dyhuvlrq dqg ri zhdowk lq wkh khgjlqj whupv
vkhgv ixuwkhu oljkw rq wkh rswlpdo sruwirolr ehkdylru1 Lw fdq eh ylhzhg dv d plqru frqwulexwlrq ri
wkh sdshu1

Vrph ri wkh ohvvrqv gudzq iurp rxu vlpxodwlrqv fdq eh vxppdul}hg dv iroorzv=

41 Rxu phwkrgrorj| lqyroylqj wkh frpelqdwlrq ri Prqwh0Fduor vlpxodwlrq dqg rxu yduldqfh0
vwdelol}lqj wudqvirupdwlrq surgxfhv yhu| uhdvrqdeoh ydoxhv iru wkh vkduhv ri zhdowk lqyhvwhg
lq wkh vwrfn1 Xqolnh hduolhu vwxglhv ri rswlpdo sruwirolrv lqwhulru vroxwlrqv duh rewdlqhg dqg
sruwirolr vkduhv duh vwdeoh uhodwlyh wr fkdqjhv lq wkh vwdwh yduldeohv +vhh Euhqqdq/ Vfkzdu}
dqg Odjqdgr +4<<:,/ Fdpsehoo dqg Ylfhlud +4<<;,,1

51 Khgjlqj frpsrqhqwv duh lpsruwdqw iru dvvhw doorfdwlrq sxusrvhv1 Iru orqj krul}rqv wkh dg0
mxvwphqw wr phdq0yduldqfh ghpdqgv fdq uhsuhvhqw xs wr ;3( ri wkh vwrfn ghpdqg1 Khgjlqj
ghpdqgv dovr h{klelw orz yrodwlolw| dqg duh wkhuhiruh yhu| vwdeoh ryhu wlph1

61 Fulwlfdo idfwruv lq rswlpdo dvvhw doorfdwlrq duh wkh ulvn dyhuvlrq dqg wkh lqyhvwphqw krul}rq
ri wkh lqyhvwru1 Iru lqvwdqfh/ lq wkh frqwh{w ri rxu edvlf elyduldwh prgho/ lqyhvwruv zlwk
vkruw +orqj, krul}rqv dqg zkrvh ulvn dyhuvlrq h{fhhgv 4 zdqw wr uhgxfh +lqfuhdvh, wkhlu
vwrfn ghpdqg uhodwlyh wr wkh orjdulwkplf lqyhvwru lq rughu wr khgjh djdlqvw PSU +LU,
 xfwxdwlrqv1 Wkh h�hfwv grfxphqwhg lq wkh sdshu vxjjhvw wkdw lw pljkw eh ri lqwhuhvw wr
ghyhors lqyhvwphqw surgxfwv wdloruhg wr gl�huhqw fdwhjrulhv ri lqyhvwruv fodvvl�hg dffruglqj
wr wkrvh fulwhuld1

71 Doorfdwlrq vkduhv duh uhpdundeo| vwdeoh uhodwlyh wr wkh rwkhu sdudphwhuv ri wkh prgho1 Ydul0
dwlrqv ri wkh rughu ri 5 vwdqgdug ghyldwlrqv durxqg hvwlpdwhg sdudphwhu ydoxhv kdyh olwwoh
lpsdfw rq wkh pdjqlwxgh ri lqyhvwphqw vkduhv1

Wkh vhfrqg vhfwlrq ri wkh sdshu vwdwhv wkh sruwirolr fkrlfh sureohp1 Vhfwlrq 6 suhvhqwv d
forvhg irup vroxwlrq iru wkh rswlpdo sruwirolr dqg glvfxvvhv lwv vwuxfwxuh1 Vhfwlrq 7 ghyhorsv dq
dowhuqdwlyh uhsuhvhqwdwlrq ri Pdooldylq ghulydwlyhv ri gl�xvlrq surfhvvhv1 Rxu edvlf elyduldwh prgho
zlwk PUVU lqwhuhvw udwh surfhvv dqg PUJ2PUJLG pdunhw sulfh ri ulvn surfhvv lv suhvhqwhg lq
vhfwlrq 8/ hvwlpdwhg lq vhfwlrq : dqg dqdo|}hg hfrqrplfdoo| lq vhfwlrq ;> wkh qxphulfdo shuirupdqfh
ri rxu phwkrg lv glvfxvvhg lq vhfwlrq 9 dqg looxvwudwhg lq wkh frqwh{w ri wklv prgho1 Vhfwlrqv < dqg
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43 surylgh wulyduldwh h{whqvlrqv ri wkh edvlf prgho= vhfwlrq < lqfrusrudwhv d vwrfkdvwlf glylghqg0
sulfh udwlr h�hfw dqg vhfwlrq 43 lqwurgxfhv vwrfkdvwlf/ lpshuihfwo| fruuhodwhg yrodwlolw|1 Surriv duh
frqwdlqhg lq Dsshqgl{ D> dsshqgl{ E h{whqgv rxu yduldqfh0vwdelol}lqj surfhgxuh wr pxowlyduldwh
gl�xvlrq prghov> dsshqgl{ F frqwdlqv uhvxowv iru wkh PUJLG prgho1

5 Wkh sruwirolr fkrlfh sureohp1

Zh frqvlghu d sruwirolr fkrlfh sureohp lq dq hfrqrp| zlwk g vwdwh yduldeohv \
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Khuh [
|

uhsuhvhqwv wkh lqyhvwru*v zhdowk dw gdwh w/ { lv klv lqlwldo zhdowk dqg �
|

wkh dprxqwv lq0
yhvwhg lq wkh ulvn| dvvhwv dw gdwh w1 Wkh qrqqhjdwlylw| frqvwudlqw lv d w|slfdo qr0edqnuxswf| frqgl0
wlrq1 Wkh xwlolw| ixqfwlrq lv vwulfwo| lqfuhdvlqj dqg frqfdyh zlwk olplwlqj ydoxhv olp

f<"

C2x+W> {, @
3 dqg olp

f<f C2x+W> {, @4 iru doo W ?41 +Iru dq| ixqfwlrq i+w>[, zh zulwh C
�

i iru wkh �uvw
ghulydwlyh uhodwlyh wr l/ l @ 4> 5 dqg C

��

i wkh vhfrqg ghulydwlyh/ l> m @ 4> 5> zkhq wkh vhfrqg
dujxphqw lv d yhfwru C2i lv wkh judglhqw dqg C22i wkh khvvldq ri vhfrqg ghulydwlyhv,1

6 Wkh rswlpdo sruwirolr= wkh lqyhvwru*v khgjlqj ehkdylru1

Wkh sruwirolr fkrlfh sureohp ghvfulehg deryh fdq eh uhvroyhg e| xvlqj d pduwlqjdoh dssurdfk
+Ndudw}dv/ Ohkrf}n| dqg Vkuhyh +4<;:,/ Fr{0Kxdqj +4<;<,, wr lghqwli| rswlpdo whuplqdo zhdowk
lq h{solflw irup dqg wkhq dsso|lqj wkh Fodun0Rfrqh irupxod rq wkh uhsuhvhqwdwlrq ri Eurzqldq
ixqfwlrqdov wr rewdlq wkh �qdqflqj sruwirolr1 Wklv dssurdfk zdv dgrswhg e| Rfrqh dqg Ndudw}dv
+4<<4, zkr surylgh irupxodv lq wkh irup ri frqglwlrqdo h{shfwdwlrqv ri udqgrp yduldeohv lqyroy0
lqj Pdooldylq ghulydwlyhv1 Gxh wr wkh jhqhudolw| ri wkhlu prgho lq zklfk dvvhw sulfhv iroorz Lwr
surfhvvhv +zlwk xqvshfl�hg frh!flhqwv, wkhvh Pdooldylq ghulydwlyhv duh devwudfw txdqwlwlhv zlwkrxw
dq h{solflw vwuxfwxuh1 Lq wklv vhfwlrq zh h{sorlw wkh gl�xvlrq vshfl�fdwlrq ri wkh �qdqfldo pdunhw
wr ghulyh h{solflw h{suhvvlrqv iru wkh Pdooldylq ghulydwlyhv dqg khqfh iru wkh rswlpdo sruwirolr1

614 Wkh rswlpdo sruwirolr srolf|1

Ohw Y +{, ghqrwh wkh ydoxh ixqfwlrq lq wkh rswlpl}dwlrq sureohp +6,0+7,/ L+W> |, wkh lqyhuvh pdu0
jlqdo xwlolw|/ e| wkh pdujlqdo ydoxh ri lqlwldo zhdowk dqg a[ wkh rswlpdo zhdowk1 Rxu �uvw uhvxow
lghqwl�hv wkh jhqhudo vwuxfwxuh ri wkh rswlpdo sruwirolr dqg ri lwv khgjlqj frpsrqhqwv1
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�c2 lv wkh grpdlq ri wkh Pdooldylq ghulydwlyh1 Vhh Qxdoduw +4<<8, iru h{dfw gh�qlwlrqv1
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+43,

zkhuh �t
u�

ghqrwhv wkh m|� froxpq ri wkh pdwul{ �t 1

Qrwh wkdw wkh �uvw frpsrqhqw ri wkh rswlpdo sruwirolr +8, lv d phdq0yduldqfh frpsrqhqw zkloh
wkh wzr rwkhu frpsrqhqwv duh lqwhuwhpsrudo khgjlqj whupv +vhh Phuwrq +4<:4,,18 Lq wklv jhqhudo
irupxod wkh phdq0yduldqfh whup ydulhv zlwk rswlpdo zhdowk vlqfh wkh frh!flhqw ri uhodwlyh ulvn
dyhuvlrq lv doorzhg wr fkdqjh zlwk zhdowk1 Khgjlqj dulvhv vlqfh wkh lqyhvwru vhhnv lqvxudqfh djdlqvw
 xfwxdwlrqv lq wkh lqwhuhvw udwh +vhfrqg frpsrqhqw ri +8,, dqg lq wkh pdunhw sulfhv ri ulvn +wklug
frpsrqhqw ri +8,,1 Wkdw wkh vhfrqg whup lv prwlydwhg e| wkh ghvluh wr khgjh lqwhuhvw udwh ulvn
lv hylghqfhg e| wkh suhvhqfh ri wkh Pdooldylq ghulydwlyh G

|

u
r

zklfk fdswxuhv wkh lqwhuhvw udwh*v
vhqvlwlylw| wr wkh xqghuo|lqj ulvn idfwruv/ l1h1 wkh Eurzqldq prwlrq surfhvvhv Z

�

1 Lq dffrugdqfh
zh fdoo wklv whup dq LU0khgjh19 Vlploduo| wkh wklug whup lv vhhq wr hphujh zkhq wkh pdunhw sulfhv
ri ulvn duh vhqvlwlyh wr wkh Z

�

+l1h1 zkhq G
|

�
r

9@ 3, dqg lv fdoohg dq PSU0khgjh1 Zkhq +u> �, duh
frqvwdqw ru ghwhuplqlvwlf doo wkhvh khgjlqj whupv duh qxoo vlqfh lq wkh Pdooldylq ghulydwlyhv G

|

u
r

dqg G
|

�
r

> wkh sduwldo ghulydwlyhv C2u+v> \r, dqg C2�+v> \r, duh }hur1
Ehiruh glvfxvvlqj wkh ehkdylru hpehgghg lq wkh khgjlqj frpsrqhqwv lw lv dovr ri lqwhuhvw wr

srlqw rxw wkdw irupxod +8, h{suhvvhv wkh khgjlqj frpsrqhqwv lq h{solflw irup= khgjlqj ghpdqgv
duh frqglwlrqdo h{shfwdwlrqv ri udqgrp yduldeohv zklfk ghshqg hqwluho| rq wkh h{rjhqrxv frh!0
flhqwv ri wkh prgho dqg wkh xwlolw| ixqfwlrq1 Wkh nh| wr wkhvh h{solflw h{suhvvlrqv lv wkh ghulydwlrq
ri forvhg0irup vroxwlrqv iru wkh Pdooldylq ghulydwlyhv G

|

u
r

dqg G
|

�
r

zklfk duh rewdlqhg gxh wkh
gl�xvlrq vwuxfwxuh ri wkh xqfhuwdlqw|1 Dv phqwlrqhg deryh wkhvh uhvxowv lpsuryh rq Rfrqh dqg
Ndudw}dv +4<<4, zkr h{suhvv wkh rswlpdo sruwirolr lq whupv ri devwudfw Pdooldylq ghulydwlyhv1

7Wkh h{srqhqwldo lq +<, vkrxog eh lqwhusuhwhg dv wkh h{srqhqwldo ri d pdwul{/ l1h1 +<, lv vkruw kdqg qrwdwlrq iru
wkh vroxwlrq ri _&

|
t
r
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r
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_duo

r

�&
|
t
r
vxemhfw wr wkh erxqgdu| frqglwlrq &

|
t
|
' jt E|c t

|
�/ zkhuh duo lv wkh

txdgudwlf yduldwlrq surfhvv1
8Wkh rswlpdo sruwirolr irupxod h{whqgv hdvlo| wr wkh fdvh ri lqwhuphgldwh frqvxpswlrq1 Lw dovr h{whqgv wr vhwwlqjv

zlwk lq�qlwh krul}rq surylghg wkdw wkh Qrylnry frqglwlrq lv vdwlv�hg1
9H{suhvvlrq +<, vkrzv wkdw wkh Pdooldylq ghulydwlyh/ lq d Pdunryldq prgho/ fruuhvsrqgv wr wkh ghulydwlyh ri

wkh vwrfkdvwlf  rz ri wkh VGH ri vwdwh yduldeohv zlwk uhvshfw wr wkh lqlwldo srvlwlrq ri wkh vwdwh yduldeohv +Frozhoo/
Hoolrww dqg Nrss +4<<4,,1

8



615 Wkh lqwhuwhpsrudo khgjlqj ehkdylru1

Ohw xv qrz irfxv rq wkh khgjlqj ehkdylru ri wkh lqyhvwru1 Iluvw/ lw vkrxog eh qrwhg wkdw d
p|rslf lqglylgxdo +U+w> e[

|

, @ 4, grhv qrw khgjh:1 Wkh vljqv ri wkh khgjlqj whupv zloo rwkhuzlvh
ghshqg rq wkh vljqv ri wkh frqglwlrqdo h{shfwdwlrqv d+w> \

|

, dqg e+w> \
|

,= Iru h{dpsoh/ zkhq wkhvh
duh srvlwlyh/ dq lqglylgxdo zkr lv pruh +ohvv, ulvn wrohudqw wkdq wkh orjdulwkplf lqyhvwru zloo
ryhu0 +xqghu, lqyhvw lq wkh ulvn| dvvhwv1 Iru wkh LU0khgjh vlpsoh vx!flhqw frqglwlrqv hqvxuh dq
xqdpeljxrxv ehkdylru1

Sursrvlwlrq 5 Il{ w 5 ^3> W `1 Vxssrvh wkdw wkh frqglwlrqv
+l, +�+w> \

|

,�,3�+G
|

u
r

,� � 3 iru doo v � w>+S0d1v,
+ll, U+w> a[

|

, � 4 dqg U+W> a[
A

, � 4 +S0d1v,1
krog1 Wkhq/ lqwhuwhpsrudo khgjlqj ri lqwhuhvw udwh ulvn udlvhv wkh ghpdqg iru vwrfnv +l1h1 wkh
LU0khgjh lv qrqqhjdwlyh,1 Li +l,0+ll, krog iru doo w 5 ^3> W ` wkh LU0khgjh errvwv wkh sursruwlrq ri
zhdowk lqyhvwhg lq vwrfnv dw doo wlphv1

Frqglwlrqv +l,0+ll, duh yhu| jhqhudo1 Wkh �uvw frqglwlrq krogv lq d ydulhw| ri vshfldo fdvhv wkdw
duh ri lqwhuhvw iru hpslulfdo ru wkhruhwlfdo uhdvrqv1 Iru lqvwdqfh lw krogv li vwdwh yduldeohv duh
dxwrqrprxv +vhh uhpdun 4 ehorz, dqg

+�+w> \
|

,�,3�
�
C2u+w> \|,�

t +w> \
|

,
�
� � 3= +44,

Lq wkh vlqjoh ulvn| dvvhw fdvh wklv vlpso| erlov grzq wr qhjdwlyh fruuhodwlrq ehwzhhq wkh lqwhuhvw
udwh dqg wkh ulvn| dvvhw sulfh/ zklfk lv hpslulfdoo| yhul�hg li wkh ulvn| dvvhw lv lqwhusuhwhg dv
wkh VS833 lqgh{1 Frqglwlrq +44, dovr krogv zlwk pxowlsoh ulvn| dvvhwv wkdw duh lqghshqghqw dqg
qhjdwlyho| fruuhodwhg zlwk wkh lqwhuhvw udwh1 Lq doo wkhvh fdvhv wkh sduwlfxodu vwuxfwxuh ri wkh
frh!flhqwv ri wkh vwdwh yduldeohv surfhvvhv +zkhwkhu wkh| duh lqfuhdvlqj/ ghfuhdvlqj/ frqyh{ ru
frqfdyh ixqfwlrqv, grhv qrw pdwwhu iru wkh vljq ri wkh khgjlqj whup= wkh rqo| dvshfw ri uhohydqfh
lv zkhwkhu +44, lv yhul�hg1

Wkh vhfrqg frqglwlrq dssolhv hyhq wr prghov lq zklfk uhodwlyh ulvn dyhuvlrq ydulhv zlwk rswlpdo
zhdowk1 Dv orqj dv dq lqyhvwru glvsod|v pruh ulvn dyhuvlrq wkdq d p|rslf lqyhvwru dw gdwh w dqg
iru doo srvvleoh uhdol}dwlrqv ri rswlpdo whuplqdo zhdowk wkh frqglwlrq zloo krog1

Zkhq zh frpelqh erwk frqglwlrqv zh rewdlq/ iru lqvwdqfh/ wkh lqwxlwlyh sursrvlwlrq wkdw
lqglylgxdov wkdw duh pruh ulvn dyhuvh wkdq wkh orj lqyhvwru +U+w> a[

|

, � 4>U+W> a[
A

, � 4, zloo
lqfuhdvh wkhlu ghpdqg iru wkh pdunhw sruwirolr ri ulvn| dvvhwv zkhq wkh lqwhuhvw udwh frydulhv
qhjdwlyho| zlwk wkh sruwirolr uhwxuq +vlqjoh ulvn| dvvhw prgho, lq rughu wr khgjh lqwhuhvw udwh ulvn1

Zh frqfoxgh wklv glvfxvvlrq zlwk d ghvfulswlrq ri khgjlqj ghpdqgv dqg Pdooldylq ghulydwlyhv
iru wkh fdvh ri dxwrqrprxv vwdwh yduldeohv1

Uhpdun 4 Zkhq wkh v|vwhp ri vwrfkdvwlf gl�huhqwldo htxdwlrqv +4, lv frpsrvhg ri g dxwrqrprxv
htxdwlrqv g\
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gO�
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+45,

:Zkhq -E|c ef|� dqg -EAc efA � whqg wr rqh/ wkh udwlr lqvlgh wkh frqglwlrqdo h{shfwdwlrqv +9,0+:, whqgv wr rqh dv
vhhq e| dsso|lqj o*K÷slwdo*v uxoh1
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Lq wklv lqvwdqfh wkh vljq ri wkh Pdooldylq ghulydwlyh +45, lv srvlwlyh +qhjdwlyh, zkhq �t
�

+w> \
�|

, lv
srvlwlyh +qhjdwlyh,1 Wkh uhvxowv glvfxvvhg deryh iroorz lpphgldwho| iurp wklv surshuw|1

616 Frqvwdqw uhodwlyh ulvn dyhuvlrq1

Vlqfh rxu qxphulfdo uhvxowv lq odwhu vhfwlrqv dvvxph frqvwdqw uhodwlyh ulvn dyhuvlrq zh vshfldol}h
wkh irupxodv ri wkhruhp 4 wr wkdw fdvh1

Wkhruhp 6 +FUUD, Zkhq wkh xwlolw| ixqfwlrq h{klelwv frqvwdqw uhodwlyh ulvn dyhuvlrq U wkh
rswlpdo sruwirolr lv
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,= Wkh Pdooldylq ghulydwlyhv lq d dqg e duh jlyhq lq
wkhruhp 4=

Lq wklv irupxod wzr h{suhvvlrqv duh surylghg iru wkh frh!flhqwv d> e lq wkh khgjlqj frpsrqhqwv1
Wkh �uvw lv vlpso| wkh vshfldol}dwlrq ri wkh suhylrxv uhvxow wr wkh fdvh xqghu frqvlghudwlrq1 Wkh
vhfrqg irupxod xvhv wkh uhodwlrq ehwzhhq rswlpdo zhdowk dqg vwdwh sulfhv lq rughu wr h{suhvv d> e
lq whupv ri wkh uhodwlyh vwdwh sulfh ghqvlw| �

|cA

ehwzhhq shulrgv w dqg W 1 Wklv irupxod fohduo|
ghprqvwudwhv wkdw wkh ixqfwlrqv d> e ghshqg rqo| rq wkh vwdwh yduldeohv \ 1

Wkh irupxodv ghvfulehg lq wkhruhpv 4 dqg 6 surylgh xvhixo lqirupdwlrq derxw wkh txdolwd0
wlyh ehkdylru ri wkh lqyhvwru1 Lq rughu wr dvvhvv wkh pdjqlwxgh ri wkh ydulrxv frpsrqhqwv/ dqg
khqfh wkhlu uhohydqfh iru dvvhw doorfdwlrq sxusrvhv/ lw lv qhyhuwkhohvv qhfhvvdu| wr jhw txdqwlwdwlyh
hvwlpdwhv1 Sudfwlfdo lpsohphqwdwlrqv uhtxluh wkh frpsxwdwlrq ri wkh frqglwlrqdo h{shfwdwlrqv
dsshdulqj lq wkh sruwirolr irupxodv1 Fohduo| Prqwh Fduor vlpxodwlrq dsshduv wr eh dq dsshdolqj
zd| wr surfhhg1 Lq wkh qh{w vhfwlrq zh sxuvxh wklv dyhqxh dqg vxjjhvw d ixuwkhu wudqvirupdwlrq
zklfk idflolwdwhv wkh frpsxwdwlrq ri Pdooldylq ghulydwlyhv dqg pd| dovr khos lq wkh hvwlpdwlrq ri
wkh khgjlqj ghpdqgv1

7 Dq dowhuqdwlyh irupxod iru Pdooldylq ghulydwlyhv ri gl�xvlrqv1

Wkh nh| wr rxu vlpsol�fdwlrq lv d fkdqjh ri yduldeohv zklfk wudqvirupv d vwrfkdvwlf gl�huhqwldo
htxdwlrq lqwr dq ruglqdu| gl�huhqwldo htxdwlrq1 Lq h�hfw wklv +yduldqfh0vwdelol}lqj, wudqvirupdwlrq

:



uhpryhv vwrfkdvwlf lqwhjudov iurp h{suhvvlrqv vxfk dv d+w> \
|

, dqg e+w> \
|

,1 Fkdqjhv ri yduldeohv
ri wklv w|sh duh xvhg e| Grvv +4<::, wr suryh wkdw dq VGH fdq eh vroyhg sdwkzlvh/ vlqfh lw fdq
eh uhgxfhg wr dq ruglqdu| gl�huhqwldo htxdwlrq1 Wklv uhvxow dovr sod|v dq lpsruwdqw uroh lq wkh
dssur{lpdwlrq ri vroxwlrqv iru vwrfkdvwlf gl�huhqwldo htxdwlrqv +vhh Wdod| dqg Sdugrx{ +4<;8, iru
h{dpsoh, vlqfh lw fdq eh xvhg wr frqfoxgh/ e| wkh frqwlqxrxv pdsslqj wkhruhp dssolhg wr wkh  rz
ri wkh VGH/ wkdw frqyhujhqfh ri wkh xqghuo|lqj Zlhqhu surfhvv lpsolhv wkh frqyhujhqfh ri wkh
vroxwlrq ri wkh VGH1 Lq dsshqgl{ D zh vkrz krz Grvv* dujxphqwv fdq eh xvhg wr ghulyh Pdool0
dylq ghulydwlyhv ri vroxwlrqv ri rqh0glphqvlrqdo VGH*v zklfk gr qrw lqyroyh vwrfkdvwlf lqwhjudov
dq|pruh> wklv uhvxow lpsolhv wkh vdph udwh ri frqyhujhqfh dv wkdw ri dq Hxohu dssur{lpdwlrq ri
wkh vroxwlrq ri dq RGH1 Lq wklv vhfwlrq zh vwdwh wkh uhvxow dqg glvfxvv lwv lpsolfdwlrqv1

714 Wkh pdlq uhvxow1

Frqvlghu d surfhvv \ zklfk vdwlv�hv wkh rqh0glphqvlrqdo VGH
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Wkh Pdooldylq ghulydwlyh ri \ kdv wkh iroorzlqj dowhuqdwlyh uhsuhvhqwdwlrq1

Sursrvlwlrq 7 Li wkh iroorzlqj frqglwlrqv krog;

+l, gl�huhqwldelolw| ri guliw= � 5 F�+^3> W `�U,
+ll, gl�huhqwldelolw| ri yrodwlolw|= � 5 F2+^3> W `�U,
+lll, jurzwk frqglwlrq= �+w> 3, dqg �+w> 3, duh erxqghg iru doo w 5 ^3> W `/
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Qrwh wkdw +4:, h{suhvvhv wkh Pdooldylq ghulydwlyhv hqwluho| lq whupv ri Ulhpdqq0Vwlhowmhv lqwh0
judov ri �uvw dqg vhfrqg ghulydwlyhv ri wkh frh!flhqwv ri \ 1 Wkxv wkh vwrfkdvwlf lqwhjudov zklfk
dsshduhg lq wkh hduolhu irupxodv ++43, dqg +46,, kdyh ehhq hqwluho| holplqdwhg1 Irupxod +4:, lv
wkhuhiruh hdvlo| frpsxwhg xvlqj vwdqgdug phwkrgv wr dssur{lpdwh wkh Ulhpdqq lqwhjudov lqyroyhg1
Zlwk wkh yduldqfh vwdelol}lqj wudqvirupdwlrq wkh qxphulfdo fdofxodwlrq ri wkh Pdooldylq ghulydwlyhv
lv wkhuhiruh ri wkh vdph frpsoh{lw| dv wkh qxphulfdo vroxwlrq ri dq RGH1 D vhfrqg gl�huhqfh zlwk
wkh hduolhu h{suhvvlrqv lv wkdw wkh ohdglqj whup lv wkh ixwxuh yrodwlolw| ri wkh surfhvv dw gdwh v
lqvwhdg ri wkh fxuuhqw yrodwlolw| dw w1 Wklv lpsolhv wkdw wklv ohdglqj whup fdqqrw eh idfwruhg rxw
ri frqglwlrqdo h{shfwdwlrqv dw gdwh w dv zdv wkh fdvh lq +8, ru +<,1 Udqgrpqhvv ri wkh ohdglqj
whup krzhyhu grhv qrw lqfuhdvh wkh frpsxwdwlrqdo gl!fxow| lqyroyhg lq hydoxdwlqj wkh Pdooldylq
ghulydwlyh1

Zlwk wklv qxphulfdoo| dsshdolqj h{suhvvlrq iru wkh Pdooldylq ghulydwlyh zh rewdlq d irupxod
iru wkh lqwhuhvw udwh khgjh zklfk grhv qrw lqyroyh vwrfkdvwlf lqwhjudov dq| orqjhu1 Wr dfklhyh
wkh vdph uhvxow iru wkh PSU0khgjh zh lqwurgxfh d vhfrqg wudqvirupdwlrq zklfk hqdeohv xv wr
zulwh wkh VSG dqg/ dv d frqvhtxhqfh/ dovr wkh PSU0khgjh zlwkrxw dq| vwrfkdvwlf lqwhjudo1 Zh
looxvwudwh wkh lghd lq wkh xqlyduldwh fdvh1

;Wkh vsdfh ��Edfc A of U� lv wkh vsdfh ri � wlphv frqwlqxrxvo| gl�huhqwldeoh ixqfwlrqv rq wkh grpdlq dfc A of U1

;



Sursrvlwlrq 8 Ohw g @ 41 Li wkh iroorzlqj frqglwlrqv krog
+l, gl�huhqwldelolw| ri PSU= � 5 F2+^3> W `�U,
+ll, gl�huhqwldelolw| ri yrodwlolw|= � 5 F2+^3> W `�U,
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715 D elyduldwh vwdwh yduldeoh h{dpsoh1

Wr looxvwudwh wkh irupxodv deryh frqvlghu wkh prgho zlwk FUUD ri wkhruhp 6 dqg vxssrvh wkdw
wkh vwdwh yduldeohv duh jlyhq e| wkh sdlu +u> �, zklfk vdwlv�hv<
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, 5 ^3> 4`1 Wkh Eurzqldq prwlrq Z lv xqlglphqvlrqdo1 Wklv prgho qhvwv vwdqgdug
irupxodwlrqv dv vshfldo fdvhv1 Wkh fodvv ri lqwhuhvw udwh surfhvvhv +53, lv xvhg lq dqrwkhu frqwh{w
lq Fkdq/ Nduro|l/ Orqjvwd� dqg Vdqghuv +4<<5,1 Wkh fodvv ri prghov +54, iru wkh PSU kdv qrw
ehhq h{soruhg lq wkh olwhudwxuh |hw1 Zh dovr dvvxph wkdw wkh vwrfn yrodwlolw| lv vwrfkdvwlf dqg
htxdo wr �+u
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,1 Wklv �qdqfldo pdunhw lv wkhq ghvfulehg e| wzr vwdwh yduldeohv +u> �,1
Wkh wudqvlwlrq iurp wkh jhqhudo prgho zlwk vwdwh yduldeohv \ wr wkh prgho +53,0+54, zlwk vwdwh

yduldeohv +u> �, lv lpphgldwh vlqfh wkh Pdooldylq ghulydwlyh G
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vwuxfwxuh +53,0+54, wkhq ohdgv wr
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Fruroodu| 9 Lq wkh �qdqfldo pdunhw +53,0+54, wkh rswlpdo sruwirolr iru FUUD xwlolw| lv jlyhq e|
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@ 3 +Ruqvwhlq0Xkohqehfn LU dqg PSU surfhvvhv, wkh irupxodv deryh vlpsoli|
hyhq ixuwkhu1

Fruroodu| : Vxssrvh wkdw x 5 FUUD1 Zkhq wkh lqwhuhvw udwh dqg wkh pdunhw sulfh ri ulvn iroorz
Ruqvwhlq0Xkohqehfn surfhvvhv +�
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Wkh dqdo|wlfdo h{suhvvlrq iru wkh lqwhuhvw udwh khgjh lq +55, fodul�hv wkh lq xhqfh ri wkh
sdudphwhuv ri wkh lqwhuhvw udwh surfhvv dqg wkh wlph krul}rq1 Jlyhq wkh h{suhvvlrqv surylghg lq
fruroodu| 9 wkh PSU0khgjh lq +56, dovr kdv dq dqdo|wlfdo h{suhvvlrq/ doehlw pruh frpsolfdwhg wkdq
wkh lqwhuhvw udwh h{suhvvlrq1

8 Qxphulfdo lpsohphqwdwlrq1

Lw iroorzv iurp wkh uhvxowv lq wkh sulru vhfwlrqv wkdw wkh sureohp ri �qglqj wkh rswlpdo sruwirolr
iru srzhu xwlolw| ixqfwlrq uhgxfhv wr wkh lghqwl�fdwlrq ri wkh ixqfwlrqv d dqg e1 Zkhq forvhg irup
h{suhvvlrqv iru d> e duh qrw dydlodeoh/ rqh pxvw uhvruw wr d qxphulfdo vfkhph wr hvwlpdwh wkhlu
ydoxhv1 Dv h{sodlqhg ehiruh Prqwh0Fduor vlpxodwlrq lv qdwxudoo| vxjjhvwhg e| wkh vwuxfwxuh ri
wkh sureohp dqg wklv lv wkh dssurdfk wkdw zh dgrsw1 Lq rxu frqwh{w wkh vlpxodwlrq surfhgxuh
lqyroyhv wzr vrxufhv ri huuru1 Iluvw/ vlqfh wkh mrlqw odz ri wkh VSG dqg wkh Pdooldylq ghulydwlyhv
lqyroyhg lq wkh LU0 dqg PSU0 khgjh whupv duh jhqhudoo| xqnqrzq zh kdyh wr xvh d glvfuhwl}dwlrq
vfkhph wr dssur{lpdwh wkhvh udqgrp yduldeohv1 Lw lv zhoo0nqrzq wkdw vxfk d glvfuhwl}dwlrq surfh0
gxuh surgxfhv d eldv1 Vhfrqg/ vlqfh zh gr qrw nqrz krz wr fdofxodwh dqdo|wlfdoo| wkh frqglwlrqdo
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h{shfwdwlrq zh uho| rq d odz ri odujh qxpehuv wr hydoxdwh wkh h{shfwdwlrq xvlqj lqghshqghqw uhsol0
fdwlrqv ri wkh udqgrp yduldeohv zklfk hqwhu lq wkh khgjlqj whupv1 Wklv Prqwh0Fduor hvwlpdwlrq
ri wkh frqglwlrqdo h{shfwdwlrq dovr lqwurgxfhv dq huuru1

Lq wkh glvfxvvlrq zklfk iroorzv zh vkdoo uhvwulfw dwwhqwlrq wr wkh prgho zlwk FUUD xwlolw|1
Lq wklv frqwh{w/ wr rewdlq wkh LU0 dqg PSU0 khgjhv zh hvwlpdwh wkh ixqfwlrqv d dqg e zlwk P
uhsolfdwlrqv dqg Q glvfuhwl}dwlrq srlqwv iru wkh lqyhvwphqw krul}rq e|
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dssur{lpdwhg vwdwh yduldeohv vwduwlqj dw \ �
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Vlqfh wkh vwdwh yduldeohv/ wkh VSG dqg wkh Pdooldylq ghulydwlyhv ri wkh vwdwh yduldeohv duh doo
jlyhq dv vroxwlrqv ri VGHv/ wkh vlpsohvw dssurdfk lv wr xvh wkh Hxohu vfkhph wr hvwlpdwh wkhp1
Lw kdv ehhq vkrzq e| Nxuw} dqg Surwwhu +4<<4, wkdw wkh rughu ri frqyhujhqfh iru wklv vfkhph lv
4@
s
Q43 gxh wr wkh glvfuhwl}dwlrq huuru lq wkh pduwlqjdoh sduwv ri wkh VGHv1 Lq Ghwhpsoh/ Jdufld

dqg Ulqglvedfkhu +GJU, +4<<<, zh vkrz wkdw rxu yduldqfh0vwdelol}lqj wudqvirupdwlrq holplqdwhv
glvfuhwl}dwlrq huuruv lq wkh pduwlqjdoh sduw ri wkh VGH ri wkh wudqviruphg vwdwh yduldeohv dqg
wkhuhiruh dwwdlqv d udwh ri frqyhujhqfh ri rughu 4@Q / zklfk lv wkh vdph frqyhujhqfh udwh dv iru wkh
Hxohu vfkhph ri dq RGH144 Lq rughu wr looxvwudwh wklv gl�huhqfh lq shuirupdqfh ehwzhhq wkh wzr
vfkhphv zh hvwlpdwh wkh uhvshfwlyh devroxwh frpsxwdwlrqdo huuruv lq wkh Pdooldylq ghulydwlyh ri
wkh LU iru gl�huhqw glvfuhwl}dwlrqv Q ri wkh wlph lqwhuydo ^3> W `1 Zh hvwlpdwh huuruv e| wkh vwurqj
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Wr frpsxwh wkh h{shfwdwlrq deryh zh wdnh 53 edwfkhv ri 4> 333 vlpxodwlrqv hdfk1 Iru hdfk edwfk
dq devroxwh huuru lv hvwlpdwhg1 Hvwlpdwhg devroxwh huuruv duh wkhq dyhudjhg ryhu wkh edwfkhv1
Wdeoh 4 ehorz uhsruwv wkh uhvxowv1 Froxpqv 5 dqg 7 vkrz wkdw wkh vshhg ri frqyhujhqfh ri wkh
Hxohu vfkhph lv urxjko| ri rughu 4@

s
Q 1 Froxpqv 6 dqg 8 looxvwudwh wkh lqfuhdvh lq wkh vshhg ri

frqyhujhqfh wr 4@Q zkhq wkh vfkhph zlwk wudqvirupdwlrq lv xvhg1

^Lqvhuw Wdeoh 4 khuh`=

Krzhyhu/ wr frpsxwh khgjlqj whupv/ zh hydoxdwh h{shfwdwlrqv ri ixqfwlrqdov ri wkh vwdwh
yduldeohv1 Lq GJU +4<<<,/ zh vkrz wkdw wkh lqfuhdvhg vshhg ri frqyhujhqfh rewdlqhg zlwk wkh
wudqvirupdwlrq iru wkh qxphulfdo vroxwlrq ri VGHv ri vwdwh yduldeohv idlov wr lqfuhdvh wkh vshhg ri
frqyhujhqfh ri h{shfwdwlrqv ri ixqfwlrqdov ri wkh vwdwh yduldeohv1 Wklv h{whqgv d uhvxow ri Wdod|
dqg Wxedur +4<<4,1 Wkh| kdyh vkrzq wkdw/ iru wkh Hxohu vfkhph/ H^i+\ �

A

,� i+\
A

,` lv ri rughu
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iru ixqfwlrqv i dqg gl�xvlrq frh!flhqwv � dqg � vdwlvi|lqj fhuwdlq erxqghgqhvv dvvxpswlrqv1
Hyhq wkrxjk rxu sureohp lv pruh frpsolfdwhg vlqfh zh duh qrw hydoxdwlqj d ixqfwlrq ri d whuplqdo
srlqw ri d qxphulfdo vroxwlrq wr d VGH exw d ixqfwlrqdo zklfk ghshqgv rq wkh zkroh wudmhfwru|
ri wkh vroxwlrq/ wkh vdph uhvxow krogv1 Qhyhuwkhohvv/ dv zh zloo glvfxvv qh{w/ wkh wudqvirupdwlrq
pd| vwloo eh xvhixo dv lw pd| uhgxfh wkh dv|pswrwlf vhfrqg rughu eldv1

Ghqrwlqj hvwlpdwruv zlwkrxw rxu wudqvirupdwlrq +e| gluhfw dssolfdwlrq ri wkh Hxohu vfkhph,
e| �� dqg hvwlpdwruv zlwk wkh wudqvirupdwlrq e| a�/ zh rewdlq xqghu fhuwdlq lqwhjudelolw| frqglwlrqv
+vhh GJU +4<<<, iru ghwdlov, iru wkh d+�, ixqfwlrq=
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P@E+� +uhvs1 P KE+�, lv d Jdxvvldq pduwlqjdoh1 Dv lqglfdwhg erwk w|shv ri surfhvvhv ghshqg rq
wkh lqlwldo srvlwlrq ri wkh vwdwh yduldeohv/ |1

Lq wkhvh h{suhvvlrqv/ wkh ghwhuplqlvwlf surfhvvhv Nu fruuhvsrqg wr wkh glvfuhwl}dwlrq huuru
uhvxowlqj iurp wkh dssur{lpdwlrq vfkhph dqg wkhuhiruh ghshqg rq wkh dssur{lpdwlrq phwkrg
xvhg1 Lghdoo|/ wkh| vkrxog eh }hur1 Xvlqj rxu wudqvirupdwlrq wklv lv lqghhg wkh fdvh li wkh
xqghuo|lqj vwdwh yduldeohv duh jlyhq e| dq lqyhuwleoh/ wzlfh frqwlqxrxvo| gl�huhqwldeoh ixqfwlrq ri
orjqrupdo surfhvvhv1 Lw kdsshqv lq wklv fdvh wkdw wkh dssur{lpdwlrq xvlqj wkh wudqvirupdwlrq lv
dovr h{dfw iru wkh sduw ri wkh VGH lqyroylqj Ulhpdqq lqwhjudov1 Exw lq jhqhudo aN u zloo eh gl�huhqw
iurp }hur1 Wkhuhiruh/ dowkrxjk wkh hvwlpdwruv duh frqvlvwhqw/ d vpdoohu aNu uhgxfhv wkh vhfrqg
rughu eldv1 Li lq wkh frqvwuxfwlrq ri frq�ghqfh lqwhuydov zh gr qrw fruuhfw iru wklv vhfrqg rughu eldv
wkh vl}h glvwruwlrq46 zloo eh vpdoohu zlwk wkh wudqvirupdwlrq zkhqhyhu aNu ? �N u1 Frqvhtxhqwo|/ d
uhgxfhg vhfrqg rughu eldv zloo dovr lpsuryh wkh ydolglw| ri vwdwlvwlfdo whvwv edvhg rq wkh odz ri P u

rqo|1 Ixuwkhupruh/ d vpdoo vhfrqg rughu eldv lv srwhqwldoo| lpsruwdqw iru d jrrg shuirupdqfh ri
wkh hvwlpdwruv jlyhq d �qlwh qxpehu ri uhsolfdwlrqv dqg glvfuhwl}dwlrq srlqwv1

46Vl}h glvwruwlrq uhihuv wr wkh idfw wkdw wkh dfwxdo fryhudjh suredelolw| lv gl�huhqw iurp wkh suhvfulehg ohyho1
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Wkh surfhvvhv P u duh iru erwk dssur{lpdwlrq phwkrgv wkh vdph1 Wkh| uhvxow iurp wkh Prqwh
Fduor hvwlpdwlrq ri wkh frqglwlrqdo h{shfwdwlrq dqg zrxog qrw ydqlvk hyhq li zh frxog vdpsoh
iurp wkh wuxh mrlqw odz ri K u dqg wkh VSG �1 Wkh h{suhvvlrqv iru erwk surfhvvhv N dqg P duh
rewdlqhg lq h{solflw irup dqg ghvfulehg lq ghwdlo lq GJU +4<<<, dqg fdq wkhuhiruh eh xvhg wr
lpsohphqw huuru fruuhfwlrqv dqg yduldqfh uhgxfwlrqv1

Doo wkh uhvxowv glvfxvvhg deryh duh frqglwlrqdo rq wkh nqrzohgjh ri wkh vwdwh yduldeohv dw d jlyhq
prphqw lq wlph1 Li zh duh rqo| lqwhuhvwhg dw srlqw hvwlpdwruv ri wkh rswlpdo frpsrvlwlrq ri rxu
sruwirolr jlyhq d fhuwdlq vwdwh wkh hvwlpdwruv ri d dqg e duh doo zh kdyh wr fdofxodwh1 Exw iru rwkhu
sxusrvhv/ vxfk dv ulvn pdqdjhphqw/ zh pd| zhoo eh lqwhuhvwhg lq whvwlqj d jlyhq sruwirolr vwudwhj|
djdlqvw d vshfl�f ehqfkpdun1 Vlqfh wklv w|sh ri h{huflvh uhtxluhv wkh suredelolvwlf vwuxfwxuh ri wkh
rswlpdo sruwirolr vwudwhj|/ zh qhhg wkh glvwulexwlrq ri frqglwlrqdo hvwlpdwruv ri wkh phdq0yduldqfh
frpsrqhqw/ wkh LU0khgjh dqg wkh PSU0khgjh1 Vlqfh zh fdqqrw vdpsoh iurp wkh wuxh odz ri wkh
vwdwh yduldeohv lw iroorzv wkdw zh kdyh wr uho| rq dq dssur{lpdwlrq ri wkhlu g|qdplf hyroxwlrq
ghvfulehg e| wkh VGH1 Dv zh vkrz lq GJU +4<<<, wkh frqglwlrqdo hvwlpdwruv frqyhujh zhdno|
zlwk rughu �

�

zlwk wudqvirupdwlrq dqg rughu �
I

�

zlwkrxw1 Wkh olplw odzv ri wkhvh frqglwlrqdo

hvwlpdwruv duh qrq0Jdxvvldq 47 exw nqrzq dqg wkhuhiruh fdq eh xvhg wr frqvwuxfw dv|pswrwlfdoo|
ydolg frq�ghqfh lqwhuydov ru vwdwlvwlfdo whvwv1

9 Fdoleudwlrq ri wkh prgho1

Lq rughu wr h{dplqh wkh hfrqrplf surshuwlhv ri rswlpdo sruwirolrv zh qhhg wr vshfli| dqg fdoleudwh
rxu prgho ri wkh �qdqfldo pdunhw1 Zh zloo irfxv rq wkh fodvv ri elyduldwh surfhvvhv iru +u> �,
ghvfulehg lq wkh vhfwlrq deryh1 Vshfl�fdoo| zh hvwlpdwh wkh iroorzlqj LU0PSU prgho
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, duh frqvwdqwv1
Zh dvvxph wkdw wkh dssur{lpdwh glvfuhwh0wlph surfhvv lv wkh wuxh wlph0vhulhv prgho148 Wkh

hfrqrphwulf surfhgxuh ghvfulehg lq wklv vhfwlrq lv edvhg rq wkh pd{lpl}dwlrq ri wkh orjolnholkrrg
ri wkh iroorzlqj glvfuhwh0wlph prgho=

u
E��

|n�
@ u

E��

|

. �
o

+u
�

� u
E��

|

, . �
oc�

t
u
E��

|

%
|n�> uf jlyhq +63,

�
|n� @ �

|

. �
w

+� � �
|

, . �
w

y
|n�> �f jlyhq1 +64,

zkhuh u
�

@ uk dqg �
oc�

@ �
o

s
k= Lq rxu hvwlpdwlrqv/ zh frqvlghu d prqwko| iuhtxhqf| zlwk k @ �

�2
=

47Wkh uhdghu lv uhihuuhg wr GJU +4<<<, iru wkh h{dfw h{suhvvlrqv1
48Hvwlpdwlqj wkh sdudphwhuv ri d frqwlqxrxv0wlph gl�xvlrq prgho edvhg rq d glvfuhwh0wlph dssur{lpdwlrq ri wkh

olnholkrrg ixqfwlrq ohdgv wr d glvfuhwl}dwlrq eldv +Or +4<;;,,1 Krzhyhu/ iru wkh prqwko| hvwlpdwlrq ri lqwhuhvw udwh
surfhvvhv/ Eur}h/ Vfdloohw dqg ]dnrldq +4<<8, xvh dq lqgluhfw hvwlpdwlrq wr fruuhfw iru wkh eldv dqg �qg wkdw wkh
eldv lv vpdoo iru wkh phdq0uhyhuvlrq V

o/ wkh phdq o dqg wkh yduldqfh jo� Zh wkhuhiruh iroorz wkh vlpsohu dssurdfk
wr fdoleudwh wkh sdudphwhuv1 Zh dovr lqyhvwljdwh wkh vhqvlwlylw| ri wkh uhvxowv wr fkdqjhv lq wkh sdudphwhuv1
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Wkh pdunhw sulfh ri ulvn +�
|

@ �3�
|

+�
|

� u
|

,, lv dq xqrevhuydeoh vwdwh yduldeoh1 Wr �owhu lw/ zh
zloo wdnh wzr dssurdfkhv149 Iluvw zh dvvxph wkdw wkh vwrfn yrodwlolw| � lv frqvwdqw1 Lq rwkhu zrugv/
zh hvwlpdwh wkh PSU iurp wkh frqglwlrqdo phdq �

|

ri wkh vwrfn uhwxuq vhulhv +wdnhq dv wkh VS833
lqgh{,1 Zh dvvxph d vlpsoh DU+4, surfhvv iru wkh frqglwlrqdo phdq ri wkh vwrfn uhwxuq1 Vhfrqg/
zh uhod{ wkh dvvxpswlrq ri d frqvwdqw vwrfn yrodwlolw| dqg �owhu �

|

dqg �
|

wkurxjk d JDUFK
surfhvv iru wkh vwrfn uhwxuqv/ zlwk dq DU+4, surfhvv iru wkh frqglwlrqdo phdq1 Zh hvwlpdwh doo
wkh prghov ryhu wkh shulrg Mdqxdu| 4<980Mxqh 4<<91

Lq wkh frqwlqxrxv0wlph prgho wkh vdph Eurzqldq prwlrq dssolhv wr u dqg �> exw zlwk d
shuihfw qhjdwlyh fruuhodwlrq1 Zh wkhuhiruh surgxfh wzr vhwv ri hvwlpdwhv/ rqh zlwk wkh fruuhodwlrq
frh!flhqw ehwzhhq %

|n� dqg y
|n� ohiw xqfrqvwudlqhg/ dqrwkhu rqh zlwk d qhjdwlyh fruuhodwlrq

ri �3=<4:1 Wkh uhvxowv duh suhvhqwhg lq Wdeohv 5 dqg 6 uhvshfwlyho|1 Wkh hvwlpdwhv rewdlqhg
iru wkh sdudphwhuv ri wkh lqwhuhvw udwh FLU surfhvv duh frpsdudeoh wr wkh ydoxhv rewdlqhg e|
Eur}h/ Vfdloohw dqg ]dnròdq +4<<8, dqg Fkdq hw do1 +4<<5,1 Wkh surfhvv vorzo| uhyhuwv wr dq
dqqxdol}hg phdq ri derxw 9( zlwk d |hduo| yrodwlolw| ri derxw 4=:9( iru wkh xqfrqvwudlqhg prgho
dqg durxqg 6=9( iru wkh frqvwudlqhg hvwlpdwh1 Wkh hvwlpdwlrq uhvxowv iru wkh PSU Ruvwhlq0
Xkohqehfn surfhvv vkrz wkdw wkh pdunhw sulfh ri ulvn uhyhuwv udwkhu txlfno| wr lwv phdq1 Wkh
phdq lv derxw ;(/ zklfk lv orz frpsduhg zlwk wkh vwdqgdug hvwlpdwhv ri wkh pdunhw sulfh ri
ulvn1 Wkh PSU yrodwlolw| lv derxw whq wlphv wkh yrodwlolw| ri wkh lqwhuhvw udwh surfhvv lq erwk
wkh xqfrqvwudlqhg dqg frqvwudlqhg hvwlpdwlrqv> doprvw shuihfw qhjdwlyh fruuhodwlrq ehwzhhq wkh
lqwhuhvw udwh dqg wkh PSU irufhv xszdugv wkh yrodwlolwlhv ri wkh wzr surfhvvhv e| d idfwru ri wzr1
Jlyhq wkh orz ydoxh ri wkh PSU/ zh dovr lqyhvwljdwh d vshfl�fdwlrq zkhuh wkh lqwhuhvw udwh hqwhuv
lq wkh guliw ri wkh pdunhw sulfh ri ulvn/ vlqfh h{fhvv uhwxuqv duh nqrzq wr eh suhglfwdeoh e| wkh
lqwhuhvw udwh1 Htxdwlrq +65, uhsodfhv htxdwlrq +64,
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|n�> �f jlyhq1 +65,

Wkh hvwlpdwlrq uhvxowv/ uhsruwhg lq Wdeoh 7/ duh txlwh vlplodu wr wkh suhylrxv vshfl�fdwlrq/ h{fhsw
iru wkh phdq ohyho ri wkh PSU/ zklfk lv pruh lq olqh zlwk wkh xvxdo hvwlpdwh ri 3=61 Wkh h{shfwhg
qhjdwlyh frh!flhqw ri wkh lqwhuhvw udwh � frphv rxw txlwh vljql�fdqwo| gl�huhqw iurp }hur1 Dv zh
zloo vhh/ wklv vshfl�fdwlrq zloo fkdqjh rqo| wkh devroxwh pdjqlwxgh ri wkh vwrfn srvlwlrq dqg wkh
khgjlqj whupv/ exw qrw wkh uhodwlyh lpsruwdqfh ri wkh odwhu zlwk uhvshfw wr wkh iruphu1

Wr dvvhvv wkh urexvwqhvv ri wkh uhvxowv rewdlqhg zlwk d frqvwdqw �>zh xvh d JDUFK +4/4, prgho
iru wkh vwrfn uhwxuqv wr frqvwuxfw wkh vhulhv iru wkh pdunhw sulfh ri ulvn �

|

1 Zh nhhs dv ehiruh
dq DU+4, vshfl�fdwlrq iru wkh frqglwlrqdo phdq ri wkh vwrfn uhwxuqv1 Wkh uhvxowv duh uhsruwhg lq
Wdeohv 8 dqg 9/ zkhuh dv ehiruh zh hvwlpdwh wzr yhuvlrqv ri wkh prgho/ zlwk fruuhodwlrq frh!flhqw
�
ow

ohiw xqfrqvwudlqhg +Wdeoh 8, dqg frqvwudlqhg wr d ydoxh ri �3=< +Wdeoh 9,1 Wkh prvw qrwdeoh
gl�huhqfhv duh d prghudwh lqfuhdvh +ghfuhdvh, lq wkh lqwhuhvw udwh +PSU, vshhg ri phdq0uhyhuvlrq
e| derxw 43(/ dq lqfuhdvh lq wkh orqj uxq phdq ri wkh PSU e| derxw 8( dqg d ghfuhdvh lq wkh
PSU yrodwlolw| e| derxw :(1 Wkh hvwlpdwhv rewdlqhg iru wkh rwkhu sdudphwhuv duh urxjko| wkh
vdph dv ehiruh1 Ryhudoo wkhvh gl�huhqfhv vkrxog qrw h{huw pxfk lq xhqfh rq wkh pdjqlwxgh ri
wkh khgjlqj whupv dqg zloo qrw eh frqvlghuhg lq rxu qxphulfdo frpsxwdwlrq ri rswlpdo sruwirolrv1

49Wklv �owhulqj dssurdfk lv lq wkh vslulw ri Qhovrq dqg Irvwhu +4<<7,/ dowkrxjk zh gr qrw fodlp dq| rswlpdolw|
surshuw| iru wkh JDUFK+4/4, surfhvv zh xvh1

4:Vlqfh dw d fruuhodwlrq ri 04/ wkh yduldqfh0fryduldqfh pdwul{ zrxog eh vlqjxodu/ zh fkrvh wkh forvhvw dssur{lpdwlrq
wkdw glg qrw fuhdwh qxphulfdo sureohpv1
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: Hfrqrplf surshuwlhv ri rswlpdo sruwirolrv1

Zh qrz lpsohphqw rxu qxphulfdo surfhgxuh iru wkh prgho zlwk +l, frqvwdqw uhodwlyh ulvn dyhuvlrq/
+ll, d vlqjoh ulvn| vwrfn zlwk frqvwdqw yrodwlolw| dqg +lll, PUVU +phdq uhyhuwlqj 0 vtxduh urrw,
surfhvv iru wkh lqwhuhvw udwh dqg +ly, d PUJ +phdq0uhyhuwlqj Jdxvvldq, surfhvv ru d PUJLG
+phdq0uhyhuwlqj zlwk lqwhuhvw udwh ghshqghqfh lq wkh guliw, surfhvv iru wkh PSU1 Wkh xqfhuwdlqw|
lv wkxv fdswxuhg e| d elyduldwh v|vwhp ri vwdwh yduldeohv +u> �,1 Iru wklv vshfl�fdwlrq ri suhihuhqfhv
dqg xqfhuwdlqw| zh uhfdoo wkdw wkh vwrfn ghpdqg lv
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duh surylghg lq fruroodu| 91 Iru wkh PUJLG prgho vhh Dsshqgl{ F1
Sdudphwhu ydoxhv duh vhw dw wkhlu hvwlpdwhg ydoxhv uhsruwhg lq Wdeohv 6 dqg 7 dqg dw ydoxhv

htxdo ru forvh wr wkh phdqv iru uf dqg �f> wkh yrodwlolw| ri wkh vwrfn lv vhw dw lwv klvwrulfdo dyhudjh
3=51 Vshfl�fdoo|/ lq wkh �uvw prgho +Wdeoh 6,/ zh wdnh �

o

@ =3;57> u @ =3383 � 45> �
o

@ =8>
�
o

@ =34383 � s45 +uhfdoo wkdw wkhuh lv d plqxv vljq lq iurqw ri �
o

lq +5;,,/ uf @ =3383 � 45>
� @ =53> �

w

@ =9<83> � @ =3;:4> �
w

@ 3> �
w

@ =54> �f @ =431 Lq wkh vhfrqg prgho/ zh wdnh wkh
iroorzlqj ydoxhv= �

o

@ =3338> u @ =3383 � 45> �
o

@ =8> �
o

@ =34383 � s45> uf @ =3383 � 45>
� @ =53> �

w

@ =:::4> � @ =59:8> �
w

@ 3> �
w

@ =538> � @ �59=5<@45> �f @ =631 Vlpxodwlrqv duh
fduulhg rxw xvlqj gdlo| lqfuhphqwv dqg 8> 333 sdwkv zlwk yduldqfh uhgxfwlrq e| dqwlwkhwlf yduldeohv
phwkrg +P @ 8> 333> k @ 4@698,1 Vlqfh wkh uhvxowv duh yhu| vlplodu/ h{fhsw iru wkh gl�huhqfh lq
wkh devroxwh pdjqlwxgh ri wkh khgjlqj whupv dv phqwlrqhg hduolhu/ zh rqo| uhsruw lq Wdeoh :
vxppdu| uhvxowv iru wkh �uvw prgho dqg surylgh d ixoo0 hgjhg dqdo|vlv zlwk judskv iru wkh vhfrqg
prgho4;1

:14 Rswlpdo sruwirolrv dqg khgjlqj frpsrqhqwv1

Iljxuhv 408 looxvwudwh wkh ehkdylru ri wkh rswlpdo sruwirolr dqg wkh khgjlqj frpsrqhqwv uhodwlyh
wr wkh ulvn dyhuvlrq frh!flhqw dqg wkh lqyhvwphqw krul}rq1 Ulvn dyhuvlrq ydulhv iurp =8 wr 8>
wkh lqyhvwphqw krul}rq iurp 4 |hdu wr 8 |hduv1 Dv h{shfwhg wkh iudfwlrq ri zhdowk lqyhvwhg
lq wkh vwrfn ghfuhdvhv dv ulvn dyhuvlrq lqfuhdvhv dqg lqfuhdvhv dv wkh krul}rq lqfuhdvhv1 Wkh
khgjhv/ krzhyhu/ glvsod| vwulnlqjo| gl�huhqw ehkdylru1 Wkh PSU0khgjh glvsod|v plogo| kxpshg
ghfuhdvlqj0lqfuhdvlqj ehkdylru uhodwlyh wr ulvn dyhuvlrq dqg dsshduv wr ghfuhdvh uhodwlyh wr krul}rq1
Wkh lqwhuhvw udwh khgjh lqfuhdvhv uhodwlyh wr erwk yduldeohv1 Dv qrwhg ehiruh wkh vljqv ri wkh khgjhv

4;Ri frxuvh wkh h{suhvvlrqv iru wkh Pdooldylq ghulydwlyhv zlwk uhvshfw wr wkh lqwhuhvw udwh dqg wkh PSU dv zhoo
dv wkh vwdwh sulfh ghqvlw| fkdqjh frpsduhg wr rxu suhylrxv h{suhvvlrqv lq vhfwlrq 81 Wkh qhz h{suhvvlrqv duh jlyhq
lq Dsshqgl{ F1
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fkdqjh ghshqglqj rq zkhwkhu ulvn dyhuvlrq h{fhhgv ru idoov vkruw ri 41 Wklv looxvwudwhv wkh vwdqgdug
nqlih0hgjh ehkdylru ri +p|rslf, orjdulwkplf xwlolw|1 Iru lqyhvwruv wkdw duh pruh ulvn dyhuvh wkdq
wkh Ehuqrxool lqyhvwru wkh qhjdwlyh ydoxhv ri wkh PSU0khgjh vwhp iurp wkh srvlwlyh fruuhodwlrq
ehwzhhq wkh vwrfn uhwxuq dqg wkh PSU1 Vxfk dq lqyhvwru wulhv wr khgjh wkh dgglwlrqdo ulvn dzd|
e| uhgxflqj klv2khu vwrfn ghpdqg1 Vlploduo| wkh lqwhuhvw udwh khgjh whqgv wr errvw vwrfn ghpdqg
vlqfh lw frydulhv qhjdwlyho| zlwk wkh vwrfn uhwxuq1 Qrwh dovr wkdw wkh frpelqdwlrq ri wkh wzr
khgjhv lv qhjdwlyh iru vkruw lqyhvwphqw krul}rqv +ohvv wkdq 7 |hduv lq wkh qxphulfdo h{dpsoh,
dqg srvlwlyh iru orqjhu kroglqj shulrgv1 Wkxv/ khgjlqj ehkdylru uhgxfhv +lqfuhdvhv, wkh vwrfn
lqyhvwphqw iru vkruw uxq +orqj uxq, krul}rqv uhodwlyh wr d sxuh phdq0yduldqfh lqyhvwru1 Lq idfw/
wkh lqfuhdvh lq vwrfn kroglqjv lqfuhdvhv zlwk orqjhu lqyhvwphqw krul}rqv1

^Lqvhuw �jxuhv 408 khuh`

Iljxuhv 9043 glvsod| wkh ehkdylru uhodwlyh wr wkh ohyhov ri wkh lqwhuhvw udwh dqg wkh PSU uf> �f
iru ulvn dyhuvlrq U @ 5 dqg lqyhvwphqw krul}rq W � w @ 4= Djdlq wkh iudfwlrq lqyhvwhg lq wkh
vwrfn ydulhv frqvlghudeo| ryhu wkh udqjh ri lqlwldo ydoxhv lqyhvwljdwhg/ iurp ryhu <3( ri zhdowk
wr qhduo| 58(1 Wkh khgjh frpsrqhqwv* udqjhv duh pxfk qduurzhu= zkloh wkh lqwhuhvw udwh khgjh
ydulhv ehwzhhq derxw 4=;( dqg 5=9(/ wkh PSU0khgjh olhv ehwzhhq �4=;( dqg derxw �9(1

Vhfrqg qrwh wkdw wkh iudfwlrq lqyhvwhg lq wkh vwrfn lv dq lqfuhdvlqj ixqfwlrq ri wkh PSU dqg
lv doprvw lqvhqvlwlyh wr wkh lqwhuhvw udwh1 Dv �f lqfuhdvhv wkh lqwhuhvw udwh khgjh vwd|v  dw +�jxuh
:, zkloh wkh PSU0khgjh ehfrphv pruh qhjdwlyh +�jxuh ;,1 Wkhvh h�hfwv/ krzhyhu/ duh ri vhfrqg
rughu uhodwlyh wr wkh lqfuhdvh lq wkh phdq0yduldqfh frpsrqhqw ri wkh vwrfn ghpdqg1 Zkhq uf
lqfuhdvhv wkh lqwhuhvw udwh khgjh lqfuhdvhv prghudwho| dqg ehfrphv pruh srvlwlyh +vhh �jxuh :,=
lw whqgv wr lqfuhdvh vwrfn ghpdqg1 Wkh PSU0khgjh dovr lqfuhdvhv exw hyhq pruh prghudwho|1
Frpelqlqj wkhvh wzr h�hfwv surgxfhv d plogo| lqfuhdvlqj wrwdo vwrfn ghpdqg1 Iljxuhv < dqg
43 dovr looxvwudwh wkh ehkdylru ri wkh vkduhv ri wkh wzr khgjhv uhodwlyh wr wrwdo vwrfn ghpdqg>
qrwh wkdw wkhvh vkduhv ghfuhdvh vxevwdqwldoo| zkhq wkh PSU lqfuhdvhv exw h{klelw pruh prghudwh
vhqvlwlylw| wr wkh lqwhuhvw udwh1 Iru w|slfdo ydoxhv ri wkh PSU +ehwzhhq =53 dqg =73, wkh vxp ri
wkh khgjlqj whupv lv qhjdwlyh dqg whqgv wr uhgxfh wkh ghpdqg iru wkh vwrfn1

^Lqvhuw �jxuhv 9043 khuh`1

:15 Pdunhw wlplqj vwudwhjlhv1

Lq rughu wr dvvhvv wkh lpsruwdqfh dqg vwdelolw| ryhu wlph ri rxu khgjlqj ghpdqg hvwlpdwhv zh
shuirup wzr pdunhw wlplqj h{shulphqwv1 Wkh �uvw frqvlvwv lq gudzlqj wudmhfwrulhv ri wkh xqghu0
o|lqj vwdwh yduldeoh surfhvvhv u> � dqg frpsxwlqj wkh sruwirolr dqg khgjlqj ghpdqgv dorqj wkhvh
wudmhfwrulhv1 Wkh vhfrqg h{shulphqw vlpxodwhv wkh rswlpdo sruwirolr iru yhu| orqj krul}rqv dqg
xvlqj dfwxdo pdunhw gdwd1

Uhvxowv iru wkh �uvw h{shulphqw duh uhsruwhg lq �jxuhv 440471 D w|slfdo wudmhfwru| ri wkh sdlu
+u> �, lv gudzq lq �jxuhv 44 dqg 451 Wkh lqwhuhvw udwh lv vhhq wr ydu| ehwzhhq 6=<( dqg 8=7(>
wkh PSU wdnhv ydoxhv ehwzhhq �=3; dqg =631 Iljxuh 46 looxvwudwhv wkh vwrfn ghpdqg ehkdylru iru
dq lqyhvwru zlwk ulvn dyhuvlrq ri 7 dqg d �{hg krul}rq ri 8 |hduv1 Iru wkh wudmhfwru| gudzq wkh
sursruwlrq lqyhvwhg lq wkh vwrfn hyroyhv ehwzhhq �6( dqg 73(1 Forvh lqvshfwlrq ri wkh judsk/
krzhyhu/ vkrzv wkdw fkdqjhv vxshulru wr 63( lq wkh sruwirolr vkduh duh xvxdoo| vsuhdg ryhu shulrgv

49



ri 9 prqwk ru pruh1 Wkhuh duh dovr orqj vwuhwfkhv ri wlph/ ri gxudwlrq odujhu wkdq d |hdu/ ryhu
zklfk wkh vwrfn vkduh ydulhv zlwklq dw 43( lqwhuydo1

Iljxuh 47 zklfk vkrzv wkh uhvshfwlyh frqwulexwlrqv ri wkh LU0khgjh/ wkh PSU0khgjh dqg wkh
vxp ri wkh wzr khgjhv vkhgv ixuwkhu oljkw rq wklv lvvxh1 Iluvw qrwh wkdw wkh LU0khgjh lv uhpdundeo|
vwdeoh ryhu wlph1 Lw h{shulhqfhv yhu| vpdoo  xfwxdwlrqv dqg ghfuhdvhv vorzo| wrzdug }hur gxh wr
wkh pdwxulw| h�hfw ri wkh �{hg krul}rq1 Lw dovr uhpdlqv srvlwlyh wkurxjkrxw wkh shulrg1 Wkh
PSU0khgjh lv qhjdwlyh dqg h{klelwv vwurqjhu yrodwlolw|/ zklfk lv qrw vxusulvlqj vlqfh lw lv vhqvlwlyh
wr wkh PSU ohyho zklfk lv pruh yrodwloh1 Zlwklq lqwhuydov ri d |hdu wkrxjk wkh  xfwxdwlrqv uduho|
h{fhhg 8(1 Djdlq d wuhqg wrzdug }hur lv revhuyhg gxh wr wkh �{hg lqyhvwphqw krul}rq1 Erwk
khgjhv zrun lq rssrvlwh gluhfwlrq dqg sduwo| r�vhw hdfk rwkhu1 Wkh qhw khgjlqj fruuhfwlrq lv
ri wkh rughu ri 8( � 43( dw wkh ehjlqqlqj ri wkh lqyhvwphqw krul}rq/ wkxv errvwlqj wkh vwrfn
ghpdqg1 Lw wkhq vorzo| frqyhujhv wrzdug }hur wdnlqj qhjdwlyh ydoxhv dorqj wkh zd|/ wkxv uhgxflqj
vwrfn ghpdqg/ lq wkh odvw frxsoh ri |hduv ri wkh shulrg1 Wkh qhw khgjlqj fruuhfwlrq lqkhulwv wkh
vwdelolw| ri lwv wzr frpsrqhqwv= lwv  xfwxdwlrqv uduho| h{fhhgv 8( ryhu shulrgv ri d |hdu ru orqjhu1
Ryhu wkh zkroh 8 |hdu shulrg wkh khgjlqj fruuhfwlrq ydulhv ehwzhhq �6( dqg 43(1

Dowkrxjk qrw uhsruwhg lq wkh sdshu vlplodu surshuwlhv duh uhfrughg zkhq wkh dqdo|vlv lv shu0
iruphg iru uroolqj krul}rqv ri 5 |hduv dqg 8 |hduv +wkrxjk khgjlqj whupv gr qrw frqyhujh wr }hur
lq wkdw fdvh, dqg iru ulvn dyhuvlrqv lq wkh udqjh 5� 71

Zh frqfoxgh iurp wklv +uhsuhvhqwdwlyh, h{shulphqw wkdw khgjlqj frpsrqhqwv duh uhpdundeo|
vwdeoh ryhu wlph lq wkh vhqvh wkdw wkh| h{klelw orz yrodwlolw|1 Wkh yduldwlrq lq wkh wrwdo vwrfn
ghpdqg zklfk lv revhuyhg lq �jxuh 46 vwhpv sulpdulo| iurp wkh yduldwlrq ri lwv phdq yduldqfh
frpsrqhqw1

^Lqvhuw �jxuhv 44047 khuh`

Rxu vhfrqg h{shulphqw h{dplqhv wkh dfwxdo ehkdylru/ edvhg rq pdunhw gdwd/ ri wkh sruwirolr
ryhu wlph iru dq lqyhvwru zlwk orqj krul}rq ri derxw 63 |hduv dw wkh ehjlqqlqj ri wkh shulrg1
Khgjlqj ghpdqgv dqg sruwirolr srvlwlrqv duh frpsxwhg xvlqj rxu prgho dorqj wkh uhdol}hg wudmhf0
wru| ri wkh LU dqg wkh PSU lq wkh odvw 64=8 |hduv +rxu hvwlpdwlrq vdpsoh,1 Edvhg rq wkhvh gdwd/
zh frpsxwh hdfk prqwk ri wkh vdpsoh wkh rswlpdo vkduh ri wkh vwrfn lq wkh sruwirolr zlwk dqg
zlwkrxw khgjlqj iru dq lqyhvwru zlwk d uhodwlyh ulvn dyhuvlrq ri 7 +frpsxwdwlrqv duh shuiruphg
xvlqj 58/333 uhsolfdwlrqv dqg yduldqfh uhgxfwlrq/ l1 h1 83/333 uhsolfdwlrqv,1 Dv �jxuh 48 vkrzv/
lqwhuwhpsrudo khgjlqj zloo lqfuhdvh wkh rswlpdo vkduh wr d uhdvrqdeoh ohyho ri derxw 93( dw wkh
ehjlqqlqj ri wkh lqyhvwphqw krul}rq wr urxjko| 43( dw wkh hqg/ zlwk dq dyhudjh kroglqj ri 77(1
Wklv lv lq vkdus frqwudvw zlwk wkh p|rslf phdq0yduldqfh rswlpdo vkduh zklfk ydulhv vxevwdqwldoo|
durxqg dq dyhudjh ohyho ri derxw 43(1 Qrwh dovr wkdw wkh khgjlqj lqyhvwru zloo vkruw wkh vwrfn
e| 48( rqo| rqfh gxulqj klv2khu lqyhvwphqw shulrg +gxulqj wkh 4<;: fudvk, dqg rqo| ehfdxvh
wkh wuljjhulqj hyhqw kdsshqhg vkruwo| +43 |hduv, ehiruh wkh hqg ri wkh lqyhvwphqw krul}rq1 Wkh
revhuyhg lqfuhdvh lq vwrfn kroglqjv frphv pdlqo| iurp wkh srvlwlyh lqwhuhvw udwh khgjh1 Iurp wklv
uhdolvwlf vlwxdwlrq zh wkhq frqfoxgh wkdw lqwhuwhpsrudo khgjlqj kdv d ixqgdphqwdo lpsdfw zkhq
wkh lqyhvwphqw krul}rq lv orqj1 Dv lq wkh suhylrxv h{shulphqw lw whqgv wr vwdelol}h wkh ryhudoo
vwrfn ghpdqg1

^Lqvhuw �jxuh 48 khuh`
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; Vwrfkdvwlf glylghqgv +wulyduldwh prgho,1

Vxssrvh qrz wkdw wkh glylghqg0sulfh udwlr +GSU,/ ghqrwhg e| s/ lv d uhohydqw vwrfkdvwlf idfwru
zklfk lq xhqfhv wkh hyroxwlrq ri wkh pdunhw sulfh ri ulvn1 Wkh iroorzlqj wulyduldwh surfhvv iru
+u> �> s, jhqhudol}hv wkh PUJLG prgho e| lqfrusrudwlqj vxfk dq h�hfw
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Lq wklv vshfl�fdwlrq wkh GSU iroorzv d phdq0uhyhuwlqj vtxduh urrw surfhvv dqg kdv d olqhdu h�hfw
rq wkh guliw ri wkh PSU1

Wkh prgho lv hvwlpdwhg dv suhylrxvo|= zh pd{lpl}h wkh orjolnholkrrg ri wkh glvfuhwl}hg prgho
xvlqj iru wkh PSU wkh �owhuhg vhulhv edvhg rq dq DU+4, vshfl�fdwlrq dqg d frqvwdqw vwrfn
yrodwlolw|1 Iru wkh vdnh ri euhylw|/ zh mxvw uhsruw wkh hvwlpdwhg ydoxhv ri wkh sdudphwhuv1 Wkhvh
duh �

o

@ 3=39<::> u @ 3=338�45> �
w

@ 3=<3;;> � @ 3=49;8> �
o

@ �56=<3@45> �
R

@ 4:=96@45> �
R

@
3=3677> s @ 3=336�45> �

o

@ �3=3455:s45> �
w

@ 3=4945:> �
R

@ 3=3378:;
s
45= Lw vkrxog/ krzhyhu/

eh qrwhg wkdw wkhvh hvwlpdwhv/ lq sduwlfxodu wkrvh fruuhvsrqglqj wr wkh lpsdfw ri wkh LU dqg wkh
GSU rq wkh guliw ri wkh PSU/ duh vwdwlvwlfdoo| gl�huhqw iurp }hur1 Rwkhu sdudphwhuv duh dovr
vhhq wr eh forvh wr wkh ydoxhv rewdlqhg iru wkh prgho zlwk wzr vwdwh yduldeohv rqo|1

Wdeoh ; vkrzv wkdw rswlpdo ehkdylru fkdqjhv zkhq vwrfkdvwlf glylghqgv duh dffrxqwhg iru1 Wkh
prvw qrwdeoh ihdwxuh lv wkh uhyhuvdo lq wkh vljq ri wkh PSU0khgjh1 Lqvshfwlrq ri wkh wulyduldwh
surfhvv uhyhdov wkh urrw ri wklv ehkdylru1 Uhfdoo wkdw wkh hvwlpdwhg prgho glvsod|v srvlwlyh lpsdfw
ri wkh glylghqg0sulfh udwlr rq wkh guliw ri wkh PSU +�

R

@ 4:=96@45, dqg qhjdwlyh fruuhodwlrq
ehwzhhq vwrfn uhwxuqv dqg wkh glylghqg0sulfh udwlr +���

R

@ 3=5 � 3=3378:;
s
45,1 Xqghu wkhvh

frqglwlrqv khgjlqj PSU0ulvn zloo lqyroyh wzr frpsrqhqwv1 Wkh �uvw uhvxowv iurp wkh srvlwlyh
dvvrfldwlrq ehwzhhq vwrfn uhwxuqv dqg lqqrydwlrqv lq wkh PSU1 Wklv khgjh djdlqvw gluhfw PSU0
ulvn lv qhjdwlyh/ dv lq wkh hduolhu prghov1 Wkh vhfrqg lv wkh frqvhtxhqfh ri wkh lqgluhfw qhjdwlyh
dvvrfldwlrq ehwzhhq wkh guliw ri wkh PSU dqg lqqrydwlrqv lq wkh glylghqg0sulfh udwlr1 Wklv khgjh/
djdlqvw lqgluhfw PSU0ulvn/ lv srvlwlyh1 Hylghqwo|/ wkh wzr khgjlqj prwlyhv zrun lq rssrvlwh
gluhfwlrq1 Dv looxvwudwhg lq wkh wdeoh +vhh dovr �jxuh 49, wkh vhfrqg h�hfw grplqdwhv lq wkh
frqwh{w ri rxu hvwlpdwhg prgho dqg uhvxowv lq d srvlwlyh ryhudoo PSU0khgjh zkhq ulvn dyhuvlrq
h{fhhgv xqlw|1

< Vwrfkdvwlf yrodwlolw| zlwk lpshuihfw fruuhodwlrq +wulyduldwh prgho,1

Frqvlghu qrz wkh wulyduldwh vwdwh yduldeoh prgho +u> �> �, ghvfulehg e|
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zkhuh wkh frh!flhqwv +�
o

> u> �
o

> �
w
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w

> �
j

> �> ��w> �2w> ��> �2, duh doo frqvwdqw dqg Z�>Z2 duh
lqghshqghqw Eurzqldq prwlrq surfhvvhv1

Wkh prgho +6<,0+74, frqwdlqv vhyhudo lqqrydwlrqv uhodwlyh wr wkh sulru PUVU0PUJLG prgho1
Wkh prvw lpsruwdqw ihdwxuh lv wkdw yrodwlolw| lv qrz vwrfkdvwlf1 Ixuwkhupruh/ wkh yrodwlolw| surfhvv
lv lpshuihfwo| fruuhodwhg zlwk wkh lqwhuhvw udwh dqg wkh PSU surfhvvhv1 Dv d uhvxow rxu edvlf prgho
lv rqh zlwk +dssduhqwo|, lqfrpsohwh pdunhwv1 Wkh guliw ri wkh yrodwlolw| surfhvv dovr shuplwv dq
dv|pphwulf ghshqghqfh rq wkh PSU surfhvv/ frqglwlrqhg rq srvlwlyh ru qhjdwlyh uhdol}dwlrqv ri
wkh PSU1 Wklv vwuxfwxuh vhhnv wr fdswxuh wkh qrwlrq wkdw yrodwlolw| lv kljk zkhq wkh pdjqlwxgh
+devroxwh ydoxh, ri wkh PSU lv odujh1 Dv lq wkh PUJLG prgho wkh PSU surfhvv dovr lqyroyhv dq
lqwhudfwlrq lq wkh guliw zlwk wkh udwh ri lqwhuhvw1

Hyhq wkrxjk wklv wulyduldwh prgho +6<,0+74, lv gulyhq e| wzr xqghuo|lqj Eurzqldq prwlrqv/ dqg
khqfh dsshduv wr kdyh lqfrpsohwh pdunhwv vlqfh wkhuh duh rqo| wzr dvvhwv/ wkh sruwirolr irupxodv
ri wkh suhylrxv vhfwlrqv duh vwloo ydolg1 Wkh lqwxlwlrq iru wklv vhhplqjo| vxusulvlqj uhvxow lv wkdw
wkh vwdwh sulfh ghqvlw| � ghshqgv rqo| rq +u> �, zklfk duh lqghshqghqw ri wkh ulvn Z21 Vlqfh wkh
lqyhvwru*v pdujlqdo xwlolw| lv sursruwlrqdo wr wkh vwdwh sulfh ghqvlw| dw wkh rswlpxp lw iroorzv
wkdw rswlpdo whuplqdo zhdowk lv lqghshqghqw ri Z21 Wkh sruwirolr wkdw �qdqfhv rswlpdo zhdowk/
lq wxuq/ zloo eh lqghshqghqw ri wklv lglrv|qfudwlf yrodwlolw| ulvn1 Lw iroorzv wkdw wkh lqglylgxdo
ydoxdwlrq ri wkh ulvn Z2 lv qxoo dw wkh rswlpxp1

Dvvxplqj FUUD suhihuhqfhv jlyhv wkh rswlpdo vwrfn ghpdqg
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duh jlyhq lq h{solflw irup lq dsshqgl{
F1 Wkh rqo| qrwdeoh lpsdfw ri vwrfkdvwlf yrodwlolw| lv wkdw lw lpsolhv d frqwlqxrxv uhvfdolqj ri wkh
vwrfn ghpdqg dv lw fkdqjhv ryhu wlph= wkh yrodwlolw|0vfdohg sruwirolr ghpdqg �

|

a�
|

lv lppxqh wr
yrodwlolw| ulvn1

Wkh hfrqrplf surshuwlhv ri wkh rswlpdo sruwirolr iroorz gluhfwo| iurp wkh vfdolqj surshuw|1
Wkh iudfwlrq ri hdfk khgjlqj ghpdqg uhodwlyh wr wrwdo vwrfn ghpdqg lv lqvhqvlwlyh wr yrodwlolw|
 xfwxdwlrqv1 Vlqfh wkh pdjqlwxgh ri hdfk frpsrqhqw lv vlpso| uhvfdohg dv yrodwlolw| fkdqjhv wkh
sruwirolr frpsrqhqwv h{klelw pruh yrodwlolw|1 Wklv ehkdylru lv looxvwudwhg lq �jxuh 4:14<

4<Djdlq iru wklv h{whqvlrq ri wkh edvlf wzr0vwdwh yduldeoh prgho/ zh pd{lpl}h wkh orjolnholkrrg ri wkh glvfuhwl}hg
prgho1 Wkh PSU vhulhv lv qrz �owhuhg zlwk d JDUFK+4/4, prgho zlwk dq DU+4, frqglwlrqdo phdq dv ghvfulehg lq
vhfwlrq 91 Wkh hvwlpdwhv ri wkh sdudphwhuv lq Eoc w� duh irxqg wr eh vwdeoh uhodwlyh wr wkrvh rewdlqhg lq wkh hduolhu
elyduldwh prgho1 Iru wkh yrodwlolw| surfhvv zh �qg hylghqfh ri gl�huhqw h�hfwv iru wkh srvlwlyh dqg qhjdwlyh ydoxhv ri
wkh PSU1 Wklv frq�upv wkh dv|pphwu| uhsruwhg lq wkh olwhudwxuh1 Hvwlpdwhg sdudphwhuv duh V
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43 Frqfoxvlrqv1

Lq wklv sdshu zh kdyh ghyhorshg d frpsuhkhqvlyh dssurdfk iru wkh fdofxodwlrq ri wkh rswlpdo
sruwirolr lq wkh dvvhw doorfdwlrq sureohp1 Rqh pdmru ehqh�w ri rxu phwkrg zklfk uholhv rq
Prqwh0Fduor vlpxodwlrq lv lwv  h{lelolw|1 Lqghhg wkh dssurdfk fdq eh hdvlo| dgdswhg wr hqfrpsdvv
+l, dq| �qlwh qxpehu ri vwdwh yduldeohv/ +ll, dq| surfhvv iru wkh vwdwh yduldeohv zklfk vdwlv�hv
wkh frqglwlrqv ghvfulehg dqg +lll, dq| qxpehu ri ulvn| dvvhwv1 Wklv  h{lelolw| surylghv d glvwlqfw
dgydqwdjh ryhu dowhuqdwlyh dssurdfkhv wr wkh sureohp1

Wkh sdshu dovr ghulyhv d qxpehu ri hfrqrplf uhvxowv zklfk fdq eh xvhg dv jxlgholqhv iru vrxqg
dvvhw doorfdwlrq uxohv1 Wkh ohvvrqv gudzq iurp rxu vlpxodwlrqv fdq eh vxppdul}hg lq wkh iroorzlqj
revhuydwlrqv=

41 Khgjlqj frpsrqhqwv fdqqrw eh ljqruhg iru dvvhw doorfdwlrq sxusrvhv1 Hyhq iru vkruw lqyhvw0
phqw krul}rqv wkh| lpso| dq dgmxvwphqw wr phdq0yduldqfh ghpdqgv zklfk pd| uhsuhvhqw
xs wr 53( ri wkh vwrfn ghpdqg1 Iru orqj lqyhvwphqw krul}rqv khgjlqj ehkdylru kdv d pdmru
lpsdfw= wkh dgmxvwphqw wr phdq0yduldqfh ghpdqgv fdq uhsuhvhqw xs wr ;3( ri wkh vwrfn
ghpdqg1

51 Khgjlqj fruuhfwlrqv duh idluo| vwdeoh ryhu wlph= pdunhw wlplqj h{shulphqwv vkrz wkdw wkh
yrodwlolw| ri wkh khgjlqj frpsrqhqwv lv orz uhodwlyh wr wkh yduldwlrq lq wkh phdq0yduldqfh
frpsrqhqw1

61 Wkh prvw lpsruwdqw idfwruv lq rswlpdo doorfdwlrq vkduhv duh wkh ulvn dyhuvlrq ri wkh lqyhvwru
dqg wkh lqyhvwphqw krul}rq1 Ri sduwlfxodu lqwhuhvw lv wkh ehkdylru ri wkh rswlpdo vwrfn
ghpdqg uhodwlyh wr wkh lqyhvwphqw krul}rq/ qdpho| wkh idfw wkdw orqj +vkruw, lqyhvwphqw
krul}rqv pdqgdwh dq lqfuhdvh +ghfuhdvh, lq vwrfn kroglqjv uhodwlyh wr p|rslf ehkdylru1 Do0
wkrxjk wklv h�hfw zdv rqo| uhfrughg lq wkh frqwh{w ri rxu edvlf elyduldwh prgho/ lw vxjjhvwv
wkdw lw pljkw eh ri lqwhuhvw wr ghyhors lqyhvwphqw surgxfwv dqg vwudwhjlhv wdloruhg wr gl�huhqw
fdwhjrulhv ri lqyhvwruv fodvvl�hg dffruglqj wr wkhlu ulvn wrohudqfh dqg lqyhvwphqw krul}rq1

71 Doorfdwlrq vkduhv duh dovr uhpdundeo| vwdeoh uhodwlyh wr wkh rwkhu sdudphwhuv ri wkh prgho1
Yduldwlrqv ri wkh rughu ri 5 vwdqgdug ghyldwlrqv durxqg hvwlpdwhg sdudphwhu ydoxhv kdyh
olwwoh lpsdfw rq wkh pdjqlwxgh dqg wkh ehkdylru ri lqyhvwphqw vkduhv1

Qdwxudoo|/ wkh shuirupdqfh ri dq| dvvhw doorfdwlrq uxoh zloo dovr ghshqg rq wkh vrxqgqhvv ri wkh
xqghuo|lqj prgho ri �qdqfldo pdunhwv1 Fohduo| zh gr qrw vxjjhvw wkdw wkh prghov lqyhvwljdwhg
lq wklv sdshu duh dghtxdwh lq wkdw uhvshfw1 Krzhyhu/ wkh dssurdfk wkdw zh kdyh sursrvhg lv
xqlyhuvdo lq wkh vhqvh wkdw lw fdq eh xvhg wr dgguhvv wkh dvvhw doorfdwlrq sureohp iru dq| uhdolvwlf
vshfl�fdwlrq ri wkh xqfhuwdlqw| vwuxfwxuh qr pdwwhu krz frpsoh{1
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Surri ri Sursrvlwlrq ;= Wkh surri sdudoohov wkh rqh glphqvlrqdo fdvh1 Dvvxpswlrq +y, hqvxuhv
wkh h{lvwhqfh ri d g � 4 yhfwru ri ixqfwlrqv I = ^3> W ` � U_

n
:$ U

_

n
vxfk wkdw C2I @ �3�1 Xvlqj

C22I @ C2�
3� zh jhw e| wkh lghqwl�fdwlrq wkhruhp iru Khvvldq pdwulfhv ri yhfwru ixqfwlrqv

+wkhruhp 91:1 ri Pdjqxv dqg Qhxghfnhu +4<;;,, wkdw
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duh g0glphqvlrqdo vtxduh pdwulfhv zh kdyh ^E`
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,�`�1 Wkh xvh ri wkh
vwdfn rshudwru lv qhfhvvdu| wr jxdudqwhh wkdw wkh frpsrqhqwv C22I�+w> |, zklfk dulvh lq eorfnv lq
C22I +w> |, uhpdlq v|pphwulf1
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��,`1 Wr rewdlq wkh h{suhvvlrq +79, iru K qrwh wkdw
wudfh+DE�, @ 4�+D�E,4 zkhuh � lv wkh Kdgdpdug surgxfw/ l1h1 D�E @ ^^d

�c�

e
�c�

``1 Qrz zh fdq
zulwh wkh pdwul{ K dv iroorzv

K @ ^4�++C22I�,
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 4�,^++C22I�,
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53Wkh Nurqhfnhu surgxfw ri d yhfwru t dqg d pdwul{ � ' d@��o lv f 	 � ' dt @��o1 Wkh Kdgdpdug surgxfw ri
wzr pdwulfhv � dqg � lv �  � ' d@

�c�K�c� o/ l1h1 wkh pdwul{ frpsrvhg ri wkh gluhfw surgxfwv ri wkh fruuhvsrqglqj
hohphqwv lq wkh wzr pdwulfhv1
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Exw vlqfh C22I @ ^+C22I�,�> = = = > +C22I_,
�`� zh jhw

^++C22I�,
� � ���,> = = = > ++C22I_,
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dqg wkhuhiruh wkdw
K @ +L 
 4�,+C22I � +4
 ���,,4

zkhuh C22I +w> |, lv dv jlyhq lq +7;,1 Wkxv/K lv rewdlqhg e| pxowlso|lqj wkh Khvvldq ri hdfk hohphqw
ri I hohphqw e| hohphqw zlwk wkh pdwul{ ��� wkhq vxpplqj ryhu doo hohphqwv dqg duudqjlqj wkh
uhvxow lq d froxpq yhfwru zkrvh �uvw hohphqw lv rewdlqhg e| shuiruplqj wkh vdph rshudwlrq iru
I�/ wkh vhfrqg iru I2 dqg vr rq xqwlo I

_

1 Wklv hvwdeolvkhv +79,1
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wkhruhp 51514 ri Qxdoduw +4<<8,/ zklfk uhtxluhv dvvxpswlrq +lll,/ wkh surfhvv lv lq wkh grpdlq ri
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4416 Dsshqgl{ F= wkh PUJLG prgho1
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Uhihuhqfhv

^4` Euhqqdq/ P1/ H1 Vfkzdu} dqg U1 Odjqdgr/ �Vwudwhjlf Dvvhw Doorfdwlrq/� Mrxuqdo ri Hfrqrplf
G|qdplfv dqg Frqwuro/ 54/ 4<<:= 46::047361

^5` Eur}h/ O1/ R1 Vfdloohw dqg M0P1 ]dnrldq/ �Whvwlqj iru Frqwlqxrxv0wlph Prghov ri wkh Vkruw0
whup Lqwhuhvw Udwh/� Mrxuqdo ri Hpslulfdo Ilqdqfh/ 4<<8= 4<<05561

^6` Fdpsehoo/ M1 dqg O1 Ylfhlud/ �Zkr vkrxog ex| orqj0whup erqgv�/ QEHU zrunlqj sdshu/
4<<;1

^7` Fdpsehoo/ M1 dqg O1 Ylfhlud/ �Frqvxpswlrq dqg Sruwirolr Ghflvlrqv zkhq H{shfwhg Uhwxuqv
duh Wlph Ydu|lqj/� iruwkfrplqj Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 4<<<1

^8` Fkdq/ N1/ J1 Nduro|l/ I1 Orqjvwd�/ dqg D1 Vdqghuv/ �Dq Hpslulfdo Frpsdulvrq ri Dowhuqdwlyh
Prghov ri wkh Vkruw0Whup Lqwhuhvw Udwh/� Mrxuqdo ri Ilqdqfh/ 7:/ 4<<5= 453<0455:1

^9` Fr{/ M1 F1/ dqg F1 Kxdqj/ �Rswlpdo Frqvxpswlrq dqg Sruwirolr Srolflhv zkhq Dvvhw Sulfhv
iroorz d Gl�xvlrq Surfhvv/� Mrxuqdo ri Hfrqrplf Wkhru|/ 7</ 4<;<= 660;61

^:` Frozhoo/ G1 E1/ U1 Hoolrww dqg S1 H1 Nrss/ �Pduwlqjdoh Uhsuhvhqwdwlrq dqg Khgjlqj Srolflhv/�
Vwrfkdvwlf Surfhvvhv dqg wkhlu Dssolfdwlrqv/ 6;/ 4<<4= 66806781

5:



^;` Ghwhpsoh/ M1 E1/ U1 Jdufld dqg P1 Ulqglvedfkhu/ �Qxphulfdo Vfkhphv iru Vrph Ixqfwlrqdov
ri Pdooldylq Ghulydwlyhv Dulvlqj lq wkh Rswlpdo Sruwirolr Vhohfwlrq Sureohp/� zrunlqj sdshu/
FLUDQR/ 4<<<1

^<` Grvv/ K1/ �Olhqv hqwuh ìtxdwlrqv gl�ìuhqwlhoohv vwrfkdvwltxhv hw ruglqdluhv/� Dqq1 Lqvw1 K1
Srlqfduì/ 46/ 4<::/ <<1

^43` Ndudw}dv/ L1/ M1 S1 Ohkrf}n|/ dqg V1 H1 Vkuhyh/ �Rswlpdo Sruwirolr dqg Frqvxpswlrq Ghflvlrqv
iru d �pdoo Lqyhvwru� rq d Ilqlwh Krul}rq/� VLDP Mrxuqdo ri Frqwuro dqg Rswlpl}dwlrq/ 58/
4<;:= 488:048;91

^44` Ndudw}dv/ L1/ dqg V1 H1 Vkuhyh/ Eurzqldq Prwlrq dqg Vwrfkdvwlf Fdofxoxv/ Vsulqjhu0Yhuodj/
Qhz \run/ 4<;;1

^45` Nxuw}/ W1J1 dqg S1 Surwwhu/ �Zrqj0]dndl Fruuhfwlrqv/ Udqgrp Hyroxwlrqv dqg Qxphulfdo
Vfkhphv iru VGH*v/� lq Vwrfkdvwlf Dqdo|vlv/ Dfdghplf Suhvv/ 4<<4= 66406791

^46` Olx/ M1/ �Sruwirolr Vhohfwlrq lq Vwrfkdvwlf Hqylurqphqwv/� Grfwrudo glvvhuwdwlrq/ Vwdqirug
Xqlyhuvlw|/ 4<<<1

^47` Or/ D1 Z1/ �Pd{lpxp Olnholkrrg Hvwlpdwlrq ri Jhqhudol}hg Lwr Surfhvvhv zlwk Glvfuhwho|0
Vdpsohg Gdwd/� Hfrqrphwulf Wkhru|/ 7/ 4<;;= 564057:1

^48` Pdjqxv/ M1 U1 dqg K1 Qhxghfnhu/ Pdwul{ Gl�huhqwldo Fdofxoxv zlwk Dssolfdwlrqv lq Vwdwlvwlfv
dqg Hfrqrphwulfv/ Zloh|/ Qhz \run/ 4<;;1

^49` Phuwrq/ U1F1/ �Olihwlph Sruwirolr Vhohfwlrq xqghu Xqfhuwdlqw|= wkh Frqwlqxrxv0wlph Fdvh/�
Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ 84/ 4<9<= 57:058:1

^4:` Phuwrq/ U1 F1/ �Rswlpxp Frqvxpswlrq dqg Sruwirolr Uxohv lq d Frqwlqxrxv Wlph Prgho/�
Mrxuqdo ri Hfrqrplf Wkhru|/ 6/ 4<:4= 5:607461

^4;` Qhovrq/ G1 E1 dqg G1 S1 Irvwhu/ �Dv|pswrwlf Ilowhulqj Wkhru| iru Xqlyduldwh DUFK prghov/�
Hfrqrphwulfd/ 95/ 4<<7= 40741

^4<` Qxdoduw/ G1/ Wkh Pdooldylq Fdofxoxv dqg Uhodwhg Wrslfv/ Vsulqjhu Yhuodj/ Qhz \run/ 4<<81

^53` Rfrqh/ G1/ dqg L1 Ndudw}dv/ �D Jhqhudol}hg Fodun Uhsuhvhqwdwlrq Irupxod/ Zlwk Dssolfdwlrq
wr Rswlpdo Sruwirolrv/� Vwrfkdvwlfv dqg Vwrfkdvwlfv Uhsruwv/ 67/ 4<<4= 4;:05531

^54` Ulfkdug/ V1 I1/ �Rswlpdo Frqvxpswlrq/ Sruwirolr dqg Olih Lqvxudqfh Uxohv iru dq Xqfhuwdlq
Olyhg Lqglylgxdo lq d Frqwlqxrxv0wlph Prgho/� Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 5/ 4<:8=
4;:05361

^55` Wdod|/ G1/ dqg H1 Sdugrx{/ �Glvfuhwl}dwlrq dqg Vlpxodwlrq ri Vwrfkdvwlf Gl�huhqwldo Htxd0
wlrqv/� Dfwd Dssolfdqgdh Pdwkhpdwlfdh/ 5/ 4<;8= 5607:1

^56` Wdod|/ G1 dqg O1 Wxedur/ �H{sdqvlrq ri wkh Joredo Huuru iru Qxphulfdo Vfkhphv Vroylqj
Vwrfkdvwlf Gl�huhqwldo Htxdwlrqv/� Vwrfkdvwlf Dqdo|vlv dqg lwv Dssolfdwlrqv/ ;/ 4<<3= <704531

^57` Zdfkwhu/ M1/ �Rswlpdo Sruwirolr Doorfdwlrq iru dq Lqyhvwru zlwk Xwlolw| ryhu Frqvxpswlrq/�
Zrunlqj sdshu/ Kduydug Xqlyhuvlw|/ 4<<<1

5;



Wdeoh 40 Frpsdulvrq ri wkh vshhgv ri frqyhujhqfh ri wkh glvfuhwl}dwlrq
vfkhphv zkhq wkh LU iroorzv d PUVU surfhvv1

Q u Gu
Hxohu Hxohu0Wudqvirup Hxohu Hxohu0Wudqvirup

5 313334488<; 817<588h039 81;4796h03: 617:78:h03:
7 3133344445; 616:<;8h039 618;674h03: 51469;4h03:
; ;1:7874h038 41;5964h039 516653;h03: 4148755h03:
49 9183489h038 <174:49h03: 419645h03: 81<949h03;
65 71993;7h038 71:<:<h03: 4149<;6h03: 61366<9h03;
97 61669h038 51739<;h03: ;15<546h03; 41856<9h03;
45; 516:94h038 41536;9h03: 81<:836h03; :196374h03<
589 419;;57h038 81;6:8<h03; 714;:6<h03; 619<8;9h03<
845 414<94;h038 5186:7:h03; 61336:4h03; 41937::h03<

Wdeoh 5 0 Xqfrqvwudlqhg prqwko| hvwlpdwhv ri wkh elyduldwh lqwhuhvw
udwh0PSU surfhvv zlwk frqvwdqw vwrfn yrodwlolw|

Sdudphwhuv PO hvwlpdwhv Vwdqgdug Huuruv
�
o�

313598 31343:
u 313386 31333:
�
w

31985; 3137;5
� 313;79 3133;7
�
o

31337< 313335
�
w

314385 31336<
�
ow

0314984 31386<

Wdeoh 6 0 Frqvwudlqhg +zlwk �
ow

vhw dw 031<, prqwko| hvwlpdwhv ri wkh elyduldwh
lqwhuhvw udwh0PSU surfhvv zlwk frqvwdqw vwrfn yrodwlolw|

Sdudphwhuv PO hvwlpdwhv Vwdqgdug Huuruv
�
o�

313;57 313449
u 313383 313338
�
w

319<83 31383:
� 313;:4 313494
�
o

313438 313337
�
w

315458 3133;3
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Wdeoh 7 0 Frqvwudlqhg +zlwk �
ow

vhw dw 031<, prqwko| hvwlpdwhv ri wkh elyduldwh
lqwhuhvw udwh0PSU surfhvv zlwk frqvwdqw vwrfn yrodwlolw| zlwk u

|3� lq wkh guliw ri PSU

Sdudphwhuv PO hvwlpdwhv Vwdqgdug Huuruv
�
o�

313338 3134;8
u 313384 313343
�
w

31:::4 3137;7
� 3159:8 31367;
�
o

313438 313337
�
w

315383 3133:6
� 0591579< 71<9;9

Wdeoh 8 0 Xqfrqvwudlqhg prqwko| hvwlpdwhv ri wkh elyduldwh
lqwhuhvw udwh0PSU surfhvv zlwk d JDUFK vwrfn frqglwlrqdo yduldqfh

Sdudphwhuv PO hvwlpdwhv Vwdqgdug Huuruv
�
o�

3135<3 313439
u 313386 313339
�
w

318<:8 313797
� 313;;5 3133;6
�
o

31337< 313335
�
w

313<:< 313368
�
ow

0314;96 31385

Wdeoh 9 0 Frqvwudlqhg +zlwk �
ow

vhw dw 031<, prqwko| hvwlpdwhv ri wkh
elyduldwh lqwhuhvw udwh0PSU surfhvv zlwk d JDUFK

vwrfn frqglwlrqdo yduldqfh

Sdudphwhuv PO hvwlpdwhv Vwdqgdug Huuruv
�
o�

313<7: 31345;
u 313383 313337
�
w

319;59 31383:
� 313<33 31347:
�
o

313437 313337
�
w

314<5; 3133:3
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Wdeoh : 0 Vkduhv ri wkh sruwirolr lq wkh vwrfn dqg Khgjlqj Frpsrqhqwv iru Prgho 41

U @ 5

Lqyhvwphqw krul}rq 4 5 6 7 8
Vwrfn ghpdqg 5817 5914 5:13 5<15 6318
PSU0khgjh 041: 0613 061< 0618 061:

Lqwhuhvw udwh khgjh 514 714 81< :19 <15

W @ 4

Ulvn dyhuvlrq 318 4 418 7 8
Vwrfn ghpdqg 44613 8313 6615 4717 4516
PSU0khgjh 4:15 313 0419 0416 04157

Lqwhuhvw udwh khgjh 0716 313 417 615 617

Wdeoh ; 0 Glylghqg0Sulfh Udwlr Prgho 0 Vkduhv ri wkh sruwirolr lq wkh vwrfn
dqg Khgjlqj Frpsrqhqwv iru Prgho 4 +� @ 3=53,=

U @ 7

Lqyhvwphqw krul}rq 4 5 6 7 8
Vwrfn ghpdqg 6314; 6<1<5 791;; 85178 8:15:
PSU0khgjh 461<3 53146 561;5 59168 5;166

Lqwhuhvw udwh khgjh 61:; :15< 43189 46193 49176

W @ 4

Ulvn dyhuvlrq 318 4 418 5 8
Vwrfn ghpdqg ;4175 8313 731;9 6917< 5;1<7
PSU0khgjh 046189 313 81;8 ;1<; 471<4

Lqwhuhvw udwh khgjh 08135 313 419; 5185 7136
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Iljxuh 4= Vkduh ri sruwirolr lqyhvwhg lq vwrfn dv d ixqfwlrq ri wlph dqg ulvn dyhuvlrq1

U@5
Lqyhvwphqw krul}rq 4 5 6 7 8
Vwrfn ghpdqg :51: :615 :717 :91: :;16

W@4
Ulvn dyhuvlrq 318 4 6 7 8
Vwrfn ghpdqg 66<14 48313 7;1< 6:16 6318
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Iljxuh 5= Vkduh ri wkh PSU khgjh dv d ixqfwlrq ri wlph dqg ulvn dyhuvlrq1

U@5
Lqyhvwphqw krul}rq 4 5 6 7 8

PSU0khgjh 0718 0916 0:17 0:16 0;

W@4
Ulvn dyhuvlrq 138 4 6 7 8
PSU0khgjh 7618 313 �714 �618 0618
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Iljxuh 6= Vkduh ri wkh lqwhuhvw udwh khgjh dv d ixqfwlrq ri wlph dqg ulvn dyhuvlrq1

U@5
Lqyhvwphqw krul}rq 4 5 6 7 8
Lqwhuhvw udwh khgjh 515 718 91: <13 4416

W@4
Ulvn dyhuvlrq 318 4 6 7 8

Lqwhuhvw udwh khgjh 0717 313 613 617 619
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Iljxuh 7= Lqwhuhvw udwh khgjh uhodwlyh wr wrwdo vwrfn ghpdqg= ehkdylru zlwk uhvshfw wr wlph dqg
ulvn dyhuvlrq1

U@5
Lqyhvwphqw krul}rq 4 5 6 7 8

Uhodwlyh vl}h ri lqwhuhvw udwh khgjh 614 914 <14 441: 4717

W@4
Ulvn dyhuvlrq 318 4 6 7 8

Uhodwlyh vl}h ri lqwhuhvw udwh khgjh 0416 3 914 <13 441:
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U@5
Lqyhvwphqw Krul}rq 4 5 6 7 8

Uhodwlyh vl}h ri PSU0khgjh 0915 0;19 0<1< 0<18 04315

W@4
Ulvn dyhuvlrq 318 4 6 7 8

Uhodwlyh vl}h ri PSU0khgjh 451; 3 0;16 0<18 04316
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PSU ehwzhhq 138 dqg 1731
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PSU@158
Lqwhuhvw udwh +(, 7 9 ;
Vwrfn ghpdqg 9316 931< 9418

6:



0.04
0.06

0.08
0.1

0.12

0.1

0.2

0.3
0.4

0.5
1.5

2

2.5

3

3.5

Iljxuh := Lqwhuhvw udwh khgjh ehkdylru uhodwlyh wr uf dqg �f= Lqwhuhvw udwh ydulhv ehwzhhq 3137 dqg
313;> PSU ehwzhhq 138 dqg 1731

u@9(
PSU 3143 3153 3173

Lqwhuhvw udwh khgjh 515 515 515

PSU@158
Lqwhuhvw udwh+(, 7 9 ;

Lqwhuhvw udwh khgjh 41; 515 519

6;



0.04
0.06

0.08
0.1

0.12

0.1

0.2
0.3

0.4

0.5

-7

-6

-5

-4

-3

-2

-1

Iljxuh ;= PSU 0khgjh ehkdylru uhodwlyh wr uf dqg �f= Lqwhuhvw udwh ydulhv ehwzhhq 3137 dqg 3144>
PSU ehwzhhq 143 dqg 1781

u@9(
PSU 3143 3153 3173

PSU0khgjh 041; 0615 081;

PSU@158
LU+(, 7 9 ;

PSU0khgjh 0713 061; 0619

6<



0.04
0.06

0.08
0.1

0.12

0.1

0.2
0.3

0.4

0.5

0

0.02

0.04

0.06

0.08

0.1

0.12

Iljxuh <= Lqwhuhvw0udwh khgjh uhodwlyh wr wrwdo vwrfn ghpdqg= ehkdylru zlwk uhvshfw wr uf dqg �f=

u@9(
PSU 3143 3153 3173

Uhodwlyh vl}h ri LU0khgjh ;1; 719 516

PSU@158
Lqwhuhvw udwh+(, 7 9 ;

Uhodwlyh vl}h ri LU0khgjh 613 61: 715

73



0.04
0.06

0.08
0.1

0.12

0.1

0.2

0.3
0.4

0.5
-0.09

-0.08

-0.07

-0.06

-0.05

-0.04

Iljxuh 43= PSU khgjh uhodwlyh wr wrwdo vwrfn ghpdqg= ehkdylru zlwk uhvshfw wr uf dqg �f=

u@9(
PSU 3143 3153 3173
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Iljxuh 48= Vkduh ri Vwrfn lq Sruwirolr zlwk +wrs, dqg zlwkrxw +erwwrp, khgjlqj 0 Il{hg Krul}rq
ri 6418 |hduv +rxu vdpsoh,1

0 50 100 150 200 250 300 350 400
-40

-20

0

20

40

60

80

100

120

140

160
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