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ABSTRACT—r

A basic consumer pro]oiern with a unique gooci is considered, current consumption of this
good inﬂuencing in a positive manner consumer interternporai utiiity whilst past consumption
exerts a negative influence. Moreover, in the line of I. Fisher, a speciﬁcation of preierences
is retained so that the rate of time preference, assumes a iong—run value — this means for
a stationary consurnption—patii — that is non monotonic as a function of consumption :
impatience increases for low level of consumptions but decreases for iiigiier ones. duch a
framework allows for an integrate(i appraisai of a(i(iiction, satiation and the rate of time
preierence. It is shown that the emergence of an addiction piienornenon in the neighbouriiooci
of an unsatiated iong—run position exactiy correspon(is to ]etting the rate of time preference
be an increasing function of past consumption habits. When addiction becomes suﬂicientiy
strong, the unsatiated stationary state becomes unstable and the satiated stea(iy state

becomes the oniy admissible stationary position.
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I - INTRODUCTION

[n the spirit of Koopmans [11] celebrated contriioution, several works have been attempting
at understanding intertemporai choices tiirougii various assumptions on preierences. Mention
should be made in that perspective of the contributions of Epstein & Hynes 8], Shi & Epstein
[13], Ryder & Heal [12]. Some authors, e.g, Becker & Murphy [2] and lannaccone [10] have
paraiieiy tried to anaiyse concrete behaviours such as addiction pilenomena in the iigilt of

utiiity tiieory.

The current contribution i)eiongs to both of these bodies of literature with a speciai empiiasis
put on the rate of time preference. Aiong Ryder & Heal [12], Shi & Epstein [13] and Becker
& Murpiiy [2] , it shall be assumed that consumption habits expiicitiy enter in intertemporai
preierences. A basic consumer proioiem with a unique gooci is consiciereci, current consumption
of this gooci inﬂuencing in a positive manner consumer intertemporai utiiity whilst past
consumption exerts a negative influence. Moreover, in the line of Fisher 0], a speciiication
of preierences is retained so that the rate of time preierence assumes a iong—run value —
for a stationary consumption—patii — that is non monotonic as a function of consumption :

impatience increases for low level of consumptions but decreases for iiigiier ones.

Such a framework will allow for an inegrated approacii of a(iciiction, satiation piienomena,
the properties of the rate of time preierence and the ciynamics of consumption. It is first
recalled that satiation describes a iong—run stationary level of consumption that maximises
intertemporai utiiity with an uniain(iing i)u(igetary constraint. Aiong the contribution of
Ry(ier & Heal [12], satiation emerges as a natural piienornenon in the current model where
a rise in contemporary consumption increases intertemporai utiiity whilst a rise in past
consumption has opposite effects. As for addiction piienomena, the exposition shall borrow a
definition due to Becker & Murpiiy [2] : there is addiction when past consumption positiveiy
influences current consumption levels. More preciseiy, consiciering the optimai poiicy rule for

consumption, it ciepends positiveiy on the inherited level of consumption habits.

The current model then allows for reaciling the ioiiowing list of results. First, the existence
of two iong—run stationary states is proved, one i)eing interior and unsatiated whilst the
outstanciing one is satiated. Between these two iong—run positions may also exist a third
steaciy state that however iiappens to be overall unstable. It is then established that the
satiated stationary state is aiways a saddle point whilst the unsatiated interior one can
experience various ciynamicai properties that are (iirectiy related to the features of the
rate of time preierence. In that perspective, it is shown that the emergence of an addiction
piienomenon in the neigilioouriioooi of this unsatiated iong-run position exactiy corresponcis
to ietting the rate of time preierence be an increasing function of past consumption habits :
the more agents have been consuming in the past and the less patient tiley will happen
to be. inci(ientiy, it is reaciiiy checked that this condition remains true for all the previous
frameworks of the literature where consumption habits was associated with the occurrence
of satiation, namely Becker & Murphy [2] and Shi & Epstein [13].

The emergence of an addiction piienomenon can first lead to a cyciicai convergence towards

the unsatiated steaciy state. Furthermore and if addiction happens to be Suﬁicientiy strong,

.
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this unsatiated interior steacly state becomes locally unstalole, the precise condition for such
an occurrence loeing that the elasticity of the rate of time preierence with respect to past
consumption habits is sufﬁciently l’ligl’l when compare(i to the inverse of the intertemporal
elasticity of substitution in consumption. Such a property is refered to as strong addiction.
When this latter plienomenon emerges, the unsatiated stationary state laecoming unstalale,

the satiated steaciy state becomes the only admissible stationary position.

Tliougli the occurrence of strong addiction seems to increase the likelihood of convergence
towards a long—run satiated position, the current analysis did not reach a characterisation of
the glolaal clynamical properties of the environment under stu(iy. It is then unable to state
that the satiated stationary state is the only conceivable long—run equililarium. ln(iee(i, other

long—run non stationary equilii)ria such as cycles may Simultaneously exist.

A detailed analysis of the (iynamical properties around the unsatiated stea(iy state ﬁnally
shows that there does exist a selection of parameters of the current framework such that any
of the aforementioned Conﬁgurations, be it a(i<iiction, strong addiction or Cyclical trajectories,
can actually occur.

One may however wonder about the robustness of this line of results obtained tlirougli a
partial equilil)rium approacli. The consideration of a procluctive sector allows to remecly to
this line of criticism lay enciogenising the income of the individuals as well as the rate of
interest on the capital market. Within a general equilibrium setting, it is hence established
that the whole earlier line on conclusions can be recovere(i, tliougli tliey now involve somewhat
more stringent conditions. An enciogenous determination of the rate of interest renders more
difficult the emergence of an unstable unsatiated steacly state and the concavity of the
prociuction teclinology exerts a stal:)ilising effect on this long—run unsatiated position. From
the sole qualitative stanclpoint, it should nonetheless be noticed that remains actual scope
for any of the conﬁgurations reached tllrougli a partial equililorium approacli.

The current approacli and the associated results articulate as follows with the previous liter-
ature. Most of the contributions that have hitherto been concerned with rational addiction
refer to complementarity between consumptions in preierences. Both Rycier & Heal [12] and
Becker & Murpliy 2] indeed make their analysis rest upon adjacent complementarity whilst
Shi & Epstein [13] introduce another un(ierstan(iing of complementarity in interternporal
preierences : complementarity is said to predominate between present and iuture consump-
tions as soon as the sum of the derivatives of the rate of time preierence with respect to
future consumptions liappens to be positive. As an alternative, the current argument will be
organisecl around the properties of the rate of time preierence, addiction laeing understood
as a positive ciepenciency with respect to past consumption habits. Within the frameworks
used by Ryder & Heal [12] and Becker & Murphy [2], it is readily checked that this char-
acterisation of addiction based upon the rate of time preierence would entail a condition
similar to the one associated with ad ljacent complementarity . In contradistinction with tliis,
their adjacent complementarity property would not proviole a suitable characterisation of
addiction in the current environment. In the same vein, such an addiction criterion based
upon the rate of time preierence could have been used in Shi & Epstein [13]. In opposition to

tliis, the aforementioned preciominant complementarity notion that is used loy these authors

VA
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reveals as Ioeing inappropriate for appraising the current environment : more explicitly, an
addiction phenornenon emerges for preferences which would not be cornpiernent according to
Shi & Epstein [13]. It is hopeci that the present stu(iy may in this sense have succeeded in
introducing a convincing criterion for characterising addiction phenomena in intertemporal

preferences.

Another presurnai)ly interesting dimension of the current contribution relates to the inte-
grated view of addiction and satiation that it provicles. When, as a result of strong aci(iiction,
the unsatiated interior steaciy state happens to become unstable, the satiated steaciy state
emerges as the unique stationary iong—run position. In economic terms, this indicates that
the occurrence of addiction in preferences may well lead to long—run consumption behaviours
that are entirely disconnected from buciget constraints. duch a conjunction was oppositeiy
not noticed by carlier contributions of the iiterature, be it Becker & Murphy [2] or Shi &
Epstein [13]. Finally, the current characterisation completes a thorough picture of local ciy—
namics that makes an expiicit account of the existence of convergent as well as of (iivergent
cyciicai ciynamics, their occurrence ]oeing further anaiysed through the properties of the rate
of time preference.

More generaHy, the model under consideration introduces a theory of consumption that
leads to two distinct types of behaviours. More explicitly, an individual would consume
his whole permanent income if he was to undertake his consumption choice in a close
neighl)ourhooci of the unsatiated steady state. In opposition with this somewhat standard
result, his consumption behaviour would change as soon as he compietes his decision in
the neighbourhood of the satiated state : his current consumption becomes unrelated to
his permanent income but oppositeiy fu“y determined loy his past consumption choices.
Interestingiy, this latter conﬁguration is reminiscent of the alternative approaches raised i)y
J. Duesenberry and T. Brown half a century ago. It is indeed worth recailing that whilst
Duesenberry advocated by 1948 a theory where current consumption was determined i)y
a benchmark level of income, narnely the maximal one reached by the individual in his
lifetime, Brown raised by 1951 an approach where past consumption levels emerge as the
main determinant of current consumption behaviours.Though both of those formulations can
be compareci to numerous features of the current theory of consumption, the latter Strongly
differs by being based upon fuﬂy rational clecisions, his main features being further directiy
understood from the ordinal features of the rate of time preference that was omitted on these

eariy theories.

Section Il examines the characteristics of preierences and characterises the features of the
rates of time preference. Section I introduces the optimai (iynarnics of consumption. Section
IV provicies a characterisation of local ciynamics. Section V cornpietes an integrateci approach
of time preference, addiction and satiation. Section VI is devoted to the characterisation of
a generai equilibrium framework with an expiicit formulated prociuction sector and capital.

All proofs are gathered in a final appendix.
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H - INHERITED TASTES AND TIME DISCOUNTING

II.1 - PrerErENCES

Time is continuous. Let oC e Ct (R+, R+) denote the consumption—patil that assigns a value
of c(t) at date t € Ry. Let in turn z(¢) denote the time-t value of consumption habits acquired
by the consumer. It satisfies 3(t) = olc(t) — 2(¢t)] for a given z(0) = z,. Being alternatively

defined as
(1)  =2(t) = a/ exp [o(s —t)] c(s)ds + zo exp(—ot),

it thus features an average of past consumptions Weighteci ioy exponentiaiiy decreasing
coeflicients. It is assumed that, for a given z(0) = 2, > o, 2(t) exerts a direct influence

on the intertemporai preierences of the representative individual:

(2)  U(oCs2) = —/::O eXp<— /:_O@[c(s),z(s)]ds)dt,

where it is noted that U(OC; zo) is defined on R_.

This formulation of the intertemporai utiiity function does not allow for Cieariy distinguishing
between an instantaneous utiiity function and a discount function. This is a direct outcome
of the relaxation of the standard separai)iiity assumption. In spite of its Wi(iespreaci use in
the iiterature, and as this was shown i)y Koopmans [11], the latter does not rest on any

i‘irmiy established axiomatical foundations.*
Remark 1: A more generai speciﬁcation for the intertemporai utiiity function would be:

“+o00

U(oC; 20) = —/ ule(s), z(s)] exp(— /::0 Ole(s), z(s)]ds) dt,

t=o0
the formulation used by Ryder & Heal [12], Boyer [5] and Becker & Murphy [2] being then
recovered when o(,-)is specialised to a constant value. Shi & Epstein [13], as for themselves,
focus on an environment where u(-, ) is univocally determined by ¢ while O(e, z) = Bz, for g
a constant. Finally, Epstein & Hynes 8] introduce a formulation that is a special case of (2)

when the intertemporai utiiity function does not expiicitiy ciepenci upon past consumption

habits. %

Assumprion 1: © € €2 (R+ x Ry, R) and is strictly concave. Further, ©.(c,2) > o and
O.(c,z) <o for any ¢,z > o.

Assumption 1 postuiates a negative influence of past consumption levels on intertemporai

utiiity. Such a property makes sense for goods such as cigarettes, alchool and cirugs but a

* As a matter of fact, even with a separaioiy additive representation, the instantaneous utiiity function
does not have any ordinal meaning. Soieiy notions such as the ones used in the suiosequent arguments,
e.g., the rate of time preference or the marginai rate of suiastitution7 make sense from an ordinal

stancipoint.
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positive sign would admittedly be relevant for other addictive goods such as music or cultural
goods, a thorough discussion of this topic ]oeing completed in Becker & Stigler [3]. While
Ryder & Heal [12] assumed a negative influence of past consumption habits, the opposite case
is analysed in Boyer [5]- As this shall soon appears, the current analysis ]:)eing concerned with

the possibility of satiation, this phenomenon can only appear through a negative dependence.
Remark 2 : A simple parametric formulation for ©(:,-) can be introduced as :

O(c,z) = Cy + Ac® — B(z + b)°,
where C,, A, B and b denote positive constants, 0 < a < 1 and 6>1,b being further such

that C, — Bb’ > o. lts properties are carefuﬂy examined in the first part of Appendix 14. ¢

Lemma 1. Under Assumption 1, U(-; zo) is strictly concave.

Proor : Vide Appendix 1. A

Letting +C denote the tail of the consumption—path that starts at instant ¢ > o, consider a
variable £(¢): = U (,C; z) that features an intertemporal utility associated with a tail of ,C.
A new defmition follows for U (OC : zo) :

U(oC; 20) = &(0) such that

E(t) = 1+ Oe(t), (1)),

LemmMa 2. Under Assumption 1, consider the intertemporal utility function U(tC; zt):
(i) its dependency with respect to z; is featured by 8U(C; zt)/azt = —p(t), for :

@ B0--[ im exp (— / _ O [c(s), 2(5)] ds>

X [/Sit O’ [c(s), z(s)] exp[—o(s — t)]ds| dx
_ /jo exp{—/:t@[c(s),z(s)]ds} U (:C, 2)

x O [c(z), 2(x)] exp[—o(x — t)]dx

> o;

where (3(t) can be understood as minus the present value of the shadow price associated
to consumption habits z; at date t > o that satisfies the differential equation ﬁ(t) =
B){Ole(t), ()] + o} — OLle(t), 2(1)E() ;

(ii) the Volterra derivative® at a given date T > t states as :

2Vide Ryder & Heal [12] for an intuitive exposition and Volterra [14] for a careful argument.
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(4)  U'(oC;20;7) = —exp <— / : O le(s), 2(s))] ds)
x {0, [e(r), (M) U (+C, 27) + oB()},

(iii) along an invariant consumption-path for which ¢ = z, the stationary values of 3 and U’

state as :
L O.(c,c) ,
o Bl ol
/ N eXp[_Q(Ca C)T] / /
(5b) U'(oC; co; ) = 50,000 + 7] {@C(c, A)B(c.c) + o] + 00 (¢, c)}.
Proor : Vide Appendix 2. A

From Equation (5b), as O, < o, the occurrence of U'(C;7) = o, ie., utility satiation for a
given 7 > 0, cannot be discarded. A stationary level of ¢ that solves ©'(c, ¢) [O(c, ¢) + o] +

06’ (c,c) = o would thus be associated with utility satiation.

IIQ - TIME PREFERENCE & INTERTEMPORAL ELASTICITY OF SUBSTITUTION.

A measure of the impatience properties inherent to U (-;zo) is then provided loy the
introduction of the rate of time preference of the individual, the latter being defined as
minus the rate of growth of marginal utility along a 1ocauy constant consumption—path. Let

then 0 feature the rate of time preference :

0[-C;2(1)] = —C%_ln U'(C; 205 T)|é=o
o Ol.0(c—2)U (;C)+OL(1+ 06U (;C)) + o[B(O© + ) — OLU (,C)]
B e.U (;C)+op ’
—o_ Ol.o(c—2)§+0OL(1+ 0 +0[B(O+0)—O.L]

oL +op ’

where it is checked that the long—run expression of the rate of time preference, available for
c=1z 60=—-1/¢, simplifies to ©. As this was already pointed out by Epstein & Hynes 18],

this is only part of a more general purpose relationship at a given date 7 :

di ¢r) 1

g U oCsz0i7) = e[-C 0] + Z S 5
. 1 8// c

with —— = >

2(r)  O@,+aBjE

for (1) that features the intertemporal elasticity of substitution in consumption.

For future reference, a benchmark characterisation of the properties of time preference will

be useful .

Lemma 3. Along a constant consumption-path, the rate of time preference exhibits the

following properties :

6.
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(i) the derivative with respect to z(7) is available as :

. / /
8906'2Oﬁ)::{cxk (@’+ O ) 7 @4—mﬁ8$—%a@2]}

0z(T) O+o\ ¢ O+20 +(9+2a[<
@/
/(o 55s)
(& @+U )

(ii) the Volterra derivative at a given date x > T is given by :

do(-C, 2(1))

ge@) exp[—O(x — T)]{@(@é + O0.) —exp[—o(z — 7)](O + O’)M},

0z(T)
Proor : Vide Appendix 3. A

As a final remark and for future use in the next section, when considered in the course of a
dynamical system, this rate of time preference Q(TC , z(T)) will be denoted, in order to avoid

any confusion in notations, ple(r), B(r), 2(1),&(7)].

IH - ON THE DYNAMICS OF CONSUMPTIONS

IIIl - A CONSUMER PROBLEM

Letting w(t) denote the current revenue of the consumer, it is assumed that he can borrow
or lend on a perfect credit market on which prevails a rate of interest of r(t). The level of

savings of the consumer is denoted as a(t) and its law of motion is given l)y:
(6) a(t) =r(t)a(t) + w(t) —c(t),

with a Solvability condition:

() lim a@yexp [— / +Oor(s)d(s)] .

The consumer pro]olem then formulates along:
(8)  Maximise £(0) s.t. (2'), (6), (7), for a(0) = a,.

The existence of an optimal solution to recursive programs has first been dealt with by
Becker, Boyd & Sung [4] and was later on generalised by Balder [1]. Unfortunately, their
class of results does not ecompass the current prololem. It shall however be assumed that
such a solution exists.

Problem (8) Ioeing of the Maier type, it can be solved with the definition of the foHoWing

Hamiltonian:
(9) H=Ara+w-—c)+p[r+06(c,2)| +vo(c—=z),

for A, b and v the shadow prices respectively associated to a, & and 2.



Time P reierence, Rational Addiction & Utiiity Satiation

IIIQ - INTERIOR SOLUTIONS

This coni‘iguration i)eing associated with the iloi(iing of A > 0, the system of first-order

conditions iea(is, for B:=v/u, to the ioiiowing autonomous 5—ciimensionai (iynamicai system:

—0..(c, 2)6¢ = [Bo + Oc(c, 2)¢] [r — ple, B, 2, 6],
8= BlO(c, z) + o] — OL(c, )&,
(10) Z=o(c—2),

5 =1+ Q(Ca Z)ga

a=ra+w-—c,

time arguments ilaving been ommitted. Letting w and r assume constant Vaiues, an
Unsatiated Interior Steaciy State is then available as a 5-upie (6, B3,%,€, E) that satisfies:

O (¢,¢) =r,
E: —1/7’,
(11) c=7z

O () [0 (o) + o]’

a=(c—w)/r

[11.3 — Sariarep SoruTions
When X = 0, the dimension of the ciynamicai system shrinks to 4:
—0cc(c, 2)6¢ = =£{Oc(c, 2) [O(c, z) + 0] + O (¢, 2)0}
+60.(c, 2) [1 4 O(c, 2)§] + Oc. (¢, 2)€0 (c — 2),
(12) Z=o(c—2z2),
§=1+0(c2),

a=ra+w—c.

Letting w and r assume constant Vaiues, a Datiated Stea(iy State is simiiariy available as a

3—upie (6,2,5) that solves:

(13)

I11.4 - Existence oF SteEaDY STATES
The ioiiovving assumption shall further restrict the set of admissible conﬁgurations:

Assumprion 2: Consider the function ¢ — O(c, ¢). It satishes:

L8
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(i) it is a unimodal function that reaches its maximum at c*, ©(0,0) > o and Jepe > 0
such that Q(CM,dx, CM-dX) =0;
(ii) there exist two values 2, and €, such that 0 <7, < ¢* <@ < ¢, and 6(c,, ) =
O(¢,,¢,) =1 ;
(iii) there exists a unique & < CMax that is defined from 2(¢):= O.(¢,¢) [c+06(ce)] +
0O’ (E, E) — 0 ; moreover ¢ satisfies £’ (E) = [a—l—@ (E, E)]@é’c (E, ~) [20—1—@ (c c)]@” (E c)+
0O, (¢,¢) + OL(¢,¢) [OL(¢,¢) + O.(¢,¢)] <o.

Remarx 2 (Continued) . The nature of the restrictions that are to be superimposed on a
basic parametric formulation, namely O(c,z) = Cy+ Ac® — B(z+b)?, to fit with Assumption
2 are detailed in the first part of Appendix 14. &

Prorostrion 1. Under Assumptions 1 and 2:
(i) there exists a pair of unsatiated steady states, namely ¢, and ¢, together with a satiated
steady state, namely c:
(ii) letting 7:= O (¢, ¢):
a / if r > 7, the unsatiated and satiated steady states rank according to ¢, < ¢* < ¢, <
¢

b / if r < 7, the unsatiated and satiated steady states satisfy ¢, < ¢* < ¢ < C,.

Proor : Vide Appendix 4. A
— Please insert Figure 1 —

Remark 3¢ As Q(c*) = @(c*,c*)@é (c*,c*) > 0 and Q(E) = o, the satiated steady state
is to display (94 (6) < o. The extra holding of (6) < 0 has then been retained through
Assumption Q(iii) in order to discard any scope for the limit case 2/ (6) = 0. Besides, for
r<T, the Steady state ¢, is not admissible in that it corresponds to a Steady state value
for intertemporal utility that is strictly lower than the one associated to the satiated steacly

state value . &

To sum up and building upon Assumption 2, Proposition 1 ﬁnaﬂy allows for stating that

there exists a unique satiated Steady state and one or two unsatiated interior steady states.

IV - A Bencamark CuaracterizaTion oF Locar Dynawmics
ArounD THE STEADY STATES

IV.I — APPRAISING DYNAMICS IN THE NEIGHBOURHOOD OF UNSATIATED STEADY STATES

Lemma 4. Consider an unsatiated steady state (E, B3,%, €, a). The eigenvalues associated to
the unsatiated dynamical system in the neighbourhood of (E,B, Z &, E) are r,\,,r —
A1y Ao, 7 — Ay, for, letting pu: = Ni(r — X)), i = 1,2,



O(c, ¢

O(c, c)

...............................................

Figure 1.a
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*

c

Figure 1.b
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(14) S = My + o
= g g [T T )OLEE) + (r+20)0LL (e.) + 0L (7 7)|

O, (¢,©)
rleweo)]”
0/.(cc)
(15) P = pipz
= —% [0.(¢,2) + O.(¢,0) | [(r + 0)O.(E. ) + 0O.(c,0)].
Proor : Vide Appendix 5. A

It is worth recaiiing that the five dimensional (iynamicai system (10) includes two backward-
iooi{ing variai)ies, nameiy z and a, and three iorwarci—iooi(ing ones, nameiy c, B and €.
The obtention oi a sa(iciiepoint property would hence correspond to the occurrence oi two
negative eigenvaiues — or with a negative real part in the compiex case — and three positive
eigenvalues — or with a negative real part in the compiex case. A detailed appraisai of the

staioiiity issue is available in the foiiowing statement :

Proposition 2. Under Assumptions 1 and 2:

(i) the high-level unsatiated steady state (62,32,22,52,62) is locally unstable (four eigen-
values with positive real parts and one eigenvalue with a negative real part — Area | on
Figure 2 —);

(ii) the low-level unsatiated steady state (61,51,51,51,61) can fulfill three distinct configu-
rations:

a/ it is a saddlepoint equilibrium with three eigenvalues with positive real parts and
two eigenvalues with negative real parts and belongs to Area Il on Figure 2 ; Area
Il has two distinct subzonas R, and R, on Figure 3 : within R, all of the five
eigenvalues are real while in R, , four eigenvalues are complex and only one is real ;

b / it is locally unstable and assumes five eigenvalues with positive real parts ; this
corresponds to the Area lIl on Figure 2 that encompasses four distinct subzonas
R., R,, Ry and R, on Figure 3 : within R, and R., four eigenvalues are complex
while in R, all of the eigenvalues are real and in R, two eigenvalues are complex
and three eigenvalues are real ;

¢ / three eigenvalues with positive real parts and two purely imaginary complex

eigenvalues— locus IV on Figure 2.

Proor : Vide Appendix 6. A
— Please insert Figures 2 and 3 —

Figure 2 portrays the various conﬁgurations embedded in the statement of Proposition 2. Area
[ is hence related to the steaciy state (62,52,52, Ez, 62) for which My s < O. Lonas H, [II and
IV are associated with the outstanding stea(iy state (El B.,Z:, €, 61) for which Mefls > 0O, the
locus IV ioeing more speciﬁcaiiy associated with the occurrence of a Poincaré—Hopi bifurcation

and the emergence of a unique pair of pureiy imaginary compiex eigenvaiues. A transition
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from zona Il to zona III would thus correspond to a change in the staloiiity properties of the
dynamical system.

From Proposition 2, the stabiiity properties of (61,31,21,51,61) are intimateiy linked to the
sign of U1+ o As iong as this latter expression remains of negative sign, the Saciciiepoint
property is obtained. In opposition to tiiis, a positive sign for L1+ [Lo IS & necessary condition

for unstabiiity.
IV.2 - A CuaracreriZATION OF EquiLisrium Dynamics v te NeicaournOOD 0F SaTiATED
STEADY DTATES

The dynamicai system associated with consumption satiation expresses as an autonomous

subsystem defined in the space (c,2,€):

R e CRICCOR L ACOL

(16) +6L(e.2) (1 +69) + OlLso(c—2) |
Z=o0(c—2),
£=1+6¢.

Under Assumption 2, this system assumes a unique steady state (E, z, E) Furthermore:

Prorostrion 3. Under Assumptions 1 and 2:
(i) the three eigenvalues (9(6, 6), v, and v, associated to the behavior of the dynamical

system in the neighbourhood of the satiated steady state (E, z, 5) are such that:
v, + v, =06 (c0);
vivs = =0 [00(0 +0) + (0 +20)0[, + 007, — 0(8))" [o] /0L

(ii) the steady state (E, z, E) is a saddlepoint of the subsystem associated to the occurrence

of consumption satiation.

Proor : Vide Appendix 7. A

To sum up, under Assumption 2 and from Propositions 2 and J, the long—run properties of
the economy list as follows. F irstiy , two distinct steaciy state positions may exist : the ﬁrst,
nameiy (El,ﬁl,él,fl,al), that corresponcis to an unsatiated intertenlporal utility while the
seconci, nameiy (E, Z, E), is associated to a satiated interternporai utiiity. It is to be stressed
that this latter satiated iong—run position does usuauy not corresponci to a stationary value
for the asset a since the individual will not consume the whole amount of his interternporal
wealth.

Two distinct steaciy states hence emerge as corresponding to a long—run position for the
economy, narneiy a first unsatiated interior stea(iy state and a satiated steaciy state.
Accorciing to Proposition 2, the unsatiated Steaciy state may uncover a change to unstabiiity,
the satiated then emerging as being the sole conceivable candidate steaciy state solution for
the iong run. Lhe forthcoming section shall establish the very possibiiity of such a conjunction
and anchor the whole argument on the uprise of addiction phenomena and the features of

the time preference of the individuals.

L
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V - TIME PREFERENCE, ADDICTION AND SATIATION

Vi - ADDICTION AND TIME PREFERENCE

Foiiowing Becker & Murpiiy [2] dei‘inition, addiction means the property that the optinlai
consumption poiicy c¢(a, z) increases with z. In accordance with the earlier literatures —
Becker & Murphy [2], lannaccone [10] and Shi & Epstein [13] —, this property will be
apprehended on a local ioasis, i.e., in the neigiiiaouriiood of a steady state. Considering
an initial position located in the neigiibourilood of the unsatiated interior Steady state
(El,Bl, Z., &, al), the iioiding of an addiction property would correspond to a positive link
between ¢ and z in the two-dimensional local stable manifold associated with the interior

steady state. In formal terms :

Lemma 5. Letting A, and A, denote the stable eigenvalues of the characteristic polynomial
considered in the neighbourhood of the unsatiated steady state (51,31,21,51,61), the
holding of an addiction phenomenon corresponds to the satisfaction of ()\1 / a+1) ()\2 Jo+
1) > o.

Proor : Vide Appendix 8. A

ProposiTion 4. Consider the unsatiated steady state (61,51,51,&,61):
(i) a good is addictive in the neighbourhood of (El,Bl,El,El,al) if and only if Dp/0z > o ;
(ii) the holding of 0p/0z = o corresponds to the frontier F, of equation P + o(r + 0)S +
0?(r+0)? = o over the plane (S , P). This locus divides this plane between two distinct
domains A and B. Domain A is an overall non-addiction area where one root is inferior
to —o whereas the outstanding one is greater than —o. In opposition to this, domain B
is an addiction area that turns out to assume three distinct subareas B’, B" and B" :
over B', A\, > —o and A\, > —0 ; over B”, \, < —0 and )\, < —o ; finally, over B"', \,
and A, are complex conjugate with ()\1/0 + 1) ()\2/0 + 1) > o.
Proor : Vide Appendix 9. A

— Please insert Figure 4 —

Incidentiy, it is readiiy checked that this addiction property — c(a, z) that increases with
z — is exactly related to the holding of 0p/0z > o in Becker and Murphy [2] or Shi and
Epstein [13]. It is hence ougilt to ﬁgure out a generai enough property that is not directiy
attached to the specii‘ication (2) of intertemporai preierenoes under consideration.

Actuaiiy, the north-east move of the straight—iine F, on Figure 4 is to be understood as the
strengiltening of the addiction piienomenon in preierences. Such an increase may lead to the
attainment of zona III for which the unsatiated interior steady state loses local stabiiity.
Such an occurrence can be viewed as a strengiltened addiction from the individual whose
consumption threrein becomes strongly dependent of his past behaviours. More preciseiy and

in order to portray the occurrence of strong dependency, one uses the ioiiowing property :

(17) P+o(r+o)S+o*(r+o)* = %{[(—)ﬁ ria(—)’z]a(r+a)(r+2a)} / (-oL)

_ (%g) So(r + o)r(r + 20).
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The obtention of strong dependency then corresponds to a north-east move property
according to which at least the point (S = 0,P = o) is reached ioy Fy and the associated
value of 90/0z. From (17), this property narrows (90/9z)z/0 so that it satisfies

doz - o(r+o)(-6L)e
0z0 =~ [@L+06./(r+0)|(r+20)r
(:8) o(r+o) 1
T r(rt20) %

The satisfaction of such an inequality thus provides a criterion on (00/02)z/0 for assessing a
strong dependency property. Further and from its expression detailed tiorougii Lemma 3<i),
00/0z happens to be an increasing function of er. In practical terms, inequality (18) could
hence be available from the selection of a value of o, sufEcientiy positive so as to fit such
a criterion. ©he suiosequent section shall examine the actual scope for such a conjecture.
Finaiiy, as soon as strong addiction occurs, the unique satiated steaciy state3 emerges as the
oniy stationary state candidate for the iong run. The consumption behaviour of an addicted

consumer becomes independent of its i)u(iget constraint in the iong run.

V2 - ASSESSING THE RELEVANCE OF STRONG DEPENDENCY : A PARAMETRIC APPROACH

This eventual section is intended to prove that both dependency and strong dependency
emerge as actual iong—run equiiiiorium conﬁgurations in the current environment. For that
intenci, the approacii shall consider an initial position in a neigiiioouriiood of the unsatiated
interior long-run steady state (€1, 51,71, &, a4) and take the values of (e.,6.,0..,6!.,6")
as a set of parameters constrained so as to satisiy the whole list of previous assumptions. It
is going to be established that these parameters can be selected so that addiction and strong
addiction do exist. A direct articulation between the ensued formal conditions and a set of
ordinal restrictions shall then be provi(ie(i.

It is first remarked that, for ©”. < o, one obtains both 90/02 < 0 and & < o. It
is then clear tiiat, under O/ < o, no addiction ilappens, the unsatiated interior steaoiy
state (61,5’1,21,51,&1) assuming a sa(iciiepoint structure. | he coming argument provicies
conditions such that strong addiction — and standard addiction as a direct coroiiry —
occurs.

[n order to make an explicit account of the parameters dependencies of (14) and (15), let

Mot = P<8;7 8:3, 9::/0)’ P+ = S((—)é’z’ e -

zz) cec)

@é) and i<eep uncilangeci the respectiveiy
negative and positive parameters 6/ and o.. The approacil will proceeci from a variation of
the coeflicients ©” e, and o restricted so as to satisfy at (El,Bl, Z., Ex, al):

cz?
7 1"
O <0 and O,, <o,
" 1" \2
@cc@zz - (602) > 0,
0. >0,0. <0 and O, +6,>o0.

3The existence of a unique satiated stea(iy state is simiiariy obvious in Becker & Murpiiy [2] for their

benchmark framework that ilinges upon a quaciratic speciﬁcation for instantaneous utiiity.
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Noticing however that while P is univocally related to e, S solely depends on o, and
8//

cz)

coefficient. From F igure 3 — equivalently, from Proposition 2 —, a requesite for modified

this results in a conﬁguration for which a given parameter will be to modify a unique

dynamical properties states as the simultaneous holding of §>o0and P < S(S /2 + 7’2) /2
where P = S (S/24712)/2 is the equation of the border F, — equivalently locus IV — on

Figure 2. In more details :

LemMA 6. Consider the unsatiated steady state (51,31,21,21,61):

1
ce?

(i) when O/, varies from —O), to o, p,p, = P(6;0
y(e,en):= —ar(@é)z(r +0)/6Y. ;

cc

©,) assumes an increase from o to

(ii) furthermore :

a/ when O/, varies from o to \/07.0"., §(0V,,0;0.,0!.) assumes an increase from

—a{(r +0)0!. + 00!, — r(@é)z/a}/@é/c to X(@’Z’Z; e, 92): = —a{(r +0)0) +
(20 +1)\/OLO", + 00", —r(6.)°/o}/OL

ce’

with X(-; : ) the maximum over the

" .
cz)

]o/ for —O!"r > 4(0.)°, there exists a value of the coefficient ©”, < o such that
x(0/,;0.1.,6.) > o.
Proor : Vide Appendix 10. A

range of the admissible values for ©

zz) ce)

Lemma 6 equips the analysis with a complete characterisation of S and P as a function of the
parameters O, ©”. and ©”_. Owing to (11)13/ and for —0"r > 4(@2)2, it becomes possible

to select a value of O’ so that the maximum of S undergoes a positive value. Then following

(ii)a/, there exists a ©”, that entails a positive one for S.

A Change in the Stability properties of the unsatiated Steady state (El,Bl,El,El,al) then
occurs when the system moves into the area for which P <S (S /2 + 7“2). From (1) and

for s > o0, it is always conceivable to find out such a e, sufﬁciently close from -6 The

actual scope for such a conjunction is established in Proposition 5 and finds its graphical

justiﬁcation through Figure D

ProposiTioN 5. Let the values undergone by (e.,6.,0.., 06!

cer cz)

©!.) at the unsatiated
steady state (61,31,21,51,61) be considered as a set parameters :

(i) for =01 > 4(6L)°, there exist values of ©”,, ", and O, such that P >0, S > o and
P < 8(8/2 + r?)/2 simultaneously hold ; a Poincaré-Hopf bifurcation then becomes
admissible that corresponds to the attainment of the unstability zona [1I by the steady
state ;

(ii) the attainment of the unstability zona builds upon the satisfaction of two distinct
conditions :

a / a sufficiently great value for the elasticity of the rate of time preference with respect
to past consumption levels when compared to the inverse of the intertemporal
elasticity of substitution : (0o/0z)z/0 > o(r +o)/r(r +20)% ;

b/ a sufficiently negative value for (0p/0c)c/o when compared to (0o/0z)z/o so that
(0o/0c)c/o+ (r+ o0)(0p/0z)z/ o is arbitrarily small.

Proor : Vide Appendix 11. A
4
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— Please insert Figure 5 —

For —07r > 4(@2)2, there exists a value of ©”, such that X > o. The point B(X,Y) can
then be located cither above or underncath the locus Fi. The rectangle (0ABC) features
the set of reachable points (S,P) subsequent to a modification of the parameters e, and
o Figure 5 focuses on the case for which B is located above the borderline 7, : there then
always exists a value of o’ associated with the occurrence of a Poincaré—Hopf bifurcation.
Before such a critical Value, the stationary state (61,31,21,21,61) becomes unstable. One
could then surmise that the satiated steady state emerges as the unique long—run steady state
position, a conjunction where addiction would lead to satiation. However, a global picture of
equilibrium dynamics is not available and other 10ng—run non stationary equilibria such as

limit cycles could also exist.

Remark 2 (Continued) . As it is characterised by 0! = o, it is clear that the basic

parameteric form for O(+,-) is not appropriate for the above line of arguments. [t nevertheless

becomes suitable for such an analysis through a Simple modification. Consider indeed now a

function ©(-, ) defined by :

o (z-a) (-&)
Oc, z) = CO+ACO‘—B(z+b)ﬁ+C/ Max |0, 1— - dxdy,
c,—€JC,—€ g2 g2
with ¢ > o, C being a positive constant. It is proved in the second part of Appendix 14
that the whole range of properties analysed in the current section then assume an explicit

parametric basis. O

To sum up, the model under consideration introduces a theory of consumption that leads to
two distinct types of behaviours. An individual would consume his whole permanent income
if he was to undertake his consumption choice in a close neigh]oourhood of the unsatiated
steady state. His consumption behaviour would Change as soon as he completes his decision
in the neighbourhood of the satiated state : his current consumption becomes unrelated
to his permanent income but oppositely fuuy determined l)y his past consumption choices.
Interestingly, this latter conﬁguration is reminiscent of the alternative approaches raised by
J. Duesenberry and T. Brown half a century ago. It is indeed worth recaﬂing that whilst
Duesenberry advocated by 1948 a theory where current consumption was determined by
a benchmark level of income, namely the maximal one reached by the individual in his
lifetime, Brown raised by 1951 an approach where past consumption levels emerge as the

main determinant of current consumption behaviours.
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VI - A GENERAL EQUILIBRIUM PERSPECTIVE

This section shall be concerned with an extension of the earlier line of arguments to a generai

equiiiiarium setting with an expiicit productive sector.

VI.1 - A Probuerive Economy

[t shall henceforward be assumed that per head production is available as a production
function y = f(z) where z denotes per head capitai stock and Y features the level of per
head production. Further assume that f() depicts production net of the depreciation rate
of the capitai stock.

Assumprion 31 f: Ry — Ry, f(0) = o, f(z) < o for k > 0. 3 & such that f/(z) = o

T

for # > 0o0r 2 = +oo, fi(z) > o0 for z € }o,:i’[, fi(z) <o for z € ]:f:,+oo). Further
¢c:=f (:f:), possii)iy ini'inite, satisfies & > Maxc-

First note that the equations (10) and (12) that described consumption dynamics are let
unmodified i)y this generaiisation. The introduction of a productive activity adds the new

relations to the definition of an intertemporai equiiii)rium :

w(t) = f(x(t) — xf(x(t)),
r(t) = fo(z(t)),
a(t) = x(t).

Unsatiated consumption dynamics is hence available as :

—0y.(c, 2)6¢ = [Bo + O (e, 2)E] [fr () — ple, B, 2, §)],
G = BlO(c, z) + o] — OL(c, 2)E,
z2=o0(c—2),

£=1+6(c2),
T = f(.’E) -G
Satiated consumption dynamics accordingiy reformulate to :
—Og(c, 2)§¢ = —€{0.(c, 2) [O(c, 2) + 0] + O (c, 2)0}
+ @:3(6, Z) il + @(C, z)ﬁi + @gz<ca Z)ﬁO’(C - Z)7
z2=o0(c—2),
£=1+0(c,2)E,
T = f(x)—c

VI? - EXISTENCE OF STEADY STATES

The features of consumption dynamics i)eing independent of the budgetary constraint of
the individual when utiiity statiation occurs, these are let unmodified iay the existence of

an expiicit productive sector : under the earlier range of assumptions, nameiy Assumption

. 16...
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2<iii), there exists a unique satiated level of consumption ¢ that solves e (E, ¢) [U + @(E, E)} +
oo’ (6, 6) = 0. Tilings are modified when one is concerned with unstatiated consumption

(iynamics, a steaciy state (E, B, %, &, :i) being now to satisiy :

@<E>E) = f;(j)7

E: _1/T7

n_ 8/2(676)

b= O (e 0o +0o]’
f(z)=c

The obtention of a conﬁguration quaiitativeiy related to the one raised for the benchmark

exogenous prociuction economy imposes the retainment of a renewed range of assumptions :

Assumprion 4@ The functions O(-,-) and f(.) satisfy :
(i) In fi(-) is a convex function of # > 0 and thus satishes el — ( Q’C’w)2 > 0;
(i) ©(0,0) < f1(0) ;
(iii) consider the function h(c) := O(c,¢) — ' (f(0)) that is defined over 10, sl 5 T
such that h(c**) >0 and A, (c**) =o.

The actual status of these assumptions may deserve some clarifications. Assumption 4(i)
first noticeably implies the holding of £, (z) > o for > 0 — it is, e.g., satished when f(-)
is a Cobb—Dougias prociuction function. A remarkable feature of Assumption 4<ii) is that
such a condition is filled i)y any prooiuction function f() that satisfies the Inada conditions,
namely f/(0) = +oc. Finally, Assumption 4(iii) allows for the analysis to rest upon at least
one unsatiated steaciy state. More precisely, such an unsatiated steaciy state ¢ being to solve
h(c) = o, i.e, O(c,c) — fL(f7*(c)) = o, from the preceding assumption, one can state that :
h(-) is a concave function from (i), h(0) < o holds from (ii), h(CMaX) =o—f'(f* <CMaX)) <o
and h(-) assumes a maximum at ¢** and h(c**) > 0 from (iii), There thus exists two

unsatiateci Stea(iy state consumption ieveis C, an(i Cso sucil tiiat 0< ¢ < <@y an(i
h(él) = h(Ez) = o. It is further obtained that h!, (61) > 0 and R, (62) < 0. An extra eventual

assumption is however necessitated for ensuring the existence of Gy :
Assumprion H: ¢, <@

As a matter of iact, a reverse conjunction would impiy that the satiated steaciy state appears
to be relevant. Finaiiy, while Assumption 5 ensures that C, is an admissible unsatiated steaciy
state position, the other candidate Co would as well be relevant if Cy < C wWas simuitaneousiy

be satisfied. Figure 6 provicies an eniigiitening illustration of this range of considerations :

— Please insert Figure 6 —

VIB - LOCAL DYNAMICS IN THE NEIGHBOURHOOD OF STEADY STATES

In accordance with the prece(iing section, the ciynamics in the neigiliaouriiood of the satiated

steaciy state position i)eing let unaffected ioy the consideration of a production economy, the

AT
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subsequent argument shall focus on the properties of the equiiibrium ciynamicai system in the
neigili)ourhooci of the unsatiated positions ¢, and Ca- From Appenciix 12, the characteristic

poiynomiai associated with an unsatiated Stea(iy state then writes down aiong :

Z(A) = (0 = N{M = 20X+ (6% + 8)N* — OS\ + P},
S =

_m{ [0(c.¢) + 0|6 (e.c) + [6(c,e) +20]0L, (¢,¢) + 0O, (C, E)}

oo [o.(ee)]”  ouee) +00L(6e)/[0+0(ee)] @)
e.(c,c) er.(z,c) FEAT

=796 [ a ) 1 01 (s, 0) - 20
P = "o () {90(0, ¢) + 0. (c¢) — @) (6 +0)6L(¢,¢) + 06 (c,7)],

where 0/ 4+ 0, — f /. = k.. Besides the obvious root @, the roots of the characteristic
poiynomiai again assume a paireci root structure : A;, @ —A;, Ay, @ — . Aiong the approacii
(ieveiopeci in Section IV, tiiey are analysed tiirough the introduction of Wi = A (@ — /\i),
i = 1,2, the two above coefficients then boiling down to & = M+ oy, P = piqpis. As it
was shown in Section VI.2 that hg(él) > 0 and h.. (62) < o, it is obtained that P > o
prevails at ¢, while P < o at Co. It then follows that the ciynamicai properties (iispiaye(i
in the neighi)ourilood of the unsatiated stea(iy states ¢, and Cs replicate the ones raised
through Section IV in the benchmark exogenous production economy : C, is iocaiiy unstable
and is thence not a relevant iong—run steaciy state position. The properties associated with
C1 ciepenci, ioiiowing the anaiysis of the benchmark exogenous prociuction economy, on the

relative values assumed on S and P.

VI4 - ADDICTION & STRONG ADDICTION WITHIN A PRODUCTIVE ECONOMY

Focusing then on the emergence of addiction and strong addiction within a prociuctive
economy, the anaiysis of Section V can be aciaptateci to this generaiiseci environment iay
tai{ing into account the modified expressions of S and P. More expiicitiy, it first appears
that the expression of the i)oun(iary F,is let uncilangeci, the new expressions of & and P
still satisiying :

P+o(r+o)S+0°(O+0) = %{[@jﬁ

g

o U@;}cr(e +0)(6+ 20)} / (-e).

Unsurprising, addiction iaeing a preierences piienomenon whose emergence is unrelated to the
embeci(iing environment, the addiction frontier still corresponcis to the hoi(iing of 0p/0z =0

and Figure 4 remains relevant.

The second issue relates to the existence of addiction and strong addiction within a productive
economy considered in the neigiliaourhood of the unsatiated steaciy state (El, By, 21, &, i‘l).
The values of (fa./fe.0.,0.,0.,6!. 0!

cer cz? zz)

(9) considered at the steaciy state are retained
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as a list of parameters. These are to satisiy4

7 "
O <0 and 0., <o,
1" 1" \2
@cc@zz - (602) > 0,
0. > 0,0, <o,
O +6. —f"/fl >0 and OO.+of’ /f. >o0.

Proposition b is ﬁnaiiy to be reformulated aiong the ioiiowing lines :

ProprosiTioN 6. Let the values undergone by (0,0.,6.,0.. 06!

cec) cz)

©..) and fl,/f. at the
unsatiated steady state (El,Bl,El,gl,fl) be considered as a set of parameters :

(i) for —02.0/4— (6L)" + (OO, +afl./fo) fr, | f.(6+ ) > o, there exist values of O,
@/, and O, such that P > 0, S > 0 and P < 8(S/2 + ©2) simultaneously hold ; a
Poincaré-Hopf bifurcation then becomes admissible that corresponds to the attainment
of the unstability zona I1 by the steady state ;

(ii) the attainment of the unstability zona builds upon the satisfaction of two distinct
conditions :

a / a sufficiently great value for the elasticity of the rate of time preference with respect
to consumption habits when compared to the inverse of the intertemporal elasticity
of substitution : (0p/0z)z/0 > c(©+0)/O(O +20)X ;

io/ a sufficiently small negative value for (0p/0c)c/o so that (Jp/0c)c/o + (O +

0)(00/0z)z/0 — fV.]f. assumes arbitrarily small orders.

Proor : Vide Appenciix 13. A

Aiiowing for a generai equiiiiarium argument, it is hence established that the whole earlier
line on conclusions can be recovereci, tiiougii tiiey now involve somewhat more stringent
conditions. More explicitly, the en(iogenous determination of the rate of interest renders
more difficult the emergence of an unstable unsatiated Steaciy state and the concavity of the
prociuction technoiogy exerts a staiaiiising effect on this iong—run unsatiated position. From
the sole qualitative Stancipoint, it should nonetheless be noticed that remains actual scope

for any of the conﬁgurations reached througii a partiai equiiii)rium approacii.

4As a matter of fact, the two last constraints are speciiic to the production economy. Condition
6. + 0. — f" /f' > o corresponds to the holding of A/, (¢.) > 0:as clarified in Section V.2,
this is ensured by the retainment of Assumption 4. Condition OO, +afl /fr > o, as for itself,
guarantees that Assumption 5, nameiy ¢, < ¢, continues to prevaii when the value of @; is made
to vary. Such an occurrence is indeed equivaient to the one of 2 (El) > (2 (5) = 0, that is
e (51,61) [@ (51,51) + U} + 0O’ (51,51) > 0 — vide Assumption 2. This last inequality is to
continue to hold when ©’(¢,,¢,) tends towards its lower admissible bound, i.e., —OL + f2 /..
Replacing, it derives that 66" + o " /! > o.

.19
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VIII - Proors

VIIII - PROOF OF LEMMA 12 ESTABLISHING THE CONCAVITY OF THE UTILITY FUNCTION

Letting V(c(t); zo(t)) denote the utility function, establishing its concavity is equivalent to
prove, for distinct ¢, (£) and ¢, (¢) and o € Jo, 1], that

V(ae, + (1 — a)ea; 20) > aV (e1520) + (1 — @)V (e2; 20) -

Considering the two underlying consumption habits paths, their laws of motion are described

I)y:

that in turn implies:

@i+ (1— )i =oc{ac, + (1 — a)e. — [az + (1 — @)z] ).
Notice also that the concavity of O(-,) ensures the satisfaction of:

O (ac, + (1 — ez + (1 — a)z2) 2 a0 (1, 21) + (1 — )0 (€2, 22)
Parallely using the concavity of the function z — — exp(—x) gives

—exp [— (aya () + (1 — )y ()] = —aexp (=y: (1) — (1 — a) exp (—ya (1)) -

Using the two last inequalities, when y, (t) and v.(t) are defined from

m@z/_@d%a@M&
%@z/_GM®wﬁmm

it is obtained :

V[ac1 + (1 — a)es; zo}
S /t+oo exp{—/::o Olac, (s) + (1 — a)ea(s);

=0

az,(s) + (1 — a)%(s)}ds}dt

“+o0
> [ ewl-an ) - (- (o]

=0

>aV (Cl; ZO) + (1 - CY)V (Cz; ZO) )

that establishes the result. A

Al
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VIIL.2 — Proor or Lemma 2.
(i) Let

U(,C; 2) = —/:O exp{—/s;é)[c(s),z(s)]ds}dT,

for z(s) =0 /ts explo(x — s)|c(x)dx + 2 exp[—o(s — t)].

As 02(s)/0z = exp|—ac(s — t)], it thus derives that :

ou
B(t) = " on

_ / :O exp{— s;@[c(s),z(s)]ds}

X {— ; O’ [c(s), z(s)] exp[—0o(s — t)]ds}dT.
(ii) The total Volterra differential is introduced as
d
5U(tC; zt): = 811_11)% d_gU(tC + ed; zt),

for &: = (¢(s))s>t a function defined for s > ¢ into R.

el [ o

- /t " explo( — )] (c() + c(x))dz + 2 exp[—o(s — t)]} ds}du]

:_/:Oexp{— :t@[c(s),z(s)]ds}

- [ (tiets) o000

to / s_t expl—o(z — 5)]6(2)0[c(s), z(s)]dm) ds}du.

This restates as:

d
d_eEU(tC + 8@; Zt)

£=0

The expression of the Volterra derivative at a given date 7 > ¢ can be derived by 1etting [0

tend towards a dirac function at date T. One then obtains :

0 for u < T,

Olle(r),z(r)] for w>r.

/: O’ [c(s), z(s)]p(s)ds = {

and

s fOI‘ S T,
/:t explo(z — 8)]d(2)OL[c(s), 2(s)]dx = { © <

explo(T — $)]0.[c(s), 2(s)] for s>7.

A2
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Whence

(iii) Straightforward.
VIIL3 - Proor or Lemma 3.

(i) A direct computation delivers :

6‘9[70’2(7—)} e " I / 6£
5207) _92—{—@ ot + 6, (c—) §+c—)8—>

+0Bﬁ<@+0)+ﬁ@ -0/ ¢-0., H/{@&Laﬁ}

From Lemma 2, d¢/dz = —p and, for a stationary path, ¢ = —-1/6 and 3 = —-0./0(c+0O)

The component 93/0z in the above expression however remains to be Computed For that
purpose and recalling that

ﬁ(T)Z—L:Oexp{ /x Olc }

{ / oL )] expl— )]ds}dx

exp[—a(s — 7)], at the steady state, it is obtained that :
[ e[ e[ o)

/3:78 exp[—20(s — T)]ds}d
= /x:io exp[—O(x — 7')]{ <@U;2)2 {1 —2explo(T — z)] + expl20(T — 13)]}

_o. 1 — exp[20(7 — z)] }dl‘.

20

and relying to 9z(s)/0z() =

A3
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Thus
aB(r) CA oL,

dz(r) OO +0)(O+20) O(O+20)

Then replacing in the early expression of 8o [+C, 2(1)] /0=(7), it is finally obtained that :
do[z(7), -C] _ [ 600 o + 0O,
0z(T) O+o O + 20
o " " / /
5o |(6+20)0L + 06| } / (@C 50 )

(ii) Computing the Volterra derivation of 9o [+C, 2(7)] /Oc(x) for 2 > 7, it is obtained that :

9[rC.2(M)] _ [ g 06r)  08(7) ) "
() {@@Ca @ "o (©+0) 00,52 (x)}/(@cH 3),

+

where 8¢(7)/0c(x) is available from Lemma 2 as

gfé;; _ _exp{—/s:TQ[C(S),z(S)]ds} X {82[6(:1:),2’(1:)]5(1;) + Uﬁ(x)}

whilst 83(7)/0c(x) remains to be computed. It is however known that g(r) = —9¢(7)/02(7) ;

this aHows to write

Zfégi el

5oy [ewd = [0l 20l < {6kt Aleto) + o5}

Whence, omitting arguments :
gf((;; = exp[—O(x — 7)] <{— / O exp[—a(s — T)]ds} X {@éf + aﬁ}

+ O exp[—o(x — 7)) — O.Bexp[—0o(x —T)] + o

B (x)
0z(t) )’

Where

9B(x)/02(1) = exp[—o(z — 7)|0B(x)/0=(x),

the expression of 93 (x)/0z(x) being available from the previous calculations. Finally replac-
ing the various expressions within the coefficient 9o [2(7), -C] /Oc(z) for z > 7, it derives

% — exp[-O(z — 1)]|0(6) + 6.) — expl-o(z — 1)](© + o) [;i (i ) C]
and the statement follows. A

AL
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VIIL.4 - Proor or Proposirion 1.

(i)-(ii) An immediate implication of Assumption 2 states as ¢ > c*. Indeed,

o 0967
I ACICOET:

[©c (¢,0) + O7 (¢,0)] = O, (¢,¢) + &, (¢,¢)

(14 RCE A
O, c)+o

The statement follows. AN

VIIL5 - Proor or Lemma 4.

Letting
= Ac(c, B,2,€,a),
= Aﬁ(caﬂ z,§,a),
Zi=A(c, B, 2,8, a),
&= Agle, B,2.6,a),
a:= Au(c, B,2,€, a)

feature the five components of the dynamical system and Considering its linearised form in
the neighl)ourhood of an unsatiated steady state, it is readily checked that the components

of the Jacobian matrix list as:

Aéc Aéﬁ Aéz Aéf Aéa
Ase Qs Qg Bpe Dpa
Aze Asg Az, Aze Az,
Qe A Qe Dee Ag
Adc Adﬁ A(Lz Adf Ada
- or(r+o) o(©@L+60)) r(rO,—c6.) 1
0 8// 8// 8// 0
ge.+ 6! /r r+o pe.L+ 6! /r -O. 0
= o 0 —0 0 0
-0 /r 0 —-O./r T 0
L —1 ) 0 0 r ]

Then computing the associated characteristic polynomial P(N), it is obtained that

PA) = (r=0)QM),
~AD
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for
Asp Apy Age -\ Asp Age
Q()\) ==olr+oc—A A,Bz —@; —(U—{-A) Aﬂc r4+o— A\ —@lz
0 Aéz r—A Aéc 0 r—A

=M —2rN3 4+ [r? —r0 — 0% — 0. — Ag Ave — ABCA(:B} A\?
— [UA&BABZ + aAéEAE-Z —0As, (2r+0) —or(r+o)
— MOl Ay, — Ag Aug(r +0) + Az Aseo + (1 — 1) A, Ags] A
+ordeply, + 0D A (1 +0) +0A:A¢,0) — aAeur(r + )
+ O-ASCAéBQ/Z +0A; Awe(r+0) +0AepAp,r.

[n order to prove that the real and Complex roots of the fourth-order polynomial equation
QN =o do actuauy Correspond to the ones of the statement, it suffices to establish that if
X is a root of Q(A) = o, then r — X is similarly a root of Q(A) = 0.

First assuming that Q(\) = o, a direct computation gives Q(r — A) — Q(A) = o, that in
turn implies Q(r — A) = 0. The roots of Q(A) = o thus exhibit a paired root structure along
AT — Niy1=1,2. Denoting wii = Ai(r —X;), Q(N) reformulates as :

QN = (A=A)A=r+A) (A= X) (A =7+ As)
:)\4—27“)\3+(T2+M1+M2))\2_T(M1+M2))\+M1M2.

[dentifying with the computed expression of Q(A), it derives that:

o)
Myt pe = _@U// [(7“ + U>@gc + (20 + T)@élz + U@,/z/z] + : (@/f> J
iz = = g (04 +61) [0 + (r +0)E].
The details of the statement fOHOW. AN

VIIL.6 - Proor or Proposition 2.

The Subsequent statement is first intended to provide a general picture of the structure of

the set of the eigenvalues when they display the particular structure raised by Lemma 4.

Lemma A6.1. Let r > o and consider the four unknowns A, T — A, A, ¥ — A, defined
by pu, = A, (7“ - /\1), ey = /\2(7“ — )\2), where p,, ., € C and satisfy p, + po = S
and p,p, = P, (S, P) € R? given. Consider then the following (S, P) plane boundaries
graphed over Figure 2:

Fi= {(S,P) € R2|P =5(5/2+r2)/2},
Foim {(S,P) € RxRy | P:Sz/4},
Fi={(S,P) e R* | P =1*(S —1*/a) /],

Ae. ..
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where it is already noticed that F, assumes a tangency with F; at (r2/2, 7’4/16). Consider

then the areas:

R.:= {(S,P) € RxRy ‘ P>S8(S/2+71?)/2for S >0, P>8%/4 for8<o},

$
I

(S,P) e R? | S?/4< P <S(S/2+r2)/2},

el
[

(S, P)e B2 |P>r2(S—r2/4) /1, S>r?f2 73<32/4},

w?d
I

(S,P) € RY | P <8%a P>r3(S—1/4)/4,8 <1°/2},

(S,P) € RL|S>7/2, P <r*(S—r*/1)/a},

5)
I

(S,P)€e RxR_|P <r?(8§—r°/4)/4, 73<0},

&
I

(S,P)e RxR_|r*(S r2/4)/4<73<o},

5)
I

g\)
I
et W et N e N g N S W e W

(S,P) € R_ ><R+|73<82/4}

The 4-uple of unknowns A,,r — X\, A\, 7 — A, then satisfies:

- within R, : four complex solutions, two with positive real parts, two with negative real

parts ;
- within R,: four complex solutions with positive real parts ;

- within F,: boundary between R, and R., with four complex roots, two with positive

real parts, two purely imaginary eigenvalues ;

within R.: four complex solutions with positive real parts ;

within R4: four positive real roots ;

within R ,: two positive real roots, two complex roots with positive real parts ;

within R,: two complex roots with positive real parts, one positive real root, one

negative real root ;
- within Rg: three positive real roots, one negative real root ;

- within R.: two positive real roots, two negative real roots.

Proor : Consider the deﬁning equation of ™ and W, 1e, p?> —Su+ P =o, and remember
that Fs features the separation between the area delimited by P> 8%/4 where e and Jis
are complex from the one for which P < &2 /4 where ™ and Lo are real.

- First consider the area R, the holding of P < &2 /4 implies that Ly and Lo are real
whilst the simultaneous holding of P>0and S <o implies that e and Lo are strictly
negative. The deﬁning equation p; = \; (7“ - /\i) restating as (/\i)2 —rX\; + l4; = 0 assumes
two real roots, the first being positive whilst the second one, due to the holding of i < o, 1is
negative.

2 Consider the areas R, and R,. Both of these zones being located above VSTH and o
are Complex conjugate and thus express according to pu, = Ay (7“ — )\1), e = 1y = ;\1 (7“ — 5\1).

For a given eigenvalue, e.g., A, the expressions of the other elements of the spectrum

AT
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immecliatly follow : r — Ay Ay and r — .. Hence letting A =a 418, it derives that:
py = a(r —a) + 57 +if(r — 2a),
pz = a(r —a) + 2 —if(r — 2a),
P=lalr—a)+ 52]2 + B2(r — 2a)?,
S = 2[04(7’—(1) +B2].

Consider then the expression that defines the laoundary Fi
P—-8(S/2+717)/2=ala—r)[458% +r7].

For P > S(S8/2+712)/2, a <0 (ancl r—aoa > o) ora>r (an(l r—a < 0). It derives that
two amongst the four roots {)\1, P— A1, Ay, T — 5\1} have positive real parts whilst the others
have negative real parts.
For P < 8(5/2 + 7’2)/2, 0 < a < r and the four roots {Al,r — A, Ay, T — 5\1} have positive
real parts.
For P = S(S/2+7’2)/2, a=oora=rand two amongst the four roots {)\1, =M1, A1, 7’—5\1}
have a nil real part.

3~ Consider the areas underneath Fai and Lo laeing real, the areas R, Ry and R,
are all defined for & > 0 and P > 0, that implies He >0 and Ue > 0. The two equations
to be solved are e = A\ (7“ - /\1) and e = A (7“ - /\2), the associated discriminants laeing
expressed loy A =12 — 4, and A, =12 — Afbo- Consider then the expression:

X:=P—r2(S—1%/4)/4,
= fhy o — T2(,U/1 + o — T2/4)/4
= (2 —72/4) (2 — 1% /a).

3.(1)— Consider the area RL:as S >r?/2 and X > o simultaneously llOl(l, it derives that
Wy > 1r2/4 and e > 172/4, that in turn implies a structure with four pairwise conjugate
eigenvalues with A, =1 — )\ and Ao = 7 — A, The real part « of Y loeing to satisly
a=r—aqa,itis obtained that o = r /2 > o. This ﬁnally gives rise to a structure with four
complex eigenvalues with positive real parts.

3.(ii)f Consider the area Ryas S <r?/z2 and X > o simultaneously hold, it derives that
e < 12/4 and e < 12/4, hence a structure with four real roots with H, >0 and Hs > 0.
The sum of A and r — A loeing r > 0, the associated procluct laeing Wi > 0, it is ﬁnally
obtained that the system assumes four positive real roots.

3.<iii)f Consider the area R,: as X < o, one has Wy > 12/4 and po < 12/4 (or py < 12/4
and W > T2/4, 1y and [l> assuming a symmetrical role). Both A, and r — X, laeing Complex
conjugate eigenvalues, their real part is equal tor/2. Both Ao and r—As loeing real eigenvalues,
their sum is given lay r > o whilst their procluct expresses as (i, > 0, that ﬁnally lead to two
positive real eigenvalues. To sum up, over R,, the system exhibits two complex eigenvalues
with positive real parts and two positive real eigenvalues.

4~ Consider the zone located under the laoundary Fs, associated with real values for e
and Lo and the areas R, and Rg. Asp < 0, it is olotaine(l, that W1 >0 and U < 0.

LAS
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4_(1), Consider then the area Ry:as X <o (R5 is located under .7:3) and g, —12/4 < 0
impiy Wy < 12/4, both Ay and r — A, are compiex conjugate. Their real part is in its turn
necessariiy given ioy r/2. A, and r — A ioeing further real with a product given i)y P < 0O,
one of the two is negative whilst the remaining one is positive. To sum up, the area Ry is
associated with two Compiex eigenvaiues with positive real parts and two real eigenvalues,
one of the two is negative while the outstanding one is positive.

4.(ii)— Finaiiy consider the area Rg:as X >o0 (RG is located above ]—'3) and fo—1%/4 <0
impiy ey < r2/4, A, > 0 and A, > o. The equation p, = A, (r — )\1) gives rise to two
positive real eigenvalues, their sum i)eing given iay r > o whilst their prociuct is given i)y
[y > 0. In paraiiei to ti’liS, the equation p, = A, (7“ — )\2) gives rise to two real eigenvaiues,
one of which is positive whilst the outstanding one is negative, their sum and their prociuct

i)eing respectiveiy given iay r and te < 0. A

PROOF OF PROPOSITION 2

(i) Under Assumption 2, the iligil level unsatiated steaciy state (62, Bz, Za, €, dz) is charac-
terised ioy the iioi(iing of Pahe < O. But, and from Lemma 4, this is to Correspon(i to areas
R, and Re over Figure 2, whence the result.

(ii) Under Assumption 2, the iiigii level unsatiated stea(iy state (61,5’1,21,51,&1) is char-

acterised on the iloiciing of Uifba > 0O whilst both My + e >0 and M1+ p2 < 0 Temain

admissible. Case a/ is then obtained for areas R, and R, over Figure 2 whilst case b / is
available for areas R., R, Ry, and R, over Figure 2 an(i, ﬁnaiiy, case C / emerges for the
i)ounciary F, over Figure 2. A

VIIL7 - Proor or Proposiion 3.

(i) Reiormuiating the Sui)system associated to satiated equiii)rium ciynamics accorciing to:
¢ = Aie, 2,8),
2= A;(c, 2,8),
€= A¢(e, 2,6),

consiciering its linearised form in the neigiiioouriioooi of a satiated steaciy state, it is reaciiiy

checked that the components of the Jacobian matrix list as:

. (0 +20)0". + 00" 0107
8“"0‘ @// @//
Aie Ao Agg e ce
Aze Aze Az | =| 0 -0 0,
Ao A Age o o
_Ze e Py
L @ @ .

Computing the associated characteristic polynomial P(N) delivers:
PA) = =N+ [0+ Ase — 0] N + [04¢c + 0O — A0 + Ase Ag, + 0 Az |\
— 0O A + UAézAéE + O‘Ag’CAéE — oA, 0
=(©-=NTM),

T(\) = A\° — OA— @—1,, [01.0(6 + 0) + 0(O + 20)0, + 0*0), — 6 (61)°] .

A9
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This establishes that, aside from the obvious eigenvalue o, the sum of the two outstanding
ones is also given by © while their product is given by —¢ [07.(6 + o) + (6 + 20)60". 4+ 560",
—0(6,)° /o] /O

(ii) It is first remarked that the sign of v,1, is given by the one of c(OL + O, +
20") + (6, + 67.)0 — 6(6.)? /o. Further noticing that, at the satiated steady state
¢, 0.0, +6,) =06, -6L0+0)/c] =-0(6.)° /s, under Assumption 2, it is finally
obtained that vV, = (6) < 0. dince v, + v, = @(6, 6) > 0, Uy and v, are two real

eigenvalues of opposite signs. The statement follows. JAN

VIILS - Proor or Lemma 5.

Considering the dynamical system associated with the Jacobian Matrix at the unsatiated
steady state (El, B1, 21, &, (zl), its solving allows for expressing z as :

z2(t) =¢, +a, exp()\lt) + b, exp()\zt),
for AL and Az the two stable eigenvalues (of negative signs in the real case or with negative
real parts in the Complex case) While a, and b, stand for two constant terms. Remark that

for A1, A, € C they are conlplex conjugate and one then gets a, = b,, so that z(t) is real.

A related expression similarly becomes available for a :
C, —Ww
a(t) = = " + a5 exp (Alt) + b, exp()\zt),

With s and b, two constant terms.
Then looking for expressing ¢(t) as a function of z(¢) and a(t), the defining equation (1) for
2(t) first delivers

ct)y=¢ +a, (1 + )\1/0) exp()\lt) + b, (1 + )\2/0) exp()\zt).
Similarly, the law of motion of a(t) available as (6) in turn gives :
c(t) =¢, + a, (7“ — )\1) exp (/\1t) + b, (7“ — )\2) exp (/\2t).
Then stating c(t) = xz(t) + ya(t), for z and y two constant terms, and finally identifying :
a, (14 A /o) = za, +yas,
by (14 As/0) = ab, + yb,

with the relations
CL1<1 + )\1/0) = az(r - )\1),

bl<1+)\2/0') = b2<7“—)\2),

one olotains that :

1+)\1/O'

Ao = —_—,
1+ N Jo=xz+y E—
1+)\2/O'

Ao Jo = —
1+ X /o=x+y p—

that delivers :

0+ 2)0+2)3
r=\(1+— 1+ — .
o o)r+o

Whence z > 0 <= (1+X/o)(1+X/0) >0 and the statement follows. JAN

A0,
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VIIL.9 - Proor or Proposirion 4.

From Lemma 53 addiction is directly related to the properties of (1 + \i/ (T), Ai, 1= 1,2,
denoting the stable eigenvalues. [n order to characterise these properties, let 2 =1+ /o and
replace A by o(x —1) in the expression of the characteristic polynomial. It is then obtained
that z solves Q(z) = o for

Q(ZL‘) 20'41‘4—20-3(20-_|_T>x3+02(6U2+6TU+T2+8)x2
—o(20+71)[20(r+0)+Slz+P+(r+o0)oS+0°(r+o0)?,

and P = Ly o and S = My + s
It is first readily checked that the constant term in the above polynomial formulates as :

7>+(r+a)as+az(r+a)2:%{(@;+ 7 @;)(r+2a)(r+a)a}/(—@g’c)

r+o

whose sign is given by 00/0z.

When 00/0z = o, the deﬁning equation of the Straightline Fy becomes available as
P+ (r+0)oS + o2(r + o) = o. It is also noticed that the four solutions z; = 1 + A; /o of
the equation Q(z) = 0 assume a product whose sign is the one of 99/8z.

Besides, the frontier Fy being tangent from below to F, at the point & = —20(r + o), it
is hence located within the area R, where the eigenvalues A; are real, two of them being
negative while the other ones are positive.

When A >0 holds, one also obtains that x; > 0. In opposition to this and when A < o,
both z; < 0 and z; > o are conceivable.

On the L.H.S. of F,, since Ap/dz < o holds therein and since Q(x) = o assumes at least two
positive Solutions, it is derived that Q(+) assumes three positive eigenvalues and one negative
eigenvalue.

On the R.H.S. of F4, aroot of Q(-) is to undergo a Change in sign. In order to more precisely
characterise this case, one focuses on the variation with respect to 0p/0z of the root 5 that

is nil over F 4 and subsequently changes sign. It is obtained that

dl’i

d(00/0z)

r g

I | e [ WACC AR

whose sign is given by the one of S + 20(r 4+ o).

[t is then derived that the R.H.S. of the ]ooundary Fy features the inception of the addiction
zona associated with four positive values of T for & > —20(r+o0) but two negative and two
positive ones for S < —20(r + o).

When the boundary F, is in its turn attained, the two stable eigenvalues Ai, 1 = 1,2, are

complex conjugate and their product (1+ A /o) (1+X/0) is of positive sign. A

AL
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VIIL.10 - Proor or Lenua 6.
(i) Obvious.
(ii) a/ Obvious. b/ Letting T = /-0, and analysing the function

g(z) = (r +0)0L — o2 + (20 + 1)\ /—OLx —r(6.)° /o,
it derives that the latter assumes a gloloal maximum for g.(z) = o, that is —20z + (20 +
r)\/—0" =0 and

x=(14r/20)\/—6O".

There then exists a value of 67, < o satislying X(07,;0/,,6.) > o as soon as g[(1 +
r/20)\/—O"] > o, that reformulates along —0”r > NEAN A

VIIL.11 - Proor or ProrosiTion 5.

(i) This directly follows from Lemma 6.
(ii) This is obtained l)y taking advantage of the set of equations that relate P and S to
(89/60)0/@, (89/32) z/o and X, namely

Piolr+0)S+0(r+0) = (%g)ﬂa(wrﬁ)(ﬂrw)h
_ [Qec oz
P = [acg—l—(r—ka)azg}(r—i—a)arﬂ.

Strong addiction requires the satisfaction of & > o for P Sufﬁciently close from 0, that is

obtained if :

@E> o(r+o) 1
0zp  (r+z20)rX’
doc 0o z

0
8cg+<r+0)8zg ©

The statement follows. JAN

VIIIlQ - DERIVATION OF THE CHARACTERISTIC POLYNOMIAL IN A PRODUCTION ECONOMY.

The Jacobian Matrix in a neighbourhood of a unsatiated steacly state (E, B, %z, €, :E) is available

as :

[ cO(O + o) U(QQZ + (—);’Z) (9((9(92 — 0(92) i
0 o o o7 — i [0c+06./(6 +0)]
O o
pO.. + 5 O+o BO, + —5= -0,
g , (¢} —O', O
—% 0 — % e 0
| —1 0 0 0 fr

where it is further recalled that an unsatiated Steady stade is characterised by the holding
of f1 = 6.
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[t derives that the expression of the characteristic polynomial Z(\) is nothing but the one
of the partial equilibrium analysis computed through Appendix 5, namely P(N), once it
is augmented by an extra component that makes explicit account of the concavity of the

production technology :

1

ZN) =P — Qxf [0, +00./(0+0)](0+0—X)(—0 —X)(O - )).

[t hence remains possilole to complete a factorisation through O—\:

1

Z(\) = (0 - /\){Q(/\) - 8“;” (6L +00L/(O+0)](O+0—N)(—0— ,\)},

the modified expressions of S and P being then immediate. A

VIII.13 - Proor or Prorosition 6.

(i) The method of proof will essentially mimic the one followed for the Proof of Proposition

5. First consider the expression of S

g

S=- o (c,0)

{ [©(c,¢) + o]0l (c,¢) + [O(c,¢) + 20]0..(¢,¢) + 0O, (e, E)}

O(e.c)[O.(e,2)]” _0.(e,8) +00(e0)/ [0 +0(c )]
e (c,¢) o1 (z,¢)

falv/z ('f)a

From Appendix 10, the first component of S reaches its maximum for el =,/60"06", for
/-0, selected so as to satisfy

V _@/z/z = <1 + @/2U> V _@gc'

Under such a configuration for ©”, and ©
Ccz

1
zz)

CACICAN | 0O\ [
S= e (Qc+m> or,

it is then obtained, omitting arguments, that

Finally, and in order to obtain P < 8 (S /2+ @2) /2, one is to let P arbitrarily low by letting
@’ tend towards its minimal admissible value, namely —6” + 7 /.. For this value of 67,

S is to be positive, or :

e: 0(e,) a v\ fo
Z‘i‘ =Y _|:@é+0'+@<_@é+7>:|@“ > 0

Simplifying, this eventually gives :

Qé/c(—) 1\ 2 / :;;/a: a/[:/a; 1
~CE - @+ (00Lr o ) g >

(ii)a / Equation (17) being let unmodified by the consideration of a production economy, the

property identified through the earlier partial equililoirum argument continues to prevail.
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(ii)b / The result follows from the reexpression of P aiong :

0o ¢ 00z i
— cec Yex _ Jax |
P U(@+U)@Z{8CQ+(@+U)620 I

Local unstalolity then proceeds i)y letting P tend towards o that in turn delivers the condition
of the main text. A

VIIL14 - A ConstrucTive ExampLe

This section will consider an exampie of a function o(,-) that exhibits the range of
properties that were listed in the course of the main text. As this will soon appear, this
isa Straightforward task as far as sections II and III are concerned. In opposition to this, the
look for an appropriate parametric form reveals as ]oeing more involving when one is further
to integrate the class of properties detailed in Section V.

The approach shall essentialiy proceed as follows. A simple parametric form that fits with the
assumptions of sections I and III is first going to be introduced. It will later on be amended
in order to make an explicit account of the extra properties considered through Section V.

Both addiction and strong addiction phenomena happen to be conceivable.

a / A BENCHMARK EXAMPLE

Let the function ©(:, ) be defined as :
O(c,2) = Cy + Ac™ — B(z + b)”,

where C,, A, B and b denote positive constants, 0 < a < 1 and 6>1,b being further such
that C, — Bb® > o.

The function O(-,-)is strictly concave, of class €2, increases as a function of ¢ but decreases
as a function of z, whence the satisfaction of Assumption 1. That O(c,c) is a unimodal
function is sirniiariy checked while noticing that it reaches its maximum for ¢* that solves
Aa (c*)&_1 = BB(c* + b)ﬂ_l. [t thus satisfies Assumption 2<i). As for Assumption 2(ii), it is
satisfied if the foﬂowing inequaiity holds :

Co <1 < O(c*, ).

The first inequaiity can aiways be satisfied through sufﬁcientiy small values for Co (anci thus
for a sufﬁcientiy small value for b so that Bz# < CO).5

Finaﬂy facing with Assurnption Q(iii), the existence and the uniqueness of ¢ can be estab-
lished. Reforrnulating the definition of & along

oL (¢ ¢)

(¢ ) +o = —am,

5[t is worthwhile noticing that the constant b does not assume a direct role at that stage and could
a(irnittecuy be put to o. lts importance will however emerge when the examination will be concerned

with the topics of Section V.
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or
BB(E+b)"""

e ~ B8
C,+ A —B(¢c+0b) +0= —
e

Then recalling that, for ¢*, the equality e (c*, c*) = -0, (c*, c*) holds, at that point, the
R.H.S. of the above equation hence summarises to o < o + @(c*, c*). The R.H.S. further is
a function that Strictiy increases with ¢ while the L.H.S. is a function that strictly decreases
with this value over the interval [c*, CMaX]’ with @(cMaX, CMaX) — 0. The existence and the
uniqueness of & are thus established.

To sum up and under the constraints that have just been founci, the function o(,") satisfies
the Assumptions 1 and 2 that underlie the exposition of sections I and III. One will then be
allowed to apply to such a o(,-) the results that emergeci from section [V. Firstiy noticing
that Ol = o, Ve, z, according to Proposition 2, the stationary point ¢, is to exhibit a
sa(icilepoint property since the sum S = Ly + Mo considered at that point is of negative sign.
From Section V, no addiction phenomenon can be obtained as long as S <o prevails. In
order to achieve strong addiction in the neighbourhoocl of the steaciy state ¢, the benchmark

example will be modified to allow for a positive sign for or..

l) / A MODIFIED EXAMPLE WITH STRONG ADDICTION.

This eventual subsection aims at building an explicit example for which the stationary state
C, ciisplays the properties gathereci in Proposition 5 and thus provides an explicit parametric

illustration of strong addiction.

Let the function ©(-, ) be defined as :

O(c,2) = Coy+ Ac™ — B(z + b)° + C’/C /Z Max{o, 1— (= ;:1) - W _6201) dxdy,
with e > o, C being a positive constant.
The function Max[o,1 — (w—61)2/52 - (y—él)z/sﬂ is everywhere nil but for (z,y) €
B((El,él),e), ior B((El,él),e) that denotes the open ball with a center of (El,él) and a
radius of ¢ over the plane (c,2). As this is illustrated by Figure 7, for B((El,él),e), this
function depicts a part of an eliiptical paraboioi'ci whose summit is (El, El). By construction,

ol (c,¢)=C and Ol (c,z) =0 for every (c,2) & B((¢i,¢1),€).

— Please insert Figure 7 —

This new formulation for o(,-) is hence to be understood as a modified version of the
benchmark one when the latter is Subject to a perturl)ation whose size is related to the value
of £ and tends towards zero with e. This perturi)ation coefficient is indeed non-negative and
upper—bounded by C X 4e2. The first-order derivatives of Oo(:,-) are :

Qé(c, Z) = Aaca_l _|_ C Max|:0’ 1— (C - El) _ (y - El) :|dy,

o o

c,—€

o o

Cc,—€

AT



N
N e
LR
RN e,
SN\ .
N
SN\

% R LRI IIZ
AR L LT 2>
BRI E LRI
R IR RRZRZRT

T

0.5

\\
RRETLLL
ZARRTZ
R IRITRLS

s
2
KL
LZLE
\ LTI ALLTF
\\\\1..1.::.:,-.:,..;.. 2
R TRRIZIIIG
LRI
WL IR LF AT
"“ “ \\\\\\\\"."'."'
=~ Z
LR “ \
A53Z PR
s ERALRZ
AR = 2% 7t
ARARZTRITIZR RIS ZARTFRZT
(LR %
GRS RARIRISE R AZRL
0.25 S e S e S G

R LS
R FTLTILE
a7 A
R T IAZARFIFRLITT
LI LIALLTREL,
S
SO0 N\ \\\\\\\\\\\\\ RRLLLE 2

S s s
2%

&

RS

22
AR
7

GO -
é@,ﬁ»@“&\‘s\‘iﬁéﬁ# =

-2

X7
Yavy

\ A\“‘\- %
A
’ W NI ALLL
S e v
S i o e e o i W e
o O ', L

Figure 7: the shape of G)';Z fore =1



Time Preference, Rational Addiction & Utility Satiation

The extra components in these two expressions are both non negative and upper—bounded loy
C x 2¢. While it is immediate that O, >o0,a sufficient condition for the obtention of O, <o

writes down as :
—BAV ™ +C x 2¢ < o,

an inequality that will hold for small enough values of «.
Facing then with the second-order derivatives of o(:,-), it is obtained that :

0! = —-Aa(1 — a)c*?,

8,/2/2 = _Bﬂ(ﬂ - 1)(2 + b)ﬁ_za

Q! = cloa- (c—¢c) B (z—¢) for (c,z) € B((er,2,),€),

where 6", (ci.) =C. The strict concavity of O(-, ) is ensured for ©”.6”, > (@g’z)2, that

currently states as :
Aa(1 — a)BB(B — 1)c*2(z + b)’~2 > (61.)".

Two cases are to be considered. For (¢,z) ¢ B((¢.,¢.).¢€), O, = o. Recalling then that
0 < a < 1and B > 1, it is immediate that this concavity condition is satisfied. For

(c,z) € B ((El, El) , e), a sufficient condition for concavity is obtained as the joint satisfaction

of :
(1)  Aa(r —a)BB(S — 1)(El)a_2(él + b)ﬁ_2 > C* and ¢ sufliciently small.

Condition (1) imposes an upper bound on C. It is then immediate to check that the whole
range of conditions listed through Assumptions 1 and 2 l{eep on ]oeing satisfied for the
perturbated expression of o(:,-) as 1ong as € is sufﬁciently small.

Proposition 5 and Lemma 6 formulate conditions for the obtention of strong addiction. These
conditions will here translate as restrictions on the parameters of o(,-).

The condition —0%r > 4(6.)* at (,,&) will be satished if

rda(i —a)(@)" 7% > 4[da(@)**]*  and e sufficiently small,
that gives
(i) (1—a)r>44a(&)"  and e sufhciently small.

This condition being ensured, Lemma 6 then establishes that O, is to be selected so that
0!, = (1+r/20)°6!

ces that in turn gives :

(i17) B(B—1)(c + b)ﬂ‘z = (1 + L>2Aa(1 —a)(e,)* 2.

20
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Similarly, ©” is to be sufliciently close from —©”, (With o, > —@;). From the expressions of
O’ and 6., it derives that for

(iv) Aa(e))™" = BB(e +b)",

e (El, El) tends towards -6, (El, El), with e (El, El) +6. (El, El) > 0, when ¢ tends towards
0.
Finally, from the definition of Cy:

(v) O(c,a)=r,
and

(vi) limO(,, ) =Co+ A(@)" — B(e, +b)".

£—0

It remains to prove that there does exist parameters values such that all of the conditions
(i), (i4),(iii), (iv) and (v) are simultaneously satisfied.
Firstly combining (iii) and (iv), it is obtained that :

wit) (9=, = (- a)(e+9) 1+ 2

20

where it is noticed that the system ((éid), (iv)) is equivalent to the system ((iv), (vii)). Then

muliplying (iv) and (vii) component by component, one gets :

(viii) Aa(e,) (B — 1) = (1 — a)BB(c, + b)ﬁ <1 + L) .

20

Making now use of (v) and taking advantage of (vi), condition (ii) will be satisfied as soon

(ir) (1—a)[Co+A(E)" = B(@ +b)"] > 44a(e,)®  and ¢ sufficiently small
The formal condition in (iz) can be reformulated to :

(1—a)Co + A(@)"(1 — 50) > (1 — @) B(, +b)”.
A stronger condition is obtained by letting C, = o :

A@@) (1 —50) > (1 — a)B(&, +b)°

Finally, taking advantage of (viig) :
(®) (1- 5a><1 + é) B> a(f—1).

To sum up, it has just been established that, for low enough values of ¢, if (i), (), (vii), (iv)
and (v) are satisfied, then (i), (ii), (iii), (iv) and (v) are satisfed.

AT
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[t remains to prove that there exists parameters values that Satisiy all these conditions, that
will Fortunate]y reveal as a rather sirnpie task.
Firstiy seiecting o and 3 so that they satisiy a<1i/s and 3 > 2 (and thus 8 > 2 — a) and

retaining any value oi C, that Satisﬁes ¢, > o, (vii) iormuiates as

B—1 ¢ ( 7“)2
— =14+ — .
1—«c +b 20

Fixing bata suiﬁcientiy small vaiue, so that the L.H.S. is greater than 1, (vii) defines a unique

value for the ratio » /o, that in particular increases as a function of .. Letting (/)i denote
the limit value of this ratio when o — o, and considering (x), it cieariy appears that, for a

sma]i Vaiue OlC a,

o3 (2) o

Thus, for a sufficiently small value of «, condition (z) is satisfied, whereas (vii) defines a
unique value of /0.

The parameters o and (/o) being henceforth fixed so that (vii) and () are jointly satished,
one selects an ar]oitrary value for A. Equation (iv) will then determine a unique value for B.
Equation (i) will fix the maximum admissible value for €. Finally, (v) fixes the value of r
that is compati]oie with the value of C, as a candidate for the steaciy state. The value of r
]oeing then determined and r /o ]oeing fixed from (vii), the value of & ilappens to be simiiariy
fixed.

[t has thus been shown that all of the conditions of Proposition 5 can sirnultaneousiy be
satisiieci, that guarantees the occurrence of a strong addiction piienornenon. It may further
be noticed tiiat, in the course of the construction of this exarnpie, two parameters, nameiy
Cy and A, have been selected in a pureiy ari)itrary way, i.e., without any constraint. For this
particuiar exampie, the occurrence of a strong addiction piienornenon in the neigiii)ouriiooci

of the stationary state ¢, was easiiy obtained.
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