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1. Introduction

There are many examples in the literature of models with unrestricted consump-
tions sets. These include among others, temporary equilibrium models (Green
(1973) and Grandmont (1977)) and equilibrium models of asset markets (the clas-
sical CAPM of Sharpe (1964) and Lintner (1965)). It is well known that in such
models equilibrium prices may fail to exist, since unbounded and mutually com-
patible arbitrage opportunities can arise.

The first equilibrium existence result for asset market models was proven by
Hart (1974). In a specific context of an economy with finitely many securities,
Hart has exhibited a list of conditions sufficient to limit the arbitrage opportunities
present in the economy. Much later, Hammond (1983), Page (1987), Werner (1987)
and Nielsen (1989) reconsidered the problem by providing variations of Hart’s list
of conditions. In all cases, the role played by those no-arbitrage conditions was to
bound the economy endogenously. For a review and comparison of the different
concepts of no-arbitrage conditions refer to Dana, Le Van and Magnien (1999)
and Allouch, Le Van and Page (2002).

Developments in continuous trading models and portfolio analysis (Black and
Scholes (1973), Kreps (1981) and Duffie and Huang (1985)) have simultaneously
motivated the study of existence problem in infinite dimensional economies with
unbounded sets. In the infinite dimensional case, the notions of no-arbitrage are not
sufficient to ensure the existence of equilibrium prices. An alternative assumption
in this context that ensures existence, is to assume that the individually rational
utility set is compact (in the finite dimensional case, this assumption is equivalent
to no-arbitrage conditions, see Dana et al. (1999)). This is the case in Brown
and Werner (1995), Dana, Le Van and Magnien (1997), Dana and Le Van (2000).
The problem then turns out to find conditions under which the compactness of
the utility set holds. When markets for contingent claims are complete, agents’
consumption sets coincide with the space Lp(Ω,F ,P), and preferences take the
usual von Neuman–Morgenstern form, Cheng (1991) and Dana and Le Van (1996)
have proved (using two different approaches based on non-trivial arguments) that
this assumption is satisfied. As Le Van and Truong Xuan (2001) have shown, the
result is still valid in economies with separable but not necessarily von Neuman–
Morgenstern utility functions.

Economies with uncertainty are encompassed by the general equilibrium model
of Arrow-Debreu as long as there is a complete market of elementary securities
or contingent claims. The formal extension of the Arrow-Debreu model to include
uncertainty has been criticized for requiring a formidable number of necessary
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markets. Introducing differences among the informational structures of the several
agents is a way to diminish the force of the above criticism, since it has the effect
of drastically reducing the number of required contracts present in the economy.

The first study that introduced differential information in a general equilibrium
set up was Radner (1968). Radner studies an environment where the structure of
information is fixed in advance and all contracts are negotiated at the beginning
of the history of the economy. For such an economy Radner defined a notion of
Walrasian expectations equilibrium (or Radner equilibrium), an analogous concept
to the Walrasian equilibrium in Arrow-Debreu model with symmetric information.
As in Debreu (1959, Chapter 7), agents arrange contracts that may be contingent
on the realized state of nature at the second period, but after the realization of
the state of nature they do not necessarily know which state of nature has actually
occurred. Therefore, they are restricted to sign contracts that are compatible with
their private information. It is important to notice that in sharp contrast with
the rational expectations equilibrium model (see Radner (1979)), prices do not
reveal any private information ex ante. They rather reflect agents’ informational
asymmetries as they have been obtained by maximizing utility taking into account
the private information of each agent.

Recently there has been a resurgent interest on Walrasian expectations equilib-
rium. At issue are questions concerning the existence and characterization of Rad-
ner equilibrium by means of cooperative solutions (see Allen and Yannelis (2001),
Einy, Moreno and Shitovitz (2001), Herves-Beloso, Moreno-Garcia and Yannelis
(2005a) and Herves-Beloso, Moreno-Garcia and Yannelis (2005b)).

The paper follows this growing literature. Its aim is the exploration of the Wal-
rasian expectations equilibrium concept in infinite dimensional economies with a
complete asset market structure and possible short-selling. We introduce differen-
tial information in the asset market model studied by Cheng (1991), Dana and
Le Van (1996) and Le Van and Truong Xuan (2001). An equilibrium existence
result is proven assuming that the economy’s information structure satisfies the
conditional independency property, i.e. individuals’ information are assumed to be
independent conditionally to the common information.

Our existence proof follows in two steps. In a first place, we show that the
individually rational utility set associated with our differential information econ-
omy, coincides with the individually rational utility set of a symmetric information
economy. Using this fact and the results established in Le Van and Truong Xuan
(2001), we subsequently show that the individually rational utility set of our differ-
ential economy is compact. In that respect, we show that the compactness result
established for symmetric information economies (Cheng (1991), Dana and Le Van
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(1996) and Le Van and Truong Xuan (2001)) is still valid in a differential informa-
tion setting.

It is known, due to Allouch and Florenzano (2004), that the compactness of
the individually rational utility set implies the existence of an Edgeworth equi-
librium. The second step then amounts to show that there exist prices support-
ing Edgeworth allocations as competitive equilibria. In that respect, we provide
a characterization of Walrasian expectations equilibrium by means of cooperative
solutions.

The structure of the paper is as follows. In Section 2 we describe the environ-
ment and give various definitions. In Section 3 we prove the compactness of the
individually rational utility set. Section 4 deals with the decentralization of Edge-
worth allocations. Section 5 is devoted to economies with finitely many states of
nature. The reason for paying special attention to such economies stems from the
fact that in this case the conditional independence assumption can be dispensed
at the expense of imposing additional restrictions on preference relations.

2. The Model

We consider a pure exchange economy with a finite set I of agents. The economy
extends over two periods with uncertainty on the realized state of nature in the
second period. The uncertainty is modeled by a probability space (Ω,F ,P). There
is a complete market of contingent claims represented by the commodity space
Lp(Ω,F ,P) where 1 6 p 6 +∞.

Contracts are arranged in the first period while consumption takes place at the
second period. It is important to notice that after the realization of the state of
nature in the second period, agents do not necessarily know which state of nature
has actually occurred. To clarify this point consider the case where Ω contains finite
elements. Let P i be a partition of Ω and F i = σ(P i) denote the field generated by
P i. If ω is the true state of the economy in the second period, then agent i observes
only the member of P i which contains ω.

At the first period each agent i ∈ I is restricted to choose a contingent claim
in the space Lp(Ω,F i,P) where F i is a sub σ-algebra of F which represents
agent i’s information about the events he may discern at the second period. Each
agent i is endowed with an initial portfolio represented by a contingent claim
ei ∈ Lp(Ω,F i,P). The preference relation of agent i is represented by a utility
function ui from Lp(Ω,F i,P) to R which is assumed to be additively separable, i.e.
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there exists a function U i : Ω × R → R such that

∀x ∈ Lp(Ω,F i,P), ui(x) =
∫

Ω
U i(ω, x(ω))P(dω).

If x ∈ Lp(Ω,F i,P) is a contingent claim then P i(x) is the set of strictly preferred
contingent claims for agent i, i.e.

P i(x) = {y ∈ Lp(Ω,F i,P) : ui(y) > ui(x)}.

An economy E is defined by a family (U i,F i, ei, i ∈ I). A vector x• = (xi, i ∈ I)
with xi ∈ Lp(Ω,F i,P) is called an allocation. The space A of attainable allocation
is defined by

A =

{
x• = (xi, i ∈ I) ∈

∏

i∈I

Lp(Ω,F i,P) :
∑

i∈I

xi = e

}

where e =
∑

i∈I e
i is the aggregate initial endowment. If ψ ∈ Lq(Ω,F ,P)1 then we

can define the value functional 〈ψ, .〉 on Lp(Ω,F ,P) by

∀x ∈ Lp(Ω,F ,P), 〈ψ, x〉 =
∫

Ω
ψ(ω)x(ω)P(dω).

The vector ψ is called a price (system) and 〈ψ, x〉 represents the value (in the sense
of Debreu (1959)) at the first period of the contingent claim x under the price ψ.
We also denote the value 〈ψ, x〉 by E[ψx].

Definition 2.1. A competitive equilibrium (or Walrasian expectations equilibrium)
is a pair (x•, ψ) where x• = (xi, i ∈ I) is an attainable allocation and ψ is a price
such that each agent maximizes his utility in his budget set, i.e.

∀i ∈ I, xi ∈ argmax
{
ui(y) : y ∈ Lp(F i) and 〈ψ, y〉 6 〈ψ, ei〉

}
.

An allocation x• is said to be a competitive allocation if there exists a price ψ such
that (x•, ψ) is a competitive equilibrium.

To prove the existence of a competitive equilibrium, we first show that, un-
der suitable assumptions, the individually rational utility set (as defined below) is
compact.

1The real number q ∈ [1, +∞] is the conjugate of p defined by 1/p+1/q = 1 with the convention
that 1/ + ∞ = 0 and 1/0 = +∞.



W. Daher et al./Asset market equilibrium with short-selling and differential information 6

Definition 2.2. We denote by U the individually rational utility set defined by

U = {v• = (vi, i ∈ I) ∈ RI : ∃x• ∈ A, ui(ei) 6 vi
6 ui(xi)}.

Before presenting the main assumption on the information structure, we in-
troduce some notations. We let F c be the σ-algebra representing the common
information, i.e. F c is defined by

F c =
⋂

i∈I

F i.

An event A belongs to F c if and only if it belongs to each F i, i.e. the σ-algebra F c

is the collection of all events that are observable by all agents. For any 1 6 p 6 +∞
and for any sub σ-algebra G ⊂ F , the space Lp(Ω,G,P) is denoted by Lp(G).

Definition 2.3. The information structure F• = (F i, i ∈ I) of an economy
E = (U i,F i, ei, i ∈ I) is said to be conditionally independent (given the com-
mon information), if for every i 6= j in I, the σ-algebra F i and F j are independent
given F c.2

Remark 2.1. The information structure is conditionally independent if and only if
for every pair i 6= j in I we have

∀x ∈ L1(F i), E[x|F j ] = E[x|F c].

This assumption on the information structure has also been used to address exis-
tence issues in continuous-time semimartingale models of financial markets studied
in stochastic finance (see Pikovsky and Karatzas (1996) and Hillairet (2005)). It
also appears in game-theory literature focused on finding conditions under which
diffuse and disparate information leads to the existence of pure-strategy equilibria
(see Radner and Rosenthal (1982)).

Example 2.1. Consider an economy with two agents, e.g. I = {i1, i2} and three
P-independent signals κ, τ1 and τ2 from (Ω,F ,P) to R. If agent i1 observes (κ, τ1)
and agent i2 observes (κ, τ2), then the information structure is conditionally inde-
pendent.

Definition 2.4. A function U : Ω × R → R is said

(i) integrable if for every t ∈ R, the function ω 7→ U(ω, t) is integrable,

2That is, for every pair of events Ai ∈ F i and Aj ∈ F j , we have that P(Ai ∩ Aj |Fc) =
P(Ai|Fc)P(Aj |Fc) almost surely.
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(ii) p-integrable bounded if there exists α ∈ L1
+(Ω,F ,P) and β > 0 such that

|U(ω, t)| 6 α(ω) + β|t|p for every (ω, t) ∈ Ω × R.

Remark 2.2. Obviously, every p-integrable bounded function is integrable. Follow-
ing Krasnoselskii (1964), if p ∈ [1,+∞) and Ω is atomless then a function U
is p-integrable bounded, if and only if, for every x ∈ Lp(Ω,F ,P), the function
ω 7→ U(ω, x(ω)) is integrable. If p = ∞ then a utility function is integrable if and
only if ω 7→ U(ω, x(ω)) is integrable for every x ∈ Lp(Ω,F ,P).

Remark 2.3. Observe that if E = (U i,F i, ei, i ∈ I) is an economy with an atomless
measure space (Ω,F ,P) then a necessary condition for the separable utility function
ui to be well-defined is that for each i ∈ I, the function U i is p-integrable bounded.

Definition 2.5. An economy E = (U i,F i, ei, i ∈ I) is said standard if, for every
i ∈ I, the following properties are satisfied:

(S.1) the function t 7→ U i(ω, t) is differentiable, concave and strictly increasing
for P-a.e ω ∈ Ω;

(S.2) the function U i is p-integrable bounded;
(S.3) the function t 7→ U i

⋆(ω, t) is continuous for P-a.e ω ∈ Ω, where

U i
⋆(ω, t) =

∂U i

∂t
(ω, t);

(S.4) there exist two functions αi and βi from R to R such that for every t ∈ R,

αi(t) < t < βi(t),

ess sup
ω∈Ω

U i
⋆(ω, β

i(t)) < ess inf
ω∈Ω

U i
⋆(ω, t)

and
ess sup

ω∈Ω
U i

⋆(ω, t) < ess inf
ω∈Ω

U i
⋆(ω, α

i(t)).

Remark 2.4. If the information structure is symmetric, then an economy satisfies
Assumptions S.1–S.4 if and only if it satisfies assumptions H.0–H.4 in Le Van and
Truong Xuan (2001). In particular, all economies considered in Cheng (1991), Dana
and Le Van (1996) and Le Van and Truong Xuan (2001), satisfy Assumptions S.1–
S.4.

As in Le Van and Truong Xuan (2001, Section 2.1), we provide hereafter exam-
ples of utility functions satisfying Assumptions S.1–S.4.
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Example 2.2. If for every i ∈ I, there exists F i : R → R concave, continuously
differentiable and strictly increasing and such that the function U i(ω, t) = F i(t) is
p-integrable bounded, 3 then the economy is standard.

Example 2.3. If for every i ∈ I, there exists F i : R → R concave, continuously
differentiable, strictly increasing satisfying

lim
t→−∞

F⋆(t) = +∞ and lim
t→+∞

F⋆(t) = 0;

and hi ∈ L∞
++(F i) such that the function U i(ω, t) = F i(t)hi(ω) is p-integrable

bounded, then the economy is standard. In this case, agents’ preference relations
are represented by von Neumann–Morgenstern utility functions with heterogenous
expectations. Indeed, if we denote by Pi the probability measure on (Ω,F) defined
by dPi = hidP, then the preference relation defined by ui : x 7→ E[U i(x)] coincide
with the von Neumann–Morgenstern preference relation defined by the felicity (or
index) function F i and the private belief Pi, i.e.

∀x ∈ Lp(F i), ui(x) = EP
i

[F i(x)] =
∫

Ω
F i(xi(ω))Pi(dω).

Contrary to the literature in continuous time finance (see Pikovsky and Karatzas
(1996) and Hillairet (2005)), we do not assume that aggregate initial endowment
is measurable with respect to the common information F c. As the following two
remarks show, in our framework such an assumption makes the existence issue a
trivial one.

Remark 2.5. Consider a standard economy E = (U i,F i, ei, i ∈ I) such that every
initial endowment ei is measurable with respect to the common information, i.e.
ei belongs to Lp(F c) and such that each utility function ui is von Neumann–
Morgenstern. In this case the existence of a competitive equilibrium follows in a
straightforward way. Indeed, let E c denote the (symmetric) economy (U i, F c, ei, i ∈
I). This economy is standard and following Cheng (1991) we can show that there
exists an equilibrium (x•, ψ) with

ψ ∈ Lq
+(F c) and xi ∈ Lp(F c), ∀i ∈ I.

We claim that (x•, ψ) is a competitive equilibrium for the original economy E . For
this, we only need to prove that xi is optimal in the budget set of the economy E .
Assume by way of contradiction that there exists yi ∈ Lp(F i) such that

E[ψyi] 6 E[ψei] and ui(yi) > ui(xi).

3Such a utility function has the well known von Neumann–Morgenstern form.
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Since ψ and ei are measurable with respect to F c, the consumption plan E[yi|F c]
satisfies the budget constraints associated with the symmetric economy E c. But
from Jensen’s inequality, we also have that

ui(E[yi|F c]) > ui(yi) > ui(xi)

which yields a contradiction to the optimality of xi in the symmetric economy.

Remark 2.6. Now consider a standard economy E = (U i,F i, ei, i ∈ I) such that
the aggregate endowment e =

∑
i∈I e

i is measurable with respect to the common
information, i.e. e belongs to Lp(F c), each utility function ui is von Neumann–
Morgenstern and the information structure is conditionally independent. In this
case, the existence of a competitive equilibrium follows also in a straightforward
way. Indeed, the F c-measurability of e together with conditional independence
imply that individual endowments ei are also F c-measurable.4 Existence follows
from the previous remark.

3. Compactness of the individually rational utility set

Theorem 3.1 stated below, proves the compactness of the individually rational
utility set associated with our differential information economy. In that respect it
generalizes the results established for symmetric information economies found in
Cheng (1991), Dana and Le Van (1996) and Le Van and Truong Xuan (2001).

Theorem 3.1. For every standard economy with a conditionally independent in-
formation structure, the individually rational utility set is compact.

Proof. We let θc be the linear mapping from Lp(Ω,F ,P) to Lp(F c) defined by

∀z ∈ Lp(Ω,F ,P), θc(z) = E[z|F c]

and we let ξi be the linear mapping from Lp(Ω,F ,P) to Lp(F i) defined by

∀z ∈ Lp(Ω,F ,P), ξi(z) = E[z − θc(z)|F i].

Observe that

∀i ∈ I, θc ◦ ξi = 0 and ∀zi ∈ Lp(F i), ξi(zi) = zi − θc(zi).

4We have e =
∑

i∈I ei. Fix j ∈ I, taking conditional expectations with respect to F j , we get

e = E[e|F j ] = ej +
∑

i6=j

E[ei|F j ] = ej +
∑

i6=j

E[ei|Fc].
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Since the information structure is conditionally independent, we have

∀i 6= j ∈ I, ∀zj ∈ Lp(F j), ξi(zj) = E[zj |F i] − E[zj |F c] = 0. (1)

We let Z be the set of allocations defined by

Z =

{
z• ∈

∏

i∈I

Lp(F c) :
∑

i∈I

zi = θc(e)

}
,

where e =
∑

i∈I e
i is the aggregate initial endowment. From (1) we have that

ξi(e) = ξi(ei).

Claim 3.1. An allocation x• is attainable (feasible) if and only if there exists
z• ∈ Z such that

∀i ∈ I, xi = zi + ξi(e).

Proof. If x• be an attainable allocation, then

∀i ∈ I, ξi(e) =
∑

j∈I

ξi(xj) = ξi(xi) = xi − θc(xi).

If for every i ∈ I, we let zi = θc(xi) then z• belongs to Z and satisfies xi = zi+ξi(e).
Reciprocally, if x• is an allocation such that xi = zi + ξi(e) for some z• ∈ Z, then

∑

i∈I

xi = θc(e) +
∑

i∈I

ξi(e) = θc(e) +
∑

i∈I

{ei − θc(ei)} = e

which implies that x• is attainable.

Now we consider the function V i : Ω × R → R defined by

∀(ω, t) ∈ Ω × R, V (ω, t) = E[U i(ξi(e) + t)|F c](ω).5

By the disintegration theorem we have

∀z ∈ Lp(F c), E[U i(ξi(e) + z)] =
∫

Ω
U i(ω, ξi(e)(ω) + z(ω))P(dω)

=
∫

Ω
V i(ω, z(ω))P(dω)

= E[V i(z)]. (2)

5In the sense that if t ∈ R then we let f i
t (ω) = U i(ω, ξi(e)(ω) + t). The real number V i(ω, t)

is then defined by V i(ω, t) = E[f i
t |F

c](ω).
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Combining Claim 3.1 and equation (2), the individually rational utility set U co-
incide with the set V defined by

V =
{
w• ∈ RI : ∃z• ∈ Z, vi(θc(ei)) 6 wi

6 vi(zi)
}

where vi is the utility function defined on Lp(F c) by vi(z) = E[V i(z)].
Observe that the set V corresponds to the individually rational utility set of a

symmetric information economy E⋆ defined by

E⋆ := (V i,F c, θc(ei), i ∈ I).

In addition, as the following result shows, this symmetric economy is standard.

Claim 3.2. For every i ∈ I, the utility function V i satisfies Assumptions S.1–S.4.

Proof. Fix i ∈ I and denote by ζ i the function ξi(e). Since the function U i is p-
integrable bounded, it follows that for each t ∈ R, the function ω 7→ U i(ω, ζ i(ω)+t)
is integrable and the function V i(ω, t) is well-defined. It is straightforward to check
that the function t 7→ V i(ω, t) is concave and strictly increasing for P-a.e. ω. We
propose now to prove that t 7→ V i(ω, t) is differentiable for P-a.e. ω. Let (tn) be a
sequence converging to t ∈ R with tn 6= t and let

∀ω ∈ Ω, fn(ω) :=
U i(ω, ζ i(ω) + tn) − U i(ω, ζ i(ω) + t)

tn − t
.

The sequence (fn) converges almost surely to the function f defined by f(ω) =
U i

⋆(ω, ζ
i(ω)+ t). Moreover, since the function t 7→ U i(ω, t) is concave, differentiable

and strictly increasing, for every n large enough6 we have

|fn(ω)| 6 U i
⋆(ω, ζ

i(ω) + t− 1), for P-a.e. ω ∈ Ω.

Observe that since the function t 7→ U i(ω, t) is concave, differentiable and strictly
increasing, we have for P-a.e. ω,

0 < U i
⋆(ω, ζ

i(ω) + t− 1) 6 U i(ω, ζ i(ω) + t− 1) − U i(ω, ζ i(ω) + t− 2),

but since the function U i is p-integrable bounded, we get

0 < E[U i
⋆(ζ

i + t− 1)] 6 |E[U i(ζ i + t− 1)]| + |E[U i(ζ i + t− 2)]| < +∞.

6More precisely, for every n such that |tn − t| 6 1.
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Therefore the sequence (fn) is integrably bounded. Applying the Lebesgue domi-
nated convergence theorem for conditional expectations, we get that the function
t 7→ V i(ω, t) is differentiable and for every t ∈ R,

V i
⋆ (ω, t) :=

∂V i

∂t
(ω, t) = E[U i

⋆(ξ
i(e) + t)|F c](ω), for P-a.e. ω ∈ Ω.

We have thus proved that the function V i satisfies Assumption S.1. Assumption S.2
follows from the p-integrability of U i and the disintegration theorem. We propose
now to prove that the function t 7→ V i

⋆ (ω, t) is continuous for P-a.e. ω. Let (tn)
be a sequence converging to t ∈ R and let gn be the function defined by gn(ω) :=
U i

⋆(ω, ζ
i(ω) + tn). The function (gn) converges almost surely to the function g

defined by g(ω) := U i
⋆(ω, ζ

i(ω) + t). Moreover, for n large enough we have

0 < gn(ω) 6 U i
⋆(ω, ζ

i(ω) + t− 1), for P-a.e. ω ∈ Ω.

Applying the Lebesgue dominated convergence theorem for conditional expecta-
tions we get that the function t 7→ V i

⋆ (ω, t) is continuous for P-a.e. ω.
We propose now to prove that

∀t ∈ R, ess sup
ω∈Ω

V i
⋆ (ω, βi(t)) < ess inf

ω∈Ω
V i

⋆ (ω, t).

Fix t ∈ R. Since the function U i satisfies Assumption S.4, we trivially have that

U i
⋆(ω, β

i(t)) 6 ess sup
ω∈Ω

U i
⋆(ω, β

i(t)), for P-a.e. ω ∈ Ω.

Therefore for P-a.e. ω,

V i
⋆ (ω, βi(t)) = E[U i

⋆(ξ
i(e) + βi(t))|F c](ω) 6 ess sup

ω∈Ω
U i

⋆(ω, β
i(t))

which implies that

ess sup
ω∈Ω

V i
⋆ (ω, βi(t)) 6 ess sup

ω∈Ω
U i

⋆(ω, β
i(t)). (3)

Symmetrically we can prove

ess inf
ω∈Ω

U i
⋆(ω, t) 6 ess inf

ω∈Ω
V i

⋆ (ω, t). (4)

Since U i satisfies Assumption S.4, we have that

ess sup
ω∈Ω

U i
⋆(ω, β

i(t)) 6 ess inf
ω∈Ω

U i
⋆(ω, t). (5)
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The desired result follows from (3), (4) and (5).
Following similar arguments, it is straightforward to prove that

∀t ∈ R, ess sup
ω∈Ω

V i
⋆ (ω, t) < ess inf

ω∈Ω
V i

⋆ (ω, αi(t)),

and then we get that V i satisfies Assumptions S.1–S.4.

Claim 3.2 implies (see Remark 2.4) that the symmetric information economy E⋆

satisfies Assumptions H.0–H.4 in Le Van and Truong Xuan (2001). Based on their
arguments we can directly conclude that the set V (and therefore the set U) is
compact.7

4. Decentralization of Edgeworth allocations

We now recall the definition of different optimality concepts for feasible allocations.

Definition 4.1. A feasible allocation x• is said to be:

1. weakly Pareto optimal if there is no feasible allocation y• satisfying yi ∈ P i(xi)
for each i ∈ I,

2. a core allocation, if it cannot be blocked by any coalition in the sense that
there is no coalition S ⊆ I and some (yi, i ∈ S) ∈

∏
i∈S P

i(xi) such that∑
i∈S y

i =
∑

i∈S e
i,

3. an Edgeworth allocation if there is no 0 6= λ• ∈ Q∩ [0, 1]I and some allocation
y• such that yi ∈ P i(xi) for each i ∈ I with λi > 0 and

∑
i∈I λ

iyi =
∑

i∈I λ
iei,

4. an Aubin allocation if there is no 0 6= λ• ∈ [0, 1]I and some allocation y• such
that yi ∈ P i(xi) for each i ∈ I with λi > 0 and

∑
i∈I λ

iyi =
∑

i∈I λ
iei.

Remark 4.1. The reader should observe that these concepts are “price free” in
the sense that they are intrinsic properties of the commodity space. It is proved
in Florenzano (2003, Propositions 4.2.6) that the set of Aubin allocations and the
set of Edgeworth allocations coincide for every standard economy.

Corollary 4.1. If E is a standard economy with a conditionally independent in-
formation structure then there exists an Edgeworth allocation.

Proof. Since the individually rational utility set is compact, we can apply Theo-
rem 3.1 in Allouch and Florenzano (2004).

7Actually in Le Van and Truong Xuan (2001) the probability space is the continuum [0, 1]
endowed with the Lebesgue measure, but the arguments can straightforwardly be adapted to
abstract probability spaces. We refer to Appendix B for a formal discussion.
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It is straightforward to check that every competitive allocation is an Edgeworth
allocation. We prove that the converse is true.

Theorem 4.1. If E is a standard economy with a conditionally independent in-
formation structure then for every Edgeworth allocation x• there exists a price ψ
such that (x•, ψ) is a competitive equilibrium. Moreover, for every i ∈ I there exists
λi > 0 such that

E[ψ|F i] = λiU i
⋆(x

i).

In particular, we have

∀(i, j) ∈ I × I, E[λiU i
⋆(x

i)|F c] = E[λjU j
⋆ (xj)|F c].

Proof. Let x• be an Edgeworth allocation. From Remark 4.1 it is actually an Aubin
allocation, in particular

0 6∈ G(x•) := co
⋃

i∈I

(
P i(xi) − {ei}

)
. (6)

The set Lp(F i) is denoted by Ei, the set Lp(F c) is denoted by Ec and we let
E =

∑
i∈I E

i. Observe that E may be a strict subspace of Lp(F). We endow E
with the topology τ for which a base of 0-neighborhoods is

{
∑

i∈I

αiB ∩Ei : αi > 0, ∀i ∈ I

}

where B is the closed unit ball in Lp(F) for the p-norm topology.8 From the Struc-
ture Theorem in Aliprantis and Border (1999, page 168) this topology is well
defined, Hausdorff and locally convex. Observe moreover that the restriction of
the τ -topology to each subspace Ei coincide with the restriction of the p-norm
topology. From Proposition A.1, each utility function ui is p-norm continuous. It
follows that G(x•) has a τ -interior point. Applying a convex separation theorem,
there exists a τ -continuous linear functional π ∈ (E, τ)′ such that π 6= 0 and for
each g ∈ G(x•), we have π(g) > 0. In particular it follows that

∀i ∈ I, ∀yi ∈ P i(xi), π(yi) > π(xi). (7)

Since preference relations are strictly increasing, we have xi ∈ clP i(xi). Therefore
π(xi) > π(ei). But since x• is attainable, we must have π(xi) = π(ei) for each i ∈ I.

8We refer to Appendix A for precise definitions.
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The linear functional π is not zero, therefore there exists j ∈ I and zj ∈ Ej such
that π(zj) < π(ej). We now claim that if yj ∈ P j(xj) then π(yj) > π(ej). Indeed,
assume by way of contradiction that π(yj) = π(ej). Since the set P j(xj) is p-norm
open in Ej , there exists α ∈ (0, 1) such that αyj + (1 − α)zj ∈ P j(xj). From (7)
we get απ(yj) + (1 − α)π(zj) > π(ej): contradiction. We have thus proved that

∀yj ∈ P j(xj), π(yj) > π(xj).

By strict-monotonicity of preference relations, we obtain that π(1) > 0 where 1
is the vector in Ec defined by 1(ω) = 1. Choosing zi = ei − 1 for every i 6= j, we
follow the previous argument to get that

∀i ∈ I, ∀yi ∈ P i(xi), π(yi) > π(ei),

or equivalently

∀i ∈ I, xi ∈ argmax
{
ui(zi) : zi ∈ Ei and π(zi) 6 π(ei)

}
. (8)

In order to prove that x• is an equilibrium allocation, it is sufficient to prove that
there exists a price ψ ∈ Lq(F) which represents π in the sense that π = 〈ψ, .〉.

Claim 4.1. For every i ∈ I, there exists ψi ∈ Lq(F i) such that

∀zi ∈ Ei, π(zi) = 〈ψi, zi〉.

Moreover, there exists λi > 0 such that ψi = λiU i
⋆(x

i).

Proof. Fix i ∈ I and let zi ∈ Ei such that 〈U i
⋆(x

i), zi〉 > 0. From Claim A.3, there
exists t > 0 such that xi + tzi ∈ P i(xi). Applying (8) we get that π(zi) > 0. We
have thus proved that

∀zi ∈ Ei, 〈U i
⋆(x

i), zi〉 > 0 =⇒ π(zi) > 0.

It then follows9 that there exists λi > 0 such that the restriction π|Ei of π to Ei

coincides with the linear functional 〈λiU i
⋆(x

i), .〉.

9Let 〈X, X⋆〉 be a dual pair. Assume that there exists x⋆ ∈ X⋆ and 0 6= π a linear functional
from X to R such that for every x ∈ X , if 〈x, x⋆〉 > 0 then π(x) > 0. Let ∆ = {(a, b) ∈
R+ × R+ : a + b = 1} be the simplex in R2, we then have

∆ ∩ {(〈x, x⋆〉,−π(x)) : x ∈ X} = ∅.

Applying a convex separation argument, we get the existence of λ > 0 such that 〈λx⋆, .〉 = π.
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Since Ec ⊂ Ei ∩Ej the family ψ• = (ψi, i ∈ I) is compatible in the sense that

∀(i, j) ∈ I × I, E[ψi|F c] = E[ψj |F c].

We denote by ψc the vector in Lq(F c) defined by ψc = E[ψi|F c] and we let ψ be
the vector in Lq(F) defined by

ψ = ψc +
∑

i∈I

(ψi − ψc). (9)

Claim 4.2. The vector ψ represents the linear functional π.

Proof. Since the information structure is conditionally independent, we can easily
check that

∀i ∈ I, E[ψ|F i] = ψi.

If z is a vector in E, then there exists z• with zi ∈ Ei such that z =
∑

i∈I z
i.

Therefore

〈ψ, z〉 =
∑

i∈I

〈ψ, zi〉 =
∑

i∈I

E[ψzi] =
∑

i∈I

E[ψizi] =
∑

i∈I

π(zi) = π(z),

which implies that π = 〈ψ, .〉.

It follows from (8) and Claim 4.2 that (x•, ψ) is a competitive equilibrium.

Remark 4.2. Observe that in the proof of Theorem 4.1, the conditionnal indepen-
dence assumption on the information structure is only used in Claim 4.2 to prove
that the linear functionnal π is representable by a function ψ in Lq(F). In par-
ticular if the set Ω is finite, then Theorem 4.1 is valid without assuming that the
information structure is conditionally independent.

Due to Corollary 4.1 and Theorem 4.1 we are able to generalize Theorem 1
in Cheng (1991), Theorem 1 in Dana and Le Van (1996) and Theorem 1 in Le Van
and Truong Xuan (2001) to economies with differential information structure.

Corollary 4.2. Every standard economy with a conditionally independent infor-
mation structure has a competitive allocation.

Remark 4.3. Observe that, contrary to Cheng (1991) and Le Van and Truong Xuan
(2001), when p = +∞ we do not need to establish Mackey-continuity of the utility
functions to guarantee that equilibrium prices belong to L1(F). As in Dana and
Le Van (1996), our equilibrium prices are related to individual marginal utilities.
The continuity requirement (i.e. prices belong to L1(F)) follows then directly from
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the standard assumptions on the utility functions. We know from Bewley (1972)
that when defined on L∞

+ (F), standard separable utility functions are Mackey-
continuous. We do not know whether this result is still valid when utility functions
are defined on the whole space L∞(F).

5. Finitely many states of nature

In this section we assume that the set Ω is finite. Without any loss of generality,
we may assume that P{ω} > 0 for every ω ∈ Ω. For every 1 6 p 6 +∞, the space
Lp(F i) coincides with L0(F i) the space of F i measurable functions from Ω to R.

Consider a standard economy E . We proved in Theorem 3.1 that if the informa-
tion structure is conditionally independent then the individually rational utility set
is compact. We provide in the following corollary, an additional condition on the
preference relations which allows us to dispense with the conditional independence
assumption on the information structure.

Definition 5.1. Let E = (U i,F i, ei, i ∈ I) be a standard economy. We say that
no indifference curve contains a half-line if for every i ∈ I, for every xi ∈ Lp(F i),
there does not exist a vector v ∈ Lp(F i) such that

∀λ > 0, ui(xi + λv) = ui(xi).

Remark 5.1. If every utility function ui of a standard economy is strictly concave,
then no indifference curve contains a half-line.

Remark 5.2. Assume that every utility function ui is von Neumann–Morgenstern,
i.e. there exists F i : R → R continuously differentiable, strictly increasing and
concave such that for all ω ∈ Ω, U i(ω, t) = F i(t). Assume moreover that each F i

is not affine at infinity in the sense that

∀t ∈ R, lim
τ→−∞

F i
⋆(τ) > F i(t) > lim

τ→+∞
F i

⋆(τ).

Then no indifference curve contains a half-line.

Corollary 5.1. Let E be a standard economy with finitely many states of nature.
If no indifference curve contains a half-line then the individually rational utility set
is compact.

Proof. Let (v•n) be a sequence in U , i.e. there exists a sequence (x•n) of attainable
allocations such that

∀n ∈ N, ∀i ∈ I, ui(ei) 6 vi
n 6 ui(xi

n).

We denote by αn the real number defined by αn = max{‖xi
n‖ : i ∈ I}.
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Claim 5.1. The sequence (αn) is bounded.

Proof. Assume by way of contradiction that limn→+∞ αn = +∞. We dentote by ζ•n
the vector x•n/αn. Passing to a subsequence if necessary, we can assume that the
sequence (ζ•n) converges to an allocation ζ• 6= 0 satisfying

∑
i∈I ζ

i = 0. Fix λ > 0
and observe that by concavity of ui, we have for n large enough

∀i ∈ I, ui
(
(1 − λ/αn)ei + (λ/αn)x

i
n

)
> ui(ei).

Passing to the limit, we get that

∀i ∈ I, ∀λ > 0, ui(ei + λζ i) > ui(ei).

Since each function ui is concave, we get that

∀i ∈ I, ∀yi ∈ Lp(F), ∀λ > 0, ui(yi + λζ i) > ui(yi).

Since no indifference curve contains a half line, for every i ∈ I there exists λi(yi) > 0
such that ui(yi + λi(yi)ζ i) > ui(yi). Let Es = (U i,F , ei, i ∈ I) be the symmetric
economy associated with E . Since the economy E is standard then the symmetric
economy Es is standard. Applying Corollary 4.2 there exists a competitive equilib-
rium (y•, ψ) of Es. Since for each i ∈ I, we have ui(yi + λi(yi)ζ i) > ui(yi), we then
have 〈ψ, ζ i〉 > 0. This contradicts the fact that

∑
i∈I ζ

i = 0.

Since the sequence (αn) is bounded, then there exists a subsequence (y•n) of (x•n)
which converges to y• ∈ A. It implies that there exists a subsequence (w•

n) of
(v•n) which is bounded and therefore there exists a subsequence (ξ•n) of (v•n) which
converges to some ξ• ∈ RI satisfying ui(ei) 6 ξi 6 ui(yi) for every i ∈ I.

As a direct consequence of Corollary 5.1, Theorem 3.1 in Allouch and Florenzano
(2004) and Theorem 4.1, we get the following result.

Corollary 5.2. Let E be a standard economy with finitely many states of nature
such that no indifference curve contains a half-line. The following properties are
satisfied:

1. there exists an Edgeworth equilibrium,
2. every Edgeworth equilibrium x• can be decentralized by a price ψ in a com-

petitive equilibrium (x•, ψ) such that for every i ∈ I, there exists λi > 0
satisfying

E[ψ|F i] = λiU i
⋆(x

i).
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Appendix A: Properties of separable utility functions

The space Lp(F) is endowed with the p-norm topology defined by the sup-norm
‖.‖∞ if p = ∞, i.e.

∀x ∈ L∞(F), ‖x‖∞ = ess sup
ω∈Ω

|x(ω)|

and the p-norm ‖.‖p if p ∈ [1,+∞), i.e.

∀x ∈ Lp(F), ‖x‖p =
[∫

Ω
|x(ω)|pP(dω)

]1/p

.

Proposition A.1. Let p ∈ [1,+∞] and U : Ω × R → R be a p-integrable bounded
function such that the function t 7→ U(ω, t) is continuous and increasing, for P-a.e.
ω ∈ Ω. Then the separable function u : Lp(F) → R defined by

∀x ∈ Lp(F), u(x) =
∫

Ω
U(ω, x(ω))P(dω)

is p-norm continuous.

Proof. The arguments of the proof are similar to those in Aliprantis (1997, The-
orem 5.3). Let (xn) be a sequence in Lp(F) p-norm converging to x ∈ Lp(F). To
show that the sequence (u(xn)) converges to u(x), it suffices to establish that every
subsequence (yn) of (xn) has in turn a subsequence (zn) such that (u(zn)) converges
to u(z). To this end, let (yn) be a subsequence of (xn). Applying Théorème IV.19
in Brezis (1993) there exists a subsequence (zn) of (yn) such that

(a) the sequence (zn(ω)) converges to x(ω) for P-a.e. ω ∈ Ω,
(b) there exits h ∈ Lp

+(F) such that |zn(ω)| 6 h(ω) for P-a.e. ω ∈ Ω.

Since the function t 7→ U(ω, t) is continuous for P-a.e. ω ∈ Ω, then the sequence
(U(ω, zn(ω)) converges to U(ω, x(ω)) for P-a.e. ω ∈ Ω. Moreover, since the function
t 7→ U(ω, t) is increasing for P-a.e. ω ∈ Ω, we have that

|U(ω, zn(ω)| 6 max{U(ω, h(ω)), U(ω,−h(ω))}, for P-a.e. ω ∈ Ω

so, by the Lebesgue dominated convergence theorem, we get limn→∞ u(zn) = u(z).
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Proposition A.2. Let p ∈ [1,+∞] and U : Ω × R → R be a p-integrable bounded
function such that the function t 7→ U(ω, t) is continuous, increasing and differ-
entiable, for P-a.e. ω ∈ Ω. For every x ∈ Lp(F) the function ω 7→ U⋆(ω, x(ω))
belongs to Lq(F) and

∀y ∈ Lp(F), 〈U⋆(x), y〉 = lim
t↓0

1

t
{u(x+ ty) − u(x)}.

Proof. Since the function t 7→ U(ω, t) is continuous, increasing and differentiable,
then

∀τ > 0, 0 6 U⋆(ω, t)τ 6 U(ω, t) − U(ω, t− τ) (10)

and
∀τ 6 0, U(ω, t+ τ) − U(ω, t) 6 U⋆(ω, t)τ 6 0. (11)

Now let x and y be two vectors in Lp(F), applying (10) and (11) we have almost
surely that,

|U(x)y| 6 |U(x)| + |U(x+ y)| + |U(x− y)|. (12)

Therefore we have for every y ∈ Lp(F),

E|U⋆(x)y| 6 E|U(x)| + E|U(x+ y)| + E|U(x − y)| < +∞. (13)

Claim A.1. If p = ∞ then the function U⋆(x) belongs to L1(F).

Proof of Claim A.1. From (13) we have that E|U⋆(x)y| <∞ for every y ∈ L∞(F).
If we let y1 and y2 be the two functions in L∞(F) defined by

y1 = 1{U⋆(x)>0} and y2 = 1{U⋆(x)<0}

then
E|U⋆(x)| = E|U⋆(x)y1| + E|U⋆(x)y2| < +∞

which implies that the function U⋆(x) belongs to L1(F).

Claim A.2. If 1 6 p <∞ then the function U⋆(x) belongs to Lq(F).

Proof of Claim A.2. Since the function U is p-integrable bounded, there exists α ∈
L1

+(F) and β > 0 such that for P-a.e. ω ∈ Ω

∀t ∈ R, |U(ω, t)| 6 α(ω) + β|t|p.

It then follows from (13) that for every y ∈ Lp(F),

E|U⋆(x)y| 6 3 ‖α‖1 + β{‖x‖p
p + ‖x+ y‖p

p + ‖x− y‖p
p}

which implies that the linear operator y 7→ E[U⋆(x)y] is p-norm continuous. There-
fore the function U⋆(x) belongs to Lq(F).
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Claim A.3. For every x and y in Lp(F), we have

〈U⋆(x), y〉 = lim
t↓0

1

t
{u(x+ ty) − u(x)}.

Proof of Claim A.3. Let (tn) be a sequence in [0,+∞) converging to 0 and let fn

be the function defined by

∀ω ∈ Ω, fn(ω) =
1

tn
{U(ω, x(ω) + tny(ω))− U(ω, x(ω))}.

The sequence (fn) converges almost surely to the function f = U⋆(x)y. Moreover,
we have

U⋆(ω, x(ω) + tny(ω))y(ω) 6 fn(ω) 6 U⋆(ω, x(ω))y(ω), for P-a.e. ω ∈ Ω,

in particular for n large enough,

|fn| 6 U⋆(−|x| − |y|)|y|.

The desired result follows by the Lebesgue dominated convergence theorem.

Proposition A.2 follows from Claims A.1 and A.3.

Appendix B: Economies with symmetric information: from atomless
to general probability state space.

We consider a symmetric economy E = (U i,F , ei, i ∈ I), i.e. F i = F for every agent
i ∈ I. It is proved in Le Van and Truong Xuan (2001) that if E is standard and if the
state space (Ω,F ,P) is the continuum [0, 1] endowed with the Lebesgue measure
then the individually rational utility set is compact. The arguments in Le Van and
Truong Xuan (2001) are still valid for any atomless probability space. We propose
to extend this result to general probability spaces.

Proposition B.1. If E = (U i,F , ei, i ∈ I) is a standard symmetric economy then
the individually rational utility set is compact.

Proof. Let (Ω,F ,P) be an abstract probability space. Observe that Ω = Ωna ∪ Ωa

where Ωa ∈ F is the (purely) atomic part of Ω and Ωna ∈ F is the atomless part
of Ω.
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• First step: assume that (Ω,F ,P) is purely atomic. Since P(Ω) = 1, there
exists at most countably many atoms in Ω. Without any loss of generality,
we may assume that Ω has at most countably many elements. In particular

∀A ∈ F , P(A) =
∑

ω∈A

P{ω}.

We denote by L the Lebesgue σ-algebra on [0, 1].

Claim B.1. The probability space (Ω × [0, 1],F ⊗ L,P × λ) is atomless.

Proof. Let B ∈ F ⊗L such that [P× λ](B) > 0 and fix α ∈ [0, 1]. Since Ω is
at most countable, for every ω ∈ Ω, there exists Cω ∈ L such that

B =
⋃

ω∈Ω

{ω} × Cω.

Observe that
[P × λ](B) =

∑

ω∈Ω

P{ω}λ(Cω).

Since ([0, 1],L, λ) is atomless, for every ω ∈ Ω, there exists Dω ∈ L such that
Dω ⊂ Cω and λ(Dω) = αλ(Cω). We now let A be the set in F ⊗L defined by

A =
⋃

ω∈Ω

{ω} ×Dω.

The set A is such that

A ⊂ B and [P × λ](A) = α[P × λ](B).

Since the information is symmetric, the space Lp(Ω,F ,P) is denoted by Lp(P)
and the space Lp(Ω×[0, 1],F⊗L,P×λ) is denoted by Lp(P×λ). If x ∈ Lp(P)
then we let Fx be the function in Lp(P × λ) defined by

∀(ω, s) ∈ Ω × [0, 1], Fx(ω, s) = x(ω).

If y ∈ Lp(P × λ) then we let Gy be the function in Lp(P) defined by

∀ω ∈ Ω, Gy(ω) =
∫

[0,1]
y(ω, s)λ(ds).
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We propose to prove that the individually rational utility set U is compact.
Let (w•

n) be a sequence in U , i.e. for each n ∈ N, there exists an attainable
allocation x•n satisfying

∀i ∈ I, ui(ei) 6 wi
n 6 ui(xi

n).

We let V i be the function from (Ω × [0, 1]) × R to R defined by

∀((ω, s), t) ∈ Ω × [0, 1], V i((ω, s), t) = U i(ω, t),

and we let vi be the utility function defined on Lp(P × λ) by

vi(y) = EP×λ[V i(y)] =
∫

Ω
P(dω)

∫

[0,1]
U i(ω, y(ω, s))λ(ds).

Observe that for every z ∈ Lp(P), we have ui(z) = vi(Fz). It then follows
that

∀i ∈ I, vi(Fei) 6 wi
n 6 vi(Fxi

n).

We let E ′ be the symmetric economy defined by (V i,F ⊗ L,Fei, i ∈ I).
Observe that for every n ∈ N , the family (Fxi

n, i ∈ I) is attainable for E ′. In
particular, the sequence (w•

n) belongs to the individually rational utility set
U ′ of the economy E ′. The economy E ′ is standard and the probability space
(Ω × [0, 1],F ⊗ L,P × λ) is atomless. Applying Le Van and Truong Xuan
(2001), there exists w• in U ′ such that

∀i ∈ I, lim
n→∞

wi
n = wi.

We claim that w• actually belongs to U . Since w• belongs to U ′, there exists
an allocation y• attainable for the economy E ′ such that

∀i ∈ I, vi(Fei) 6 wi
6 vi(yi).

Since U i is concave, we have

∀i ∈ I, vi(yi) 6 ui(Gyi).

Since the allocation (Gyi, i ∈ I) is attainable for the economy E , we have
proved that w• belongs to U .
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• Second step: the general case. We let Ξ be the subset of Ω× [0, 1] defined
by

Ξ = (Ωa × [0, 1])
⋃

(Ωna × {0})

and we let G be the trace of the σ-algebra F ⊗ L on Ξ. On the measurable
space (Ξ,G) we defined the probability Q by

∀A ∈ G, Q(A) = [P × λ](Aa) + P̃(Ana)

where A = Aa∪Ana is the (unique) decomposition defined by Aa ⊂ Ωa×[0, 1]
and Ana ⊂ Ωna × {0} and where P̃(Ana) = P(B) with B ∈ F satisfying
Ana = B × {0}. Observe that the probability space (Ξ,G,Q) is atomless.
Following almost verbatim the arguments of the first step, we can prove that
the individually rational utility set U is compact.
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