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Abstract

The aim of this paper is to study the role of progressive tax rules on the
allocations of steady state and the stability properties in a Ramsey economy
with heterogeneous households and borrowing constraints. Since labor supply
is elastic, considering different tax rates on capital and labor incomes is relevant.
The steady state analysis allows us to highlight the existence of different types
of stationary equilibria. While patient agents always hold capital, impatient
ones have or not positive savings, depending on the level of real interest rate.
Furthermore, it is not always optimal for all households to have a positive labor
supply.

Studying the comparative statics and local dynamics, we focus on the steady
state with a segmented population: patient households own the whole stock of
capital, while the impatient ones are workers. Varying the population sizes and
the tax rates, we underline the crucial role of fiscal progressivity and endogenous
labor. Moreover, in contrast to many contributions, we prove that progressive
tax rules can promote expectation-driven fluctuations and endogenous cycles,
which means that progressivity can be inopportune to stabilize macroeconomic
volatility.

Keywords: Progressive taxation, heterogeneous agents, borrowing constraint,
endogenous labor supply, steady state allocation, macroeconomic stability.

Résumé

L’objectif de ce papier est d’étudier le role de taxes progressives sur les
allocations stationnaires et les propriétés de stabilité dans un modéle de Ramsey
avec agents hétérogenes et contraintes d’emprunt. Comme 'offre de travail est
élastique, il est pertinent de considérer des taux de taxe différents sur les revenus
du capital et du travail. L’analyse de I’état stationnaire nous permet d’exhiber
différents types d’équilibres. Alors que les agents patients détiennent toujours
du capital, les impatients vont avoir une épargne positive ou non suivant le
niveau du taux d’intérét. Par ailleurs, il n’est pas toujours optimal pour tous
les agents d’offrir du travail.

Pour étudier la statique comparative et la dynamique locale, nous concen-
trons notre attention sur un état stationnaire caractérisé par une population
segmentée : les agents patients détiennent tout le stock de capital et les impa-
tients sont les seuls & offrir du travail. Faisant varier les tailles des populations
ou le niveau des taux de taxes, nous soulignons le role prépondérant de la pro-
gressivité marginale et du travail endogéne. De plus, au contraire de la plupart
des résultats existants, nous montrons que l'introduction de taxes progressives
peut favoriser I’émergence de fluctuations endogénes, signifiant que la progres-
sivité peut étre inadéquate pour stabiliser la volatilité macroéconomique.

Mots-clés: Taxation progressive, agents hétérogeénes, contrainte d’emprunt, offre
de travail endogéne, état stationnaire, stabilité macroéconomique.

JEL classification: C62, H20, E32.
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1 Introduction

Since the seminal contribution of Schmitt-Grohé and Uribe (1997), several pa-
pers have analyzed the (de-)stabilizing role of balanced-budget fiscal policy rules.
As shown by Guo and Lansing (1998), it is well-known that in one-sector Ramsey
model with representative agents, progressive tax rates can stabilize macroeco-
nomic fluctuations, by preventing the economy from expectations-driven fluctu-
ations. Introducing variable tax rates in the Benhabib and Farmer (1994) model,
they recognize in the labor market and the progressivity on labor income the
key ingredients for macroeconomic (in-)stability.

However, there is little doubt that the analysis of taxation (through its
possible redistributive effects) and progressivity (under the assumption that
each individual is aware of the tax rule and the effects on his disposable income)
makes more sense in models with heterogeneous households. This is why in this
paper, the dynamic effects of progressivity in taxation are studied taking into
account agents’ heterogeneity.

When infinite-lived households, who face a borrowing constraint, have not
only heterogeneous endowments and instantaneous utility functions, but also
heterogeneous discount factors, Sarte (1997) shows that, under a progressive
taxation on income, even the less patient consumers can hold capital at the
steady state. Therefore, in contrast to the case without government intervention
(see Becker (1980)), the steady state allocation is no longer characterized by a
degenerate capital distribution, where the most patient agent hold the whole
capital stock.! The reason is that the after-tax interest rates can be different
for each type of household because of the progressive taxation. In a quite similar
model, Sorger (2002) has also studied local dynamics in a neighborhood of the
steady state where all consumers hold capital. He gives an example where the
steady state can be locally indeterminate and endogenous cycles of period two
can occur.

Our paper aims to make a more general and extensive analysis of progressive
tax rules on the allocations of steady state and local dynamics in economies
with heterogeneous households. In the spirit of Bosi and Seegmuller (2007),
we extend the Ramsey model with borrowing constraints and heterogeneous
households, i.e. with heterogeneous capital endowments, instantaneous utility
functions and discount factors, to the case with endogenous labor supply. In
contrast to Sarte (1997) and Sorger (2002), such a framework allows us to take
in account differentiated taxes on capital and labor incomes.? Without loss of
generality, we consider two types of heterogeneous households and we provide
a complete analysis of stationary solutions. In addition, focusing on the steady
state where only the most patient owns capital, we characterize exhaustively

1Recent contributions also prove the existence of steady states where impatient consumers,
with market power in the capital market, can hold capital. See, for instance, Becker and Foias
(2007), Sorger (2002, 2004, 2008).

2Hence, we also throw a bridge between the two aforementioned approaches: the former
with representative agents and endogenous labor supply; the latter with heterogeneous con-
sumers without preferences on leisure.
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the local dynamics. Namely, we show that a higher marginal progressivity?®
in capital or labor taxation not necessarily stabilizes business cycles, but can
rather promote expectations-driven fluctuations and endogenous cycles.*

After characterizing the intertemporal equilibrium, we show that, when the
stationary value of the real interest rate is not too large, there exists a steady
state where only the most patient households supply capital. In contrast, when
it is large enough, there exists a stationary equilibrium where all the agents
hold capital. We also prove that it is not always optimal for anybody to supply
labor. Concerning the uniqueness of the stationary equilibrium, we highlight
the crucial role of marginal progressivity in capital taxation.

We pursue the steady state analysis by considering the effects of a variation
in the population sizes of patient and impatient households as well as in the
tax rates, on the one hand, on the stationary values of aggregate capital and
product and, on the other hand, on individual incomes and welfare. For the
sake of simplicity, we focus on a steady state where only patient consumers hold
capital and only impatient supply labor.® Such an equilibrium is of interest
because of the endogenous split of population in two classes, capitalists and
workers (see also Bosi and Seegmuller (2007)), and provides a foundation of
models with social segmentation such as Mankiw (2000), Michel and Pestieau
(1999) or Woodford (1989). Among others, we show that the ratio of sizes
patient /impatient agents affects the capital-labor ratio because of the progres-
sivity in capital taxation. Moreover, taking into account an elastic labor supply
can reverse some results, according to the degree of marginal progressivity and
the elasticities of intertemporal and capital-labor substitution.

In this paper, dynamics are studied through a local analysis, focusing on
the neighborhood of the steady state which is characterized, as seen above,
by a polar segmentation in patient capitalists who hold capital, and impatient
workers who supply labor. We show that marginal progressivity promotes the
existence of cycles by increasing the degree of capital-labor substitution com-
patible with the existence of two-period cycles. A higher marginal progressivity
in capital or labor taxation promotes also expectation-driven fluctuations by
enlarging the range of parameter values (capital-labor substitution) compatible
with indeterminacy.

To further analyze the role of marginal progressivity of labor taxation, we

3Throughout this paper, the progressivity of taxation is defined in marginal terms. We
observe that such a measure is one adopted by Musgrave and Thin (1948) in their seminal
paper.

4Notice that in their recent contributions, Dromel and Pintus (2007) and Lloyd Braga et
al. (2008) study the role of progressivity and tax-rate variability on indeterminacy within a
model a la Woodford (1986) where consumers are also heterogeneous. But, in contrast to our
paper, they assume an ex-ante segmentation of the population in two types of households and
introduce money. Moreover, none of these papers consider a simultaneous taxation on both
capital and labor income.

5Such a stationary equilibrium where a part of population is finance constrained and con-
sumes his current income is in accordance with empirical evidence. See for instance Bacchetta
and Gerlach (1997) or Cushing (1992). For a critical survey, see Attanasio (1999).

6Thibault (2005) obtains a closely related result using an overlapping generations model
with heterogeneous altruistic agents.
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consider the occurrence of business cycles when patient agents supply labor,
while holding the capital stock. For the sake of simplicity, a flat tax on capital
income is introduced. As above, we find that increasing marginal progressivity
promotes the occurrence of endogenous cycles. In addition, local indeterminacy
arises under a sufficiently large (distortionary) tax rate on capital income. Then,
a larger progressivity on labor tax increases the range of capital-labor substi-
tution compatible with expectations-driven fluctuations, but not for whatever
parametrization.

Therefore, in contrast to Ramsey models with heterogeneous households but
without taxation,” the steady state, where only the most patient households
have positive savings, can be locally indeterminate. As seen above, capital tax-
ation is a key ingredient for the emergence of fluctuations due to self-fulfilling
expectations. Moreover, in most of the cases, the larger the marginal progres-
sivity, the more likely expectation-driven fluctuations and endogenous cycles.
Thus, our conclusions differ from most of those existing in the theoretical liter-
ature concerned with one-sector models. However, it is not unworthy to notice
that a peculiarity of our model is a kind of market incompleteness because
of the existence of a borrowing constraint. More generally, this paper allows
us to argue that, following for instance redistributive arguments, one should in-
crease carefully progressivity or the tax rate on capital because this can promote
macroeconomic volatility.

This paper is organized as follows. In the next section, we present the
model. In Section 3, we characterize the intertemporal equilibrium. Section
4 is devoted to the existence and uniqueness of steady state. In Section 5,
we study the comparative statics of a steady where patient consumers supply
capital and impatient ones work. In Section 6, we analyze the local dynamics,
while concluding remarks are provided in Section 7. Many technical details and
proofs are gathered in the Appendix.

2 The model

We consider a discrete time (¢ = 0,1, ...,00) model with three types of agents:
heterogeneous consumers, a representative firm and the government.

2.1 Consumers

Households are represented by infinite-lived heterogeneous agents with endoge-
nous labor supply and borrowing constraints. Consumers have different initial
capital endowments and preferences. In this respect, there is a twofold kind
of heterogeneity in tastes: on the one hand, heterogeneous discounting; on the
other hand, different instantaneous utilities in consumption and leisure across
the households.

"See for instance Becker and Foias (1987, 1994), where labor supply is exogenous, and Bosi
and Seegmuller (2007), where labor supply is elastic.
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Without loss of generality, assume that there are two types of heterogeneous
infinite-lived agents, labeled by i = 1,2 according to their discount factors:

0<fB<fi<1 (1)

Total population is constant, with size n > 0. The population sizes of both
types of consumers are also constant. To fix ideas, n; denotes the population
size of households having the discount factor 3;, with ny + no = n.

A consumer 7 is endowed with the initial amount of capital k;o > 0, such that
the initial aggregate capital stock is strictly positive, Ky = 25:1 niky > 0,2
and, at each period, with one unit of time that he shares between labor and
leisure. We denote his consumption and labor supply at period ¢ with ¢;; and
l;;- Preferences are represented by a separable utility function:

Zﬁf [ (cit) +vi (1 — lit)] (2)

=0
satisfying the following assumption:
Assumption 1 u; (¢;) andv; (1 — ;) are continuous functions defined on [0, +00)
and [0, 1], and C? on (0, +00) and (0, 1), respectively; strictly increasing (v (c;) >
0, v} (1 —1;) > 0) and strictly concave (u} (¢;) <0, v (1 —1;) <0). In addition,
the Inada conditions lim., o v} (¢;) = limy, 1 v} (1 — ;) = 400 are verified.

The intertemporal substitution is captured by the following elasticities:

o ooy = [ il (1)
( 1iy 21) - ( Ciu;/ (Ci)’ (1 _ ll) ,Uz{/ (1 — lz)> (3)

Note that Assumption 1 implies o4;,09; > 0. Throughout this paper, the
final good is chosen as the numeraire; r and w denote the real interest rate and
the real wage, respectively, while § € (0,1) the capital depreciation rate.

Each consumer maximizes (2) with respect to (kit+1,Cit,lit)zo under se-
quences of borrowing constraints k;;+1 > 0, positive labor supply l;; > 0, and
budget constraints:

it + kitg1 — (1 — 0) kie = gi (rekie) + g1 (wiliy) (4)

In equation (4), gk (rikir) and g; (wel;;) respectively represent the after-tax
capital and labor income. We assume that these two functions have the following
properties:’

Assumption 2 The function gi (yx) : [0, +00) — [0,+00) (g (yi) : [0, +00) —
[0, 4+00)) is continuous, with gi (0) =0 (g, (0) =0), and C? on (0,+oc). More-
over, it satisfies 0 < g (yx) < 1 (0 < g;(y1) < 1), g (yx) <0 (g (w1) <0)
for all y, > 0 (y; > 0), limy, .0 g}, (yx) > €x > 0 and lim,, o g] (y1) > & > 0,
where both i, and €; are constant.

8This means that at least one type of households has a strictly positive endowment of
capital stock.
97To simplify the exposition, we use the notations yi, = rk; and y; = wi;.
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Note that the after-tax capital (labor) income g (yx) (¢: (yi)) is increasing,
concave, and satisfies gi (yx) < yr (g1 (y1) < yi1). Therefore, the tax function
T (k) = Yk — gr (yx) = 0 (i (y) = w1 — g1 (1) > 0) is non-decreasing and

convex. Moreover, 7i (yx) /yx = 1 — gk (yx) /yx and 7 (y1) /yr = 1 — g1 (y1) /i
are increasing. This ensures that both taxes satisfy usual properties of marginal

and average progressivity. Notice that the fiscal policy we consider generalizes
Sarte (1997) and Sorger (2002) to the case where the tax rules on labor and
capital income are different.

The elasticities of after-tax revenues are captured by:

o _ (rkigy (ki) rkigy (rk:)

(p1isp2i) = < o (k) gl (vk) ) (5)
e = wl;g) (wl;) wlig) (wl;)

( 1% 21) = < g (wll) 9 gl, (wlz) > (6)

In the elasticities of the after-tax capital income and labor income p;; and
wji, the first subscript denotes the order, the second one the type of individual.
Assumption 2 implies p1;,wi; € (0,1] and pa;, we; < 0. We further note that the
levels of |po;| and |we;| represent measures of marginal progressivity on capital
and labor taxation, respectively.

2.2 Firms

We denote the aggregate capital and labor with K; and L;, and the capital-
labor ratio with k; = K;/L;. A representative firm produces the final good and
maximizes the profit:

Yy — i Ky — wy Ly

with respect to the inputs (K3, L;) under the technology constraint Y; = F (K, Ly).
The production function is characterized as follows:°

Assumption 3 F (K, L) is a continuous function defined on [0,+00)® and
C? on (0,+oo)2, homogeneous of degree one, strictly increasing in each argu-
ment (Fx (K,L) > 0, Fr, (K,L) > 0) and strictly concave (Fxx (K,L) < 0,
Fxi (K,L)Frp (K,L) > Fkp, (K,L)z). In addition, F (0,0) = 0 and the
boundary (Inada) conditions limg_o f' (k) = 400 and limp— 100 f' (k) < m
are satisfied, where f (k) = F (k,1) denotes the product per labor and k = K/L
1s the capital intensity.

10The following notations will hold across the paper: Fx, (X) = 9F(X)/8X; and
FXth (X) = 82F(X)/(8Xh8XJ), with {], h} = {1,2} and X = (Xl,XQ) = (K, L).
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2.3 Government

Taxes on labor and capital income are used to finance public spending G;.
Assuming that budget is balanced at each period, we have:

Gy = [Tk (rekse) + 71 (wilie)] ng

o8

=1

[rekie — gr (Tekic) + welie — g (weli)] 1 (7)

|
-M“

i=1

Note that public expenditures neither affect consumers’ preferences nor the
production function.

3 Intertemporal equilibrium

We start by giving a definition of an equilibrium:

Definition 1 An equilibrium of the economy E = (F, 9k, 91, (kio, By wi, vi, ni)?:l)

oo

s an intertemporal sequence (rt, wy, Ky, Ly, Yy, Gy, (Kit, L, cit)?ﬂ) which sat-
t=0

isfies the following conditions:

(D1) given the strictly positive sequence (r¢,wy),", (K¢, L) solves the firm’s
program fort =0,...,00;

(D2) given (re,wi)ieg, (Kits1, it lit)seg solves the consumer’s i program for
i=1,2;

(D3) the public spending G, is determined by the balanced budget rule (7);
(D4) the capital market clears: K; = 2?21 niki fort =0,...,00;
(D5) the labor market clears: L; = Z?:I nily fort =0,..., 00;

(D6) the product market clears: Y; = Gt+Z?:1 [cit + Kitr1 — (1 = 6) k] ny; for
t=20,...,00.

The next proposition characterizes the intertemporal equilibrium defined
above:

Proposition 1 Let an economy E satisfying Assumptions 1-3. Consider the
conditions (P1)-(P8) below fort=0,...,00 and i =1,2:

(Pl) Kt > 07 Lt > 0; 1/;5 = F(Kt7Lt) > 07 kit 2 0; 0 S lit S 17 Cit Z 07‘
(P2) T = Fk (Kt, Lt) and Wy = Fl (Kt,Lt),'

(P3) uf (cit) g; (wiliy) wp < v (1 — 1), with equality when l;; > 0;
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(P4) u; (cit) > Biw) (City1) [1 — 0 + gy, (re1kir1) Te41], with equality when kiq >
0;

(P5) cit + kisg1 — (1 = 0) kie = g (1ekie) + g1 (welin);

(P6) Ky =7 nikis;

(P7) Ly =7 nilus;

(P8) Gy =Y; — Z?:l 9k (1ekst) 4+ g1 (welie)] ns.

o0

Then, if the sequence (rt,wt,Kt,Lt,Y}7Gt, (kit,lit,cit)?zl) is a compet-
t=0

itive equilibrium, the conditions (P1)-(P8) hold. Moreover, if the sequence

(Tt,wt7Kt,Lt,lQ,Gt,(kit,lit,cit)?zl) satisfies (P1)-(P8) and the transver-
=0
sality condition

lim ﬂfu; (Cit) kz‘t—i—l =0 (8)

t——+oo
fori=1,2, it is an equilibrium for the economy E.
Proof. See the Appendix.

Note that, using homogeneity of degree one of the production function, the
first order conditions for profit maximization can also be written:

re = [ (ki) =7 (ke) 9)
wy = f (k) = kef (k) = w(ke) (10)

Using f (k) = F (k, 1), we obtain the capital share in total income s (k) and
the elasticity of capital-labor substitution o (k):

G
o(k) = [s(k)—1) L8 (12)

kf" (k)
Then, the equilibrium prices elasticities can be defined by:
kr' (k) kw' (k) 1—s(k) s(k)
= =(-— 1
enen) = (a7 k) o) 1

Before studying steady states, we will prove that the autarkic equilibrium is
ruled out.

Proposition 2 Let an economy E satisfy Assumptions 1-3 and Kog > 0. The
intertemporal equilibrium is such that, for t =0, ..., +o00:

(i) K:>0;

(ii) ¢y >0, fori=1,2;
(iii) Iy <1, fori=1,2.
Proof. See the Appendix.
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4 Steady state

Using some previous results, we first prove the following:

Lemma 1 Under Assumptions 1-8 and Ky > 0, the economy E has no autarkic
steady state. Fither the most patient households (i = 1) own capital (0 <
k1 = K/n1), or all households share the capital stock (k1 > 0, ko > 0, K =
ni1ky + naks). Most patient consumers always hold more capital than impatient
ones (k1 > ko).

Proof. See the Appendix.

As a direct implication, two types of steady states could exist depending
on the capital distribution: first, steady states where only the most patient
households own capital and second, steady states where all consumers share the
capital stock. We analyze now the first type of steady states.

Proposition 3 Under Assumptions 1-8 and Kq > 0, there exists a steady state,
with constant prices r and w, defined by the following properties:

(T1) vy (c1) g (wh)w < v (1—11) and uh(c2) g (wla)w = v4 (1 —1a), i.e.,
0<lhi<landO<lIy<1;

(T2) Bi[1=0+g, (rk1)r] =1> o[l =8+ g, (0)7], i-e., k1 >0 and kg = 0;
(T8) ¢1 = gi (rk1) — dk1 + g1 (wly) > 0 and ca = g; (wlz) > 0 ;

(T4) K =n1ky > 0;

(T5) L=3"7 nl; >0;

(T6) Y = F (niky, L);

(T7) G=Y — gy, (rk1)n1 — S, g1 (wl;) n;.

Proof. See the Appendix.

By direct inspection of (T1), we see that when most impatient household do
not hold capital, two types of steady state can exist, depending on the fact that
most patient consumers have or not a strictly positive labor supply (I; = 0 or
l1 > 0)

Let v, =1/8; — 144, for i = 1,2. Condition (T2) means that the equilibria
considered in Proposition 3 are characterized by a sufficiently low interest rate
r < v2/g; (0). We will see in the next proposition that, on the contrary, when
the interest rate is sufficiently high, i.e. > v2/g} (0), there exists steady state
such that all the consumers hold capital. In order to prove this result, we further
assume:

Assumption 4

10
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1) limy, 1009 (yp) ye = A, where A >0 and o € (0,1) are constant;
Yr—+ k k
(ii) g} (yx) <O for all y, > 0.
Using this additional assumption, we show!!:

Proposition 4 Under Assumptions 1-4, Ko > 0 and g;, (0) r > 2, there exists
a steady state, with constant prices r and w, defined by the following properties:

(S1) (i) g} (wh)w < v} (1 =1;), ice., 0 <1; <1, fori=1,2;
(S2) 1=0;[1—6+g, (rki)r], i-e., ki >0, fori=1,2;

(S3) ¢i = gk (rki) — 6k; + g1 (wl;) > 0, fori=1,2;

(S4) K =37 nik; > 0;

(S5) L=37, nil; > 0;

(S6) Y = F (K, L);

(S7) G =Y =30, o (ki) + g1 (wli)] ms.

if the inequality n1k, < K is satisfied, with K = L (f")™" (r), r = 72/g} (0)
and

Ey = (k)" (gk (0)71/72) gk (0) /2

Proof. See the Appendix.

Note that since L > 0 (see (S5)), at least one type of households has a
strictly positive labor supply (I; > 0 and/or Iy > 0). Considering the case
without heterogeneity in the instantaneous utility functions, i.e. u; (¢;) = u (¢;)
andv; (1 = ;) =v (1 —1;) fori = 1,2, we will explain that impatient households
always supply more labor (lo > I3 > 0).

Note first that if [, = 0, we have v’ (c2) g, (0)w < v’ (1), which implies
v’ (c1) g] (0)w < v' (1) because k1 > ko (see Lemma 1) and, hence, ¢; > c2. In
other words, lo = 0 implies /; = 0, which is ruled out by Proposition 4. However,
the opposite implication does not hold, i.e. equilibria with I3 > 0 = [;, cannot
be excluded.

Suppose now that all households supply labor (I; > 0 for i = 1,2). Then,
the equality v’ (¢;) g (wl;) w = v" (1 — ;) holds for i = 1,2, where ¢; is given by
(S3). Taking as given the real prices r and w, one can easily prove that [; is
decreasing in k;. We deduce that, when the individuals share the same utility
functions v and v, Iy > I; > 0.12

' This proposition extends the result by Sarte (1997) to the case where labor supply is
endogenous and tax rates on labor and capital incomes are differentiable.

120bviously, this result still holds under a weak degree of heterogeneity in the felicity
functions u; and v;.

11
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Let us now define the impatient agents’ labor supply when ko = 0. The
consumption-leisure arbitrage of an impatient agent is given by:

Ulz (c2¢) 92 (welay) wy = vlz (1 —12) (14)

Around the steady state where workers hold no capital, the consumption of
an impatient agent is simply given by his disposable labor income, i.e. co; =
g1 (welag). Using (14), we get:

us (g1 (wilat)) g) (wilar) we = vy (1 — lag) (15)

Because one takes into account that consumption only depends on the labor
income, this implicitly gives the labor supply as a function of the real wage,
lot = la (wy). The assumptions on technology, preferences and taxation ensure
a correct definition of this function:

Lemma 2 If Assumptions 1-2 are satisfied, then the labor supply loy = lo (wy)
is a well-defined function.

Proof. See the Appendix.

Differentiating (15), and using (3) and (6), we are able to determine the
impatient agents’ elasticity of labor supply e2 = wi}(w)/l2(w):

€9 = T2 (16)

Notice that this elasticity is strictly negative under a sufficiently weak elas-
ticity of intertemporal substitution in consumption o2 and/or if the elasticity
of disposable labor income |wy2| is large enough.

To provide now a sufficient condition for the uniqueness of a steady state
characterized by k1 > 0 = ko, which applies to both the cases where [; = 0 and
[y > 0. For i = 1,2, let:

A 1-syi=(4p20)d ki _ ().
éi = _ g15 S P2i Cj ¢ (17)

QiE].‘i*WQi*uH |:1(’7 >:|
014 Ci \ P1i

Corollary 1 Let Ay = nily/L € [0,1), Ao = noly/L € (0,1]. Under Assump-
tions 1-8 and Ky > 0, there exists a unique steady state, with constant prices r
and w, defined by Iy > 0, lo > 0, and the properties (T1)-(T7), if the following
condition holds for all k > 0:

with

o>0p =8 [€p - ()\151 + /\252)] (18)

where ep = (1 — 8)(1 + pa1)/(sp21), €2 is given by (16), and &, by (17).
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Proof. See the Appendix.

Note that in the case where patient households do not supply labor, i.e.
Iy = 0, inequality (18) applies with A\; = 0 and Ao = 1. We now provide a
similar result for steady state with k; > 0 and ko > 0.

Corollary 2 Let \; = n;l;/L and k; = nikis (1) / 25:1 n;k;s (r), where ks (r) =
(g’k)_1 (vi/r) /7, for i = 1,2. Under Assumptions 1-4, Ko > 0, g; (0)r > 72
and n1k,; < K, there exists a unique steady state, with constant prices r and w,
defined by either l; > 0 or ls > 0, and the properties (S1)-(S7), if the following

condition holds for all v > r:

2

14 poi
U>O'P25(1—8)27p2

Ki; — S8 (/\151 + )\252) (19)
=1 P2

Proof. See the Appendix.

Corollaries 1 and 2 establish the conditions for the uniqueness of the steady
state when, respectively, capital is only supplied by the most patient households
or supplied by all consumers. Obviously, as soon as these conditions are violated,
a multiplicity of solutions can emerge, keeping in mind that the number of steady
states is generically odd. Especially, this will arise if, in both cases, o < op,,
j=1,2, at a stationary solution.'3

By direct inspection of op;, j = 1,2, we note that marginal progressivity in
capital taxation (pg; < 0) plays a crucial role on the number of steady states.
Indeed, if po; tends to 0, uniqueness is ensured because op, becomes negative.'4

It is also interesting to notice that endogenous labor supply has an important
impact on the uniqueness versus multiplicity. Indeed, in the case of inelastic la-
bor supply (o2; = 0), op, only depends on py;,'® i.e. on capital taxation. Hence,
op, (op,) is strictly positive only if po; (at least one po;, i = 1,2) is strictly
smaller than —1. When labor supply is elastic (o9; > 0), marginal progressivity
on labor taxation (ws;) and the degrees of intertemporal substitution (o;;) also
affect the results. In particular, when the marginal progressivity of labor tax
rates is large enough, a strictly positive value of op, can occur for py; > —1. In
this case, if capital tax rate has also a sufficiently large marginal progressivity,
op, can take positive values not so close to 0.1

The possible existence of multiple stationary solutions matters from an in-
dividual point of view. Let us focus on steady states where both the types hold
a positive amounts of capital, i.e. ki,ke > 0 (see Proposition 4 and Corollary

13We observe that, according to the proofs of Corollaries 1 and 2, ¢ can never be smaller
than op, for all k.

14Recall also that, from Assumption 4, a strictly negative value of py; is needed to ensure
the existence of a steady state where all households supply a positive amount of capital.

15For gg; = 0, we get op, = (1 —8) (14 1/p21) and ap, = (1 — s) 22, (1 + 1/pa;) Ki-

16 According to Corollaries 1 and 2, when wo; tends to 400, we obtain op, = 1+ (1 — s) /p21
and opy, = 1+ (1 — 8) Z?:l H,i/pgi.

13
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2). The steady states can be ranked according to their level of real interest
rate . Moreover, k; = k;s (r) is defined by (64) (see the Appendix), where
ki, (r)r/kis (r) = — (14 1/p2;). From Lemma 1, we know that k; > ko, what-
ever the steady state and the associated level of r. However, in order to un-
derstand how wealth inequality evolves with the steady state considered, that
is how it changes in response to the interest rate r, we compute the following
difference: ,
1s (7“) r o k/25 (T) r 1 1

kis(r)  kas(r)  p2(rka)  p2(rk:)

where pa; = po (7k;) by definition.!”

Therefore, if the function ps (rk;) is increasing, the wealth inequality raises,
whereas we get the converse if ps (rk;) is decreasing. In other terms, wealth
inequality is larger in a steady state characterized by a larger interest rate r if
the degree of marginal progressivity |p2(rk;)| is decreasing.

Suppose now that all households have a strictly positive labor supply. Using
(S1) and (S3), one can implicitly define /; as a function of .'"® Then, one can
prove that [; is increasing in r if o1; and po; are weak enough. In other words,
each individual labor supply turns out to be larger in a steady state characterized
by a higher level of real interest rate r. Unfortunately, it is difficult to establish
a relationship between the difference of labor supplies and the interest rate and,
hence, provide a clear-cut conclusion on the impact of the level of the steady
state on income inequality.

5 Comparative statics

In this section, we focus on steady states where the most patient households hold
the whole capital stock and supply no labor, i.e. k& > ko =0and l; >1; =0
(see Proposition 3).1? This type of equilibria is of interest because the popula-
tion endogenously splits in two classes, (patient) capitalists who hold the whole
capital stock and do not supply labor, and (impatient) workers who do not save
and are the only ones who supply labor (see also Bosi and Seegmuller (2007)).
This also provides some foundations of the models developed by Mankiw (2000),
Michel and Pestieau (1999) and Woodford (1989).2°

We start by analyzing how the population sizes of patient/impatient agents
in total population affect the steady state allocation. In a second part, we will
study the impact of a modification of the level of the tax rates.

17Taxation is not ad personam and, therefore, the functional form ps is type-independent
(see (5)).

18Gee also the proof of Corollary 2.

19Such a stationary equilibrium where a part of population is constrained by some borrowing
restrictions and consumes his current disposable income is in accordance with several empirical
results. See for instance Bacchetta and Gerlach (1997) or Cushing (1992). For a critical survey,
see Attanasio (1999).

20Note that Thibault (2005) has developed a explanation of population segmentation closely
related to ours using an overlapping generations model with heterogeneous altruistic agents.
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5.1 Effects of population sizes

Recall that (T1) and (T3) in Proposition 3 implicitly define s as a function of k,
lo = 1y (k), with an elasticity eos/0.2! Set H (k,v) = g, [kf' (k)12 (k) /v] ' (k),
where v = n1/ns denotes the relative magnitude of social classes. In line with
the proofs of Proposition 3 and Corollary 1, we obtain the steady states as
solutions of:

H (k,v) = (20)

In particular, the steady state is unique if:

_ kOH
EHE = T

o 1+p211—$
H ok

P21 o

S
P21 14+ ;52 - <0 (21)

for every k > 0, or, equivalently, o > (1 — s) (1 + 1/p21) — se2 = op,, as seen in
Corollary 1.

The population sizes n; and ns can affect the aggregate variables in the
model. The next proposition summarizes the effects on the aggregate capital

K:

Proposition 5 Under Assumptions 1-3 and Ky > 0, if egr < 0, the following
holds:

(i) The aggregate capital K is increasing (decreasing) in the number of patient
agents ny if 0 > —seq (0 < —sea), where ey is defined by (16);

(i1) K is increasing in the number of impatient agents ns if pag > —1.
The converse holds if gy > 0.

Proof. See the Appendix.

We study now the effects on the production Y:

Proposition 6 Under Assumptions 1-83 and Kog > 0. If e < 0, the following
holds:

(i) Y is increasing (decreasing) in ny if 0 > —e2 (0 < —e3), where 2 is
defined by (16);

(ii) Y is increasing (decreasing) inng if 0 > 14+ 1/pay (0 <1+ 1/pa).
If e > 0, we get the reverse effects.

Proof. See the Appendix.

Note that when labor supply is inelastic (o922 = 0), the critical value —e5 be-
comes equal to zero. On the contrary, for ogs > 0, —e2 increases with wis /012,

218ee equation (69) in the proof of Corollary 1.
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and tends to 1 when this ratio tends to 400, i.e. when the elasticity of intertem-
poral substitution in consumption o2 tends to 0 and/or the elasticity of labor
income |wy2| tends to +oo.

Since we consider a steady state with k1 > ko = 0 and Iy > [ = 0, the
individual incomes of households of type 1 and 2 are respectively given by:

I (k,v) = gr(r(k)kla (k) /v) (22)
Iy(k) = g(w(k)lz (k) (23)

We now analyze the influence of the population sizes n; and ng on these
incomes. A direct inspection of (20), (22) and (23) will persuade us that the
relative size v is what actually matters.

Proposition 7 Under Assumptions 1-3 and Ky > 0, an increase in the rela-
tive number of patient households v has the following effect on the households’
individual income. If ey <0, we get:

(i) a decrease of the patient households’ individual income I ;

(ii) an increase of the impatient households’ individual income Is.
If ey > 0, we get the reverse effects.

Proof. See the Appendix.

Finally, we characterize the impact of population shares on the welfare eval-
uated at the steady state.

Focus first on patient agents. For the sake of simplicity, assume the cap-
ital depreciation rate sufficiently close to zero (6 =~ 0). In this case, Wi =
[ur (I1) +v1 (1)] /(1 = A1) and the impact of v on W is similar to that on I
we have characterized above (point (i) of Proposition 7).

The next proposition characterizes the impact of the population shares on
the welfare of impatient agents Wo = [us (¢2) +vs (1 —12)]/ (1 — 52).

Proposition 8 Under Assumptions 1-8 and Ko > 0, an increase of the relative
number of patient households v raises welfare Wo iff e < 0.

Proof. See the Appendix.

5.1.1 Interpretation

In the following, we focus on the simplest case where e < 0, that applies
when the marginal progressivity on capital is sufficiently weak or the elasticity
of capital-labor substitution high enough. We begin by considering the modified
golden rule H (k,v) = 1, which implies e grdk/k — pa1dv/v = 0. Then, k has a
negative impact on the return on capital, while the relative density of capitalists
v reduces their individual income and increases the marginal rate of taxation.
This implies a positive impact of v on k: pa1/egr > 0. It is also important to
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note that the relative share of population sizes affects the capital-labor ratio,
because of the marginal progressivity of the tax rule on capital income. In the
case of a flat tax on capital income (p2; = 0), a modification of the population
sizes does not affect k.

Consider the aggregate capital stock K = nakls (k). Since dK/K = dny/no+
(14 e9s/0)dk/k, ny has two effects on K. On the one hand, ny has a direct
positive impact, because, given the capital per worker, the aggregate capital
depends on the number of workers. On the other hand, ny reducing the cap-
ital per worker according to dk/k = (p21/emk)dv/v and then the real wage,
has a negative impact on K if the elasticity of labor supply is not too negative
(e2 > —o/s). The population size of patient agents n; has no direct effect on
K, but only through k. Its impact is the same as v, that is, the opposite one to
the previous effect of ny on k.

We focus now on the aggregate income Y = naf (k)l2 (k), where dY/Y =
dna/ne + s (1 +ez/0)dk/k. The population size ng still has a direct positive
impact, but now the indirect impact through k is negative iff ¢5 > —o, which
remains a plausible condition, even if it is more restrictive. As above, n; has
only an indirect effect through &, which is opposite to the indirect effect of ns.

Considering the individual income of a patient household I1 = gi(r (k) kls (k)
/v), the relative density of capitalists v has a direct negative impact on the
(pre-tax) capital income per capitalist. However, as seen above above, v has a
positive impact on the capital intensity k& and, therefore, can positively affect
r (k) klz (k). However, even in this case, the first effect dominates reducing the
income I;.

Consider the workers’ income Is = g; (w (k)2 (k)). The relative density of
capitalists v has only an indirect impact on I through k. Since the relationship
between k and v is positive, the effect on the pre-tax labor income w (k) I (k) is
positive because the increase of the real wage dominates the possible decrease
of the labor supply. Note however that, without progressivity on the capital tax
rule (p21 = 0), the labor income is independent of the population sizes.

The impact of the income I3 on the workers’ welfare measure Ws is positive,
while that of labor supply [ is negative. The effects of v on Iy and I, both
depend on the elasticity of labor supply €2, but these ambiguities cancel out
each other when we compute the aggregate effect of v on Wy (see equation (81)
in the Appendix), which turns out to be positive (equation (82)).

5.2 Effects of tax rates

In order to capture the effects of the tax rates on the stationary allocation, we
assume that taxes have a linear specification:

Th (Yn) = thyn + Th (24)

with t5, € [0,1), T, > 0, h = k,l. Notice that yr = rk; = rklang/nq1, yp = wis
and ¢y = (1 — ;) y;—T;. The specification (24) allows us to take in account either
distortionary or lump-sum taxes and implies the following disposable incomes,
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for h =k, I:
gn (yn) = (L —tn) yn — Tj (25)
In order to make expression (24) compatible with Assumption 2 when T}, > 0,
we further assume that the linearity in taxation holds in a neighborhood of the

steady state. In any case, T} has to be sufficiently small in order to ensure a
positive disposable income: T}, < (1 — tp,) yp. For further reference, let:

(]. _tk)yk —Tk

@ = Tty € (0,1)
_ A=-t)u-T
q2 = (1 — tl)yl € (07 1]

Moreover, since way = 0, the elasticity of labor supply €5 (see equation (16))
simplifies to:

q2 — 5
— " o1z
€2 = 1 g2 ls (26)
o012 o22 1—12

The tax rate on capital introduces a distortion in the modified golden rule,
but preserves the uniqueness of the steady state:

(I—tp) f (k) =m (27)

More precisely, among the fiscal parameters, only the proportional tax rate
t) affects the capital-labor ratio and the impact is negative:

% tr o tr

LA 0 28
8tkk' 17517tk< ( )

More explicitly, when the tax rate tj increases, the after-tax real interest
rate decreases. Therefore, to stay at the modified golden rule, the marginal
productivity should increase, which in turn implies a reduction of the capital-
labor ratio. Moreover, using (T1), (T3) of Proposition 3, equation (25) and
applying the implicit function theorem, we locally define Iy = Iy (k, T}, t;).%?

Let us start by analyzing the effect of taxes on the aggregate variables K and
Y. Using the fact that K = knsols (k, T, ), we get the following proposition:

Proposition 9 Under Assumptions 1-3, Ko > 0 and (25), the following holds:
(i) K does not depend on Ty;
(i) K is increasing in Ty;

(iii) K is increasing (decreasing) in ty, if 0 < —seq (0 > —sez);

(iv) K is increasing (decreasing) in t; if ea <0 (9 >0).

22Gee the Appendix for more details.
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Proof. See the Appendix.

Using Y = f (k) nala (k, T}, 1), we are able to analyze the effects of taxation
on the aggregate production:

Proposition 10 Under Assumptions 1-8, Ko > 0 and (25), the following holds:
(i) Y does not depend on Ty;
(ii) Y is increasing in T;

(#ii) Y is increasing (decreasing) in ty, if 0 < —ea (0 > —e2);

(iv) Y is increasing (decreasing) in t; if 2 < 0 (g2 > 0).

Proof. See the Appendix.

We now analyze the effects of the tax rules on economic variables rele-
vant at the individual level, i.e. on the income distribution and consumers’
welfare, evaluated at the steady state. As in the previous section, we de-
fine 1 = g (r(k)k1) and I = ¢ (w(k)l2). Using (25), we obtain I; =
(1 —tg)r (k) kls (k,Ti,t1) na/ny — Tx and Io = (1 — t))w (k) o (k, Ty, ;) — T;-

The following proposition summarizes the impact of a variation of the tax
rates on the individual income of a patient household:

Proposition 11 Under Assumptions 1-8, Ko > 0 and (25), the following holds:
(i) I, is decreasing in Ty;
(i) Iy is increasing in Ty;

(#3) I is increasing (decreasing) in ty if 0 < —seg (0 > —sez);

(iv) I, is increasing (decreasing) in t; if e2 <0 (g2 > 0).

Proof. See the Appendix.

We observe that, evaluated at the steady state, the welfare of a patient
household is given by W1 = [ug (¢1) +v1 (1)] /(1 — £1), with ¢; = I — §K/n;.
Because W1 is increasing in cj, for a depreciation rate of capital ¢ sufficiently
close to zero, the effects of a modification of tax rules on the welfare of a patient
household are also given by Proposition 11.

We now analyze the effects of taxes on the individual income of an impatient
household.

Proposition 12 Under Assumptions 1-8, Ko > 0 and (25), the following holds:

(i) I does not depend on Tj;

(ii) Iy is decreasing in Ty, t or t;.

19



halshs-00331299, version 1 - 16 Oct 2008

Proof. See the Appendix.

Since co = I, Proposition 12 also describes the effects of tax rules on the
consumption of impatient households. However, since they elastically supply
labor, the impact on their welfare Wy = [us (¢2) + v2 (1 —12)] / (1 — B2) should
be analyzed more carefully. The results are summarized in the next proposition:

Proposition 13 Under Assumptions 1-8, Ko > 0 and (25), the following holds:

(i) Wy does not depend on Ty;
(i1) Wy is decreasing in Ty, ty or t;.

Proof. See the Appendix.

5.2.1 Interpretation

First, consider the impact of the lump-tax on capital Ty. Since it affects only
the capitalists’ after-tax income Iy and has no effect on the capital-labor ratio
k, then K, Y, I and W5 do not depend on it, while I; and W; are obviously
negatively affected.

Focus now on T;. The impact on the individual labor supply [5 is positive.
Indeed, according to the expression of (7;/l2) Ola/OT; in (83), given the real
wage, workers compensate the reduction of disposable income with a higher
labor supply. Since the effects on K, Y, I; only go through [, we get a positive
impact of T;. However, the impact on Iy = (1 — ¢;) wly — T} is negative, because
the positive impact through [5 is dominated by the direct effect —7;. Clearly, the
effect on W5 is negative: the impatient agents work more, but their disposable
income lowers.

Third, consider an increase of the distortionary tax t;. As above, the effects
on K, Y, I; only go through the labor supply /5. However, now, the impact
on the individual labor supply I is ambiguous, because the tax is distortionary
and a decrease in the after-tax real wage can induce agents to work less. This
happens only if the elasticity of labor supply is positive, that is, the elastic-
ity of intertemporal substitution in consumption is sufficiently high and the
substitution effect dominates the income effect. Indeed, €5 > 0 is equivalent to
o12 > 1/g2. However, the impact on Iy = (1 — t;) wils (k, T}, ¢;) — T} is unambigu-
ously negative because the decrease of 1 — ¢; always dominates the ambiguous
effect of l5. Concerning the welfare of impatient agents, when 5 > 0, the re-
duction of disposable income and, therefore, of consumption, is not completely
offset by the increase of leisure, which explains that Wy decreases. A fortiori,
Wy decreases when €5 < 0, because agents work more.

We finish by analyzing the effects of an increase of ¢5. Only this tax
has an impact on the capital intensity k, which is negative (see (28) and its
immediate interpretation). We observe two effects on the aggregate capital
K = knoly (k,T),t;): k decreases, while, according to (83), I3 increases iff 2 < 0,
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that is 012 < 1/¢2 (when k decreases, the real wage decreases as well and la-
bor supply increases iff the income effect dominates the substitution effect).
Therefore, a positive total impact requires a sufficiently negative elasticity of
labor supply: €9 < —o/s. The mechanism is quite similar for the aggregate in-
come Y = f (k) naly (k,T},1;), but now the condition for a total positive impact
becomes less demanding (2 < —o) because of the concavity of f.

Concerning the capitalists’ income I; = (1 — tg) r (k) klz (k, Ty, t;), the ad-
dition of several effects is still ambiguous. An increase of t; lowers 1 — ¢; and
k, but raises the interest rare r» and has on labor supply s the same effect we
highlighted above. The lower the elasticity of capital-labor substitution o, the
higher the response of interest rate and the lower €5 < 0, the larger the positive
response of l5. This explains why I increases iff 0 < —ses.

Workers’ income Is = (1 —t;) w (k) Iz (k, T}, t;) always diminishes when the
fiscal authority raises ¢y, because the decrease of k entails a fall in the real
wage, which definitely dominates the ambiguous behavior of labor supply [s.
The subsequent contraction in consumption lowers their satisfaction level, even
if they work less, and this eventually reduces Ws.

6 Dynamics

In this section, we begin to study the stability properties and the occurrence of
cycles in the neighborhood of the steady state where patient consumers own the
whole capital stock (K; = niky; and ko = 0). As explained at the beginning
of Section 5, considering such a steady state is relevant from a theoretical as
well as an empirical point of view. We start by deriving the pertinent dynamic
system.

6.1 Dynamic system

The impatient agents’ labor supplies have been derived from the arbitrage equa-
tion (14). Focus now on the consumption-leisure arbitrage of an agent of type
1, when labor supply is strictly positive:

Ull (c1¢) 92 (weliy) we = U/1 (1 —114) (29)

where
cit = gk (rekae) + g1 (wiliy) — ke + (1 —9) ke (30)

Substituting (30) into (29), the consumption-leisure arbitrage defines a la-
bor supply, which depends on the real wage and individual consumption l1; =
Iy (wi, c1t).

The following lemma ensures that this labor supply is well-defined:

Lemma 3 Iflim;,,ov] (1 —l1y) < v (c1e) 9] (welve) wy and Assumptions 1 and
2 are satisfied, then ly; = 1y (w, cit) is a well-defined function.
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Proof. See the Appendix.

For our analysis, it is also useful to derive the aggregate labor supply. Re-
calling that, around the steady state, K; = nikq; and using Lemma 3, (P2) and
(P7) of Proposition 3, and equations (9) and (10), we obtain:

nk nik
Lt = nlll <w ( 1Lt1t) 701t> +’/l2[2 (’LU (1Lt1t>> (31)

that is, an implicit equation relating the aggregate labor supply L; to the indi-
vidual capital and consumption: L; = L (K14, ¢1¢). Therefore, using the notation
8 = B4, the condition (P4) of Proposition 3, which holds with equality for the
most patient agents in the neighborhood of the steady state, writes:

uy (c1r) = Pui(cieer) (32)
k141 nikig1
1—5+’<r(nl>k )r(
[ L L (k1¢41,c1041) et L (k1¢41,c1041)

while the patient agents’ equilibrium budget constraint becomes:

1t C1t
+ w nliklt 1 w nli]ﬁt c i N (1 B 6) .
g L(kltvclt) 1 L(klt,clt) s C1t 1t+1 1t

Given the initial condition k19 > 0 and the transversality condition (8),
equations (32) and (33) constitute a two-dimensional dynamics that determines
the sequence (klt,clt):;og. As usual, ki; is a predetermined variable, while
c1¢ jumps in order to implement an equilibrium path, which is positive and
compatible with the transversality condition.

As seen above for the impatient agents (equation (16)), we define the elas-
ticity of labor supply. More precisely, differentiating iy = {1 (w, ¢1) with respect
to w, ¢; and I, and using (3) and (6) gives:

1
[ why (w,e1) crlie (w, 1) 14+ woy o1
(61751101) = ’ = i 1 T L 1

ll (U},Cl) ll (w,cl) —w217

1-1; 021 1-11 021

Eventually, differentiating L = L (k1,c;) with respect to k1, ¢; and L, we get
the following elasticities:

kiLg, (k1,c1) 1L, (k1,c1) €ew  MEue
) al) = ’ = ’ 35
(€LkrsELer) < L(k1,c1) L (ky,c1) 1+eey 1+ecy (35)

where € = A1 + Aqeq is the average elasticity of labor supply with respect to
the real wage, with weights (A1, A2) = (n1l1/L,nals/L).
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6.2 Preliminaries

The issue of convergence to the steady state is now addressed through a local
analysis. To characterize the stability properties of the steady state and the
occurrence of local bifurcations, we proceed by linearizing the dynamic system
(32)-(33) around the steady state (k1, ¢1) defined in Proposition 3 and computing
the Jacobian matrix J, evaluated at this steady state. Local dynamics are
represented by a linear system (dkiyi1/k1, derer/c1)” = J (dkye [k, dere/er) T
In the following, we exploit the fact that the trace 7" and the determinant D of
J are the sum and the product of the eigenvalues, respectively. As stressed by
Grandmont, Pintus and de Vilder (1998), the stability properties of the system,
that is, the location of the eigenvalues with respect to the unit circle, can be
quite easily characterized in the (T, D)-plane.

More explicitly, we evaluate the characteristic polynomial P(X) = X2 —
TX + D at —1, 0 and 1 (see Figures 1-3). Along the line (AC), one eigenvalue
is equal to 1, ie. P(1) =1—T + D = 0. Along the line (AB), one eigenvalue
is equal to —1, i.e. P(=1) =1+ T+ D = 0. On the segment [BC], the
two eigenvalues are complex and conjugate with unit modulus, i.e. D =1
and |T| < 2. Therefore, inside the triangle ABC, the steady state is a sink,
i.e. locally indeterminate (D < 1 and |T| < 1+ D). It is a saddle point if
(T, D) lies on the right sides of both (AB) and (AC) or on the left sides of
both of them (|1 + D| < |T|). It is a source otherwise. A (local) bifurcation
arises when at least one eigenvalue crosses the unit circle, that is, when the
pair (T, D) crosses one of the loci (AB), (AC) or [BC]. (T, D) depends on the
structural parameters. We choose to vary a parameter of interest and observe
how (T, D) moves in the (T, D)-plane. More precisely, according to the changes
in the bifurcation parameter, a pitchfork bifurcation (generically) occurs when
(T, D) goes through (AC),?* a flip bifurcation (generically) arises when (7', D)
crosses (AB), whereas a Hopf bifurcation (generically) happens when (T, D)
goes through the segment [BC].

Taking into account (3), (5), (6), (13), (34) and (16), the linearization of
(32)-(33) gives:

ARG NP e

d01t+1 /01 1 0 M3 M4 dclt/cl
where
My = B[B(0o)(1+p21) — pai]on (36)
)\161

My, = 1 B 1

s = LHyBB () (Lt pm) T3 (37
1
My = 5-9B (0) [L = hAy (14 ¢1)] (38)
Z v A€l

M, = — —B(o)[1—hA\ (14¢)) ——— 39

1 ot () 1(1+e1)] pl (39)

23 A pitchfork bifurcation (instead of a saddle or a transcritical bifurcation) generically arises
because the number of steady states is generically odd.
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with

cu
S
I

(1-5)/ (o +s¢)
= gi(wh) gk (k) = gf (wl) r/y > 0 (40)

1—
7 = ﬁ[’yh/\l S( °1 +0-11>—|-0'11<7—(5>:|>0
s 14+ w1 w1t P11

and y=1/8—-1+434.
Therefore, the determinant and trace are respectively given by:

D(o) = Ms/M; (41)
T(o) = Ms+(1-MM,)/M (42)

Despite of these complicate expressions, two simple features arise.

(1) The locus ¥ = {(T'(0), D (0)) : ¢ > 0} obtained by varying the capital-
labor substitution in the (7', D)-plane is linear and allows us to apply the geo-
metrical method introduced by Grandmont, Pintus and de Vilder (1998).2¢ The
slope of 3 is given by:

g _ DO
T’ (o)
) L= A (L4 e1) + (1+ pon) 2128
1—hM(1+e1)— (14 p2)Z] (1 + P217ﬂ1§:j;1> + {1+ par) 61:15;1

(43)

(2) The endpoint of ¥ is (T (+00), D (+00)) = (1 + 1/8 —yp21Z,1/5).

A first important result we obtain in line with Becker and Foias (1987, 1994)
and Bosi and Seegmuller (2007) is that a sufficiently high capital-labor substitu-
tion rules out the occurrence of fluctuations. More precisely, without introducing
additional restrictions on the tax rules, we can prove that, under an elasticity
of capital-labor substitution high enough, not only there is no longer room for
two-period cycles, but also indeterminacy is ruled out, whatever the degree of
marginal progressivity in taxation. Formally:

Proposition 14 There exists o* such that o > o* implies saddle-path stability.

Proof. See the Appendix.

6.3 Local dynamics when capitalists supply no labor

A nice outcome of heterogeneous discounting is a micro-founded endogenous
segmentation in social classes (capitalists and workers): only patient agents hold

24Becker and Foias (1994) choose the same parameter to make the bifurcation analysis,
while following a different (non-geometrical) approach.
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capital and only impatient ones supply labor (ke = I; = 0). This important case
deserves a deepening of the stability properties.

Since A\; = 0, the average elasticity of labor supply reduces to the elasticity
of impatient agents, i.e. ¢ = €5, and marginal progressivity can play a role
on the dynamics only through two parameters, |p21| and |waq|. Therefore, the
determinant and trace (41)-(42) simplify to0:2°

1 1—s5
D(o) = 3 Vot (44)
1 1—-s1
T(o) = 1+B—VJ+S€§—7P21Z (45)

where now Z = 3 (v/p11 — 6) 011 > 0 and the slope of the ¥-line becomes:

1

[
1= 1+ pn)Z

(46)

We begin the analysis by few observations (see also Figure 1). When o is
increasing, (T (o), D (o)) moves on the line ¥ in such a way that D (o) is strictly
increasing. In particular, when o tends to +o00, one reaches the following point
in the (T, D)-plane:

D(400)=1/>1and T (+00) =1+ 1/ —vpanZ > 1+ D (+o0)  (47)

which is below the line (AC') and above the horizontal axis, i.e. in the saddle-
path region. In order to address the issue of the role of marginal progressivity
on local dynamics, it is convenient to analyze the location of the line ¥ when
p21 decreases from 0 to —oo, that is, when the marginal progressivity on capital
taxation increases. Using (44) and (45), we can deduce that for all value of po;,
> goes through the following fixed point G:

(Te, De) = (2— 5 +~Z,1— ) (48)

which corresponds to 0 = 1 — s(1+¢).2% Note that this fixed point is located
below the line (AC) and above the horizontal axis. Since Dg < 1 < D (+00) <
T (+00) — 1, ¥ always goes on the right side of point C, which excludes any
Hopf bifurcation. Now, by direct inspection of (46) and (47), we observe that,
when po; decreases, the line 3 makes a clockwise rotation around G. When po
tends to 0, S = 1/ (1 — Z) is strictly greater than 1 or negative. For ps; = —1,
we have S = 1, but X still lies below point A. Finally, ¥ goes through A for

_ 27 .
pa1 = pa? where:

___1+5 __
pa = 5(2—5)< 1 (49)

25Using (36)-(39), we get M1 = Bvyo11 [B (o) (1 + p21) — p21], M2 =1, M3 = 1/3 — vB (o)
and My =6 —v/p11 = —Cl/k‘l.

26This fixed point is obtained deriving D (o) and T (o) with respect to p2;.

2"n this case, we have S = 1/[1 + Zv/ (2 — §)] € (0,1).
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and has a slope which tends to 0 when ps; tends to —oo. Since Dg € (0,1), &
goes through ABC for all pa1 < pa. Let:

op = s(ep—eg) (50)
op = s(ep—e¢) (51)
with
1—-s1
ep = s1tpa (52)
S P21

s 2(14p) —papvZ

solving D (ocp) =T (op)—1 and D (or) = =T (o) — 1, respectively. For pa; <

pa, the line X crosses the line (AB) for a smaller value of o than when it crosses

(AC), whereas we get the opposite conclusion (op < o) for pa < p21 < 0.
Using these geometrical arguments, we deduce the following proposition:

Proposition 15 Under Assumptions 1-8 and Ko > 0, a steady state charac-
terized by k1 > 0, lo > 0 and ko =13 = 0 (see Proposition 3) has the following
local stability properties.

(1) When pa < pa1 < 0, the steady state is a saddle for 0 < o < op, a source
forop <o <o, and a saddle for op < 0.

(ii) When p21 < pa, the steady state is a saddle for 0 < o < op, a sink
(indeterminate) for op < o < op, and a saddle for op < o.

A flip bifurcation generically occurs at o = or and a pitchfork bifurcation at
g =0p.

In accordance with Proposition 14, saddle-path stability is ensured by a
sufficiently high capital-labor substitution (o > max {op,op}).

We further note that some configurations obtained in this proposition also
depend on the location of the starting point (7" (0), D (0)) on the line ¥, which
is measured by the level of € = e with respect to ep and ep. For instance, if
€ > ep, a flip bifurcation never emerges because op < 0 < ¢. In a similar way,
if € > ep, a pitchfork bifurcation never emerges because op < 0 < 0.

Case (i) of the proposition states that when pa < p2;1 < 0 and € < ep, a
flip bifurcation can occur. Therefore, even if the marginal progressivity of the
capital tax rate is not too large, endogenous cycles can occur. This does not
only require a not too large value of the capital-labor substitution, but also a
sufficiently weak value for £5.28 When the marginal progressivity of the capital
tax rate is sufficiently high, not only cycles of period 2 can occur (if € < ep),
but also expectation-driven fluctuations (if € < ep).

To analyze more precisely the effect of marginal progressivity on macroeco-
nomic (in)stability, we need the following lemma:

283ee Bosi and Seegmuller (2007) for a similar result in a less general model without taxes,
or Becker and Foias (1987, 1994) in a more specific framework with inelastic labor supply and
no taxation.
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P21 < pAa

0> pa1 >—1

Figure 1: Capitalists supply no labor

Lemma 4

() 90 p /0 |was| = Bop /D |was] > 0;
(ii) dop/d|p21| >0, op /D |pa1] > 0;
(iii) d(op —or) /0|par| > 0 iff

2 2
o 2UER/B 2007 (Gm)

2-§ 2—-50+2(1+p5)/(Bpar)

Proof. See the Appendix.

This lemma implies two corollaries about the role of progressivity in the
occurrence of deterministic and stochastic endogenous fluctuations.

Corollary 3 Marginal progressivity in taxation promotes the occurrence of per-
sistent cycles.
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This corollary can be explained as follows. Recall that endogenous cycles
generically occur when o crosses the critical value ocp. Then, on the one hand,
if op < 0 (that is € > ep), increasing the progressivity measures |pa1| or |was|
can make the interval (0, o) non-empty. On the other hand, if 0 < o, raising
|p21| or |wos| widens (0, o), making cycles more likely, because they generically
occur for a higher degree of capital-labor substitution.

We now analyze the role of marginal progressivity on local indeterminacy:

Corollary 4 Under pay < pa (or, equivalently, ep < ep) and the assumption
of Lemma 4, marginal progressivity in tazation promotes indeterminacy.

To explain this corollary, assume first that o < 0 (that is ¢ > ep) and
recall that indeterminacy occurs for o that belongs to (0z,op). On the one
hand, a larger marginal progressivity, measured by |p21| or |waa|, can either
make the interval (0,0p) nonempty, or widen it. On the other hand, under
the assumptions of Lemma 4, when o > 0 (that is € < ep), the extent of the
indeterminacy range (op — o) is invariant w.r.t. the marginal progressivity on
labor, but widens with the marginal progressivity on capital.

Hence, this section shows that in contrast to several existing results, pro-
gressive tax rules do not play a stabilizing role, but rather promote endoge-
nous cycles and expectation-driven fluctuations. Especially, we have seen that
marginal progressivity in capital taxation plays a key role on the occurrence of
indeterminacy.

Still considering the case where the capital stock is held by the most patient
households, we aim at analyzing further the role of progressivity in labor income
taxation.

To this purpose, we introduce a flat tax on capital income, but we generalize
the analysis to the case where both the types of agents supply a positive amount
of labor. In such a framework, we will be able to study the role on dynamics of
labor tax rates that also affect the most patient agents’ wage earnings.

6.4 Local dynamics under a flat tax on capital income

Assuming a flat tax on capital income, we have 7y (rik1) = rikie — g (rek) =
tprikie + Tk, with ¢, € [0,1). Therefore, we have gy, (r:k1:) = (1 — tg) rekir — Tk
and po; = 0.2° Focusing on dynamics in a neighborhood of a steady state with
ki > 0,1; > 0,13 >0 and ky = 0, and using equations (41)-(43), the trace
T (o), the determinant D (o) and the slope S simplify to:

1 1+9B(0)Z—vB(0)[l —hA (1+¢1)]

T() = 5+ 558 (o) A (54)
A B
D(o) = T(o)—1- Z+(1—5)1+12121 1_’_7;3((00))1&51 (55)
+wa1
H
S = 56
H—7—(1-p) 2 0

29Note that, when T}, = 0, we further have p1; = 1.
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with H=1-—h\ (14+¢e1) + Mer/ (14 way).

We start the analysis by noting that when o tends to o0, the line X crosses
(AC) above C. Indeed, we have D (+00) =1/ >1and T (+00) =1+1/8 =
1+ D (+00). Therefore, a pitchfork bifurcation can never occur. In accordance
with Corollary 1, the steady state is unique when py; = 0.

By direct inspection of (56), we further notice that two main configurations
may emerge, depending on the sign of H:

(i) if H >0, we have S > 1 or S <0 and D’ (o) > 0;
(ii) if H <0, we have 0 < S <1 and D' (o) < 0.
Let h* = (141 /[(1 —11) 01])~" € (0,1). Using (34), the inequality H < 0

can be rewritten wo; > wyy, Withwyy = (A —h) A /h*and h=[1 — (1 — A\) h*] /A >

1.

Therefore, configuration (i) applies iff 0 < h < h or we; < wy, whereas
configuration (ii) holds iff h > h and wy; < wey < 0.

Focus first on configuration (i) (see also Figure 2).3° Since (T (+00), D (+00))
is on the line (AC) above C, D (o) is strictly increasing and the slope S does
not belong to (0, 1), we geometrically see that ¥ can never goes through ABC
and can only crosses the line (AB).2! Let us define op = s (e — €), with:

1—s l—h)\l(l—l—ffl)—Z/Q_l A1€1
1+ 21+ wn

that solves D (o) = —T (0) — 1. By continuity, (7' (c),D (0)) is always in the
saddle region for ¢ > o, whereas the steady state is a source for 0 < op. We
observe that this last case also requires € < ep, because otherwise o < 0.

Consider now configuration (ii) (see also Figure 3). Since (T (+00), D (+00))
is on the line (AC) above C, D(0o) is strictly decreasing and the slope S belongs
to (0,1), ¥ can go through the triangle ABC. To clearly identify the conditions
such that this really occurs, we need the following lemma:

(57)

er = By

Lemma 5 For h > h, the slope S is strictly increasing in waq .

Proof. See the Appendix.

Therefore, for h > h, the line 3 makes a clockwise rotation around the fixed
point (T (+00), D (+00)) when wy; decreases from 0 to wyy, i.e. the slope S
decreases from a value between 0 and 1 to 0 in the limit case where wa; = w,;.
In the following, we define w3, as the critical value of wo; such that the line ¥
goes through the point B:

I I e e L o R
h* W4t on(1-8) (l—5+)\1hil_s)

P11 w11 S

&
[V
=

Il

30Note that Figure 2 is drawn for S < —1, but figures representing similar qualitative results
should be done for S > 1 and -1 < S <O0.

31The locus X crosses (AB) below A if |S| > 1 or above B if —1 < S < 0. See also Bosi and
Seegmuller (2007) who obtain similar geometrical representations in a model without taxation.
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Clearly, when w3; > 0, ¥ lies above B for all wo; € (wyy,0), while when
w3y < 0, X lies above B for we; € (wqq,ws;) and below B for wgy € (w3;,0). In
this last case, the critical value og = s (eg — €), defined by D (¢) = 1, with

c :,8 1—s 1—h)\1(1+€1) ﬂ )\151
H=PT= 1-3 1— 31+ wn

corresponds to the lower bound of o for indeterminacy to occur.?? Using all
these geometrical arguments, we deduce the next proposition:

Proposition 16 Under Assumptions 1-3 and Ky > 0, a steady state character-
ized by k1 > 0,13 > 0, lo > 0 and ko = 0 (see Proposition 3) has the following
local stability properties.

(1) When 0 < h <h or (h> h and w1 < w3, ), the steady state is a source for
0 <o <op and a saddle for op < o.

(ii) When h > h and w3, < way < 0, the steady state is a source for0 < o < oy,
a sink (indeterminate) for og < o < op, and a saddle for o > op.

A flip bifurcation generically occurs at o = op and a Hopf bifurcation at
O=0g.

This proposition shows that if € < e, endogenous cycles of period 2 can
emerge. Recalling ¢ = Aje1 + Aoeo, this requires a sufficiently small value of
€9, ensured for instance by a sufficiently weak elasticity of intertemporal sub-
stitution in consumption o12. Note that the occurrence of a Hopf bifurcation
requires even a smaller elasticity €5.3% Surprisingly, indeterminacy emerges
only if marginal progressivity on labor income of patient households is not
too large (w21 > wj;). However, it also requires h > h, i.e., using h =
[1—7/(wh)]/(1—tg) (see (40)), a sufficiently large distortionary tax rate on
capital income ¢, > 1 — [1 — 7/ (wly)] /h. In other words, expectations-driven
fluctuations appear if the net income of patient consumers g; (wly) + gi (rk1)
depends little on capital income. It is also interesting to notice that in con-
figuration (ii) of the proposition, because we have H < 0, we can deduce that
er < 0. Therefore, if the average elasticity of labor supply ¢ is positive, we
obtain op < 0, that is, the steady state is a saddle for all & > 0.

Now, to further investigate the role of progressivity on macroeconomic (in)sta-
bility, the following results are needed:

Lemma 6
(i) 6UH/6|L4}22|:80'F/8|LU22‘>0.
(ii) 80’F/8|wz1| > 0.

32By direct inspection of the expression of o, we see that it is strictly positive if and only
ife<epy.
33Indeed, in configuration (ii) of Proposition 16, we have ey < ep.
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g = O|€F<€

or

0= O|€F>€

Figure 2: Flat tax on capital income with S < —1

(iii) h > h implies 0o /0 |wa1| > 0.
(iv) w3, <0 implies O (op — o) /O |wa1] < 0.
Proof. See the Appendix.

Using this lemma, we are now able to study how progressivity affects the
occurrence of endogenous cycles and local indeterminacy.

Corollary 5 Progressivity in labor income tazation promotes the occurrence of
persistent cycles.

According to Lemma 6, a higher marginal progressivity, through an increase
of |wa1| or |was| raises the two critical values o and og. In case (i) of Propo-
sition 16, both the progressivities |wo1| and |waa| either make o positive and
nonempty the interval (0,0r) where two-period cycles arise, or enlarge the in-
terval (0,0F). In case (ii) of Proposition 16, the range (0,c0p) for limit cycles
also widens.
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. —
1
of 0 1 T
0> wa > wiy A

Figure 3: Flat tax on capital income with 0 < S < 1

Corollary 6 Assume h > h and w3, < w21 < 0.

(1) When € > eg, increasing progressivity in the labor tax rules promotes inde-
terminacy.

(ii) When ¢ < ey, increasing progressivity for patient households promotes de-
terminacy, whereas indeterminacy occurs for higher elasticities of capital-
labor substitution under a higher progressivity for impatient households.

To explain this corollary, consider first case (i) where oy < 0. Progressivity
promotes indeterminacy because, according to points (i) and (ii) of Lemma 6, an
increase of |wa;| or |was| either makes the indeterminacy range (0, oF) nonempty
or enlarges it. In case (ii) of Corollary 6, the result comes from the fact that,
according to point (iv) of Lemma 6, an increase of |wo;| reduces the amplitude
of the indeterminacy interval (o5, 0r)3* and, according to point (i) of Lemma 6,

34This should also be seen using geometrical arguments. Indeed, we have 0 < S < 1 and &
makes a clockwise rotation around (7" (c0), D (00)) when |w21]| increases from 0. In particular,
when |wa1| tends to |w§1‘, 3 reaches the point B and oy converges to op.
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an increase of |was| raises both o and o, while keeping the difference op — o
as constant.

6.5 Interpretation

To give an economic intuition for the occurrence of endogenous cycles and
expectation-driven fluctuations, recall that the dynamics are governed by the
two following equations:

etk —(1—=0) ki = I+ Iy (58)
uy (e1r) = BRipiuy (Cre1) (59)

where on the one hand, Iy, = gi (rik1:) and Iy = g (wilq;) are the capitalists’
after-tax capital and labor incomes, respectively, and on the other hand, R;y; =
1 =0+ g}, (reg1k1i41) re41 represents the after-tax real interest factor.

We start by focusing on the case where capitalists supply no labor, i.e.
I;; = 0. We have shown that when the marginal progressivity on capital income
is not too large (p21 > pa), cycles of period 2 may emerge (see Proposition 15).
To provide an intuition for this phenomena, related to Becker and Foias (1987,
1994) and Bosi and Seegmuller (2007), we note that:®

a_[kt klt U—[1—8(1+€)] .
— = ff — 1—-s(1+
Dhess Ty P11 P <0i se <o < s(l+¢) (60)

In this case, when kq; decreases w.r.t. its steady state value, Iy; increases.
According to the budget constraint (58), this entails that k.41 goes up as
well, provided that ¢ is not subject to strong intertemporal arbitrages. More
precisely, when the marginal progressivity on capital income is not too large,
cy; is little sensitive if the intertemporal substitution in consumption oyq is
sufficiently weak.3® Then, ki, successively moves down and up through time,
i.e. non-monotonic trajectories and endogenous cycles occur.

By direct inspection of inequality (60), we see that a lower value of & pro-
motes oscillations, the interval of o becoming compatible with positive and
larger values of the capital-labor substitution. In particular, since ¢ = €5 and
Oeg/Owses > 0, this happens when the marginal progressivity on labor income
|wao| is higher.

When the marginal progressivity on capital income is sufficiently large (p21 <
pa < —1), there is room for indeterminacy and expectations-driven fluctuations.

First, observe that, if po; < —1,

ORi11 kit op —0 .
L2 — By o >0iff —se<o<op (61)
8]451“_1 Ry o+ s

35Note that o = —se corresponds to the case where the trace T (¢) and the determinant

D (o) cross both +oo.
36Indeed, we notice that, if 011 tends to 4oo, according to equation (53), er tends to
(1 —8) (14 p21)/ (sp21) and op is no longer positive when |p21| becomes sufficiently weak.
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Then, optimistic expectations on the future real interest factor R;y; are
compatible with higher investment, higher future consumption c¢;;4; and/or a
smaller current consumption ¢4, and support the oscillations explained above.

Consider now that all agents have a positive labor supply, but there is a flat
tax on capital income. Hence, to simplify, we assume that Iy, = (1 — ¢x) rikay,
which implies that p;; = 1 and pa; = 0. When h < h,37 the effect of Ij; on the
budget constraint (58) is greater than that of I;;. In such a case, the channel
of inequality (60) works (with p1; = 1) and there is room for cycles of period
2, as explained above. In addition, an increase of either |wa1| or |was| promotes
cycles, reducing € = A1 + Aqeo.

When h > h, the impact of the labor income Ij;; on the budget constraint
(58) prevails w.r.t. that of Ij;. We further have:

Ol kg s
Mt 1
Ok1y It wir (L+e1) o+ se

<0iff ¢ < —s¢ (62)

When condition (62) holds, following a negative deviation of ki; from its
steady state value, I;; raises and ky;11 moves also up, provided that consump-
tion is little sensitive. The condition 0 < —se being in accordance with the
findings of Proposition 16 (ii),®® this explains the emergence of oscillations.
Since indeterminacy can occur, fluctuations should be driven by expectations.
To explain this phenomena, note that:

aRt+1 k141 1-s

=— >0iff o < — 63
8k1t+1 Rt+1 6’}/0' + se e 5 ( )

Therefore, from equation (59), optimistic expectations on the future real
interest factor are sustained by a higher investment, a smaller current consump-
tion and/or a higher future consumption,? that are in accordance with the
occurrence of the non-monotonic trajectories explained above.

7 Concluding remarks

In this paper, we analyze the effects of progressive taxation on the allocations of
steady state and the local dynamics in a Ramsey economy with heterogeneous
households and borrowing constraints. Because labor supply is endogenous,
considering different taxes on labor and capital income matters.

For simplicity, we have considered a population of only two kinds of agents.
We show that, at a steady state, the level of real interest rate determines whether
only patient consumers hold capital or both types of agents have positive savings.
Moreover, it is not always optimal for any households to supply labor.

37This is ensured by t;, sufficiently small and 7/ (wtl1¢) high enough.

38Indeed, we have oy < op < —se.

39Note that when o < —se, an increase of c1¢+1 raises Ri41, but this effect can be considered
as negligible with regard to its negative impact on u} (c1¢41)-
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Focusing on the steady state where only patient households save through
capital and only impatient supply labor, we characterize the effects of the pop-
ulation sizes of both types of households and the effects of the tax rates on
aggregate variables (capital, production), as well as on individual incomes and
welfare. We show that not only progressivity, but also endogenous labor cru-
cially matters.

Dynamics are studied through a local analysis, in a neighborhood of the
steady state where patient consumers hold all the capital stock. We show that
in most of the cases, increasing marginal progressivity promotes the existence
of endogenous cycles and indeterminacy, i.e. expectations-driven fluctuations.
This result is in contrast to most of the existing contributions on one-sector
economies and is mainly explained by the existence of a market incompleteness,
due to the borrowing constraints. In any case, this paper shows that policy mak-
ers have to handle carefully the progressivity leverage to avoid macroeconomic
instability.

8 Appendix

Proof of Proposition 1

Necessity. Conditions (P1), (P6) and (P7) directly come from the definition of
an equilibrium. (P2) corresponds to the first order condition of profit maxi-
mization of the representative firm. (P3) and (P4) are the first order conditions
of the utility maximization of an household ¢, while (P5) represents his budget
constraint. Finally, (P8) is the balanced budget rule.

Sufficiency. To establish (D1), note first that the strict positivity of prices
(¢, wy),o, is ensured by (P2) and Assumption 3. Second, for every alternative

pair (f(t,it) #+ (K¢, L), we have:

F (KtaLt) —wily — i Ky — [F (f(t, [N/t) - wti/t - th(t}

= F (K, L) —F (Ktjzt) — 1y (Kt — f(t) — Wy (Lt — z/t)

%

= 0

Consider now a sequence (]%ihiit;éit) satisfying the constraints in the con-

35
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sumer’s program and the initial condition ifio = k;o. We have:

iﬂf [ui (cit) +vi (1 = lir)] = iﬂf {Uz (Cit) + v; (1 - lNzt>:|
t=0

t=0

= iﬁf {uz (cit) = wi (Cit) +vi (L= lit) — v; (1 - l}t)]

Y

i B {u; (cit) (cie — i) —vi (1 — i) (lit - Zit)}
=0

= 3 B (U; (cit) {(1 —9) (kit - ffit) - (kit+1 - ffz‘tﬂ) + gr (rekic) — gk (Tt]%it>

t=0

+ g1 (welie) — g (wtiit)} — v (1 —1li) (lit - [it))

T—+o00

> Z [ Cit ( —0) + gy, (rekie) 4] <kit - %it) - <kit+1 - 7~€z‘t+1))
t=0
+ [ (cit) g (wilip) wy — v (1 — 1)) (lit - Zit))
= TEIJIrloo (u; (CiO) [1 — (5 =+ g;c (TOkiO) 7‘0] (kzO — l;?io)
+ Z BH Czt+1 [1 -6+ gfc (Tt+1kit+1) 7"t+1] <k1t+l - iﬂit+1)
- Z 5 Czt ( it+1 — zt+1) /3 U (CiT) (kiT-H - ]~€iT+1)
+ Zﬂ (cit) g1 (welie) we — vi (1 = L)) (lit - Zn)>
T—1 3
= Tl_i)ffoo (Z 5 (ﬁz (Cthrl) [1 -6+ g;c (Tt+1kit+1) Tt+1] - U; (Cit)) (kitJrl - kitJrl)
t=0
_@Tug (ciT) (kiT+1 - INWTH)
T
+ Z B [ (cae) g (welie) wy — 0] (1 — 1)) (lit - lit))
t=0
T—1
> lim ( Bt (B (cir1) [L — 6 + gp (rerkissr) me1) — wh (cit)) kv

~
I
=)

— B uj (cir) kir 1 + Zﬁ (cit) g1 (wielir) we — v; (1 = Lig)] lit) =0

t=0
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This proves that condition (D2) holds. (D3) is ensured by (P1), (P2) and (P8).
(D4) and (D5) are obviously obtained from (P6) and (P7), while we deduce
(D6) using (P5) and (P8). m

Proof of Proposition 2

(i) For t = tp, assume K;, > 0 and Ky 11 = 0. Then, kjs41 = 0 for ¢ = 1,2.
From (P5) of Proposition 1, we get cit, = gk (Tt kity) + (1 — 6) kity + g1 (o lity)-
Obviously, ¢;;, > 0 for ki, > 0. If ki, = 0, 14, = 0 implies ¢;;, = 0, which is
ruled out by (P3) of Proposition 1. Therefore, we always have ¢;, > 0.

We deduce that the left-hand side of the Euler condition (P4) of Proposition
1 has a positive and finite value. Using Assumptions 1 and 3, we have both
Cito+1 > 0 and K; 11 > 0, which leads a contradiction. Hence, Ky, > 0 implies
Kiy41 > 0. Since Ky > 0, we have K; > 0 for all ¢ > 0, by induction.

(ii) For an household 4, consider an optimal sequence (c;, kit, lit),~ such that,
without loss of generality, ¢;x, = 0 and c¢;,+1 > 0 for some ¢;. Let € > 0 and

consider the alternative sequence |( ¢, ki, lit> , such that:
t>0

. Et = l;; for all ¢;
[ Eit1+1 = kit1+1 — ¢ and Eit = kit for all ¢ 7é tl + ].,

o ¢y =cyforallt#t1,t1+1, ¢y, =€ >0, and

City+1 = City+1 — (1 — 0) e + gi (Tt1+1kit1+1) — gk (Tt +1Kit,+1)

Note that ¢, 4+1 and Emﬂ are both positive for a sufficiently small e. More-
over, both the sequences satisfy the sequence of budget constraints (P5).

Comparing the welfare for these two sequences, we show now that (c;t, kit, lit) ;>0
is no longer optimal: B

= B Jui (City) — wi (ciy)] + BT [wq (it 1) — wi (City+1)]

> B [ (City) Gty — Ciry) + B (Gity41) (City 41 — City41))]

= B (U§ (¢) e + Biu (City +1) {— (1-0)e+ gk (Tt1+1%it1+1> — gk (Tt1+1k?z't1+1)D
> g (u; (e) = Biu; (City+1) {1 —d+gp; (Tt1+1%it1+1) Tt1+1D €

For ¢ sufficiently close to 0, the last expression is strictly positive and ¢;; = 0
cannot be an optimal choice for a household i. We deduce that ¢;; > 0 for all
t=0,..,+ocand ¢ =1,2.

(iii) For l;; > 0, the following equality holds: u] (¢;t) g7 (wili) wy = v} (1 — 1yy).
Because ¢;; > 0, we get [;; < 1, by Assumption 1. m
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Proof of Lemma 1

An autarkic steady state requires K = 0. However, from Proposition 2, all
stationary solutions are characterized by K > 0, which excludes the existence
of an autarkic steady state.

Since K > 0, we deduce that k; > 0 for ¢ = 1 and/or ¢ = 2. We further
have 31 [1 =0+ g, (0)r] > B2[1 — 6+ g (0) ] and an agent ¢ will hold capital
it 3;[1 -0+ g, (0)r] > 1. Using these two inequalities, we easily conclude that
either only households of type 1 or all consumers hold capital.

When k; = 0, we obviously have k; > ky. When k; and ks are both
strictly positive, the following equalities are satisfied: (31 [1 — 3 + g}, (rk1) 7] =
B2 [1 =6+ g, (rka)r] = 1. Because 31 > (2 and g is concave, we also obtain
k1 >ky. m

Proof of Proposition 3

The proof of this proposition consists of three steps.

Step 1. Using Proposition 1, we notice that, for households i = 1, (T1), (T2) and
(T3) are optimal conditions. Moreover, since ¢; > 0 and k; > 0 are constant,
and 0 < 1 < 1, the transversality condition (8) holds.

Step 2. For households i = 2, consider the feasible sequence (I}%H, igt, égt) ,
t=0

with the initial condition ks = 0. We now compare this path with the stationary
solution (ka,l2, c2)se, such that ko =0, 1 > Iy > 0 and ¢ = g;(wlz), and show
that the stationary solution is optimal. We have:

5285 [z (e2) + 02 (1 = 1) = (0 () + 02 (1~ ) )
t=0 )

= 8% [ (1) — i (2) v (1~ 1) — v (1~ )
t=0

> 3 58 [ (ke (1 (uta) — ) — (1~ 1) (1~ )
t=0
=3 Bl () [ wla) — i) (1o — ) 2o
t=0
= Uy (qi(wlz)) iﬁé {E%-&-l — (1= 8)kar — gr(rekar)
t=0
() = gi(wlar) — gj(wl)w (I — o) |
>y (te)) 338 [P — (1= 8)Foc — gulrean)|
t=0
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= (gu(wle)) m |87 karan — (1= 0)kao + gu(rha0))

+§Tjﬂ§ (Fat/Bs = (1 = )z = gk(r%gt))]

t=1

Y

T
uy (gu(wlz)), Jim > 55 [12 = gk (0)r] har > 0
t=1

Step 8. From the previous steps, note first that L = nili+nsls > nols > 0. From
1> B2[1 =6+ g, (0)r] and the concavity of g, households of type ¢ = 2 hold no
capital holding at this steady state, i.e., ko = 0. Therefore, we have K = nik;
and r = f’ (n1k1/L), where kq is the solution of g, [f' (n1k1/L) k1] f' (n1k1/L) =
T1-

Using Assumptions 2 and 3, there exists a solution to this equation. We
further note that neither gj, (rky)r > 1, nor g, (rk1) 7 < v1 can be a stationary
solution. In the first case, it is optimal for patient consumers to accumulate
more capital whereas, in the second case, they would decumulate to zero. m

Proof of Proposition 4
The proof of this proposition consists of three steps.

Step 1. Using Proposition 1, we notice that, for all households (i = 1,2), (S1),
(S2) and (S3) are optimal conditions. Moreover, since ¢; > 0 and k; > 0 are
constant, and 0 < 3; < 1, the transversality condition (8) holds, for : = 1, 2.

Step 2. To prove that L > 0, we consider two cases.

- Case 1: F(K,0) = 0. After noticing that L = 0 not only implies Iy = Iy =
0, but also Y = 0, we deduce that ¢; = 0, for i = 1, 2, which violates Proposition
2 and leads to a contradiction.

- Case 2: F(K,0) > 0. In this case, we have ¢; = gg (rk;) — 0k; > 0,
i.e., u;(c;) has a finite value and (S2) applies. First, notice that equilibria
such that K = 0 are ruled out by Proposition 2. Conversely, if K > 0, then,
lim;_,o+ K/L = 400 and, under Assumption 3, we get limy_ o+ f' (k) < ~;, for
i =1,2. Since 0 < g}, (yx) < 1 (see Assumption 2), (S2) is no longer satisfied,
leading to a contradiction.

This step also proves that there exists L > 0 such that L > L.

Step 3. According to the second step, we can set L > 0 in order to prove that
there exists a stationary solution (K, r).

First, notice that the steady state value k; is defined by the equality (S2),
for ¢ = 1,2. Assumption 4 implies lim,, 4o g} (yx) = 0. Since we assume
g5, (0)r > 72 > 71, there exist positive values k; and ko satisfying (S2), for
i = 1,2. Furthermore, under Assumption 4, g is invertible and, according to
(S2), k; can be computed as a function of r:

kis (r) = ()™ (ya/7) /1 (64)
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Moreover, since g;,(0)r > 72, r belongs to (r, +00), with:
T =72/9; (0) (65)

(gh) " (k) = (Afax) @
0. Using (64), we obtain: lim, o kis (1) = lim,— 4 (Arl’a/’yi) Ve _ +-00.

Using again (64), we get also: lim,_,, k;s (1) = (gfc)_1 (9% (0)vi/72) g5 (0) /2.
More precisely, we have lim,_,, ka5 (7) = 0 and k; = lim,_,, k1, (r) > 0. Hence,
defining K (r) = nikis (r)+nakas () the aggregate supply of capital, we deduce
that:

Since limy, 40 |9 (Yk) — Ay *| = 0, lim,, o+

lim K (r) = n1k; > 0 and hIJP K, (r) =40 (66)

Note now that the equation r = f’ (K/L) implicitly defines the aggregate

capital demand K, (r) = Lf'~!(r). Since f is concave, K, (r) is decreasing.
Moreover, using Assumption 3, we have:

lim Ky(r)=0 (67)
r7— 400
Using again Assumption 3, we notice that when K increases from 0 to 400,
r decreases from 400 to limg_, 4o f' (k) < 71, which is strictly smaller than r.
Therefore, there exists Ky (r) = f/~! (r), with K4(r) > K = Lf'~! (r).
From these last results and (66), there exists a solution (K, r) to the equation
K, (r) = K4 (r), which determines the existence of a stationary equilibrium, if
the condition n1k; < K is satisfied. m

Proof of Lemma 2 We want to prove that the solution ly; = I3 (w) of the
implicit equation (15) is a well-defined function. Since (15) is a static arbitrage,
we omit the time subscripts. Equation (15) is equivalent to:

w2 (w, 1) =w (68)

where ¢y (w,ly) = v (1 —12) / [ub (g1 (wl2)) g (wlz)]. The partial elasticity of
o w.r.t. lgis

Ops 1y lp 1 w12
G2l _ S22 >0
Ol 2 1—ly09 N o12 22

because o123 > 0, 022 > 0, w2 € (0,1] and was < 0 (Assumptions 1 and
2). Then, ¢s is a continuous and strictly increasing function in l5. Given w,
we have, under Assumption 1 (Inada conditions), lim;, g+ @2 (w,l2) = 0 and
limy, ;- 2 (w,l2) = +o00. Hence, ¢y crosses w once and only once. In other
terms, the solution of equation (68) exists and is unique, ensuring that ls (w) is
a well-defined function. m

Proof of Corollary 1

Since we focus on steady states where k1 > 0, ks =0, l; > 0 and I > 0, we
have k = K/L with K = ni1k; and L = nqly + nals > nols.
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Using Proposition 3, notice that (T1) and (T3) implicitly define ly as a
function of k, I3 (k), with:

dzk _ s

dkly o

where €9 is given by (16). Using (T1) and (T3) again, we get:

uy [gk (r (k) KL/n1) — 0kL/ny + g (w (k) 11)] g7 (w (k) 1) w (k) = v} (1 —11)
(70)
which implicitly defines I; as a function of k and L, [; (k,L). Obviously, the
expressions of (k/l;) 0l;/0k and (L/ly) dly /OL are obtained differentiating (70).
Therefore, the equilibrium on labor market L = nyly (k, L) + nals (k) implicitly
determines L = L (k), with:

2 (69)

KL (k) M (k/1) 0l JOk + Aokl (k) /1o

Lk 1= X (L)1) 0l /0L (1)

By direct inspection of Step 3 in the proof of Proposition 3, we deduce that
the number of stationary solutions is determined by the solutions & of:

gr (f' (k)KL (k) /ma) ' (k) = (72)

Uniqueness requires that the left-hand side of (72) is decreasing in k. This
is satisfied if the following inequality holds for all £ > 0:

par (L= (1 —=5) /o + kL (k) /L(F)] = (1—s)/o <0 (73)

Note that using g}, (rk1) 7 = 1, we obtain g, (rk1) /c1 = (71/p11) k1/c1 and
g1 (wly) Jer =1—=(y1/p11 — 0) k1/c1. Using these last identities, the expressions
of (k/l1)0ly/0k and (L/ly)0ly/OL, (69), (71) and (73), we are able to deduce
the corollary. m

Proof of Corollary 2

We consider stationary solutions such that k1, ko,lo > 0 and /; = 0. From
the proof of Proposition 4, we notice that a steady state can be defined as a
solution of ¢ (r) = K4 (r) /K, (r) = 1 for all r € (r,+o00) with lim,_., ¢ (r) >
K/ (n1k;) > 1 and lim,_, ;o ¢ (r) = 0. Therefore, there exists a unique steady
state if the following condition is satisfied:

r’ (r) [ (r) = rKq (r) [Ka (r) = rK (r) /K (r) <0 (74)

for all r € (r, +00).
Since ks; (r) is defined by (64) and K (r) = 2?21 niks; (1), we get rkL; (1) /ksi (r)
=—-1- 1/p21 and:

rK (r) /K (r) = —Zﬁz‘(1+ﬂzi)/ﬁ2i (75)

i=1
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Using w = w (k) and r = r (k), the real wage can be redefined as a function
of the real interest rate w = w (r), with rw’ (r) /w(r) = —s/ (1 — s). Hence,
using (S1) and (S3), I; = ; (r) is implicitly defined by:

wilgr (rki (1) = 0k; (r) + gu (w (r) 1)) g7 (w (r) L) w (r) = v; (1= 1) (76)

The elasticity 7} (r) /I; (r) is obtained by differentiating (76): =} (r) /I; (r) =
—£;8/ (1 — s), where &; is given by (17). Moreover, the equality L = Z?Zl nil; (r)
= L (r) ensures the equilibrium on the labor market, with »L’ (r) /L (r) =

S N (r) [ ().
Using the proof of Proposition 4 and the equilibrium on the labor market,
we get Ky (r) = L(r) /=1 (r), with:

2
rKq(r) [Ka(r) = Z Airl (r) /i (r) — o/ (1= 5) (77)

Substituting (75), (77) and the expressions of rl (r) /l; (r) into (74), we
deduce the corollary. m

Proof of Proposition 5
Differentiating (20) and using (21) gives

8k ny - P21 o 8k Up)
Dk emn . Om k 78)
From K = knsls (k) and (21), we get
0K /0k S EHk 14+p11—s5
K/k o P21 P21 a
Therefore,
dK nq 0K /0k Ok /on, s po1
AKm (14 Sa) 2
dn; K K/k  k/ng o EHK
dK ny 0K /0k Ok /0ns _ 1—sl+pn
dno K K/k  k/ng o o SHE
Cases (i) and (ii) immediately follow. m
Proof of Proposition 6
From Y = f (k) nals (k) and (21), we get
oY)k €2\ _emr 1-3s ( 1+ /)21)
=s|l+—=)=—— - &
Y/k ( g ) P21 P21 P2 g ( )
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Using (78) and (79), we obtain

dy ny 3Y/8k: 8k/8n1 135} P21
i R — 512 22) 2L
dn, Y Yk k/m 8( * a> -
dY n9 8Y/8k 8k/8n2 1—s 1+ P21
ar 2 1= por — — 2L
dns Y Y/kE  k/no €Hk
Cases (i) and (ii) easily follow. m
Proof of Proposition 7
We have:
oI,/ Ok 1—s5—seq ol /ov 0I,/0k s
= 1 - = — —_—
Il/k 11( g Il/l/ it Ig/k 0_(1+52)LU12

and, from (20) and (21), (v/k)0k/Ov = pa1/emr. Using these preliminary
results, (22) and (23) imply:

dhy v 0L/OkOk/Ov OL/Ov _ pnl-—s
dv Iy, L/k k/v Li/v  egr o
d]g 14 812/8k ak'/alj P21 S

_— = = — 1

v T Lk Ry emeo TR

with 1 +6e5,>0. =

Proof of Proposition 8

Differentiating Wo = [us (I2) + ve (1 —12)]/ (1 — B2), we get:

coul, (¢ dI dl
vy = S | -] (&)
which implies:

! d d
aw, — 22(C) gy sendy 8o dy (81)

]-_BQ gEHE V OEHEK V

/
d

couf (co) 3P AV (82)

1—62 20'5Hk1/

Proposition 8 immediately follows. m

Definition of Iy =y (k,T},1;)

From (T1), (T3) of Proposition 3 and (25), Iy = I3 (k,T7,t;) is implicitly
defined by the arbitrage uf [(1 — ¢;) w (k) lo — T;] (1 — t;) w (k) = v (1 — I2). To-
tally differentiating this equation, we obtain the following three elasticities:

oly k s 0Oly T 1—gqo Ols 1 t
Lo 1oy

%52520731} l2:_€21*Q2012 T ot ly

(83)
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where €5 is now given by (26). =

Proof of Proposition 9

Differentiating K = k (tx) nalo (k (tx),T1,t;) with respect to (Tk, Ty, tx, tr)
and using (28) and (83), we get:

OK T, 9K Ty __l—q

or. Kk on K | _ 0 Tponc2 > 0
@Lk ﬁﬂ T | __tk otsey .

ot K oty K 1—tr 1—s 1—1t; 2

The proposition easily follows. =

Proof of Proposition 10

Differentiating Y = f (k (tx)) nals (k (tg) , 11, t;) with respect to (Ty, T7, tx, t1)
and using (28) and (83), we get:

oY Ty, oY Ty __1-go

oy InY | 0 —qoc2 > 0
oY ty oY t; - __s tr (O_ +e ) __t €

oty Y ot Y 1—s 1—tg 2 1—1; 2

The proposition immediately follows. =

Proof of Proposition 11

Differentiating Iy = (1 —tx)r (k (tx)) k (tx) l2 (k (tg) , Ty, t) na/ny — Ty with
respect to (Tk, Ty, tk, t1), we get:

oL Ty 0L Ty _l-a1 __1=62 e
azj"k I, o1, I, _ 1 <0 l1—q2012 1 >0
oIy by 01y by _ _tx  _otses =Y
Oty I oty I, 1-tx (1=s)q1 1-t; 1

The proposition easily follows. m

Proof of Proposition 12

Differentiating I = (1 —t;) w (k (tx)) l2 (k (tx),T1,t;) — T; with respect to
Ty, 11, t, and t;, we get:

oIy Ty, 0Ix Ty _1-qo =

37}k~ I 9Ty I> — 0 q2 1+ 1—g2012 <0
Ol tr oIz t1 _ _tik 1+4es s < 0 _t 1+4es < 0

Otx 12 Ot I I—tr g2 1-s -t g2

The proposition easily follows. =

Proof of Proposition 13

Because ¢y = I, the welfare of an impatient agent becomes Wy = [ug (I2)
+uvy (1 —12)]/ (1 — B2). Differentiating this equation, we get:

CQUIQ (62) (d]g 1 dlg)
AW, = 2220 (22— =2
2 1= I q2 o
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Using the elasticities of Is (k,T},t;) and the proof of Proposition 12, we obtain
the following derivatives:

k A
23 at,f U atlz g2 1 — B2 T—s 1—tg >0 1—t; >0

The proposition immediately follows. =

Proof of Lemma 3

Since (29) is a static arbitrage, we omit the time subscripts. To prove that
the solution I; (w, ¢;) of the consumption-labor arbitrage (29) is a well-defined
function, we note that equation (29) is equivalent to:

o1 (w,l,1) =w (84)

where 1 (w,1l1,¢1) = 0] (1 —11) / [] (e1) g] (wl1)]. The elasticity of ¢ w.r.t. Iy

18:
6g01 ll ll 1
- = —_— = >0 85
811 QDl ]. — ll 021 w21 ( )

because 031 > 0 and we; < 0 (Assumptions 1 and 2). Then, ¢; is a con-
tinuous and strictly increasing function of I;. Given w and ¢y, we further have
limy, o+ v} (1 —11) <) (e1) g; (wlh) w or, equivalently, limy, g+ @1 (w,l1,¢1) <
w and, under Assumption 1 (Inada conditions), lim;, _1- 1 (w,l1,¢1) = +o0.
Such boundary conditions, jointly with continuity and monotonicity (see (85)),
ensure that ¢, crosses w once as l; increases, that is the solution /; of equation
(84) is unique. ®

Proof of Proposition 14

First, notice that Aje1/ (1 +w21) > 0 and py1; € (0,1] entail Z > 0. Since
D(+00)=1/>1and T (+00) = 14+1/8—"yp21Z > 14 D (+0), the endpoint
(T (+00) , D (+00)) lies in the open cone E = {(T,D) : |1 + D| < T} included
in the saddle-point region. Linearity of > and monotonicity along 3 imply that
there is a critical value o* such that o > o* entails (T'(0),D (0)) €Z. ®

Proof of Lemma 4

To prove (i), we compute the following derivatives:

1l
Do do L+ o5
P Fo_ 022 105 <0

wiz _ 1 b
<012 wa2 + o22 1*l2>

8w22 n (9(.(}22

while (ii) is obtained from:

80’13 1—s
- <o
Opa1 P%l
Jop YZ[2(2=6)+~7Z]
3 = —(1—y5s) 5
P21 2(1+08) /8~ puvZ]
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Solving 0 (ocp — o) /0 |p21] = Oop/Dp21 — Ocp/Dpa1 > 0, we get (iii). m

Proof of Lemma 5

We compute the following expression

as ﬁ[vh1;5+ouh;f* (i—6+A1h1;SL)} +1-3

p11 wi1

Oway 1 ((0%1 11_111 - w21) {1 —hA (1+e1) + ﬁl}‘\“l‘i; - ZD2

Since h* < 1 < h < h, we obtain 95/0ws; > 0. m

Proof of Lemma 6

To prove cases (i) and (ii), we compute the following derivatives:

do do o T
"o F o o33 11 <0
Owao Owaa wi oy 1l
o12 22 022 1=l2

1—s B~y 1 1—s By

dor (1+h ; m) <F+T7>
= —s)\ 5 <0
Owa L1
1-1l1 o021 w21

To establish case (iii), we observe that h > h implies:

dog A s+ (L—s)(h—ph") {25

it LA <0
Oow h* 1 2
21 (0721 1,1[1 _w21)
For case (iv), we note that w3}, < 0 implies:
1— 14 4)°
h {4—(1—5)11*7 - 1 —h*% >0

that is,

Dor—ow) 11-s Gy A AsOh—I [s(L+57 41— 5)(1-B)hsy
80.)21 75 S l—ﬁQE (1 I _w21)2

o21 1—-1
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