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Abstract: This paper investigates the interlinkage in the business cycles based on
sunspot fluctuations of large-country economies in a free-trade equilibrium. We consider a
two-country, two-good, two-factor general equilibrium model with Cobb-Douglas technolo-
gies, sector-specific externalities and linear preferences. We also assume constant social
returns in the investment good sector but decreasing social returns in the consumption
good sector. We first identify the determinants of each country’s accumulation pattern
in autarky equilibrium, and second we show that some country’s sunspot fluctuations
may spread throughout the world once trade opens even if the other country has deter-
minacy under autarky. We thus prove that under free-trade, globalization and market
integration may have destabilizing effects on a country’s competitive equilibrium. Finally,
we characterize a configuration in which opening to international trade improves the
stationary welfare at the world level but deteriorates the stationary welfare of the country
which imports investment goods and exports consumption goods. We thus show that in
opposition to the standard belief, international trade may not be beneficial to all trading
partners in the long run. Moreover, we prove that for some country, international trade
may have contrasted comsequences as it may at the same time improve the stationary
welfare and have a destabilizing effect.

Keywords: Two-country general equilibrium model, free-trade, local indeterminacy,
sunspot fluctuations, capital intensities, decreasing social returns
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1 Introduction

Globalization and market integration are two important characteristics of
modern developed economies. While these features are often seen as benefi-
cial to growth, one may wonder about the stabilizing or destabilizing effects
of an increased international mobility of produced goods and productive fac-
tors. International trade interlinks the business cycles of trading countries,
as it relates economic activities of agents in one country to those in another.
As a result, a country’s business cycles may be spread throughout the world
or erased.

This paper investigates the dynamic behavior of multiple countries’ eco-
nomic activities in a two-good (consumption and investment), two-factor
(capital and labor) model in which capital is freely mobile between countries
once trade opens whereas labor is internationally immobile. We consider a
discrete-time perfect foresight general equilibrium model with two countries
characterized by asymmetric Cobb-Douglas technologies containing sector-
specific externalities and linear preferences. As well-known since Woodford
[14], local indeterminacy of equilibria, derived for instance from external
effects in production, is a sufficient condition for the occurrence of sunspot
fluctuations. Owur aim in then is to study how macroeconomic volatility
based on sunspot fluctuations may spread all over the world through inter-
national trade.

The recent macroeconomics literature has shown that local indetermi-
nacy of equilibria and sunspot fluctuations easily arise in closed economy

L Under certain condi-

two-sector models with sector specific externalities.
tions in terms of factor intensities and provided the elasticity of intertempo-
ral substitution in consumption is large enough, there are indeed multiple
equilibrium paths starting from the same initial stock of capital. Consid-
ering the same type of model but under the assumption of a small-open
economy, it has been shown that local indeterminacy arises under the same
basic conditions on the technological side but without any restriction on
preferences.? However, the consideration of closed economies or small-open
economies, i.e. with a constant exogenous interest rate, prevents from taking

into account the effects of final goods and inputs international mobility on

!See for instance Benhabib and Nishimura [2], Benhabib, Nishimura and Venditti [3].
2See for instance Meng and Velasco [7], Weder [13].
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the stability properties of competitive equilibria. Our aim is thus to under-
stand under what conditions perfect foresight equilibrium path may exhibit
sunspot fluctuations in a large-country trade model.

It is well-known since the contributions of Becker [1], Bewley [4], Epstein
[5] and Yano [15, 16] that in a perfect foresight model with many consumers
or countries, a competitive equilibrium path behaves like an optimal growth
path. Building on this property, Nishimura and Yano [11] have shown that
a country’s business cycles (i.e. two-period cycles) may spread throughout
the world once trade opens. Considering a pecialization of this model to the
case of Cobb-Douglas technologies, Nishimura, Venditti and Yano [10] have
recently provided factor intensities conditions for this result to hold.

In this paper we extend the formulation of Nishimura, Venditti and Yano
[10] by considering Cobb-Douglas technologies augmented to include sector-
specific externalities in both countries. We consider a market integration
in which international trade concerns consumption and investment goods.
In order to characterize the stability properties of free-trade equilibrium
paths, we assume decreasing social returns to scale in the consumption good
sector of each country. Such an assumption is indeed necessary to get a non-
degenerate social production function at the world level. Our main objective
is to identify the capital intensities restrictions in each country to get sunspot
fluctuations along free-trade competitive equilibria.

Assuming a linear utility function in each country, we first prove that
although we consider sector-specific externalities, the free-trade equilibrium
path behaves like the solution of a pseudo planner problem in which the
external effects are considered as given. We then show that for a stationary
capital stock at the world level, two types of stationary distributions across
countries may occur: an autarky distribution in which each country exactly
produces in the long run the amount of capital necessary to produce both
goods but trades with the other country along the transition path, and a
free-trade distribution in which one country is characterized by net exports
in capital and net imports in consumption while the other is characterized
by net imports in capital and net exports in consumption.

Then we analyze the local stability properties of each type of stationary
distribution. We start by providing factor intensities conditions for the oc-
curence of local indeterminacy in a closed-economy under decreasing social
returns. Once international trade opens, focussing first on the autarky dis-
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tribution, we prove that if both countries have locally indeterminate equi-
libria under autarky, then the equilibrium under free-trade is also locally
indeterminate. In this case, the existence of international sunspot fluctua-
tions is derived from the existence of sunspot fluctuations in each country.
Second, building on the same type of arguments, we give factor intensities
conditions for the existence of local indeterminacy along the free-trade dis-
tribution. However, we prove that a continuum of equilibria may occur at
the world level once trade opens even though the capital importing country
is characterized by a saddle-point stable steady state under autarky. In this
case, opening to international trade has a destabilizing effect on the capital
importing country.

Considering finally both the autarky and free-trade distributions, we as-
sume that there is an asymmetry across countries concerning the returns
to scale at the social level and we confirm the potential destabilizing role
of market integration. We show indeed that if in one country the returns
to scale of the consumption good sector are almost constant at the social
level and local indeterminacy holds under autarky, then sunspot fluctuations
occur at the world level even if the equilibrium under autarky in the sec-
ond country is locally determinate. The sunspot fluctuations of one country
then spread throughout the world. For the free-trade distribution, assum-
ing that the capital importing country is characterized by almost constant
social returns to scale, we then derive, in opposition to the previous case,
that opening to international trade has a destabilizing effect on the capital
exporting country.

We also provide a welfare analysis at the steady state by comparing
the stationary amount of consumption obtained in each country under free-
trade with the one obtained under autarky. We characterize a configuration
in which opening to international trade improves the stationary welfare at
the world level but deteriorates the stationary welfare of the country which
imports investment goods and exports consumption goods. We thus show
that in opposition to the standard belief, international trade may not be
beneficial to all trading partners in the long run. Moreover, we prove that
for some country, international trade may have contrasted consequences as it
may at the same time improve the stationary welfare and have a destabilizing
effect.

Our main conclusions can be compared to three recent contributions
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dealing with the existence of local indeterminacy in large-country trade
models. In Nishimura and Shimomura [9], sector-specific externalities are
introduced in a continuous-time version of the Hecksher-Ohlin two-country
dynamic general equilibrium model with Cobb-Douglas technologies. They
show that if in both countries indeterminacy of the equilibrium path holds
under autarky then local indeterminacy also holds in the world market once
trade opens. The same basic framework is also used by Sim and Ho [12]
except that they break the symmetry in which externalities enter the pro-
duction function in the two countries. Assuming that under autarky inde-
terminacy holds in one country but determinacy in the other, they show that
trade can easily overturn indeterminacy. A limitation of these two papers is
that the factors of production are assumed to be internationally immobile.

Ghiglino [6] considers a two-country, two-sector model with labor-
augmenting global externalities. He assumes that both countries have the
same sectoral production functions, the consumption good being produced
with a Cobb-Douglas technology while the investment good is produced
with a Leontief technology. He studies the consequences of market integra-
tion through international trade on the occurrence of sunspot fluctuations.
He shows that provided the inverse of relative risk aversion is not a lin-
ear or concave function, the equilibrium under free-trade may be locally
indeterminate even if the equilibrium under full autarky is determinate. A
limitation of this paper, beside the restriction to a zero elasticity of capital-
labor substitution in the investment good sector, is that as soon as standard
CES preferences are considered (a case in which the inverse of relative risk
aversion is linear), market integration plays no role on the occurrence of
indeterminacy.

This paper is organized as follows: The next Section sets up the basic
model. In Section 3 we study the stability properties of the competitive equi-
librium path in closed economies under decreasing social returns. Section
4 provides the main results on the existence of sunspot fluctuations within
open economies under free-trade. Section 5 contains concluding comments.
All the proofs are gathered in a final Appendix.
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2 The model

We consider a perfect foresight trade model with two countries, two factors
and two goods. Each country i = A, B is characterized by an infinitely-lived
representative agent with single period linear utility function:

Assumption 1. u(c’) = ¢ with ¢' the consumption level of country i =
A, B.

We assume that the labor supply is inelastic. The consumption good, z*, and
the investment good, k%, are assumed to be produced with Cobb-Douglas
technologies which contain some positive sector-specific externalities. We
denote by ¢ and y* the outputs of sectors ¢’ and &k, and by e’ and e; the
corresponding external effects. The private production functions are thus:

ot = EKD (L) e, o' = £, (L) e,
with 52,8; > 0 some normalization constants. The externalities e’ and ez

depend on K; and E;, which denote the average use of capital and labor in
sector j = ¢,y of country i = A, B, and will be equal to

ch = (K)"(LY"™, e, = (K" (L)" (1)

with a?,bi, > 0, n = 1,2. We assume that these economy-wide averages

are taken as given by individual firms. At the equilibrium, all firms of

sector ¢ = ¢,y being identical, we have f(]’ = sz and f/;- = L; Denoting

&y, = ab +al, B, = B + b, the social production functions are defined as

2 = ERDM(LY)™, yf = E)(K}) (L)% (2)

We assume constant social returns to scale in the investment good sector

but decreasing social returns to scale in the consumption good sector, i.e.

B{ + Bﬁ =1, & + &4 < 1. The returns to scale are therefore decreasing at
the private level.3

3 A possible interpretation of decreasing private returns would be to assume the exis-
tence of a factor in fixed supply such as land in the technology, namely
@' = ENKD ML) el (L)', y' = E(K) M (Ly) e (L) %
Private returns to scale are therefore constant when considering this factor but decreasing
with respect to capital and labor. In such a case, the income of the representative consumer

is increased by the rental rate of land. Our formulation implicitely assumes a normalization
L.=Ly, =1
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Labor is normalized to one, L%+ L; = 1, and the total stock of capital in
country ¢ is given by K¢+ K = k'. Goods z* and k" are assumed to be freely
mobile between countries once trade opens, whereas labor is internationally
immobile both before and after the opening of trade. Assuming that capital
fully depreciates at each period, it follows that along a free-trade equilibrium,
the market clearing conditions for goods z* and k' are as:

P =af +af, KA R =yt +yP (3)

On the contrary along an autarky equilibrium, the market clearing condi-
tions become A . . .
¢ =t kipn =y (4)
In each country, the optimal allocation of factors across sectors is ob-
tained by solving the following program:

max 52 () a’i i 0426
KétvLth’KytvL ( ) ( ct) ct
1_LQ+L
k= Kl + Ky
Cetr € yt given

Denote by ¢!, pi, wi and ¢ respectively the prices of the consumption
good and the capital good, the wage rate of labor and the rental rate of the
capital good at time ¢. In the case in which the countries do not trade with
each other (autarky case), the prices are generally different between coun-
tries. On the contrary, in a free-trade equilibriurn, prices must be equated
between countries, so that q{‘ = qf, p{‘ = pt and 7“;4 = 1",{3 must hold. How-
ever, because labor is immobile across countries, w! might differ between
countries even in the free-trade case. In the following we will choose the con-
sumption good as numeraire and thus adopt the normalization q{‘ =q¢f =1

The Lagrangian corresponding to program (5) is:
Lo = ENKL)(LE >%ed+pt(sz< "ﬂ( Vel i)
+ Wi(l - f:t - )+Tt(kt ct — ét)
For any given (ki yi, e, e Zt) Solving the first order conditions gives input
demand functions K! = K'(ki,yie Ct, yt) L’ = Li(ki,yi ey, yt) K’

K (Ki, i, ely, ely) and L = L} (k},yt, ely, ely). We may thus define the somal
production function of country i as:

(6)
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Ti(kzuygaeitveét) = gsz(kzvyiu Ccts yt) LZ (ktayb ) yt) QGit (7)
Using the envelope theorem we derive the equilibrium prices:
Tl (ktaytv Cct> yt) pi = —Tﬁ(k‘i, yi,ef}t, e;t) (8)

where T} = 0T /0k" and T4 = 9T /0y".*

3 Closed economy under decreasing returns

In a closed economy the equilibrium is derived from the following optimiza-
tion program:

+o0
tripi o0 i i
m%x ZPT(kt7yt7ect7€yt)
Y t=0

st ki =y
k‘é, eét, e;t given

with p € (0,1) the discount factor. The corresponding Euler equation is
thus . . ,

Ty (ki  kiyy, €l yt) + pTi( t+1ak3‘+2?ezct+1’e;t+1) =0 9)
From the input demand functions together with the external effects (1)
considered at the equilibrium we may define the equilibrium factors de-
mand fonctions K; = K;(k',v%), L; = L; (k:z,y) so that ¢! = é' (k% y') =
ENKH™(LE)® and & = &) (k',y") = (Ki)"(Li)%. From (8) prices now
satisfy

r (K, ki) = T3 (ki k‘t+1a ek, t+1) z( kt—i—l)) (10)
p(ki ki) = =Tk ki, Eelkis ki), ey (ks ki)
We then get equation (9) evaluated at ¢’ and é;:
—p'(ki, i+1) + pri(k§+1,k§+2) (11)
Any solution {k{};55 % which also satisfies the transversality condition

4Since the private technologies exhibit decreasing returns to scale, the competitive
firms earn positive profits that have to be distributed back to the households who own
physical capital. It can be shown as in Mino [8] that solving a peudo-planning problem in
which the planner maximizes the discounted sum of utilities, under free-trade or autarky,
subject to the social production function (7) and the market clearing conditions (3) or
(4), is equivalent to solving a decentralized problem in which the households maximize a
discounted sum of utilitites subject to some budget constraint based on given sequences
of prices and the distributed profits.
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. i 1 i
tLIeroop P (ki kip1)kip =0
is called a closed economy equilibrium path.

A closed-economy steady state is defined by kf = ki, = yj = k? and is
given by the solving of —pi(ki, kl) + pri(k;i, kl) =0.

Proposition 1. There exists a unique closed-economy steady state k* for
country i such that: ’
Fi oo (12)
o} +(al B3} BB
Moreover, the stationary optimal demand for capital in the investment good

sector is given by K;* =g' = pBiyt = pBik
Consider the following notations
w1 (K y") = 0T (k' ', ek y'), e, (K", y")) / Ok’
m2(KL YY) = OTwm(K'y' (k' y'), €, (k' y")) /Oy’
for m = 1,2. The linearization of the Euler equation around k¢ gives the
following characteristic polynomial for the closed economy case:

Pe(A) = pTio (k' KA + )\{ 5o (K k) + T (K, El)} + T (K, k') =0 (13)
As usual with Cobb-Douglas technologies, factor intensities at the private

and social levels may be determined by the shares of input into production.’

Lemma 1. The consumption (investment) good sector of country i is capital
intensive at the private level if and only if ofB% — abBi > (<)0 while it is
capital intensive at the social level if and only if &35 — &3 > (<)0.

We may now give conditions for the existence of local indeterminacy.

Proposition 2. In country i, let the consumption good be capital intensive

at the private level with

2(1-a1 —ab)al B3 (145 14
B-aD - B0-5) (14)
If one of the following sets of conditions is satisfied:
i) B = ai >0,
. o~ o A (1—&i—di)[§iaiﬁi
zz)1—a’1>0/1_5i>4;§(1355)71 2, N
then there exists p € (0,1) such that the closed-economy steady state k' is

ai By — abfi > ah +

locally indeterminate for any p € (p, 1).

®See Benhabib, Nishimura and Venditti [3].
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Condition (14) shows that the capital intensity difference at the private level
needs to be large enough to compensate the degree of decreasing returns in
the consumption good sector. Notice that condition i) implies that the
consumption good is labor intensive at the social level while condition ii)
can be satisfied even if the consumption good is also capital intensive at the

social level.

4 Open economy under free-trade

Denote by M, i = A, B, the country i’s marginal utility of wealth associated
with the free-trade equilibrium. It is standard since Bewley [4] to normalize
the price paths so that marginal utilities of wealth add up to a constant
value. To simplify the formulation it is convenient to adopt as in Nishimura
and Yano [11] the normalization

My B =29 (15)
Given A = (A, \P), let us define
A B
W(kta Yt, Ects eyt; >\) = max U()\c“t‘ ) + ug\cé )

B kPP yit P
st cf 4 <TARM P ehoef)
B(1.B , B ,B _B
+T (kt y Yt 7€ct7eyt)

ki kD <k

A B
Yi Yy Syt
Ect, €yt lven

with ey = (ef,eZ) and ey, = (eg‘t,eft). Stated that way, the dynamical
properties of a free-trade equilibrium path depend on marginal utilities of
wealth A = (A, AP) which are endogenous variables. However, under the
assumption of linear utility functions, we can show that along a free-trade
equilibrium path, the marginal utilities of wealth A and AP are equal so
that the following result holds:®

Proposition 3. Consider the following value function:

5 Although we consider productive externalities, assuming linear utility functions allows
to get the same result as in Nishimura and Yano [11].
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V(k'ty Yt Ects eyt) = " Iga)i B TA(kiAv y{‘a 627 e;?t) + TB(kth th7 egfa eyB;)
AR e Th
st. kM + kP <k
vl +yl <
Ect, Eyt given
Under Assumption 1 and the normalization (15), the marginal utilities of
wealth satisfy A = B =1 and V (ki e, €ct, eyt) = W ke, Ye, €ct, eye; A).

A free-trade equilibrium may then be interpreted as an equilibrium path
with respect to the linear world welfare function as defined in Proposition
3. The corresponding first order conditions give:

TA(kt >yta ct7 yt) Tl (kt vyt? gf’ 5&) =0
T2 (kt 7yta ctv yt) T2 (kt ’yt > cta gi) =0

The intertemporal free-trade equilibrium is finally derived from the following

(16)

optimization:

“+o00
max ZptV(kt,yu@ct,@yt)
t=0

st ki1 =y
ko = k‘g‘ + k:(]?, Ecty Eyt GIVEN
The corresponding Euler equation is thus
Vo(ki, kest, ects eye) + pVi(kes1, kego, €ctst, eyir1) =0

From the first order conditions (16), the envelope theorem gives

Vl(ktvytaecbeyt) = Tl (kt 7yt ) ctv yt) Tl (kt ’yta cta Iy4t)
‘/Q(ktaytuect)eyt) - T2 (ktB7thu 57 5‘,) T2 (kt s Yt 7ect7€;g4t)

and the Euler equation becomes

TP (kP yP, ek, yt) + pTE(kE 1 yb ebi, ftﬂ)

A A

(17)
= Tk yi el e yt)+pTA(kt+l>yt+17 €liits §/4t+1) 0

Solving equations (16) with the sector-specific externalities (1) considered

at the equilibrium and glven in Sectlon 3 namely &, = ¢é' (ki y") and
é;‘J = ¢l (k:z,y ), we derive k' = ki(k,y), 9 = §(k,y) and thus é.(k,y) =

(A?(kAvyA) eZ(kP,97)), ey(k,y) = (& (kA §4),e0(k”,§7)). The Euler
equation evaluated at the equilibrium ﬁnally becomes

10
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Va(ke, ki1, €c(ke, ki), €y (Kes k1))
+  pVi(kes1, ker2, €c(bir, kira), €y(kit1, ki) =0
Any solution {k:};/5 which also satisfies the transversality condition
tliinoo p'Valke, kg1, €c(ke, ki), ey (ke ki) ) ks = 0

is called a free-trade equilibrium path.
Let us denote £* the steady state solution of

Valk, k, éc(k, k), ey (k. k) + pVilk, k, éc(k, k), éy(k, k) =0 (18)

The steady state k* gives a total stationary amount of capital at the world
level. Contrary to the closed-economy case, an explicit computation of k*
cannot be derived from (18). Moreover, the distribution across the two
countries remains to be determined.

4.1 Stationary distributions

The Euler equation along a free-trade equilibrium (17), when compared with
the Euler equation along a closed-economy equilibrium (9), clearly shows
that different types of distributions are compatible with a total stationary
stock of capital at the world level k*. In particular, an autarky distribution
in which each country exactly produces in the long run the amount of capital
necessary to produce the consumption and investment goods may occur,
i.e. k' = g’ Consider indeed the closed-economy steady state given in
Proposition 1 for each country, i.e. k4 and k®. Using the normalization
constants £, we can show that k = k4 + kP is also a steady state of the
open economy under free-trade:

Proposition 4. Let 5&4 = &8 = Sf = 1 and consider k', i = A, B, as
given in Proposition 1. Then there exists £ > 0 such that the autarky
distribution k = k4 + kP is a solution of equation (18), i.c., k = k*, if and
only if EA = EA.

The corresponding amount of stationary consumptions under this capital
distribution immediately derives from (7) as

¢ = TR F R R, &) () = T (19)
Notice that considering the autarky distribution does not imply that
countries do not trade. They may actually trade during the transition

11
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dynamics while the long run equilibrium is characterized by autarky.

We have also to consider the possible existence of a free-trade distribution
such that k* = k4*4+kB* in which one country, say A, is characterized by net
imports of capital, i.e. k4* > y4* while country B is characterized by net
exports of capital, i.e. kB* < yB*. Proceeding as in Proposition 4, we can
use the normalization constants £ and 5; to prove that such a free-trade
distribution exists. We actually focus on a particular solution such that
kA = 0y > A% and kP* = yP* /0 < yP* with 6 > 1 a given constant.

Proposition 5. Let £8 = é'f =1 and consider a constant 6 € (1,1/pBP).
Then there exist EA* > 0 and 5&4* > 0 such that the free-trade distribution

A .
A 0o B3 (£ o811/ P2 Bx aB BB (paB) /%7 (20)

T oy B0+ (af' B —ag B pB T ay B+ (af By —a )BT 0

is a solution of equation (18) if and only if EX = EA* and 5;‘ = 5&4*.

We have now to compute the stationary consumption levels associated
with this distribution of capital. At the free-trade steady state with 6 €
(1,1/pBE), the country i’s production of the consumption good is derived
fom (7)as:

T =T (K", k™, e (K™, k™), &, (K™, k™))
We know that country A imports capital goods while country B exports
capital goods, namely

M= (- )y, XD = (%52) P

In order to have a balance of trade in equilibrium, we derive from this that
country A has to export consumption goods while country B has to import
consumption goods. Let n > 1 and consider the following distribution of

consumption across the two countries

Ax
CA* — Tn < TA*, CB* — nTB* > TB*

It follows that
-1 * *
Xt = () T ME = (g - 11"
Therefore, the balance of trade is in equilibrium in each country if

NXA =X —pM =0, NXB=pxP - ME=0

12
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or equivalently N N
_ ko n— *
(0-pyt = (54T

(%) py?* = (m—n)TP*

with p the relative price of the investment good. Taking the ratio of these
expressions yields the following corollary:

Corollary 1. Let EF = EyB =1 and EM > 0, 53‘/4* > 0 as given by Propo-
sition 5. Consider 6 € (1,1/pBP) and the free-trade distribution of capital
as given by (20), and assume that oP (0 — pB{t) /o (1 — pBEO) > 1. Then
the associated free-trade distribution of consumption is ¢* = ¢ + ¢B* =
T4 [+ nTB* with n = T4 /TP* = af (0 — pp) /i’ (1 — pBP0) and

A =TBx B = 7Ax (21)

It is worth noticing that the autarky and free-trade distributions cannot
co-exist since they are respectively associated with different values for the

normalization constants &%, &).7

4.2 Characteristic polynomial

The linearization of the Euler equation around k* requires the computations
of the partial derivatives of V,(k,y, é.(k,y), é,(k,y)). Let us denote

le(k7y) = 6Vm(kayvéc(k7y)aéy<kay))/ak
Vima(k,y) = OVi(k,y,éc(k,y), éy(k,y))/0y

for m = 1,2. At a steady state under free-trade, we have y = k and
the characteristic polynomial for the open economy case may be written as
follows:

Po(A) = pVia (k" K )ONHA Voo (K, k") +pVin (K, k) + Vo (K, K7) = 0 (22)

We may now provide a detailed stability analysis of the two possible distri-
butions of the stationary capital stock k* across countries.

"See Appendix 6.4 and 6.5 for detailed expressions.
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4.3 Sunspot fluctuations under free-trade

We focus on local stability results when the consumption good is capital
intensive at the private level. As in the closed economy case, such a capital
intensity configuration is a necessary condition for the existence of local inde-
terminacy and sunspot fluctuations.® In a first step we study the properties
of equilibrium paths at the world level around the autarky distribution.

Proposition 6. Let S{f = &8 = 55 =1, & = &4

2, and consider the

autarky distribution as defined in Proposition 4. In each country i = A, B,

let the consumption good be capital intensive at the private level with

2(1_6‘11_&%)(3511/65(1""/@1) 23
2(1-a1)-A3)(1-51) (23)

i By — ah B > ah +
If in each country i = A, B one of the following sets of conditions is satisfied:
. s o A (1—662—(547’)31017'62
m)l—a’1>0421—5i>—02(136§) =2, )
then there exists p € (0,1) such that the autarky steady state k* = k =
kA + kB is locally indeterminate for any p € (p,1).

Considering Proposition 2, Proposition 6 implies that if both countries have
locally indeterminate equilibria under autarky, then the equilibrium under
free-trade is also locally indeterminate. Put differently, a market integration,
in which international trade concerns consumption and investment goods,
does not rule out sunspot fluctuations that may exist under autarky. This
result is similar to the main conclusion of Nishimura and Shimomura [9]
except that we consider a discrete-time model and we assume perfect inter-
national mobility of capital across countries.

We may also derive conditions for local indeterminacy of the free-trade
steady state as defined by Proposition 5

Proposition 7. Let £F = Ef =1, &4 = &, 5;/4 = 5;/4*, 0 € (1,1/pBP),
and consider the free-trade distribution k* = k* +kP* as defined by Propo-
sition 5. Assume also that in each country i = A, B, the consumption good
1s capital intensive at the private level with
2(1-af—af o BRO(1+A{)
[2(1-af)—p21(0-87)

of' g — g Bt > g + (24)

8See Benhabib, Nishimura and Venditti [3].
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and
BaB _ .BnaB B, 20-af—-al)afpl(1+08F)
o By — o 07 > of + S ates Aoy (25)

If one of the following sets of conditions is satisfied:
i) B —aft > 0 and P — aP >0,

B (1-a{'—ag")Bi ot B3
1 a5 (6-57)

z’z‘)1—@{‘>a{‘— and 1 — &P > af — pP

(l—al —a2 ),@1 0‘1
o B(1— 951 ) ’
then there exists p € (0,1) such that the free-trade steady state k* = k4*+kB*

is locally indeterminate for any p € (p,1).

Proposition 7 provides conditions on the technologies of both countries for
the existence of sunspot fluctuations at the free-trade steady state which are
similar to those given in Proposition 6. However, notice that for country A
condition (24) in Proposition 7 may hold while condition (23) in Proposition
6 does not, whereas for country B condition (25) implies condition (23).
As a result, we show with the following Corollary that opening to free-
trade an economy, which is saddle-point stable under autarky, may have a
destabilizing effect.

Corollary 2. Let 8 = Ef =1, A =&, S;j‘ = 5{;‘*, 0 < (1,1/pBP), and
consider the free-trade distribution k* = k** +kB* as defined by Proposition
5. Assume also that in each country i = A, B, the consumption good is

capital intensive at the private level with

2(1-af'-a3")af' 82 (1+Bf‘)

04‘244-

AA AA A A
> 0q 52 — 0y 51 >042 + 20— ?‘1 —9 )0‘1 BLO(1+57)

2(1—-af)— 65‘1(1 -8B [2(1—a)—B5(6-57)
and .
B 2(1-aP—al)aPpB (1+058)
By — o Bt > of + s o eE)

If one of the following sets of conditions is satisfied:
i) B — & > 0 and BB — &P >0,

AA 1 QA A
> U a1 a5 a5 >

i) 1 —af > af
(1-éy 70123)61 aBplo
ay (1-057) ’

then there exists p € (0,1) such that the free-trade steady state k* = k4* +

k‘B*

is locally indeterminate for any p € (p, 1) while the steady state under
autarky in economy A is saddle-point stable.

In a last step we study the properties of equilibrium paths around a
steady state k™ which may be indifferently characterized by an autarky or

15
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free-trade distribution as defined by Propositions 4 and 5. We assume now
that there is an asymmetry across sectors concerning the returns to scale
at the social level in the final good sector. We will confirm the potential
destabilizing role of market integration. Let us introduce for country i =
A, B the following parameter

Constant social returns to scale in the consumption good sector are clearly
obtained when € = 0. On the contrary, decreasing social returns are associ-
ated with €. > 0. We say that the consumption good technology of country
i has almost constant social returns if € is sufficiently small.

We may then provide simple conditions for the existence of local inde-
terminacy if one country, say country A, is characterized by a consumption
good technology with almost constant social returns.

Proposition 8. Let the consumption good in country A be capital intensive
at the private level with of'Bs' — a4 B > ab'. Then there exist € > 0
and p* € (0,1) such that for any €2 € [0,¢) and € > 0, a steady state
k* = kA 4 kB* s locally indeterminate when p € (p*,1) if one of the
following sets of conditions is satisfied:
i) the consumption good in country A is labor intensive at the social level,
ii) the consumption good in country A is also capital intensive at the

social level with a7t — Bt € (0,43)).

Proposition 8 shows that the occurrence of sunspot fluctuations at the world
level is only based on the existence of sunspot fluctuations in country A
and may be obtained even if in country B the equilibrium path is locally
determinate. A market integration may then have destabilizing effects for
some countries if the trade agreement is made with a country characterized
by constant returns at the social level and local indeterminacy.

Remark 1: Sim and Ho [12] provide some opposite result to Proposition
8 within a continuous-time model derived from Nishimura and Shimomura
[9]. Breaking the symmetry in which externalities enter the production
function in the two countries, they show indeed that indeterminacy may arise
under autarky while uniqueness is the true outcome given trade. The main
difference with our model concerns the fact that they assume internationally
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immobile capital and labor.

Remark 2: Ghiglino [6] provides results similar to Corollary 2 and Propo-
sition 8 but using a different type of argument. He considers a two-country,
two-sector model in which the consumption good is produced with a Cobb-
Douglas technology while the investment good is produced with a Leontief
technology. Both production functions contain labor-augmenting global ex-
ternalities. He studies the consequences of an increased size of the market
following an international trade agreement on the occurrence of sunspot
fluctuations. Indeed, when some country opens to trade, the steady state
corresponding to the new integrated market and thus the stationary value
of the inverse of relative risk aversion are modified. In the case in which this
function is strictly concave, Ghiglino then shows that the equilibrium under
free-trade may be locally indeterminate even if the equilibrium under full
autarky is determinate. A limitation of this paper is that strict concavity
of the inverse of relative risk aversion involves restrictions on the third and
fourth derivatives of the utility function which are not limited by standard
assumptions on preferences. Moreover, as soon as CES preferences are con-
sidered, market integration plays no role on the occurrence of indeterminacy.
The main difference with our results is that our methodology is not based
on the size of the integrated market per se but on some direct conditions on
the technologies.

4.4 Some comments on welfare properties of steady states

Since Ricardo, free-trade and market integration are often seen as beneficial
for all trading partners. In order to have a precise evaluation of this claim,
the key point is to determine whether or not an economy may increase
its welfare by opening to international trade. In our intertemporal general
equilibrium model, since we assume linear utility functions in both countries,
the stationay welfare of each country can be directly evaluated by looking
at the amount of consumption at the steady state. Obviously, if the steady
state under free-trade corresponds to the autarky distribution, then opening
to international trade does not affect the stationary welfare. However, if the
free-trade distribution is reached after the market integration, then one may
expect a modification of the stationary welfare of both countries.

As shown by Corollary 1, the stationary amount of consumption as-
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sociated with the free-trade distribution defined from the parameter 6 €
(1,1/pBP) is such that:

A = Bx g1 oBr — pA*
In order to compare the consumption levels under free-trade to those ob-
tained in the closed-economy case we have to consider the normalization
constants £8 = é’yB =1, &4 = &2 and SZ‘/A = Ef* as given in Proposition 5.
Using these values, we may compute from (19) the corresponding amount
of stationary consumptions under autarky

G — i

From these expressions we also compute the welfare at the world level under
autarky, i.e., W = &4 + &8, and under free-trade, i.e., W* = ¢4* + ¢B*. We
then provide a configuration in which, in opposition to the standard belief,
international trade may not be beneficial to all trading partners. :

Proposition 9. Let 8 = SyB =1, & = &2, 53‘/’4 = EZ‘JA* as gien in
Proposition 5, and 0 € (1,1/pB8). Then there exists 0 € (1,1/pBE) such
that for any 6 € (0,1/pBE), W* > W while ¢** < &4, i.e. opening to
international trade improves the stationary welfare at the world level but
deteriorates the stationary welfare of country A which imports capital and

exports consumption.

The basic intuition for this result is the following: country B, by exporting
capital, decreases the production in both sectors, in particular in the con-
sumption good sector. The equilibrium of the balance of trade then implies
that country B imports consumption. When 6 is large, i.e. the amount
of country B’s capital exports is large, the corresponding amount of con-
sumption imports increases dramatically. As a consequence, the amount of
country A’s consumption exports may become larger than the additional
production of consumption obtained from the capital imports. As a result,
the amount of consumption and thus the stationary welfare of country A
are decreased under free-trade.

On the basis of Proposition 9, we may derive relationships between the
welfare loss and the destabilizing effects of international trade. Considering
first Corollary 2, we conclude that opening to international trade has at
the same time a destabilizing effect on country A since sunspot fluctuations
are imported from country B and deteriorates its stationary welfare by de-
creasing the amount of consumption at the steady state. On the contrary,
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considering Proposition 8 with the free-trade distribution, we conclude that
while opening to international trade has a destabilizing effect on country B
as sunspot fluctuations are imported from country A, it allows to improve
its stationary welfare by increasing the amount of consumption at the steady
state. The occurrence of sunspot fluctuations may be thus compatible with

a greater welfare.

5 Concluding comments

In a perfect foresight model with two countries characterized by Cobb-
Douglas technologies, sector-specific externalities and decreasing returns at
the social level, we have investigated the way sunspot fluctuations of coun-
tries may spread all over the world through international trade.

We have first identified the factor intensities conditions for the existence
of local indeterminacy in a closed economy under decreasing social returns.
Second, we have shown how sunspot fluctuations may occur at the world
level once trade opens. We have studied two types of stationary distributions
across countries compatible with a global stationary capital stock.

Dealing in a first step with the autarky distribution, which is associated
with countries that do not trade in the long run but trade along the transi-
tion path, we have shown that if both countries have locally indeterminate
equilibria under autarky, then local indeterminacy also occurs at the world
equilibrium under free-trade.

In a second step, dealing with the free-trade distribution, we have proved
that a continuum of equilibria may occur at the world level once trade opens
even though the importing country is characterized by a saddle-point stable
steady state under autarky. In this case, we have also shown that opening to
international trade has at the same time a destabilizing effect and decreases
the stationary welfare of the capital importing country.

Considering finally both types of distributions, we have confirmed the
potential destabilizing role of market integration by showing that if one
country has almost constant social retruns to scale in the consumption good
sector and sunspot fluctuations under autarky, then local indeterminacy
arises along a free-trade equilibrium even if local determinacy holds in the
other country. When applied to the free-trade distribution and assuming
that the capital importing country is characterized by almost constant social
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returns to scale, this conclusion implies, in opposition to the previous case,
that while it has a destabilizing effect on the capital exporting country,
opening to international trade allows to increase its stationary welfare.

6 Appendix

6.1 Proof of Proposition 1

We start by characterizing the first partial derivatives of T%(k, y, €%, et ).

s Cer By

Lemma 6.1. The first partial derivatives of T*(k',y", €%, e') are given by:

c) Yy
Ti(k',y' ehoel) = Elaf(ahBi/AN (K — g')eitei—lel
Ti(ki, g, el el) = —giooh (ORI (i gy bai (g -85 (o)

EieiPT (o 33/ 00) %
Ti(ki)yivei’ei) . . iN— (3t ’ _A3i_ 3
= —W(aiﬁé/ﬁl) B2 (g1 =P
where
AT = abfik! + (aiff — abf)g’

. . . . . . . PR . Eiegl (ai Bz)ﬁ% (Ki)ﬁiJrB%
gz:gz(kﬂyz’ez’ez): Kz€(07gz(k,z),81€z)/yz: 'y.y. 1 2 : y .
"y v v v [ B3 ki+ (a8 B —ab B K2
Proof: From the Lagrangian (6) we derive the first order conditions:
£l (K111 (Li)hel —ri = 0, E0b(KI (L) lel —u =0

POLE L) (L) e~ =0, pBSEL L) (L) e —wf =0

(27)

Using K! = k' — K], L, = 1 — L, and merging equations (27) we obtain:
ayBi (k' — K)

Ll = St LA TAN—— 28
¢ (a1 By — ayB1) Ky, + ab Bk 38)
. . L (29)
Y (a1 85 — oy B1) K, + oy Bi k!
K. = k:Z—K; (30)
K, = g'(K.y e.e)=g (31)
where

. . i s . Elel (ad Bz)ﬁé (Ki)ﬁi+ﬁ§
g = {Ki € (0, (k)lel) |y = —Suculif) 2G5 32
{ Y ( y( ) y)/ [0 B3 i+ (o By —as B}) K ]2 32
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To simplify notation let:

A" = ik’ + (01} — abfi)g’ (33)
From (27), (28), (30) we obtain T7(k?,y%, e’, e;) and from (27), (29), (31) we
get T5(k',y", er, €). ]

We may now prove Proposition 1. Using (1) with (28)-(31) we obtain
the sector-specific externalities evaluated at the equilibrium

) . i i [ algi ap . piapi [aig b
ch= (b = gy ()7L = (@i (2)T (30
Substituting these expressions into (26) and (32) gives:

a5 o
) = et () (1 - gyt

(35)

where ¢’ is now given by

. Co . A ) gi (aiﬁi)ﬁé Ki
g =g"(kK,y') =K, € 079 Kk A Y= — 12 — (36)
.9 v € (0& 2/ ok 3} ki + (o B —ay 5} K5 2

The steady state is finally obtained by solving —p’(k?, k%) + pri(k', k%) = 0
with y = k.

6.2 Proof of Proposition 2

We first have to characterize the partial derivatives 7% (k%,y"), m,n = 1,2:

Lemma 6.2. The partial derivatives T\ (k' y*) are given by:

Ti (ki qf) = — k) (1—@§)a§_5§_(k_i—gl:)+_(1f@§_—&_é)éiaiﬁégi
(k9 k=g’ ayBiki+0] (o] By —ab5})g!

Ti (ki iy = Tky)eB] | (1=6] —a5)abpik' (o By —ab ) [a5k" —(1=6)g']
(K y") ki=g' ay Bk 0} (o By —ab5})g?

(K yt) = ke (Bi—61)ayfi (K —g')+(1-6} —64) B af B’

20 k=g’ ab Bk 451 (o] By~ 8 )g*

(K, yt) = _rikiy’) pg' [ (1=6{—d4)ai Bk — (o} B —ad B) (65— k' — (B} —6})g']
2% K= yiA] oG BT+ B1 (0 B3~k 59’

and thus
‘Hl(kzvyzﬂ = ﬁ(kiayi) 2i2(ki,yi)— 1i2<kiayi)72i1(kivyi)

riiy)? 01500 50181 —d3)
K=g" " afBik+A} (al Fy—ak0})g"
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Proof: By definition of ¢¢ as given by (36), we have the identity:
ylasBIK + (alfh — abB)g')% = Eiai B g’ (37)
Total differentiation gives after simplifications:
Ldg'obBK + Bi(a} 85 — a4B))g'] = dy A + Fhob By di’
We then get

gl = o Boisig
! dk? " ay Bk B4 (o B3 —as B )
2 Ay’ "y [ab k4] (o By~ })g']

The partial derivatives 7,2, (k', ") are then obtained by differentiating (35)
taking into account the fact that
i Pyahfi-aifi)e’ g ;8] —ai By gi
ayB1 k' 451 (0] By —ay8)g aypp 7l
A'—fyai Byg*

9 —v'g = g

e (o P e
We can then compute
[H' (K y")| = TH(K,y)Th(k' y') — Th(K, y) T (K, y)

]

We may now prove Proposition 2. Consider the partial derivatives
70 (k' ') evaluated at the autarky steady state with ¢* = pBiy* = pBik'.
Straightforward computations give after simplifications:

P2 = (B] — a})ad(1 — pB) + (1 — af — ad)Biad Byp

P = 41— pB1) [y + plo} 3 — a3})] < 0 55)
P = 20(1 - 6 — a3)aipi(1 + )
+ [201 = 61) = B5)(1 = pB}) [ — plad B — abB)]
with o o
) TZ 2 (3 AC 7,7 (3 ’A 7,7 (3
% 1(k’k7€(k k) ey(k k))p (39)

- Filad + pfi(aih — abBDI - pB})
Notice first that since Pi(1) < 0, a necessary condition for the occurrence
of local indeterminacy is
limy aoo PEN) = —c0 & Th(KkLE) <0
This property is satisfied if and only if

1 AT 1 AT 1 2 172
alﬁQ - a261 > 1-a&  1-ppl
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Since the right-hand-side is an increasing function of p, we conclude that if
o o 1—&i—ai)aigi .

af 3 — b} > (A= = 2| (40)

then T4 (k' k') < 0 for any p € (0,1). Taking (40) into account, local
indeterminacy may arise in two types of configurations:

i) when Pi(0) = 73, (k% k") > 0 and Pi(—1) < 0. In this case the
product of characteristic roots D = T3, (k%, k%) / pTi, (k?, k?) is negative. We
immediately derive from (38):

Pi0) >0 < 3i —al >0
i i i oh o 2(1—&%—ad)aiBi(146])
Pe(—1) <0 & a1 —apf — 2 > RO=aD) B (1—pBD) (41)
Notice that 3i — @&} > 0 implies 2(1 — &%) — 35 > 0. Moreover, (41) is never
satisfied when p is close to 0 while it will be satisfied when p is close to 1 if

2(1—4% —ak)al B3 (144! i
B = (42)
Therefore, there exists p € (0,1) such that Pi{(—1) < 0 for any p € (p,1).
The rest of the proof is completed by noticing from (40) and (42) that
Zs > ZL

ii) when PiL(0) = T3, (k%, k') < 0, P{(—1) < 0 and D € (0,1). Under
(40) indeed, PL(0) < 0 implies D > 0. We first derive from (38):

ai By — ahf] > ah +

i N Ao (1-ai—ab)BiatBip
PLO) <0 < a&f—p0)> Al (= pBT) >0

Since the right-hand-side is an increasing function of p, we conclude that if

ot - B > ot = 2 (43
then Pi(0) < 0 for any p € (0,1). Notice then that 2(1 — &i) — B =
1— &l — (&4 — B1). It follows that if (43) holds with 1 — &4 > &} — 31, then
(41) is satisfied and under (42), there exists p € (0,1) such that Pi(—1) < 0
for any p € (p,1). Finally, we derive from Lemma 6.2 and (40)

(61 =B )ab (1-pB)+p(1-4] —4h) Bjat B

De<l & oiff—afi> P1-a0)(1-pB})

When p =1 this inequality becomes

oo oo AP —B1)ad (1— B0 )+(1—6i —6i ) Biad B )
0 B — o] > (APPSRl = 2 (44)

Under (44), there exists p € (0,1) such that D% < 1 for any p € (p,1). The

rest of the proof follows from the fact that if (43) holds with 1—a&% > &} — i,
then Zi > Zi. O
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6.3 Proof of Proposition 3

We follow the same procedure as in Nishimura and Yano [11]. We start by
stating without proof a standard Lemma which shows that an equilibrium
consumption path of a country is associated with a marginal utility of wealth.

Lemma 6.3. Ifci, t =0,1,..., is country i’s equilibrium consumption path
(either under free-trade or autarky), then there is \' > 0 such that

S ptule) =N =Y pu(e) - XY €
t=0 t=0 t=0 t=0
for any & >0,t=0,1,....

From this Lemma we derive by setting £& = ¢t for all 7 # ¢ that

plulch) = Nej = pru(§)) — N'ef (45)
This implies

A B B

o [ D] (ep Py =[S ] (p e (40)
Now consider the social production function of country i, T%(ki, i, e, e;t),
as the value function of program (5). Taking into account (17), we neces-
sarily have for given externalities (e, e;t):

1" (K, k§+1: Eets 5;75) +pt+1k§+1 —peky > T"(ky, “?&-&17 Eets e;t) +pt+1/€zzt+1 — DKy
for any feasible country i’s capital stocks (K}, Kipq).? Since by definition

TA(kt vkt-‘rlv cty yt) + TB(kt 7kt+17 cty 5&) = 0;54 + CtB and USing (47)_(48)a
this last inequality becomes

ul ) u(gt)}-i-PHth Dikt

A B
P’ [%A’i) + %} + pey1kerr — peke > pt {
for any feasible total capital stocks (ky, k1) and any & > 0 such that
TA(Kva ’%244»1’ €cts € yt)+TB(’€£37"€tBiklae§7 5&) gt +£t and where kt - kt
kP10 Thus, by the definition of W (kt, yt, €ct, eyt; A) We get

PW (ky, kig1,s €ty ey; N) + Dy ki1 — peke
> p'W(Kt, K1, €cts €yts N) + Prr1Ki41 — Dk

9Recall that y, < 81( )ﬁl eyt- A feasible path of country i’s capital stocks is thus a
pair (k{, ki) such that 0 < kj < (Eiel) D) and 0 < ki, < &J(kt)ﬁleyt.

10A feasible path of total capital stocks is a pair (K¢, kt+1) such that k; = kf + kP and
kep1 = ki, + kZ.1, with (k, ki) some feasible country i’s capital stocks, i = A, B.
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for any feasible total capital stocks (k¢, k¢41). Under Assumption 1, this
last inequality implies that along a free-trade equilibrium we have pg >
0. It follows from inequality (48) considered with u(c!) = ¢! that A\ =
AB. The final result follows from the definitions of W (k¢, s, ect, eyt; A) and

V(ktaytvectaeyt)- ]

6.4 Proof of Proposition 4

A steady state is a solution (k4, k5,34, yB, k) of the following system

T3 (k% yh el e) + T (k4 yt el e)) = 0 (47)
Ty (kP ,y", e2, f)+pT1 (K%, y%,e5.e)) = 0 (48)
TR (kA gt el e) — TP (65,07, e0,8)) = 0 (49)
T3 (K g el ey)) = TP (P, Af,eL{f) =0 (50)

kA—i—kB:y +48 = k (51)

Wlth CA+CB = V(k7k7é67éy) TA(kA k'A A AA)‘FTB(]CB ]{IB ¢B B) and

’C’y 7c7y

el =eL(k'y"), &l = e (k' y"), i = A, B. We get from equations (47)-(48)

the followmg property for a steady state under free-trade:

Lemma 6.4. At a steady state under free-trade, the following holds:
gt _ % _ p
yABA T yBpP
with ¢* = K;J* the stationary optimal demand for capital in the investment
good sector of country i = A, B.

Proof: The first order conditions (49) (50) give TA(k:A,yA, el @4) =
TB(kB)yBa ch 5) ] - ]- 2. As T2(kl Z/, ca y) _Tl(kl y ) cv y)g /?/ ﬂla
we derive that gA/yAﬂ1 gB/yBpB. Con81der now the equations (47)-(48).

We get —T4(k", 4", €, y) = pTi (k' yt, €l ’y) and the result follows. ]

We may now prove Proposition 4. Using Lemmas 6.4 and 6.1 with (34),
equations (47) and (48) may be written as

614 «@ ﬁg ﬁlB ay /62

It follows that the autarky steady state, i.e. k4 =y = k4 and kP = yB =
kB, with k' given in Proposition 1, is a solution of the previous equations

AA 3B
1 (aéﬁkaJr(af@ ) fBA)Pﬁ >52 — 1 (O‘QB 1BkB+(a? — 61 )pr )52 =p

and satisfies equation (51). Considering T% (K%, y*, €, y) in Lemma 6.1 with
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8A EB = EB =1 and (34), equation (49) with k' = y* = k' is satisfied if
and only if ECA EA with

o o7 +af 55 —ot )57 Faf(of Pop)E (2T 1 1-psp) ¥ s
of (ag‘m) 2 (k)5 (1-pp) T 8 [ B8 H(F 5 —af 98P
Then, since from (47) and (48) we have T} (k! Y ié, A’y) Ti(k', yt ¢ é8) /p,

c) y
i = A, B, equation (50) also holds with &’ = y* = k. ]

EA = (52)

6.5 Proof of Proposition 5

Consider equations (47)-(51) with &, = eL(k',y") and & = &, (k',y"), i
A, B. We know from Lemma 6.4 that equations (47) and (48) imply ¢g* =
pBiyt, i = A,B. Assume then that k4 = gy4 and kP = y®/0 with 6 >
1 some constant. We will give conditions on the normalization constants
82,5; to get these expressions as solutions of equations (47)-(51). Notice
first from (51) that these restrictions imply k4 = kP and g4 = pB{'k4/6,
B = pBBPKBY. Substituting these expressions into (36) with K; = ¢' and
solving for k', i = A, B, gives
A — _ 0085 (Efp B)/os Bs _ __ aPpPE? pBB)/53 (53)
ﬁf‘9+(af‘ﬁ2 —ag' B)pBi ag B +(a Bﬂ2 —ag' ) B0

We may now use the normalization constants 57;4 and Sf to get k4 = 9kB*.
Assuming £ = 1 we derive from (53) that k** = 6kP* if and only if
6 < (1,1/ppP) and 5&4 = 5;14* with

N

eae _ 1 [ lodBtorata—adp)patlalel r) Y | 5y
v st of 63 [oF AP +(a BOF—af 57 )37 9]

Considering T} (K, y', et ;) in Lemma 6.1 with £Z = 1 and (34), equation

(49) with k4 = 0y, kP = yB /0, and thus k* = 0k® | is satisfied if and only

if 0 € (1,1/pBF) and 4 = SA* with

g _ ladpioriat s —odop 10BA]%E P (a8 BE)E (1-ppP0)at +a8 -1 (g e)af —af
Ar

Al ARA Aa+a —1[ _BAB B aB (55)
o3 (042 51 ) (97951 ) [ag ﬁl +(0‘1 ﬁg —Qy ﬁl )pﬁ ]

Then, since from (47) and (48) we have T{(k', ', é., &) = T3(k', ", éL, €},)/ p,

i = A, B, equation (50) also holds with k4 = fy4 and k® = yB/O. m
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6.6 Proof of Corollary 1

To simplify notation let

04 = g 8110 + (o4' 85" — g B)pB7 . ®F = B P + (af BT — aF BY) pBP0
Let €8 = Sf =1 and &2, 5&4* be given by (54) and (55). Substituting
these values into the free-trade distribution of capital as given by (20) gives
3B
A = aga?ﬂf(g%}g)li/ = grpe (56)
We may then rewrite E2* as follows

A aA B B\aB BaaBiaB 1 BB apa1/3B aP—af
SAx _ (®g)"2 ( 5 B7)%2 (1-pBP o)1 2B aBpl (p%) 2 (57)
c aA(a ) 2 (9 pBA)a +a —1(‘?‘93)@2 P

0
Considering T (k', 3", €., e},) as defined by (7) with (28), (30), (34), EB =1,
k4 = 0y?, kB = yPB/0, (56) and (57), we get

Ae _ aPO—pB) (PP (0P (p8P) TP (1-psPo)*T HoE
af(1-pBPo) (QB)QB+aB (58)
_ oP0=pB) Bx _ B
= afamere ! =0T O

6.7 Proof of Proposition 6

We first compute the partial derivatives Vi, (k,y). Simple modifications of
the proof of Lemma 7 from Nishimura and Yano [11] allows to get

Lemma 6.5. Along a free-trade equilibrium, the partial derivatives
Vin (k,y) satisfy the following:

Vilky) = & TGy HE WP, yP)] + TF (K5, y ) HARA, 52|
Vis(k,y) = & [Ty HE (5, yP)| + TE (65, y%) [ HA A, y )|
Varlk,y) = & [T (kA y ) HE (kP yP)] + T (6P, yP) [HA A, y)
Varlky) = & ( ol

T (kA y ) HE (kP yP)| + T (kP yP) [HA (R, y )|
where T, (K%, y%), |H (K',y*)| are given in Lemma 6.2 and
0 = THkyNTE R y%) + T (P, yP) TH (k4 y )

- ’Z’lé(kA7yA)’Z'2?<kB’yB) - %?(kAayA)q—lg(kBayB)

+ [HARA y)| + [HP (K5, yP)] # 0
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From Lemmas 6.2 and 6.5 we may then derive:

Lemma 6.6. The partial derivatives Vi, (k,y) are given by:

M =Vu(k,y)

= {1 - a1 - aF - aB)3aPBE AP P g (k4 — g*)

+(1—af)(1 - af' — a5) B8P 85 B3 oo (kP — gP)
+(1—d‘14—@124)(1—d?—d2) ﬂQalﬁz( 1 152 9A+/314A1Bﬁé493)
M = Via(k,y)

= —ppB{' P {(1 — &t — af)(af'Bs' — g 81) 65 52 aflagk? — (1 - af)g™)
+(1 - &f' - ag) (P67 — o’ B )55452 ai [adk” — (1 - af')g")

-(1- 5414 —a3)(1 - af —af)( 2352 afag kA + 65! 52 ai'ad k'B)}
—af —ag)ppP B/BQ atag' B (k4 — %)
+( AlB_ Pt —af —ag )51455452 aital P (kP — ¢P)

&
+(1 = aft - ag)(1 - aF — aF)afBlal BF (BPBLBF o + 5L O Bsle”) }

= P2ﬁi4ﬁ1 {(1 - - @B)(aAﬂz — 05 51 )52352 aq [( ”24 - B?)kA - (314 -
+H(1—aft - dé“)(a’?ﬂf af B2 B3 B [(6F — BEIKE — (BF — aP)gP)
—(1-af — ag)(1 - af — a)(BF AP aPod k" + B3 faf o BERP) |

T (kA y#)2p? 1 1
O(kA—gM) (kP —9P) 0 BARA+L S (af B —af B )gA aBBBKB+ 5B (P P —af 5B)gB

and g' = pBly', i = A, B, k =k + kP, y =y +¢5.

Proof: The expressions of the partial derivatives V,,,(k,y) follow from
Lemmas 6.2, 6.4, 6.5 and the fact that at a steady state under free-trade
we have TA(k‘A,yA, elsen) + pTiH (A yh el ef) = TP (KP,yP el ef) +
pTP (KB, yB, el el) = 0 and that TA k4, y4, el eft) = TP (KP,yP, B, el),
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J=12. O
The characteristic polynomial as defined by (6.7) then becomes:
Peld = By(A) = pVra(k*, k)N + A [Vas (k% k%) + pVua (K, k)] + Vo (k" %) =

The stability analysis is based on the sign of P,(0), P,(1) and P,(—1). The
following property holds for the autarky and free-trade distributions:

Lemma 6.7. Along a steady state k* = k* + kB*, the characteristic poly-

nomial satisfies P,(1) < 0.

Proof: Consider the partial derivatives V,,,(k,y) given in Lemma 6.6 with
Lemma 6.4. Straightforward computations give after simplifications:

Pul1) = —pB3BEBR0P{ (1 - & — a)aPBE (" — %) [ad + plaf'5f - adi)]
+ (1=t = 6o B2 — o) [of + plaP B — af'oP)] |

The result derives from the following two facts: firstly, at the autarky dis-
tribution we have k' — ¢¢ = k(1 — pB{) > 0, and secondly, at the free-
trade distribution we have k4 — g4 = k4*(0 — p3{') > 0 and kP — ¢gP =
kB*(1 — pBP0) > 0 since 0 € (1,1/ppP). ]

We may now prove Proposition 6. Using Lemma 6.6, straightforward
computations show that:

Po(0) = Var(k,y)

Pu(~1) = o1~ & — a)BPaF AP {2p(1 - af - adad (32"
— B (af' 85 — o' B [(2a5 - BRA — 201 - a1Y) - Bfl)g"]
+ 2010 af) = Blad B — g + 201 - aft - 6 Blaf oo |

+olt = af - ad)atad et {201 - af - af)af (3P 0"
— pBP (P Bf — 0B BP) [(2&23 — BRIRE — [2(1 - 6F) - APlg"|
+ 201~ aP) - BFaFBP(P - o) +2(1 - af - af)3Pap ae”

Consider the expressions of P,(0) and P,(—1) along the autarky steady state
with S;‘ = Ef =EB =1,4=E&2 ¢ = pBiy’ and k' = ' = k. Taking
(38) and (39) into account, we find after simplifications
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Po(0) = p(1—af - fmf‘ﬁfﬁfﬁf BpAZeQ)
+ p(1—aft — 633188 A3 B o kB Pl
Po(=1) = p(1-af - QBWﬁlBﬁBﬂ R
+ p(1—af — agh)p{pP B3 B kB%

We also get from Lemma 6.6
Vis(k, k) = pBaP{(1 - af — af)pPBEalRA (1 - af - ag)afisy

(o3 — ag B (1 = af)(1 - pfifh)]

+ (1 af - ad)pg e kP [(1 - af - aP)aP b

— (P —afP) (1 - aP)(1 - p8P)]}

The results follow from the same arguments as in the proof of Proposition

2. ]

6.8 Proof of Proposition 7

Consider the free-trade distribution k = k4 + k% as defined by Proposition
5 with with €8 = €8 =1, £} = g, €4 = & and 0 € (1,1/pf).
It follows that g4 = pB{kB, k4 — g4 = kB0 — pBfY), g% = ppPOkE,
kB — gB = kB(1 - ppP0). Using Lemma 6.6, Straightforward computations
give after simplifications:

vm(hk)zpﬁf‘l {(1—041 —042)3 2a1 [( 0/14—542)011 20

— (af'Bf — ag B (1 - ><e—pﬁf>}
+ (1—‘5414—042) 2041 [(1 113) 119523
— (aPBf —of P (1 - '13)(1—pﬂ )|}

Po(0) = pBAPKE{ (1 — 6P — aB)BF BF ol | (B — a1)ag (0 — pB1Y)
+ (1-4f - ag)a f‘ﬁé@f‘ﬂ}

+ (1—aft — ag) B3 B3l ad [(BF — aF)af (1 - psPo)
+ (1= af — af)ab pf BE o]
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Po(=1) = p(1 - &f — af)pP P Y of kA{2p<1 — a1 — ag)af' 801+ B
+[201- a) - 5416 - p80) [of - plafi0 — af5)] |
+ p(1—af — 5/24)6145513540/145 k‘B{%’(l —af —ag)afpP(1+ 951 )

+[2(1- aP) = P11 - p3P) [af — plabOf — af5P)] |

From Lemma 6.7 we derive that a necessary condition for the occurrence of
local indeterminacy is

hm)\—d:oo 750(/\) =-0 < le(k‘a k) <0
This property is satisfied for any p € (0, 1) if

AnA A A 1 - ﬁ _ A
o By —ay B > 7f1a14a2 T = Zg (59)
and .
alBP — afpP > 12008 otfy — zp (60)

1-af  1-68F —
Under these conditions, local indeterminacy may arise in two types of con-
figurations:
i) when P,(0) > 0 and P,(—1) < 0. In this case the product of charac-
teristic roots D, = Va1 (k, k) /pV12(k, k) is negative. We immediately derive
that P,(0) > 0 for any p € (0,1) if

Bf‘—&‘f‘>0and31 —-aP >0

Notice then that Bi — @&t > 0 implies 2(1 — &%) — ﬁ% > 0. Hence, there exists
€ (0,1) such that P,(—1) < 0 for any p € (p, 1) if

A 2(1-6{'—a ) £8800467) _ A
Bt — af B > ab + [2(11 A 2 ](20 BA)l = Z (61)
and 2(1— 1+6
ajl’_?ﬁ2 —al ﬁl > 042 + (1-ap—ab )0‘1 By (1+ 51 ) ZGB (62)

(2(1-aP)-BF1(1-08P)
The rest of the proof is completed by noticing from (59)-(62) that Zg > 2
and ZP > ZB.
ii) when P,(0) < 0, Py(—1) < 0 and D, € (0,1). Under (59)-(60), we
know indeed that P,(0) < 0 implies D, > 0. We first derive that P,(0) < 0
for any p € (0,1) if:
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A AA o (=af—ag)Bfeds) _ o4
aft — it > CEt el = 2 (63)

and R B AB\A

- P > (SRR = 2P (649)
Notice then that 2(1 —a ) ﬁQ =1-a% - (A | Bl) It follows that if (63)-
(64) hold with 1 —af! > 4 — 3 and 1 — &P > aP — BB, then (61)-(62) are
satisfied and under (59)-(60), there exists p € (0,1) such that P,(—1) < 0

for any p € (p,1). Finally, when p = 1, we derive that D, < 1 if
(1—af — aB)BP APl [(of' 58 — ad B (1 — i) (0 — B1)
+ (Bt = afad (0 - B + (1 af — ag)aft B3 (31 — 0)]
+ (- af - ag) B agad (o BF — af BP)(1 - aP)(1 - 80)

+ (B —af)af (1 - 8P0) + (1 - af — aP)aPpF (BP0 - 1)] >0
This inequality holds if

—AAaAG—A 1—at—aM)at 60—
Q?BZ - Oé2 Bl IBl ) 2 ( ,fll—)al()(@ 1B14)2) ! ﬂz ( Bl ) = Zé4 (65)
and
af Bl — bl > ap—pP)af (1657 )+(1 aP-al)abpP-0pF) _ B (66)

(1-aP)(1-68F) -

Under (65)-(66), there exists p € (0,1) such that D, < 1 for any p € (p,1).
The rest of the proof follows from the fact that if (63)-(64) hold with 1—a4! >
— B and 1 — &P > aP — BB, then Zd > 248 and 2P > 2B, O

6.9 Proof of Corollary 2

In the proof of Proposition 2, assume that inequality (42) applied to country
A is not satisfied, i.e.

AA
af B3t — ag' B < g + (I[Q(Cfl_ a) 2o ]5(21(1;;6)1) = 23
It follows that the autarky steady state of country A is saddle-point stable
since PA(—1) > 0 and PA(1) < 0. Consider then condition (62) in the proof
of Proposition 7. Straightforward computations give Z5' > Zé“. It follows
that all the conditions of Proposition 7 for country A may be satisfied for
the free-trade steady state while the steady state under autarky is locally
determinate. At the same time, we get for country B that 28 > ZJ
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ZGB > ZZB, Z7B > Zf and Zég < Zf. Since, as shown in the proof of
Proposition 2, Z8 > ZB it follows that if all the conditions of Proposition
7 for country B are satisfied along the free-trade steady state then the
steady state under autarky is also locally indeterminate. As a result local
indeterminacy arises at the world level while country A is locally determinate
under autarky:. ]

6.10 Proof of Proposition 8

Assume that &1 + a5 = 1. We get

Via(k, k) = —pB{8PpE 6P afag (1 — af — aF) (i85 — ad B (K — g*)
Po(0) = pBERY B afag B (1 — af — af)(Bf — af) (k* — g*)
Po(—1) = —pB{'BPAYBYal (1 — aF — aF)(244' — B3 (k4 — g)
X {P(O‘f@ — Q5 51 ) — 04124}

D. = Vor(kk) _ (a5 )0‘2
° 7 pYia(kk) T pag(af s —ag B
As shown in the proof of Lemma 6.7, along the autarky or free-trade distri-
bution, as defined by Propositions 4 and 5, the differences k* — ¢*, i = A, B,
are always positive. Since P,(1) < 0, a necessary condition for the occur-

rence of local indeterminacy is
limy 400 750(/\) = -0 < 1_/12(143, k) <0

This property is satisfied for any p € (0,1) if and only if the consumption
good of country A is capital intensive at the private level. Local indetermi-
nacy then arises in two types of configurations:

i) when P,(0) > 0 and P,(—1) < 0. In this case the product of char-
acteristic roots D, is negative. If the consumption good of country A is
labor intensive at the social level, i.e. 3{* — @' > 0, then P,(0) > 0 for any

e (0,1). Notice also that 8{* — a{* > 0 implies 2&4' — 33* > 0. Consider
finally P,(—1). When p is close to zero P,(—1) > 0 but when p is close to
1, Po(—1) < 0 if and only if

ol B3 — o B! > af (67)

ii) when P,(0) < 0, P.(—1) < 0 and D, € (0,1). We immediately get

that P,(0) < 0 if and only if the consumption good is capital intensive at
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the social level, i.e. aff — 44 > 0. Moreover under (67), P,(—1) < 0 if
244 — Bg‘ > 0 or equivalently
0 <&t — B < ad (68)
Therefore, under (67) and (68), there exists p* € (0, 1) such that P,(—1) < 0
and D, € (0,1) for any p € (p*,1).
Now denote €, = 1 —aj — ab. By continuity, there exists € > 0 such that
all these results are preserved for any €4 € [0, ). ]

6.11 Proof of Proposition 9

Consider the autarky steady state (20) with £8 = Ef =1, &M, 5&4* as given
by (54), (57) and n as defined by (58). Using (28)-(31), the corresponding
amount of stationary consumption is

adag ~B_ B
EA — M “ +a2 TB* EB _ M 7 +O{2 TB*
— \ (6—ppD)oa n ) = \ 0=ppB)2E

We then derive from Corollary 1:

AA L AA
A Ax Bx (1-pB) g artes
ot = T l(w—ww) n-1

Bx (1_ ﬁA)q>A 5/144,_6/24 aB(G— ﬁA)
— T ( PP 0) 1 AP1 —(1—/)5139)

1-pB70 | \ (0—ppi)) 2] o

~B_ AB
B _ oBx _ B |( (1=pB0)®7 T 0
(1-pB o)y

ap+af
B R Tt
(1—9/6139)‘11 +tay af(l—pﬂlBQ)17Q1 )
with
aft b aB /P aB+ab -
L; _ (P BB)1 (B BE)*2 (pﬁf)Bl /22 (1—pBB6) Byal—1
1—pBr0 ((Pég)dl +al

75+ (aPBB)%T (aBpP)*E (ppB)°T /52
(1-p3F0)"1 9% (@F)°1 52

Moreover, denoting by W = ¢t + & and W* = ¢* + ¢B* respectively the
welfare at the world level under autarky and under free-trade, we get using
(58):
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ey

dB dB
W — W* — TB* [((1—;7613)@5) 114 _a _pﬁIBG)OA‘lBJ”f“zB}

~B_ 4B
(1-pBPO)"1 %2

~A A
a7 +a
el N
G ) (0-ppD)ad

A By l1—-ab-ab abB+ab
aff(1-pBPe) "1 72 ((1—p6£)<bg> L (o pppeyibrab
E
1

Notice then that since 6 > 1, we get

(1-pBt") 5 (1-pBP)2f
O-pomas <L ptaer > 1
We derive from all this that
lim &* — e = 4o, lim &% — P = —o0, lim W-W*= -0
9—1/pBB 0—1/pBB 0—1/pBP
The result follows. ]
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