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Abstract

This paper is a generalization of Calvet et al. (2002) to a dynamic set-
ting. We propose a method to aggregate heterogeneous individual probabil-
ity beliefs, in dynamic and complete asset markets, into a single consensus
probability belief. This consensus probability belief, if commonly shared
by all investors, generates the same equilibrium prices as well as the same
individual marginal valuation as in the original heterogeneous probability
beliefs setting. As in Calvet et al. (2002), the construction stands on a
�ctitious adjustment of the market portfolio. The adjustment process re-
�ects the aggregation bias due to the diversity of beliefs. In this setting,
the construction of a representative agent is shown to be also valid.

1. Introduction

In a recent paper, Calvet, Grandmont and Lemaire (2002) propose a way to
construct a representative agent in a static heterogeneous beliefs setting. In the
present paper, we extend this approach to an intertemporal framework.

�The authors thank Jean-Michel Grandmont for helpful discussions and mainly for bringing
this problem to their attention. The �nancial support of the Europlace Institute of Finance is
gratefully acknowledged.
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The main purpose of Calvet et al. (2002) is to incorporate in the represen-
tation of the economy some degree of heterogeneity in the investors beliefs and
to analyze how one could extend and modify the traditional �expected utility
maximizing representative agent approach� in order to cover the case, which ap-
pears to be empirically more relevant, of heterogeneous beliefs. Among the issues
the authors investigate are: is it possible to de�ne a consensus probability that
would aggregate heterogeneous individual subjective beliefs and could be used to
explain (mimic) equilibrium prices? Is it still possible in such a context to de�ne
a version of an expected utility maximizing aggregate investor that would rep-
resent an equilibrium of this economy, i.e. generate the same equilibrium asset
prices and mimic equilibrium pricing of assets by individuals? These issues are
addressed in the simple framework of a static exchange economy. Given an ob-
served equilibrium with heterogeneous individual subjective probabilities, Calvet
et al. (2002) de�ne an �equivalent equilibrium,� where all investors would share
the single consensus probability by: 1) the equivalent equilibrium generates the
same equilibrium prices and 2) every investor�s marginal expected utility valua-
tions of an asset remain the same in both equilibria. They prove the existence of
such an equivalent equilibrium modulo a scalar adjustment of the market port-
folio. This means that in order to aggregate the individual heterogeneous beliefs
into a single aggregate belief, the market portfolio may have to be scalarly ad-
justed, upward or downward, in the equivalent common probability equilibrium,
a re�ection of an �aggregation bias� due to the diversity of beliefs. Moreover, the
authors show that the standard construction of an expected utility maximizing
aggregate investor, who is designed so as to generate the observed equilibrium
asset prices when endowed with the market portfolio, and to value then assets at
the margin as does every individual investor in equilibrium, does carry over to
the case of heterogeneous subjective probabilities, provided that 1) this aggregate
investor is assigned the same consensus probability as previously found and that
2) the market portfolio (aggregate consumption) is scalarly adjusted upwardly or
downwardly as previously.
The aim of the present paper is to address the same issues as Calvet et al.

(2002) but in an intertemporal, discrete or continous time, framework. We start
in Section 2 by introducing our dynamic and complete markets model. Given
an observed heterogeneous beliefs Arrow-Debreu equilibrium, we then de�ne an
equivalent equilibrium where all investors would share a common �consensus be-
lief� by the same requirements as in Calvet et al. (2002), i.e. invariance of the
equilibrium prices and of the investors marginal valuations. We prove (Subsec-
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tion 2.1) that in a dynamic setting a scalar adjustment of the market portfolio is
not su¢cient in order to ensure the existence of an equivalent equilibrium. We
introduce a predictable adjustment of the market portfolio and prove the exis-
tence (and unicity) of an equivalent equilibrium under this condition (Subsection
2.2). This means that equilibrium prices and individual marginal valuations in
the heterogeneous beliefs setting are the same as in an otherwise similar homo-
geneous beliefs economy in which aggregate endowment is modi�ed, upward or
downward, in a predictable way. We also show that this homogeneous beliefs
equivalent equilibrium is naturally associated to a representative agent endowed
with the adjusted market portfolio (Subsection 2.3). We end Section 2 by show-
ing on speci�c examples (HARA utility functions) how the consensus probability
and the predictable adjustment process can be explicitly obtained. We �nd that
the consensus probability is directly related to some weighted mean of individual
subjective beliefs. We also characterize the situations where the adjustment of
the market portfolio has to be made upward (resp. downward). In particular, we
�nd that the adjustment process is nondecreasing and greater than 1 (resp. non-
increasing and smaller than 1) hence leads to an equivalent equilibrium in which
aggregate endowment is increased (resp. decreased) if the cautiousness parameter
is smaller than 1 (resp. greater than 1). In a standard setting without beliefs
heterogeneity, when there is more risk involved and when the investor is cautious
(i.e. its cautiousness parameter is smaller than 1), it can be shown that the in-
vestor will increase current consumption acting as if future wealth was decreased.
Now in our context, a possible interpretation of our result consists in considering
the dispersion of beliefs as a source of risk, thereby leading for the representative
agent to an upward or downward adjustment of aggregate endowment depending
on whether the cautiousness parameter is smaller or greater than 1. Our results
are consistent with those of Rubinstein (1974) and Zapatero (1998) where the
only e¤ect of the heterogeneous beliefs on the asset prices is related to a change
of probability (no scaling e¤ect). Indeed, in these papers, the agents are endowed
with logarithmic utility functions and it appears that these functions are the only
ones in the HARA class for which the predictable adjustment process is constant
and equal to 1.
Section 3 essentially consists of remarks and extensions. We �rst explore the

implications of the aggregation procedure on the risk sharing rule. In the stan-
dard case of homogeneous beliefs and state independent utilities, we know that
the equilibrium allocations are comonotonic, i.e. are increasing functions of the
same factor (the aggregate consumption) and this feature is commonly called the
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risk sharing rule. We show that our results can be reinterpreted as generalizing
the standard risk sharing rule result to the case of heterogeneous beliefs. Indeed,
as in Calvet et al. (2002), we show that, in a dynamic framework, the equilib-
rium allocations in an heterogeneous beliefs setting can be divided into two parts.
The �rst part satis�es the standard risk sharing rule and the second part can be
interpreted as a residual risk due to heterogeneity of beliefs and is monotone in
individual beliefs deviations from the consensus probability.
We also show (Subsection 3.2) how the same issues can be addressed in a

continuous time setting. We prove in such a context the existence of an equivalent
equilibrium satisfying the same requirements as before, modulo an adjustment of
the market portfolio, which is a �nite variation process.
In Subsection 3.3, we analyze the second invariance requirement of our equiv-

alent equilibrium, to wit, that the investors marginal utilities remain the same
in both equilibria, and more precisely its links with the desirable property for an
equivalent equilibrium that each investor�s observed (or initial) demand be larger
than (resp. equal to, less than) his demand in the equivalent equilibrium if and
only if he attaches a subjective probability that is larger than (resp. equal to, less
than) the consensus probability.
Finally, we consider in Subsection 3.4 alternative aggregation procedures.
All the proofs are in the Appendix.

2. Aggregation of heterogeneous beliefs in discrete time

We consider a collection of individual investors indexed by i = 1; :::; N . We �x a
�nite time horizon T on which we are going to treat our problem and we consider

a �ltered complete probability space
�

; F; (Ft)

T
t=0 ; P

�
; which satis�es the usual

conditions1. The set 
 represents the set of all histories and the ��algebra Ft can
be thought of as representing all (theoretically) observable events up to and includ-
ing time t: Each investor solves a standard dynamic utility maximization problem.
He has a current endowment at date t denoted by e�

i

t ; and a Von Neumann Mor-

genstern utility function for consumption of the form E
hPT

t=0M
i
tui (t; ct)

i
, where

M i
t is a positive martingale process satisfying M

i
0 = 1, i.e. the positive den-

1A �ltered complete probability space
�

; F; (Ft)

T

t=0
; P

�
is said to satisfy the usual conditions

if (i) F0 contains all the P -null sets of F and (ii) Ft = \u>tFu; all t, 0 � t <1; i.e., the �ltration
is right-continuous.
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sity process of a probability measure Qi equivalent to P , and corresponds to the
subjective belief of individual i. We make the following assumptions

1. For all t = 0; :::; T , ui (t; �) : R+ ! R[f�1g is of class C1 on R�+, strictly
increasing and strictly concave.

2. For all t, ui (t; �) satis�es Inada conditions, i.e. the derivative of ui (t; �)
denoted by u0i (t; �) is such that u

0
i (t; 0+) = 1 and u0i (t;1) = 0. We shall

denote by (u0i)
�1 (t; �) the inverse function of u0i (t; �) ; which is continuous

and strictly decreasing.

3. The aggregate endowment e� �
PN

i=1 e
�i satis�es e� e�t � e uniformly in

(t; !) for some positive constants e and e.

We recall that an Arrow-Debreu equilibrium relatively to the beliefs (M i) and
the endowment processes (ei) is de�ned by a positive, uniformly bounded price

process q� and a family of optimal admissible consumption plans
�
y�

i
�
such that

markets clear, i.e. �
y�

i
= yi(q�;M i; ei)PN

i=1 y
�i =

PN
i=1 e

i � e�

where

yi(q;M; e) � arg max
EP [

PT
t=0 qt(yit�et)]�0

EP

"
TX

t=0

Mtui(ct)

#
:

We start from an Arrow-Debreu equilibrium
�
q�;
�
y�

i
��

relatively to the be-

liefs (M i) and the endowment processes ei: Such an equilibrium, when it exists,
can be characterized by the �rst order necessary conditions for individual opti-
mality and the market clearing condition. These conditions can be written as
follows 8

><
>:

M i
tu
0
i(t; y

�i) = �iq
�
t ;

EP
hPT

t=0 q
�
t

�
y�

i

t � e
i
t

�i
= 0 i = 1; :::; N

PN
i=1 y

�i = e�
(2.1)

for some set of positive Lagrange multipliers (�i) :
Our aim is to �nd an �equivalent equilibrium� in which the heterogeneous

subjective beliefs would be aggregated into a common belief M , i.e. all investors
would share the common belief M; the process M being like the M i�s a positive
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martingale process satisfying E [MT ] = 1, i.e. the positive density of a probability
measure Q equivalent to P:We want the �equivalent equilibrium� to generate the
same equilibrium price process q� as in the original equilibrium with heterogeneous
beliefs, so that every asset gets the same valuation in both equilibria. The �rst
order conditions would then lead to

Mtu
0
i

�
t; yt

i
�
= �iM

i
tu
0
i

�
t; y�

i

t

�

where yt
i stands for the new equilibrium allocation and where �i is a given positive

multiplier. Taking the product of all these equations in the particular case where
u0i(t; x) = exp�(x=�), we obtain

Mt =

 
NY

i=1

�i

!1=N  NY

i=1

M i
t

!1=N
:

In that case, it appears that M is a martingale only if all the Mi�s are equal.
There is therefore in general no solution to the aggregation problem. Calvet et
al. (2002) in a static framework propose to permit a scalar adjustment of the
aggregate endowment and to replace the invariance principle on the aggregate
endowment by an invariance principle on the individual marginal valuation of
assets.

2.1. Aggregation of heterogeneous beliefs with a scalar adjustment of

the market portfolio

Following the approach of Calvet et al. (2002), we de�ne the �equivalent equilib-
rium� by two requirements. First, the �equivalent equilibrium� should generate
the same equilibrium price process q� as in the original equilibrium with hetero-
geneous beliefs, so that every asset gets the same valuation in both equilibria.
Second, every investor should be indi¤erent at the margin between investing one
additional unit of income in the original equilibrium with heterogeneous beliefs
and in the �equivalent equilibrium�, so that every asset gets the same marginal
valuation by each investor (in terms of his marginal expected utility) in both equi-
libria. We show in Section 3 that this requirement is essentially equivalent to a
monotonicity requirement between changes in the individual portfolios and the
underlying changes of individual probabilities.
Calvet et al. (2002) prove in a static setting that the construction of an

homogeneous beliefs equivalent equilibrium designed so as to mimic equilibrium
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prices and marginal asset valuations by individual investors, is possible in a diverse
beliefs framework. The proposed design may require a scalar adjustment of the
market portfolio.
We show on the following example that this result does not extend to the dy-

namic setting, i.e., prices and individual marginal valuations in an heterogeneous
probability beliefs setting cannot necessarily be expressed as prices and individ-
ual marginal valuations in an homogeneous probability beliefs economy with a
possible scalar adjustment on aggregate endowment.
Let 
 � f!1; !2g, P = (1=2; 1=2) ; M

1 � 1 and M2 be such that

M2
0 = 1, M

2
1 (!1) = 2=3;M

2
1 (!2) = 4=3:

Let u (�) = u1 (t; �) = u2 (t; �) be such that u
0 (x) = x� with � 2 [�1; 0[ : We take

e�
i
such that M iu0

�
e�

i
�
does not depend upon i and we �x q� � M1u0

�
e�

1
�
:

In this setting,
�
q�;
�
e�

i
��

is an equilibrium relative to the beliefs (M i) and the

endowment processes e�
i
. We look for M; y1; y2 and r 2 R such that for i = 1; 2;

we have

Mu0
�
yi
�
= M iu0

�
e�

i
�

i = 1; 2
X

i

yi = r
X

i

e�
i

It appears that 1=2M1(!1)+1=2M1(!2)

M0
is given by 2

�
1=3

(1+(2=3)1=�)
� +

2=3

(1+(4=3)1=�)
�

�1=�
,

which is equal to one if and only if � = �1. Consequently, except for the logarith-
mic utility function, all the other utility functions in our class lead to processes
M that are not martingales. Hence, they can not be interpreted as the density
process of a given probability.

2.2. Aggregation of heterogeneous beliefs into a consensus probability

belief and a predictable adjustment process of the market portfolio

We have just seen in the previous subsection that we cannot in general aggregate
the beliefs M i in such a way that M is a martingale while keeping the adjust-
ment of the market portfolio a scalar. We shall introduce a predictable adjustment
process. We shall indi¤erently use the terminology �equilibrium relative to the be-
liefs Qi� or �equilibrium relative to the beliefsM i;� where as aboveM i represents
the density process of Qi with respect to P .
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Proposition 2.1. Consider an Arrow-Debreu equilibrium
�
q�;
�
y�

i
��
relative to

the beliefs (Qi) and the endowment processes ei with
PN

i=1 e
i � e�: There exists

a unique equivalent probability measure Q; a unique positive and bounded pre-
dictable adjustment process r, a unique family of endowment processes

�
ei
�
withPN

i=1 e
i = re� and a unique family of consumption processes

�
yi
�
such that

1.
�
q�;
�
yi
��
is an equilibrium relative to the common belief Q and the endow-

ment processes
�
ei
�

2. Trading volumes and individual marginal valuation remain the same before

and after the aggregation procedure, i.e. for all i = 1; :::; N

y�
i

� ei = yi � ei

and

u0i

�
t; y�

i

t

�
= u0i

�
t; yt

i
�
:

Notice that this aggregation procedure satis�es the additional homogeneity re-
quirement. We obtain through this aggregation procedure that equilibrium prices
and individual marginal valuations in the heterogeneous beliefs setting are the
same as in an otherwise similar homogeneous beliefs economy in which aggregate
endowment is adjusted in a predictable way. A natural question is then to de-
termine whether this adjustment of the market portfolio is to be made upward
or downward. We shall at the end of Section 2 analyze, in the speci�c case of
HARA utility functions, the situations leading to an upward (resp. downward)
adjustment of the market portfolio. We start by showing in the next section
that this homogeneous beliefs equivalent equilibrium is naturally associated to a
representative agent endowed with the adjusted market portfolio (Subsection 2.3).

2.3. Representative agent

As in the standard case of homogeneous beliefs, we want to construct an expected
utility maximizing aggregate investor, representing the economy in equilibrium.
More precisely, we look for a single aggregate investor, endowed with the market
portfolio, who, when maximizing his expected utility under the consensus prob-
ability generates the same equilibrium prices as in the original equilibrium. The
next proposition establishes the existence of such a representative agent, as long
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as the market portfolio is being adjusted by the same predictable process r as

before. As in the standard case, for � 2
�
R
�
+

�N
; we introduce the function

u� (t; x) = max
PN
i=1 xi�x

NX

i=1

1

�i
ui (t; xi)

and we recall that we denote by � 2
�
R
�
+

�N
the positive Lagrange multipliers of

the heterogeneous beliefs initial equilibrium.

Proposition 2.2. Consider an equilibrium
�
q�;
�
y�

i
��
relative to the beliefs (Qi)

and the endowment processes ei with
PN

i=1 e
i � e�: The aggregate investor de�ned

by the normalized VNM utility u� is an equilibrium representative agent when en-
dowed with the common probabilityQ as in Proposition 2.1, and the adjusted mar-
ket portfolio re�; in the sense that the portfolio re� maximizes his expected utility

EQ
hPT

t=0 u� (t; yt)
i
under the market budget constraint E

hPT
t=0 q

�
t (yt � rte

�
t )
i
�

0.

The construction of the representative agent is exactly the same as in the stan-
dard setting. As a consequence, all classical properties of the representative agent
utility function remain valid in our setting (see e.g. Huang-Litzenberger, 1988).
Among other properties, if all individual utility functions are state independent,
then the aggregate utility function is also state independent, and if all individual

utility functions exhibit linear risk tolerance, i.e. are such that �
u0i(t;x)

u00i (t;x)
= �i+ �x;

then the aggregate utility function is also such that � u0(t;x)
u00(t;x)

= �� + �x where

�� =
PN

i=1 �i:
Remark that our aggregation procedure applies to a framework where agents

have common beliefs but possibly di¤erent state dependent utility functions of
the following �separable� form

Ui (t; !; x) = vi (t; !) ui (t; x) :

In that case2, we obtain a representative agent utility function of the same form
U (t; !; x) = v (t; !) u (t; x), where the function u is obtained from the ui�s as in
the standard framework, and where v is an average of the vi�s.

2Note that even if the vi�s are not martingales, our results still apply.
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Our construction can be compared with Cuoco-He (1994) representative agent
construction in incomplete market models (or Basak-Cuoco (1998) in models with
restricted market participation). The main di¤erence is that in Cuoco and He�s
construction, the representative agent �s utility function appears as a stochastic
weighted average of the individual utility functions, whereas in our construction,
the weights are deterministic, the representative agent�s utility function is the same
as in the standard case, however the total endowment is stochastically adjusted. In
particular, as underlined above, in our construction, the classical properties of the
representative agent�s utility function remain valid, which is not the case in Cuoco
and He�s construction..Besides, our construction (or more precisely, Calvet et al.
�s contruction) seems to be more tractable in order to compare the equilibrium
characteristics in the standard and in the heterogeneous beliefs settings.

2.4. Example: HARA utility functions

In this subsection we assume that all the utility functions are in the HARA class.

More precisely, we suppose that ui (t; x) is such that �
u0i(t;x)

ui"(t;x)
= �i + �x for all i.

Although some of these functions do not satisfy Inada conditions, the consensus
probability and the predictable adjustment process, if they exist, should satisfy the
same �rst order conditions as before and any pair (M; r) satisfying these conditions
solves our aggregation problem. We obtain in the next proposition as in Calvet
et al. (2002) explicit expressions for the agggregate consensus probability and
the adjustment process r in the case of HARA utility functions. In particular,
we are able to determine if the aggregation bias contributes to an �increase� or a
�decrease� of aggregate endowment.

Proposition 2.3. Assume that individual VNM utilities belong to the HARA

family with �
u0i(t;x)

ui"(t;x)
= �i + �x > 0.

1. The representative agent who supports the equilibrium with the common

probability Q in Proposition 2.2 belongs to the same HARA family with

�
u0�(t;x)

u�"(t;x)
= � + �x, where � =

PN
i=1 �i:

2. The density M with respect to P of the corresponding common probability
Q and the adjustment process r are given
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� when � 6= 0, by

M is a martingale

r0 = M0 = 1

M t =

�
� + �rte

�
t

� + �e�t

�1=� " NX

i=1


i
�
M i
t

��
#1=�

with 
i =
���i

PN
i=1 �

��
i

:

� when � = 0, by

M is a martingale

r0 = M0 = 1

Mt =
NY

i=1

�
M i
t

��i=� exp (rt � 1) e
�
t

�

3. The adjustment process r satis�es

r (t; !) � 1 if � < 1

r (t; !) � 1 if � > 1

r (t; !) = 1 if � = 1

4. If � �
PN

i=1 �i = 0, then we obtain a simple construction algorithm

r0 = M0 = 1

rt =
M

�

t�1

Et�1

��PN
i=1 
i (M

i
t )
�
�1=��

�
Mt

��
= rt

"
NX

i=1


i
�
M i
t

��
#

and the predictable adjustment process r satis�es

r is nondecreasing if � < 1

r is nonincreasing if � > 1
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Notice that the consensus belief is always given by some weighted mean of
the individual heterogeneous beliefs, adjusted by a process depending on r. The
mean is either a geometric mean (in the case of exponential utility functions) or
a �power-�" mean (in the case of power utility functions). The weights are given

by the individual risk tolerances Ti �
�i+�y

�
i

�+�e�
: The process r is directly related to

the dispersion of the beliefs M i.
In the speci�c case of power utility functions with �i = 0; i.e. if for all i =

1; :::; N; u0i (t; x) = (�x)
�1=�, then

M t = (rt)
1=�

"
NX

i=1


i
�
M i
t

��
#1=�

:

The process rmeasures the default of martingality of the mean
hPN

i=1 
i (M
i
t )
�
i1=�

:

We know by the previous proposition that r is nondecreasing (resp. nonincreas-
ing) if � < 1 (resp. � > 1): The interpretation is the following. In the standard
setting, when there is more risk involved, depending on whether the investor is
cautious or not, that is to say depending on whether the cautiousness parameter is
smaller or greater than 1, it can be shown that the investor will increase or reduce
current consumption acting as if future wealth was decreased or increased. For
instance, a cautious investor (cautiousness parameter smaller than 1) increases
current consumption acting as if future wealth was increased. Now in our con-
text with heterogeneous beliefs, a possible interpretation consists in considering
the dispersion of beliefs as a source of risk, thereby leading for the representative
agent to an upward or downward adjustment of aggregate endowment depending
on whether the cautiousness parameter is smaller or greater than 1.
In particular if all agents have the same logarithmic utility functions, i.e. if

for all i = 1; :::; N; u0i (t; x) = x
�1, then r � 1 and

M t =
NX

i=1


iM
i
t

where 
i =
��1i

PN
i=1 �

�1
i

=
y�
i

0
PN
i=1 y

�i
0

. In this case, we �nd that there is no adjustment

e¤ect on the market portfolio, and the consensus belief is given by a weighted
arithmetic mean of the individual heterogeneous beliefs. This is the result of
Rubinstein (1976).
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3. Remarks and extensions

3.1. Risk sharing rule

As underlined by Rubinstein (1976), one potential use of the aggregation proce-
dure is to relate the heterogeneity of individual demands to the heterogeneity of
individual beliefs. It is well known that in an homogeneous beliefs setting all the
individual allocations are comonotonic. This property is called �the risk sharing
rule.� Let us see in our setting the implications of the aggregation procedure in

terms of risk sharing rule. In the �equivalent equilibrium�
�
q�; Q; re�; ei

�
, the

beliefs are homogeneous (represented by the probability measure Q) and all the
individual allocations yi are then comonotonic. In the initial equilibrium with
heterogeneous beliefs, the individual allocations at time t denoted by y�

i

t are given
by

y�
i

t = yit +
�
y�

i

t � y
i
t

�

= yit + '
i
t

�
M i
t ;M t

�

where for all t, the yit�s are comonotonic and '
i
t

�
M i
t ;M t

�
� 0 whenM i

t �M t, and

'it
�
M i
t ;M t

�
� 0 whenM i

t �Mt. Furthermore '
i
t

�
M i
t ;M t

�
= (u0i)

�1
�
Mt

M i
t
u0i
�
yit
��
�

yit is monotone with respect toM
i
t : The heterogeneity of the beliefs induces then a

distortion of the risk sharing rule and, for each agent, this distortion is monotone
in individual beliefs deviations from the aggregate probability.
The function 'it can be explicitly computed for some speci�c classes of utility

functions. For instance, in the exponential case, we get that

y�
i

t � y
i
t = �i

�
logM i

t � logM t

�

3.2. Aggregation of heterogeneous beliefs in a Continuous Time Setting

Let us now consider a continuous time framework. We �x a �nite time horizon
T on which we are going to treat our problem, we let T � [0; T ] ; and we con-

sider a �ltered probability space
�

; F; (Ft)

T
t=0 ; P

�
; where (Ft)t2T denotes the P

-augmentation of the natural �ltration generated by a Brownian motion W on
(
; F; P ) . We assume that FT = F .
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The total endowment of the economy is described by a stochastic process e� sat-
isfying the following stochastic di¤erential equation

de�t = �te
�
tdt+ �te

�
tdWt

and e�0 is given.
As previously, we assume that each individual�s subjective beliefM i is given by

the positive density process of a probability measure Qi, which is equivalent to the
original probability measure P: Such a positive density process can be represented
as the solution of the following stochastic di¤erential equation

dM i
t = �

i
tM

i
tdWt; M i

0 = 1:

We recall that an Arrow-Debreu equilibrium relative to the beliefs (M i) and the
endowment processes (ei) is de�ned by a positive, uniformly bounded price process

q� and a family of optimal admissible consumption plans
�
y�

i
�
such that markets

clear, i.e. �
y�

i
= yi(q�;M i; ei)PN

i=1 y
�i =

PN
i=1 e

i � e�

where

yi(q;M; e) � arg max
EP [

R T
0 qt(yit�et)dt]�0

EP
�Z T

0

Mtui(ct)dt

�
:

We start from an Arrow-Debreu equilibrium
�
q�;
�
y�

i
��

relative to the be-

liefs (M i) and the endowment processes ei and we assume that the equilibrium

allocations
�
y�

i
�
satisfy the following equations

dy�
i

t = �
i
ty
�i

t dt+ �
i
ty
�i

t dWt:

The R�valued processes f�t; t 2 Tg ; f�
i
t; t 2 Tg ; f�t; t 2 Tg ;

�
�it; t 2 T

	
;�

�it; t 2 T
	
are the coe¢cients of the model and are taken to be progressively

measurable with respect to (Ft)t2T and bounded uniformly in (t; !) in T� 
:
Furthermore, we clearly have

� PN
i=1 �

iy�
i
= �e�PN

i=1 �
iy�

i
= �e�

:
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Recall that our conditions on the density �M and on the �equivalent equilib-
rium� lead to �nd an adjustment process r, a density �M and an allocation scheme�
yi
�
such that

NX

i=1

yi = re�

and
M iu0i

�
�; y�

i
�
=Mu0i

�
�; yi
�

for all i:We have seen that we can not impose that r be a scalar if we want �M to
be the density process of a probability measure equivalent to the initial probability
measure P , i.e. a positive martingale with M0 = 1. In the previous sections, we
imposed that r be a positive predictable process and the uniqueness of such an r
con�rms that this condition is a natural condition. In the present setting, we are
dealing with continuous processes and there is no di¤erence between predictable
processes and adapted processes. The predictability condition becomes then too
weak. Indeed, it su¢ces to take any M; to choose the yi�s accordingly, i.e. such

that M iu0i

�
�; y�

i
�
= Mu0i

�
�; yi
�
and �nally to take r =

PN
i=1 y

i=e�: The right

condition in the current setting seems to be a zero-di¤usion coe¢cient for r; i.e.

drt = �trtdt

for some process (�t) :
In the next, we assume that the utility functions are C1;3: If we impose that

the yi�s and �M be solutions of stochastic di¤erential equations of the form

dyit = aityt
idt+ bity

i
tdWt (3.1)

dM t = �tM tdWt

and if we di¤erentiate these conditions we obtain the following system of equations

�
�itucc(t; y

�i) + 1
2
�i2t uccc(t; y

�i) + �it�
i
tucc(t; y

�i)
�
M i
t =�

aitucc(t; y
i) + 1

2
bi2t uccc(t; y

i) + �tb
i
tucc(t; y

i)
�
M t�

�ituc(t; y
�i) + �itucc(t; y

�i)
�
M i
t =

�
�tuc(t; y

i) + bitucc(t; y
i)
�
M

P
i a
i
t = rt

P
i �

i
t + �t

P
i y
�i

P
i b
i
t = rt

P
i �

i
t

(3.2)
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with the initial conditions
r0 = 1

yi0 = y
�i

0

M0 = 1

Proposition 3.1. There exists a unique solution ((ait) ; (b
i
t) ; �t; �t) to the system

of equations 3.2.

This solution depends on
��
y�

i
�
; (M i

t ) ;
�
yi
�
;
�
M
�
; (�it) ;

�
�it
�
;
�
�it
�
; rt

�
: If it

is regular enough in order to ensure that the stochastic di¤erential equations

dyit = aityt
idt+ bity

i
tdWt; yi0 = y

�i

0

dM t = �tM tdWt; M0 = 1

drt = �trtdt; r0 = 1

admit a solution, then we have

NX

i=1

yi = re�

M iu0i

�
�; y�

i
�
= Mu0i

�
�; yi
�

As in the discrete time framework, it is possible, in the HARA utility setting, to
characterize more precisely these solutions.

Proposition 3.2. If we suppose that each utility function is such that �
u0i(t;x)

u00i (t;x)
=

�i + �x; the density M and the adjustment process r are given by

1. when � 6= 0,

M is a martingale

r0 = M0 = 1

M t =

�
� + �rtet

� + �et

�1=� " NX

i=1


i
�
M i
t

��
#1=�

with 
i =
���i

P

j �
��
j

:
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2. when � = 0, by

M is a martingale

r0 = M0 = 1

Mt =

NY

i=1

�
M i
t

��i=� exp (rt � 1) et
�

3. If � �
PN

i=1 �i = 0 and � 6= 0 , then we obtain a simple construction
algorithm

M is a martingale

r0 = M0 = 1

�
Mt

��
= rt

"
NX

i=1


i
�
M i
t

��
#

and the adjustment process r satis�es

r is nondecreasing if � < 1

r is nonincreasing if � > 1:

In particular, as in the discrete time setting, we �nd that beliefs heterogeneity
leads to an equivalent equilibrium with increased aggregate endowment if and only
if the investor is cautious, i.e. if the cautiousness parameter � is smaller than one.

3.3. Comonotonicity property and the second requirement

A desirable property of the �equivalent equilibrium� is that each investor�s ob-
served (or initial) demand be larger than (resp. equal to, less than) his demand
in the �equivalent equilibrium� if and only if he attaches a subjective probability
that is larger than (resp. equal to, less than) the aggregate common probability,
i.e.

y�
i

t � y
i
t if and only if M

i
t �M t

and
y�

i

t � y
i
t if and only if M

i
t �M t

that we shall refer to as the comonotonicity property (at date t). We want in
this subsection to analyze the links between this comonotonicity property and the

17



second invariance requirement of our aggregation procedure, i.e. the invariance of
individual marginal valuations.
It is easy to see that, due to our second invariance requirement, the comonotonic-

ity property is automatically satis�ed by our aggregation procedure. Indeed, as
seen previously, we have for all i = 1; :::; N and for all t = 0; :::; T;

M i
tu
0
i

�
t; y�

i

t

�
=M tu

0
i

�
t; yit

�
;

and, since u0i (t; �) is decreasing, the comonotonicity property follows immediately
at any date t = 0; :::; T .
Conversely, let us study to which extent the comonotonicity property as well

as the �rst requirement imply our second requirement. By the �rst requirement,
we must have for all i = 1; :::; N

M i
t

M t

=
�i
� i

u0i
�
t; yit

�

u0i
�
t; y�

i

t

� ;

where �i is as above the Lagrange multiplier in the initial equilibrium, and � i is
the Lagrange multiplier in the �equivalent equilibrium.� The second requirement
is then equivalent to the condition that �i

�i
= 1 for all i = 1; :::; N . Imposing

directly the comonotonicity property; instead of the second requirement, leads to

M i
t

M t

1�Mi
t

Mt
�1

� �
�i
� i
�
M i
t

M t

1�Mi
t

Mt
�1

�: (3.3)

If we require the comonotonicity property to be satis�ed from date 0; then it is
immediate that it implies our second requirement: indeed, since M i

0 = M0 = 1,
we get by (3.3) at t = 0, that �i

�i
= 1 for all i = 1; :::; N .

If we only require the comonotonicity property from date t = 1, then it is
immediate that the following condition (C1) implies the second requirement.
Condition (C1) : For all i 2 f1; :::; Ng, for all " 2 R�+, there exists some t 2
f1; :::; Tg for which

P

�
M i
t

M t

2 ]1� "; 1]

�
� P

�
M i
t

M t

2 [1; 1 + "[

�
> 0:

Notice that condition (C1) can be interpreted as a closeness condition between
M and the M i�s.
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We introduce the following condition.
Condition (C2) : For all i 2 f1; :::; Ng, there exists some t 2 f1; :::; Tg for which
(a) The vector

�
M1
t ; :::;M

N
t ; e

�
t

�
admits a positive density with respect to the

Lebesgue measure on (R+)
N � [e; e].

(b) The random variable M t can be written in the form M t = g (M
1
t ; :::;M

n
t ; e

�
t )

for some function g of class C1 such that xi
@g
@xi
� g 6= 0:

Notice that condition (C2) (b) is satis�ed if g is concave and nonnegative.
We obtain the following result:

Proposition 3.3. 1. If the aggregation procedure satis�es the �rst require-

ment and the comonotonicity property at all dates t = 0; :::; T , then the
�equivalent equilibrium� satis�es the second requirement.

2. If the aggregation procedure satis�es the �rst requirement, the comonotonic-

ity property at dates t = 1; :::; T as well as (C2), then the �equivalent equi-
librium� satis�es the second requirement.

3.4. Other possible aggregation procedures

We have considered so far extensions of Calvet et al. (2002). More precisely,
knowing that a true aggregation of individual beliefs leaving all equilibrium char-
acteristics invariant is impossible, we have proposed aggregation procedures that
authorize an adjustment of the market portfolio. Another possible aggregation
procedure consists in leaving the market portfolio invariant and in authorizing the
introduction of a discount factor on the utility functions. We show in Jouini-Napp
(2003), in continuous time, that given an equilibrium price process q� relative to
the beliefs (M i); and the endowment processes (ei) with

PN
i=1 e

i = e�; there ex-
ists a positive martingale process �M with �M0 = 1; and a �nite variation positive
process B � exp

R �
0
�(s)ds such that, with the notations of Section 2,

�MtBtu
0
�(t; e

�
t ) = q

�
t :

The adjustment process B measures then the aggregation bias induced by the
heterogeneity of individual beliefs and leads to a (possibly negative) discount of
utility from future consumption through the �discount rate� (��). It is shown in
Jouini-Napp (2003) that the consensus beliefM is given by some weighted average
of the individual beliefs, the weights being given by the individual risk tolerances,
and that the process B (or �) is directly related to the weighted variance (with
the same weights) of the individual beliefs.
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4. Appendix

Proof of Proposition 2.1 Since
�
q�;
�
y�

i
��

is an equilibrium relative to the

beliefs (Qi) ; and the endowment processes ei with
PN

i=1 e
i = e�, we know that for

all t = 0; :::; T;
NX

i=1

y�
i

t =
NX

i=1

eit = e
�
t

and that there exist positive Lagrange multipliers (�i) such that for all i =
1; ::::; N , for all t = 0; :::; T ,

M i
tu
0
i

�
t; y�

i

t

�
= �iq

�
t :

where M i
t � E

h
dQi

dP
j Ft

i
: For a given bounded and nonnegative predictable

process r, we consider the maximization problem

(Pr) : max

NX

i=1

1

�i
Ui
�
yi
�
under the constraint

NX

i=1

yi � re�;

where Ui (c) = E
hPT

t=0 ui (t; ct)
i
.

If we denote by
�
yi;(r)

�
the solution of the maximization program (Pr), then

the positive process
�
1
�i
u0i

�
t; y

i;(r)
t

��T
t=0

is independent from i and we denote it

by p(r): Let M (r) � q�

p(r)
; where by convention, M (r) = 0 on

�
p(r) =1

	
. We then

have for all i, for all t = 0; :::; T

M
(r)
t =M i

t

u0i

�
t; y�

i

t

�

u0i

�
t; y

i;(r)
t

� : (4.1)

Notice that for all t, the random variables y
i;(r)
t (resp. M

(r)
t ) depend on the process

r only through rt and can therefore be denoted by y
i;(rt)
t (resp. M

(rt)
t ). We want

to �nd a positive and bounded predictable process r such thatM
(r)
0 = 1 andM (r)

is a martingale. Let us construct such a process by induction on t.
For t = 0, we take r0 = 1; and we get y

i;(r0)
0 = y�

i

0 andM
(r0)
0 = 1. Let us suppose

that we have obtained the positive and bounded predictable process (rs)
t�1
s=0 ; hence
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the positive process
�
M

(r)
s

�t�1
s=0

and let us construct rt such that E
h
M

(rt)
t j Ft�1

i
=

M
(rt�1)
t�1 . We introduce the function � : rt 7! E

h
M

(rt)
t j Ft�1

i
�M

(rt�1)
t�1 and we

want to prove that there exists an Ft�1-measurable positive and bounded random
variable rt such that � (rt) = 0 (almost surely).
We �rst show that there exists a positive constant R such that any nonnegative

and bounded Ft�1�measurable random variable a satis�es � (a) > 0 on fa > Rg.

Notice that since u0i

�
t; y

i;(a)
t

�
=

�iq
�

t

M
(a)
t

, we have
q�t

M
(a)
t

= ht (ae
�
t ) with h

�1
t (x) =

PN
i=1 (u

0
i)
�1 (t; �ix). We have

� (a) = E

2
4
M i
tu
0
i

�
t; y�

i

t

�

�iht (ae�t )
j Ft�1

3
5�M (rt�1)

t�1

hence

� (a) 1fa>Rg > E

�
M i
tu
0
i (t; e)

�iht (eR)
1fa>Rg j Ft�1

�
�M

(rt�1)
t�1 1fa>Rg

>

�
M i
t�1

u0i (t; e)

�iht (eR)
�M

(rt�1)
t�1

�
1fa>Rg

so that the existence of R such that � (a) > 0 on fa > Rg is given by the existence

of a positive constant A such that infi
M
(rt�1)
t�1

M i
t�1

< A . Now,

M
(rt�1)
t�1

M i
t�1

=
u0i

�
t� 1; y�

i

t�1

�

u0i

�
t� 1; y

i;(rt�1)
t

�

and

inf
i

M
(rt�1)
t�1

M i
t�1

< sup
i

u0i
�
t� 1; e

N

�

u0i (t� 1; Rt�1e)

where Rt�1 denotes the upper bound for rt�1.
Let us consider the set � of nonnegative and bounded Ft�1�measurable ran-

dom variables r
 such that �(r
) � 0: The set � contains 0 and we have just proved
that any r
 in � is bounded by R: Furthermore, it is easy to check that, for all
Ft�1�nonnegative and bounded measurable random variables r1 and r2; and any
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event B 2 Ft�1, �(r11B + r21Bc) = �(r1)1B + �(r2) 1Bc and the monotonicity of
M (r) with respect to r leads to �(r1 _ r2) = �(r1) _ � (r2) :

Let r� � ess supr
2� r
: The family being directed upward, we know that there

exists
�
r
k
�
in � such that r� = limk!1 % r
k . We prove now that � (r

�) = 0.
It is immediate that r� is nonnegative, bounded and predictable. Besides,

it is easy to see that, when k ! 1; then M(r
k) % M (r�); and since for all
k, �

�
r
k
�
� 0, we get by the Beppo-Levi Theorem that � (r�) � 0. It re-

mains to show that for all ("; b) 2
�
R
�
+

�2
, we have P (
";b) = 0, where 
";b �

f� (r�) < �"; Et�1 [q
�
t ] � bg 2 Ft�1: We introduce br = r� + �1
";b for � 2 R

�
+.

We get � (br) = � (r�) + [� (r� + �)� � (r�)] 1
";b. We shall prove that for some
positive �, j� (r� + �)� � (r�)j < " on 
";b. This would lead to � (br) � 0, hence
P (
";b) = 0 and � (r

�) = 0.
Now,

j� (r� + �)� � (r�)j1
";b =

����Et�1
�
q�t

�
1

ht ((r� + �) e�t )
�

1

ht (r�e�t )

������1
";b
� b sup

jx�yj��e
x;y2[0;Re]

j	(x)�	(y)j1
";b

for 	 � 1
ht
and then j� (r� + �)� � (r�)j < " on 
";b for � small enough.

Taking rt = r
� completes the construction by induction of the process r.

As far as uniqueness is concerned, it is �rst easy to see that for any positive and

bounded process r, there exists a unique
�
M;
�
yi
�
;
�
ei
��
=
�
M (r); yi;(r); ei � y�

i
+ yi

�

satisfying requirements 1. and 2. of the Theorem. The uniqueness of r is imme-
diate by monotonicity of �. �
Proof of Proposition 2.2 Similar to the proof of the existence of a repre-

sentative agent in the homogeneous beliefs setting.
Proof of Proposition 2.3

1) We know that

1

�i
M i
tu
0
i

�
t; y�

i

t

�
=
(1)
M tu

0
� (t; rte

�
t ) =

(2)

1

�i
M tu

0
i

�
t; yit

�

We get from the second equality that u0� (t; rte
�
t ) =

1
�i
u0i
�
t; yit

�
so that, for

� > 0;
�
u0i
�
t; yit

����
= [�iu

0
� (t; rte

�
t )]

��. Since u0i (t; x) = (�i + �x)
�1=�, this leads

to �i + �y
i;(r)
t = [�iu

0
� (t; rte

�
t )]

��, hence u0� (t; rte
�
t )
�� =

�+�rte�t
PN
i=1 �

��
i

: From the �rst
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equality, we get that
h
u0i

�
t; y�

i

t

�i��
=
h
�i
Mt

M i
t
u0� (t; rte

�
t )
i��

= �i + �y
�i

t , hence � +

�e�t =M
��

t u
0
� (t; rte

�
t )
��PN

i=1

�
�i
M i
t

���
, andM t =

�
�+�rte�t
�+�et

�1=� hPN
i=1 
i (M

i
t )
�
i1=�

.

If � = 0; we have u0i (t; x) = exp�
x
�i
and adopting the same approach, using

the second equality u0� (t; rte
�
t ) = exp�

rte�t
�
exp�1

�

PN
i=1 �i ln�i: From the �rst

equality, we get that exp�
y�
i

t

�i
= �i

Mt

M i
t
exp�

rte�t
�
exp�1

�

PN
i=1 �i ln�i; and then

M t =
QN
i=1 (M

i)
�i=� exp

(rt�1)e�t
�

:

2) Since M t =
�
�+�rte�t
�+�e�t

�1=� hPN
i=1 
i (M

i
t )
�
i1=�

, we have

Et�1
�
M t

�
1rt<1 < Et�1

2
4
"
NX

i=1


i
�
M i
t

��
#1=�3

51rt<1:

Now, for 0 < � < 1, we get by Minkovski�s inequality Et�1

�hPN
i=1 
i (M

i
t )
�
i1=��

�

hPN
i=1 
i

�
M i
t�1

��i1=�
; hence Et�1

�
M t

�
1rt<1 < M t�1

�
�+�rt�1e�t�1
�+�e�t�1

��1=�
1rt<1; and

 
� + �rt�1e

�
t�1

� + �e�t�1

!
1rt<1 < 1rt<1:

This leads to frt < 1g � frt�1 < 1g : Since r0 = 1, we have r � 1. The case � > 1
can be treated similarly. For � = 1; it is clear that r = 1 and M =

PN
i=1 
iM

i is
the solution of our equations.

For � = 0, Et�1
�
M t

�
1rt<1 � Et�1

hQ
i (M

i
t )
�i=�
i
1rt<1 �

QN
i=1

�
M

i

t�1

��i=�
and

then 1rt<1 � exp�
(rt�1�1)e�t�1

�
1rt<1 and as previously frt < 1g � frt�1 < 1g.

3) In the case � �
PN

i=1 �i = 0; it is immediate that
�
M t

��
= rt

hPN
i=1 
i (M

i
t )
�
i

hence Et�1
�
M t

�
< r

1=�
t Et�1

�hPN
i=1 
i (M

i
t )
�
i1=��

. Now, for � > 1, we get the fol-

lowingMinkovski-like inequalityEt�1

�hPN
i=1 
i (M

i
t )
�
i1=��

�
hPN

i=1 
i
�
M i
t�1

��i1=�
;

hence M t�1 � r
1=�
t

hPN
i=1 
i

�
M i
t�1

��i1=�
; and M t�1 �

�
rt
rt�1

�1=�
M t�1 or equiva-

lently rt
rt�1

� 1. The case � > 1 can be treated similarly.
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Proof of Proposition 3.1 The second equation in the system 3.2 gives us

�
�ituc(t; y

�i) + �itucc(t; y
�i)
�
M i
t

ucc(t; y
i)M

= �t
uc(t; y

i)

ucc(t; y
i)
+ bit

and we deduce from the fourth equation in the same system that

�t =

PN
i=1

�

�ituc(t;y
�
i
)+�itucc(t;y

�
i
)
�

M i
t

ucc(t;yi)M
� rt

PN
i=1 �

i
t

PN
i=1

uc(t;yi)

ucc(t;yi)

:

This gives �t and the b
i�s.

The ai�s (resp. �) are then obtained from the �rst (resp. the third) equation
in the system 3.2.
Proof of Proposition 3:2 The relations between M; r and the M i�s are

obtained exactly as in the discrete time framework. In the particular case where
� = 0; we have

�
Mt

��
= rt

"
NX

i=1


i
�
M i
t

��
#

(4.2)

and if we di¤erentiate both sides, we obtain

1

2
rt� (� � 1)

NX

i=1


i
�
�it
�2 �
M i
t

��
+ �trt

NX

i=1


i
�
M i
t

��
=

1

2
� (� � 1) �2tM

�
t

rt�

NX

i=1


i�
i
t

�
M i
t

��
= ��tM

�
t

or equivalently

�t =
NX

i=1

�it�
i
t

�t =
1

2
� (� � 1)

2
4
 

NX

i=1

�it�
i
t

!2
�

NX

i=1

�it
�
�it
�2
3
5

where for all i, �it � rt
i
(M i

t)
�

M�
t
and satisfy

PN
i=1 �

i
t = 1 (by 4.2):
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Since
�PN

i=1 �
i
t�
i
t

�2
�
PN

i=1 �
i
t

�
�it
�2
is always nonpositive, �t and (� � 1) have

opposite signs and r is nondecreasing (resp. nonincreasing) for � < 1 (resp.
� > 1).
Proof of Proposition 3.3 It is easy to see that under condition (C2), the

application

h : (x1; :::; xN ; y) 7!

�
x1; :::xi�1;

xi
g (x1; :::; xN ; y)

; xi+1; :::; xN ; y

�

is a C1-di¤eomorphism from
�
R
�
+

�N
� ]e; e[ to an open subset U of

�
R
�
+

�N
� ]e; e[ :

Then the random vector
�
M1
t ; :::;M

i�1
t ;

M i
t

Mt
;M i+1

t ; :::;MN
t ; e

�
t

�
admits a density

with respect to the Lebesgue measure on (R+)
N�[e; e], which is positive on U . Fur-

thermore, since E
�
M t

�
= E [M i

t ] = 1, it is impossible to have g (x1; :::; xN ; y) < xi
for all (x1; :::; xN ; y) ; or g (x1; :::; xN ; y) > xi for all (x1; :::; xN ; y). Since ImU is
connected, Pr oji (ImU) is also connected, where Pr oji denotes the projection on
the i-th coordinate, hence there exists (bx1; :::; bxN ; by)such that g (bx1; :::; bxN ; by) = bxi.
Since U is open, there exists a neighborhood of (bx1; :::; bxi�1; 1; bxi+1; :::; bxN ; by) in
U , which leads to

P

�
M i
t

M t

2 ]1� "; 1]

�
� P

�
M i
t

M t

2 [1; 1 + "[

�
> 0:
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