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Abstract

Is the patent length an effective policy instrument in stimulating R&D? This paper develops a
generalized variety-expanding growth model and then calibrates the model to the aggregate data of the
US economy to analyze the effects of extending the patent length. The numerical exercise suggests that at
the empirical range of patent-value depreciation rates, extending the patent length beyond 20 years leads
to only a very small increase in R&D despite R&D underinvestment in the market economy. On the other
hand, shortening the patent length can lead to a significant reduction in R&D and consumption. This
paper also makes use of the dynamic general-equilibrium framework to examine the fraction of total
factor productivity (TFP) growth that is driven by R&D, and the calibration exercise suggests that about
35% to 45% of the long-run TFP growth in the US is driven by R&D. Finally, this paper identifies and
analytically derives a dynamic distortion of the patent length on saving and investment in physical capital
that has been neglected by previous studies, which consequently underestimate the distortionary effects of

patent protection.
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1. Introduction
Is the patent length an effective policy instrument in stimulating R&D? The statutory term of patent in the
United States (US) was 17 years from 1861 to 1995 and then extended to 20 years as a result of the
TRIPS agreement. Suppose that there is underinvestment in R&D in the market economy as suggested by
Jones and Williams (1998) and (2000), why hasn’t the term of patent been lengthened to stimulate R&D?'
Especially, Kwan and Lai (2003) show in a variety-expanding growth model that extending the effective
lifetime of patents would lead to a substantial increase in R&D and consequently welfare gains.

This paper attempts to provide an answer to the above questions by developing a generalized
variety-expanding growth model and calibrating the model to the aggregate data of the US economy to
analyze the effects of extending the patent length. It turns out that whether an extension in the patent
length would lead to a significant increase in R&D depends crucially on whether the model is calibrated
properly to match the empirical patent-value depreciation rate. The numerical exercise suggests that at the
empirical range of patent-value depreciation rates, extending the patent length beyond 20 years leads to
only a very small increase in R&D despite R&D underinvestment in the market economy. On the other
hand, shortening the patent length can lead to a significant reduction in R&D and consumption. In other
words, the patent length loses its effectiveness in stimulating R&D at around 20 years. This paper also
makes use of the dynamic general-equilibrium (DGE) framework to examine the fraction of total factor
productivity (TFP) growth that is driven by R&D. The calibration exercise suggests that about 35% to
45% of the long-run TFP growth in the US is driven by R&D. Finally, this paper identifies and
analytically derives a dynamic distortion of the patent length on saving and investment in physical capital
that has been neglected by previous studies, which consequently underestimate the distortionary effects of
patent protection. The dynamic distortion arises because when the patent length increases, the fraction of

monopolistic industries goes up. The resulting higher aggregate markup causes the wedge between the

' The WTO’s Agreement on Trade-Related Aspects of Intellectual Property Rights (TRIPS), initiated in the 1986-94
Uruguay Round, extends the statutory term of patent in the US from 17 years (counting from the issue date when a
patent is granted) to 20 years (counting from the earliest claimed filing date) to conform with the international
standard. Because of the difference in the starting date, the effective extension of patent length was much shorter
than 3 years.



marginal product of capital and the rental price to increase. As a result, the market equilibrium rate of
investment in physical capital decreases and deviates further from the social optimum.

This paper relates to a number of studies on R&D underinvestment. In a companion paper, Chu
(2007) numerically evaluates the effect of blocking patents on R&D in a generalized quality-ladder
growth model with overlapping intellectual property rights, and he finds that eliminating blocking patents
can be very effective in stimulating R&D. In performing a similar quantitative analysis, Chu (2007) and
the current paper together provide a quantitative assessment on the relative effectiveness of extending the
patent length and eliminating blocking patents in solving the R&D-underinvestment problem suggested
by Jones and Williams (1998) and (2000). The crucial difference arises because extending the patent
length affects future monopolistic profits while eliminating blocking patents affects current monopolistic
profits. Furthermore, the calibration exercise takes into consideration Comin’s (2004) critique. Comin
(2004) argues two points: (a) Jones and Williams’ (2000) finding of R&D underinvestment is based on
the assumption in their calibration that the long-run TFP growth is solely driven by R&D; and (b) the
level of R&D spending in the data may be optimal if R&D only drives a small fraction of the long-run
TFP growth. The current paper contributes to this debate by bringing in an additional moment that is the
patent-value depreciation rate in order to calibrate the fraction of long-run TFP growth driven by R&D,
and the details will be discussed in Section 2.9.

This paper also complements the theoretical studies in the patent-design literature that is mostly
based on a partial-equilibrium setting by providing a quantitative DGE analysis on patent policy. The
seminal work on patent length is Nordhaus (1969), and he concludes that the optimal patent length should
balance between the static distortionary effects of markup pricing and the gains from enhanced
innovations. Gilbert and Shapiro (1990) argue that given the choices of patent length and patent breadth
as policy instruments, the socially optimal policy combination is an infinite patent length and a minimum

degree of patent breadth.” In a DGE setting, Judd (1985) also concludes that the optimal patent length is

% Some other studies on optimal patent design include Tandon (1982), Klemperer (1990), Green and Scotchmer
(1995), O’Donoghue (1998), O’Donoghue, Schotchmer and Thisse (1998), Hunt (1999) and Schotchmer (2004).
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infinite.” On the other hand, Futagami and Iwaisako (2003) show that the optimal patent length may be
finite when there is no underinvestment in R&D. However, the above studies do not feature endogenous
capital accumulation so that the dynamic distortion on capital accumulation is absent.

In terms of quantitative analysis, the most closely related work is Kwan and Lai (2003), and they
find substantial welfare gains from extending the effective lifetime of patent. There is an important reason
for the contradicting results between Kwan and Lai (2003) and the current paper. By using the same final-
goods production function as in Romer (1990), Kwan and Lai (2003) necessarily restrict the size of the
markup to the inverse of the capital share. This setup restricts the balanced-growth rate of monopolistic
profits captured by each patent to equal the population growth rate that is nonnegative. Relaxing this
parameter restriction indicates that at the empirical range of patent-value depreciation rates estimated by
previous studies, the implied growth rates of the number of varieties (that are no longer the same as the
TFP growth rate) are very high; consequently, the share of monopolistic profits captured by each patent
declines sharply overtime rendering patent extension ineffective in stimulating R&D. In other words, the
potentially rapid decline in the market share captured by each patent due to the introduction of new
varieties enables the model to feature the empirically observed depreciation in the market value of
patents. As a result, extending the patent length has limited effects on R&D.

Before closing the introduction, I briefly survey the empirical literature on estimating the market
value of patents using patent renewal data to gather some information about the magnitude of the rate at
which a patent’s value declines overtime.* The pioneering study that estimates a deterministic patent
renewal model is Pakes and Schankerman (1984), and they find that the market value of patents
depreciates at a rate of 25% per year with a 95 percent confidence interval of 18%-36%. Schankerman
and Pakes (1986) provide more recent data on a number of European countries, in which about half of all

patents are not renewed within 10 years and only 10% of them are renewed until the end of the statutory

? Some other DGE studies on patent policy include Li (2001), Goh and Olivier (2002), O’ Donoghue and Zweimuller
(2004) and Grossman and Lai (2004). However, all of these studies neglect the dynamic distortion on capital
accumulation and are qualitatively oriented. Chu (2007) provides a more detailed discussion on these studies.

* For a more detailed survey on early studies, see e.g. Griliches (1990).
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term.” Pakes (1986) develops a stochastic renewal model to capture the effect of learning about a patent’s
value in the initial years, and he also finds high rates of depreciation ranging from 11.4% in Germany to
19.0% in the United Kingdom. Lanjouw (1998) uses a more general stochastic renewal model to estimate
the value of patents in a number of industries. In addition to the rates of depreciation, her model also
estimates the annual probability that a patent becomes obsolete (i.e. complete depreciation), and it ranges
from 7% for computer patents to 12% for engine patents. Although the empirical estimates tend to vary
across studies, across countries and across industries, there seems to be suggestive evidence that the rates
of depreciation and obsolescence are quite high for patents.

The rest of this paper is organized as follows. Section 2 describes the model and derives the
dynamic distortionary effect of the patent length. Section 3 calibrates the model to the data, and the final

section concludes with some important caveats. All proofs are contained in Appendix I.

2. The Model
The variety-expanding model is a generalized version of Romer (1990). The basic framework is modified
to introduce a finite patent length denoted by T for each invented variety of intermediate goods. The final
goods are produced with labor and a composite of intermediate goods. The intermediate-goods industries
are monopolistic for the producers owning a valid patent and become competitive once the patent expires.
The relative price between the monopolistic and competitive goods leads to the usual static distortionary
effect that reduces the output of final goods. The markup in the monopolistic industries drives a wedge
between the marginal product of capital and the rental price; consequently, it leads to an additional
dynamic distortionary effect that causes the market equilibrium rate of investment in physical capital to
deviate from the social optimum. To prevent the model from overestimating the social benefits of R&D
and hence the extent of R&D underinvestment, the long-run TFP growth is assumed to be driven by R&D

as well as an exogenous process as in Comin (2004). In addition, this class of first-generation R&D-

> All the studies cited here are based on European data. In the US, patent maintenance fees were not initiated until
1982, and the fees are due 3.5 years ($900), 7.5 years ($2300) and 11.5 years ($3800) after a patent is granted, rather
than annually as in some European countries.



driven endogenous growth models exhibits scale effects and is inconsistent with the empirical evidence in
Jones (199521).6 In the present model, scale effects are eliminated as in Jones (1995b). After eliminating
scale effects, the resulting model becomes a semi-endogenous growth model, in which the balanced-
growth rate is proportional to the exogenous population growth rate.

The various components of the model are presented in Sections 2.1-2.8, and the competitive
equilibrium is defined in Section 2.9. Section 2.10 derives the socially optimal allocations, and Section
2.11 derives the dynamic distortionary effect of the patent length on capital accumulation. The analysis

focuses on the balanced-growth path.

2.1. Representative Household
There is a representative household whose lifetime utility is given by

it 1-o
(1) U= S_ar,
0 -0

where 0 21 is the inverse of the elasticity of intertemporal substitution and o0 is the exogenous

subjective discount rate. The household has L, = e"' members at time 7, and n >0 is the constant

1
exogenous population growth rate. p is assumed to be greater than n to ensure that utility is bounded.
¢, is the per capita consumption of final goods (the numeraire). The household maximizes utility subject
to a sequence of budget constraints given by

() a, =(r,—n)a, +w, —c, .

Each member of the household inelastically supplies one unit of homogenous labor in each period to earn
a wage income w,. a, is the amount of financial assets, which consist of physical capital and patents,

owned by each member of the household, and 7, is the real rate of return on these financial assets. From

the household’s intertemporal optimization, the familiar Euler equation is

% See Jones (1999) for an excellent theoretical analysis on scale effects.
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3) ¢, lc,=(r—-p)lo.
Along the balanced growth path, ¢, increases at a constant rate g_.. Therefore, the equilibrium real

interest rate along the balanced-growth path is

@) r=p+g.0.

2.2. Final Goods
The sector producing the final goods is characterized by perfect competition, and the producers take both

the output price and input prices as given. In particular, the final-goods production function is
v, 1/n

(5) Y,=Z"L¢ (I X (j)dj}
0

for ne (0,1/ ). Y, is the amount of final goods produced. Z, = Z, exp(g,¢) represents an exogenous

t

process of productivity improvement that is freely available to all final-goods producers. L , is the

number of production workers. X,(j) is the amount of intermediate goods of variety je [0,V.], in

which V, is the number of varieties that has been invented as of time 7. The production function in (5)

nests Romer (1990) as a special case with 77 =1 and Z, =1 for all 7. For 77 =1, the monopoly markup
M is restricted to be 1/ (i.e. roughly the inverse of the capital share); therefore, Jones and Williams
(2000) propose a more realistic specification that allows 77 to differ from one so that the markup is given

by # =1/(an) in order to relax the parameter restriction between the markup and the capital share.

The final-goods producers take Z,H” as given. The current paper includes this exogenous TFP

process for two reasons: (a) to avoids the mistake in assuming that the long-run TFP growth in the data is

solely driven by R&D; and (b) to relax the restriction between the patent-value depreciation rate and the

long-run TFP growth rate denoted by g, . This restriction will be discussed in details in Section 2.9. In

short, by setting g, =0 (i.e. by assuming that the long-run TFP growth is solely driven by R&D), the



balanced-growth rate of the number of varieties g, is pinned down by the TFP growth rate g, , the

capital share ¢, and the markup 1/(an). Once g, is determined, the patent-value depreciation rate is

also uniquely pinned down, and the calibration results suggest that this implied patent-value depreciation

rate differs substantially from the previous empirical estimates based on patent renewal data. Therefore,
the current paper adopts the specification in (5) that allows g_ to differ from zero in order to bring in the

empirical estimates for the patent-value depreciation rate and perform a more realistic calibration.

Profit maximization yields the first-order conditions for the wage rate and the price of

intermediate-goods P, (j) for je [0,V,] given by

(6) w, =(1-a)Y, /Ly’, ,

v, d=-m/n
) R(j)=az "L U X (J-)d]} X |
0

2.3. Intermediate Goods

There is a continuum of industries, indexed by je[0,V,], producing the differentiated intermediate
goods X, (j).Once a variety has been invented, the production function in industry j is

) X.(H=K,,()).

K ,(j) is the amount of capital employed by industry j. The profit function facing the producer(s) of
variety j is

©) r(H=F(HDX.()H-RK,, ().

R, is the rental price of capital. Denote the steady-state fraction of monopolistic industries by @, which
is endogenously determined by the patent length 7. Without loss of generality, the industries are ordered

such that industries j € [0,®V,] are protected by patents and industries j € (@V,,V,] are not protected

by patents. Then, the first-order conditions are



(10) P(j))=R,Ton
for je [0,wV,], and
(11) P(j)=R,

for j'e (wV,,V,].

2.4. Aggregate Production Function and Static Distortion

The total amount of capital employed by the intermediate-goods sector at time f is

<

(12) K, =X, (Ddj=V(@X,()+1-o)X,(j)).

(=]

Lemma 1: The aggregate production function for the final goods is
(13) Y, =®AZ LYK,
where A, is the level of R&D-driven TFP and is defined as

(14) AE =y e

and @ is defined as

(a)(an)()m/(l—am) + 1 _ w)l/?]
(a)(an)l/(l—(lﬂ) + 1 _ a))(l

(15) =

@ is strictly less than one for @ € (0,1) and equals one for @ € {0,1}. In addition, 0@ /0@ <0 when

1 1 on 1
w<w= 1_ 0,’77 1_ (an)l/(l—(lﬂ) - 1_ (aﬂ)dﬂ/(l—dﬂ) <l

Proof: See Appendix L.

@ captures the usual static distortionary effect of patent protection in creating a monopolistic markup in

the patent-protected industries. In other words, the markup in the monopolistic industries distorts
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production towards the competitive industries and thus reduces the total output of the final goods.
Increasing the fraction of monopolistic industries worsens this static distortionary effect when @ < @ .

This static distortionary effect is not monotonic in the patent length because at an infinite patent length,

all industries are monopolistic and the relative-price distortion disappears.

2.5. National Income Account Identities

The market-clearing condition for the final goods is

(16) Y,=C +1,.

C, = Lc, is aggregate consumption, and /, is investment in physical capital. The correct value of gross
domestic product (GDP) should include the amount of investment in R&D such that

(17) GDP, =Y, +wL ,+RK,,’

L., and K, are respectively the number of workers and the amount of capital in the R&D sector that

rt
invents new varieties. The amount of monopolistic profits, the factor payments for production workers

and capital in the intermediate-goods sector are given by

(18) wlL,, =(l-a)Y,
(19) RK, =a¥,d,
(20) zVow=oY (-0,

where @e [amn, 1] is determined by the fraction of monopolistic industries @ and is defined as

a)(an)l/(l—a?]) + 1 —w

21 0] .
1) (o)™ +1-w

7 In the national income account, private spending in R&D is treated as an expenditure on intermediate goods.
Therefore, the values of capital investment and GDP in the data are I, and Y respectively. The Bureau of

Economic Analysis and the National Science Foundation’s R&D satellite account provides preliminary estimates on
the effects of including R&D as an intangible asset in the national income accounts.
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A rise in the fraction of monopolistic industries @ leads to a decrease in @ and consequently, increases
the wedge between the marginal product of capital and the rental price. As will be shown below, this

decrease in @ also leads to a lower rate of investment in physical capital. Therefore, @ captures the

dynamic distortionary effect of the patent length on capital accumulation.

2.6. Capital Accumulation

The market-clearing condition for physical capital is
(22) Kr = Ky,t + Kr,r *

K, is the total amount of capital available in the economy at time . The law of motion for capital is

(23) K, =1-KJ0

0 is the rate of depreciation. Denote the balanced-growth rate of capital by g, , the endogenous steady-
state investment rate is

(24) i=(gx +0)K, /Y,

for all ¢. The no-arbitrage condition 7, = R, — & implies that the steady-state capital-output ratio is

(25) LI o .
Y (A-s)(p+g.0+09)

Sk 1s the endogenous steady-state R&D share of capital. Substituting (25) into (24) yields

26) i= ‘m( gk +0 ]
l-s, \p+go+d

In the Romer model, (skilled) labor is the only input for R&D (i.e. s, =0); therefore, the distortionary
effect of patent length on the rate of investment in capital is unambiguously negative (i.e. di/dT <0). In
the current model with s, =0, there is an opposing positive effect operating through s, . Intuitively, an

increase in the patent length raises the private return on R&D and hence the share of capital employed in

the R&D sector. Proposition 1 in Section 2.11 shows that the negative effect still dominates.
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2.7. R&D

The no-arbitrage value of a patent P,, for a new variety invented at time 7 is the expected present value

of the stream of monopolistic profits earned by an R&D entrepreneur until the patent expires given by
t+T
(27 P, = j e rdr =QT)rx,.
t

1= Prsosl . N
QT) = is the present-value discount factor after substituting in (4) for the steady-state
pPt+gO—§,

real interest rate and defining g, as the balanced-growth rate of monopolistic profits. When g, =0, the
market value of a patent depreciates approximately at an annual rate of 1/7.® For example, when the
patent length is 20 years and g, =0, the market value of a patent depreciates at roughly 5% per year.
However, the empirical estimates from the patent renewal data suggest that a reasonable range for the
patent-value depreciation rates is between 15% and 25%; therefore, g, € [-0.2,—0.1]. In other words, an
invention loses about 10% to 20% of its market share per year on average. The marginal effect of patent
length on Q(T) given by Q'(T)=e 477 is positive, and this marginal effect depends positively
on the profit growth rate g_. Therefore, a highly negative profit growth rate (i.e. a high patent-value
depreciation rate) would render patent extension ineffective in raising the market value of patents.

The instantaneous probability A, (k) of an innovation success for R&D entrepreneur & € [0,1] is
(28) A (k) =@,L) (K, (k).
where ¢, is the productivity parameter of R&D inputs that the entrepreneurs take as given. This

specification nests the “knowledge-driven” specification in Romer (1990) as a special case with =0

and the “lab equipment” specification in Rivera-Batiz and Romer (1991) and Jones and Williams (2000)

¥ This approximation is exact when the interest rate is zero.
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as a special case with =« . The R&D sector is characterized by constant returns to scale and perfect

competition. The amount of expected profit of investing in R&D is

29) z,,(k)=P A (k)-wL, (k)-RK,, (k).
The first-order conditions for R&D entrepreneur k are

(30) (1-BP.@,(K, (k)L (k)" =w,.
31) BP. (K, (k)/L, (k)" =R,.

(30) and (31) together with (18) and (19) determine the resource allocation between production and R&D.

2.8. Law of Motion for the Number of Varieties
To eliminate scale effects and to ensure the existence of a balanced-growth path in the presence of

population growth, I follow Jones and Williams (2000) to assume that the R&D productivity parameter

@, is a function of V, given by

(32) @, =V K/ LY.

@e (—oo,1) captures the externality in intertemporal knowledge spillovers,” and ¥ € (0,1] captures the

negative externality in intratemporal duplication or the so-called “stepping-on-toes” effects. The law of

motion for the number of varieties is

rtort rtort

1
33) V= j A (kydk =P KPP = V(KL IP)
0

1 1
Along the balanced-growth path, K, = J.K ,.(k)dk increases at g, ,and L , = .[Lm(k)dk increases
0 0

at the exogenous population growth rate n . Therefore, the balanced-growth rate of V, denoted by g, is

? As discussed in Jones (1995b), ¢e (0,1) corresponds to the “standing-on-shoulder” effect, in which R&D
productivity increases as V, increases, and ¢ € (—0,0) refers to the “fishing-out” effect, in which R&D productivity

decreases as V, increases.
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4 KAL) 1-
(34) . V_f:(/,( L) :(7ﬁ,ng+(y< ,b’)jn‘

v 1-¢ 1-¢

t

Finally, the steady-state fraction of patented varieties @ is given by

Vr _.‘%—T =1- e—gvT
Vl‘

(35) @

>

1]
NS RNE

where ‘7, is the number of patented varieties at time ¢ and V, - V,_T is the net increase in the number of

patented varieties at time 7.

2.9. Decentralized Equilibrium and Balanced-Growth Path

The analysis starts at # =0 when the economy has reached the balanced-growth path corresponding to

the patent length 7. The equilibrium is a sequence of prices {w,,r,,R,, P,(j), P,,},, and a sequence of

allocations {c,,a,,X,(j),Y,,I,,K ,,L K, L

s K,.,L 1}, that are consistent with initial conditions

i v Ly
{K,.L,,Z,,V,,A,,®,} and their subsequent laws of motions. Also, in each period,
(a) the representative household chooses {c,,a,} to maximize utility taking {w,,r,} as given;
(b) the competitive firms in the final-goods sector choose {X,(/),L,,} to maximize profits
according to the production function taking {P.(j),w,} as given;

(c) the monopolistic firms j € [0, @V, ] in the intermediate-goods sector choose {F,(j),K ,(j)} to

maximize profits according to the demand curve from the final-goods sector and the production

function taking {R,} as given;
(d) the competitive firms j € (@,1] in the intermediate-goods sector choose {K,.( i)} to

maximize profits according to the production function taking {P.(j),R,} as given;

-13 -



(e) the entrepreneurs k € [0,1] in the R&D sector choose {L,,(k),K,,(k)} to maximize profits
according to the production function taking {w,,R,, P, ,,@,} as given;

(f) the market for the final goods clears such that ¥, = C, + 1, ;

(g) the full employment of capital such that K, = K , + K, ,; and

(h) the full employment of labors such that L, = L, , + L,,

Equating the first-order conditions (18) and (30) and imposing the balanced-growth condition

t

r,t rt

8v

(36) V, =

t

yield the steady-state shares of labor inputs given by

(37

s, _1=B[A-e g, Yol - ®)
I-s, -« pt8.o0—8, w

Similarly, equating (19) and (31) and imposing (36) yield the steady-state shares of capital inputs as

38) se_B[UA=e =g ) a(l - d)
-5, « ptg8.o—g, ®o

The balanced-growth rates of various variables are given as follows. From the aggregate
production function in (13) and the steady-state investment rate in (26),
(39) 8y =8xk=8,=8c=8.1t8,tn.

Therefore, g. = g, + g, . From the definition of R&D-driven TFP in (14),

1 1-—
(40) 2, =—( o ng -
I-a\ n

Finally, from (20), the balanced-growth rate of monopolistic profits is

(41) 8,8y 8y =8.1T8,tNn—8y.

-14 -



Note that g, is restricted to equal g, +n>0 when 77 =1 because g, =g, . However, when 7} is
large (i.e. a low markup), g, becomes large relative to g, . Therefore, holding g, constant, an increase
in 77 leads to a decrease in g, . Eventually, g_ becomes negative for a low enough markup.

Denote the fraction of the long-run TFP driven by R&D by & such that g, = &g, /(1— @) and
g, =(1-8gp/(1—a). If £=1, then the value of g, is pinned down by g,, @, 17 and n
according to (40) and (41). The resulting implied value of g_ could be seriously biased due to the

misspecification of the model. Therefore, I allow & to differ from one and calibrate this parameter from
the data. Firstly, I make use of the previous empirical estimates for the patent-value depreciation rate to

determines g, . Note that once g, is given, (41) pins down a unique value for g, for given values of

&> @ and n. Then, given g, , (40) pins down a unique value for g, for given values of & and 77.

Finally, from (34) and using (39) and (40), the balanced-growth condition that determines the

externality parameters ¥ and ¢ is given by

42) gv=(1_¢— p (1_0”7)] (Bg, +n).
y 1-al 7

2.10. Socially Optimal Allocations
To derive the socially optimal rate of capital investment i and R&D shares of labor sz and capital sz ,

the social planner maximizes

oo (A=DDY, /L)

(43) U=|e"
J; 1-o

subject to: (a) the aggregate production function expressed in terms of s, , and s, , given by
(44) Y, =VEzEt (=5 ) (1—s, ) "KLY,

(b) the law of motion for capital expressed in terms of i, given by
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(@3) Kr = err - Kré‘;
and (c) the law of motion for the number of varieties expressed in terms of s, , and s, given by
(36) V, =V (5 )7 (5,) P KL

After deriving the first-order conditions, the social planner solves for i, sz and s; on the balanced-

growth path.

Lemma 2: The socially optimal rate of capital investment i "is

(47) i* :(a_i_ﬂ(l_amj 7/gv j 8k +5 ,
n Jp-n+(c-Dg +(10-9)g, |p+g.0+0d

and the socially optimal R&D shares of labor sz and capital S; are respectively

s, _1—ﬁ(1—m7j 8,

) I-s; l1-al 7 p—n+(a—1)gc+(1—¢)gv’
5, 1— 15 al—&)) (- e—(P—n“'(O'—l)g(»“’gv)T) gy
1—sL:1—a( @ j p-n+(c-Dg +gy
s B (l—omj Y8y
) -5, al 7 p—n+(0—1)gc+(1—¢)gv‘
, Se ﬁ [ a(l - @)j (- e—(p—n+<o—1>gf+gv>r) gy
-5, a\ o p-—n+(o-hg . +g,

Proof: See Appendix L.

(48) and (49) indicate the various R&D externalities: (a) the negative externality in intratemporal

duplication y € (0,1]; (b) the positive or negative externality in intertemporal knowledge spillovers

g e (—oo,1); (c) the positive externality from the dynamic surplus-appropriability problem due to a finite
patent length given by (1— e (PHEDEaIT Y 1 and finally, (d) the positive externality from the static

surplus-appropriability problem given by (1—an)/n > a(l1—®)/ @ for all T. Given the existence of
P pprop Yy p g y n)in
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positive and negative externalities, it requires a careful calibration that will be performed in Section 3 to

determine whether the market economy over- or under-invests in R&D.

2.11. Dynamic Distortion
If the market economy underinvests in R&D, the government may want to increase the patent length to
reduce the extent of this market failure. However, an increase in 7 would worsen the dynamic
distortionary effect on capital accumulation. Therefore, the government needs to trade off the gains from
the increase in R&D and the losses caused by the dynamic distortion and potentially the static distortion.

Proposition 1 provides the condition under which the markup-pricing distortion moves the market

equilibrium rate of capital investment i away from the social optimum i "

Proposition 1: The decentralized equilibrium capital investment rate i is below the socially optimal

investment rate i if either there is underinvestment in R&D or labor is the only factor input for R&D. In
addition, an increase in the patent length always reduces the equilibrium capital investment rate i .

Proof: See Appendix L.

The second part of the proposition is quite intuitive. When the patent length increases, the fraction of
monopolistic industries rises. The resulting higher aggregate markup drives a bigger wedge between the
marginal product of capital and the rental price. Therefore, the market equilibrium rate of investment in
physical capital decreases. As for the first part of the proposition, the discrepancy between the market

equilibrium rate of investment in physical capital and the social optimum arises because of: (a) the

aggregate markup; and (b) the discrepancy between the market equilibrium R&D capital share s, and the
socially optimal R&D capital share sz. Since the market equilibrium capital investment rate i is an

increasing function of s, , the underinvestment in R&D in the market equilibrium is sufficient for i <i "

On the other hand, when there is overinvestment in R&D in the market equilibrium, whether i is below
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or above i depends on whether the effect of the aggregate markup or the effect of R&D overinvestment
dominates. For the case in which labor is the only factor input for R&D, s, =0; therefore, only the

effect of the aggregate markup is present.

3. Calibration
This section firstly calibrates the structural and externality parameters using long-run aggregate data of
the US economy and then computes the changes in R&D and consumption from varying the patent

length. After that, the dynamic distortionary effects are also examined.

3.1. Structural Parameters

The statutory patent length 7 in the US is 20 years, and the average annual labor-force growth rate n is
1.66%."° The annual discount rate © and the annual rate of depreciation & for physical capital are set to
conventional values of 0.04 and 0.08 respectively. [ is set equal to @ corresponding to the lab-

equipment specification in Rivera-Batiz and Romer (1991) and Jones and Williams (2000)."" Once the
above parameters are determined, the model provides five steady-state conditions (summarized in (50)-

(54) below) to match the following five moments in the data and to determine the remaining five
structural parameters {0, .7, g, , g‘g }. The ratio of private investment to GDP is 20.21%," and the labor
share of total income is set to a conventional value of 0.7. The ratio of private spending on R&D to GDP

is 1.49%.", and the average annual TFP growth rate g,., =(1—Q)(g, +g,) is 1.02%."* As discussed

' This number is calculated using data between 1956 and 2006 from the Bureau of Labor Statistics.
"1 have considered different plausible values for e {0,a,2,3c} as a sensitivity analysis, and the results are

robust to these parameter changes.

"2 This number is calculated using data between 1956 and 2006 from the Bureau of Economic Analysis, and GDP is
net of government spending.

" This number is calculated using data between 1956 and 2004 from the Bureau of Economic Analysis and the
National Science Foundation. R&D is net of federal spending, and GDP is net of government spending.

' Multifactor productivity for private non-farm business sector from the Bureau of Labor Statistics is available from
1956 to 2002.
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in Section 2.7, the empirical estimates based on the patent renewal data suggest that a reasonable range

for the patent-value depreciation rates is between 15% and 25%; therefore, g, € [-0.2,—0.1].

(50) 1I_ oab ( n+g +6 ’
Y 1-s,(p+go0+d
51 w_Lzl—Ot,
Y 1-s,
(52) M:(l_a) 51 + oo Sk ,
Y I-s, I—s,
11—
(53) 81rp :_( 77)8\/-
L 7
(54) 8, =8mp (l-)+n—g,.

For & = [, the R&D share of labor and capital is 7 % - [
=5

r

(1 _ e_(p—n+(0'—1)g(»+é’v)T )gv a’(l - @)
p-n+(c-Dg +g, o

Table 1 lists the calibrated structural parameters along with the implied markup ¢ =1/(an) and

the implied real interest rate r = p+ g,0 .

Table 1: Calibrated Structural Parameters
&r o o N g gv H r
-0.10 | 2.872 | 0.310 | 2.970 | 0.338 | 0.131 | 1.085 | 0.082
-0.15 | 2.907 | 0.310 | 3.008 | 0.391 | 0.181 | 1.071 | 0.083
-0.20 | 2.933 | 0.310 | 3.024 | 0.458 | 0.231 | 1.065 | 0.083

The implied markup is within the empirically plausible range. For example, Laitner and Stolyarov’s
(2004) estimated markup is 1.09-1.11, and Basu and Fernald (1997) estimate that the aggregate profit
share in the US is about 3%." Also, the implied real interest rate is closed to the historical rate of return in

the US stock market. The calibrated values for & suggest that roughly 35% to 45% of the long-run TFP

growth in the US is driven by R&D.

15 Assuming cost minimization, the return to scale = markup x (1 - the profit share). Basu and Fernald’s (1997)
estimates also suggest that “a typical industry has roughly constant returns to scale.” (p. 250)
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3.2. Externality Parameters

For each set of the calibrated parameters, the balanced-growth condition in (42) determines a unique

value for ¥ /(1—¢), which is sufficient to determine the effect of R&D on the balanced-growth level of
consumption. However, holding ¥ /(1 — @) constant, a larger ¥ implies a faster rate of convergence to the
balanced-growth path; therefore, it is important to consider different values for € [0.1,1.0] that is the

parameter for the negative externality in intratemporal duplication. The calibrated values for ¢ that is the

parameter for the externality in intertemporal knowledge spillovers are listed in Table 2, and the positive

values suggest positive knowledge spillovers (i.e. the standing-on-shoulder effect).

Table 2: The Implied Values for ¢
g./v | 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1.0
-0.10 [ 0.984 0.968 0.952 0935 0.919 0.903 0.887 0.871 0.855 0.839
-0.15 [ 0.988 0.977 0965 0.953 0.942 0930 0918 0.907 0.895 0.883
-0.20 [ 0.991 0.982 0973 0963 0954 0.945 0936 0.927 0.918 0.908

3.3. Socially Optimal R&D
This section computes the socially optimal level of R&D share (1—a)s, /(1—s,)+ & s /(11— 5¢).
[insert Figure I here]
Figure 1 shows that there is underinvestment in R&D unless ¥ is very small. To reduce the plausible
parameter space for ¥, I make use of the empirical estimates for the social rate of return to R&D.

Following Jones and Williams’ (1998) derivation, Appendix II shows that the net social rate of return 7

can be expressed as

(55) poltey (1+gv(—1_0ml+¢]J—l.
n

1 + gV Sr
Holding other things constant, 7 is increasing in ¥ . Table 3 shows that for the range of values for

7 <0.2 that exhibits R&D underinvestment, the implied social rates of return 7 are less than 8%, which

are far below the empirical estimates summarized in Jones and Williams (1998).
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Table 3: The Implied Social Rates of Return to R&D
gy 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1.0

-0.10 | 5.0% 7.0% 89% 10.8% 12.7% 14.6% 16.5% 18.4% 20.3% 22.2%
0151 53% 74% 9.6% 11.7% 13.9% 16.0% 18.1% 20.3% 22.4% 24.6%
-0.20 | 5.6% 8.0% 10.5% 12.9% 153% 17.8% 20.2% 22.7% 25.1% 27.5%

Since the empirical estimates for the social rate of return to R&D vary across studies, [ will leave it to the

readers to decide on their preferred values. For the relevant range of ¥, there is underinvestment in R&D.
This finding of R&D underinvestment is due to the calibration result that a non-negligible fraction of
long-run TFP growth is driven by R&D. In other words, if the calibrated values for £ were smaller, then
the socially optimal levels of R&D spending would be lower. This is because a lower calibrated value for

& implies a lower calibrated value for ¥ /(1— @), which in turn implies that R&D would have a smaller

effect on consumption.

3.4. Patent Extension
Given the above finding of R&D underinvestment, a natural question to ask is whether extending the
patent length can effectively mitigate this problem. Figure 2 shows that the magnitude of the increases in
R&D from extending the patent length beyond 20 years depends on the patent-value depreciation rate.
[insert Figure 2 here]

At a high patent-value depreciation rate, the stimulating effect of the patent length on R&D is almost
negligible. At a low patent-value depreciation rate, extending the patent length from 20 to 50 years
increases R&D slightly by 0.2 percentage points, and the resulting level of R&D is still far below the
social optimum. Therefore, this numerical exercise suggests that patent extension is not an effective
method in stimulating R&D confirming the intuition discussed in Section 2.7. On the other hand,
shortening the patent length can reduce R&D spending significantly.

The next exercise computes the percentage changes in long-run consumption when the patent

length varies from 20 years.
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Lemma 3: For & = 3, the expression for the endogenous parts of consumption on the balanced-growth

path is
n(1-9) o (1-¢)+ay (1-an )
a")(T)ﬂ(l—‘P)(l—a)—a?’(l—aﬂ) i (T)n(l—qﬁ)(l—a)—ay(l—m]) (1 —i (T))
56 c(T)= .
(56) ( ) y(l-an) n(1-¢)

s, (T)ﬂ(l—¢)(1—0!)—a/(1—aﬂ) (1 —s, (T))ﬂ(l—ﬂﬁ)(l—a)—w/(l—afl)

Proof: See Appendix L.

Figure 3 plots the percentage changes in long-run consumption.

[insert Figure 3 here]
Given the small increases in R&D from patent extension, the positive effect on long-run consumption is
no more than 3% at the lower bound of the patent-value depreciation rates and is as small as 0.61% at the

upper bound. A back-of-the-envelope calculation shows that the increase in consumption mostly comes

y(-an)
nd-¢)1-a)-ay(-an)

Alns (T) that is the direct effect of increasing R&D spending on

consumption. In other words, the other general-equilibrium and distortionary effects only have secondary

impacts.

3.5. Dynamic Distortion
Proposition 1 derives the sufficient condition under which the market equilibrium rate of investment in
physical capital is below the socially optimal level in (47). The next numerical exercise quantifies this
discrepancy. Figure 4 presents the socially optimal rates of investment in physical capital along with the
US’s long-run investment rate, and the difference is about 1.7% on average.
[insert Figure 4 here]
The equilibrium rate of investment in physical capital is decreasing in the aggregate markup; therefore,
extending the patent length decreases the capital investment rate and causes it to deviate further from the

social optimum. Figure 5 presents the equilibrium rates of capital investment at different patent length.
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[insert Figure 5 here]
Extending the patent length from 20 to 50 years would cause the steady-state equilibrium rate of

investment in physical capital to decrease slightly by at most 0.24%.

4. Conclusion

This paper provides a quantitative framework to evaluate the effects of extending the patent length. At the
empirical range of patent-value depreciation rates, extending the patent length beyond 20 years leads to
only a very small increase in R&D. Therefore, the policy implication is that the patent length is not an
effective policy instrument in solving the R&D-underinvestment problem. Although the analysis focuses
on the balanced-growth path, taking into consideration the transition dynamics should not alter this policy
implication. This is because if the long-run effects on consumption are so small, accounting for the
potential short-run consumption losses would make the overall welfare gains even more negligible. The
calibration exercise also suggests that about 35% to 45% of the long-run TFP growth in the US is driven
by R&D and extending the patent length would worsen the dynamic distortionary effect slightly by
reducing the steady-state rate of investment in physical capital by at most 0.24%.

The readers are advised to interpret the numerical results with some important caveats in mind.
Although the variety-expanding growth model has been generalized to capture more realistic features of
the US economy, it is still an oversimplification of the real world. Furthermore, the finding of R&D
underinvestment is based on the assumptions that the empirical estimates for the social rate of return to
R&D and the data on private R&D spending are not incorrectly measured by an order of magnitude. The
validity of these assumptions remains as an empirical question. Therefore, the numerical results should be

viewed as illustrative at best.

-23 -



10.

11.

12.

References
Aghion, Phillippe; and Howitt, Peter (1992) “A Model of Growth through Creative Destruction”
Econometrica vol. 60, p. 323-351.
Basu, Susanto; and Fernald, John G. (1997) “Returns to Scale in U.S. Production: Estimates and
Implications” Journal of Political Economy vol. 105, p. 249-283.
Chu, Angus C. (2007) “A Generalized Quality-Ladder Growth Model with Overlapping Intellectual
Property Rights: Quantifying the Effects of Blocking Patents on R&D” University of Michigan
Working Paper.
Comin, Diego (2004) “R&D: A Small Contribution to Productivity Growth” Journal of Economic
Growth vol. 9, p. 391-421.
Futagami, Koichi; and Iwaisako, Tatsuro (2003) “Patent Policy in an Endogenous Growth Model”
Journal of Economics vol. 78, p. 239-258.
Gallini, Nancy T. (2002) “The Economics of Patents: Lessons from Recent U.S. Patent Reform”
Journal of Economic Perspectives vol. 16, p. 131-154.
Gilbert, Richard; and Shapiro, Carl (1990) “Optimal Patent Length and Breadth” RAND Journal
of Economics vol. 21, p. 106-112.
Goh, Ai-Ting; and Olivier, Jacques (2002) “Optimal Patent Protection in a Two-Sector Economy”
International Economic Review vol. 43, p. 1191-1214.
Green, Jerry R.; and Scotchmer, Suzanne (1995) “On the Division of Profit in Sequential
Innovation” RAND Journal of Economics vol. 26, p. 20-33.
Griliches, Zvi (1990) “Patent Statistics as Economic Indicators: A Survey” Journal of Economic
Literature vol. 28, p. 1661-1707.
Grossman, Gene M.; and Helpman, Elhanan (1991) “Quality Ladders in the Theory of Growth”
Review of Economic Studies vol. 58, p. 43-61.
Grossman, Gene M.; and Lai, Edwin L.-C. (2004) “International Protection of Intellectual

Property” American Economic Review vol. 94 (5), p. 1635-1653.

-4 -



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Hunt, Robert M. (1999) “Nonobviousness and the Incentive to Innovate: An Economic Analysis of
Intellectual Property Reform™ Federal Reserve Bank of Philadelphia Working Paper 99-3.

Jaffe, Adam B. (2000) “The U.S. Patent System in Transition: Policy Innovation and the Innovation
Process” Research Policy vol. 29, p. 531-557.

Jones, Charles 1. (1995a) “Time Series Tests of Endogenous Growth Models” Quarterly Journal of
Economics vol. 110, p. 495-525.

Jones, Charles 1. (1995b) “R&D-Based Models of Economic Growth” Journal of Political Economy
vol. 103, p. 759-784.

Jones, Charles I. (1999) “Growth: With or Without Scale Effects” American Economic Review
Papers and Proceedings vol. 89 p. 139-144.

Jones, Charles 1.; and Williams, John C. (1998) “Measuring the Social Return to R&D” Quarterly
Journal of Economics vol. 113, p. 1119-1135.

Jones, Charles I.; and Williams, John C. (2000) “Too Much of a Good Thing? The Economics of
Investment in R&D” Journal of Economic Growth, vol. 5, p. 65-85.

Judd, Kenneth L. (1985) “On the Performance of Patents” Econometrica vol. 53, p.567-586.
Klemperer, Paul (1990) “How Broad Should the Scope of Patent Protection Be? RAND Journal of
Economics vol. 21, p. 113-130.

Kwan, Yum K.; and Lai, Edwin L.-C. (2003) “Intellectual Property Rights Protection and
Endogenous Economic Growth” Journal of Economic Dynamics and Control vol. 27, p. 853-873.
Laitner, John (1982) “Monopoly and Long-Run Capital Accumulation” Bell Journal of Economics
vol. 13, p. 143-157.

Laitner, John; and Stolyarov, Dmitriy (2004) “Aggregate Returns to Scale and Embodied
Technical Change: Theory and Measurement Using Stock Market Data” Journal of Monetary
Economics vol. 51, p. 191-233.

Laitner, John; and Stolyarov, Dmitriy (2005) “Owned Ideas and the Stock Market” University of

Michigan Working Paper.

-25-



26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Lanjouw, Jean Olson (1998) ‘“Patent Protection in the Shadow of Infringement: Simulation
Estimations of Patent Value” Review of Economic Studies vol. 65, p. 671-710.

Li, Chol-Won (2001) “On the Policy Implications of Endogenous Technological Progress” Economic
Journal vol. 111, p. 164-179.

Nordhaus, William (1969) “Invention, Growth, and Welfare” Cambridge, Mass.: MIT Press.
O’Donoghue, Ted (1998) “A Patentability Requirement for Sequential Innovation” RAND Journal of
Economics vol. 29, p. 654-679.

O’Donoghue, Ted; Scotchmer, Suzanne; and Thisse, Jacques-Francois (1998) “Patent Breadth,
Patent Life, and the Pace of Technological Progress” Journal of Economics and Management
Strategy vol. 7, p. 1-32.

O’Donoghue, Ted; and Zweimuller, Josef (2004) “Patents in a Model of Endogenous Growth”
Journal of Economic Growth vol. 9, p. 81-123.

Pakes, Ariel (1986) “Patents as Options: Some Estimates of the Value of Holding European Patent
Stocks” Econometrica vol. 54, p. 755-784.

Pakes, Ariel; and Schankerman, Mark (1984) “The Rate of Obsolescence of Knowledge, Research
Gestation Lags, and the Private Rate of Return to Research Resources” in Z. Griliches, eds., Patents,
R&D and Productivity p. 73-88.

Rivera-Batiz, Luis A.; and Romer, Paul M. (1991) “Economic Integration and Endogenous
Growth” Quarterly Journal of Economics vol. 106, p. 531-555.

Romer, Paul M. (1990) “Endogenous Technological Change” Journal of Political Economy vol. 98,
S71-S102.

Schankerman, Mark; and Pakes, Ariel (1986) “Estimates of the Value of Patent Rights in
European Countries during the Post-1950 Period” Economic Journal vol. 96, p. 1052-1076.
Scotchmer, Suzanne (2004) “Innovation and Incentives” Cambridge, Mass.: MIT Press.

Tandon, Pankaj (1982) “Optimal Patents with Compulsory Licensing” Journal of Political Economy

vol. 90, p. 470-486.

-26 -



Appendix I: Proofs
Lemma 1: The aggregate production function for the final goods is
~ o l-ayl-
(al) Y, =0A “Z LK,
where A, is the level of R&D-driven TFP and is defined as
(32) Atl—a = Vt(l—m])/ﬂ ,

and @ is defined as

(a)(an)dﬂ/(l—dﬂ) + 1 _ w)l/?]

3 D=
(a3) w (60(&’7])1/(1_“77) +1-w)*

@ is strictly less than one for @ € (0,1) and equals one for @ € {0,1}. In addition, 0@ /0@ <0 when

<= ! ( 1 an j<1.

1—an \ 1= (an)™ ™ 1= (am)™/ =D

Proof: (7), (10) and (11) imply that X,(j) = (am)""""" X,(j’). Substituting this condition into (12)
and then the resulting condition into (5) yields the aggregate production function. For @ € {0,1}, @

equals one. Simple differentiation yields

dln®d 1 (am) "= — 1 (o) 1

4 - .
(ad) dw n w(an)m]/(l—m;) +1-w w(an)l/(l—an) +1-w

At =@, dln@/0w=0 and
P Ind - l (an)m]/(l—m]) 1 2 . (an)l/(l—an) _1 2 o
s n\ w(an)™"" +1-w ao(am)"™" +1-w '

(as5) Py
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Lemma 2: The socially optimal rate of capital investment i " s

(b1) l-* :(a_i_ﬂ(l_amj V8v j 8k +6 ,
n Jp-n+(c-Dg +(10-9)g, |p+g.0+0d

and the socially optimal R&D shares of labor sz and capital S; are respectively

b2) s =1_ﬁ(1_m7] Lo
1-s, l-a\ 1 Jp-n+(c-Dg, +(1-d)g,
(b3) S =£(1_m7] T8 -
l1-s, a\ n )Jp-n+(c-Dg +1-9)g,

Proof: To derive the socially optimal rate of capital investment and R&D shares of labor and capital, the

social planner chooses i,, §,, and s, , to maximize

iz

—(p-n)t ((1 - i[ )Y[ / L[)l_o-
-0

dt

(b4) U= Te
0

subject to: (a) the aggregate production function expressed in terms of s, , and s, , given by
©5) =V IZE s ) (s )KL

(b) the law of motion for capital expressed in terms of i, given by
(b6) K =i¥ -KJ;
and (c) the law of motion for R&D technology expressed in terms of s, , and s, , given by

®7) V, =V (5 ) (5,) P KL,

The current-value Hamiltonian H is
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. — — _ _ 1-o
(A—i)V, 7 (=5, ) (1 —s,,) "KL, “J
L

t

H =(1—0')‘{

o 0 GV L (= sy ) (=5, ) KL = K, 6)
+ vv,,V,¢ (S, )ﬁy(SL,t )(l—ﬁ)VKtﬂ;fL?—ﬁ)yq)

The first-order conditions are

. 1-o
(b9) H o= LDV v o,
a-i) L, '
. 1-o
(b10) (TR 22 [ L 2 S 20 T
B 1_SL,t Lr ’ 1_SL,t ' SLJ
. 1-o
(bl1) Ho o= & DN, | & Ly, [P o,
* l_sK,t Lt , l_sK,t , SK,t
1-o .
a [ (1-5)Y, LY, v,
(b12) HK=E(TJ +0K{0{Kt—5 +vv,,(/)’7Ktj (P— g, — Dy, .

1-o .
l—an((1-i)Y, 1-an)iy, v .
R s I o e O

t t

Note that the first-order conditions with respect to the co-state variables ¥, and v, yield the laws of

motion for capital and the number of varieties. Then, imposing the balanced-growth conditions yields

(b14) H ((l Lf)YJ = (-, Y,
1- o 1-7)Y, .
(b15) HerngV,vv,,( SLSLJ ﬂ{(( Lf) j +vK,,zYT},
1-o
1- o 1-90)Y .
(b16) HSK:7gVVerJ( S:K]:EH%) +sz¥,],
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. 1-o
(b17) H, :q ((l_l)y’] + 0, 1Y, |+ Byg, Vv, =(p+g.0+0)Kvy,,
1 1-iy, )7
(b18) H, % (( _L’) J 40, iY |=(p—n+@—D)g. +(1-d)g, V..
n , ’ ’

Finally, solving (b14)-(b18) yields (b1)-(b3).m

Proposition 1: The decentralized equilibrium capital investment rate i is below the socially optimal

investment rate i if either there is underinvestment in R&D or labor is the only factor input for R&D. In

addition, an increase in the patent length always reduces the equilibrium capital investment rate 1.

Proof for i <i : The socially optimal investment rate i is

i*Z(a’+ﬁ(l_Oﬂ7j Y8y j gK+5 .
n Jp-n+(c-Dg +10-9)g, |p+g.0+0d

The market equilibrium rate of investment i is

iy _ ,~(p—nt(o-Dg +gy,)T
isg a+,6(a(l w)j(l e )gy |8kt
@ p-n+(c-g.+g, |p+g.o+d

Thus, either (i) labor is the only factor input for R&D such that £ =0, or (ii) there is underinvestment in

is a

- A _ - (p—nH(o-l)g +gy)T
R&D such that (1 aﬂ} Y8v >(0[(1 a))j(l e )8y

n )Jp-n+(oc-Dg. +1-9)g, @ p—-n+(oc-Dg +g,

sufficient condition for i <i  because @< 1.m

Proof for di/dT < 0: Recall that @(T) is a function of T and is given by

_ T +1-a(T)

= e ™ - )
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where @(T) = (1—e ") . Differentiating @ with respect to T yields

AT _ . (om)™"""™ ™ —1 (e —1 da(T)
=—a(T) - - - <0
oT o) ((am)™ ™" - +1  a(T)(am)"™™ -D)+1) oT

(an)cﬂ]/(l—cﬂ]) _1 (an)l/(l—cﬂ]) _1

for T € (0,) because
0.2) a(an)" " 11— w(on)" " +1-w

. Recall that the equilibrium rate

of capital investment is i (T") =

ad(T) ( gx+O0

. Differentiating i (7") with respect to T yields
-5, (T)\ p+g.0+d

9i(T) _ (T)(l 0NT) 1 asK(T)J

oT AT) of 1-s.(I) oT
where
Os. (T) _ ()1 —s. (T (p—n+(c—Dg, +g,)e Frobecrs)r B gye ¥’ _9a(T)/dT
or K Sk | — g~ PrHoDgra )T l—e ™ 1-iT) )
Finally,
(1 - (T)(1- s, (T))] daXT)
0i (T) . - a(T)Y1-aT)) ) oT <0
=i
oT T (p—n+(c—)g, +g,)e Pohssel g gmat
+i5x(T) = o (PmHoDe )T - |— o7
_ _ —(p—n+(o-Dg +gy)T -aT
because (p-nt(@-De +8)e < 8v€ for T € (0,00).m

1 _ e—(p—n+(o‘—l)gf+gv )T 1 _ e—gvT

Lemma 3: For & = 3, the expression for the endogenous parts of consumption on the balanced-growth

path is
70-9) o (1-g)+ay (1-am )
&‘)(T)ﬂ(l—aﬁ)(l—a)—av(l—an) i (T)n(l—czﬁ)(l—a)_ay(l_m,) (1-i(T))
1 T) = |
(cl) c(T) . o

s, (T)Tl(l—r/ﬁ)(l—a)—a}’(l-aﬂ) (1 —s, (T))ﬂ(l—r/ﬁ)(l—a)—aﬂl-afl)
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Proof: The following derivation applies to the more general case in which @ and [ can be different.

Along the balanced growth path, per capita consumption is

2 - X2 aa- i s, | pregre
(c2) ¢, =(-1i L) (-1 -s, L. Aozl

The capital-labor ratio K, / L, in the intermediate-goods sector is

t

ia(1-s,) j”“‘””

Kft
(c3) L =AZ,
L g, +n+d

vt
The balanced-growth path of V, from (46) is

1/(1-9)

By o Bri(-a)
(c4) V = Aﬁ?’zﬁ}’(s )ﬁ}’(s )(l—ﬂ)i’ 1_SL lw(l_SK) £L7
! Pk L 1—-s, g,+n+d gy '

Therefore, the balanced-growth path of A, from (c4) and (14) is

1-an

Jn(l—m(l—m—ﬁy(lﬂm

(@) (5" (s) " PTA= )" A= 5" @ g
t

t

(gA +tn+ 5)57/(1_0[) gV

c5) A =(

Finally, substituting (c3) and (c5) into (c2) and dropping the exogenous terms yield the expression for the

balanced-growth level of per capita consumption corresponding to the patent length 7" given by

17(-¢) a) (1-¢)+fy (1-a1)
&")(T)fl(l—ﬂﬁ)(l—a)—ﬁy(l—an) i (T)q(1_¢)(1_a)_ﬁy(1_a,7) (1 _; (T))
__ pleem) _ ml=)
(c6) c(T) =| s, (T)1-O-0Pri=em (| _ g (T))10-0t-e-Prii-en)
_ (=pyQ-am) _ (-amd-p)
s, (T)" (1-¢)(1-e)-py (-em) (-5, (T))’](l—¢)(1—01)—ﬁ7(1—a77)

Finally, after setting & = 3, (c6) becomes (c1).
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Appendix II: The Social Rate of Return to R&D
Jones and Williams (1998) define the social rate of return as the sum of the additional output produced
and the reduction in R&D that is made possible by reallocating one unit of output from consumption to
R&D in the current period and then reducing R&D in the next period to leave the subsequent path of

technology unchanged. I rewrite the law of motion for R&D technology as
(dn V,=G(V,.R)= VR,

where R, = K” L% . The aggregate production function is rewritten as

rtrt

(d2) Y, =F(V,,Z,L,, K, ) =&V "7 [ K

it

Using the above definition, Jones and Williams (1998) show that the gross social return is

(d3) 1+7 = [B_Gj (B_Fj +—(8G/8R)t 1+ (B_Gj )
R J\av ). @GR, | \av ),
After imposing the balanced-growth conditions, the net social return becomes
~ 1+g, l-an y
(d4) r=—>-=>">"1+g,| —>~+¢ | |-1.
1 + gV 77 Sr
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Appendix III: Figures

Figure 1: Socially Optimal R&D Shares
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Figure 2: R&D Shares at Different Patent Length
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Figure 3: Percentage Changes in Long-Run Consumption
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Figure 4: Socially Optimal Rates of Investment in Physical Capital
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Figure 5: Equilibrium Rates of Investment in Physical Capital at Different Patent Length
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