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Introduction

The concept of a pure public good formalized by Samuelson {11] has
frequently Leem eriticized for failing to admit the possibility of exclu-
sion or crowding. In most public consumption -- viewing a movie, belonging
to a neighborhood, sending children to school or sharing a dwelling -- one
shares consumption with some but uot all othex members of society. Adding
another person to a shgring group while maintaining the quality of the
service consumed will in general require additionel resources. Most goods
are public, but few are purely public.

This paper extends the concept of a public good to cover cases in
which exclusion or crowding occurs., Like Samuelson {11}, I assume that a
public good is equally available to every member of a group to which it is
provided. However, rather than assuming that everyone shares the public
good, 1 permit the partition of the members of the economy into distinct
sharing groups or "jurisdictions', The resources required to provide a
public good to the members of a jurisdiction may depend on the size of the
jurisdiction. Thus, both exclusion and crowding of public goods are
admitted into the analysis.

The theory developed here not only permits the analysis of a wide
class of public goods but sheds new light on certain results which have been
obtained for the case of pure public goods. In particular, when crowding
and exclusion are present, the Lindahl equilibrium need not be in the core
and the core itself may be empty. These results stem directly from the
fact that, within the context of this generalized model of public goods,

the aggregate technology set may not be convex.
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In contrast to the usual conclusion in economics, the presence of
non-convexity does not prevent further analysis of the allocative process
in such an economy. By admitting non-convexity, the\theory ig able to
accommodate 'meighborhood" and "local political jurisdiction' as legitimate
analytical constructs. For a fixed assignment of individuals to jurisdic-
tions, it is possible to prove the existence and relative Pareto optimality
of a Lindahl equilibrium or of what Foley [3] has called a public competitive
equilibrium, However, because of the presence of nom-convexity, prices can
guide the assignment of individuals to jurisdictions only under highly
specialized circumstances.

Section 1 reviews the theory of pure public goods in terms of a
three-person economy. Section 2 introduces crowding of the public good
and the possibility of exclusion into this economy and exhibits cases
where the Lindahl allocation lies outside of the core and where the core
is empty respectively. Section 3 explores the nature of the non-convexity
introduced by crowding and exclusion while Section 4 interprets this non-
convexity as a type of indivisibility. After a brief discussion in
Sectlon 5 of the type of exclusion assumed in this analysis, Section 6
turns to the general question of the relationship between competitive
analysis and the .organization of collective consumption -- the pattern
of sharing of public goods, Section 7 relates the theory of public goods
developed in this paper to Buchanan's theory of clubs [1]. Section 8
illustrates the general failure of prices in guiding the assignment of
‘individuals to jurisdictions and explores one special case in which prices

can perform such a function.



1. 7Pure Public Goods

Consider a three-person economy with two commodities, one private
and one purely public, The tastes of the ith individual are represented

by
u, = X8 (1 =1,2,3) ' N

where X, is the amount of the private good and g the amount of the public
good consumed. The ith individual has an initial endowment, w,, of the
private good; no public goods are initially owned; and public goods cannot

be used as inputs to produé;ion. The economy faces the resource constraint

3 3
cg+ Ix, = ZW (2
gm1 ¥ gm1

where ¢ is a positive constant, The Pareto optimal level of the public

good is then1
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g = 7¢ 3

In their search for an analogue to competitive equilibrium in an
economy with public goods, economists have given considerable attention to
Lindahl equilibria {4,5,7]. The distinguishing feature of a Lindahl equilib-
rium is that taxes are levied in such 2 manner that each individual's
‘demand" for the public good will be brought into exact equality with the
amount supplied. In our three-person economy, the level of public good
supplied in the Lindahl equilibrium is given by equation (3). Setting the
price of the private good arbitrarily equal to unity, the budget line of
the ith individual will be tangent to his indifference curve at the Lindahl
allocation provided that he is taxed an amount2

W,
£, = (i=1,2,3) (%)

i 2

Foley [4] has proved under relatively general conditions, satisfied
by our three-person economy, that the Lindahl equilibrium exists, that
it is Pareto optimal and that it belongs to the core, Foley puts great
stress on the third result: no coalition can, using only its own re-
sources, achieve an allocation which makes each of its members better off
than in the Lindahl equilibrium. Samuelson [13] has voiced considerable
skepticism concerning the relevance of Lindahl equilibria to the political-
economic decision-making process. But as Foley observes: 'There is some

. ; . . . 3
reason to think that the core is a meaningful political concept.”



2. Crowded Public Goods, Lindahl Equilibria and the Core

The case for the relevance of Lindahl equilibria would be stronger
if one could prove some analogue of the Scarf-Debreu [15] theorem on the
core of 2 competitive economy. The Lindahl equilibrium would, inuthe limit,
be the only politically rekvant allocation. However, a theorem of this type
does not seem possible when pﬁre public goods are present. If the resource
cost of producing a given level of the public good is independent of the
number of individuals who consume it, then blocking is very difficult.

In looking for ways to enhance the blocking ability of a coalition, it is
natural to consider the possibility that the coalition can, by excluding
nonmembers, obtain a given level of the public good at lower cost. When

the addition of another consumer increases the resourées required to maintain
the level of public good consumed by all, we will refer to the public good

as “erowded".

We will now introduce crowding into our three-person ecomomy. If
all three individuals consume the public good jointly, then we assume, as
before, that they face the resource coustraint given by equation (2).
However, an individual who decides to produce thé good g using only his own
resources faces the constraint

ag, + X, =Wy (i =1,2,3) €))

where a is a positive constant.4 Any pair of individuals i and j (4 # 3)

face the constraint

bgij I LR A S (6)

3 3



provided that they share consumption of the public gooc‘l.5

To be in the core, a vector of utilities (ul, u,, u3) must be

individually rational; i.e., every individual must obtain at least as much
utility as he could using only his own resources. In our three-person

economy, (ul, u,, u3) is individually rational if and only 'if6

wp? wp® wp?i_
u1; ruliEdOF uzg—g;—'=V(2); u3§43 = v(3) N

Although a pair of individuals forming a blocking coalition may choose
to consume the good g privately rather than sharing it, we will, in order
to simplify the exposition, assume that g is a fure public good for coali-
tions of size less than or equal to two; i.e., a = b. In that case, the
set of utilities that a pair of individuals can obtain through private con-
sumﬁtion of the 'public" good is a proper subset of the set of utilities
obtainable through joint comsumption. Under these circumstances, equatién
(6) is the appropriate resource constraint for a two-person blocking.coalition.
1f (ul, u,, u3) is to be in the core, then it must not be possible
for any two-person coalition, using only its own resources, to obtain higher
utility levels for both of its memBers. Therefore, (ul, Uy, u3j is in the

core ouly if7

(w1 + w2)2 o

Uy + u, E 75 Z v(12)
(w1 + w3)2 o

uy + u, E /A = v(13) (8)
(w2 + w3)2 o

uy + Uy ; A 2 v(23)



Returning to the case where all three individuals consume the public
s s 8 s
good jointly, Pareto optimal utility vectors satisfy the equation
(w1 + v, + w3)

uy tu, fuy = e = v(123) ¢))

The inequalities (7) and (8) and equation (9) describe a type of game that

is particularly easy to analyze: a game with transferable utility.9 For

any coalition S, the number v(S) represenfs the minimum utility the coalition
must receive if it is not to block. wv(S), defined over all possible coali~

tions, is called the characteristic function of the game.10

This game will have a non-empty core if and only ifll

w(12) + v(13) + v(23) < 2 v(123) (10)

If (10) is satisfied, the game is said to be balanced.12 Substituting

(8)'and (9) into (10) we obtain

(1L

as the necessary and sufficient condition for a non-empty core where
kl = (wl)2 + (w2)2 + (w3)2 and k2 = wv, + WyWg + WoWg.

Héving completed these preliminaries, we can now demonstrate the
two propositions mentioned in the introduction: the Lindahl equilibrium is
not necessarily in the core, and the core may bBe empty.

To establish the first propositiom, let a = b = 1, ¢ = 4/3,

Wy =W, = 2 and Wy = 1. Substituting these values into (7), (8) and (9)



we obtain the following game:

w(D) =1; w(2) =1; v(3) = 1/4

v(12) = &; v(13) = 9/4; v(23) = 9/4 (12)
v(123) = 75/16

From (11), the game will be balanced if ¢ < 25/17 ~ 1.47; since ¢ = 4/3,
the game has a non-empty core. A utility ;ector-in the core must satisfy
the inequality uy tu, 2 v(12) = 4, so the third individual can receive
at most V(T§5§ -4 = 11716; individual rationality requires that he receive
at least v(3) = 1/4. Thus, for all utility vectors in the core,
1/4 2 ug < 11/16. (2,2,11/16) and (2,2 7/16,1/4) are, for example, two
utiizty v;ctors that are in the core.

We have already observed that, in the Lindahl equilibriun513
g = (w1 + Vo + w3)/2c and X, =‘wi/2; consequently,

Wi(wl + W, + w3)

ﬁi = o (1 =1,2,3) (13)

For the particular parameter values we have selected, the Lindahl utility
vector is (G, Uy, 53) = (15/8, 15/8, 15/16). Since U, + 4, + Uy = 75/16,
the Lindahl equilibrium is a Pareto optimum. But individuals 1 and 2, who

can obtain (ul, uy) = (2,2) using only their own resources, will block this

Lindahl allocation. The Lindahl equilibrium fails to give sufficient

recognition to the '"power'" of individuals 1 and 2 -- they receive too little
and individual 3 receives too much -- and, hence, the Lindahl allocation is

not in the core. However, individual 3 is willing to allow individuals 1



and 2 to receive more than their "Lindahl share™ if they share consumption
of the public good with him: there are allocations invol#ing joint consumption
by all three individuals that are in the core.14 We summariée this result

in the following proposition:

Proposition 1: 1If public goods are crowded, then the Lindahl equilibrium
may not be in the core, | |

The second propoéition that we wish to establish is that the core
can be empty if public goods are crowded.15 Letting a = b =1 and Wy =Wy = Wy
tﬁe balance condition (11) states that the core will be empty if c'> 3/2.
If ¢ = 3/2 is interpreted as ''constant returns to scale" in moviﬁg from
two to three-person sharing groups, then we find that the core isvempty
when there ére diminishing returns to scale. One should not qonclude, how-
ever, that the core will necessarily be non-empty whenever returns to scale
are constant or increasing. For example, when w, = w, = 4, Wy = 3, a=b=1

16

and ¢ = 3/2, the core is empty. In summary, we have demonstrated

Proposition 2: 1If public goods are crowded, the core may be empty.

3. Non-Convexity

To what can these rather surprising resﬁlts be attributed? They
stem from an assumption, implicit in the preceding section, that the
aggregate technology set is nén-convex. Making this assumption explicit
will be greatly facilitated if we formalize our approach to crowded public
goods along the lines of Foley [4].

We assume that the economy has one public good, m private goods and
n consumers. An allocation is a vector (gl,...,gn; xl,...,xh), with each

x, itself-a vector in‘Em, such that for all i there is a (gi; ;1) with
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X, < £ belonging to the consumption set of the ith consumer. An

allocation is feasible 1f (gl,...,gn;z)a Y where Y is the aggregate

technology set, w, is the ith {ndividual's initial endowment of private

i

1. 18 .
goods, andé

N

(xi - wi) is the aggregate input of private goods into

M

i=1
public good production, 0Of the assumptions which Foley makes about the

aggregate technology set, the one which we will find inappropriate in an-
economy with crowded public goods is that Y is a convex cone.19

Definition: A Lindahl equilibrium with respect to w = (Wl""’wﬁ) is a

feasible allocation (gl,...,gq; x],...,xn> and a price system
1 2 )
cee s > fok t
(pg, ,pg,px) 2 0 such that
b

i
(a) _2_1 Py 85 + pgz ,_2

oF
i=1 8

L =

z for all (gl,...,?g'n;Z)aY;.

i

g gi + px.xi = px.wi.

(b) if (Ei;gi) >i (gi;xi}, then p; Ei + px.§i > P

Observe that there is a separate public good price, p;, for each
individual. In the Lindahl equilibrium producers maximize profits and
consumers maximize utility taking prices as given, Foley's definition of
a Lindahl equilibrium is restricted to the speciai case of a pure public
good where gy = o= g, However, the concegt of a Lindahl equilibrium,
as defined above, can be applied to any pattern of sharing.

At this point, it is useful to formalize the notion of alternative
patterns of sharing of the public good. Let I = {1,...,n} denote the index
set of consumers in the economy. Any subset of N representing a group of

consumers who share consumption of the public good will be called a

jurisdiction; the jth jurisdiction will be denotedqj. Assume that every
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consumer belongs to exactly one jurisdiction. A particular assignment of
r

consumers to jurisdictions, {J;,...,J } £ P, is a partition if jgle = N.

‘The collection of possible partitions will be denoted by4§’= {Pl,...,Ps}.

We reserve P1 for the private good partition (P1 = {{1},...,{n}}) and PS

for the pure public good partition (Ps = {¥}). To any partition Pk

corresponds an aggregate technology set Y(Pk). In Foley's model of pure

public goods, Y = Y(PS);~in the standard model of private gcods, Y = Y(Pl)'
Consider the three-person economy described in section 2. We assumed

that the ith individual using omly his own resources to produce the good

g fa;ed the resource constraint ag, +ox, =W (1 = 1,2,3). CTherefore,

the production sets for the three consumers are the‘halflineszo asso-

ciated with the vectors

<
for)
g

(1,0,0;-a)

<
N
i

(0,1,0;5-23) (14)

b
]

(0,0,1;-2a)

respectively wbere the vectors are written in the form.@l, 8os g3;z) with
z representing'the input, X, - W, of private goods into the production
of the public good. We also assumed that a pair of individuals 13; using
their own resources and sharing consumption of the public good, faced the
cons;raint bgij + X, + xj =W, + wj. The production sets for the pairs
Tf, 13 and 23 are the halflines associated with the vectors
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2

yl = (1,1,0;-b)
2

y5 = (1,0,1;-) (15)
2

Y3 = (0:1:1;‘b)

respectively. Finally, we assumed that the constraint facing the three
consumers if they consume the public good jointly is cg + Xy + Xy + Xg =

w, + % the production set is then the halfline associated with the
&~

2 V3

vector

YI = (1,1,1;-¢) (16)

If we assume that, for a given partition Pk’ the economy és a whole
has the same technological capacity for producing goods for a component
jurisdiction that the jurisdiction has when operating in isolation, then
the aggregate technology set Y(Pk> for‘the partition Pk is a convex cone.21

In section 2, the partition P, was not assumed to be given; the aggregate

k
technology set implicit in that analysis admitted the use of production
technologies corresponding to any of the possible partitions. Suppose we
assume that the aggregate technology sat is the convex cone generated by the

halflines associated with the coalition production vectors (14}, (15) and

(16); i.e.,

301 32 3 >
Y= 3 (D + I (v + (v = conv( U ¥(RY an
i=1 i=1 - k=1 )

where (yi) is the halfline associated with yi and conv denotes the convex

hull. Since Y is a convex cone and we have adopted Foley's other assumptions
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on the aggregate technology set, individual consumption sets and individual
preference orderings, the Lindahl equilibrium (as defined above) will exist,
it will be Pareto optimal, it will be in the core and, hence, the core will
necessarily be non-empty.22 But in section 2 we produced examples where
the Lindahl equilibrium was not in the core and where the core was empty.
What is the reason for this contradiction?

To find the source of contradiction, consider our three-person

economy with a = b =1, ¢ = 3/2, w. = v, = 2 and w, = 1, We will first

1 3

calculate explicitly the Lindahl equilibrium for this case., Observe that

every allocation in Y lies within the convex cone generated by the halflines
23 ,

associated with the production vectors for two-person sharing} 3 i.,e.,

2
(yl) + (yg) + (yg). This implies that the economy faces the resource

constraint
(8 + 8y + g3)/a Ry R Xy F Xy =Wy ok Wy t+ o, (18)

Given the comstraint (18), part (a) of the definition of a Lindahl
equilibrium implies that pé = pé = p;.24 If P, = 1, then p; = 1/2 for
i =1,2,3; the Lindahl allocation is (g;, &), 8432) = (2,2,1;-5/2) and the
corresponding utility vector is (ul, Uy, Uug) = (2,2,1/2).25 Using the
values of the characteristic function given in (12), it is easily verified
that this Lindahl equilibrium is in the core.26

However, if we follow the approach described in section 2, we find
that the only utility vector in the core is (2,2,1/4) corresponding to the

2
partition{{12}, {3}}. 7 To isolate the source of contradiction, examine the

pattern of sharing used to attain the Lindahl allocation:
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291, - 2 2 2 '
(2,2,1;-5/2) = (3/2)y; + (1/2)yy, + (1/2)y; (19)

This is not a partition, but rather a set of overlapping jurisdictions:

individuals 1 and 2 consume 3/2 units of the public good through mutual
sharing which each supplements by sharing an additional 1/2 unit with
individual 3. But in section 2 we ruled out any pattern of sharing that
assigned an individual to more than one jurisdiction; only.partitions were
regarded as admissible.. Although the aggregate technology set admits any
production vector that belongs to the union of the partition technology
sets, linear combinations of these vectors will be feasible only if the
jurisdictions form a partition. As a consequence, the aggregate tech-
nology set is non-convex:

Y= U Y(Pk) # conv U Y(Pk).

Ptk Pf ok

4, Indivisibility

The basis for this non-convexity is, in a fundamental sense, an
indivisibility -~ an indivisibility not of plants or commodities but of
individuals. In assigning consumers to "neighborhoods', for example, we
rule out the possibility of fractional assignments; a person cannot be two
places at the same time, Referring to our numerical example, individuals
1 and 2 will not, for they cannot, receive two units of the public good by
combining 3/2 units from their own two-person neighborhood with 1/2 unit
received from two-person neighborhoods formed with individual 3. If 1 and
2 admit individual 3 as a neighbor, then a three-person neighborhood is formed,

not a set of three overlapping two-person neighborhoods. But in moving
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from a two to a three-person neighborhood, the resources required to main-
tain the same ''mneighborhood quality' (g) increase by fifty percent., If
individual 3 were as wealthy as 1 or 2, then a three-person neighborhood
would be formed and the core allocation would give two units of the public
good to, everyone. However, individual 3 is not as wealthy as 1 or 2, and
the best that a three-person neighborhood has to offer is 5/2 units of

the public good.28

Thus, two separate neighborhoods are formed: a high
income neighborhood for 1 and 2 and a low income neighborhood for 3. And
that outcome, drawing upon casual observation, seems a reasonable picture
of what would in fact happen.

The impossibility of assigning fractions of individuals to juris-
dictions is characteristic not only of neighborhoods but local public goods
in general. We do not observe consumers belonging to more than one school
district: the school services from several districts cannot be added to
yield greater benefit., Interjurisdictional spillovers may present an oppor-
tunity for fractional membership in some sense, but there is certainly no
reason to think that such spillovers will in general lead to convexity of
the aggregate technology set. Although further elaboration of the model
to incorporate spillovers may be worthwhile, the formulation as it now
stands is rich enough to cover a number of interesting cases. Prohibiting
overlapping memberships, in jurisdictions has one distinct advantage -
the barriers to convexity of the aggregate technology set in the presence
of crowded public goods are thrown into bold relief.

Finally, one can view a household, jointly consuming a housa or

car, as a jurisdiction in our sense. We have, by assumption, ruled out
s J ’ p s

membership in more than one household for any given individual. In assessing
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the reasonableness of this assumption, it is important to remember that
we have confined our discussion to economies having a single public good.
We do not rule out membership in other jurisdictions -- a poker group for
the hugband, a bridge club for the wife ~- if other public goods are

involved.

5. FExcludability

Implicit in our treatment of public goods is an assumption conceraing
the ability to exclude which should be made more expliciﬁ. Mnsgraﬁe [9];
in particular, puts great stress on non-ekcludability in consumption as
a characteristic of public goods that is quite distinet from "non-rivalness"
in consumption (or what I have called the absence of crowding).

. Musgrave concludes that the presence 6: absence of crowding and the
presence or absence of the ability to exclude gives rise to four different
types of public good.?9 However, of the four possible cases, three have
precisely the same core: the two cases of crowded and uncrowded public goods
where exclusion is impossible and the uncrowded case with exclusion., If
exclusion is impossible, then a blocking coalition S must assume that the
members of the complementary coalition S will share the benefits of any public
good produced by §; the set of utility vectoxslthat S can obtain using only
its own resources, y(8), is the same whether the public good is crowdeé or
not. The set of utility vectors that could bé obtained if the members of
S could be excluded from consumption is irrelevant when exclusion is impos-
sible. If exclusion is possible but the public good is uncrowded, then
V¥(S) is the sa@e as in the two cases just discussed: if exclusion of the

members of S does not reduce the resource requirements for producing the
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public good for §, then whether S is excluded or not has no impact on the
utility vectors achievable by S using only its own resources.

The remaining case to be cousidered, where exclusion is possible
and the public good is crowded, is the one most relevant to the analysis
presented in this paper.31 The core will be smaller than in the three
preceding cases. Because exclusion reduces crowding, the blocking pos-
sibilities of any coalition S are enhanced. 1In our earlier discussion,
exclusion has béen assumed implicitly to be both complete32 and costless,
but incorporation of partial or costly exclusion into the analysis does
not appear to raise any particular difficulties.

Thus, from the point of view of the analysis of allocations in the
core, the four cases we have been discussing reduce to just two: the pure
public good case (broadly defined to include the absence of the ability

to exclude, the absence of crowding or both) and the crowded public good

case with exclusion. Foley's model can be applied directly to the first
case; the approach developed in this paper is directed to the second.
In our model jurisdictions are permitted to exclude, but there is no
exclusion within jurisdictions.33 Within this analytical framework, the
distinction between exclusion and crowding is inessential. Both concepts

are incorporated into the definition of the aggregate technology set.

6. Prices and the Organization of Collective Consumption

I have argued that a reasonable theory of crowded public goods must
recognize the nou-convexity of the aggregate technology set. Only in this
way can the theory permit the existence of distinct sharing groups:

neighborhoods, local political jurisdictions, clubs and households. But
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in relinquishing convexity, have we given up too much? If most consumption
involves sharing to some extent -- within the household if nowhere else --
and if non-convexity vitiates competitive equilibrium analysis, then we
are forced to conclude that the main body of economic theory has almost
no relevance to the way resources are allocated.
The situation we face is remarkably parallel to that addressed
by Samuelson as he neared the end of his paper on social indifference
curves:
Now I have proved the impossibility of group or community
preference curves. But haven't I in a sense proved too much.
Who after all is the consumer in the theory of consumer's (not
consumers') behavior. Is he a bachelor? A spinster? ... In
most of the cultures actually studied by modern economists the
fundamental unit on the demand side is clearly the "family",
and this consists of a single individual in but a fraction of
the total cases.3
Samuelson recognizes explicitly that family decision-making raises issues
"exactly of the came logical character"35 as the theory of public expen-
diture, but his reconciliation between family decision-making and standard
demand analysis is limited to the special case where each family member
consumes privately and the family as a whole maximizes its "social welfare
function.” However, it is crucial for our purposes to face squarely the
public character of family consumption. Fortunately, a reconciliation
between '"'public" consumption within families and standard competitive
analysis is poésible -- without the contrivance of a "family welfare
function."
Expecting the tools of competitive equilibrium aﬁalysis to explain

the pattern of sharing that will emerge in an economy is clearly asking

too much. General equilibrium analysis has never tried to explain household
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formation --‘or the formation of firms, for that matter. The organization
of the economy, the set of consuming and producing agents, has élways been
_regérded as given. Competitive analysis explains the econonic activity
(;oﬁsumption and production) of these agents, not their existence.
Therefore, we might expect that competitive analysis, or some

variant of competitive analysis, could be applied to an economy\with public
goods when the partition, the pattern Qf sharing, is predetermined. And
that, in fact, is precisely the case. If the partition Pk is given, the
assumption that Y(Pk) is a convex cone is no less (and no wpore) reasonable
than the corresponding assumption for a pure private good economy. Along
with the other assumptions concerning preferences and production used by
Foley, the assumption that Y(Pk) is a convex cone is sufficient to guarantee
the existence, Pareto optimality and inclusion in the core of the Lindahl
equilibrium as we have definea it.36 Competitive equilibrium (for pure
private goods) and Foley's definition of the Lindahl equilibrium'(for

pure public goods} correspond to the special cases where the partition

is P1 or Ps. It is important to note that the Lindahl equilibrium is
defined with respect to a gi§en partition. In every case, Pareto optimality

and inclusion in the core is proved only z2lative to a partition: there

is no guarantee that the Lindahl equilibrium for some Pk will not be
Pareto inferior or blocked by some allocation feasible under a different
partition.

As our pounter-example in section 2 illustrated, the Lindahl

equilibrium is' a figid andznot very satisfying concept of political-economic

equilibrium. Fortunately, Foley has provided another concept of equilibrium



19

which is much more flexible and appealing, the public competitive equili-
brium.37 Translating his definition into our notation, we have for the

pure public good case:

Definition: A pure public competitive ecuilibrium is a feasible allocation

(g;xl,...,xn), a price system p = (pg,px), and a vector of taxes (tl,...,tn>

e n
with p g= ¢ ti such’ that:
L

(2) p (8;2) 2 p-(8;2) for all (g;z)e V(P >,

), then P X > P¥,s

() p_-x, =p w, -t and if (g5%) 7 (33%;

{c) there is no vector of public goods and taxes (g, 1 E;)

such that for every i there exists x, with (P x ) > '(g;xi) and

i
Px.;i < PV - Ei' In this definition, produgers maximize profits,
consﬁmers maximize utility subject to their after-tax budget constraint
and there is no alternative level of public sector activity with taxes
to pay for it that would make every consumer better off.

In extending this defianition to an arbitrary partition Pk’ we will

also find it convenient to modify part (c) of Foley's versiom.

Definition: A public competitive ecuilibrium under the partition Pg,

Pk = (Jl""’Jr)’ is a feasible allocation (gl,...,gr;xl,...,xn), a price

system p = (p;,...,pz;px), and a vector of taxes (tl,...tn) with
5 , .

pg. = = t, for all j =1,...,r such that:
g1 1
ieJ.
J r
1 ¥ — — -
(2) 321 pggj + P2z E flpggj + P, z for all (gl""fgr;z)éY(Pk

(d) px'x = PV - t and if (gj'ri) > (g IX, ), then Py -x > PXgs

(¢) for any Ip 3= 1,...,r, if (gj;xi) ?l(gj;xi) for all iel,,
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iz %, > pla 7 poex, = .
then p’g. + iﬁJij xi > P,”j -+ izjjpx xé iiijx ?i'
Conditions (a) and (b) have the same interpretation as the corresponding
parts of Foley's definition; the budget of each jurisdiction is balanced;
and if the members of a jurisdiction unanimously prefer scme other allo-
cation to the one they receive, then they cannot afford it at the given
prices.éo Foley's proofs are easily modified to demonstrate that the
public competitive equilibrium for a partition Pk is Pareto opti_mal41
and that for any Pareto optimum under the partition Pk there exists a
supporting price system taking the form of a public competitive equilibrium.42
It should be emphasized again that Pareto optimality is established only
relative to a partitiom.

Since the Lindahl equilibrium is a public competitive equilibrium,
we know that at least one public competitive equilibrium exists for any
partition'Pk. Proofs of existence for other types of public coﬁpetitive
equilibria could presumably be obtained for alternative theories of how
the political decision-making process operates.43 |

Even when the Lindahl equilibrium is not in the core, some other public
competitive equilibrium may result in a core allocation. In the example used
to establish Proposition 1, the core imputation (ul,uz,uB) = (2,2,%%§ can be

: ; o 4 ST .. o A4 14 19,
achieved by a public competitive equilibrium with taxes (tl,tz,t3) %3315,30)

and prices P, = 1 and pg = %. The core imputation (ul,uz,uS) = (2,2 i%?%p

can be achieved by a public competitive equilibrium with taxes (tl’t2’t3) =
(15 2L lé) and prices p_ =1 and -1 In fact, any imputétion'in the core
15°30°15 x Pe T 3 ’

for that example can be sustained by a public competitive equilibrium;4

Thus, the concept of a public competitive equilibrium offers much greater
flexibility than the Lindahl equilibrium in adapting to the blocking power

of coalition,

Returning to the example of households as jurisdictions, all that



we have specified about the family decision-making process is that each
family member maximizes his utility from goods consumed privately subject
to the constraint of his "allowance" and that there is no combination of
private and shared goods unanimously preferred to the bundle presently
consumed by the family that it can afford. We have demonstrated that

if the membership iﬁ households is considered exogenou; to the mode1,45
then public competitive equilibrium analysié can be applied. We have not
reached a full reconciliation with étandard competitive analysis, however,
Coﬁsider the example-of automobiles shared by members of a family. The
definition of public competitive equilibrium permits a separate automobile
price, p;, cor each household purchasing a car, but most economists would
conclude that these prices will all be equal. It is reasonable to suppose,
in this iastance, that the resource cost of supplying a car to a family

is independent of family size. In that case, condition (&) of the defi-
nition of a public competitive equilibrium implies that, for all families
purchasing a car, the price must be equal; if prices were unequal, then
selling all of the cars to the household having the highest p; would be
both feasible and more profitable. In this public competitive equilibrium,
the marginal rates of subétitution summed over the members of each family
is equated to the marginal rate of transformation for the '"public' good.
The reconciliatipn of our analysis with standard competitive theory seems
complete.

There is an interesting parallel between these results and the
analysis of indivisibilities presented some time ago by Koopmans and
Beckman [6]. They found that if the profitability of alternafive locations
for a given plant is independent of the location decisions of the other

plants, then a system of location rents exists which supports a non-
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fractional assignment of plants to locations. But when profitability of
alternative locations depends on the location decisions of the other
plants -- in their model, because of transportation costs -- then mno price
system exists to guide the process of plant location. Prices have a
limited role in explaining the organization of economic activity.
Xoopmans and Beckmann stressed the importance of indivisibility.
to location theory in general:
Finally, the theory of the location of economic activi-
ties has no chance of explaining such interesting realities
as large and small cities without recognizing indivisibili-
ties in the processes of production and human existence.
Neglect of indivisibilities, or non-convexities, explains why the appli-
cation of general equilibrium analysis to location theory has not been
very fruitful. By presupposing the existence of a price system and well-
defined demand or supply functions at each location, the location prob m
is essentially assumed away. Locations are implicitly fixed. It is for
this reason that location theorists find it necessary to turn to vague
notions of agglomeration or urbanization economies when they try to explain
the phenomena they observe. Location theory cannot be brought within

the province of general equilibrium analysis solely be adding a subscript

to the conventional competitive model.

7. Buchanan's Theory of Clubs

A reader familiar with the work of Buchanan will by now recognize
that the treatment of public goods in this paper is closely related to
his theory of clubs [1]. What I have defined as a jurisdiction Buchanan
calls a club; It is appropriate, at this point, to indicate the relation-

ship between our respective approaches,
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In the discussion so far, I have permitted crowding in the production
of public goods but excluded the effects of crowding from individual
utility functions, Specifically, I have assumed that individuals are
indifferent concerning the number of other consumers sharing consumption
of the public good. Buchanan, on the other hand, allows crowding to
affect utility functions as well as production functioms. My reason for
avoiding this complication has been solely for purposes of simplifying
the exposition. The model is easily extended to incorporéte this additional
element of crowding.

Introducing a crowding parameter, the number of individuals in a
jurisdiction, into utility functions requires no change in the definition
of a Lindahl or a public competitive equilibrium for a given partition

P Since jurisdictional size is by definition fixed, the effect of this

K’
parameter is incorporated into the preference orderings. In analyzing
choice among partitions, the presence of crowding in utility functions
means that the appropriate preference orderings to consider depends on
the partition. Our conclusion that prices have little relevance to the
selection of a partition is, if anything, reinforced by the dependence
of individual preference orderings on the partition chosen.

Permitting crowding to affect preference orderings does enhance
the realism of the model. Turning to an example used before, it is reason-
able to expect that, holding wealth constant, larger households will pur-
chase more cars. 1If a household is wealthy enough and semsitive enough
to crowding, it may no longer be the preferred jurisdiction for aatomobile

consumption: husband and wife will have their "own" car and the teenage

son will use summer earnings to buy a hot rod.
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From our perspective, the theory of clubs emerges as even more
general than Buchanan is willing to claim. He asserts that:

The procedure implies that the individual remains indif-
ferent as to which of his neighbors or fellow citizens join him
in such arrangements. In other words, no attempt has been made
to allow for personal selectivity or discrimination in the
models, To incorporate this element, which is no doubt iwmpor-
tant in many instances, would introduce a wholly new dimension
into the analysis, and additional tools to those employed here
would be required,

Qur analysis demonstrates that introducing preference for particular

individuals as members of ones jurisdiction -- on the basis of race,

religion or sex -- is not essentially different from the introduction of
. . 48

crowding into the analysis,

There is one area of substantial disagreement between the approaches
of Buchanan and myself. He states as a necessary condition for Pareto
optimality "... that the marginal rate of substitution 'in consumption'
between the size of the group sharing in the use of Xj and the numeraire
good, Xr’ must be equal to the marginal rate of substitution 'in ’
product:ion’."49 Our analysis indicates, however, that determining the
“optimal’ partition -- whether defined as Parato optimal or in the core --
requires global rather than marginal comparison of alternmative sharing
patterns. To any arbitrarily chosen partition there corresponds a price
system which supports a public competitive equilibrium, The equilibrium
allocation is Pareto optimal with respect to the set of allocations feasible
under the given partition. However, under some other partition allocations
may exist which are Pareto superior to the public competitive allocation
or which permit some coalition to block. The presence of non-convexity
means that the price system is no longer a reliable guide to the attainment

of allocations that are Pareto optimal and in the core. Decision-making

cannot be completely decentralized to the level of individual agents

.



25

responding marginally to market prices. The sesrelh LUT the optiwal pattern

of sharing of public goods requires tie global comparison of the allocations

achievable under each alterwative partition,

8. A Tiebout Equilibrium
the two concepts of equilibrium discussed in this paper, the
Lindahl equilibrium and the public competitive equilibrium, have beeﬁ de-
fined relative to the aggregate technology set, Y(Pk), corresponding to
a given partition Pk' As a consequence, Pareto optimality and inclusion in
the core of the equilibrium allocations are proved only relative to the set

of allocatious achievable under P There is no guarantee that such allo-

Xk
catious will be Pareto optimal or in the core when alternative partitions
are regarded as admissible.

However, if we were able to establish the existence of a global
Lindahl equilibrium (i.e., a Lindahl equilibrium defined relative to the

aggregate technology set Y = Y(Pk)), then stronger results would be

P e
available;
Theorem 1: 1If (gl,...,gn;xl,...,xn;p;,...,p;;px) is a global Lindahl
equilibrium with respect to w, them it is In the core with respect to w
and the aggregate technology set Y = P ?Y(P
PROOF:

Suppose that the coalition S could block (gl,...,gn;xl,...,xn)
by (éi,...,E;;E&,...,E;). Since (Ei;;i) >i (gi;xi) for all 1 ¢ 8, the
definition of a Lindahl equilibrium implies that

Z pi-gi + Py Z Xi >z p 37} + P pX X, = P 2w

(20)
ies & ies 1es 8 * ies Xies t
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or

iis pé."éi + P 1255 Gy-w) >0 (21).
But profit maximization, condition (a) in the definition of a Lindahl
equilibrium, requires that

no _ _ _
iil pg.gi + Py 2 < 0 for all (gl,...,gn;z)éY (22).
This contradiction establishes the theorem. Letting S =N, it follows that
the global Lindahl equilibrium is also globally Pareto optimal: i.e.,
Pareto optimal'relative to the set of all allocations (gl,...,gn;z)eY.

1f a global Lindahl equilibrium exists, then much of our discussion
in this paper would be superfluous; prices would guide the choice of
partition as‘well as the choice of an allocation under a given partition.
Although non-convexity of the aggregate technology set Y raises some doubts
concerning existence of a global 1indahl equilibrium, convexity is not a
necessary condition for existemce. 18 there something in the structure of
our problem which will ensure existence of a global Lindahl equilibrium
in the general case? Returaning to our three-person economy, we can readily
establish that this conjecture is false.

In the first place, if the core of the ecomomy is empty, then no
global Lindahl equilibrium can exist, and, in the course of demonstrating
Proposition 2, we produced such a case. Furthermore, a global Lindahl
equilibrium may fail to exist even when the core is not empty. Consider:

the example discussed in Section 3 where w, = w, = 2, wy = 1, a=b=1
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and ¢ = 3/2. The only allocation in the core is (gl,gz,gs;xl,xz,x3) =
(2,2,1/2;1,1,1/2) corresponding to the partition {{12}, {3}}.. |This
allocation is the Lindahl equilibrium relative to that partition with
prices p = (pé,pz,pg;px> = (1/2,1/2,1;1) where we arbitrarily set Py = 1.

Note that
P. (81,82,83;2) = P. (2’2)1/2;'5/2) =0 (23)‘

For this equilibrium to be a global Lindahl equilibrium, we require

P.(81s89,8552) <0 for all (8,875,832 ¥ = P e %Y(Pk) (24

But (gl,gé,gs;;) = (1/2,2,2;-5/2)€Y, where the allocation is achieved via

the partition {{1},{23}}, ana
p.(1/2,2,2;-5/2) = 3/4 >0 - (25).

Thus, no global Lindahl equilibrium exists which will sustain the only
allocation in the core.

We must conclude that, in general, no price system will exist to
guido the <LulCE OL mempersnip in Jualodictions; and, for that reason, we
have defined our two concepts of equilibrium only relative to a given
assignment of individuals to jurisdictions. Nevertheless, we may still ask
whether or not under some special circumstances the price system can function

to guide the choice of partition. As Samuelson has suggested:
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Consider cinemas in a large town., Because of deviations
from constant-returns-to-scale ('indivisibilities' if you like),
my well-being depends on your being willing to watch movies ...
Doubtless, film watching will enter more than one ul function
as a public good variable x_,,. But, if the town is populous
and distances are small, frée enterprise might well result in
optimal replication of cinema theatres, each operating at
capacity audiences, with fares set competitively at short and
long-run marginal and average costs. This is _a case where an
exclusion principle can, and should, operate.

Returning to our three-person economy, suppose that we add a fourth
individual with the same tastes as the other members and anlendowment
w& = 1 unit of the private good sv Lliut Chere axe now two‘individuals
of each tyﬁe. The technology for jurisdictions containing three members
or less is assumed to be the same as before. If all four individuals
share the public good, then the economy is assumed to face the resource

constraint

4 4
dg + Z X, = I w (26)
i=1 isl

where g is the level of public good produced and d is a positive constant.
In particular, if we let d = 2, then we have a pure public good for
jgrisdictions containing two members or less and "constant returns to
scale" for jurisdictions having more than two members, The convex hull
of the aggregate technology set{ conv, U Y(Pk), for this four-person

EiggD

economy is bounded by the production possibility frontier

4 4 4
(Z gi)/2+ 2% = Iow (27).
i=1 1=1 1=1

The global Lindahl equilibrium is described by the price vector



1 2 3 4
(PgsPgrPps P3Py = (1/2,1/2,1/2,1/251) (28)
and the allocation
(31:82: 83s 34;2) = (2,2,1,1;-3) (29).

The aggregate technology set corresponding to the partition {{12}, {34}},
on the other hand, is bounded by the production possibility frontier
& 4

D T A (30)
where 819 and 84, are the amounts of‘thg public good provided to the
jurisdictions {12} and {34} respectively. Thus, in contrast to the case
of the three-person economy, the global Lindahl equilibrium in this four;
person economy is achievable by a partition; in fact, the global Lindahl
equilibrium is identical to the Lindahl equilibrium relative to the
partition {{12}, {34}}.

Applying Theorem 1, this global Lindahl equilibrium is globally

29

Pareto optimal and in the core with respect to w and the set of allocations

in PgetyY(Pk>' Furthermore, if the economy is replicated in an appro-
priate fashion, the only allocations in the core are global Lindahl
equilibria. Specifically, if we add one individual of each type to the
economy (i.e., let v = 2 and e = 1) and continue to assume constant
returns to scale for jurisdictions containing more than two members, .then
the global Lindahl equilibrium which gives (8i;xi) = (2;1) and |
(gi;xi) = (1;1/2) to individuals with endowment w, = 2 and w, = 1 respec-

:ively is the only allocation in the core.
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As will be demonstrated in a subsequent paper, these results can be
generalized: if the "efficient" size of jurisdictioms is small relative to
total population, then a global Lindahl equilibrium exists which guides the
choice of partition as well as the allocation under a given partition.

When the economy is replicated in an appropriate fashion, the only al-
locations in the core for all replications are global Lindahl equilibria.
Under these circumstances, the conjecture of Tiebout 18] is valid: the
process of 'voting with ome's feet" is equivalent to a competitive market
process. For this reasom, I will refer to a global Lindahl equilibrium
of this type as a Tiebout equilibrium.

As Samuelson has emphasized, a Lindahl equilibrium has, ia general,
"no relevance to motivated market behavior."51 Under the particular cir-
cumstances which give rise to a Tiebout equilibrium, Samuelson's objections
to the relevance of Lindahl prices no longer apply. But a Tiebout equilib-
rium is a very special type of Lindahl equilibrium: as illustrated by our
four-person example, all Lindahl prices will be equal in a Tiebout
equilibrium.52 When the Lindahl equilibrium is relevant to motivated
market behavior, it mimics the standard competitive price system very
closely. There is no reason to believe that Lindahl prices will be
relevant to market (or non-market) behavior in any other case.

One feature of Tiebout equilibria deserves special comment: as
f11ustrated by our four-person example, housecholds form jurisdictions which
are homogenegus with respect to household type. This tendency toward
specialization of jurisdiétions is a reflection of the non-convexity present
in the model, and evidence that such specialization in fact occurs would

provide support for the analysis developed in this paper. If we interpret
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the characteristics of a neighborhood as a bublic good, then it seems
reasonable to suppose that a market process of this type is involved in thé
formation of urban residential neighborhoods. The tendency for households
to cluster into neighborhoods or "social areas" with others of similar
wealth, occupation and ethnic background is a familiar theme in the
literature of urban sociology. It is tempting to conclude that a similar
process is also at work in producing stratification of suburbs by income
class, but that conclusion needs careful qualification.

In the first place, our analysis has been confined to the case of
& single public good, but suburban governments typically provide several
public services. The natural extension of the analysis would assume the
existence of a separate system of jurisdictions for each public service.
But this multiplicity of jurisdictions is undoubtedly precluded by the
presence of transactions costs, a possibility that seems particularly
likely in view of the number of local governmental services that are
tied to the consumer's place of residence. The issue raised here is, in
a fundamental sense, another aspect of the "indivisibility" of people stressed
in this paper: it may be impossible, or at least inefficient, for a person
to live in a separate jurisdiction for each public service consumed. To
the extent that the survival of relatively large ﬁultiple-purpose juris-
dictions represents an efficient response to transactions costs, the
tendency of suburbs to stratify may be attenuated.

It is also important to recognize that blocking by a coalition,
while feasible in economic terms, may not be politically feasible. For
example, a coalition desiring to form a new governmental jurisdiction may

be unable to muster sufficient political support for changes in existing
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jurisdictional boundaries. Political constraints on blocking, while
operative in the case of neighborhoods (e.g., when open housing legislation
prohibits the use of race as a basis for exclusion), seem particularly
.significant in the case of loéal government, To the extent that existing
jurisdictional boundaries are, for political reasons, resistant to change,
stratification of suburbs by income class and tastes will be less sharp.

In spite of these qualifications, there is some evidence, as I
have suggested elsewhere 2], that suburbs do tend to stratify by income
class. Furthermore, as the growth of metropolitan areas brings more
jurisdictions within effective commuting range, we can expect such ten-

dencies to be reinforced.

9. Conclusion

We have demonstrated that the concept of a public good, a good
available equally to every member of a jurisdiction, can be extended to
cases in which exclusion or crowding occurs. The techniques of equilibrium
analysis can be applied to any given assignment of individuals to juris-
dictions including, of course; the special cases of purely private and
purely public consumption. However, these techniques fail, in general,
to answer the question of how the assignment of individuals to juris-
dictions will be determined.

Nevertheless, the theoretical framework developed in this paper
provides a precise formulation of the problem to be solved. We are
presented with a class of n-person\games which, while‘riéh enough to
cover a‘number of interesting cases, seems more amenable to analysis than
the more general case of consumption externalities. Within this framework

we can give precise meaning to the notion of a neighborhood or a local
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political jurisdiction. Progress in understanding models of this type is,
in particular, essential to an urban economic analysis capable of dealing
with the phenomena of sluﬁs, ghettos, suburbs and cities themselves.
Understanding how and why such entities come to exist seems at least as

important as explaining their behavior once formed.
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FOOTNOTES

1. Equating the sum of marginal rates of substitution to marginal
cost, (x1 +x, + x3}/g = ¢, Using equation (2), this relation can be
translated into equation (3).

2. To derive the Lindahl taxes,»ﬁaximize U, = X8 subject to the

i

budget constraint pig + p.X; = PV, vhere p; is the Lindahl price charged

to the ith individual and P, is the price of the private good, From

the necessary conditions for a maximum, we obtain p;g = PX;+ Substi-
tuting into the budget constraint yields X,
Leﬁting P, =1 and ti = p;g gives the desired result.

= i - 3
= wi/2 and P8 = (p*wi)/Q.

. 3. Foley [4], p. 71.
| 4. 1If the public good is uncrowded (i.e., if it is a pure public
good) then a = c.
5. If they consume the good g privately, then the resource coﬁstraint

i 73

cation, we will rule this possibility out by assumption.

would be a(gi + gj) + x; + xj =y, +w,. To avoid an unnecessary compli~-

6. These expressions, as well as those of (8) and (9) below, are
derived by determining the Pareto optimal "utility frontier" for each
coalition using its resources alome and the resource constraint appropriate
to its size.

7. See footnote 6. In this case, the 'utility frontiers" happen
to be linear, but that will not be true in general even for three-person
two commodity economies of the sort we are discussing. The counter-
examples of this section can be obtained in the more general case, but

the exposition would be unnecessarily cdmplicated.
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8. We should consider other possible "partitions": e.g., 1 and 2
consuming jointly and 3 privately. Buﬁ we rule out these other partitions
by assuming that all individually rational utility vectors achievable
under such a partition form a proper subset of the utility vectors deter-
mined by Uy + U, + Uy < v(123). One can show that this condition will
be satisfied if and oazy if the game as represented by (7), (8) and (9)
is superadditive. 1In all of the examples to be presented, this super-
additivity condition will be satisfied.

9. As noted previously, utilityiis transferable only because the
utility frontiers happen to be linear in this particular example.

10. v(S) is also the best that S can do assuming that s does its
worst -- the usual definition of the characteristic function.

11. See Shapley [16]. Strictly speaking, this condition will be suf-
ficient only if the game is superadditive. This additional condtion is
satisfied in all of the examples to be discussed.

12. For a discussion of balance in an economic context, see Scarf [14].

13. See equation (3) and footnote (2).

14, In fact, all allocations in the core involve sharing among all
three individuals in this example.

15. This proposition runs counter to a theorem of Shapley and Shubik
[17] that when external economies arebpresent but external diseconomies
are not then the core is always non-empty.provided that utility and pro-
duction functions satisfy the sﬁfficient condtions for the existence of
a competitive equilibrium. However, as we will see in the following section,

the apgregate technology set will be non-convex in this example.
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16. The reader can verify that this game is superadditive so that
(9) is the appropriate characteristic function for V(T§§§.

17. The assumptions on tﬁe individual consumption sets and preference
orderings introduced by Foley, which are quite standard, will be adopted in
this study. Each consumer chooses a point (gi;xi) in a consumption set
Xi on which there is defined a complete and transitive ordering >i' The
individual consumption se‘ts are closed and convex and have an interior in
the private good subspace. If (gi;xi)e Xi’ then there is a point (gi,-:’ii)exi
with ﬁi < vy The aggregate consumption set? X= iglxi, has a lower bound
for X, The individual preference orderings satisfy assumptions of con-
tinuity, convexity and monotonicity.

18. No public goods are initially owned.

19. We will adopt the other assumptions on Y introduced by Foley:

Y is closed, O € Y (inaction is possible), no production other than inaction
is possible without input of some private good, it is possible to produce
the public good and the public good is unnecessary as a productive iggut.

20. The halfline (b) associated with the vector b is the set
{x[x = Ab, X> o}.

21. Sp;cifically, Y = iy, |y, =ocyi + ﬁyi + Yy;, % 8, Y2 o

for the partition P, = {{1},{2}, {3}} which implies the comstraint

a(gl +t g, + g3) + X + X, + Xy = w1,+ w, + Va3

2 1
- - >
for the partition P, = {{12} {3}} which implies the comstraint
b(g12) + a g4 + X + X, + X3 = vy + v, + Va3

2 1
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for the partition P3 = [{13}, {2}} which implies the constraint

b(g,,) + a 81 + x, + Xy ok Xy =W + v, +w

%13 1 377 3’
¥(2,) = {y,lv, = avs + By}, o, B2 0)
A 17y 3 P % ¥
for the partition P4 = {{23}, {1}} which implies the constraint

b(gzg) + a g, + Xy + X, + Xy =Wy + + Va3 and

Y(e) = {y,ly, = ayys o2 0}

for the partition P_. = {{123}} which implies the constraint

5
cg + x1 + X, + x3 = Wy + Wy + w3.

22, The proofs in Foley [4] are easily extended; to conserve on the
length of this article, they are left to the reader.

23. Provided that at least two of the three individuals co nsume

positive amounts of the public good. The assumptions in our example rule
out corucs oulutions where some individuals consume none of the public
good, Observe that when 8) = Ry = Bqs the constraint (18) is the same
as the constraint faced when the technology vector for three-person sharing,
yi, is used.

24, Assuming that every individual consumes a positive amount of tﬁé
public good.

25. p; = marginal cost = % . TFrom the demand side,
P;gi =px, =X = wi/2 if p_ =1 (see footnote 2) s0 (81,89,89) = (2,2,1)
and z = -(w1 +w, + w3)/2 = -5/2.

26. The value for v(TEE) is no longer correct since ¢ now equals

3/2.

27. 1f consumption of the public good is shared by all three individuals,

——e

then v(123) = 25/6. Using this value in place of the value used for v(i§§)

in (12), we find that the game described is no longer superadditive. As
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discussed in footnote 8, this non-superadditivity implies that equation
(9) no lomger represeénts tHe entiré set of ihdividuéliy rational and
Pareto optimal allocations for the coalition of the whole. 1In particular,
‘the sole core allocation is obtained via the partition {{12}, {3}} for

which the Pareto optimal Mutility frontier" is given by

(u1 + uz).}‘/2 + (113)1/2 = 5/2,

28, Use equation (3).

29, Musgrave (9], pp. 126-129,

30. However, in this case the ability to exclude may still be relevant
to the bargaining process. The characteristic functionms, as we have defined
them, assume that the complementary coalition will "do its worst'': S is
assumed to provide no public good, or, if it does, to exclude S. This
approach essentially rules out the "free rider' problem. Introducing
"more realistic" assumptions about the complementary coalition's ‘behavior
would increase the number of allocations that can be blocked and decrease
the size of core., For a related discussion, see Rosenthal riol.

31. Tt is instructive to work through all four cases in terms of the
example presented in sections 2 and 3.

32. 1In other words, S can exclude S from all benefits of the public
good produced by S.

33. The absence of internal exclusion is essentially the defining
characteristic of a jurisdiction.

34. Samuelson [12], pp. 8-9.

53. 9p. eit., p. 10.

36. Modification of Baley's proofs, an elementary exercise, is left

to the reader,
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37. Although mentioned in Foley f4], a much more complete discussion
of public competitive equilibria is contained in [3].

38. Recall that we defined z = g (x, - w,).

| =1 = 1

39. 1In the pure public goods case, the two definitions are equivalent.

4C. Do not confuse these prices (where there is one price for each
jurisdiction) with the Lindahl prices (where there is one price for each
individual). The Lindahl equilibrium is a special case of the public
competitive equilibrium,

41. See the proof in Foley 3], pp. 60-61.

42, See the proof in Foley f&], pp. 68-69. As usual lump sum
transfers may be required.

43. Toley, for example, proves the existence of a public competitive
equilibrium in the pure public goods case when taxes take the form of a
proportional income tax (Foley [3], pp. 71-72). However, the tax in the
example used to establish Proposition 1 is a proportional income tax in
the sense of Foley, so we also have a demonstration that proportional
income taxes need not be in the core when public goods #re crowded,

44, 1In every case the price of the public good, pg, equals the mar-
ginal cost of producing the public good.

45, For example, we may assume that household membership is deter-
mined by social and cultural factors outside the scope of economic analysis.

46. Koopmans and Beckmann [61, p. 53.

47. Buchadan 1], p. 13, footmote 1.

48. Of course, in particular extensions of this analysis the assump-

tion that preferences depend only upon crowding and the wealth and tastes

of the other members may be a useful simplification.
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49. Buchanan [1], p. 5.
50. Samuelson [13], p. 110.
51. Samuelson [13], p. 106,

52. A proof of this assertion for the general case will be presented

in a subsequent paper.
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