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Abstract

This document establishes that the result in "Sequentially Optimal Mechanisms" is robust to a

number of extensions.

1. ROBUSTNESS: LONGER HORIZON & ALTERNATIVE DEGREES OF TRANSPARENCY

We will show that our result is robust in a number of different directions. The first extension considers
the possibility that the game lasts arbitrarily long, but finitely many periods. The next three extensions
are related to the degree of transparency of mechanisms. We have so far assumed that the seller observes
the message that the buyer submits to the mediator, 3, the action that he chooses s, and whether trade
takes place or not. In the first extension we consider the case where the seller simply observes whether
trade took place or not. In the second extension we look at an intermediate case where the seller observes
the messages that the buyer submits to the mediator, and whether trade took place or not, but does not
observe the action chosen by the buyer. Finally we allow the seller to observe everything, that is the
message that the buyer submits to the mediator 3, the recommendation that he receives from the mediator
n, the action he chooses s and whether trade took place or not. This is the maximal amount of information

that the seller can observe.

1.1 Sequentially Optimal Mechanisms for 2 < T < co.

We proceed by induction and we obtain the characterization of sequentially optimal mechanisms for the
case that T' > 2. The overall structure of the proof is as in the two-period case. Of course the execution

gets at times more involved and the notation a bit more cumbersome.
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Induction Hypothesis: Suppose that we have established that it is optimal to post a price if the
game lasts for T'— 1 periods. Then we will establish that the same is true if the game lasts for T" periods.

Our initial point is again to establish that it is without any loss to consider the artificial Program B
where we have replaced the type space with its convex hull. The analogue of Proposition 3 is :

Proposition A.2 Suppose that the value of Program A and Program B is the same if the game lasts

T — 1 periods, then the value of Program A and Program B is the same if the game lasts T periods.

1.1.1 Revenue Maximizing PBF among 2-Option Mechanisms

We start by looking for a revenue maximizing allocation rule among the allocation rules implemented by a
strategy profile of the class two-options at t = 1, price below the optimal at t = 2, and show that a revenue
maximizing allocation rule among this class is implemented by a PBE of the game where the seller posts
a price in each period. The seller proposes at t = 1 My = {(r, 2),(1,21)}, where r € [0,1] and z,2; € R.
The buyer’s strategy is as follows: types v € [a,?1) choose (1, z) and types in (v1,b] choose (1,21) at t = 1.
Finally type o1 is indifferent between choosing: (r,z) at ¢t = 1 and (1, z2) at t = 2 versus choosing (1, 21)
at t = 1, that is v; = % and may be randomizing at ¢ = 1 between these contracts. By our
induction hypothesis at ¢ = 2 after the history where the buyer chose (r,z) at t = 1 and no trade took
place, the seller chooses a sequence of prices 29, 23, ..., 21, such that zo < 25(91), where z3(v1) would have

been the optimal price given beliefs Fy(v) = ﬁ%)). Such an assessment is not necessarily a PBE since the

seller after the history where the buyer chose (r, z) at t = 1, may be choosing a cut-off below the optimal
one at t = 2.

-1
Z+(T,1+_(T1)i) 6ff1_f;(1(1_3§;?“ = Zt_ld_Zg“ is indifferent between choosing (r, z) at t = 1 and (1, 2¢)

at t, versus choosing (r,z) at ¢t =1, and (1, z¢41) at ¢ + 1.

Type 0y =

Sometimes it will be more convenient (but equivalent), to think of the seller as if he is choosing cutoffs
Uy, t = 2,..., T then to be choosing prices 29, 23, ..., 27.

The allocation rules implemented by such strategy profiles are of the form

p(v) =r for v € [a, 20 (Fr))
p(v) =r+ (1 =767t for v € [zp(Fr), ip_1)

pv)=r+(1- 7“)52 for v € [v3, 09) , (1)
p(v) =7+ (1 —r)d for v € [02,71)
p(v) =1 for v € [v1,b],

for some v; € [a,b], 7 €[0,1], z€ R



F(v)

with 99 < ¥y, where 79 is the optimal cut-off at ¢ = 2 given beliefs Fy(v) = o) and where v; is the

optimal cut-off at ¢ given beliefs Fi(v) = Fitl‘(ilv(i)l) fort=3,...,T.

Definition A.1 We call P} the set of allocation rules that have the shape described in (1) for some
F(v)
F(ov1)”
We now turn to show that the revenue maximizing element of P} can be implemented by a PBE of

01 € [a,b], r € [0,1], and 03 < vo(¥71); where va(77) is the optimal cut-off at ¢ = 2 given beliefs Fy(v) =

the game where the seller posts a price in each period. For that we use a generalization of Lemma 2, in

the main text.
F(v)

Flor3) then it is

Lemma A.2 Let o7 denote an optimal cut-off at 7' — 1 given beliefs Fr_q(v) =
increasing in v7_o.
Proof First recall from Lemma 2 that cut-off vp_1 determines the optimal price in the final period of

the game zp. At the beginning of t = T' — 1 revenue given Fp_q(v) = % can be written as:

1
Ryp_1(vr—1, Fr—1) = Flora) [(F(vr—2) — F(vr-1)) zr—1 + (F(v7r-1) — F(27)) 0271] .
Given that the buyer’s strategy is a best response it must hold that vp_1 = %75(%71)_ From this we

can rewrite zrp_1 = (1 — §)Up_1 + 027 (v7—1) and substituting this in the expression for revenue we obtain:

R 1(5r1, Fr1) = 1 (F(vr-2) = F(vr-1)) (1 = 6)vr-1 + 020 (vr-1))

-1\Vr-1,'r—1) = = ———~ ,
F(UT72) + (F(T}Tfl) — F(ZT(@Tfl))) (SZT(@T,l)

Since m is a constant v7_1 maximizes essentially the following expression:

Ry_1(vr-1, Fr—1) = (F(vr-2) — F(vr-1)) (1 = §)vr—1 + d2r(v7-1))
+ (F(vr-1) — F(2r(vr-1))) 62r(vr-1)

F(v)

Now let o771 denote the optimal cut-off at t = T'— 1 given posterior Fp_q(v) = For—) with 07_9 > Up_o.

From the same arguments as before it follows that vp_o maximizes
Ry_y(bp-1,Fr_1) = (F(ir—2) — F(ir-1)) (1 = 6)dr_1 + 627(b7_1))
+ (F(07-1) — F(2r(97-1))) 621 (07-1),
and since U7_o > U7_o this expression can be written as
Rr_1(b7—1,Fr_1) = (F(ir—2) — F(vr—2)) (1 = 8)ir—1 + d2r(d7_1))
F(vr—2) — F(or-1)) (1 = 6)dr—1 + d27(d7-1))
F(@T—l) — F(ZT(ﬁT_l))) 5ZT(@T—1)-

w



We argue by contradiction. Suppose that 07— < vp_1 then by Lemma 8 in the main text we also have

that 27 (07-1) < zr(v7—1). From these two observations it follows that

(F(0r-2) — F(vr—2)) (1 — 6)0r—1 + d2r(dr-1)) (2)
< (F(ﬁT_Q) — F(Q_)T_Q)) ((1 — (5)1_)7“_1 + 5ZT(1_}T_1)) .

Also observe that since vp_1 is the optimal cut-off given beliefs Fpr_q, then
(F(vp—2) = F(0r-1)) (1 = 8)vr—1 + 627 (vr-1)) + (F(vr-1) — F(2r(0r-1))) 021 (v7-1),
> (F(vr—2) = F(r-1)) (1 = 6)or—1 + 27 (07-1)) + (F(0r-1) — F(2r(7-1))) d2r(d7-1).  (3)
Combining (2) and (3) we get that
Ry_1(vr—1, Pr_1) > Rp_1(tr—1, Fr_1),

contradicting the optimality of op_;. W

Suppose that for all for t = 7,...,T, we have demonstrated that v;, denotes the optimal cut-off at ¢t — 1
given beliefs Fi(v) = %,
to establish that:

Lemma A.3 Let 9441 denote an optimal cut-off at ¢ + 1 given beliefs Fiii(v) =

is increasing in ;1. Then, we can use identical arguments as in Lemma A 2

F(v)
F(vy)

then for t =
2,...,T'— 2 it is increasing in ;.

Proposition A.2 Let p* denote the solution of max,ep: R(p). Then p* can be implemented by a PBE
of the game where the seller posts a price in each period.

Proof. The seller’s can be also written in more traditional way as follows:
[1 — F(l_Jl)]Zl + [F(@l) — F('DQ)](SZQ + ...+ [F(@T—l) — F(ZT)]5T_1ZT

By recursive substitutions we can write z;s solely as a function of vq,vg,...,vp_1 and r

Zr—1 = (1 — 5)’f)T_1 + 5ZT(@T—1)
Zr—9 = (1 — 5)’1A)T—2 + 5 [(1 — 5)’[)T—1 + 5ZT(ﬁT_1)]
2r—3 = (1 — 5)@1“_3 +4 [(1 — 5>®T—1 +4 ((1 — (5)17T_1 + (52T(@T_1))]
g o= [Ler— (=)o 42+ (1—r)5[(1—6)ds +8[(1—8)ds(dn) + 5[] ]

Observe that after substituting these cutoffs in the objective function it becomes a linear function of r :

the derivative is independent of r. If
OR

— >0
(97“>’



then set » = 1, otherwise set r = 0.

Now it remains to show that at the optimum the seller will choose 95 = ¥2. Note that the choice 09

F(v)
F(02)’

Case 1: If r = 1 then the level of 79 is irrelevant since the seller trades with all types with probability
latt=1.
Case 2: If r = 0 then, since 09 < 2, by Lemma A.3 we also have that o, < vy, t = 3,...,7 — 1 and

determines the posterior F3(v) = which in turn determines Fy and so on.

zr < zp. From these observations we get that

1—F@)[(L—r— Q=80+ 2+ (1—1)5((1—8)Ts +6((1—8)d3(T2) +5()...) )] (4)

F(lﬁl){[F(vl) — F(02)] 22 + [F(v2) — F(v3)] 623 + [F(v3) — F(4)] 6%24 +
+oot [F(or_2) = F(op-1)] 6" 2201 + [F(op-1) — F(2r-1)] 6" 221}
> F<1v1){[F(771) — F(02)] 22 + [F(02) — F(v3)] 023 + [F(03) — F(04)] 6224 (5)

tooo 4 [F(or—2) — F(op_1)] 6T 32p_1 + [F(7-1) — F(zr—1)] 67 221},
but from (4) and (5) we obtain that

M—Fo)][1-r—0=r)0)o1+2z+1—-7)0((1=08)va+d((1—08)v3(v2) +6()...)....)]
+...+
+ [F(07—1) — F(zp—1)] 6T tzp
> I-FO)|1-Fw)][1-r=—1Q=r)0)on+z+(1—7)0((1 =002+ ((1—9)03(02) +6()...)....)]
+...+
+ [F(op—1) — F(zp_1)] 6T L2p.

Hence at an optimum the seller will set 95 equal to its optimal value at ¢ = 2. From these arguments it
follows that the revenue maximizing allocation rule out of Pjcan be implemented by a PBE of the game
where the seller posts a price in each period. W

Summarizing, if the seller restricts attention to period one mechanisms that contain just two options:
one targeted to the “low” types (r,z) and one targeted to the “high” types, then at the optimum this

mechanism reduces to a posted price: the options available are (0,0) and (1, z1). Now we move on to



provide necessary conditions that allocation rules satisfy if they are implemented by strategy profiles

where the seller employs arbitrary mechanisms at ¢ = 1.

1.1.2 The General Case when 2 <T <

As in the case of T' = 2 we start by "drawing" the allocation from the lower end of types. Let s denote
an action that leads to a contract (r, z), that is the smallest probability contract that type a is "choosing"
with strictly positive probability at ¢ = 1. Also let [a, 1] denote the convex hull of the set of types that
choose s, and hence (7, z), with strictly positive probability at ¢ = 1. We will use the induction hypothesis
to establish necessary conditions that a PBFE—implementable allocation rule needs to satisfy if the game
lasts for T' periods.

Definition A.2 An allocation rule is an element of Pr if it satisfies the following properties (i) in-

creasing in v on [a, b] (ii) 0 < p(v) < 1 for v € [a, b] and (iii)

p(v) =r for v € [a, 270 (Fr))
p(v) =r4+ (1 =767t for v € (27 (Fr), op_1)

p(v) =r+ (1 —r)d for v € (v2,71)
r+(1—7)0 <p(v) <1forwve [v,b]

for some v1 € [a,b], r € [0,1], 2 € R and U2 optimally chosen given some posterior F whose support has
convex hull [a,71], and where ©; is optimally chosen given some posterior F;(v) = }i’fl’(i%(:’_)l) fort =3,...,T.

We can deduce by the monotonicity of p that its value for types on the boundaries of the various
subintervals will be somewhere in between the two steps, for instance p(zr(Fr)) € (r,r + (1 — )67 1) or
p(or—1) € (r+ (1 —7)6" 1 r + (1 —r)6772). It is possible that there exists z; and some ¢ = 1,...,T such
that z; < a, in which case we have that p(a) € [r + (1 — 7')6£, r—+(1-— 7")(5571).

Proposition A.3 Let p denote an allocation rule implemented by a PBE of the game, then p € Pr.
Proof. Consider a PBE assessment (o, 1) and let p denote the allocation rule implemented by it. Let s
denote an action that leads to a contract (r, z). This is the action that leads to the smallest ‘r’ contract that
type a is choosing with positive probability at ¢ = 1 or is indifferent between choosing and not choosing.
Also let Y denote the subset of [a, 0] that contains the types of the buyer that report message  and choose
s at t = 1 with strictly positive probability, and let [a,v], with a < ¥, denote its convex hull. From our
induction hypothesis we have that after the history where (r, z) is chosen at ¢ = 1 and no trade takes place

at t = 1, the seller will maximize revenue by posting a price in each period. Let us call this sequence of



prices as 2, t = 2,....,T and define

vr(t) = inf{v €Y s.t. v accepts z; at t}

vg(t) = sup{v €Y s.t. vaccepts z at t}.

By definition types v (t) and v (t) either choose (r, z) at t = 1 and accept z; at ¢ with positive probability
or are indifferent between this sequence of actions and the actions that they are actually choosing. The
proof is broken down into four steps.

Step 1: For v € (v (t),vg(t)), where vr(t) # vy (t) we have that p(v) =7 + (1 —)8* L. Suppose not,
then there exists v € (vy (), vy (t)) such that p(v) # r+(1—r)8" "1, that is it is either a) p(v) > r+(1—7r)5""!
orb) p(v) < r4(1—r)8"1. If p(v) > r+(1—r)6""! then type v must be choosing with positive probability
a sequence of actions that implement p, & such that p > r + (1 — 7“)5“1. At a PBE the buyer’s strategy
must be a best response hence it must be the case that pv — & > (r + (1 —7)6" Do — 2 — (1 — 7)1z,
But now since p > 7 + (1 — )61 it follows that pug(t) — 2 > (r + (1 — )0 oy (t) — 2z — (1 —r)d" 2,
contradicting the fact that vg(t) chooses (r,z) at t = 1, (0,0) at t = 2,....,t — 1 and (1,2;) at ¢ with
positive probability or is indifferent between doing and not doing so. Now if p(v) < r + (1 — 7)6*"! then
type v is choosing at ¢ = 1 with positive probability a sequence of actions that implement p, Z such that
p<r+(1l-— r)ét_l and because at a PBE the buyer’s strategy is a best response then we have that
pv—a>(r4+ (1 —7r)8"v -2 — (1 —r)s" 2. But now since p < 7 + (1 —r)6° and vz (t) < v it follows
that pur(t) —2 > (r+ (1 — )6t Hor(t) — z — (1 — 7)8" L2, contradicting the fact that vy, (¢) chooses (7, 2)
at t =1, (0,0) at t = 2,...,t — 1 and (1, z;) at ¢ with positive probability or is indifferent between doing
and not doing so.

Step 2: The smallest type that accepts the price at t is indifferent between accepting and rejecting,
that is

(r+ @ =r)8""Nopt) = (z4+ 1 =7)"""2) = (r+ (1 —r)") vr(t) — (z+ (1 —7)8" 241) ,

and for ¢ = T this translates to zp = v (T).
First observe that the fact that at a PBE the buyer’s strategy must be a best response to the seller’s
strategy implies that

(r+(1- r)&t_l) op(t) — (24 (1 — r)ét_lzt) > (r+(1=r)8")vr(t) = (z+ (1 —7)8"241) .
We now show that it must hold with equality. We argue by contradiction. Suppose not, that is
(r+(1- r)&t_l) vr(t) — (z+ (1 - r)(St_lzt) > (r+(1=r)8")vr(t)— (z+ (1 —7)8"241),

7



then the seller can increase z; by Az such that
(r+(1- r)5t_1) vr(t) — (z+ (1 — r)ét_lzt) —6Az=(r+ 1 =r)8") vr(t) = (z+ (1 =) z41),

and raise higher revenue at the continuation game that starts at ¢. All types v € (v (t),ve(t)) still prefer
to choose (1, z¢) at ¢t then to choose (0,0). Hence at a PBE we have that

(r +(1-— 7“)5“1) vr(t) — (z +(1- r)5tflzt) = (7“ +(1- 7")6t) vr(t) — (z +(1-— r)étth) ) (6)

Step 3: For v < v (t) we have that p(v) <7+ (1 —7)8", fort =2,...,T — 1.

We now demonstrate that p(v) < r+(1—7)d" for all v < vy (t). We will argue by contradiction. Suppose
that there exists v < v (t) such that p(v) > r+ (1 —r)d". Note that since we are looking at a PBE it must
be the case that

p(v)v — z(v) ((r+@1—=r)0"))v—(2+ (1 —r)8"241) or
[p(v) —r = (1 =r)Tv > (24 (1 —=7)0"241) — z(v).

v

Now since v < vy (t) and p(v) > r + (1 — r)d" we have that

[p(v) —=r— (1 =r)§"Tvr(t) > a(v)—z—(1—r)d'zq4q or
p)or(t) —z(v) > ((r+ @1 =7r)8"))vr(t) — (z+ (1 —7r)8"241)

or by (6)
p(v)vr(t) — z(v) > (r +(1- r)ét_l) vr(t) — (z +(1- r)ét_lzt) = p(vr(t))vr(t) — z(vr(t)).

But then vy, (t) can benefit by mimicking the behavior of v. Contradiction. Therefore p(v) < 7+ (1 —r)d"
for all v < vr(t) and t = 1,...,T — 1. But from Step 1 we know that p(v) = r + (1 — r)é" for all v €
(vp(t + 1),vg(t +1)). Now by the monotonicity of p and because vr(t) > vy (t + 1)! we have that
p(v) =7+ (1 —7)8" for v € (vi(t+1),vL(t)).

Step 4: For v € (a,vr(T)), where a # vr(T') we have that p(v) = r. Suppose not, then there exists
v € (a,vr(T)) such that p(v) # r, that is it is either a) p(v) > r or b) p(v) < r. If p(v) > r then type v

must be choosing with positive probability a sequence of actions that implement p, & such that p > r. At

!By the monotonicity of p it follows that the smallest type that accepts the price at ¢ is weakly greater than the largest
type that accepts the price at t 4 1.



a PBF the buyer’s strategy must be a best response hence it must be the case that pv — z > rv — z. But
now since p > r it follows that pvr(T) — & > rvp(T) — z, contradicting the fact that vz, (T") chooses (r, 2)
with positive probability or is indifferent between doing and not doing so. Now if p(v) < r then type v is
choosing at t = 1 with positive probability a sequence of actions that implement p, Z such that p < r and
because at a PBE the buyer’s strategy is a best response then we have that pv — & > rv — z. But now
since p < r and a < v it follows that pa — & > ra — z, contradicting the fact that a chooses (r,z) at t =1
with positive probability or is indifferent between doing and not doing so.

From the last two steps it follows then that p(v) = r+(1—r)d" for v € (vg(t+1),v(t)), fort = 1,...,T—1
and p(v) = r, for v € [a,vr(T)). So for the case under consideration we have demonstrated that a PBE-

implementable allocation rule must belong in the set

p(v) =r for v € [a, zr(Fr))
p(v) =r+ (1 =767t for v € (27, 0p_1)
1-— 1")<5T_2 for v € (vp_1,v7—_2)
1 —7)6T 73 for v € (Tp_g, Tp_3)
p(v) =7+ (1 —1)6% for v € (T3, )
p(v) =r+ (1 —7)d for v € (v2,71)
r+(1—r)d <pv) <1 forv e (vq,b],
for some v; € [a,b], r € [0,1], z€ R

Note that p(a) cannot be strictly less then r by the definition of (7, z), (in order for p(a) < r it must be the
case that type a is choosing a sequence of actions that implement p < r, but this contradicts the definition

of (r,z) which is the smallest "r” contract that type a chooses with positive probability at t = 1). W

Corollary 1 Let [0r, 0] denote the convex hull of types that choose a contract (7, %) at t = 1 with positive
probability. Then it must be the case that

p(v) =7 forv € [0r, zr(Fr))
p(v) =74+ (1 =707t forv € (2p(Fr), o7_1)

I

p(v) =74 (1 —7)d for v € (02, Vg

and vy optimally chosen given some posterior Fy whose support has convex hull [a,v1], and where Uy is

optimally chosen given some posterior Fy(v) = E}itl_(ilv(i)l) fort=3,...,T.



The shape of PBE implementable allocation rules is actually quite unexpected. As in the case of
T = 2, the shape of allocation rules in Pr is the same as the one we would get in a scenario where all
types in [a,?1) choose a contract (r,z) with probability one at ¢ = 1; potentially only the location of the
cutoffs differs: if all types in [a,01) choose (r,z) at ¢ = 1 with probability one, then U3 must be optimally

chosen given beliefs Fh(v) = }5((;1)), whereas now vz must be optimally chosen given some posterior Fj

whose support has convex hull [a, 7;].
Our objective is to establish that the best way to separate types in the first period is in two- groups:
low and high ones. As in the case of T' = 2 we show that the seller does not benefit from observing cheap

messages and from allowing sophisticated strategies for the buyer.
Can the seller benefit from observing the cheap messages (57

Recall that it is possible that the buyer is reporting message 5 and then choosing s and reporting ,@’ and
then choosing action s. Let F, denote the seller’s posterior after he observes (f3, s) and let F, denote the
seller’s posterior after she observes (B ,8). Suppose that Fy denotes the seller’s posterior after she observes
only action s. Our objective is to compare T (Fy) with Ty(Fs) and Ty(Fp). First let us examine how 7y (Fb)
and Ty (F) relate to each other.

Lemma A.4 Consider a PBE and let 172(152), respectively EQ(FQ), denote the cutoffs that the seller
will choose at t = 2 after a history where she observed 8 and s, and B and s respectively. Then it must be
the case that vy(Fh) = va(Fy). )

Proof. Suppose not, and without any loss let o(Fb) < @2(Fb). Now since 0p(Fy) = % and z3 is
increasing in 7, we have that 2o (15’2) < 29 (FQ) Then for all v € V' it holds that

[7(s) + (1 — r())0] v — |2 — (1 — r(5))022(B)| > [r(s) + (1 — 7(s5))6] v — [z —(1- r(s))azg(FQ)] :

hence for all v € [zz(Fg),b] the buyer strictly prefers to report 8 instead of B, at least for the portion
of the time that those types plan to chose s. But then when the seller sees B and s, she can infer that
the valuation of the buyer is below zy(F3), which in turn implies that a price of za(Fy) > 2z9(F3) cannot
be optimal. Contradiction. Hence given some mechanism and a communication strategy the choice of s
uniquely determines the optimal price at t =7T. B

Now we turn to investigate the relationship of v9(F2) with 02 (Fg) and 7y (Fg) Using a procedure identical
to the one employed to prove Lemma 4 in the main text we obtain that:

Lemma A.5 "Cheap" information in s does not lead to higher prices at ¢t = 2; the cutoff vo(Fy) >
172(1512) = EQ(FQ).

10



Using Lemma A.5 one can establish an analogue Lemma 5 which states that it is without any loss to

view mechanisms to a set of contracts.
Does the seller benefit from "sophisticated" strategies of the buyer?

In order to investigate this question, we need to find out which types may be choosing a contract (r, z)
with positive probability, ((r,z) is again the smallest “r” contract that type a is choosing with strictly
positive probability at ¢ = 1, or is indifferent between choosing or not). As in the case of T' = 2 we
establish that only types in [02, 71| may be choosing a contract other than (r, z).

Lemma A.6 Consider a PBE where [a,7;], denotes the convex hull of the set of types that choose
(r,z) with positive probability at ¢ = 1. Also let 3 denote the cut-off that the seller will chose at ¢ = 2
after the history that the buyer chose (r,z) at ¢ = 1 and no trade took place. Then only types in [g, 1]
may be choosing a contract different from (7, z) with positive probability at t = 1.

Proof. We will argue by contradiction. Suppose that there exist v € [a,?2) choosing a contract (7, %)
different from (7, z) with positive probability at ¢t = 1.

Claim 1: The convex hull of the set of types that choose (7, 2) at t = 1 cannot be a singleton.

If there is just one type, call it © € [a, v1), choosing contract (7, 2) with positive probability at ¢ = 1,
then it must be the case that when the seller observes (7, 2) chosen at ¢ = 1 and no trade taking place,
then she can figure out that the valuation of the buyer is equal to © and hence she will post a price equal

to ¥ and the buyer will accept. In other words we will have that
p(0)0 —z(0) = (F+ (1 —7)0)0— (2 + (1 —r)dd) = fv — 2.

We will show that this is impossible. From the fact that (r, z) is the smallest r contract that type a is
choosing with positive probability at ¢ = 1 we have that 7 > r. Otherwise type a would have a profitable

deviation. To see this, note that because type © is choosing contract (7, Z) we have that
70— 2 > pla)d — x(a).

If p(a) = r and 7 < r then
ra — 2 > pla)a — x(a).

If p(a) = 7+ (1 — r)0"!, for some ¢, (which arises is z; < a for all t = 1,...,T) then it must then be the
case that # > r + (1 — r)d%, otherwise, that is if # < r + (1 — )6’ type a would have a profitable deviation.
We have therefore demonstrated that 7 > r. Now from Proposition 9 we know that p(v) <r+ (1 — )¢ for
v € [a,01) and from the previous observation we have that r 4+ (1 —r)d < 7+ (1 — #)d. This together with

the monotonicity of p which imply that v cannot be an element of [a, v1).
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Claim 2: Let (07,0p) denote the convex hull of the set of types that choose contract (7,2) with
positive probability. Then we will show that it must be the case that (0, 9y) must be contained in one of
the subintervals (vr, 0g) C (2, 0p—1) or (vr,0p) C (04, V1), for some t = 2, ..., T — 1.

Our objective is to show that the only equilibrium feasible case is when either (01, 0y) C (27, 07-1)
or (0r,0f) C (U, 04—1) holds. Suppose not, then it must be the case that (0r,9y) has a non-empty
intersection with two consecutive intervals, say (Uy41,7:) and (U4, ¢—1), but then by Proposition 9 and

Corollary 1 we know that it must be the case
p(v) = r4+ (1 —7r)6" for v € (01, 0x) N (Vsy1,7;) and
p(v) = r+(1—7r)8"" for v € (0p,0m5) N (B, Tr_1), (7)

but since some of these types are choosing a contract (7, 2) at ¢ = 1 with positive probability, then it must

also be the case that either

pv) = 74+ (1— f)éf for v € (0, 0m) N (Vg41,0¢) and
plv) = 7+ (1 =76 for v € (dr,0m) N (4, T—1), 8)
for somet=1,....,T —1, or
p(v) = 7 forv e (0r,0m)N (U441, v:) and
p(v) = 7+ (1 —7)T" for v € (0p,01) N (Tr, Tr_1) 9)

Now combining (7) and (8) we have that the following must be true
r+(1—r)stt = F4+(1—7)!
P (1—r)6t = 74 (1—7)o
from the first equality we have that
r(1 =671 = (1 -6t 4ot
r(1—6Y) = #(1—oth) 4ot - gt
L A1 — 57?—1) +5£—1 _ gt
N (1-4"1 ’

now substituting this expression in the second equality we get that

7@(1 - 55—1) + 55—1 _ 5t (1 - 6t—1) _ f(l _ 55—1) _ 55—1 4 §t—1 A 2
(1-0o1h i (1—61) v ey
U O B Gt I Rk o Bt e i B SRR,

(1 — 5t—1) (1 . 5t—1) (1 _ 5t—1) = 7”( ) +
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'f’(l _ 5f—1)(1 _ 51&) . B 55—1 _ 5t—1 (1 _ 5t—1) _ 51?—1 +5t—1 .
(1_51671) _T<1_5)_5 - (1_51671) _< (1_57&71) )5

e S PR T A

(1-¢"1)
5f . 5f5t—1 . 55—1 + 5t—1 . 5t +5t6t_1 + 5t6f—1 o 5t—15t
B (1-6")
ACUETIE IR ) B S
(1 _ 51&—1) - (1 _ 5t—1)

(SE o 5571 +5t71 o 5t B
_6t o 5f—1 + 5f+6t—1

3>
Il

)

hence the desired condition holds only for 7 = 1— using reverse steps we can also show that in order that

the desired equalities hold it must be the case that
r=1,

but then r = 7 contradicting the supposition that types in (0r, g ) choose a contract (7, 2) (different from
contract (r, z)) with positive probability.

Now let us examine the other possibility. From (7) and (9) it follows that we must have

FH (1=t = r4+ (1 -7 and
P o= r+(1-r)

Substituting the second expression into the first we get that

r+ 1=+ 1 —r—1=r)HTt = r41—r)stt
R A R R R M
6t—1 _ 575 _ 5T—1 + 5t5T—1

r o= =1

5t—1 . 5t o 5T—1 + 5t5T—1 )

which is impossible for the same reasons as before. Hence the only feasible scenario is that the convex
hull of the set of types that are choosing some contract (7, %) with positive probability must be either

(0r,,01) C (2p,07-1) or (0, 0p) C (04, U4—1), which completes what we wanted to show.
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Claim 3: Claim 2 is impossible.

From Claim 2 we know that all the types that choose 7 with positive probability must be contained in
(¢, U4—1). Then it must be the case that the price that the seller will post at ¢t = 2 after the history that
the buyer chose (7,2) at t = 1 and no trade took place must be in (v, v4—1), but then p = 7 + (1 — 7)J,
which is impossible for the reasons explained in the proof of Claim 1.

Hence only types in (v2,?71) may be choosing some contract other than contract (r,z) with positive
probability, the reason why this is possible for those types is because we have no restrictions on the shape
of the allocation rule for types in [v1,5]. W

Let m(v) denote the probability that type v is choosing a contract (r, z). We assume that m is a mea-
surable function of v. A consequence of Lemma A.6 is that even if we allow for any possible randomization,

the posterior at t = 2 after the buyer chose (r,2) at ¢t = 1, is going to be of the form

£(v) _
m F(02)+ [} m(s)dF(s)’ v € la, V2)
F2 (U) = F(v2)+ [o m(s)dF(s) o (10)
3 v € [U2,01],

F(02)+[5} m(s)dF (s)’
when vy > 0. Suppose that the posterior at ¢ = 2 is given by (10), m(s) € [0, 1], and let 04 denote an
optimal cut-off at t = 2 given beliefs F3"(v). Also let v denote an optimal cut-off at ¢ = 2 given beliefs
Fr(v) = 5((;1)). The result that follows states that vo > v5'. The reason for this is that from Lemma A.6
we know that only types above 3 may be actually choosing some contact other than (r, z) with positive

probability.
Lemma A.7 93 > vy'.

Proof. We argue by contradiction. Suppose that v < v5'. From Lemmata A.2 and A.3 it follows that

v3(02) < 03(03"); s Or—1(07r—2) < Vr—1(07_9); 21 (vr—1) < 27 (V7 1)

Since vy is the optimal cut-off given beliefs Fh(v) = Jf((;l))’

vy and cut-off vy is positive. Using the observations above we get that

(1_‘5)1?(21) [/m sdp(s)+/f F(t)dt—/j F(vl)dt]

1 /vt(vt"il) 0F(s) /vt(vln_l)F( d vt(ﬁﬁl)F( d
—_— S s) + t)dt — / v1)dt
F(’Ul) vt (0 Ut(flt_l) Ut(f)t_l)

t(Ut—l)

1 5 ZT(T’%’L_l) IF ZT(E}n_l) 5 J ZT(’DQW:L_l) 2 d
+ — S s) + t)dt — U1)dt
ey / T (s) / (t) / (%)

2 (U7—1) zr(r—_1) 7(Tr—1)

the difference in expected revenue with cut-off

b - )

AV

0
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where we can just ignore the multiplication of every term by the positive constant F(%l). Because

F(o) > <F(v2) + / " m(s)dF(s))

V2

we obtain

,l_)m (L_}’Vn/ ﬁm ,l_)l
(1-0) [ / Y sdF(s) + / " Pt — / : (F(vg)+ / m(s)dF(s)) dt}
U2 U2 ) V2
CACHEY! v (V2 4) v (V2 4) U1
/ de(S)—I—/ F(t)dt—/ (F(U2)+/ m(s)dF(s)> dt
ve(Te—1) ve(Tg—1) ve(Tg—1) T2

27 (O _,) zr (V1) 2 (T _4) 71
/ sdF(s) + / Ft)dt — / <F(vg)+ / m(s)dF(s)) dt
2 (07-1) zp(Or-1) zp(Ur-1) U2

contradicting the optimality 75". W

+Tig (017 = 1)

+0

> 0

Given Lemmata A.5 and A.7 the result follows exactly as in Theorem 1.

Theorem A.3 Suppose that T' < oo. Then, under non-commitment the seller maximizes expected
revenue by posting a price in each period.
Proof. The result can be established following the exact lines of the proof of Proposition 5. For each
allocation rule in Pz we can construct an allocation rule in P that generates higher expected revenue for
the seller. As in the proof of Proposition 5 we ignore all sequential rationality constraints and chose p in

the range [01, b] optimally, respecting only the requirement that p is monotonic. We get that

(v) = r+(1—r)d for v € [v1,v™)
p(v) = 1forwve [v*™b],

3>

where v** is given by (11, main text). From Lemmata A.5 and A.7 we have that ve < ¥2(71) and from
Lemma A.3 we have that v2(71) < v2(v™). From the last two inequalities we get that vy < va(v**). The
optimal allocation rule is an element of P. From Proposition A.2 we know that the revenue maximizing

allocation rule is implemented by a PBE of the game where the seller posts a price in each period. B

1.2 Alternative Degrees of Transparency

In the next three units we establish that our result is robust to a number of alternative assumptions

regarding the degree of transparency of mechanisms.

15



1.3 Sequentially Optimal Mechanisms with Minimal Amount of Information

Suppose that all that the seller observes is whether the buyer obtained the object or not. Then at ¢t = 2
after the history where no trade took place at ¢ = 1 the seller’s beliefs will be the same irrespective of
the actions and the exchange of messages that took place at t = 1. We show that if an allocation rule is
implemented by a PBE of the game where the seller simply observes whether trade took place or not,
then it can be written as a linear combination of allocation rules in (12) in the main text. We sketch the
main two steps required to establish this.

Let [a, 9], with a < 0, denote the convex hull of the set of types that at ¢ = 1 choose with positive
probability actions that lead with strictly positive probability to no-trade.’Those types choose actions
that lead to contracts of the following form: (r1,21), (72, 22), (73, 23), ..., (Tk, 21), Where r; < 1,3 =1, .., k.3
Since the seller does not observe any of this and the only information she obtains is whether trade took
place or not, she will post the same price at ¢ = 2 irrespective of the actions and the messages chosen
by the buyer. Let Z denote the price that the seller will post at ¢ = 2, after the history of no trade
at t = 1. Now the fact that at a PBE the buyer’s strategy has to be a best response at each node
implies that types above Z will be accepting this price at ¢ = 2. For v € [£,0] we must then have that
p(v)=ri+(1—r;)0 =r;+06—0r; = (1 —0)r;+J, which is increasing in r;. Hence by the monotonicity of p
we have that higher types are choosing higher probability contracts at ¢ = 1. This in turn implies that the
seller’s beliefs assign weakly less weight to types closer to ¥ then to types closer to Z. This observation is
formalized in the proof of Lemma A.1, that follows, where we establish that 2 < 29(7), (again 29(?) is the

price that will be optimal if the posterior is given by Fy(v) = ?Egg .) With some abuse of notation let r(v),

z(v) denote the contract that is chosen by type v at ¢ = 1. Then after the history where no trade took

place at ¢t = 1 the seller’s beliefs at T = 2 are given by Fy(v) = %, where ff(l —r(s))dF(s) >0
because a < v and (1 —7(s)) > 0 for all s € [a, v]. ’

Jo (A=r())dF(s)
o (1=r(s))dF(s)

)

Lemma A.1 Let 2 denote the optimal price at T = 2 given beliefs Fh(v) = .Then we
have that 22 > 22(0).

Proof. The price at ¢t = 2 is given by
20 = inf {v € [a, 7] such that / tAFy(t) — / [ — Fy(t)]dt > 0, for all & € [v,b]} .

For Fy = % where ff(l —1r(s))dF(s) > 0, the expression ff tdFs(t) — ff[l — F5(t)]dt can be

2If a = © then the seller’s problem at ¢ = 2 is trivial: she will post a price equal to @.
3We assume a countable number of actions for simplicity. Nothing depends on this simplification.
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rewritten as:

Ja =

S ()[/jt(l—r /(/ (1 ))dF(s)—/at(l—r(s))dF(s))dt]
BT ()thu—r /(/ (1= ))dF(s))dt]

and zo can be equivalently be defined as

= inf{ v € [a,7] such that [ ¢(1 —r(t))dF(t) - [ (ft (1= (8)> dt > 0, }

for all o € [v,]

1
(
1
(

Our objective is to establish that 2 < z9(v). We will argue by contradiction. Suppose that Z > 22(v),
then by the definition of 2 it follows that there exists ¥ € [22(¥),b] such that

0> /:(m t(1 — r(t))dF(t) — /:@) <[(1 - r(s))dF(s)> dt,

because r is increasing in s we have that

0 > /() t(1 — r(t))dF(t) — /() ([(1 - r(s))dF(s)) dt (11)

> /:(ﬁ) t(1 — r(t))dF(t) — /Z;) ([(1 - r(t))dF(s)) dt.

Now we will show that we can break the interval [22(7), 7] into subintervals of types that choose actions
that lead to the same contracts at ¢ = 1. We do this by establishing that the set of types that choose
actions that lead to the same contract is convex. In particular we show that if (v,v) is the convex hull
of the set of types that choose the same action at ¢ = 1, than types in (v,?) can be only randomizing at
t = 1 among actions that lead to the same contract. If a type in (v,?) is randomizing between different
sequences of actions it must be the case that p = p and = = Z. Recall that after the history of no trade
the seller posts a price 2 at ¢ = 2. Then best response constraints at ¢ = 2 imply that types above Z are
accepting the price that the seller posts at ¢ = 2. This in turn implies that if a type above Z is randomizing
among actions that lead to different contracts, then it must be the case that p = p, which implies that
(1=9)ri+d=(1-0)r;+ 6 and x = Z which implies that z; + (1 —r;)0Z = Z; + (1 —7;)d2. But then from the
last two observations we have that r; = 7; and z; = Z;, which is clearly the same contract. Now for types
below Z if there are randomizing between different actions at ¢ = 1 it immediately follows that r; = 7; and

z; = Z;. Hence the buyer can be only randomizing among actions that lead to the same contract.
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Suppose that types in subinterval [z9(7), 1] choose actions that lead to some contract (r1,z1), types
in subinterval [01, 02] choose actions that lead to contract (rg, z2) and so forth. Given this observation the

right hand side of (11) can be rewritten as

/2(1) K1 — r)dF(t) — /2(1) (/ju - rl)dF(s)> dt
# [ =rar - [ ([0 mare))as

F +

+ /k’“ {1 = r)dF () — /kkl </f(1 - rk)dF(s)> dt.

Now by the definition of z2(7) we have that

/() {1 — ry)dF(t) — /() ([(1 - frl)dF(s)> dt
~ (-n) [/() LAF(t) — /() (/t dF(s)) dt] > 0.

/12 t(1 —r2)dF(t) — /jz (/tv(l - rz)dF(s)) dt >0

/() K1 r1)dE () — /() </tv(1 _ rl)dF(s)> dt

- (1= ra)ir () - [ ( / - m)dF(s)) it >0,
/12 t(1 = r2)dF(t) — /jz (/tv(l — rz)dF(s)) dt <0

If

then we have that

otherwise, that is if
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then we have that

+/ {1 — r9)dF(2) —/ (/t (1—r2)dF (s )> dt;

this inequality is due to (1 —rg) < (1 — r1), which follows by the monotonicity of r, (see main text), and
the fact that f;;(@) —r)dF(t) — sz(’U) (ft —r1)dF(s )) dt > 0, but then again by the definition of

z9(0) it follows that
01 01 v
/ H1 = r9)dE(2) — / </ (1- r2)dF(s)> dt
Zz(’f)) Zz(’ﬁ) t

+/;2 H(1 = ro)dF(£) — /12 (/tvu - r2)dF(s)> dt > 0.

Continuing in a similar fashion we can show that the right hand side of (11) is greater than zero. Contra-
diction. We have therefore established that 2 < z9(v). W

Now, given Lemma A.1 , we now argue, somewhat informally, that allocation rules implemented by an
assessment where the seller obtains minimal amount of information, can be written as a linear combination
of allocation rules in (12) in the main text. Let 71,z and 7, zg denote respectively the smaller and the
larger probability contracts that are chosen with strictly positive probability at ¢ = 1 by types in [a, 7).
Since the seller in the scenario under consideration merely observes whether trade took place or not, then
the price at ¢t = 2 is independent of the buyer’s choice at t = 1. From Lemma A.1 we have that £ < 2(0).
Then an allocation rule implemented by a PBE where the seller observes only whether trade took place

at t = 1 or not, can be written as a linear combination of the following two allocation rules:

p(v) = rpforv€la,2)
p(v) = ro+ (1 —rg) forve[z,0)
p(v) = 1forwv € [v,b
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and

p(v) = rg forv € [a,2)
p(v) = rg+ (1 —rg) forv e[z, 0)
p(v) = 1forwv e [v,b].

We call the set of allocation rules implemented by PBE's where the seller no information P,. Take an
element of Py, call it p. Since p is a linear combination of elements? of Py, call them p;, i = 1,...,n and

because expected revenue R is linear in p, (see (8), main text), it can be written as
R(p) = R(S{. 0ipi) = S, 0i R(pi).

Now we know by the proof of Theorem 1, main text that each element of Ps is dominated in terms of
expected revenue by an element of P;. Let us call p; the element of P5 that dominates p;, then we have
that

R(p) = Sf,0iR(ps) < Bfy0iR(p}) < R(p").

where p* € argmax;c(y,. 3 R(p;). It follows that each element of P, is dominated in terms of expected
revenue by an element of P3.
Theorem A.2 Suppose that the seller observes only whether trade takes place or not. Then under

non-commitment the seller maximizes expected revenue by posting a price in each period.

1.4 Intermediate Amount of Information: Seller observes only "cheap" messages and trade/no

trade

Here we look at an intermediate case where the seller observes the messages that the buyer submits to
the mediator and whether trade took place or, but does not observe the action chosen by the buyer. In
this environment where the interests of the buyer and the seller are directly opposite, allowing the seller
to observe apart from whether trade took place or not, the cheap messages submitted by the buyer is
redundant. Let’s see why. Suppose that the seller observes the reports the buyer sends to the mediator as
well as whether trade took place or not. Based on the information that the seller observes at ¢t = 1 she
will post a price at t = 2. Given that the "cheap" message of the buyer at ¢ = 1 influences only the seller’s
beliefs at ¢ = 2 and nothing at ¢ = 1, all types of the buyer prefer the message that will lead to the lowest
price at t = 2. Hence all types will then choose the same "cheap" message, which implies that the possibility

that the seller observes the cheap messages, on top of whether trade takes place or not, does not add any

We assume that they are finitely many for simplicity.
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information. What about now if the seller observes the recommendation that the buyer receives from the
mediator? Again as before n's may play the role of coordination to particular continuation equilibria.
Each 3 induces a probability distribution over n’s and each of these n’s coordinates to a particular ¢ = 2
price. It follows that all types prefer to choose the message 8 that leads to the lowest expected ¢t = 2 price.
Hence still all types of the buyer choose the same (5.

1.5 Sequentially Optimal Mechanisms with Maximal Amount of Information

What is a revenue maximizing PBFE if we allow the seller to observe also the recommendation that the
buyer receives from the mediator, n? The first step in finding an optimal allocation is to derive the set of
P BFE—implementable allocation rules. In order to do so, we investigate the role of the recommendations
that the buyer receives from the mediator. We argue that n’'s play a role of a coordination device to
a particular "continuation" equilibrium. A continuation equilibrium in this setup is an assessment, that
conditional on a given message submitted by the buyer to the mediator, and on the recommendation that
the buyer receives from the mediator, satisfies the requirements of PBE. We illustrate this role of n’s with

an example.

Example 1 Consider a PBE where the mechanism that the seller employs at t = 1 consists of a game
form that contains two actions s and § such that when s is chosen the contract is (r,z) and when § is

chosen the contract is (7,%). These two contracts are such that the following inequalities are true
r<r<r+((1-r)d<i+(1—-7)J.

In order to complete the description of a mechanism let us describe the mediator: it allows the report of
a single message B. Given [ it sends recommendation ny with probability a half and recommendation ng
with probability a half. There are many possible allocation rules implemented by "continuation equilibria”

where the seller employs this game form at t = 1. Two possibilities are as follows: 1) all types below
U= Z+£i_(;k5:)26__z(:§_1(;i)f)?)(i) choose (r,z) and all types above v choose (7,2) att =1 and 2) all types below

U= Z+q(ﬂi_(ﬁs:)25__z(:5_1&i)f)?)(ﬁ) choose (r,z) and all types above © choose (7, %) at t = 1, where we take v < .

Then consider an assessment where when the recommendation is ny the buyer’s strategy is such that types
above v choose (7,2) at t =1 and types below v choose (r,z) at t = 1, whereas when the recommendation
is ma the buyer’s strategy is such that types above ¥ choose (7,2) at t = 1 and types below ¥ choose (r, z)

at t = 1. Then, from the ex-ante point of view the allocation rule will be of the form pB™) times the
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probability that the buyer will receive recommendation ni, where

pPm) () = r forv € la,2(0))
pBr)(v) = r4(1=1)8 forv € [2(0),0)
PP (v) = F4 (1—7)8 forv e [0,b)],

and it will be of the form p'#2)  times the probability that the buyer will receive recommendation no

pB2)(v) = 1 forv € la, 2(0))
p(ﬁ’n2)<’l}) = r+(1—=7r)d forv e [22(0),0)
pBr)(v) = 4 (1—#)8 forv e [v,b].

This example, though admittedly simplistic, demonstrates the role of n’s as a coordination device on
a particular continuation equilibrium. It also illustrates, that it is possible that given a message that the
buyer submits to the mediator, 8, a given action chosen by the buyer s is followed by different prices at
t = 2 depending on the recommendation that buyer received by the mediator. That is, it is possible that
29(0) > z9(v). This is contrary to Lemma 4, in the main text, which says that if the seller does not observe
n, it cannot be the case that depending on the message that the buyer submitted to the mediator, a given
action of the buyer at £ = 1 is followed by different prices at t = 2.

In general, matters are quite more complicated since the message that the buyer submits to the mediator
B influences the probability distribution over the recommendations that he receives, and consequently the
continuation allocations. Before we proceed to describe necessary conditions that allocation rules satisfy
if they are implemented by assessments where the seller observes the recommendations by the mediator,
we would like to note that allowing for the possibility that the seller observes the recommendations of the
mediator has the same effect as allowing the seller to submit messages to the mediator, if these messages
can be observed by the buyer; they both function as a way to coordinate on a specific "continuation
equilibrium."

Proposition A.1 Suppose that T" = 2 and that the seller observes the message that the buyer sends
to the mediator, the recommendation that the buyer receives from \ the mediator, the action he chooses,
and whether trade took place or not. Then, if an allocation rule is implemented by an assessment that is
a PBE, it can be written as a linear combination of allocation rules described in (12) in the main text.
Proof. A given report by the buyer to the mediator 8 induces a probability distribution over recommen-
dations m's. The recommendations n's play a role as a belief’s coordination device: each pair of cheap

signals (/3;,n;) determines a continuation assessment and an allocation rule that has the shape of the ones
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in (12), main text. When the valuation of the buyer is v then, the probability that p(ﬁi’"ﬂ')(v) is the
relevant allocation rule is given by the probability that type v will report message § times the probability
that the mediator will send recommendation n given message (3, and p(v) is then the expectation with
respect to all pairs (8, n). It follows that in the case that the seller observes the recommendations that the
buyer receives by the mediator, the allocation rule is a linear combination of allocation rules in (12) in the
main text. H

But again from Proposition 4 we have that a revenue maximizing element of P3 is implemented by a
PBE of the game where the seller posts a price in each period. We have therefore demonstrated that:

Theorem A.1 Suppose that T" = 2 and that the seller observes the message that the buyer sends to
the mediator, the recommendation that the buyer receives from the mediator, the action he chooses, and
whether trade took place or not. Then under non-commitment the seller maximizes expected revenue by
posting a price in each period.

Let us conclude our exploration of the various environments where our result is robust with a final
remark. Given that the seller employs deterministic game forms all the earlier analysis goes through

assuming that the seller instead of actions, the s's, observes contracts (r, z).

23



