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Abstract

We study different dynamic Stackelberg solutions within a pollution control
problem framework. This study is made under the assumption of different infor-
mation structures, mainly we assume open-loop, feedback and closed-loop struc-
tures of information. Some of the numerical results may appear counterintuitive.
Hence, there exists some situations where the time consistent solution is optimal
in comparison of the time inconsistent one. Moreover, the perfect discretionary
solution is advantageous for everyone then to stay citheairto the initial one.
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1 Introduction

When a firm pollutes while producing, this flow of pollution will negatively affect other
economic agents. If the firm is not liable to directly compensate these agents for the
nuisances it causes, the production and the associated pollution levels optimal for the
firm will not be optimal for society as a whole. One of the main problems in environ-
mental economics is to find ways for a regulator to force such a firm to make socially
optimal decisions, for example, through a proper use of taxes.

The problem has been extensively treated for the static case (see for example [10]).
However, regulatory taxes have both short and long term consequences on the social
welfare and on the firm’s behavior. Taking these properly into account makes an ex-
plicitly dynamic analysis imperative. As noted by Batabyal [5], among others, a natural
way to conduct such an analysis is to model the interaction between the regulator and
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the firm as a dynamic Stackelberg game with the regulator as the leader.

Depending on the information structure many dynamic Stackelberg solutions do
exist. In this paper, using a discrete time dynamic model of pollution control, we de-
rive three of them, that is the open-loop, feedback and global (closed-loop) Stackelberg
solutions and compare them. As simple as may seem the model, the derivation of the
different dynamic Stackelberg solutions are not straightforward.

Itis well-know, since the seminal works of Kydland and Prescott [8], and Barro and
Gordon [2, 3], that open-loop Stackelberg solutions are time inconsistent. From this
literature, two others conclusions have been generally admitted. First, the discretionary
solution is worst for the follower than the open-loop one with commitment. Second,
the time consistent solution is suboptimal. Using numerical simulations, we show that
those two conclusions do not hold.

The plan of the paper is as follows. In the next section we define the pollution
control model. Then in section 3, we derive the different dynamic Stackelberg solutions
depending on the information’s structure facing each player in the following order: first
the open-loop one, second the feedback one, and third the global Stackelberg solution
(that is a closed-loop structure of information). In section 4, before concluding, using
two numerical simulations, we compare these solutions.

2 The pollution control

2.1 The general model

We consider a discrete time version of the continuous time model of pollution sug-
gested by Batabyal [5]. There are two players: the regulator (the leRjlemd a
monopolist (the followerF’). The planning horizon i§’ periods, withT" < 20. There

is no discounting. The goal of the monopolistis to maximize its cumulated profits over
theT' periods with respect to its choice of output. In each petiatie monopolist’s
revenue is given by (q;)q:, whereq, is its output in period, and whereP(q,) is the
inverse demand curves it faces.

Following Batabyal [5], the monopolist is facing three kinds of costs associated
with ¢;. First, a production costq; that is assumed to be proportional to the output.
Second, the tax paid to the regulateg;. And third, a cost(z:)g; that depends on
the current stock of pollutiony;. This last cost reflects the fact that the production
efficiency decreases as the environment becomes more polluted. It may be or not inter-
nalized by the firm.

The monopolist’s optimization problem is thus given by

T
T = EP(Qt)Qt —wq — Teqr — c(x)qr — {qt}ren,r) max (2.1.1)

t=1



We assume thal’ (¢;) < 0 andP” (¢;) > 0, and that' (z;) > 0, ¢ (z;) < 0 and
¢(0) = 0. Furthermore, we assume > 0.

The regulator attempts to maximize, through its choice of tax rates, its cumulated
payoff. Again, following Batabyal [5] this payoff depends on three components. First,
a functionB(g¢:) that represents a social benefit when tithe firm produces at the level
q:- Second, a functio®(z;) which measures the damage from pollution. And finally
the amount of money given by the tay;;. So, the cumulated regulator’s payoff is

T
J* =" Blar) + g — D(xy) (2.1.2)

t=1

We assume thaB(.) and D(.) are respectively at least? andC*! functions. Fur-
thermore[B(¢;) > 0, B” (¢r) < 0, D'(z;) > 0 andD" () > 0, that is the social
costs of pollution are increasing in the pollution stock at an ever increasing rate. The
strict concavity ofB(q;) + 7:q: is needed in order to insure the existence and unique-
ness of a solution.

Finally, we suppose that, evolves according to
i1 = flqe, @) (2.1.3)
with z; given, and wheref(q;) is a differentiable function, withf’ (¢;) > 0 and
f (g¢) > 0. We also havef (z;) > 0andf (x;) > 0. Hence, the pollution stock in

t + 1isincreasing in the pollution stock and in the firm’s output.in

For the purpose of the paper, we more specifically assume

P(qt) = a— by, (2.1.4)

c(xy) = amxy, (2.1.5)
2

B(qt) = vat — %t, (2.1.6)

D(x) = 5;“"—% 2.1.7)

Tep1 = B + Bﬂﬁt- (2.1.8)

where the coefficients, b, «, v, 8 and3 are supposed to be strictly positive and
with 3 < 1 andj3 < 1. The functional forms, as well as the hypotheses made earlier
on the different derivatives, are standard in economic theory and will not be further
justified here. The assumptigh< 1 captures the fact that there is a natural resorption
of the current pollution stock, at the rgte— ).

We may now derive the different dynamic Stackelberg solutions.

1Some others specifications are possible, see Batabyal [4, 5]



3 The different solutions

We assume that there is no uncertainty and that the regulator knows perfectly the dif-
ferent parameters of the monopolist’s profits, even his cost. Furthermore, the regulator,
our leader, is strong enough to force the monopole to take as given the level of taxation.

3.1 The open-loop Stackelberg solution

This solution was first introduced by Simaan and Cruz [12, 11] (for a more detail on
it, see Baar and Olsder [1]). To achieve the solution, the following steps are required.
First, for any fixed action of the leadet, the reaction function of the follower is
derived by maximizing the firm’s payoff under the state constraint (2.1.3). Then, inte-
grating this reaction function into the leader’s payoff and minimizing again under the
state constraint, gives the optimal action of the leader which induces an optimal action
for the follower. As noticed by Simaan and Cruz [11], latter by Kydland [7] and popu-
larized by Kydland and Prescott [8], this solution is time inconsistent.

Let the time interval bél, T'). For any fixedr;, ¢ € [1, T'] the firm solves

T
arg qme%RX (a —bqi)qe — wqr — Teqr — axqy (3.1.2)
¢ t=1
subject to
Tt41 :6(],5 —+ th (312)

Define the firm’s Hamiltonian a8 ** (¢, 2+, pfy 1) = JF 4 pEi1 (Bg: + Bt). Then
using the first order conditions for a maximization of this Hamiltonian, one may get
after some algebras

F
_a—w—Tm —ar+ Op,

g= o (3.1.3)
a—w— 71 —av, + Bpk ~

Tei1 _A t% et Bpis) + By (3.1.4)
—ala—w—T1 — axy) - af

Pii = S C A (3.1.5)

with initial and final conditiorp%r1 = 0 andx; given. The stock of pollution at
the periodl’ + 1, zr4; is free. One reason to let it free is that the regulator may not
know what is or not an acceptable final level of pollution.

This above set of equations defines the reaction function of the monopole (follower)
to any announced tax path. Integration of (3.1.3) ifto we may solve the regulator’s
problem by defining the following Hamiltonian:



Y+7)(a—w—T1e —ax, + 6pf+1)

R L F _
H (Ttapt+1apt+1axta,ut):

20
B l(a—w—n—axt—kﬁpfﬂy_ dxf
2 2b 2
Bla —w — 7 — ax, + Bpf] =

+pﬁ1( ( t2b : t+1) + Bxy)

—ala —w— 1 — axy) s af, g
+ Mt( % + (6 - 2_b)pt+1)

(3.1.6)

Then we know from Bsar and Olsder [1] that the open-loop Stackelberg solution
is given by the resolution of the following first-order conditions:

OHE YT Bpfty + o

8Tt 2b
—W— T — £ 1420
_|_ (CL w Tt a‘itb;_ 6pt+1)( + ) — 0 (317)
OHF  Bla—w—1 —az + Bpfy) -
P P .1.
Ttt1 3ptL+1 % + Bzt (3.1.8)
R_ OHE :pﬁl(%ﬁ —af) —aly+7) +a?u
Pt 8$t 2b
o F
N ala —w Tt4b2axt + Bpyq) sm
(3.1.9)
OHF —ala —w — 11 — axy) -~ af
Fo_ t _ 2PN F
pt - 8/,Lt - 2b + (6 2b )pt—‘rl
(3.1.10)
_OHE (v +7)B+ (208 — aB)
Her1 = o5 =
Op; 41 2b
i 5(51’5-1 —2b(a —w — T — oz + 5pf+1))
2b
(3.1.11)
with z given, andu; =0 (3.1.12)

The boundary conditiop; = 0 is directly related t(p%rl = 0. Furthermore, we
havepf ., = 0. As known, the open-loop Stackelberg solution is time inconsistent,
since a reoptimization latter in time, at periédor example, will give again to set
ur = 0 although initially calculated, at periad we haveu;, # 0.



Anyway, these above necessary conditions, after some algebras and following Medanic
[9] give us to solve an augmented discrete Hamiltonian matrix (i.e. with a tracking ma-

trix) of the form:
Ti+1 A B Ty D
& = _ 3.1.13
[pt] [C AHpt+1]+[E] (119

WhereA, B, C are some x 2 matrices,D is a2 x 1 matrix andz; andp; are
some2 x 1 vectors defined by:

i B - 4/;@1 _4[;@1
= + +
A= a5 e |
1b+1 1b+1
B2 B2
— | Zbr1  Zbt1
| Zb+1  4b+1
i (¥2 _ 5 (¥2
— | Zot1 1b+1
C=| w0 ag |
| Zo+1 1b+1
[ Bla—wty)
_ 1b+1
D= Bla—w+y) |
L 1b+1
M —a(a—w+7y)
_ 4b+1
E=1 _a(twiy |
L 4b+1
R
~ | X ~ _ | P11
T = , andp; 12[ ]
| Mt ] + pf+1

3.1.1 Resolution

To solve this tracking problem defined above we use the sweep method (see Bryson
and Ho [6]). That is, we assume a linear relation between the costate and the state
vectors:

Pk = SkTk — gk (3.1.14)

Thus, using this into the augmented Hamiltonian matrix we first get an expression for
Thal-

Tht1 = (IQ><2 — BSk_H)_l(A.fﬁk — Bgi41 + D) (3115)

Then using (3.1.15) and (3.1.14) into the definitioppf, as given by the augmented
Hamiltonian matrix, and equating both sides we finally get the difference equations:

S = C + ASpi1(Toxs — BSks1) 1A, (3.1.16)
gk = ASki1(Izx2 — BSky1) ™ (Bgky1 — D) + Agry1 — E, (3.1.17)

where the first equation is the so-called Riccati difference equation, and the second one
defines a tracking difference equation.



The boundary conditions are:

i = [ ”61 ] , andpr, = [ 8 ] : (3.1.18)
And then
Sri1 = 02x2, andgry1 = Oax1. (3.1.19)
From the boundary conditions we get
St =C, and,gr = E. (3.1.20)

and so on. Once, the computation off line, backward in time, of the different values of
S, andg; are made, the values &f andp; follows. From them we get the values of
x4, e, pR andpf’, for all t € [1, 7). The optimal open-loop Stackelberg actions are
directly given after by (3.1.7) and (3.1.3).

3.1.2 The optimal discretionary open-loop Stackelberg solution

As we said, the open-loop Stackelberg solution is time inconsistent. That is, for any
announced sequence of taxatiati },c|; ) made at time = 1, it will not be optimal

to continue with this sequence at time= 2. But rather, the regulator may solve the
problem starting at time = 2 and finishing at = 7" in order to find a new announced
sequence of taxatiofr;* } <2, 7). But again, this new sequence will be suboptimal at

t = 3. And so on untik = T..

Let {r;}; be the optimal open-loop sequence of taxation for the problem start-
ing at timet = i and finishing at time = T. Define {r;}! as the first com-
ponent of this sequence (and also unique one for the case wherel’). Then,
the optimal discretionary sequence of taxation, realized expostr/is};cpi,r =

({Tt*}%a {Tt*}%a e {Tt*}%“—la {Tt*}%")

In the economic literature, such a discretionary policy is generally assumed to be
worst for the follower regardless to the committed strategy thét;ig:. As we will
see this is not the case. Both players, monopolist and regulator, may gain by using
such a discretionary policy. Then the monopole may ratioradbept to believe in a
sequence of taxation even if he knows that this sequence will be revised tomorrow.

3.2 The feedback solution

To solve the game, under the feedback structure of information assumption, we use the
dynamic programming method with appropriate value functions (ssarimd Olsder
for more details [1]). Recall that this solution is time consistent by construction.



Let T be the last period of the problem. Then the level of pollutien; doesn’t
mind anymore, since its level is free. The reaction function of the monopolistis directly
given by: ‘arg max,,.ex JL". Thatis:

a—w—Tr —QxrT
20

qr = (3.2.1)

wherezx is a known fixed value. Then the problem facing the regulator is simply given
by:

arg max B(qr) + 7rqp — D(z7) (3.2.2)

TTER
whereg’. is given by (3.2.1). The maximum is obtained when

(1+2b)(a —w— axy) — 2by
14+4b

T = (3.2.3)

After some algebras we get, for the last period, some specific definitions for the actions,
state and cost functions. Those definitions are generalized by resolving the problem at
the periodl” — 1. The value functions for the peridd— 1 to T" are defined by

VE(T —1,T) = [argmax JE_|] + JE, (3.2.4)
qT—1

V(T —1,T) = [argmax JE ] + JE, (3.2.5)
TT—1

whereJ£ and JE are known.

Using the definition:r = Bqr_1 + Bar_, into JE and maximize the value func-
tion for any fixedrr_, gives an optimal action for the monopole for the period 1.
Integrating this into the value function of the regulator, using again the state equation
definition and maximizing over all possibtg-_;, we can write the results in some
general specific forms :

T = Ky + ki, (3.2.6)

a = Ky + ky, (3.2.7)
Tey1 = Qe + By, (3.2.8)
TR = Paa? + pray 4 ny, (3.2.9)
JE = Pa? + pray + 7, (3.2.10)



forall ¢ € [1,T] and with

—a +20(B*(Pir1 + Pry1) — b) + 2B8(Pri1 — 26(Prg1 — Piyr) — 268°P2,)

Kt = = ’
1+4b—232(Pry1 + 2P 1)
(3.2.11)
= 0~ 2ab + 2by + 200pi41 + 2a8% Pi1 — Bprgr (1420 — 232 P y)
t — =
—1 —4b+26%(Pyy1 + 2P 1)
" 26%Pii1(a — v — w — Bprs1 + Bhey1) +w — 2bw — 28°wP, 4y
1 4b+ 20%(Pos + 2P
(3.2.12)
. 266(P, P
B = 028t Py (3.2.13)
1+4b—232(Py1 + 2P 1)
Fo = A Z 0t B — b)) (3.2.14)
1+4b—232(Py1 + 2P 1)
Q= 8K, + 0, (3.2.15)
—K? )
P= St KR - (3.2.16)
pe = vEK; — Kiky + Kiky + Ky, (3.2.17)
e
ny = Tt + 'th + ktlﬂt, (3218)
P, = —bK? — aK; — K; Ky, (3.2.19)
P = aKy — 20Kk — wKy — aky — Kiky — Kk, (3.2.20)
flt = al;t — bl;? — ’LU:I;t — ktl;t. (3221)

where K, and K may be seen as sonfé x 1) matrices defined by the appropriate
scalar Riccati difference equations (3.2.16) and (3.2.19). The ternonditons are

o W’ (3.2.22)
pp (L 2b)§a+—4zu) — 2 (3.2.23)
o fo;b, (3.2.24)
N azfizby (3.2.25)

One must solve off-line the set of equations (3.2.11)-(3.2.21) using the terminal
conditions, and then compute on-line the values, pf;, andz;.



3.3 The global Stackelberg solution

Here, we assume that the structure of the information is a closed-loop one. That is,
the leader has a perfect knowledge of all the past and current values of the state and
controls. In such an information structure, the regulator may try to find an incentive
strategy such that he can reach his global optimumdjp&mum optimorum

This optimum optimorunis assumed to be unique. Then there exists a couple
(qf,77), ¥Vt € [1,T], such that/F? is maximized. Generally, following Bar and
Olsder [1], this pair of actions is directly given bynx, , J%(q, 7)". But this is pos-
sible only if J%(q, 7) is strictly concave iy and T and if there is no singularity. But
J®(q, ) is singular int. Then a direct optimization is not possible.

In order to avoid this singularity, we need to add a constraint onq. Obviously,
one should guess that this optimum optimorum will baah when the profit of the
monopole will be zero (i.eJ¥ (7, q) = 0).

Recall that/}" = (a — bg;)q: — Teq: — wq: — axiqe. Then to require/f = 0
involves that either

a—w—arly — Tt
b
Logically, g: = 0 is not the good choice and the other one will be chosen.

(3.3.1)

qg=0, or q=

Let define the Hamiltonian-Lagrangian for the regulator as
a—w—arly — Tt
b

Then the maximization problem of the regulator, oweandg;, give us to solve the
following set of first order conditions

L =Jf +pﬁ1(5% + th) + A —qt) (3.3.2)

OLE A
8Tt =dqt — ? - 0) (333)
OLE
L=y —q+7+8pfh — A =0, (3.3.4)
0q:
OLR N
Tpp1 = W{-l = Bqr + By, (3.3.5)
LE .
P = 0L _ ot Bpity — a, (3.3.6)
8$t
OLE  a—w—ar;—7
P -_— = . . .7
D b @ =0 (3:3.7)

After some algebras, we get

_ b(a—w+7—axt+ﬁpﬁ1)
A = - . (3.3.8)

10



Using this, the following augmented Hamiltonian system has to be solved

s [e% 2 Bla—w—+
[ xtE1 ] _ g — ij; ~ 25+1b[3 ] [ ﬁt ] n 4(b(2b+1 ;Y_)) ]
a“b o —abla—w+y
Py O+ 53 P mn Pt 2b+1
(3.3.9)
with the boundary conditions
pi. =0, and z;given (3.3.10)

By assuming a linear relationship between the co-state and thegtate Kz, —
gt, we get to solve off-line, backward in time, the scalar Riccati and tracking difference
equations

a?b  (B— 2K (B — 5255)

Ky = —
P= 0 g 1 Pk ,
(3.3.11)
Cabla—wt7) | (B S)K (e flmen))
9= 2b+1 1— ﬁ;ﬁi—l
= abp
- : 3.12
+ (B 2b+1)gt+1 (3.3.12)
with the terminal conditions
a’b
=—0+t5—7 Kra= 3.1
Kr=-+5-7, Kru=0, (3.3.13)
_abla—w+9) _
gr = 2 + 1 ) gr+1 = 0. (3314)

Once we found off-line these values, we may compute on-line, starting aéite op-
timal sequence$a; bi—1,. .7, {pi™ be=1..70 {N b= {77 be=1r @NA{q b= 1
Recall that{7; }+=1,. r and{q; }+=1,. v achieve the optimum optimorum of the regula-
tor, under the zero-profit constraint.

The problem facing the regulator is now to find an optimal incentive strategy, that
will be announced at the beginning of the game, such that the monopole implements
the sequencég; }.=1, r. Following Basar and Olsder [1], such an incentive strategy,
call it 6, may be defined as

7 = 0(qr) =77 + ke(q; — q¢) (3.3.15)

wherer; andq; are the desired actions, from the viewpoint of the regulator, and are
some known values. Then we need to fifid},—, . r such that the monopole can-

not do better thar{¢; };,—1, 7 and such that the regulator will have also to choose
{7 }+=1,. 7. Thus, if such a sequence of incentive strategies exists, the global Stackel-
berg solution is time consistent by hypothesis sincedthes the optimum optimorum.

11



Sinced,(q;) is a known function, the problem facing the monopole is only a simple
optimal control problem. As there is no uncertainty, the solution will be the same re-
gardless of what which information structure is facing the monopole (i.e. open-loop or
feedback). The solution for simplicity will be given under a feedback assumption for
the monopole.

Let the incentive strategy for the last period be
07 = 17 + kr(¢r — qr). (3.3.16)

Then the problem facing the monopole is onlyirg' max,,. J£ (gr,0r)". The first
order condition of this problem induces

a—T1p — krgp —w — axr
2b — 2kr

qr = (3.3.17)
Recall that we wanj; = ¢F.. Letk?. be such that this equality holds. Its value is given
by

—(a —w — azr — 75 — 2bg)

kp = ” . (3.3.18)
dr

We may easily guess the sign/gf. It should be positive since the cougle:, ¢5.)
is defined under the non-profit constraint. That is, the monopole, giveshould not
be able to produce more (i.er > ¢5 = JE (75, qr) < 0). Since the monopole may
only decide to produce less, a lower valugipfshould be associated to an increase of
the taxation in order to incent the monopole to chagseThen obviously we need to
havek?. > 0.

Furthermore, by using (3.3.18), one can easily check that the best choice for the
monopole is then to implement- = ¢}. Then the payoff of the last period for the
monopole is given by

JE = (a —bg})qy — way — axrdy — THE)

= Pra? + pror + nr, (3.3.19)
where

Pr =0,

ﬁT = _QQ}a

i = (a — bgr)qr — wqr — Trqr-

One may check thakr (k%) also induces the regulator to implemeiit Assuming
this, we can write the payoff of the regulator as follows

Jf = Praf + prar +nr (3.3.20)

12



with

—
Pr==
pPr = Oa
*2
* q * %k
nr =3qp — - + Trap-

Following a similar procedure that we used in order to derive the feedback solution
(that is by used of the dynamic programming method), we get the general forms

a—w—ory+ Bpiy1 — 7 — keqf

= 3.3.21
o 2 — 2k, ! (3.3.21)
— — _ = _ * _ 2 *
k: _ (CL w ary + épt—i—l Ty th) , (3322)
4y
Ty = Bgf + By, (3.3.23)
I = Pux} + pywy + ny, (3.3.24)
where
-6
Pt == 7,
bt = Oa
*2
* q * %
me=94 - 5 TG
pt == 0,
ﬁt = _QQ:a

*

iy = (@ — bqy )q; — wqi — 1/ q; -

Remark it is possible that for some values of the parameters, we have b for
somet. Then as easily seen from (3.3.17) or (3.3.21), the problem facing the monopole
becomes singular. In such a case, the optimal level of production may not be obtained
by (3.3.17) or (3.3.21). In fact the optimal level of production is given by

2b — 2k, (3.3.26)

a—w—ary+ Bpiy1 — Tt* _ ktq; if k’: 7& b,
G = '
” if kf =b.

4 Numerical comparisons of the solutions

The results presented here were obtained for the following values of the parameters:

a=150,b=5w=2,a0a=2,6 =3, andy = 5.

13



The initial level of pollution is supposed to bg = 1.

We ran two different numerical simulations depending on the valugsaofi 5. In
the first one, we sgt = 0.4 andj = 0.5, andg = 0.8 andjs = 0.8 for the second one.

4.1 Firstcase:f=0.4andj3=0.5

Logically the best solution, from the regulator viewpoint, is the global one (table 1 and
figure 1), and it is the worst for the monopolist since its profits reduce to zero (tablel
and figure 2). This solution involves the higher levels of pollutjeax and production.
Recall that his global Stackelberg solution is time consistent.

Quite surprising is that the time consistent feedback solution does also better than
the open-loop one, with or without commitment (figure 1 and table 1). It is generally
assumed that the problem of the time consistent solution is its suboptimality in respect
of the discretionary one (cf. Kydland and Prescott [8], Barro and Gordon [2, 3]). What
we learn from this simple model it's that there is no way it should be always the case
when the follower has a real payoff function and not a very restrictivé.one

Solutions JE JE
Open-loop (OL) 8.2256 10 3.7337103
Optimal discretionary (OLd) 8.2363 10°  4.1417 103
Feedback (Fd) 8.5344 10 3.9647 103
Closed-loop (CL) 1.3899 10% 0

Table 1: Cumulated Payoffs

The level of pollution is directly related to the regulator’s welfare. And since all
others variables are connected each others,omad the same order of the solutions
in the figures. Hence, higher welfare will imply higher pollution, and so a higher price
and production.

As the global solution involves zero-profits for the monopole, one may wonder why
the monopole will still produce something ? Obviously, the regulator acagpt some
profit for the monopole by allowing a little more pollution. That is our global solution
is based on a non-profit constraint. All constraints that will involve a level of pollution
between this one and the one obtained under the feedback solution will still allow the
global Stackelberg solution to be the first one.

°The reader is implicitly refereed to the compesding graphics that are shown in appendix.
3These literatures are based on some specific Stackelberg games where the follower has a kind of cheating
aversion cost function.
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The two time consistent solutions mainly differ because of the level of taxation, this
level is higher with the incentive solution (global Stackelberg) since the profit must be
reduce to zero.

Another important conclusion is that, in an open-loop information structure, the
discretionary solution is better for everyone than to stay committed to the initial an-
nouncement (figures 1 and 2 and table 1). In such a case, we don'’t see any reason why
this discretionary solution should involve some loss of credibility, since the monopole
may be aware that to believe in a likely recalculated sequence of taxations will get him
in a better position after. Then he may optimally believe an initial sequence of taxation
knowing that the regulator will not continue with it latter.

4.2 Second cased = 0.8and 5 = 0.8

The simulation provides the same kinds of comments. That is, and the more important
one, the monopolist will benefit from a not-committed regulator’s policy to the open-
loop initial solution (table 2 and figure 4).

For the regulator, the feedback time consistent solution is no more better than the
optimal discretionary one (figure 3 and table 2). But these solutions are very closed. Fi-
nally, it seems that the gain from not staying committed to an initial open-loop solution
(by using the optimal discretionary solution) is always quite small. So, the incentive to
deviate is not very strong (tables 1 and 2).

5 Conclusion

In this paper, we derived the different possible Stackelberg solutions of a leader-follower
pollution game. The different solutions are well-known, mainly because of the work of
Basar and Olsder [1]. But despite this fact, some misunderstandings still exist concern-
ing the comparison of these solutions. We underline the incorrectness of two of them:
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Solutions JE JE
Open-loop (OL) 3.2652 10 1.0727103
Optimal discretionary (OLd) 3.272510% 1.2848 103
Feedback (Fd) 3.1988 102 1.3525103
Closed-loop (CL) 4.1890 103 0

Table 2: Cumulated Payoffs

1801
800 —oL B oL

o oLd o oLd
+ Fd 1601
700 cL

1401

600 1201
500 4 1001

400

300

4

200 )

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20

Figure 3: Evolution of/[* Figure 4: Evolution of7}’

the suboptimality of the time consistent solution, and the assuming increased cost on
the follower when the leader use a discretionary policy.

Hence, with one particular numerical simulation we presented, we found that the
time consistent solution is the best one for the leader. Moreover, it is possible to find a
simulation such as this conclusion also holds for the follower. The gain for both players
of using optimal discretionary solution was underlined. This result is closely related to
the fact that a cheating-by-second play strategy may also be a good strategy for both
players (see Vallée, Deissenberg and@d13]). Finally, we concluded on the very
small advantage of using such a solution.

Of course, those results were found with a very specific dynamic game model.
Another one may give opposite results. Some more theoretical understandings of the
different dynamic solutions are needed if we want, for example, to know exactly when
and why a time consistent solution may be suboptimal or not. Such a project is a
currently research.
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A Graphics

We use the following abbreviations and notations for the graphics:

e ol (—) Open-loop solution,

e old (o) Open-loop discretionary solution,

o fd (+) Feedback solution,

e cl (- -) Closed-loop solution (myopic and nonmyopic cases),

A.1 First simulation: 3 =10.4,3=0.5
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Figure 5: Pollution stock
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Figure 7: Price’s level
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Figure 8: Production’s level




A.2 Second simulation:3 = 0.8, 3 = 0.8
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Figure 11: Price’s level Figure 12: Production’s level
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