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Evaluating Theories of Income Dynamics:
A Probabilistic Approach *

1. Introduction

This paper proposes a unified statistical framework for evaluating and testing hypotheses on

the evolution of a distribution, say an income distribution, over time. Our approach is based

on the concept of relative entropy or Kullback-Leibler Information criterion (Kullback 1959)

as a measure of “distance” from one probability distribution to anothet neontrast to

other similar applications, we justify this choice by an explicit probabilistic micro model as
suggested by Aebi (1996; 1997) in a different context. This justification relies on the
fundamental hypothesis of statistical mechanics and on a large deviation argument. As it turns

out, our approach also provides a sound statistical basis for hypothesis testing.

Despite this methodological perspective, we illustrate our case by considering a concrete
problem which is of some practical relevance. The problem we wish to analyze is the
following. Suppose we are in a situation where the distribution of income is observed at two
points in time and where no information on the incomes of individual members in the
population is available. We may think of having at our disposal a repeated cross-section
where individual income histories are not recorded. Suppose further that we want to evaluate
some particular model (or hypothesis) of the transition dynamics. This model may have been
derived from theoretical considerations or from samples drawn from another population.
Although by construction no information on the income of any individual in the two periods
is available, we will show that it is nevertheless possible to draw meaningful statistical
inferences on the transition dynamics under these circumstances. Moreover, our approach
does not only result in a statistical test, but also indicates in what respect our model is

misspecified and how it can be adapted “optimally”.

We thank Boris Zlrcher for helpful comments. The paper has benefited from seminar participants at the
Institute for Advanced Studies in Vienna and at Stanford University.

The concept of relative entropy is not widespread in econometrics. Important exceptions are White
(1982), Golan, Judge, and Miller (1996), or Kitamura and Stutzer (1997).



It turns out that the above problem is equivalent to the problem of fitting the cell probabilities

of a contingency table when the marginal probabilities are known and fixed. This question has

been treated in the statistical literature by Deming and Stephan (1940) and Ireland and
Kullback (1968) among others. These authors also propose an agorithm known as iterative
proportional fitting procedure (IPFP) to solve this problem in practice. Recently, Aebi (1996;

1997) gave a probabilistic framework in terms of “large deviations” for contingency tables.
He shows how to compute ,most probable” adjustments of observed contingency tables to
prescribed marginals based on the fundamental hypothesis of statistical mechanics. In this
paper we follow his interpretation and use a large deviation principle to operationalize the

meaning of ,most probable*.

We think that our approach can be fruitfully applied to such diverse issues as the convergence
hypothesis in the theory of economic growth and to the theory of personal income inequality.
The so-called convergence hypothesis asserts that differences across countries in per capita
income are transitory, controlling for technology, preferences and population growth rates. As
has been forcefully pointed out by Quah (1996), the cross-country growth equation initially
advocated by Barro and Sala-i-Martin (1992) suffers from severe deficiencies which lead to
unreliable conclusions. Instead, Quah (1996) suggests to “model explicitly the dynamics of
the entire cross-country distribution of incomes”. The second application relates to the
recently observed increase in income inequality in some countries (notably the U.S. and the
U.K.). The reasons for this rise are widely debated and have brought the income distribution
“in from the cold” (Atkinson 1997; Gottschalk 1997). In order to assess this rise in inequality

it is important to develop a notion of mobility within the income distribution. This, however,

requires again to model the dynamics of the entire distribution.

Although these two applications are related to quite different economic traditions and
concerns, the analysis of the dynamics of the underlying distribution uses similar tools. In
both strands of literature, the evolution of the income distribution is analyzed in terms of a
transition probability matrix (or a stochastic kernel in case of a continuous state space)

estimated from panel surveys. The convergence hypothesis can then be assessed by



computing the stationary distribution or passage times associated with the transition matrix;?

mobility is assessed by computing some scalar mobility measure from the transition matrix.>

Although these applications produce interesting insights, they are purely descriptive in nature.
They lack a probabilistic foundation and do not formally test or evaluate theories of income
dynamics formulated in terms of the transition matrix. We think that this is a serious
drawback which hinders further progress in these fields. The purpose of our paper is therefore
to provide the methodological foundations to the testing and evaluation of theories of income
dynamics. Although we expose our views by investigating a concrete problem, we think that

our approach can be fruitfully extended to related issues.

We do not only develop the theoretical concepts, but we aso illustrate our approach by a
practical example. In particular, we compare the income dynamics of men and women in the
U.S. using the PSID data set. These data encompass more information than we actually need
because the PSID data trace individua incomes over time. This additional information will,

however, allow us to assess and document the validity of our approach.

2. Concepts and theoretical background

2.1 A Probabilistic Model

Suppose that for a population consisting of a large number of N independent individuals we
observe the true distribution of income at two points in time t and s with t<s. As our
assume that income is distributed in the two time periods according to the discrete probability
distributions g = (tut, - - ., G«)” @and §= (s, - - -, Gs)” defined on |, i.e. igis the probability

that income in period t falls in the i-th interval.

If we were actually in a position to trace the income of each individual in the population, we
could count how many persons starting in income class i in period t arrive in income class j in

period s. Denote these numberdyand arrange them in ak matrix

2 Durlauf and Quah (1998) provide extensive references and a critical assessment of the literature.



We call this matrix the income history matrix. Note that the income history matrix is
unobserved. We only know that it must be compatible with the observed income distributions
at timetands, g and gs. Thus if nobody gets lost or is joining in going from period t to s,
each person starting in income class i must end up in some income class j, likewise each
person ending up in income class ] must have started in some income class i. When the
number of persons N is large, these restrictions on the income history matrix can be stated as

follows:

Kk

> I =Na, 1<i<k
=1

(1) k |
Zr”.:quS 1<js<k

If we denote by 1 the k-vector of ones, these restrictions can be written more compactly as

' = Nq,

1’
) M = Ngq

Because % g = 1 and Zj g;s = 1, the above conditions impose 2k — 2 independent restrictions

onT, referred to asontinuity restrictions orinitial and terminal conditions.

The theory or model of the dynamics of the income distribution between the two periods t and
s is formulated in terms of a two-dimensional joint probability distribution. This can be done
either directly or, more conveniently, indirectly via a transition probability méttixwe

the probabilities of moving to income class j given that the individual was in income class i.
For any given income distributiam= (rg, . . .,Tk)" in period t,15 p; is the probability that an
individual is in income class i in period t and in class j in period s. The two-dimensional joint
model will in general not satisfy the continuity restrictions. When it comes to statistical

inference, this probability distribution will be our null hypothesis.

3 For atheoretical discussion see Shorrocks (1978). Schluter (1998) and Trede (1998) provide examples of

empirical applications.

Champernowne (1953) was the first one to view the income distribution as the equilibrium outcome of a

Markov process specified by a transition matrix. He presented conditions on the transition matrix such

that the ergodic distribution satisfies Pareto’s law. Later Wagner (1978), and more recently Conlisk
(1990) and Dardanoni (1994), discussed alternative hypotheses about the form of the transition matrix.



The continuity restrictions (1) are not sufficient to determine the income history matrix I
uniquely. The problem we address in this paper can therefore be stated in the following way:
find the income history matrix ' which would have the maximum likelihood of being
observed under our maintained hypothesis, diag(m) P, subject to the continuity restrictions (1).
We solve this problem in two steps. First, we compute the probability of observing a
particular income history matrix and then solve the underlying maximization problem. The
analysis is, however, not straightforward because our model does not in genera satisfy the
continuity restrictions. The law of large numbers then implies that, viewed from the
perspective of our model, the probability of every income history matrix goes to zero as N
tends to infinity. We resolve this indeterminacy by relying on a large deviation principle, i.e.

we seek the income history matrix whose probability goesto zero at the slowest rate.

2.2 Probability of Income History Matrices

Assuming that the evolution of individual incomes is independent from each other, the

probability that a particular history of N persons belongs to a given income history matrix I' is

1 (w,)"

i,j=1

This given income history matrix I can be realized in several ways from the N individual
income histories. The number of such possibilities corresponds to the number of arrangements
of N distinguishable individuals as subsets of I'; persons. It is obtained by an elementary

combinatorial argument:
1=l )= ]

E[\I%\‘_rn%\‘_rn_rlzg EN rlJH
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Viewed from the perspective of our model, the income history matrix " is realized with
probability Py(I" Cdiag(m)P) given by

E\I k-1 k-1 I_IJ _ k_—l rkj H: NI
]

@) R, (| diag()P) = kL. |—| (e, )™ =N ﬁ (r p.ii.) )



2.3 Maximization and adjusted Dynamics

There are many income history matrices which are compatible with the continuity restrictions
(). To determine the income history matrix I" uniquely, we adopt the fundamental hypothesis
of statistical mechanics to the evolution of incomes: an observation at the macroscopic level
isrealized in the limit of infinitely many individuals by that microscopic ensemble which has
maximal probability (i.e. is ,most probable“) given the observation. This principle means that
we want to choose the income history matrix which has the highest probability of being
realized, viewed from the perspective of our model, and which satisfies the continuity
conditions. Chapter | in Ellis (1985) provides an insightful introduction to the concepts we

will use subsequently.

As explained previously, the law of large numbers implies that every income history matrix
has probability zero of being realized as N tends to infiniyl Rdiag(mP) - 0 as N- oo,
becausd satisfies the continuity restrictions whereas our conjecturergjRgloes not. We

can nevertheless obtain a unique solution to our maximization problem if we interpret “most
probable” as “vanishing at the slowest rate”. This is a so-ckdligd deviation argument. The

rate at which the probability (2) goes to zero is given by the Ilimit of
(1/N) log Ry(T odiag@mP). Using Stirling’s formula for large factorid)ghis limit is

3) lim %Iog P, (T | diag(r)P) = ~H(y| diag(r)P)

N - o

wherey = (y;j) denotes the matrik/N = (T;/N). The function HyOdiag(MP) is known as the
relative entropy or Kullback-Leibler divergence of the two-dimensional distributyowith

respect to diag(P and is defined as

@ lolrie)= v, 1o0

where it is understood that 0 log(0) equals 0 and yheotg(y;/(Tsp;j)) equals infinity ifgp;
equals 0 andj; # 0. The function H({diag(mP) is also called the rate function because

Pn(MOdiag@mP) decays to zero exponentially fast at a rate given by (4). It can be shown that

s Stirling’s formula isx!= él%g Vorx (1+g,) withe, - 0 as x- o.



H(. Odiag(m)P) is a nonnegative and strictly convex function. Moreover, H(.Odiag(m)P) equals
zero if and only if y = diag(T)P. Thus H(.Odiag()P) attains its infinum at the unique measure
y = diag(m)P. These properties suggest to interpret the relative entropy H(yOdiag(mP) as a
distance or a measure of discrepancy from the distribution diag(m)P to the distribution y. The
relative entropy does, however, not define a metric in the space of probability distributions
because it is not symmetric in its arguments and because it violates the triangular inequality.®
The relative entropy can, nevertheless, be given a geometric interpretation analogous to the
usua Euclidean distance. In particular and most relevant for this paper, the minimization of
the relative entropy with respect to a given probability distribution over a convex subset of
probability distributions can be viewed as a projection with properties similar the projection

in Euclidean or Hilbert spaces (Csiszar 1975).

The relative entropy can be interpreted as a measure of the probability of observing a given
income history matrix viewed from the standpoint of our model. The principle of statistical
mechanics then advises us to take the “most probable” income history matrix subject to the
continuity restrictions. We are thus led to consider the following pure inverse problem (Golan,
Judge and Miller 1996): minimize ¥i{diag(mP) over all two-dimensional distributions
subject to the continuity restrictions (1). In the words of the statistics literature, we have to
find the minimum discrimination information under the hypothesis dj&g(Kullback 1959,

37). The solution is called the minimum discriminant information adjustment ofmgiag(

(Haberman 1984). The Lagrangian L for this optimization problem is

k Y k k k k H
(5) L=>y; |OQE#H’ A &yr — 0 E‘ )"sEZ Yi ~ Qs
NE ] ;i Z t IE : t JZ : = : J O

where Ay and Ajs are the 2k Lagrangian multipliers associated with the constraints (1). A
solution to this optimization problem exists if and only if there is at least one income history
matrix which satisfies the continuity restrictions (1) and which has at least the same zero
entries as diag{ P (Csiszar 1975, corrolary 3.3). The strict convexity of the relative entropy
then implies that this solution is unique. The optimum, denoted by Qi={gx, is found by

differentiating (5) with respect tg and setting the derivative equal to zero:

(6) gj = Qt TEp;j Qs

6 Further properties of the relative entropy and a deeper discussion of its interpretation can be found among



where @ and @s equal exp(Air) and exp(Ajs-1). In matrix notation the above relation becomes
(69 G =d, diag(m) P Ps

where®; and®s denote diag(fi,... () and diag(@s,...(s)). According to our terminology

we call G the ,most probable” income history probability density matrix.

In the theory of quantum mechanics tfis are known aschrodinger multipliersThey
indicate how to adjust “in the most probable” way the two-dimensional densityrdiBag(
representing our model about income dynamics, to satisfy the continuity restrictions (1). The
Schrodinger multipliers adjust the probabilities of our modgd;) downward if@: x @s is
therefore reveal patterns of adjustment and indicates the entries where our model is
misspecified. In addition the Schrodinger multipliers have a kind of “separability property”
because they's depend only on the distribution at time t whereagpthedepend only on the
distribution at time s. The relative sizeg@fndg; thus indicates whether the misspecification

is primarily due to the initial or to the terminal restriction.

The Schrodinger multipliers are found after differentiating L with respect to the Lagrangian
multipliers (\i) and setting the derivatives equal to zero. The resulting equation system is the

so-calledSchrédinger system
k
QT ) Py@s = i
=1
k
EZ(RtTF pij ELPJS = qjs

This equation system shows that the Schrodinger multipliers are unique only up to a

(7)

multiplicative constant. In the following we normalize the such thafy; equalsps.

In empirical applications it is often more convenient to deal with transition probabilities
instead of two-dimensional densities. We can reformulate the adjustment equation (67) in
terms of the "most probable” transition matrix R 7.(IGiven the initial distribution qthe
elements of the two-dimensional density and of the transition matrix are relatge oy .

The elements of R are therefore obtained from P as follows

othersin Kullback (1959), Ellis (1985), and Hillman (1996).
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(8) d: @, zizlpij(pjs zj:lpij(pjs
R= (T);lPCDS

where &55 :diag(zl;zlpij(pjs). Note that R satisfies the definition of a transition matrix, i.e.

rj =0 and z:(:lrij =1 for all i. Moreover, R is obtained from P only through the Schrédinger

multipliers @s related to the terminal restrictions.

2.4 Satistical inference

From a statistical point of view, we do not only want to know how to best adjust our model,
but also if these adjustments are significant in a statistical sense. For this purpose, it is
convenient to interpret the computation of G as estimating the cell probabilities > a k
contingency table for which the marginal probabilities, in our cas@ed|g, are given. This
problem was first treated by Deming and Stephan (1940) who also suggest an iterative
procedure, known as iterative proportional fitting procedure (IPFP), to solve the Schrédinger
system (7). Taking th@s equal to one as starting values, ghecan be computed from the

first part of (7). Inserting these values in the second part of (7), new valugs &ove
obtained. These can then be used to updatepth&his procedure is then repeated until
convergence is achievéddaving found the Schrédinger multipliers, it is straightforward to
compute G and R using equations (6) and (8). It can be shown that this procedure converges
geometrically fast, generates best asymptotically normal (BAN) estimates and is equivalent to
maximum likelihood estimates (Smith 1947; Ireland and Kullback 1968). With a reference
sample of size n, these latter authors show that the statistic 2n times the relative entropy
function is asymptotically distributed as chi-squared and can thus be used to test the null
hypothesis given by our model:

) 2nH(G|diag(m)P) ~ X2,

According to Ireland and Kullback (1968), the degrees of freedom, 2k—2, are given by the

difference between the degrees of freedom in the unrestricted méd), 4nd in the

7

The procedure assumes that T5p;; > 0. Clearly, if T5p;; = 0, g = 0.



restricted model, k>~2k+1. Therefore the degree of freedom corresponds to the number of

restrictions imposed by the continuity restrictions®(1).

3. Comparing the income dynamics of women and men

3.1 The data

We illustrate our approach by asking whether the observed distributions of women’s income
are compatible with the income dynamics estimated for men over the same period. To answer
this question we use data from the panel study of income dynamics PEiB)'1968-1993
individual file" records, among other information, the annual income of 53'013 individuals
from 1967 through 1992. We divided the sample period into 5-year intervals and extracted the
variables "total annual work hours", "type of income", "total annual income" and "age of
individual". Due to a change in data collection, we retrieved in 1992 the variable "total annual
labor income" instead of "total annual income”. In order to save space, this paper focuses on
the last 5-year interval (1987 to 1992).

To obtain sensible and meaningful results, we used only a subset of the whole sample. In

particular, we applied the following restrictions:

» We focus on labor income only.

 Individuals have to be at least of age 20 in the starting year and at most of age 60 in final
year of the 5-year intervals.

* We only look at fully employed individuals. People with less than 1800 hours worked per
year are eliminated from the sample.

« Despite these restrictions some extreme outliers remained in the Sampleliminate
them, we require a minimum annual income of 1°000 USD in 1967. This minimum is

inflated in subsequent years by the growth rate of the mean income.

The same result can be obtained by observing that (5) is just the Neyman-Pearson statistic subject to the
restrictions (1) (see Billingsley 1961, chapter 5).

9 URL.: http://www.isr.umich.edu/src/psid/maindata.html; file 68_93ind.zip.

10 The other 5-year intervals give similar conclusions and are available upon request.

n The following examples illustrate two cases of extreme outliers. Individual number 2’059 worked 2'728
hours in 1992 but earned an annual income of only 15$. Individual number 32'416 worked 2'080 hoursin
1987 but earned an annual income of only 14%. While such cases should definitely not occur in the
sample years prior to 1992, this could happen in 1992 due to the change in data collection. It is for
instance possible that somebody invested a lot of time to manage his financial assets without being
employed. Such a person could earn alot of asset income and only little [abor income.

-10-



After processing the restrictions mentioned above, the male data set, which is our reference
sample, contains 1’180 individuals. The female data set 935 consists of individuals. To
construct transition matrices and two-dimensional discrete distributions, we had to choose
partitions for the starting and the final year. Setting k arbitrarily equal to 10, we chose the
income interval bounds in both years such that the number of men is equally distributed
among the 10 cells. Thus the i-th interval is the interval with bounds given by the (i-1)-th and

i-th decile of men’s income distribution.

The female incomes are distributed according to the partitions defined for men. This
procedure resulted in the marginal densities of the beginning and the final year for women. In
case several female incomes happen to be exactly equal to some bound of the partition, the
incomes are equally split between the two adjacent cells of the marginal density.

The income distributions of women in the two years 1987 and 1992 are plotted in figure 1.
These two distributions correspond toand @, respectively. For comparison purposes we
have also plotted the distribution of men’s income which is uniform and equal to 0.1 by
construction. This figure reveals that the mode of the density shifted from the first to the
second income class. In addition, more women are now in the upper income classes. These
two simple observations suggest that women’s income distribution has obviously changed
over these five years. The question we want to address is whether these changes can be

explained by the income dynamics estimated for men.

3.2 Empirical results

The income dynamics for men is represented by the two-dimensional density matrix in table 1
and the corresponding transition matrix in table 2. The cell probabilities are estimated by the
method of maximum likelihood which just equals the corresponding sampling frequency.
These estimates are asymptotically normally distributed so that asymptotic standard errors are
easily computed. As for the marginal distributions of womeand g, we ignore, for the sake

of exposition, the sampling error associated with the estimation. Accordingly, we treat men’s
density matrix and men's transition matrix as given. In the following they play the role of our

model and serve as our null hypothesis. They therefore correspond to the matriggsPdiag(

-11-



and P, respectively. For comparison purposes we also computed Shorrocks’ mobility index

for transition matrices (Shorrocks 1978).

We can now formulate the objective of our empirical investigation in terms of the language
from the previous section. Estimate the “most probable” adjustment of the men’s two-
dimensional density or transition matrix taking the income distribution of women in the years
1987 and 1992 as given. The PSID data would, of course, allow us to estimate the two-
dimensional density matrix and the transition for women directly and to conduct a traditional
statistical analysis. We chose, however, to ignore this information at this stage, but use it to

check if our approach delivers sensible and meaningful results.

Given these preliminaries, we solve the Schrodinger system (7) by the method of iterative
proportional fitting. This gives the "most probable" adjusted two-dimensional density matrix

G reported in table 3 with the corresponding Schroédinger multipliers plotted in figure 2.
Table 4 reports all cross-products of the Schrodinger multipliers, i.e. the matrix of adjustment
cell of men's density matrix to get the "most probable" adjusted density. A closer examination
of this matrix reveals that large values (values greater than 2) are concentrated in the north-
west corner of the matrix whereas small values (values lower than 0.5) are concentrated in the
south-east corner of the matfixThis means, for example, that the probability of being in the
lowest income class in 1987 and in the second income class in 1992 is nearly three times as
large for women compared to men, according to the "most probable" adjustment. Similarly,
the probability of being in both years in the highest income class is five times lower for
women compared to men. Generally speaking, one must increase the probabilities to be in the

low income classes and reduce those for being in the high income classes.

The plots of the Schrodinger multipliers in figure 2 show that the downward adjustments are
due to the distribution in 198%n(es; < 1 for i=4) whereas the upward adjustments are
primarily due to the distribution in 1992 {9g2 > 1 for i< 4 and @ 1902 =1 for i=5). This

makes sense given the observed shift in the distribution documented in figure 1.

12 Shorrocks’ mobility index for a transition matrix T is defined as (k — tr(T))/(k — 1) where k denotes the

number of states. Schluter (1998) and Trede (1998) provide a statistical approach to the analysis of
mobility indices.

B3 This pattern is typical. If we repeat this exercise for other time periods, we obtain similar results.

-12-



As mentioned in the theoretical part, we can use the relative entropy of the "most probable’
adjusted density matrix (matrix in table 3) with respect to men’s density matrix (matrix in
table 1) to test whether the adjustments are statisticaly significant. The value of relative
entropy is H=0.2069 and the vaue of the corresponding test dtatistic (9) is
2n H = 2x1180%0.2069 = 488.28. Given that the critical value is 28.87 for the 5 percent

significance level, we must clearly reject our hypothesis.

Because the PSID contains more information, we can check our approach by computing the
relative entropy of the “true” female density matrix estimated from the data. This gives a
relative entropy of 0.2829 which is larger than the relative entropy of the “most probable”

adjusted density matrix. This shows that our adjustment points in the “right” direction.

Often it is more convenient to interpret the transition matrices instead of the two-dimensional

densities. We have therefore computed the “most probable” adjusted transition as indicated in
equation (8). The result is reported in table 5. It shows only two significant changes at the 5
percent level: cells (2,2) and (3,2). In both cases the probabilities are adjusted upwards
meaning that women have a significantly higher propensity to stay in the second income class
and to fall back from the third income class to the second. Given the great similarity between
the transition matrices which is also reflected in similar mobility indices, we conclude that the

differences between the two-dimensional density matrices are largely due to the differences in

the initial income distribution inherited from the past than to the income dynamics per se.

4. Conclusion

This paper has proposed a new approach to evaluate theories on the dynamics of income
distributions. We hope to have demonstrated the validity and the usefulness of our method. Of
course, further applications are necessary to arrive at a final judgement. The example of this
paper was just a first test. The PSID data provided more information than we actually needed.
We could have, in principle, estimated the transition matrix for women from the data and
compared it to the transition matrix of men using conventional statistical methods. The
advantage of using the PSID data was that it allowed us to check whether our adjustments
went into the “right” direction, as they actually did.

13-



In the future we hope to apply our method to issues where such additional information is not
available. We could for example investigate the differences in the dynamics of income
distributions across economies or across time. Or we could use our approach to evauate
specific theories of income dynamics as proposed by Conlisk (1990), Dardanoni (1994) or
Wagner (1978).

The approach should also provide new insights in the “empirics of economic growth” which
studies the evolution of the cross-country income distribution (Quah 1996; Durlauf and Quah

1998). This literature has not yet gone beyond the simple estimation of transition matrices.

On the methodological side it would perhaps be desirable to extend our analysis to continuous
state space. This would circumvent the problem of choosing a somewhat arbitrary partition of
the state space. Although the combinatoric argument presented in this paper cannot be carried
over, the extension seems feasible but conceptually difficult (Follmer 1988; Aebi and

Nagasawa 1992) and goes far beyond this paper.

-14-
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omeclassin 1987

Inc

Table 1: two-dimensional density of men’s income in 1987 and 1992

Income class in 1992

i 1 i 2 i 3 i 4 E 5 i 6 i 7 i 8 i 9 i 10
"i_ 0,044 i 0,016 i 0,012 i 0,011 i 0,008 i 0,004 i 0,001 i 0,001 i 0,001 i 0,002
"2 | 00210025 | 0015 | 0,008 | 0,011 | 0,007 | 0,008 | 0,002 | 0,002 | 0,001 |
3 | 00100026 | 0019 | 0,009 | 0,014 | 0,009 | 0007 | 0,003 | 0,002 | 0,001 |
4 | 0011} 0017 | 0,020 | 0013 | 0010 | 0,008 | 0,008 | 0,007 | 0,002 0,003
5 | 000400050017 0018 | 0,016 | 0,014} 0,012 | 0,004} 0,007 | 0,003 |
6 | 0,002} 0,006 0007 0019} 0018} 0018 0018 0007 0,003 | 0,004
7 | 00030003 | 0,003 | 0,009 | 0,016 : 0,017 | 0019 | 0,014 | 0,011 | 0,004 |
8 | 00020001} 0,004 | 0,008 | 0,008} 0011 0020 | 0,028 | 0,014 | 0,008 |
"o |03} o |0001}0003; 00020008 00060023} 0,039 0016
10| o i o 10002i0002! 00010004000} 0012! 0021 ! 0,058
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Table 2: men’s income transition matrix between 1987 and 1992

Shorrocks mobility index and its standard deviation: 0.80226 (0.01378)

Income class in 1992

12345678910
1] 04 0,16 0,12 0,11 0,08 0,04 0,01 0,01 0,01 0,02
2| 0211025 015 008011007} 008! 002 002} 001
3| 01002019 009014000007 003 002 001
S 4| 011!017 020! 013 | 010 | 008 | 000 | 007 | 002 | 003
g 5| 004 005 or om0 00w ooe o070
O 6 | 002 0,06 0,07 0,19 0,18 0,18 0,18 0,07 0,03 0,04
§ 7| 003003 003}009 016 017 019 014} 011 | 004
~ 8| 002|001 ;004 008} 003 011 ;020 028 ; 014 | 008

9| o003; 0 001003 002! 008 006 023 039 016

10| 0 i 0 oo oo o000 001012 021 058
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Table 3: " most probable" adjusted two-dimensional density matrix

I ncome classin 1992

1 23 4,567 8 9 10/]
1 | 0,03 | 0,047 : 0,027 : 0,023 : 0,012 { 0,008 | 0,001 | 0,002 | 0,001 | 0,002
2 | 0,085 : 0,052 : 0,025 0,012 | 0,011 | 0,009 | 0,007 | 0,002 | 0,002 | 0,001
30017 0,056 : 0,031 0,014 | 0,015 : 0,013 ; 0,007 | 0,004 | 0,002 | 0,001
g ; 1 - .
i
£
O
o
&
Q
o
=

: 0,000 | 0,001 | 0,000

Shading indicates a value significantly different at the 5 percent level from those of men’s
density matrix in table 1

ivalues above the 95%-confidence-interval for the two-dimensional density of men

 values below the 95%-confidence-interval for the two-dimensional density of men
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Table4: “most probable” adjustments by cell (crossing ofpgg; and @yo02)

| —
=
o

1| 235 | 204 | 231 % 207 | 147 | 189 | 1,38 | 207 | 149 | 129
B I
0l CInnrie

4|1 a2 iis 12 o

5| 08811008 | 078 | 085 071 052 | 077 |

6 | 02 ' 1,16 | 091 | 082 | 058 | 075 | 054 | 081 | 059 | 051
7| 0ss 116 001 082 | 058 | 075 | 054 | 082 | 050 | OSL
R e s e

e o Tors” oo SO oo TR ocr

-

-----------

values higher than 2.0

- values lower than 0.5
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Table5: “most probable” adjusted transition matrix

Shorrocks mobility index and its standard deviation: 0.80684 (0.01988)

next period’s income class

12345678910
1| 045 021 0,12 0,10 0,05 0,04 0,01 0,01 0,01 0,01
"2 | 022 (088 016 | 008 | 007 | 006 : 005 002 | 001 | 000 |
3| 011|085 020|000 | 010} 008 004} 002} 001 000
% 4| 012 023 022} 012! 007! 008 | 006 007 | 00L | 002 |
S 5 | 005 008 021 | 019 | 012 | 014 | 009 | 005 | 005 | 002 |
% 6| 002 010 000} 021|014 018 | 013 | 0,08 | 002 | 003
Z 7|003 006004} 011013018} 015! 017 009 003
8 |o002i 001006 01 008012 016 03 : 01 | 006

9| 005! 0 001003 001000 005 028 035 012

10| 0 | 0 |003}002 001 005 001 017 021 050

Shading indicates a value significantly different at the 5 percent level from those of men’s
transition matrix in table 2. Both values lie above the 95%-confidence-interval for the
transition matrix of men.
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Figurel

distribution of women’s income in 1987 (first bar) and 1992 (second bar)
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Figure 2: “most probable” adjustments

Schrodinger multipliers: ?, g7 and ® 99,

2 T T T T T T T T
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