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Abstract

We proposea classof social evaluationfunctionsand of inequality indiceswhich
merge the useful featuresof the family of Atkinson (1970)and of S-Gini (Donaldson
andWeymark(1980,1983),Yitzhaki (1983)andKakwani (1980))indices.Thesesocial
evaluationfunctionscanbeinterpretedasaverageutility correctedfor relativedeprivation
in individualwelfare.They canalsobeunderstoodasaveragesof altruisticwelfarein the
population,andhave asimpleandusefulgraphicalinterpretation.
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1 Introduction
We proposea classof socialevaluationfunctionsandof inequalityindiceswhich merge
thefeaturesof thetwo mostpopularindicesof inequality. Oursocialevaluationfunctions,
denotedby

����� �
, areindeedacombinationof thefamily of Atkinson(1970)indices,char-

acterisedby a normative parameter� of relative inequalityaversion,andof thefamily of
S-Gini (or Single-parameterGini) indicesof DonaldsonandWeymark(1980,1983)and
Yitzhaki (1983)(alsoseeKakwani (1980)),characterisedby ananalogousnormative pa-
rameter� of aversionto rank inequality. The ethical criteria of our social evaluation
functionscorrespondinglyrely on the useof decreasing(individual or socialmarginal)
utilities of incomesto capturethedispersionof incomesaroundtheirmeanvalue,andon
theuseof rank-dependentethicalweightsto capturethedispersionof ranksin thepopu-
lation.

We introducethesesocialevaluationfunctionandtheir associatedinequalityindices
in the next section,wherethey canbe alternatively expressedin a discreteor in a con-
tinuousframework. We thenjustify theformulationandreview thenatureof theaxioms
whichcharacteriseS-Gini indices.Proposition1 subsequentlyshows thatfor socialeval-
uationfunctionsto fulfill theseaxiomsandto behomotheticin incomes,they musttake
theform of

����� �
. Section3 shows how oursocialevaluationfunctionscanbeinterpreted

asaverageutility correctedfor relative deprivation in individual welfare.Thepaperends
by linking theevaluationfunctionsto averagesof altruisticwelfarein thepopulation.

2 A class of social evaluation functions
For thediscretesetting,we supposethat thereare 	 individualsin thepopulation,with
(positive) incomesdenotedby 
�� andorderedsuchthat 
����
�������������
�� . For the
continuoussetting,wedenoteby 
������ thep-quantileof thedistributionof income( 
 ����� is
theinversedistributionfunction��!#"$�%
&� , assumedfor simplicity tobestrictly increasing
in 
 ). A generalsocialevaluationfunctioncanthenbediscretelydefinedas:

� � ! �'(*) 
+ �,	�-#.�/102� � /3�,	4/105� ��687 �%
 ( �	 � (1)

where
7 �%
&� is a functionof 
 . For

�9�
to obey theDaltonprincipleof incometransfers,

it is necessaryandsufficient that �;: + .=<?> +
andthat

7 �%
&� beconcave in income.For a
continuousdistribution,

���
is givenby:

��� ! @ A3B ���C<D�&� 7 �%
 �����D�FE�� (2)
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where B ���C<D���G!H���I.J/1��� ��K  . Theseformulationsreplaceincomesin the S-Gini for-
mulationof DonaldsonandWeymark(1980,1983)andYitzhaki (1983)by functionsof
incomes.As Sen(1973,p.39)argues,

7 �%
��L� canbe an individual utility function,or it
canbethe“componentof socialwelfarecorrespondingto personM , beingitself a strictly
concave functionof individual utilities”. He alsoaddsthat“it is fairly restrictive to think
of socialwelfareasa sumof individual welfarecomponents”(p.39),andthatonemight
feel that“the socialvalueof thewelfareof individualsshoulddependcruciallyonthelev-
elsof welfare(or incomes)of others”(p.41).As wewill seeclearlylater, theformulation
of equations(1) and(2) doesthisby applyingrank-dependentweightsoneachindividual
welfarecomponent

7 �%
��L� . Moreover, asBenPorathandGilboa(1994,p.445)note,“the
mostsalientdrawbackof linearmeasures[e.g.,S-Gini’s] is that the effect on the social
welfareof a transferof incomefrom oneindividual to anotherdependsonly on therank-
ing of theincomesbut notontheirabsolutelevels”. Equations(1) and(2) alsoescapethis
drawbacksince

7 �%
N� doesnothave to beaffine in incomes.

The above equationsare also linked to rank-dependentexpectedutility theory, as
notedin Chew andEpstein(1989)andBenPorathandGilboa(1994).S-Ginisaremem-
bersof Single-SeriesGinis (Donaldsonand Weymark (1980)), which are themselves
membersof GeneralisedGini indices (Mehran (1976) and Weymark (1981)). These
classesof indicesshareinterestingproperties. Mehran(1976)shows that membersof
the classof GeneralisedGinis can be easily graphicallyinterpretedas weightedareas
betweenLorenzcurvesandlinesof perfectequality. Weymark(1981)shows thatthe(ab-
soluteversionof the) family of generalisedGini indicesis theonly onewhich obeys an
axiomof weakindependenceof incomesource(“when thedistribution of incomefrom
all but onesourceof incomeis thesamein two distributions,overall inequalityis deter-
minedby theinequalityof thelastsource”).BenPorathandGilboa(1994)andWeymark
(1995)alsoshow thattheclassof generalisedGini indicesis theonly onewhichobeysan
axiomof order-preserving-transfer. Thisaxiomrequiresfor our purposesthata common
transferof individual welfare

7 �%
&� madesimultaneouslyin two distributions between
pairsof individualswho occupy adjacentranksin the incomedistributionsshouldpre-
serve thepre-andpost-transfersocialevaluationrankingof thedistributions. Blackorby
et al. (1994)show that themembersof thefamily of GeneralisedGini indicesprovide a
family of solutionsto cooperative bargaining– solutionswhichrespondby thesamecon-
stantto aconstantadditionto oneagent’s componentin thefeasiblesetof utility vectors.
For thesubclassof Single-SeriesGinis, theweightson the individual

7 �%
��L� arrangedin
decreasingorderareindependentof populationsize(seeTheorems1 and2 of Donaldson
andWeymark(1980)). Bossert(1990)shows that this propertyis neededif anaxiomof
separabilityof thewelfareof the rich from the restof thepopulationis to berespected.
Finally, S-Ginis,besidesobeying all previously describedaxioms,aretheonly family of
Single-SeriesGinis to satisfytheDaltonPopulationPrinciple.

Yitzhaki (1983,p.264)alsoshowshow eachof thetwo familiesincorporatedin equa-
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tions (1) and(2), the Atkinson andthe S-Gini indices,have a commondual graphical
interpretationasa weigtheddistanceof thecumulative distribution functioncurve from
theordinate(for theAtkinsonindices)andfrom theabscissa(for theS-Ginis).Wegener-
alisethis interpretationbelow.

For a socialevaluationfunctionto yield a relative inequalityindex, it mustbehomo-
thetic (Blackorby andDonaldson(1978)). This in turn impliesa restrictionon the form
of oursocialevaluationfunctions

� �
, asshown by Proposition1.

Proposition 1: For a socialevaluationfunctionto satisfyall of theabove mentioned
characterisingS-Ginis,andfor themto behomothetic,they musttake theform of 1:

� ��� � ! �'(*) 
+ �,	�-#.O/P05� � /Q�,	R/102� ��687 � �%
 ( �	 � (3)

where
7 �

is definedas:

7 � �%
&�9! STU TV
W�X8Y�Z K[� M]\ �_^!`.a%b �%
&� M]\ �c!d. (4)

Proof: The proof is immediatefrom Donaldsonand Weymark (1980) and from a
well-known resultof Pratt(1964).

As is conventionalin theliterature,wethendefinee ��� � asanequallydistributedequiv-
alent(EDE) income(amoney-metricmeasureof socialwelfare):

e ��� � ! 7 K � � ����� � � (5)

wheretheinversefunction
7 K � �%f�� is definedas

7 K � �%f ��! STU TV
�D�I.�/P�?�]f�� XX8Y=Z M]\ �_^!d.
g f��h�%f � MF\ �c!i. (6)

Wecandraw onwell-known resultsto statethatj e ��� �j � �3k l j e ��� �j � �Qk (7)

Thecorrespondingclassof inequalityindicesis then:m ��� � !`.1/ e ��� �n W (8)

1An analogousreformulationholdsfor thecontinuouscase.
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where n W standsfor themeanincomeof 
 . As canbeeasilychecked, theseindicesare
homogeneousof degree0 in incomes,sincetheir underlyingsocialevaluationfunctions
weredevisedto behomothetic.Theindicesfor ��op. and �Joqk alsosatisfystrictly the
Daltonprinciplesof transfersandpopulation,by which a transferof $1 from a rich to a
poorwill decreaseinequality, andby which theadditionof a replicaof eachindividual in
thepopulationwill notaffect theinequalityindices.Theindicesalsolie between0 and1.

Integrationby partsof equation(2) yieldsanalternative way of computingthesocial
evaluationfunctions,theirEDEincome,andtheassociatedindicesof inequality:

��� ! @ A �2�%�r/Q.*�s�I.t/u��� ��K � mwvOx ��� �FE�� (9)

where
mwvOx ����� ! y�zA 7 �%
��,{��D�FE|{ is the well-known generalisedLorenz curve (see

Shorrocks(1983))of utilities. It canalsobe shown that a convenientway to compute
theindicesis throughasimplecovarianceformula:� � !}�|~s���2� 7 �%
������D�?<*�I.�/�� � ��K  ��- n x (10)

3 Relative deprivation
Let �|���[�I<,����� representthe relative welfaredeprivation of an individual at rank �[� in the
distribution of income,whencomparinghimselfwith anindividualat rank � � in thesame
distribution:

�|���5�F<,������!}�u�|f + k�< 7 �%
��������D��/ 7 �%
����[�L�D� 6 (11)

Aggregatingthisrelativedeprivationoverall individuals� , wefind thefollowing expected
relative deprivation E5���[�L� for theindividualat rank �5� :

E5���5�L��! @ A �����[�I<,���FE�� (12)

If wewerethento takeanaverageof E5���[��� acrossall individuals M , andwereto weight
eachsuchexpecteddeprivationby theethicalweight B ���5�]<D�&� , wewouldfind � � :

� � ! .� @ A E2����� B ���C<D���FE�� (13)

Thefollowing propositioncanthenbeshown:
Proposition 2: A socialevaluationfunction

���
is averageutility correctedby the

averagerelative deprivationin utility in thepopulation:��� ! n � /H� � (14)
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Proof: The proof is straightforward from Proposition1 in Duclos(1998)(which deals
with relative incomedeprivationin thecontext of standardS-Ginis).

4 Altruism
We can also interpretour social evaluation functions as averagefeelingsof altruism
in the population. Let an individual at rank � randomlycomparehimself with �u/�.
otherindividualsin thepopulation.Denotethe incomesof theserandomindividualsby
����C��?<D
 ���5�*�?<�������<D
 ��� ��K �� . Let anenlargedaltruisticwelfarefunctionof the individual at
rank � equalhis egoistic utility function (

7 �%
���� �D� ) minus the differencebetweenthat
sameegoisticutility functionandtheminimumof theutilities of the ��/�. individualshe
randomlyobserves. In otherwords,anindividual’s altruisticwelfareis a functionof the
welfareof the leastwell-off personhe randomlycomesacrossin thesociety. Denoting
thealtruisticindividualwelfarefunctionas � � ����� , it thenequals:

� � ������! 7 �%
 �����D�h/�� 7 �%
���� �D��/c��M b + 7 �%
����C��D�?<�����< 7 �%
���� ��K ��D� 6L� (15)! ��M b + 7 �%
 �����D�?< 7 �%
����  �D�?<�����< 7 �%
 ��� ��K  �D� 6 (16)

Wethenhave:
Proposition 3: Thesocialwelfarefunction

���
is theaverageof altruisticwelfarein

thepopulation: ��� ! @ A � � ��� �FE�� (17)

Proof: For theproof,notefirst thatby definitionof thealtruisticindividualwelfarefunc-
tion, wehave that:

� � �����9!d�I.t/���� ��K  7 �%
������D��- @ zA �%��/Q.*�s�I.�/1{�� ��K � 7 �%
 �,{��D�FE|{ (18)

Equation(18) saysthat � � ����� is a weightedaverageof his egoisticutility functionandof
theutility of thosethatarepoorerthanhim. Theweight �I.�/$��� ��K  is theprobabilitythat
theindividualwith rank � findshimselftheleastwell-off in hiscomparisonwith the �O/�.
otherindividuals. Theweight �%��/�.*�s�I.w/�{�� ��K � is theprobability (moreprecisely, the
densityof the event) that an otherindividual (with utility

7 �%
 �,{��D� ) in the populationis
theleastwell-off in thecomparison.

Let then �7 � ������! y�zA �%�r/�.*�s�I.�/�{�� ��K � 7 �%
 �,{��D�FE�{ . From(18), thisyields:

@ A � � �����FE���! @ A �I.�/���� ��K  7 �%
������D�FE�� -�@ A �7 � ��� �FE�� (19)

Integratingby partsthelasttermof (19):
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@ A �7 � �����FE�� ! �r�7 � ������¡ A /¢@ A �h�%��/Q.*�s�I.�/�� � ��K � 7 �%
 �����D�FE�� (20)

! @ A �%�J/3.*�s�I.t/�����£ ��K ]¤ 7 �%
���� �D�FE�� (21)

Hence,wefind theresultof Proposition3:

@ A � � �����FE��p! @ A �2�I.�/u��� ��K  7 �%
 �����D�FE���! ���
(22)

Figure1 finally shows thatour socialevaluationfunctions
����� �

have anicegraphical
interpretation.Populationranks� areshown on thehorizontalaxis,andtheutility quan-
tiles 
������  K[�D¥ �I.�/1�¦� areshown on theverticalaxis. Thecurve 
 �����  K[�D¥ �I.t/1�¦� is thus
theinversedistribution functionof utilities

7 � �%
N� . Thecontribution of eachindividual in
thecomputationof

����� �
is thentheareaof a rectangle,with sizeequalto theproductof

utility
7 �%
������D� andof thedistancebetweenhisrank � andthetoprank(1). Socialwelfare

is thensimply thesumof theareaof all suchrectangles.For the traditionalGini social
evaluationfunction,

� � � A , this equalstwice the sizeof all of the above-definedrectan-
glesunderthecurve 
 ����� . For the traditionalAtkinsonsocialevaluationfunction,

�  � �
is thesimpleintegral of theheightof therectangles,
������  K[�D¥ �I.t/P�?� . Looselyspeaking,
for given � and � , socialwelfareis largestwhenthereexistsno negative correlationbe-
tweentheverticalandhorizontallengthsof theindividual rectangles.For instance,when
rectanglesareall of equalsizes,

����� �
reachesits maximumvalueof n  K[� ¥ .�/1� .
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