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UÌVXPÌ

Kdelwxhoohphqw/ od gìwhfwlrq ghv vlwhv g*dfflghqwv urxwlhuv gdqjhuhx{ hvw
h>hfwxìh ã sduwlu gh pìwkrghv gh ed|hv hpslultxhv dssoltxìhv ã ghv wdx{
g*dfflghqwv hw2rx ghv sursruwlrqv g*dfflghqwv txl vh vrqw surgxlwv gdqv ghv
frqglwlrqv grqqìhv1 Fhv pìwkrghv frpsduhqw ohv wdx{ hw sursruwlrqv re0
vhuyìv dyhf fhx{ txl vh surgxlvhqw qrupdohphqw gdqv xq hqvhpeoh gh vlwhv
urxwlhuv frqvlgìuìv frpph vhpeodeohv1 Ohv dssurfkhv h{lvwdqwhv h{sorlwhqw
ghv orlv gh glvwulexwlrq elqrpldohv1 Gdqv oh suìvhqw duwlfoh/ qrxv gìfulyrqv
xqh pìwkrgrorjlh jìqìudoh ã lqirupdwlrq frpsoëwh srxu dqdo|vhu oh qlyhdx gh
gdqjhu ghv vlwhv urxwlhuv/ txl idlw dssho ã ghv glvwulexwlrqv pxowlqrpldohv1 Od
whfkqltxh sursrvìh/ gh w|sh ed|ìvlhqqh/ shuphw gh wudlwhu vlpxowdqìphqw
ohv sureoëphv g*kìwìurjìqìlwì gìwhuplqlvwh hw doìdwrluh dlqvl txh fhoxl gh
od fruuìodwlrq vsdwldoh dwwulexdeoh ã od sur{lplwì rx o*hqylurqqhphqw vlpl0
odluh fdudfwìulvdqw ohv vlwhv ã o*ìwxgh1 Qrwuh fdguh pìwkrgrorjltxh hqjoreh
ghv dssurfkhv ed|ìvlhqqhv gh sudwltxh frxudqwh txl ìwxglhqw ohv sursruwlrqv
g*dfflghqwv lpsoltxdqw xqh fdudfwìulvwltxh grqqìh1 Ohv sursulìwìv hw o*lqwìuíw
gh od qrxyhooh pìwkrgh vrqw gìprqwuìv ã o*dlgh g*xq h{hpsoh vlpsoh edvì vxu
ghv grqqìhv g*dfflghqwv gh od ylooh gh Txìehf1

DEVWUDFW

Wkh ghwhfwlrq ri gdqjhurxv urdg vlwhv lv xvxdoo| shuiruphg xvlqj hpslulfdo
phwkrgv zklfk irfxv rq revhuyhg dfflghqw iuhtxhqflhv dqg2ru sursruwlrqv ri
dfflghqwv zlwk d jlyhq ihdwxuh1 Wkh prvw zlgho| xvhg ghwhfwlrq wrrov kdyh dq
hpslulfdo Ed|hv +HE, edfnjurxqg1 Wkh HE dssurdfkhv uho| rq wkh frpsdu0
lvrq ri iuhtxhqflhv dqg2ru sursruwlrqv ri dfflghqwv dw d jlyhq vlwh zlwk wkh
dprxqwv wkdw zrxog qrupdoo| rffxu dw vlplodu vlwhv1 Fxuuhqwo|/ dqdo|wlfdo
whfkqltxhv iru dfflghqw sursruwlrqv ghvfuleh wkh qxpehu ri dfflghqwv zlwk
d jlyhq ihdwxuh xvlqj d elqrpldo glvwulexwlrq1 Wklv sdshu h{whqgv wr wkh
pxowlqrpldo fdvh wkh jhqhudo HE whfkqltxh wkdw zh uhfhqwo| vxjjhvwhg wr dq0
do|}h urdg dfflghqw sursruwlrqv1 Rxu sursrvhg dssurdfk lv d ixoo0lqirupdwlrq
Ed|hv phwkrg wkdw doorzv iru erwk ghwhuplqlvwlf dqg udqgrp khwhurjhqhlw|
dv zhoo dv vsdwldo0fruuhodwlrq dprqj wkh vlwhv xqghu lqyhvwljdwlrq1 Wkh whfk0
qltxh fdq dovr eh xvhg wr dqdo|}h dfflghqw iuhtxhqflhv1 Dq hpslulfdo h{dpsoh
edvhg rq dfflghqw gdwd wdnhq iurp wkh Txìehf flw| gdwdedvh/ zloo vhuyh wr
ghprqvwudwh lwv xvhixoqhvv1



4 Lqwurgxfwlrq

Dq lpsruwdqw dvshfw lq urdg vdihw| uhvhdufk frqfhuqv wkh ghyhorsphqw ri
dqdo|wlfdo wrrov wr lghqwli| urdg vlwhv zlwk kljk ulvn1 Zlwklq d frqwh{w ri
rswlpl}dwlrq vxemhfw wr ?qdqfldo frqvwudlqwv/ ghflvlrqv kdyh wr eh wdnhq dv
wr zklfk vlwhv vkrxog eh frqvlghuhg iru wuhdwphqw ru vdihw| lpsuryhphqw1
Wkh prvw hfrqrplfdoo| uhdvrqdeoh vhohfwlrq fulwhulrq lv wr vhohfw wkrvh vlwhv
zklfk kdg wkh kljkhvw dfflghqw udwh lq wkh suhfhglqj |hdu1 Wklv lv d edg
surfhgxuh ehfdxvh ri wkh zhoo nqrzq uhjuhvvlrq wr wkh phdq sureohp1 Hyhq
li qr uhphgldo wuhdwphqw lv pdgh/ wkh qxpehu ri dfflghqwv uhfrughg dw wkh
vdph vlwh lq wkh iroorzlqj |hdu zloo qdwxudoo| ghfuhdvh wrzdug lwv whpsrudo
phdq1 Lq rwkhu zrug/ yhu| kljk dfflghqw udwhv vkrxog eh ylhzhg dv rxwolhuv1

Hpslulfdo Ed|hv +HE, whfkqltxhv kdyh jdlqhg lq srsxodulw| ehfdxvh lw df0
frxqwv h{solflwo| iru wkh uhjuhvvlrq wr wkh phdq sureohp dqg dovr ehfdxvh lw
lqfrusrudwhv lq wkh dqdo|vlv wkh lqirupdwlrq derxw vlwhv frqvlghuhg dv vlplodu
wr wkh rqh xqghu lqyhvwljdwlrq +vhh Kdxhu 4<;9> Kljoh dqg Zlwnrzvn| /4<;<
dqg dovr Kh|ghfnhu dqg Zx /4<<4,1 Wr lpsohphqw dq HE dssurdfk/ wkh dq0
do|vw pxvw sxw juhdw fduh lq gh?qlqj wkh srsxodwlrq ri vlwhv wr lqfoxgh lq
wkh dqdo|vlv1 Lq rughu iru wkh dssurdfk wr pdnh vhqvh/ vlwhv vkrxog eh udwkhu
krprjhqhrxv> l1h1 frpsdudeoh lq whupv ri fkdudfwhulvwlfv1 Dw rqh h{wuhph/
li vlwhv duh vhohfwhg dffruglqj wr d qduurz frqfhsw ri vlplodulw|/ wkh uhihuhqw
srsxodwlrq ehfrphv wrr vpdoo wr jhqhudwh dffxudwh hvwlpdwhv1 Rq wkh rwkhu
h{wuhph/ vlwhv ehfrph vr gl>huhqw wkdw wkh dprxqw ri lqirupdwlrq fduulhg
iru wkh dqdo|vlv wxuqv rxw wr eh vpdoo1 Wkh vroxwlrq wdnhq lq Kdxhu +4<<5,
lv wr gh?qh odujhu jurxsv ri vlwhv dqg frqwuro iru ghwhuplqlvwlf khwhurjhqhlw|
wkurxjk d pxowlyduldwh uhjuhvvlrq edvhg rq vlwh vshfl?f fkdudfwhulvwlfv/ vxfk
dv wud!f  rz/ iru h{dpsoh1 Diwhu frqwuroolqj iru wkrvh gl>huhqfhv/ vlwhv re0
ylrxvo| ehfrph pruh frpsdudeoh1 Wklv pdnhv lw srvvleoh wr vdyh lpsruwdqw
ghjuhhv ri iuhhgrp lq shuiruplqj vwdwlvwlfdo dqdo|vhv1

Dowkrxjk frqwuroolqj iru ghwhuplqlvwlf khwhurjhqhlw| lv yhu| lpsruwdqw/ lw
pd| eh wkh fdvh wkdw wkh prghohu grhv qrw kdyh dffhvv wr doo wkh lpsruwdqw
yduldeohv wkdw zrxog eh uhtxluhg wr shuirup d vdwlvidfwru| lqyhvwljdwlrq ri
wkh sureohp1 Wkhuhiruh/ lw lv srvvleoh wkdw wkh khwhurjhqhlw| frxog qrw ixoo|
eh h{sodlqhg ghwhuplqlvwlfdoo| zklfk ohdyhv d fhuwdlq ghjuhh ri khwhurjhqhlw|1
Wklv w|sh ri khwhurjhqhlw| lv xvxdoo| dffrxqwhg iru wkurxjk wkh huuru whup1
Erogxf dqg Erqlq +4<<:, vxjjhvwhg d ixoo lqirupdwlrq HE dssurdfk zklfk
dffrxqwv iru wkh suhvhqfh ri udqgrp dqg ghwhuplqlvwlf khwhurjhqhlw| dv zhoo
dv vsdwldo fruuhodwlrq1 Lw*v olplwdwlrq lv wkdw lw rqo| dssolhv zlwklq d elqr0
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pldo iudphzrun1 Wkh suhvhqw sdshu h{whqgv wkhlu jhqhudo iudphzrun wr wkh
pxowlqrpldo fdvh1 Lq Vhfwlrq 5/ zh vxjjhvw d pxowlqrpldo edvhg dssurdfk
zklfk pdnhv uhvwulfwlyh dvvxpswlrqv derxw khwhurjhqhlw| dqg vsdwldo dxwr0
fruuhodwlrq1 Vhfwlrq 6 ghvfulehv wkh jhqhudo pxowlqrpldo dssurdfk zkhuh wkh
dvvxpswlrqv mxvw phqwlrqhg duh uhod{hg1 Wkh odvw Vhfwlrq suhvhqwv wkh uhvxowv
ri d vlpsoh dssolfdwlrq wr d Txìehf flw| dfflghqw gdwdedvh wr ghprqvwudwh
wkh xvhixoqhvv ri wkh dssurdfk1

5 Vwdqgdug Dqdo|vhv ri Dfflghqw Sursruwlrqv

Lq wklv vhfwlrq zh ghvfuleh d vwdqgdug HE dssurdfk wr vwxg| dfflghqw sur0
sruwlrqv1 Zh fdoo vwdqgdug dq dssurdfk wkdw lv fruuhfw dqg vlpsoh wr lp0
sohphqw/ exw zklfk pdnhv uhvwulfwlyh glvwulexwlrqdo dvvxpswlrqv derxw wkh
surfhvv jhqhudwlqj wkh gdwd1 Wkh pruh jhqhudo yhuvlrqv frqvlghuhg lq Vhfwlrq
6/ duh pruh frpsxwhu lqwhqvlyh exw doorz iru d orw pruh  h{lelolw| dqg uhdolvp1
Lq sduwlfxodu/ wzr w|shv ri khwhurjhqhlw| dqg vsdwldo0fruuhodwlrq duh dvvxphg
wr eh srwhqwldoo| suhvhqw1 Iru wkh frqyhqlhqfh ri wkh uhdghu/ zh ?uvw uhylhz
wkh ruljlqdo dssurdfk ri Kh|ghfnhu dqg Zx +4<<4, zklfk lv irupxodwhg iru
wkh elqrpldo fdvh1 Wkhq/ zh surfhhg zlwk wkh h{whqvlrq wkdw zh sursrvh iru
wkh pxowlqrpldo fdvh1 Wklv ?uvw h{whqvlrq zloo vwloo eh ylhzhg dv vwdqgdug
ehfdxvh ri wkh dvvxpswlrqv pdgh1

514 Wkh Elqrpldo Fdvh

51414 Wkh Prgho

Wkh prvw edvlf HE dssurdfk wr vwxg| dfflghqw sursruwlrqv zdv ?uvw irupx0
odwhg lq Kh|ghfnhu dqg Zx +4<<4,1 Wkhlu phwkrgrorj| h{dplqhv sursruwlrqv
ri dfflghqwv wkdw rffxuuhg dw d vlwh zlwk d jlyhq ihdwxuh +h1j1 sursruwlrq ri
dfflghqwv rffxuulqj dw qljkw/ gxulqj zhhnhqgv/ khdg0rq froolvlrqv/111,1 Wkh
lpsohphqwdwlrq fulwlfdoo| ghshqgv rq wkh glvwulexwlrqdo dvvxpswlrqv pdgh
derxw wkh rffxuuhqfh ri dq dfflghqw lq d sduwlfxodu vlwxdwlrq1 Wkh prgho
lv qrz suhvhqwhg1 Wkh revhuydwlrq dw orfdwlrq ð zklfk uhjlvwhuhg %ð dffl0
ghqwv zlwk d jlyhq ihdwxuh rxw ri d wrwdo ri ?ð dfflghqwv dw wkdw vlwh gxulqj d
jlyhq shulrg ri wlph/ lv dvvxphg wr kdyh d elqrpldo glvwulexwlrq zlwk phdq
sdudphwhu wé Zh zulwh lw dv=
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sE%ð m?ðc wä '
#
?ð
%ð

$
w%ðE�ý wä?ð3%ðc f é %ð é ?ðé +4,

Wr prgho yduldelolw| dprqj vlplodu vlwhv/ wkh phdq w lv srvwxodwhg wr eh ehwd
glvwulexwhg zlwk ghqvlw|=

}KEw m kc qä ' wk3�E�ý wäq3�
îEkc qä

c f ÷ w ÷ �c +5,

zkhuh îEkc qä ' iKEkä KEqä j * KEkn qäghqrwhv wkh ehwd ixqfwlrq zlwk sd0
udphwhuv k dqg q dqg KErä '

U"
f e355r3�_5c lv wkh jdppd ixqfwlrq1 Wkh K

vxevfulsw vwdqgv iru ehiruh wr hpskdvl}h wkh d sulrul qdwxuh ri wkh glvwulex0
wlrq1 D ehwd glvwulexwlrq lv xvhg ehfdxvh lw fdq eh pl{hg frqyhqlhqwo| zlwk
wkh elqrpldo1Wkh phdq dqg yduldqfh ri wkh ehwd glvwulexwlrq duh frpsxwhg
dv iroorzv=

.KEwä '
k

kn q
dqg TKEwä '

kq

Ekn qä2Ekn q n �ä
é +6,

Frpelqlqj wkh wzr suhfhglqj glvwulexwlrqv ohdg wr wkh xqfrqglwlrqdo elqrpldo0
ehwd glvwulexwlrq iru %ð h{suhvvhg lq whupv ri k dqg q=

ûE%ðm?ðckc qä '
#
?ð
%ð

$
îEkn %ðc q n ?ð ý %ðä

îEkc qä
é +7,

Wr rewdlq wkh srvwhulru glvwulexwlrq ri w/ dsso| wkh Ed|hv wkhruhp zklfk/
xvlqj htxdwlrqv +4,/+5, dqg +7,/ lv zulwwhq dv=

}@Ew m ?ðc %ðc kc qä ' sE%ðm?ðcwä ü }KEw m kc qä
ûE%ðm?ðckc qä é

Wklv ohdgv wr wkh iroorzlqj dgmxvwhg ehwd glvwulexwlrq=

}@Ew m kn %ðc q n ?ð ý %ðä ' wkn%ð3�E�ý wäqn?ð3%ð3�
îEkn %ðc q n ?ð ý %ðä c f ÷ w ÷ �c +8,

zkhuh wkh @ vxevfulsw vwdqgv iru diwhu ru d srvwhulrul1 Wkh hpslulfdo Ed|hv
dssurdfk lv lpsohphqwhg lq wzr vwhsv1 Iluvw pd{lpl}h wkh orj0olnholkrrg ri
wkh revhuyhg vdpsoh gh?qhg xvlqj htxdwlrq +7,/ zlwk uhvshfw wr wkh sdudp0
hwhuv k dqg q lq rughu wr jhw ÷k dqg ÷q1 Lq wkh vhfrqg vwhs/ xvh wkh srvwhulru
glvwulexwlrq glvsod|hg lq +8, wr lghqwli| wkh prvw gdqjhurxv vlwhv1
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51415 Ed|hvldq Dqdo|vlv

Wkh Ed|hvldq dqdo|vlv lv shuiruphg xvlqj wkh srvwhulru glvwulexwlrq ri w hydo0
xdwhg dw wkh pd{lpxp olnholkrrg +PO, hvwlpdwhv ÷k dqg ÷qé Wkh srvwhulru
glvwulexwlrq uhsuhvhqwv wkh vwdwh ri nqrzohgjh frqfhuqlqj w diwhu wkh re0
vhuydwlrqv E%�c éééc %Uä kdyh ehhq frpelqhg zlwk wkh sulru lqirupdwlrq1 Wkh
Ed|hvldq hvwlpdwru ri wkh dfflghqw sursruwlrq dw vlwh ð lv jlyhq e| wkh srvwh0
ulru phdq=

.KEw m ðä ' kn %ð
kn q n ?ð

é +9,

Phdvxuhv rwkhu wkdq srlqw hvwlpdwhv fdq dovr eh frpsxwhg wr khos dv0
vhvvlqj wkh ghjuhh ri kd}dugrxvqhvv ri wkh vlwhv xqghu lqyhvwljdwlrq1 Ohw w6

ghqrwh wkh phgldq sursruwlrq ri dfflghqwv dvvrfldwhg zlwk wkh sulru glvwulex0
wlrq/ wkdw lv/ wkh vwdwh ri nqrzohgjh ehiruh revhuylqj wkh vdpsoh E%�c éééc %Uäé
Lw fdq eh irxqg e| vroylqj wkh iroorzlqj lqwhjudo=

�]
w'w6

}KEw m kc qä _w ' féDé +:,

Lq sudfwlfh/ wkh odvw ixqfwlrq lv hydoxdwhg dw ÷k dqg ÷q1 Jlyhq w6c wzr xvhixo
suredelolwlhv fdq eh frpsxwhg1 Wkh h{suhvvlrq

î�ð '

�]
w'w6

}@Ew m kn %ðc q n ?ð ý %ðä _w

' èhEw : w6äc +;,

jlyhv wkh suredelolw| wkdw vlwh ð lv pruh kd}dugrxv wkdw qrupdo/ dprqj d
srsxodwlrq ri vlwhv ri wkh vdph nlqg1 D vlwh fdq wkhq eh ylhzhg dv gdqjhurxv
li lwv î�ð ydoxh lv odujhu wkdq d fulwlfdo erxqg vxfk dv 31;/ iru h{dpsoh1 Wkh
suhylrxv lqwhusuhwdwlrq uhlwhudwhv krz lpsruwdqw lw lv wr gh?qh wkh srsxodwlrq
ri vlplodu vlwhv surshuo|1 Dqrwkhu suredelolw| ohdglqj wr d pruh frqvhuydwlyh
ghflvlrq lv=

î2ð '

�]
wâ'f

d

�]
w'wâ

}@Ew m kn %ðc q n ?ð ý %ðä _w ` }KEwâ m kc qä _wâc

' .wâdèhEw : w
âäoé +<,
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Lq zrugv/ lw fdq eh lqwhusuhwhg dv wkh dyhudjh suredelolw| wkdw wkh phdq
sursruwlrq ri dfflghqwv dw d jlyhq vlwh lv juhdwhu wkdq dw rwkhu vlwhv ri wkh
vdph nlqg 41

515 Wkh Pxowlqrpldo Fdvh

Zh qrz surfhhg zlwk dq h{whqvlrq wr wkh pxowlqrpldo fdvh ri wkh dssurdfk
mxvw ghvfulehg1 Lq wkh elqrpldo dssurdfk/ wkh gdwd lv dvvxphg wr eh elqrpldo
zkloh wkh phdq sdudphwhu w lv dvvxphg wr eh ehwd glvwulexwhg1 Wkh h{whqvlrq
lqyroyhv wkh xvh ri wkh pxowlqrpldo glvwulexwlrq iru wkh dfflghqw gdwd dqg ri
wkh Glulfkohw glvwulexwlrq iru wkh sdudphwhu w zklfk lq wklv fdvh/ lv d yhfwru1
Iru frqyhqlhqfh/ zh sxw lq wkh Dsshqgl{ wkh pdlq glvwulexwlrqdo surshuwlhv
dvvrfldwhg zlwk wkrvh wzr glvwulexwlrqv1

51514 Wkh Prgho

Zh qrz pdnh wkh dvvxpswlrq wkdw wkh dfflghqw ihdwxuh zh duh irfxvlqj rq
fdq eh ri g n �cg è � gl>huhqw w|shv1 Dv dq h{dpsoh/ frqvlghu wkdw rqh lv
lqwhuhvwhg lq dqdo|}lqj wkh vhdvrqdo yduldwlrqv lq dfflghqw udwhv1 Wkh qrwdwlrq
dqg wkh prgho duh qrz lqwurgxfhg1 Wkh revhuydwlrq dw orfdwlrq ð uhjlvwhuhg
%ð& dfflghqwv zlwk d jlyhq ihdwxuh dqg w|sh &c & ' �c ééécg n � rxw ri d wrwdo
ri ?ð dfflghqwv dw wkdw vlwh1 Lq rxu h{dpsoh/ %ð& zrxog eh wkh qxpehu ri
dfflghqwv wkdw rffxuuhg gxulqj hdfk vhdvrq &1 Zh xvh g n � wr hpskdvl}h
wkdw jlyhq wkh wrwdo qxpehu ri dfflghqw ?ð dw vlwh ðc wkh qxpehu ri dfflghqwv
iru rqh ri wkh g n � w|sh fdq eh ghgxfhg iurp wkh g rwkhu ydoxhv ri %ð&1
Dv d frqyhqwlrq/ zh zloo dozd|v dvvxph wkdw %ðgn�/ wkh qxpehu ri dfflghqwv
ri wkh odvw w|sh/ zloo eh ghwhuplqhg iurp %ðgn� ' ?ð ýSg

&'� %ð&é Wr ghvfuleh
wkh gdwd jhqhudwlqj surfhvv/ zh dvvxph wkdw wkh g0glphqvlrqdo yhfwru %ð '
E%ð�c éééc %ðgä kdv d pxowlqrpldo glvwulexwlrq zlwk phdq sdudphwhu yhfwru w '
Ew�c éééc wgäc f ÷ w& ÷ �c & ' �c ééécgc dqg ?ð/ ?ð : �é Zh zulwh lw dv=

sE%ðmwc ?ðä ' ?ð-Tgn�
&'� %ð&-

gn�\
&'�

w %ð&& c +43,

4Wkh ?uvw suredelolw|/ E4/ lv frpsxwhg xvlqj wkh phgldq ydoxh ri wkh sulru glvwulexwlrq
dv wkh fulwhulrq/ zkloh E5 pd| eh ylhzhg dv dq dyhudjh E4 phdvxuh zlwk wkh gl>huhqw
E4 @ Su+ë A ë

3, ehlqj frpsxwhg ryhu doo srvvleoh ydoxhv ri ë3> qrw rqo| wkh xqltxh ydoxh
ë3 @ ëp1 Iru wklv uhdvrq/ E5 lv dozd|v forvhu wr 318 wkdq lv E41 Wklv h{sodlqv lwv pruh
frqvhuydwlyh fkdudfwhu1

8



zkhuh %ðgn� ' ?ðýSg
&'� %ð& dqg wgn� ' �ýSg

&'� w&é Wklv/ ri frxuvh/ lpsolhv
wkdw f ÷

Sg
&'� w& ÷ �é Wr prgho wkh yduldelolw| ri wkh dfflghqw sursruwlrqv

dprqj vlwhv/ w lv dvvxphg wr eh Glulfkohw glvwulexwhg1 Wkh Glulfkohw glv0
wulexwlrq lv wkh pxowlyduldwh yhuvlrq ri wkh ehwd glvwulexwlrq1 Glulfkohw dqg
Pxowlqrpldo duh nqrzq wr pl{ frqyhqlhqwo| dqg wklv h{sodlqv rxu fkrlfh
ri glvwulexwlrq iru wkh sursruwlrqv1 Dssolhg wr rxu vlwxdwlrq/ zh kdyh d g0
glphqvlrqdo Glulfkohw ghqvlw| zlwk sdudphwhu yhfwru k ' Ek�c éééc kgn�äc kæ :
fc æ ' �c ééécg n �c wkdw zh zulwh dv=

}KEwmkä ' �Ef ÷ Sg
&'� w& ÷ �ä ü _Ekä ü

gn�\
&'�

wk&3�& c +44,

zkhuh wgn� ' �ýSg
&'� w& dqg dovr/ _Ekä ' KE

Sgn�
&'� k&ä *

Tgn�
&'� KEk&äé Djdlq/

KEüä ghqrwhv wkh jdppd ixqfwlrq1 Lq wkh odvw htxdwlrq/ �Ef ÷
Sg
&'� w& ÷ �ä

lv dq lqglfdwru wkdw lv htxdo wr 4 li wkh frqglwlrq lqvlgh wkh sduhqwkhvhv
lv vdwlv?hg dqg 3 rwkhuzlvh1 Wr vlpsoli| wkh qrwdwlrq/ zh qrz zulwh wklv
lqglfdwru ixqfwlrq dv = �Eïäé Wkh phdq yhfwru dqg fryduldqfh pdwul{ ri w
fdq eh frpsxwhg dv=

.Kdw&o '
k&Sgn�
æ'� kæ

c TKdw&o '
.dw&oE�ý.dw&oä
� n

Sgn�
æ'� kæ

c

äKdw&c w,o '
ý.dw&o.dw,o
� n

Sgn�
æ'� kæ

c &c , ' �c ééécgé +45,

Dv lqglfdwhg lq wkh Dsshqgl{/ zkhq erwk htxdwlrqv +43, dqg +44, duh
frpelqhg/ rqh rewdlqv wkh Pxowlqrpldo0Glulfkohw glvwulexwlrq1 Lw fruuhvsrqgv
wr wkh xqfrqglwlrqdo glvwulexwlrq ri wkh %ð ' E%ð�c éééc %ðgä h{suhvvhg lq whupv
ri rqo| wkh sdudphwhuv k ' Ek�c éééc kgn�ä dqg wkh wrwdo qxpehu ri dfflghqwv
?ðé Zh zulwh lv dv=

ûE%ðmkc ?ðä ' ?ð-Tgn�
&'� %ð&-

ü KE
Sgn�
&'� k&ä

KE
Sgn�
&'� ik& n %ð&jä

ü
gn�\
&'�

KEk& n %ð&ä

KEk&ä
é +46,

Rxu hpslulfdo Ed|hv lpsohphqwdwlrq vxjjhvwv wr uhwdlq wkh ydoxh ÷k ri k yhfwru
zklfk pd{lpl}hv htxdwlrq +46, jlyhq wkh U revhuydwlrqv ri wkhg0glphqvlrqdo
yhfwru %ðc ð ' �c éééc Ué Dv vwduwlqj ydoxhv iru k lq wklv hvwlpdwlrq surfhvv ru
hyhq dv dq dowhuqdwlyh hvwlpdwlrq/ rqh frxog xvh wkh vroxwlrq ri d phwkrg ri
prphqwv +PP, dssolhg rq wkh iroorzlqj uhodwlrqvklsv +ru d vxevhw ri lw, =

.d%ð&o ' ? R&c R& '
k&Sgn�
æ'� kæ
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T d%ð&o '
?n

Sgn�
æ'� kæ

� n
Sgn�
æ'� kæ

? R& E�ý R&ä

äd%ð&c %ð,o ' ý?n
Sgn�
æ'� kæ

� n
Sgn�
æ'� kæ

? R& R,c &c , ' �c ééécgé +47,

Dv lv zhoo nqrzq/ xqghu jhqhudo frqglwlrqv/ wkh PP surylghv frqvlvwhqw
hvwlpdwhv1 Jlyhq d ydoxh åkgn� ri kgn�c wkdw fdq eh irxqg xvlqj rqh ri wkh
htxdwlrqv iru T d%ð&o/ d vlpsoh PP hvwlpdwlrq ìk�c éééc ìkg ri k�c éééc kg zrxog
h{sorlw wkh g h{suhvvlrqv iru wkh phdqv lq +47, wr jlyh=

ìk& ' åkgn�
7%&

7%gn�
c & ' �c ééécgc

zkhuh 7%& ghqrwhv wkh dyhudjh qxpehu ri dfflghqwv ri w|sh & dprqj wkh vhw ri
vlwhv xqghu vwxg|1 Ri frxuvh/ wklv gh?qhv d qrq0olqhdu uhfxuvlrq wkdw qhhgv wr
eh vroyhg lwhudwlyho|1 Wkh dgydqwdjh ri wkh odvw uhodwlrqvkls lv wkdw lw surgxfhv
d PP vroxwlrq wkdw fdq eh rewdlqhg xvlqj d fulwhulrq frqfhqwudwhg zlwk
uhvshfw wr wkh ?uvw g frh!flhqwv1 Wkh pd{lpxp olnholkrrg +PO, hvwlpdwlrq
lv fhuwdlqo| pruh lqyroyhg wkdq wklv hdvlo| lpsohphqwhg dssurdfk exw lw lv
nqrzq wr ohdg wr h!flhqw hvwlpdwhv1

Lq rughu wr ghulyh wkh srvwhulru glvwulexwlrq iru wc rqh fdq dsso| wkh Ed|hv
wkhruhp xvlqj htxdwlrqv +43,/ +44, dqg +46,1 Lw fdq eh vkrzq wkdw lw ohdgv
wr wkh iroorzlqj dgmxvwhg Glulfkohw glvwulexwlrq=

}@Ewmkn %ðc ?ðä ' �Eïä ü _Ekn %ðä ü
gn�\
&'�

wk&n%ð&3�& c +48,

zkhuh _Ekn%ðä ' KE
Sgn�
&'� ik&n%ð&jä *

Tgn�
&'� KEk&n%ð&äé Wkhuhiruh/ wkh phdq

yhfwru dqg fryduldqfh pdwul{ dvvrfldwhg zlwk wklv srvwhulru glvwulexwlrq fdq
eh frpsxwhg dv=

.@dw&mðo '
k& n %ð&Sgn�

æ'� ikæ n %ðæj
c T@dw&mðo ' .dw&oE�ý.dw&oä

� n
Sgn�
æ'� ikæ n %ðæj

c

ä@dw&c w,mðo '
ý.dw&o.dw,o

� n
Sgn�
æ'� ikæ n %ðæj

c &c , ' �c ééécgé +49,

51515 Ed|hvldq Dqdo|vlv

Wkh HE hvwlpdwh ri wkh dfflghqw sursruwlrq dw vlwh ð dqg ri w|sh & lv=

.@dw&mðo ' k& n %ð&Sgn�
æ'� ikæ n %ðæj

+4:,

:



hydoxdwhg dw ÷kc wkh PO hvwlpdwh frpsxwhg lq wkh ?uvw vwhs1 Dv ghvfulehg lq
wkh suhylrxv vhfwlrq/ phdvxuhv wkdw zh fdoohg î�ð dqg î2ð suredelolwlhv lq wkh
suhylrxv vhfwlrq/ fdq eh xvhg wr dvvhvv wkh ghjuhh ri kd}dugrxvqhvv ri d vlwh1
Ehiruh zh surylgh wkh irupxodv uhtxluhg iru wkh dqdo|vlv/ lw lv lpsruwdqw wr
phqwlrq d yhu| frqyhqlhqw surshuw| dvvrfldwhg zlwk wkh Glulfkohw1 Dffruglqj
wr surshuw| 5 lq wkh Dsshqgl{/ li w ' Ew�c éééc wgä lv Glulfkohw zlwk sdudph0
whu k ' Ek�c éééc kgn�ä/ wkhq wkh pdujlqdo glvwulexwlrq ri wEuä ' Ew�c éééc wuäc
u ÷ g/ lv Glulfkohw zlwk sdudphwhu kEuä ' Ek�c éééc kuc

Sgn�
&'un� k&äé Wklv

lpsolhv wkdw/ rqfh wkh ixoo sdudphwhu yhfwru k lv hvwlpdwhg xvlqj wkh pxowl0
qrpldo dssurdfk/ doo nlqgv ri dqdo|vlv fdq eh shuiruphg derxw w dqg vxevhwv
ri w&*v1 Lq sduwlfxodu/ wklv uhvxow lpsolhv wkdw d jlyhq sursruwlrq w& dvvrfl0
dwhg zlwk d vlqjoh w|sh & zloo eh Glulfkohw glvwulexwhg zlwk sdudphwhu yhf0
wru Ek&c d

Sgn�
æ'� kæ o ý k&äé Dv lqglfdwhg lq surshuw| 6 ri wkh Dsshqgl{/ wkh

Glulfkohw wkhq uhgxfhv wr wkh ehwd glvwulexwlrq1 Wklv lpsolhv wkdw wkh elqr0
pldo vhwwlqj ghvfulehg lq Vhfwlrq 5 lv fryhuhg dv d vshfldo fdvh ri wkh fxuuhqw
dssurdfk1

Dv vhhq lq htxdwlrq +:,/ wkh fdofxodwlrq ri wkh î�ð dqg î2ð suredelolwlhv
uhtxluh wkdw phgldq sursruwlrqv eh hydoxdwhg1 Lq wkh pxowlqrpldo vhwwlqj/
wklv lpsolhv wkdw g vxfk ydoxhv w6& c & ' �c ééécg pxvw eh irxqg1 Wkh odvw
surshuw| derxw wkh pdujlqdov iurp wkh Glulfkohw glvwulexwlrq pdnhv lw vlpsoh
wr gr ehfdxvh hdfk w6& fdq eh irxqg e| vroylqj =

�]
w&'w

6
&

}KEw& m k&c k3&ä _w& ' féDc +4;,

zkhuh e| frqyhqwlrq/ k3& ' d
Sgn�
æ'� kæo ý k&c l1h1 wkh vxp ri doo k*v zlwk

wkh h{fhswlrq ri k&é Fdofxodwlrqv duh dvvxphg wr eh pdgh dw wkh pd{lpxp
olnholkrrg ydoxh ÷k ri ké Qrwh dovr wkdw wkh }KEüä pdujlqdo ghqvlw| frqvlg0
huhg lq +4;, fruuhvsrqgv wr wkh ehwd ghqvlw| ixqfwlrq1 Jlyhq wkh g phgldq
sursruwlrq ydoxhv/ wkh pxowlqrpldo h{whqvlrq ri htxdwlrq +;, lv=

î�ð '

�]
w�'w

6
�

ééé

�]
wg'w

6
g

�Eïä }@Ew m kn %ðc ?ðä _w�ééé_wg c

' èhEw� : w
6
� c éééc wg : w

6
gäc +4<,

zklfk lv wkh suredelolw| wkdw wkh sursruwlrq ri dfflghqw zlwk d jlyhq ihdwxuh
dqg iru hdfk w|sh &c & ' �c ééécg lv juhdwhu wkdq qrupdo lq d srsxodwlrq ri

;



vlplodu vlwhv1 Uhfdoo wkdw �Eïä lv dq lglfdwru ixqfwlrq zklfk lv htxdo wr 4
li f ÷

Sg
&'� w& ÷ � dqg 3 rwkhuzlvh1 Lq dq h{dpsoh zkhuh wkh dfflghqw

w|sh ghqrwhv wkh vhdvrq/ wkh î�ð ydoxh zrxog eh odujh iru vlwhv zlwk d odujh
dfflghqw sursruwlrqv lq hdfk ri wkh vhdvrqv1 Wklv lqwhjudo lv ri glphqvlrq gc
dqg dv orqj dv wkh ohyho ri lqwhjudwlrq lv qrw pruh wkdq 7/ lw fdq eh frpsxwhg
qxphulfdoo|/ rwkhuzlvh/ rqh zrxog kdyh wr vlpxodwh lw1 Wkh uhvxow derxw wkh
pdujlqdov lpsolhv wkdw wkh dqdo|vlv fdq hdvlo| eh shuiruphg iru rqh w|sh dw
d wlph xvlqj wkh ehwd glvwulexwlrq dqg xvlqj orz ohyho lqwhjudov iru vxevhwv ri
w&*v1 Lq sduwlfxodu/ wkh î�ð ydoxh irfxvlqj rq wkh dfflghqw wkdw rffxuuhg dw
vlwh ð gxulqj vsulqj dqg vxpphu zrxog eh hydoxdwhg dv=

î�ð '

�]
w2'w

6
2

�]
wô'w

6
ô

�Eïä }@Ew m k2n %ð2c kôn %ðôc ik�n %ð�nken %ðej ä _w2 _wôc

zkhuh wkh fdofxodwlrq zrxog eh shuiruphg dw ÷ké Dqrwkhu suredelolw| xvhixo
iru wkh dqdo|vlv lv wkh pruh frqvhuydwlyh î2ð suredelolw|1 Xvlqj wkh sulru
dqg srvwhulru ghqvlwlhv lq htxdwlrqv +44, dqg +48,/ wklv phdvxuh frxog eh
frpsxwhg dv=

î2ð '

�]
wâ�'f

ééé

�]
wâg'f

d

�]
w�'w

â
�

ééé

�]
wg'w

â
g

�Eïä }@Ewmüä _w�ééé_wg o �Eïä }KEwâmkä_wâ c

' . wâd èhEw� : w
â
�c éééc wg : w

â
gä o c +53,

zklfk fruuhvsrqgv wr wkh dyhudjh î�ð ydoxh rewdlqhg zkhq xvlqj doo srvvleoh
ydoxhv ri wâc qrw rqo| wkh phgldq yhfwru Ew6� c éééc w

6
gäé Ri frxuvh/ h{fhsw iru

fdvhv zlwk g é 2/ wklv lqwhjudo ri glphqvlrq 2g zrxog kdyh wr eh vlpxodwhg1
Wkh qxphulfdo frpsoh{lwlhv dvvrfldwhg zlwk wkh frpsxwdwlrq jlyh î�ð dq
dgydqwdjh ryhu î2ðé Wklv vwdwhphqw zloo eh uhlqirufhg lq wkh jhqhudo yhuvlrq
zlwk khwhurjhqhlw| dqg vsdwldo fruuhodwlrq/ wkdw zh qrz ghvfuleh1

6 Wkh Jhqhudo Dssurdfk

Zh qrz h{whqg wkh prgho mxvw suhvhqwhg wr doorz iru ghwhuplqlvwlf dqg udq0
grp khwhurjhqhlw| dv zhoo dv vsdwldo fruuhodwlrq dprqj wkh vlwhv lqyhvwljdwhg1
Dv lw zdv wkh fdvh lq Erogxf dqg Erqlq +4<<:, iru wkh elqrpldo fdvh/ wkrvh
h>hfwv duh ehlqj kdqgohg lq wkh pxowlqrpldo fdvh wkurxjk wkh sdudphwhuv k&c

<



& ' �c éécg n � lqyroyhg lq wkh sulru glvwulexwlrq +44,1 Uhfdoo iurp htxd0
wlrq +45, wkdw wkh ?uvw wzr prphqwv ri wkh Glulfkohw glvwulexwlrq duh vlpsoh
wudqvirupdwlrq ri wkh k sdudphwhu yhfwru dqg lw lv wkurxjk wklv fkdqqho wkdw
wkh jhqhudolwlhv duh lqwurgxfhg1

614 Wkh Prgho

Ghwhuplqlvwlf dqg udqgrp khwhurjhqhlw| duh dffrxqwhg iru e| doorzlqj wkh k
yhfwru wr ehfrph vlwh vshfl?f1 E| dvvxpswlrq/ hdfk vlwh lv dvvrfldwhg zlwk d
udqgrp sdudphwhu yhfwru kð ' Ekð�c éééc kðgn�ä zlwk frpsrqhqwv gh?qhg dv=

kð& ' i TE3ð& )& n j&0ð&äc & ' �c ééécg n �c +54,

zkhuh 3ð& lv d urz yhfwru zlwk dv pdq| froxpqv dv wkhuh duh hohphqwv lq
wkh )& yhfwru ri frh!flhqwv dvvrfldwhg zlwk w|sh &1 Wkh frpsrqhqw 3ð& )&
vhuyhv wr h{sodlq wkh ghwhuplqlvwlf khwhurjhqhlw| xvlqj vlwh vshfl?f lqirupd0
wlrq1 Wkh rwkhu frpsrqhqw 0ð&c lv d qrupdoo| glvwulexwhg huuru whup zlwk }hur
phdq lqwhqghg wr fdswxuh erwk wkh udqgrp khwhurjhqhlw| +wkdw lv wkh khwhur0
jhqhlw| wkdw uhpdlqv xqh{sodlqhg e| wkh ghwhuplqlvwlf frpsrqhqw, dqg wkh
vsdwldo fruuhodwlrq dfurvv wkh vlwhv/ zkloh j& lv d vwdqgdug ghyldwlrq whup wr
frqwuro iru vfdoh h>hfwv suhvhqw dfurvv wkh w|shv frqvlghuhg1 Wkh i TEüä wudqv0
irupdwlrq lv xvhg wr lqvxuh wkh srvlwlylw| ri doo wkh kð&*v1 E| dvvxpswlrq/ wkh
0ð& pd| eh d>hfwhg e| vsdwldo fruuhodwlrq dprqj vlwhv1 Wkh lqglylgxdo whupv
vshfl?f wr d jlyhq w|sh & duh dvvxphg wr dulvh iurp wkh iroorzlqj ?uvw0rughu
vsdwldo dxwruhjuhvvlyh surfhvv=

0& ' 4&`&0& n 1& ' EUU ý 4&`&ä
3�1&c & ' �c ééécg n �c +55,

zkhuh 0& lv d U0glphqvlrqdo yhfwru/ 4& lv d vsdwldo fruuhodwlrq sdudphwhu vxfk
wkdw ý� é 4& é �/ UU lv d EUûUä lghqwlw| pdwul{ dqg`& lv d EUûUä zhljkwlqj
pdwul{ ghslfwlqj wkh uhodwlrqvklsv ehwzhhq vlwhv zklfk lv vshfl?f wr w|sh &1
Wkh frpsrqhqw 1& lv d EU û �ä yhfwru ri vwdqgdug qrupdo udqgrp yduldwhv1
D yhu| vlpsoh irup iru `& lv gh?qhg dv= çðcæ ' � iru vlwhv ð dqg æ wkdw duh
qhljkeruv/ dqg çðcæ ' fc rwkhuzlvh/ iru ð ' �c éééc Uc dqg æ ' �c éééc Ué Pruh
jhqhudo yhuvlrqv duh frqvlghuhg lq Erogxf dqg Erqlq +4<<:,1 Wkh irfxv khuh
lv pruh rq wkh pxowlqrpldo dvshfw wkdq wkh vsdwldo fruuhodwlrq lwvhoi1

Zh qrz pdnh vrph qrwdwlrqdo vlpsol?fdwlrqv lq rughu wr surgxfh wkh
gl>huhqw irupxodv uhtxluhg iru wkh dqdo|vlv1 Wr lqfrusrudwh h{solflwo| wkh
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vsdwldo fruuhodwlrq dprqj wkh U vlwhv prghohg zlwk +55, lqwr wkh kð& ri d
jlyhq vlwh ð/ zh xvh wkh qrwdwlrq=

kð& ' kð&E3ð& c )&c j&c 4&c 1&äé +56,

Lq whupv ri d gdwd jhqhudwlqj surfhvv/ wklv odvw htxdwlrq lpsolhv wkdw= 4, d 1&
yhfwru ri vwdqgdug qrupdo yduldwhv lv gudzq> 5, jlyhq`& dqg jlyhq d ydoxh ri
4&c d EUû �ä yhfwru 0& dulvhv iurp htxdwlrq +55,> 6, jlyhq wkh 0ð& wkdw dssolhv
iru vlwh ð/ wkh kð& ydoxh lv frpsxwhg iurp htxdwlrq +54,1 Dv d ?qdo qrwdwlrqdo
frqyhqwlrq/ zh fdoo 1 wkh Edg n �oU û �ä yhfwru rewdlqhg iurp wkh yhuwlfdo
frqfdwhqdwlrq ri wkh g n � gl>huhqw EU û �ä yhfwruv 1&é Zh zloo ghqrwh wkh
mrlqw qrupdo ghqvlw| ri 1 dv ?E1äé E| dvvxpswlrq/ lw lv ùEfc Udgn�oUäé

Dgdswlqj wkh qrwdwlrq wr doorz iru vlwh vshfl?f sursruwlrqv wð&/ lqyroyhv
uhzulwlqj wkh htxdwlrqv lq Vhfwlrq 515 dgglqj d ð vxevfulsw wr w& dqg k&1 Ri
frxuvh/ frqglwlrqdo rq jlyhq ydoxhv ri kð&c doo irupxodv lq Vhfwlrq 515 frqwlqxh
wr krog1 Lq wkh iroorzlqj/ zh h{sorlw wklv idfw1 Zlwk wkh dvvxpswlrqv pdgh/
wkh phdq ri wkh sulru glvwulexwlrq ri wð& fdq eh frpsxwhg dv=

.Kdwð&o ' .1 d.KEwð& m 1äo

'

"]
3"

ééé

"]
3"

.KEwð& m 1ä ?E1ä _1

'

"]
3"

ééé

"]
3"

kð&E3ð& c )&c j&c 4&c 1&äSgn�
,'� kð,E3ð, c ),c j,c 4,c 1,ä

?E1ä _1é +57,

Doo nlqgv ri vlwxdwlrqv duh fryhuhg e| wklv odvw htxdwlrq zklfk lqyroyhv gU0
glphqvlrqdo lqwhjudov1 Lq wkh vlwxdwlrq zkhuh j&c & ' �c ééécgn� duh doo }hur/
wkh lqwhjudov glvdsshdu iurp wkh odvw htxdwlrq dqg wkh sulru phdq ehfrphv=

.Kdwð&o '
i TE3ð& )&äSgn�
,'� i TE3ð, ),ä

c & ' �c ééécgc +58,

zklfk uhihuv wr d prgho zlwk rqo| ghwhuplqlvwlf khwhurjhqhlw|1 Ehfdxvh wkh
h{suhvvlrq lq htxdwlrq +57, lv dq h{shfwdwlrq/ iru sudfwlfdo sxusrvhv lw zloo eh
hydoxdwhg xvlqj dq dyhudjh ri .KEwð& m 1ä wdnhq ryhu - lqghshqghqw gudzv 1o

ri 1é Wklv w|sh ri vlpxodwru kdv suryhg wr eh yhu| uholdeoh lq pdq| suhylrxv
dssolfdwlrqv/ hyhq zkhq - lv udwkhu vpdoo1 Wkh vlpxodwru iru .Kdwð&o wkdw zh
ghqrwh dv 7.Kdwð&o lv fdofxodwhg dv=

7.Kdwð&o '
�

-

-[
o'�

kð&E3ð& c )&c j&c 4&c 1
o
&äSgn�
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Ri frxuvh/ wr lpsohphqw wkh Ed|hvldq dqdo|vlv/ rqh qhhgv ?wwhg ydoxhv iru wkh
xqnqrzq sdudphwhuv )&c j&c 4&c & ' �c ééégn� wkdw zh lqfrusrudwh lq d mrlqw
yhfwru ò ri uljkw glphqvlrq1 Wkh fxuuhqw hpslulfdo Ed|hv lpsohphqwdwlrq
lqyroyhv vhohfwlqj wkh ydoxh ri wkh sdudphwhuv wkdw pd{lpl}h wkh iroorzlqj
olnholkrrg ixqfwlrq=

ûE%ðmòc ?ðä '
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ééé

"]
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ûE%ðmòc ?ðc 1ä?E1ä _1 +5:,
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zkhuh kð&E1ä lv d vkruw qrwdwlrq iru kð&E3ð& c )&c j&c 4&c 1&äé Ehfdxvh wkh lqwh0
judo lv pxowlglphqvlrqdo/ lq sudfwlfh/ lw lv uhsodfhg zlwk wkh hpslulfdo phdq=

7ûE%ðmòc ?ðä ' �

-

-[
o'�

ûE%ðmòc ?ðc 1oäé

Wr lpsohphqw wkh pd{lpxp olnholkrrg hvwlpdwlrq zlwk ûE%ðmòc ?ðä uhsodfhg
zlwk 7ûE%ðmòc ?ðä lv nqrzq dv pd{lpxp vlpxodwhg olnholkrrg +PVO, hvwlpd0
wlrq1 PVO hvwlpdwlrq kdv zhoo nqrzq surshuwlhv dqg lw xvxdoo| shuirupv yhu|
zhoo1 Dv qrwhg e| d uhihuhh/ rqh srvvlelolw| zrxog eh wr dsso| wkh fxuuhqw vhw0
wlqj wr wkh prphqw frqglwlrqv lq htxdwlrq +47,1 Wklv zrxog reylrxvo| ohdg
wr d phwkrg ri vlpxodwhg prphqwv +PVP, zklfk dovr surgxfhv hvwlpdwruv
zlwk zhoo nqrzq surshuwlhv1

615 Ed|hvldq Dqdo|vlv

Wr dffrxqw iru wkh udqgrpqhvv lqwurgxfhg lq wkh kð&*v/ wkh irupxodv iru î�ð
dqg î2ð lq htxdwlrqv +4<, dqg +53, kdyh wr eh dgmxvwhg dffruglqjo|1 Iru jlyhq
ydoxhv ri 1c wkh frqglwlrqdo srvwhulru ghqvlw| ixqfwlrq ri wð& fdq eh frpsxwhg
dv=

}@Ewð&mkð n %ðc ?ðc 1ä ' �Eïä _EkðE1ä n %ðä ü
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zkhuh _EkðE1ä n %ðä ' KE
Sgn�
&'� ikð&E1ä n %ð&jä *

Tgn�
&'� KEkð&E1ä n %ð&äé Wkh

dqdo|vlv vkrxog eh shuiruphg xvlqj wkh xqfrqglwlrqdo ghqvlw| ixqfwlrq=

}@Ewð&mkð n %ðc ?ðä '
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Dovr/ wkh g phgldq ydoxhv w6ð& vkrxog eh rewdlqhg iru hdfk vlwh ð dqg hdfk
w|sh &/ e| vroylqj wkh iroorzlqj htxdwlrq=
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wð&'w
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}KEwð& m kð&E1äc kðc3&E1ää _wð& o?E1ä _1 ' féDc

zklfk lv mxvw htxdwlrq +4;, dgdswhg wr dffrxqw iru wkh udqgrpqhvv ri 11 Lq
sudfwlfh/ zlwk kljk glphqvlrqdo lqwhjudov/ wklv lv uhsodfhg zlwk wkh vlpxodwhg
ixqfwlrq frpsxwhg dv=
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}KEwð& m kð&E1oäc kðc3&E1oää _wð& ' féDé

Jlyhq wkh phgldq ydoxhv w6ð& c & ' �c ééécgc wkh wzr uhtxluhg suredelolwlhv fdq
wkhq eh frpsxwhg dv=

î�ð '
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zkhuh }@Ewð&müä lv gh?qhg dv lq htxdwlrq +5;,1 Qrwh wkdw lq sudfwlfh/ wkh
h{shfwdwlrqv lq +63, dqg +64, duh uhsodfhg zlwk hpslulfdo phdqv frpsxwhg
xvlqj - ydoxhv ri î�ðEüm1oä dqg î2ðEüm1oä1 Xvxdoo|/ d - ydoxh ri dw ohdvw 83 lv
hqrxjk wr jhw dssur{lpdwlrqv ri wkhvh lqwhjudov zlwk jrrg suhflvlrq1 Jlyhq
wkh qrwdwlrq lq htxdwlrq +53,/ rqh fdq vhh wkdw î2ð fdq eh lqwhusuhwhg dv=

î2ð ' .1 .wâ dèhEwð� : w
â
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â
gäoé

46



Dv lw zdv wkh fdvh zlwk wkh vwdqgdug pxowlqrpldo dqdo|vlv/ vlqfh wkh pdujlqdov
iurp wkh Glulfkohw duh dovr Glulfkohw/ wkh suhylrxv irupxodv fdq hdvlo| eh
dgmxvwhg wr dqdo|}h wkh sursruwlrqv iru d jlyhq w|sh ru iru d jlyhq vxevhw ri
w|shv1

7 Dssolfdwlrq

Zh qrz dsso| wkh sursrvhg phwkrgrorj| wr wkh Txìehf flw| urdg dfflghqw
gdwd edvh1 Zh uhwdlqhg d vxevhw ri dfflghqwv rffxuulqj gxulqj d irxu |hdu
shulrg 4<<304<<6 dw 7 ohj lqwhuvhfwlrqv ri frpsdudeoh urdgv/ wr hqvxuh vrph
krprjhqhlw| lq wkh gdwd1 Wkh uhihuhqfh jurxs lqfoxghv <3 lqwhuvhfwlrqv vh0
ohfwhg dprqj d vhw ri 557 vlwhv kdylqj uhjlvwhuhg dw ohdvw vl{whhq dfflghqwv
gxulqj wkh shulrg +d plqlpxp ri 7 dfflghqwv shu |hdu,1 Wklv vhohfwlrq lv
edvhg rq wkh suhplvh wkdw lw zrxog eh hfrqrplfdoo| xqvrxqg wr vwxg| vlwhv
zlwk yhu| ihz dfflghqwv dv d phdqv wr lpsuryh d vrfldoo| xqdffhswdeoh vlw0
xdwlrq1 Wkh dssolfdwlrq irfxvhv rq sursruwlrqv ri dfflghqwv wkdw rffxuuhg
gxulqj vshfl?f shulrgv ri wkh zhhn1 W|sh 4 frqfhuqv dfflghqwv wkdw wrrn
sodfh rq d Prqgd|/ Wxhvgd| ru Zhgqhvgd| +PWZ,/ w|sh 5 uhihuv wr dffl0
ghqwv rq d Wkxuvgd| ru d Iulgd| +WI, dqg ?qdoo| w|sh 6 fryhuv wkh zhhnhqg
+VV,1 Wkh dfflghqw gdwdedvh uhwdlqhg iru hvwlpdwlrq lv glvsod|hg lq Wdeoh 41
Wkh dfflghqw iuhtxhqflhv uhsruwhg lq whupv ri sursruwlrqv duh suhvhqwhg lq
wkh ?uvw vhw ri froxpqv lq Wdeoh 51 Iru vlpsolflw|/ wkh dssolfdwlrq lv olplwhg
wr wkh vwdqgdug pxowlqrpldo dssurdfk zkhuh qr khwhurjhqhlw| dqg vsdwldo
fruuhodwlrq duh dvvxphg wr eh suhvhqw1 Wkhuhiruh doo irupxodv xvhg duh wdnhq
iurp Vhfwlrq 5151

Wdeoh 6 suhvhqwv wkh hvwlpdwlrq uhvxowv rewdlqhg lq pd{lpl}lqj wkh orj0
olnholkrrg ixqfwlrq xvlqj wkh xqfrqglwlrqdo glvwulexwlrq ri wkh dfflghqw frxqwv
%ð& revhuyhg dw vlwh ð iru hdfk w|sh & frqvlghuhg1 Wkh suredelolw| ghqvlw| ixqf0
wlrq xvhg iru wklv sxusrvh lv wkh Pxowlqrpldo0Glulfkohw glvsod|hg lq htxdwlrq
+46,1 Wkh k sdudphwhuv duh doo vljql?fdqwo| gl>huhqw iurp }hur1 Wkh frhi0
?flhqw k� uhihuv wr w|sh 4 zklfk frqfhuqv PWZ/ wkh wzr rwkhu frh!flhqwv
frqfhuq WI dqg VV1 Jlyhq wkh ÷k&*v/ wkh HE dqdo|vlv fdq wkhq eh lpsoh0
phqwhg1 Wkh HE hvwlpdwru ri wkh dfflghqw sursruwlrq dw vlwh ð dqg ri w|sh
&/ fruuhvsrqgv wr wkh srvwhulru phdq glvsod|hg lq htxdwlrq +4:,1 Hvwlpdwhg
ydoxhv rewdlqhg duh surgxfhg lq wkh vhfrqg vhw ri froxpqv lq Wdeoh 51 Zh
fdq fohduo| revhuyh wkdw wkh uhjuhvvlrq wr wkh phdq fruuhfwlrq lv h>hfwlyh1
Wkhq/ wkh phgldq ydoxhv w6� c w

6
2 dqg w6ô fdq eh irxqg vroylqj +4;,1 Wkh
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ydoxhv rewdlqhg duh uhsruwhg dw wkh erwwrp ri Wdeoh 51 Jlyhq wkh phgldq
ydoxhv/ doo nlqgv ri î� ydoxhv fdq eh surgxfhg1 D ?uvw vhw ri î� ydoxhv ir0
fxvhv rq wkh dqdo|vlv ri rqh w|sh dw d wlph1 Wkrvh ydoxhv duh surgxfhg lq wkh
odvw wkuhh froxpqv ri Wdeoh 51 Wr eh pruh vshfl?f/ wkh odvw froxpq uhsruwv
èhEwô : w

6
ô m ðä/ wkdw lv=

î�ð '

�]
wô'w

6
ô

}@Ewô m kô n %ðôc ik� n %ð� n k2 n %ð2j ä _wôc

zkhuh lq wklv fdvh/ wkh Glulfkohw ghqvlw| frlqflghv zlwk d Ehwd ghqvlw|1 Wkh
ydoxhv rewdlqhg lq wkh odvw wkuhh froxpqv ri Wdeoh 5 duh yhu| vlplodu wr wkrvh
surgxfhg xvlqj wkh elqrpldo dssurdfk ri Vhfwlrq 5141 Wklv lv fhuwdlqo| dq
lqwhuhvwlqj uhvxowv exw wkh pdlq dgydqwdjh ri wkh pxowlqrpldo vhwwlqj lv wkh
delolw| wr surgxfh E4 ydoxhv iru vhyhudo w|shv wdnhq vlpxowdqhrxvo|1

Lq wkh odvw froxpq ri Wdeoh 7/ zh uhsruw wkh î� suredelolw| ydoxhv iru
wkh hyhqw w� : w6� c w2 : w62 zklfk fryhuv wkh zhhngd|v1 Uhvxowv iurp wkh
dqdo|vlv shuplw wr lghqwli| wkh vlwhv zklfk vkrz wkhlu kljkhvw dfflghqw udwhv
gxulqj wkrvh gd|v1 D ylvxdo lqvshfwlrq lq Wdeoh 4 shuplwwhg wr lghqwli| vlwh
53 dv sureohpdwlf1 Wklv lv frq?uphg e| wkh HE dqdo|vlv1 Lq froxpq wlwohg
E4b4-E4b5/ zh frpsxwh wkh vdph suredelolw| dvvxplqj wkdw wkh hyhqwv rf0
fxu lqghshqghqwo| dfurvv wkrvh wzr zhhn shulrgv1 Lq rwkhu zrugv/ lqvwhdg
ri h{sorlwlqj wkh pxowlqrpldo vhwwlqj/ wkh dqdo|vlv zrxog eh shuiruphg xvlqj
vhulhv ri lqghshqghqw elqrpldo edvhg vwxglhv1 Iurp wkh qrwh dw wkh erw0
wrp ri Wdeoh 7/ zh fdq vhh wkdw wkh vlwh rughulqj gl>huv ehwzhhq wkh wzr
dssurdfkhv1 Dovr wkh frpsxwhg suredelolw| ydoxhv duh qrw qxphulfdoo| wkh
vdph1 Wklv surylghv vrph lqglfdwlrq wkdw wkh pxowlqrpldo dssurdfk frxog
eh suhihuuhg lq wklv fdvh1 D vwdwlvwlfdo whvw wr ghflgh ehwzhhq wkh pxowlqr0
pldo dqg wkh elqrpldo vhwwlqjv frxog eh ghylvhg1 Vwloo/ vlqfh wkh pxowlqrpldo
vhwwlqj frqwdlqv wkh elqrpldo rqh dv d vshfldo fdvh/ zh suhihu wr xvh wkh pruh
jhqhudo dssurdfk zklfk lv/ e| gh?qlwlrq/ pruh  h{leoh dqg wkhuhiruh pruh
dwwudfwlyh1

8 Frqfoxvlrq

Lq wklv sdshu/ zh ghvfuleh d phwkrgrorj| wr dffrxqw iru vlwh vshfl?f khw0
hurjhqhlw| dqg vsdwldo dxwrfruuhodwlrq lq d ixoo lqirupdwlrq hpslulfdo Ed|hv
iudphzrun iru urdg dfflghqw dqdo|vhv xvlqj dfflghqwv glvwulexwhg dffruglqj
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wr d pxowlqrpldo suredelolw|1 Wkh jhqhudol}dwlrqv vxjjhvwhg lq wkh suhvhqw
sdshu duh olnho| wr eh ri juhdw lpsruwdqfh dqg fdq srwhqwldoo| frqwulexwh
wr uhdfk ehwwhu ghflvlrqv uhjduglqj wkh lghqwl?fdwlrq ri wkh prvw gdqjhurxv
vlwhv1 Zh surylgh d vlpsoh hpslulfdo h{dpsoh xvlqj wkh Txìehf flw| dfflghqw
gdwdedvh1 Wkh pxowlqrpldo dssurdfk lv ghprqvwudwhg wr eh yhu|  h{leoh dqg
xvhixo1 D pruh ghwdlohg hpslulfdo vwxg| lv reylrxvo| uhtxluhg exw wkh pdlq
sxusrvh ri wkh suhvhqw sdshu zdv wr vxjjhvw wkh whfkqltxh1 Wkh h{dpsoh
dlpv wr surylgh vrph hylghqfh wkdw wkh dssurdfk lv ihdvleoh1
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TABLE 1: Accident Data

Site Total MTW TF SS Site Total MTW TF SS
5 24 10 10 4 98 18 4 6 8
7 22 9 8 5 100 19 8 7 4
8 16 8 7 1 101 40 18 12 10

11 23 10 6 7 104 27 8 14 5
13 22 12 4 6 107 24 9 11 4
14 17 7 7 3 108 34 16 10 8
16 19 5 9 5 109 27 18 7 2
19 19 10 5 4 110 30 12 13 5
20 73 36 32 5 115 33 21 8 4
21 19 12 5 2 118 44 16 16 12
22 65 27 21 17 120 30 20 7 3
23 20 6 7 7 122 35 17 11 7
25 33 14 13 6 125 63 24 24 15
27 28 11 15 2 126 22 9 9 4
29 31 9 4 18 129 43 19 18 6
30 22 14 7 1 136 17 8 7 2
31 18 9 7 2 137 20 13 3 4
32 30 17 8 5 142 19 8 4 7
34 25 10 10 5 144 19 7 8 4
35 23 11 9 3 146 16 6 6 4
39 17 10 6 1 148 28 11 11 6
41 31 11 3 17 149 28 11 8 9
43 16 11 3 2 150 22 6 13 3
44 22 10 9 3 153 18 14 3 1
46 30 9 11 10 156 28 9 8 11
48 20 8 5 7 157 16 7 4 5
51 20 10 9 1 162 21 6 10 5
55 19 5 5 9 167 39 16 14 9
57 30 18 8 4 172 25 10 11 4
58 20 15 2 3 178 16 7 3 6
60 30 15 10 5 182 19 6 9 4
65 17 10 4 3 185 31 16 5 10
66 20 14 6 0 187 45 28 13 4
69 18 8 3 7 190 24 12 8 4
76 17 6 7 4 191 20 9 8 3
80 17 4 6 7 193 27 17 7 3
83 22 12 7 3 195 38 19 11 8
85 29 13 13 3 196 16 7 7 2
87 21 8 8 5 197 25 11 8 6
88 63 23 25 15 202 18 5 9 4
91 46 25 12 9 203 25 12 8 5
92 23 7 12 4 207 25 8 10 7
93 16 10 4 2 208 26 12 9 5
94 18 6 10 2 214 42 20 13 9
96 22 9 10 3 224 19 9 6 4

Max: 73 36 32 18
Avg: 26,38 11,92 8,99 5,47
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TABLE 2 : Proportions

Proportions Posterior Means B1 based on Marginals

Site MTW TF SS MTW TF SS MTW TF SS

5 0,417 0,417 0,167 0,442 0,363 0,195 0,425 0,668 0,405
7 0,409 0,364 0,227 0,441 0,347 0,212 0,415 0,551 0,560
8 0,500 0,438 0,063 0,463 0,362 0,175 0,571 0,650 0,253
11 0,435 0,261 0,304 0,448 0,318 0,234 0,464 0,334 0,738
13 0,545 0,182 0,273 0,478 0,297 0,224 0,678 0,203 0,665
14 0,412 0,412 0,176 0,443 0,357 0,199 0,436 0,618 0,448
16 0,263 0,474 0,263 0,406 0,374 0,220 0,203 0,730 0,627
19 0,526 0,263 0,211 0,471 0,322 0,207 0,627 0,363 0,517
20 0,493 0,438 0,068 0,475 0,395 0,129 0,701 0,907 0,012
21 0,632 0,263 0,105 0,497 0,322 0,181 0,783 0,363 0,296
22 0,415 0,323 0,262 0,433 0,332 0,235 0,332 0,420 0,801
23 0,300 0,350 0,350 0,414 0,343 0,243 0,243 0,521 0,793
25 0,424 0,394 0,182 0,442 0,360 0,197 0,423 0,655 0,428
27 0,393 0,536 0,071 0,433 0,404 0,162 0,359 0,893 0,153
29 0,290 0,129 0,581 0,396 0,267 0,337 0,140 0,067 0,998
30 0,636 0,318 0,045 0,503 0,335 0,162 0,819 0,456 0,159
31 0,500 0,389 0,111 0,464 0,352 0,184 0,579 0,586 0,315
32 0,567 0,267 0,167 0,492 0,316 0,193 0,770 0,310 0,385
34 0,400 0,400 0,200 0,437 0,359 0,204 0,386 0,638 0,492
35 0,478 0,391 0,130 0,460 0,355 0,185 0,554 0,611 0,320
39 0,588 0,353 0,059 0,483 0,344 0,173 0,705 0,523 0,235
41 0,355 0,097 0,548 0,419 0,256 0,325 0,259 0,042 0,996
43 0,688 0,188 0,125 0,503 0,308 0,189 0,811 0,273 0,357
44 0,455 0,409 0,136 0,453 0,360 0,187 0,505 0,642 0,339
46 0,300 0,367 0,333 0,401 0,350 0,250 0,162 0,574 0,846
48 0,400 0,250 0,350 0,439 0,318 0,243 0,406 0,333 0,793
51 0,500 0,450 0,050 0,465 0,369 0,166 0,587 0,702 0,187
55 0,263 0,263 0,474 0,406 0,322 0,272 0,203 0,363 0,921
57 0,600 0,267 0,133 0,503 0,316 0,181 0,830 0,310 0,286
58 0,750 0,100 0,150 0,529 0,279 0,192 0,913 0,121 0,381
60 0,500 0,333 0,167 0,469 0,338 0,193 0,621 0,484 0,385
65 0,588 0,235 0,176 0,483 0,317 0,199 0,705 0,331 0,448
66 0,700 0,300 0,000 0,516 0,331 0,153 0,871 0,425 0,117
69 0,444 0,167 0,389 0,451 0,300 0,249 0,487 0,222 0,826
76 0,353 0,412 0,235 0,430 0,357 0,213 0,347 0,618 0,563
80 0,235 0,353 0,412 0,403 0,344 0,253 0,194 0,523 0,841
83 0,545 0,318 0,136 0,478 0,335 0,187 0,678 0,456 0,339
85 0,448 0,448 0,103 0,451 0,377 0,172 0,490 0,762 0,215
87 0,381 0,381 0,238 0,434 0,352 0,215 0,367 0,583 0,582
88 0,365 0,397 0,238 0,407 0,370 0,223 0,157 0,756 0,691
91 0,543 0,261 0,196 0,493 0,306 0,202 0,797 0,225 0,468
92 0,304 0,522 0,174 0,411 0,392 0,197 0,222 0,836 0,426
93 0,625 0,250 0,125 0,490 0,321 0,189 0,742 0,361 0,357
94 0,333 0,556 0,111 0,424 0,392 0,184 0,310 0,826 0,315
96 0,409 0,455 0,136 0,441 0,372 0,187 0,415 0,725 0,339
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98 0,222 0,333 0,444 0,398 0,339 0,263 0,168 0,490 0,887
100 0,421 0,368 0,211 0,445 0,348 0,207 0,446 0,553 0,517
101 0,450 0,300 0,250 0,452 0,324 0,224 0,493 0,368 0,681
104 0,296 0,519 0,185 0,403 0,397 0,200 0,177 0,864 0,448
107 0,375 0,458 0,167 0,430 0,375 0,195 0,340 0,747 0,405
108 0,471 0,294 0,235 0,459 0,324 0,217 0,552 0,367 0,612
109 0,667 0,259 0,074 0,521 0,315 0,164 0,897 0,308 0,166
110 0,400 0,433 0,167 0,435 0,373 0,193 0,368 0,737 0,385
115 0,636 0,242 0,121 0,519 0,305 0,175 0,900 0,237 0,236
118 0,364 0,364 0,273 0,414 0,351 0,235 0,218 0,589 0,773
120 0,667 0,233 0,100 0,526 0,304 0,170 0,916 0,234 0,200
122 0,486 0,314 0,200 0,465 0,331 0,204 0,597 0,424 0,490
125 0,381 0,381 0,238 0,415 0,362 0,223 0,205 0,693 0,691
126 0,409 0,409 0,182 0,441 0,360 0,200 0,415 0,642 0,448
129 0,442 0,419 0,140 0,448 0,374 0,178 0,465 0,763 0,245
136 0,471 0,412 0,118 0,457 0,357 0,186 0,529 0,618 0,336
137 0,650 0,150 0,200 0,503 0,292 0,205 0,817 0,178 0,494
142 0,421 0,211 0,368 0,445 0,309 0,246 0,446 0,275 0,810
144 0,368 0,421 0,211 0,432 0,361 0,207 0,357 0,646 0,517
146 0,375 0,375 0,250 0,436 0,348 0,216 0,386 0,556 0,586
148 0,393 0,393 0,214 0,433 0,358 0,209 0,359 0,634 0,534
149 0,393 0,286 0,321 0,433 0,323 0,244 0,359 0,365 0,809
150 0,273 0,591 0,136 0,403 0,410 0,187 0,185 0,902 0,339
153 0,778 0,167 0,056 0,530 0,300 0,171 0,912 0,222 0,218
156 0,321 0,286 0,393 0,410 0,323 0,267 0,212 0,365 0,917
157 0,438 0,250 0,313 0,449 0,321 0,229 0,478 0,361 0,693
162 0,286 0,476 0,238 0,408 0,377 0,215 0,213 0,752 0,582
167 0,410 0,359 0,231 0,436 0,348 0,216 0,369 0,566 0,608
172 0,400 0,440 0,160 0,437 0,371 0,192 0,386 0,720 0,383
178 0,438 0,188 0,375 0,449 0,308 0,243 0,478 0,273 0,784
182 0,316 0,474 0,211 0,419 0,374 0,207 0,275 0,730 0,517
185 0,516 0,161 0,323 0,475 0,278 0,247 0,664 0,103 0,832
187 0,622 0,289 0,089 0,527 0,318 0,155 0,935 0,317 0,096
190 0,500 0,333 0,167 0,467 0,339 0,195 0,601 0,487 0,405
191 0,450 0,400 0,150 0,452 0,356 0,192 0,496 0,614 0,381
193 0,630 0,259 0,111 0,509 0,315 0,176 0,852 0,308 0,247
195 0,500 0,289 0,211 0,471 0,321 0,208 0,646 0,340 0,530
196 0,438 0,438 0,125 0,449 0,362 0,189 0,478 0,650 0,357
197 0,440 0,320 0,240 0,449 0,335 0,216 0,473 0,455 0,600
202 0,278 0,500 0,222 0,411 0,379 0,210 0,233 0,758 0,540
203 0,480 0,320 0,200 0,461 0,335 0,204 0,561 0,455 0,492
207 0,320 0,400 0,280 0,413 0,359 0,228 0,231 0,638 0,699
208 0,462 0,346 0,192 0,455 0,343 0,202 0,521 0,516 0,470
214 0,476 0,310 0,214 0,463 0,328 0,210 0,581 0,395 0,548
224 0,474 0,316 0,211 0,458 0,335 0,207 0,538 0,457 0,517

Max: 0,778 0,591 0,581 0,530 0,410 0,337 0,935 0,907 0,998
Avg: 0,452 0,340 0,207 0,453 0,341 0,207 0,494 0,503 0,496
Med: 0,452 0,339 0,203

Prior Mean: 0,453 0,341 0,206
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WDEOH 6 = Pd{lpxp Olnholkrrg Hvwlpdwlrq
Sdudphwhu Hvwlpdwh Vwdqgdug Huuru w0udwlr

k� 59159 <16: 51;3
k2 4<1:< :139 51;3
kô 441<9 715; 51:<

Orj0olnholkrrg ixqfwlrq= 0748169
Qxpehu ri lwhudwlrqv = 5<

WDEOH 7 = Ed|hvldq Dqdo|vlv iru= PWZ:w6� c WI:w
6
2 1

+8 prvw gdqjhurxv vlwhv rq zhhngd|v,
E4

E4b4 @ E4b5 @ Surgxfw Suredelolw| ydoxh
Vlwh S +PWZ:w6� , S+WI:w62 , E4b4-E4b5 S+PWZ:w6� cWI:w

6
2 ,

53 31:34 31<3: 31969 3193<
84 318;: 31:35 31745 31653
99 31;:4 31758 316:3 31644
63 31;4< 31789 316:7 31633
;8 317<3 31:95 316:7 315;:

Qrwh = Vlwhv vhohfwhg edvhg rq E4b4-E4b5 ydoxhv duh= 53 84 ;8 63 ; 991
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9 Dsshqgl{

Lq wklv dsshqgl{/ zh surylgh d uhylhz rq wkh pxowlyduldwh glvwulexwlrqv wkdw
zh xvh lq wkh sdshu1 D jrrg uhihuhqfh lv Ehuqdugr dqg Vplwk +4<<7,1

914 Wkh Pxowlqrpldo Glvwulexwlrq

Ohw % ' E%�c éééc %gä eh d glvfuhwh udqgrp yhfwru zkhuh/ e| frqyhqwlrq zh
zulwh %gn� ' ? ýSg

&'� %&é Lw kdv d pxowlqrpldo glvwulexwlrq ri glphqvlrq
g/ zlwk sdudphwhuv w ' Ew�c éééc wgä dqg ? Ef ÷ w& ÷ �c wgn� n

Sg
&'� w& '

�c ? è �ä li lwv suredelolw| ixqfwlrq fdq eh zulwwhq dv=

sE%mwc ?ä ' ?-Tgn�
&'� %&-

gn�\
&'�

w %&& é +D14,

Uhfdoo wkdw e| gh?qlwlrq %gn� ' ?ýSg
&'� %& dqg wgn� ' �ýSg

&'� w&é Wklv
lv grqh iru qrwdwlrqdo vlpsolflw|1 Dowkrxjk g n � gl>huhqw %& whupv duh
lqyroyhg/ rqo| wkh ?uvw g duh iuhh> wkh odvw rqh lv dq h{solflw ixqfwlrq ri
%&c & ' �c ééécg1 Wkh vdph frpphqw dovr dssolhv iru wkh wgn� whup1 Wkh
phdq yhfwru dqg fryduldqfh pdwul{ duh jlyhq e|=

.d%&o ' ?w&c T d%&o ' ?w& E�ý w&ä c äd%&c %,o ' ý?w&w,c &c , ' �c ééécgé
+D15,

Surshuw| 4=
Li %�c éééc %g duh g lqghshqghqw Srlvvrq udqgrp txdqwlwlhv zlwk ghqvlwlhv

sE%&mb&äc wkhq wkh mrlqw glvwulexwlrq ri % ' E%�c éééc %gä jlyhq
Sg
&'� %& ' ? lv

pxowlqrpldo sE%mwc ?ä zlwk sdudphwhuv ? dqg w& ' b&*
Sg
,'� b,é

Wklv surshuw| lv yhu| lqwhuhvwlqj/ exw zh duh qrw jrlqj wr pdnh xvh ri lw
lq wklv sdshu1

915 Wkh Glulfkohw Glvwulexwlrq

Ohw w ' Ew�c éééc wgä eh d frqwlqxrxv udqgrp yhfwru zkhuh f ÷ w& ÷ �cdqg
zkhuh djdlq/ wr vlpsoli| wkh qrwdwlrq zh zulwh wgn� ' � ýSg

&'� w&é Wklv
lpsolhv wkdw w&c & ' �c ééécg duh doo iuhh wr ydu| lq wkh Efc �ä lqwhuydo dqg
wgn� lv d whup wkdw ?oov wkh jds ehwzhhq

Sg
&'� w& dqg 41 Wkh w udqgrp

yhfwru kdv d Glulfkohw glvwulexwlrq ri glphqvlrq g/ zlwk sdudphwhuv k '
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Ek�c éééc kgn�äc kæ : fc æ ' �c ééécgn� li lwv suredelolw| ghqvlw| lv zulwwhq dv=

}Ewmkä ' _Ekä ü
gn�\
&'�

wk&3�& c +D16,

zkhuh e| gh?qlwlrq/ wgn� ' �ýSg
&'� w&1 Dovr/ _Ekä ' KE

Sgn�
&'� k&ä *

Tgn�
&'� KEk&ä

dqg KErä lv wkh jdppd ixqfwlrq/ frpsxwhg dv= KErä '
U"
f e355r3�_5é Wkh

phdq yhfwru dqg fryduldqfh pdwul{ fdq eh frpsxwhg dv=

.dw&o '
k&Sgn�
æ'� kæ

c T dw&o '
.dw&oE�ý.dw&oä
� n

Sgn�
æ'� kæ

c

ädw&c w,o '
ý.dw&o.dw,o
� n

Sgn�
æ'� kæ

c &c , ' �c ééécgé +D17,

Pruh jhqhudoo|/ wkh prphqwv ri wkh Glulfkohw glvwulexwlrq +vhh Zlonv/ 4<95,
fdq eh frpsxwhg xvlqj wkh irupxod=

.E
gn�\
&'�

wK&& m kä '
_Ek�c éééc kgn�ä

_Ek� n K�c éééc kgn� n Kgn�ä
c +D18,

zkhuh e| dvvxpswlrq Kgn� ' fé Dffruglqj wr rxu suhylrxv gh?qlwlrq/ zh
kdyh=

_Ek� n K�c éééc kgn� n Kgn�ä ' KE
gn�[
&'�

ik& n K&jä *
gn�\
&'�

KEk& n K&äé

Surshuw| 5=
Pdujlqdo glvwulexwlrqv=

Wkh pdujlqdo glvwulexwlrq ri %E6ä ' E%�c éééc %6äc 6 ÷ g lv Glulfkohw zlwk
sdudphwhuv Ek�c éééc k6c

Sgn�
æ'6n� kæäé

Surshuw| 6=
Li g ' �/ wkh ghqvlw| lq +D16, uhgxfhv wr d ehwd ghqvlw|=

}Ew� m k�c k2ä ' KEk� n k2ä

KEk�äKEk2ä
wk�3�� E�ý w�äk23�c f ÷ w� ÷ �é +D19,
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916 Wkh Pxowlqrpldo0Glulfkohw Glvwulexwlrq

Wklv glvwulexwlrq lv jhqhudwhg e| pl{lqj wkh wzr suhylrxv glvwulexwlrqv lq
htxdwlrqv +D14, dqg +D16, lq wkh iroorzlqj zd|=

ûE%mkc ?ä '
] �

f
ééé
] �

f
sE%mwc ?ä ü }Ewmkä _wc +D1:,

zkhuh wkh lqwhjudo lv ri glphqvlrq g/ wkh qxpehu ri frpsrqhqwv lq wkh w
yhfwru1 Dv d uhvxow ri wklv lqwhjudo zklfk fdq eh uhvroyhg dqdo|wlfdoo|/ rqh
rewdlqv wkh Pxowlqrpldo0Glulfkohw suredelolw| ixqfwlrq +vhh dovr GhJurrw/
4<;9,=

ûE%mkc ?ä '
?-Tgn�

&'� %&-

_Ekä

_Ekn %ä

'
?-Tgn�

&'� %&-
ü KE

Sgn�
&'� k&ä

KE
Sgn�
&'� k& n %&ä

ü
gn�\
&'�

KEk& n %&ä

KEk&ä
é +D1;,

Dq dowhuqdwlyh uhvxow zklfk dyrlgv wkh xvh ri KErä ixqfwlrqv lv =

ûE%mkc ?ä ' ?-

E
Sgn�
æ'� kæä

d?o

gn�\
&'�

k
d%&o
&

%&-
c +D1<,

zkhuh 5dro '
Tr
æ'� E5 n æ ý �ä1

Wkh phdq yhfwru dqg fryduldqfh pdwul{ duh jlyhq e|=

.d%&o ' ? R&c R& '
k&Sgn�
æ'� kæ

T d%&o '
?n

Sgn�
æ'� kæ

� n
Sgn�
æ'� kæ

? R& E�ý R&ä

äd%&c %,o ' ý?n
Sgn�
æ'� kæ

� n
Sgn�
æ'� kæ

? R& R,c &c , ' �c ééécgé +D143,

Surshuw| 7=
Li g ' �/ wkh ghqvlw| lq +D1;, uhgxfhv wr d elqrpldo0ehwd ghqvlw|1
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Uhihuhqfhv

^4` Ehuqdugr/ M1P1 dqg D1I1P1 Vplwk +4<<7,/ Ed|hvldq Wkhru|/ Mrkq Zloh|
dqg vrqv1

^5` Erogxf/ G1 dqg V1 Erqlq +4<<:,/ 6Prgëoh ed|ìvlhq jìqìudolvì srxu olghq0
wl?fdwlrq ghv vlwhv urxwlhuv gdqjhuhx{ 7/ O*Dfwxdolwì ìfrqrpltxh2Uhyxh
g*dqdo|vh ìfrqrpltxh/ yro1:6/ qrv 40506/ 4<<:/ ss1 ;40<;1

^6` Erogxf/ G1 dqg V1 Erqlq +4<<8,/ 6Ed|hvldq Dqdo|vlv ri Urdg Dfflghqwv=
Dffrxqwlqj iru Ghwhuplqlvwlf Khwhurjhqhlw|7/ Frpswh0uhqgxv gh od L[h
Frqiìuhqfh fdqdglhqqh pxowlglvflsolqdluh vxu od vìfxulwì urxwlëuh/ Prq0
wuìdo/ Fdqdgd1

^7` GhJurrw/ P1K1 +4<;9,/ 6Suredelolw| dqg Vwdwlvwlfv7/ Vhfrqg Hglwlrq/
Dgglvrq0Zhvoz| Sxeolvklqj Frpsdq|/ Xqlwhg Vwdwhv1

^8` Kdxhu/ H1 +4<<5,/ 6Hpslulfdo Ed|hv Dssurdfk wr wkh Hvwlpdwlrq ri Xq0
vdihw|= wkh Pxowlyduldwh Uhjuhvvlrq Phwkrg7/ Dfflghqw Dqdo|vlv ) Suh0
yhqwlrq/ Yro 57/ Qr 8/ 78:07::1

^9` Kdxhu/ H1 +4<;9,/ 6Rq wkh Hvwlpdwlrq ri wkh H{shfwhg Qxpehu ri Df0
flghqwv7/ Dfflghqw Dqdo|vlv ) Suhyhqwlrq/ Yro 4;/ Qr 4/ 40451

^:` Kh|ghfnhu/ E1 dqg M1 Zx +4<<4,/ 6Xvlqj wkh Lqirupdwlrq lq Urdg Df0
flghqw Uhfrugv7/ Iru suhvhqwdwlrq dw wkh 4<wk Vxpphu Dqqxdo Phhwlqj
ri SWUF/ Xqlyhuvlw| ri Vxvvh{/ Hqjodqg1

^;` Kljoh/ M1O1 dqg M1P1 Zlwnrzvnl +4<;<,/ 6Ed|hvldq Lghqwl?fdwlrq ri Kd}0
dugrxv Orfdwlrqv7/ Wudqvsruwdwlrq Uhvhdufk Uhfrug 44;8/ 570691

^<` Oryhgd|/ M1 dqg G1 Mduuhww +4<<5,/ 6Vsdwldo Prghoolqj ri Urdg Dfflghqw
Gdwd7/ Pdwkhpdwlfv lq Wudqvsruw Sodqqlqj dqg Frqwuro/ Lqvwlwxwh ri
Pdwkhpdwlfv dqg lwv Dssolfdwlrqv Frqihuhqfh Vhulhv 6;/ 76607791

^43` Pdkhu/ P1M1 +4<<3, 6D Elyduldwh Qhjdwlyh Elqrpldo Prgho wr H{sodlq
Wud!f Dfflghqw Pljudwlrq7/ Dfflghqw Dqdo|vlv ) Suhyhqwlrq/ Yro1 55/
Qr1 8/ 7;:07<;1

^44` Zlonv/ V1 V1 +4<95, 6Pdwkhpdwlfdo Vwdwlvwlfv7/ Qhz0\run/ Mrkq Zloh|1
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