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ABSTRACT

The neo-classical theory of demand applies to

individuals yet in empirical work it is usually taken as
valid for households with many membersz (or even for whole
economies!). This paper explores what the theory of
individuals implies for households which have more than
one member. We make minimal assumpiions about how the
individual members of the household resolve conflicts. All
we asgume i= that however decisions are made, outcomes are
efficient. We refer to thiz ag the collective setting.
- The main result we derive shows that in the collective
setting household demands must satisfy a symmetry and rank
condition on the Slutgky matrix. This conditieon includes
the usual symmeiry condition as a special case. We also
present some further resulis on the effects on demands of
variables that do not modify preferences but that do
affect how decisions are made. The prime candidates for
such variables are the incomes of the individual in the
household.

We apply our theory to a series of surveys of hcusehold
expenditures from Canada. We use a flexible quadratic log
demand system as our maintained model. The tests of the
usual symmetry conditions are rejected for twe person
households but neot for one person households. Moreover we
show that the estimates for the two person households,
assuming a single wutility functiom for the househeold,
display problemgs that are absent for single person
households.

We then test for our collective setting conditiens on
"the couples data. None of the collective setting
restrictions are rejected. We conclude that the collective
setting is a plausible and tractable next step to take in
the analysiz of household demand and labour supply
behaviour. ‘






I. INTRODUCTION

When considering household behaviour and welfare it almost universally
assumed that the many person household can be treated as though it has a
single set of goals. The adoption of this "unitary’ madel is= very convenient.
Methodologically, however, it stands on wesk grounds, Neo-classical utility
theory applies to individuals and not to households. There is also mounting
empirical evidence that the unitary model does not hold. In particular the
fundamental observable implication of utility theory - symmetry of the Slutsky
matrix -~ is regularly rejected on household data (zee, for example, Blundell
et al (1992) and EBrowning and Meghir (1991))1. Usually this rejection has

‘either been seen as a rejection of utility theory or it has been attiributed to

technical problems (inadeguate functional forms, Iinappreopriale separability
assumptions, misspecification of the stochastic structure and so on). Thus it
has been concluded either that wutility theory 1is false or that it 1is

untestable.

Our answer to thése 'problems’ with neo-classical utility theory is
completely different. We claim that the theory has not been taken seriocusly
enough. We start from the premise that utility theory does apply., but only to
individuals and not to households. In this paper we present a general
characterisation of an alternative model of household behaviour to the unitary
model, namely the ’collective’ model suggested in Chiappori (1988 and 1992).
The two agsumptions of the collective model are that each persoﬁ in the
household has his or her own preferences and that collective decisions are

Pareto efficient.

We do not‘present a formal justification for the assumption of efficiency
but it has a good deal of intuitive appeal. First, axiomatic models of
bargaining with symmetric information generally assume efficiency. Second, the
household iz one of the preeminent examples of a repeated 'game’ so that we

feel justified in assuming that each person knows the preferences of the other

1 Another important implication of the uniﬁary model - income pooling-‘is algo
routinely rejected; see, for example, Bourguignon et al (1993), Thomas (1990)
and Phipps and Burton (1992].



people in the household. Given this symmetry of information and the fact that
the game is repeated it is plausible that agents flind mechanisms to support
efficient ocutcomes even if behaviour is non-cooperative. Finally, efficiency
includes as a special case the unitary model. This is not te say, however,
that we cannot envisien circumstances that would lead to non-efficient
outcomes. Clearly, if there 1ig asymmetric information (for example, one
partner can consume some goods without the other partner knowing) then the
case for efficlency 1ls weakened. In the end this is an empirical matter: what
does the collective =etting imply for household behaviour and are these

predictions rejected by the data? Thls paper is directed to these issues.

In previous papers with other co-authors (Bourguignon et al (1993),
Browning et al (1994) and Bourguignon et al (1994)) we investigated what could
be learned from conventlional family expenditure data about what goes on inside
the hougehold. In this analysis we used only cross-section variation in the
data; that is, we did not expleit any price variation. This paper investigates
what can be learned when we also have price variation. This has implications
for two areas: demand analysis on time series of family expenditure surveys
(for example, the U.S5. CES) and the analy=sis of labour supply on cross-
zections (or panel data} where the prices that vary across individuals are
wages. Although the latter is the more important application, we have chosen
initially to concentrate on the feormer since the analysis of labour supply for
individuals raises many problems that are less pressing in the demand case
{(for example, wages may be non-linear, endogenous and unobserved for some

individuals).

We make minimal assumptlons iIn the analysis presented here. For example,
we do not assume that the econometrician can determine which geods are private
and which public within the household. Similarly, we do not assume anything
about individual preferences except that they can be represented by
conventional utility functions, Despite this we find that we can make very
gpecific predictionz about household behavieour. The principal result in
section II 1= that the collective setting implies that the Slutsky matrix need
not zatisfy symmetry; rather it must be equal to a symmetric matrix plus a



rank one matrix. In section III we extend the analysis in three different
directions. The most important‘ of these extensions is to allew for variables
that do not affect individual preferences directly but that do affeet
distribution within the household, We term such variables distribution
factorz. It turns out that the collective model implies that there iz a close
relationship between the influence of such variables on demand and price

responses.

In section IV we present a flexible parametric demand systein and derive

- the implications of the predictions of the previous sections for the

parameters of this system. This includes s novel analysis of testing for the
rank of a matrix in our context. In section V we use Canadian Family
Expenditure Sﬁrvey (FAMFX) data on single pergon households and households
containing just a married couple. We first show that Slutsky symmetry is not
rejected for singles but it is for couples. To the best of our knowledge this
is the first time that anyone has shown that gymmetry is not rejected for
singles. We then go on to test the predictions of the collective setting
derived in sections II and III on the couples data., We do not reject any of
these restrictions. This provides sirong, though preliminary, support for our
view that the collective model is a viable alternative to the unitary model.

In the concluding section we discuss some possible areas of future research.

I1. THEORY - THE GENERAI. CASE

I1.1 The collective setting.

We consider a two person (A and B) household. Household purchases are
denoted by the n-vector q with associated market price vector p2, Household

demands are divided between three uses: private consumptions by each perszon,

qA and qB and public consumption Q. The constraint for this intra-household

allocation is

2 Formally q could include leisure (so that p .includes the wages (or virtual
wages for non-participants) of A and B). As already indicated we shall not be
emphasising the implications of our results for labour supply. Also, in the
following we assume that all goods are non-durable; the extension to durable
goods along the usuval lines is straight-forward.
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qA+qB+Q =q (z.1)
Thus any good can be consumed privately or as a public good. For example,
expenditures on 'telephone services’ includes a public element (the rental)
and a private element (the actual use of the telephone). The household budget
constraint 1= given by:

Pqg =x (2.2)

where x is total hougehold expenditure.

We adopt a Beckerian framework in which each person has his or her own
preferences over the goods consumed in the household. Whether consumption of a
particular good by a particular person is, by nature, private, public or both
is irrelevant for our results. Alsc, each members' preferences c¢an depend on
both members’ private and public consumption; this allows for altruism,
externalities or any other preference interactions. Our results are consistent

with all possible situations, Thus the two members of the household have

preferences over (qA.qB.Q), We make conventional aszsumptions about

preferences:

Assumption 1. Preferences can be represented by utility

functions uA = vA(qA,qB.Q) and uB = UB(qA.qB,Q).

These utility functions are quasi-concave, non-
decreasing and strictly increasing in at least one

argument .

Given preferences and the budget constraint (2.2) we need to specify the

mechanism that the household uses tc decide on what to buy. Of course, if

UA(.) and UB(.) represent the same ordinal preferences then we have the
conventienal ‘unitary’ model. Alternatively we could assume that one or other
of the partners can impose his or her preferences and use the corresponding
utility functlen in the usual way; this also returns us to the unitary model.
More ambitiously, we could model the interaction as gome (cooperative or non-

cooperative) game.



As discussed in the introduction, we adopt a minimalist description of
the household decision process, Our approach iz axiomatic; specifically we
only postulate that the ocutcome is always efficient. Following Chiappori
(1992) we refer to models that allow for different preferences with efficiency
as the ’collective’ sgetting. The necessary conditioné we derive must hence be
satisfied whenever the decision process satisfies the efficiency property.
This characterises a Jlarge class of models including the unitary model and

bargaining models {at least with symmetric information).

Definition. Let (qA,qB,Q) be given (demand) functions of (p,x).
These functions are compatible with cellective

rationality if and only if there exists two utility

functions UA(qA,qB,Q) and UB(qA,qB,Q) such that for

every (p,x), (qA,qB,Q) is Pareto-efficient for the
household, subject to the constraints (2.1) and
(2.2). | |

Qur first result captures the familiar result that efficient outcomes can
be characterised as the outcome of a weighted wutilitarian maximisation

problem.

Proposition 1. Let (qA,qB,Q) satisfy the collective setting

conditions. Then there exists a function p(p,x) such
that‘(qA,qB,Q) is the solution to:

A, A B : BE, A’ RB
max(qﬁ’qB’Q) 1k} (q » pQ} + (1‘”)” (CI »q !Q)

subject to p’(qA + qB + Q) = x.

The u(.) function is of fundamental importance for the collective setting. It
has an obvious interprétation as a 'distribution of power’ function. If u =1
then the household behaves as though A always gets their way énd if p = 0 then
it is as though B iz the effective dictator. For intermediate valuez the

household behaves as though each person has some decision making power. Note



that pu(.) must be allowed to depend on prices and total expenditure since
these influence the distribution of ’power’ within the household. We make the

following assumptions about the distribution functions:

Assumption 2. The distributien funection wu(.) is continuously

differentiable and zero homogeneous in (p,x).

The zero homogeneity assumption is uncontroversial. The smoothness assumption
is made for convenlence; it is unclear to us how restrictive it is. In the
next section we shall allow the distribution function p(.) to depend on other
factors as well (for example, the individual incemes of the two partners) but

for now we explore further the basic model.

In the unitary model there is a well defined household utility function
which takes as its arguments the household demands q. It turns out that the
same is true of the collective setting except that the household utility

function now also includes the (.} function.

Definition. In the c¢ollective setting the household utility
function 1 defined by u = viq,u) =

A. A E E., A E
max(qA qB,Q) o (g ,q9 ,Q) + (1-plv (g ,q .Q)

sub ject to qA+qB+Q = q.

Thus the direect household wutility function now includes prices and total
expenditured, The critical point to note, however, is that the latter enter
only through the single index p(.). The same will also be true of any other
variables that affect distribution within the household but not preferences.

3 It would be more satisfactory to make more primitive assumptions on
preferences and derive these conditions as conclusions but we are content here
te simply assume thenm.

4 Qur approach can readily be extended to allow for household production. To
do this we simply include an extra constraint for the production in this
definition. The household utility functien thus obtained will =2till be a
funciion of q and g, which 1s the main requirement for the results below to
hold true.



From this restriction flows all of the results below. The maximisation of the:
household utility functioen vig,u) subject to the budget'constraint (2.2) gives

the same household demands as the optimisation problem in proposition 1.

Given utility functions for the two people we can define some dual
representationg for *household’ preferences. For any g, define the household
indirect utility function Vip,x,p) as the maximand of the optimisation problem
in Proposgition 1. For {fimed u this function has all of the coaventional
properties of an indirect utility function. Since V(.) is strictly increasing

in x, we can define the cost function E(p,u,u) implicitly by Vip.Elp,u, ), ) =

u or by;
E(p.u,p) =
min A B oo 0 (B0 1wt o+ sttt e e

Equivalently, we could define dual representations V(p,x,uB) and E(p,uA,uBJ in

the obvious way. There is, of course, a one—one relationship between any two

of the repregentations v(.), V(.J, E(.}, ¥(.) and E(.).
II1.2 Restrictions on demands.

Given preferences and the budget constraint we can derive compensated and
uncompensated demaﬁds. Applying the Envelope Theorem to (2.3) we have
compensated household demands q = h(p,u,u). Substituting u - Vip,x,t) we have
uncompensated household demands q = f(p,x,u] for private and public goods., If
p is constant then these demands satisfy all the usual properties of demand in
(p,x) (that is: adding up:; zero homogeneity: symmetry and negativity). We make

the following azsumptions on demands:

Assumption 3. The  demand functions f(p,x,u) are twice

continuously differentiable.

In general the weight u is not given but depends on (p,x) as given in
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Proposition 1. Of course, we cannot observe the demands f{.) directly since p
iz not observed., What we do observe ig the values taken by f(.) for a
particular p. Taklng this into account the uncompensated demands are of the
form q = f(p,x,ulp,x)) = &(p,x). Given assumption 2 we have one immediate

result:

Proposition 2. In the collective =setting demands £(.) are zero

homogeneous in (p,x).

Thus demands satisfy the familiar homogeneity property even in the collective

model .

We can also derive other properties of demands in the collective setting.
These generalise Slutsky symmetry and negativity. Given the potentially

observable demand functions £(.) we define the Pseudo-Slutsky matrix:
S=£ +£¢ (2.4)

where EP is the (n x n) Jacobian matrix of partials of q with respect to p and
Ex is the gradient of q with respect to x. In the unitary model § is symmetric

and negative semi-definite. The next Propositlon gives the properties of 8 in

the collective setting.

Propogsition 3. In the collective setting 5 is the sum of a
symmetric, negative semi-definite matrix I’ and an
cuter product:

5=T + uv’

where u and v are n-vectors of functions.

Although u and v in propesition 3 are not observable they do have

. aqi au . ou q
interpretations: u, = ?ﬂ: and vy = api ax i (see the proof for

demonstrations).



In our empirical work below we shall not test the negativity condition.
For testing of symmetry it turns out to be easier to work with the following

condition:

Corollary 1 In the collective setiing, £ is the sum of =a
symmetric matrix and a matrix that has at most rank
one (denoted SR1).

Thizs SR1 (*symmetric plus rank one') condition includes the special case in
which 5 is symmetfic; that iz, the unitafy cage. Thi=s condition is reminiscent
of the Diewert-Mantel aggrepgation restriction for economies with more goods
than agents (=zee Shafer and Sonnenschein (1982) for a discussion and

references).

. We can immediately note one feature of SR1 here: any square matrix S of
dimengion three or less 1z SR1 {(the proof is left to the reader). Thus we only
have restrictionz if we have more than three goods in the collective setting
with two people and only prices and total expenditure in the distribution
funetion p(.). In the next section we discuss the implications of felaxing

these assumptions.

How can we test for SRI? A first remark is that 1f S =T + uv’ then M =
(3-8} = uww’ - vu’ hag at most rank 2. Moreover, M has a gpecific structure as
the difference between a matrix and its transpose. We now present some results

for such matrices.
II.3 Properties of symmetric difference matrices,

In the empirical work below it turns out to be much easier to work with
the symmetric difference matrix (5-5’} rather than 5 itself. To facilitate
later derivations we gather together in this section some relevant results on

such matrices®. Formally:

3 We are not claiming that the linear algebra results are novel; we simply
list the results we need and provide proofs.

9



Definition. A real matrix M is a symmetric difference matrix if
and only if mij = “mji for all i and J.

This of course implies that mg, = 0 for all i.

The following lemma is analogous to the result that all of the roots of a

real symmetric matrix are real:

Lemma 1. Any real symmetric difference matrix M has only
imaginary roots. That is, if a+bi is a root of M
then a = 0.

This has an immediate (and rather odd) implication:

Lemma 2, Any real symmetric difference matrix M has even
rank.

Since we sghall be testing whether a particular symmetric difference matrix M
has rank two or less, this Lemma implies that we need only test for M being
rank twoe or zero. Since it is trivial to test for rank zero we need only

develop tests for rank 2.

Although there are general tesgts of rank in the literature we prefer here
to follow a simpler route that exploits the fact that the matrix M iz a
symmetric difference and that we are only concerned with testing for rank 2.
The basic idea behind our test can be seen by considering the 4x4 symmetric
difference matrix:

0 a b ¢

_|—a 0 d e
M=1lb 4 o ¢|

-¢ =& —f 0

By Lemma 2 this matrix has rank O, 2 or 4. Thus it has at most rank two if and
only if it has one non-zero element and it is gingular. If M is not rank zero

then we can, without loss of generallity, take the parameter a to be non-zero.

10
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By computing the determinant we zee that M is singular if and only if:
be - cd
= _n—;———.
This condition can be generalised to any size mairix; the implied conditions

f

are given in the next Lemma.

Lemna 3, Let o be the (i,k)th element of a symmetric

difference matrix M. Let m,, be non-zero. M has rank

12
2 if and only if for all {i,k) such that k > i » 2

we have:

My = Mi2s
ik -
Mo

i {2.5)

Thus the elements in rows 3 to n of the upper triangle of M are functions of
the elements in the first itwo rows (and similarly for columns in the lower
triangle). Since this set of restrictionsz involves parametric restrictions of
the familiar sort, it iz easy to teszt. Note that for an nxn mairix M we have
(n-2)(n-3)}/2 restrictions; fairly obviously the condition given in {(2.5) only
impoges restrictions if M has dimension greatef than 3 (zee the di=zcussion
following corollary 1 above).

The nexti result iz fundamental to our alternative characterisation of the

collective setting:
Lemma 4. S is SR1 if and enly if (8-3’) has rank zero or two.

Thus to check for 5R1 we need only test whether the rank of 3 is zero or twe.
If 5 has rank 2 then a natural question to ask is whether the decomposition S
= ¥ + uv’ is unique. The answer is no; what is ’'structural’ is the column
space of M = (5-5’). We denote the sub-space spanned by the columns of M
In(M). Precisely: ‘ ‘

Lemma 5. (i) Let S be SRl and depote M = (S-8'), If § =

11



L + uv’ vwhere T is symmetric and u and v are not co-
linear then M haz rank 2 and u and v are 1n Im(M]).
(ii) Conversely, suppose that 5 is SR1 and let M =
(5-5') with ranmk(M) = 2. If we take any two
arbitrary non co-linear vectors u and v in Im{M)
then we can write:

M= alav'-vu’)

for some scalar a.

Thus in the collective/non-unitary case where rank(5-8’) is two, we can choose
an Infinite pumber of non c¢o-linear vecters u and v that satisfy the 5rl
condition. Thls Implies that we shall need exira restricltions if we are to

recover the dependence of the distribution factor p(.) on its arguments.

Using the above results we have the following generalisation of

propogition 3:

Proposition 3'. Denote the pseudo-Slutsky matrix by 5 and let M =
(8-5'). In the collective setting:
(1) M has rank zero or two.
(i1} If M has rank 2 then for any vector x
such that Mk = 0, we have x'Sx = 0.

Fairly obviously the case where M has rank zero is the unitary case so that if
M has rank two then the unitary case does not hold but we are still iIn the

collective setting.

III. THEORY - EXTENSIONS

In this =mection we present three extensions to the basic theory of the
last sectlon. The first of these extends the theory to many person households.
The second extension allows for distribution factors, 1i.e. variables that

affect the distributlon function p(.) but not preferences directly. The final

12



extenzion puts some restrictions on the way pricés‘enter (. ).
I11.1 Many person households.

If there are more then two people in the household then the class of
demands admitted in the collective =metting will generally be wider. The exact

conditions are given in the next Proposition:

Froposition 4. Assume that the household has k+l members where k <
(n-1). In the collective setting the Pzeudo-Slutsky
matrix § iz the sum of a symmetric matrix I' and a
matrix of ramk no greater than k (SEk).

Fairly obviously all of the previous analysis goes through with (pl...pk]

replacing p everywhere. This rank condition includes the unitary case and also

the two person collective setting.

One posgible field of application is to househeolds with children present.

To illustrate, suppose the child is named C and let Uc(.) be her wutility
function. Formally we can test whether the household behaves as a one, two or
three person decision unit by testing fof symmetry, SR1 and SRZ2 rezpectively.
If we reject symmetry but not SR1 (sc that SR2 is also not rejected) then it
is as thaugh'the housshold is composed of two decision makers. One obvious
choice would be mother and father; this is not to say, of course, that neither
parent cares about the child but sgimply that the child does not have a direct

influence on the decision making process. They may, however, have an indirect

effect since each parents' preferences over (qA,qB.qC,Q) may take inte account
the child’s preferences. Other interpretations are also possible: for example,

mother and daughter have the same preferences and father differs.

Identifying intra-household interactions requires more siructure than we
have so far imposed (see Bourguignon, Browning and Chiappori (1993) for a
discussion in the cross-section case) hut even the possibility of determining

the effective number of decision makers in a household leads to interesting

13



issues. For example, Iin the adult equivalence scale literature statements are
often made about the amount of income needed to make one household as well off
as another. Since it is people and not households that have welfares this
equating of household welfares ls sometimes somewhat murky (but not in all
formulations; see, as an exemplary counter-example, Blackorby and Donaldson
{(1988)). Within the collective framework we can, of course, define household
welfare as being the weighted sums of particular utilities. Whether or not we
actually want to make this identification between weights that rationalise
demands and weights in a soclal (family) welfare index is another matter.
Knowing that father acts as a dictator and discounts the welfare of mother and

daughter may not lead us te do the same.

In the multi-person household above we restricted the number of members
to be at least two less than the number of goods. Indeed the necessary
condition in proposition 4 is no longer restrictive for k = n-1, since any nxn
matrix can be written as the sum of a symmetric matrix and a matrix of rank
(n-1). Though the condition in proposition 4 is only necessary, it iz indeed
the case that if we have as many peaple as goods minus one then the collective
setting does not impose any restrictions on demand, as stated in the following

result:

Proposition 5, (Chlappori (1990)). Assume that the household has at
least (n-1} memberz. For any finite set of prices
and demands, one can find preferences for which
observed behaviour is compatible with the collective

setting.
The proof relies on known results on aggregate demands for private goods.
I11.2 Including distribution factors.
The next extension to the basic model that we discuss in this section is

the inclusien of variables that affect the distribution function u(p,x). The

obvious examples here are the incomes of the two partners but these variables

14
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could alze include a host of Extra-Environmental Parameters (EEP'g) to use the & .

terminology of McElroy (1992). For example, it might be that changes in
divorce law or discrimination against women in the work place have an impact

on intra-household decision making. In defining such variables it is most

_important to identify variables that may affect the u(.) function but that do

not affect preferences directly {(that is, that do not enter each person’s
utility function). We term such variables distribution factors. We distinguish
such variables from preference factors which are variables that affect

preferences directly®.

To take an example,‘suppose that it is the case that there are fixed
costs of going to work that are independent of the wage. Then participaticn in
the labour force could be considered a preférence factor and earnings would be
a candidate for a distribution factor since demand should not depend on
earnings, once we condition on total expenditure. Of course, if the costs of
going to work do depend on the wage (for example,'high wage jobs require more
expensive clothing or higher travel costz) then we cannot iake earnings as a
diﬁtribution factor. | |

We begin with the case of a single distribution factor y, so that p =
plp,x,v). As already discugsed this means that y only enters the household
utility function through the same index as prices and total expenditure: u =
v(q,u(p,x,y)). Household demands take the form £(p,x,y). Denoting the response

of demands to changes in y by gy, we have the following conditions on the way

this factor can affect demands:

Propozition 6., Distribution factor linearity. In the collective

zetting, we have the following equivalent
conditions: o
(i) the Pseudo-Slutsky matrix takes the form:
§=T + £ v
EY

€ For convenience we assume that there is no overlap between preference and
distribution factors. Thus all variables that affect demands (other than
prices and total expenditure) are classified as one or other of these sorts of
factors. - ‘

15



where T is symmetric.

(ii) Ey can be written as a linear combination of

the columns of (5-5').

Since S and the vector Ey are observable we can use condition (ii) to test for

this restriction. Of course, we can only test for condition (ii} conditional
on imposing SR1 on S; without this (5-5’) can have full rank and condition
(i1) would be satisfied trivially.

Propeosition € is an unusual result =since It relates the response to a
change in the distribution factor to price effects 'purged’ of the usual
Slutsky symmetry. QOuiside the collective setting there is no particular reason
why regponses to, say, changes in the relatlve earnings of the two partners
should be related to price responses. Thus this proposition offers a
potentially powerful test of the collective setting.

Proposition 6 also has an interesting converse. Suppose that we have some
variable y that we are sure would affect demands if the collective model holds
but the unitary model does not hold. If we find that this variable does not

affect demands (that is, Ey = ¢, the zero n-vector) then we cannot reject the

unitary meodel. Te 1llustrate, if there is no effeect of relative incomes on
demand then it must be that households behave as though they are maximising a
single utility function (since TI' is symmetric). Of course, this test relies on
our maintaining that if anything iz going to affect intra-household allocation
but not preferences then it is relative incomes; if we do not malntain this

then this is not a test of the unitary model (that is, t';'y zero is only

necessary for the unitary model, it is not sufficlient). This parallels the
tests of the unitary model which test for ’income pooling’ (that is, the
absence of any effect of incomes on allocation) that have now been performed
by many people (see, for example, Thomas {1990), Bourguignon et al (1993) and
Phipps and Burton (1992)).

If we do not observe price varilation then the presence of a single

disiribution factor does not impose any restricticns on demands (strictly,

16



Engel curves). Intuitively, this can be seen by noting that the condition in
Proposition 6{ii) requires an estimate of 5 which is only identified if we
have price wariation., Thus proposition 6 adds te the conditions that are
- present if we observe price variation. If we add more distribution factersz so
that y is now an m-vector then the collective setiing Imposeg further

restrictions. In Bourguignon et al (1994} the following iz proved:

Proposgition 7. Distribution factor proportionality. In the
collective setiing we have:
£ = kiEy for i =2,3...m.

Thus the resgponges to different distribution factors are co-linear; thiz is
very simple to test (see Bourguignon et al (1993)). The extra distribution
factors do not, however, impese any more restrictiong on the Pzeudo-Slutsgky
matrix S. Thug the testing of restrictions in proposition 7 constitute an
independent series of tests of the collective model {(which can be applied in
the non-price context) to those developed above. Thus we can test for
distribution factor proportiocnality (proposition 7) and for SR1 (propesition
3) independently. If neither is rejected then we éan test for distribution
factor linearity (proposition 6) with both SR and distribution factor

proportionality iinposed.
II1.3 Restricting fhe dependence of distfibution on prices.

We can algo impoze alternmative structure on the distribution function
i{.). For example, suppose that we restrict prices to enter only thrdugh A
known linear homogeneous price index w(p). This assumption smacks of ad hocery
but it does cut down on the way price variation can aff ect demands a great
deal. This case is particularly interesting if some of the distribution
facters are money‘variables since in this case we can normalise m = 1 and make

all monetary values real. We then have p = up(x,y). Thisz gives:

Proposition 8. If there is only a single distribution factor and p
= plx/m,y/m) then the Pseudo-Slutszky matrix takes
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the form:
S=r=+k !
EyE

where k is a constant.

Since the two components of the outer product on the right hand side are
observable this gives an immedlate test of the collective model with a khown
linear homogeneous price index and a single distribution factor. Note that we
need to know the price index a priori to deflate x and y. The condition given
in proposition 8 is a special case of the condition given in proposition 6
above [the vector v is replaced by k£) which is, in turn, a restriction on the

conditions given in proposition 3.

IV. A PARAMETRIC DEMAND SYSTEM
IV.1 A quadratic log demand system.

In this section we take a parameterisation for the demand system and
derive the impllcationsg of the restrictions implied by the collective setting.
Our attentlion will focus on tests of symmetry and ‘symmetry plus rank ohe'
(SR1)} (proposition 3) and the restrictions ilmposed for distribution factors
(propositions 6 and 7). We do not test for the conditions for many person
households in propositions 4 and 5 since we consider here only one or two
person households. When choosing a demand system it iz important te allew for
as much flexibility a= possible since tests of symmetry may be biased if the
parameterisation is too restrictive a priori. Thus we start with the Quadratic
Almost Ideal Demand System (QUAIDS) of Banks, Blundell and Lewbel (1993)
(BBL}. This system takes the AI demand system, which includes a term in log
deflated total expenditure, and adds a quadratic term in log deflated total
expenditure to it. The parameterisation chosen admits of different shaped
Engel curves even when the integrability conditions are imposed (formally, it
is rank three in the sense of Lewbel (1991)). The QUAIDS of BBL is not the
only generalisation of the Al model that has this property (see, for example,
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the quadratic Al model of Fry and Pashardes (1992) or the fixed cost AI model
of Browning and ¥ie (1994}) but in the absence of any evidence that any one of

thege is better than any other we choose to work with it?.

For given budget share n-vector w, an n-vector of log prices p and total

expenditure x, the QUAIDS demand system takes the vector form:

(1n(x)-a(p))?
w=a+Tp + B(ln(x)-alp)) + A (5.1)
b(p)

where o, B and A are n-vectors of parameters and ' is an nxn matrix of

parameters®. The price indices a(p) and b{(p) are defined as:

1
a(p) = « + o'p + E p'Ip ‘ (5.2)

and

b{p) = exp(8’p) (5.3)
Note that (5.1) reduces fD the AI model if the A vector is zero. In all that
follows we shall always lmpose adding up and homogeneity?. To de this we drop
the last equation to accommodate adding up and work with homogeneous prices
{(that is, prices divided by the price of the n th., good)., Then we estimate the
parameters of the (n-1)-vectors («,B,A) without their last elements‘and the
parameters of the (n-1)x{n-1) matrix I without its last row and column. T& cut
down on notation, we now take n to be the number of goods minus one and

(a,8,A,T) to be these reduced vectors and matrices.

We derive the the Pseudo-Slutszky matrix for the parameterisation in (5.1)
uéing the budget share form:

8 = oy hxw’ ' ' (5.4)

where mp ig the nxn Jacobian matrix of partial derivatives of the budget

shares with respect to log prices and @, ig the gradient of with respect to

7 In fact, the empirical results with the different parameterisations are very
gimilar, ' '

8 Ih our empirical implementation below we shall let these parameters be
functions of demographics bul that changes nothing in this section.

9 One of the encouraging results of moving from testing on aggregate data to
testing on micro data is that homogeneity is not usually rejected; see
Blundell et al (1993) or Browning and Meghir (1991), for example. Tests for
homogeneity on the data uszed below (not reported) alsoe fall to reject.
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¥. Applying this to (5.1)-(5.3}) we have (the derivation 1= given In the
Appendix):

2
AA") (5.5)

1 y y
S = I'— —(B + 22— A)p’'(P-T") + yv(BR" + (AR’ +BA") +
2 bip) P Y bip) A blp)

where v = {In(x)-a(p)). Since all of the parameters in (5.5) are identified

from the system (5.1) we can us=e this for testing.
IV.2 Tegting for symmetry and SR1.

We are now ln a position to give the necessary and sufficient conditions

for symmetry and ’'symmetry plus rank one’ (SR1) for our parameterisation.

Froposition 9.
(i} 8 is symmetric for all (p,x) if and only if T is
symmetric.
{ii) & i= 5R1 for all (p,x) if and only if T is SRI.

Thus the ' matrix of parameters inherits the symmetry and SRl properties of S.
This makes testing relatively easy; all we need to do iz test for parametric

restrictions on the estimated T.
IV.3 Testing for other implications of the collective model.

In the demand system given in (5.1) we conditioned only on prices and
total expenditure but other observable factors also have an Important
influence on demand patterns. Following the distinction made in sgection 3 we
designate these other variables as either ‘'preference factors’, =z, or
'distribution factors' y. We include the preference factors in the
conventional way by allowing them to modify the parameters of the indices a(p)
and b(p):

alp,z) = @ + a(z)'p + p'Tp (5.2)

and
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blp,z) = exp(B(z)'p) (5.37)
Note that we follow most other investigatorg and assume that the price
response terms I' are the same for all households within any given sample; this
is largely imposed on us by the limited price variation in the data. It is
important to state, however, that in our empirical work below we stratify
fairly finely and estimate separate demand systems for different strata. Thus
we only impose that price responses are the same within strata and not across
the whole populationio. In particular, we shall allow the T métrix to vary

across households of different sizes.

To incorporate the distribution factors we note that propositions 6 and 7
refer to the derivatives of demand with respect te such factors., Thus it iz

convenient te include these in the constant term in (5.1):

. 2

. (In(x)-alp,=z)) ,

w=a(z) + By + I'p + B(z)(In(x)-a(p)) + A (5.6)
’ blp,z)

where y is an m-vector of distribution factors and ® is an nxm matrix of

parameters, We denote the k th. column of @ by Bk.

The next condition we are interested in testing 1z the distribution
factor proportionality condition given in proposition 7. For our
parameterisation this is equivalent to @ having rank 1. This 1s most easily

tested by testing for the following condition on the columns of &:

DISTRIBUTION FACTOR PROPORTIONALITY: Bk = pkel for ¥k = 2,..n (5.7)

If thiz condition is not rejected then we can replace the m distribution

factors y by the index of factors y = (yl Y, ol ¥ pnyn). We can then

apply the restriction from proposition 6 to this index.

10 In the present context imposing that I is the same for single person and
multiple person households would be very odd since the former should have
symmetric I''s whereas the latter may not have.
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We now derive the testable conditions on our parameters for the single
disgtribution factor restriction given in proposition &. This states that the
(obzervable) vector of the derivatives of demand with respect to the a single

factor vy, gy, be a linear combination of the celumns of the matrix M. If the

SR1 condition holds then Ey must be a linear combination of the first two

columns of M (with SR1 imposed). Denoting the ith. column of M as m' we have:

DISTRIBUTION FACTOR LINEARITY: Ey = Alml + Azmz (5.8)

This restriction has [(n-2) degrees of freedom. Note that this condition
imposes restrictions even if we have only three goods; it will be remembered

that 5R1 only imposes restrictions if we have more than three goods.

In this section we have derived a flexible demand system ({(5.7)) and a
gseries of tests of conditions implied by the unltary and collective model,
These are tests for 'symmetry' and 'symmetry plus rank 1° (see proposition 9);
‘distribution factor proportionality’ (condition (5.7)) and ‘'distributlon
factor linearity’ (condition (5.8)). We turn now to testing these conditions
on individual household data,

V. EVIDENCE FROM THE CANADIAN FAMEX
V.1 A description of the data.

To test and estimate the collective model we need several features in the
data. First, we of course need information on (household) demands; thus we
have to use micro/household data. We also need enough price variation to allow
us to estimate the price responses reliably. This already rules out many data
sets since thislrequires either a long time series of cross sections or a
shorter time series with some observable cross-section price dispersion within
the period. Effectively then, we were restricted to using data from only three

countries: Canada, the UK and the Usll, All three of these have family

11 We did not consider using data from developing countries in this study.
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expenditure surveys that provide very reliable and detailed information on the
purchases of commodities by households and sufficient price variation to allow
us to estimate price responses. Unfortunately, the US Consumer Expenditure
Survey (CES) does not provide reliable income Information for the individual
members of the household. Since we repgard the individual incomes of the
members ag the prime candidateszs for distribution factors this rules out
tezting the 'proportionality’ and ’single distribution factor® conditions on
thig survey. Thus the effectivé choice is between the UK Family Expenditure
Survey (FES) and the Canadian Family Expenditure Survey (FAMEX) for our full
range of testz, We chozse to uze the latter since we can associate different

priceg with different regions which increases the price dispersion.

The Canadian FAMEY is a survey of annual purchasez by households. The
FAMEX is not run every year so that we only have surveys for the years 1978,
1982, 1984, 1986 and 1990%2. Fortunately, there is also significant price
variation within Canada (due to different provincial tax rates and transport
costs) so that we can estimate reliable price responses even when we allow for
crozs—country taste differences:. We model the demand for seven nén—durable&:
food; household operations - (sometimes referred to &as services); men's
clothing; women’'s clothing; transport (excluding the purchase of vehiclesg);
recreation and vices (tobacco and alcohol). We assume the preferences for
these goods are separable form all other goods except the ownership of a car.
We allow for non—separabilitiés between goods and leisure by conditionj.ng on,
labour force status (see Browning and Meghir (1991)); that is, we do not

azsume that preferences for our seven goods are separable from labour supply

For our core analysis we select households comprising only a married
couple, both of whom are in full time employment (defined ﬁs at least fifty
weeks of full time work in the survey year].‘We alzo present a complementary
analysis of the demands of households comprising a single male or a single
female. These are of interest since the unitary theory should apply to such

households. Here we also condition on full-time employment. For couples, the

12 FAMEX were conducted in 1969, 1972, 1974 and 1976. Only the former of these
has been released as Public Use tape. We consider the price data associated
with the 1969 FAMEX to be too unreliable to allow us to use this survey.
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FAMEX records the net income ¢©f the household and the gross earnlngs of
husband and wife, Although it would be preferable to use the net (after tax)
earnings of each person In our analysls we feel that the gross earnings are
sufficiently cerrelated with these to pose no problem. We also select on age
{(all members aged lesz than 65) and drop a few households with implau=ible
values for some variablesl3. The sample sizes for couples, single females and
single males are 1758, 1562 and 1505 respectively. A detailed description of
the data is given in the Data Appendix.

V.2 Testing the unitary model.

We first present a conventional demand analysis for the three strata.
That iz, an analysis assuming that the unitary medel holds for all households.
The purpoze of this is te illustrate some of the problems that motivated the
analysis presented in this paper. To do this we estimate the parameters of the
system given in (5.6) without the © matrix. We have to address some
econometric issues. First, we must allow for unobservable heterogeneity.
Although it would be desirable to derive the stochastic formulation by
allowing for heterogeneity in preferences and distribution functions we follow
usual practice and simply add a {heteroscadestic) error term to each equation
in (5.6). As already discussed, we drop one egquation (that for vices) to allow

for adding-~up. We also allow for observable heterogeneity by letting the uk’s

vary with demographics (see (5.2°)). The household variables included are
dummies for reglion; home ownership; living 1n a city and car ownership. The
variables for individuals are dummies for {francophone; non-francophone or
angleophone; education and occupation and the age and age squared of the
husband. The precise llst of preference factors used can be found in the Data

Appendix.

We also allow for the possible endogeneity of total expenditure in (5.6)
by instrumenting. Since the tests of the valldity of these instruments plays
an important role in what follows we discuzsz them explicitly. The usual reason
for assuming that total expenditure might be endogenous in a demand system is

13 For example, three men recorded zero gross earnings even though they
reported being in full time employment.
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that unusually high (or Llow) expenditure on one good by a particular household
will affect both the error for that household and total expenditure; thus
infrequency (or lumpiness of purchases) will induce a correlation between
total expenditure and the errors in the system. Measurement error for
individual expenditures also induces endogeneity. The wusual instrument
suggested to correct for this is net income. This is correlated with total
expenditure but is usually assumed to be uncorrelated with any infrequency of
purchase or measurement error. The critical point here iz that within the
unitary meodel, income‘should not affect demand once we condition on total
expenditure. Thus it should be excluded from the right hand side of the system
and is available as an instrument. The same applies to the individual incomes
of the twc members in the couples households. The specific instruments we use
are log net real income; the square of this wariable and the logz of the
individual grosg earnings for the couples data. We alse have one other
instrument since we impoge homogeneity everywhere by deflating all prices by
the price of wvices, Thus we can alsc use the log of‘ this price as an

instrument.

The final diffi;ulty in e=stimating (5.6) iz that it is non-iinear. Note,
however, that if we have estimates of the indices a(p,z) and b(p,z) in (5.27)
and (5.3') then we can estimate (5.6) as a system of linear eguations. The
obvious estimates of a(.) and b(.) to use are the values constructed using
estimates of the «, I' and and B in the definitions of these indices. These in
turn can be derived from estimates of the system. Thus we only need starting
estimates of the a(.) and b(.) indices; we use a Stone price index for the
linear homogeneous a(.) and unity for the =zero homogeneous b(.). This
'iterated moment’ estimator is discussed more fully in Browning and Meghir
(1991) and Blundell and Robin (1992). In practice, it works well and usually
converges after three or four iterations. The only parameter that is not

identified in this way is %y in the a(,) index. To find this we use a grid

search with the iterated moment estimator. In this grid search we hold

tonstant the weighting matrix for the GMM estimation (that is, the usual "V’

from the first stage). At the minimum, the criteria that is minimiged iz a x2

statistic for the validity of the over-identifying restrictions.
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The tests of the conditions given in the last section are all performed

using nminimum chi-squared methods (see Browning and Meghir (1991) for a
detailed account of min-x2 tests in this context). Thus we first estimate the
parameters and covariance matrix of the parameters of the system (5.6) with no
restrictions; denote these by T and C respectively. Then we impose the
restrictions by solving:

minimise (T-f(ﬂ))'cultt—f[ﬂ]]
n

where f(n) is the mapping from the regtricted parameters m to the unrestricted

parameters T. The value of this minimand gives the xz statizstic for the

restriction.

In Table 1 we present the tests for symmetry and for the validity of the
over-identifying restrictlons for our three strata. Note that accerding to the
FAMEX single males never buy women's clothing (and vice versa) so that for
singles we have only six goods as against the seven for couples. Thus symmetry
on the 6x6 I' matrix for couples invoelves 15 restrictions but there are only 10

restrictions on the 5x5 T" matrices for singles.
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TABLE 1: TESTS OF THE UNITARY MODEL

SINGLE SINCLE
COUPLES MALES FEMALES
‘Test for: # = 1758 # = 1505 # = 1562
76,40 5.65 4.73
over-identification (42) (5] (5)
[0.09] | [34.18] | [44.31]
34.78 18.25 11.17
(15) (10) (10)
[0.26] [5.08] [34.45]

Notes. The values given are:

xz statistic
{degrees of freedom)
[% probability under the null]

The results for couples given in Table 1 are representative of the results
i usually presented in the literature on demand analysis on micro data: symmetry
and the over-identifying restrictions are both rejected. On the other hand the
results for the two éingle strata do not display any ahy signs of
misspecificationl4, This is obviously consistent with the view developed in

this paper that we cannot necessarily apply the unitary model to two person

households., We now turn to testing the implications of our proposed

alternative, the collective medel.

e A S, S O R A e T =

V.3 Testing the collective model.

The results presented in Table 1 suggest that there are some problems
i with imposing the unitary model on the couples data that do not appear for

éingles. Thus we now estimate the collective model. To do this we include the

e L IR N TS A e At

log of the husband’'s and wife’s gross income on the right hand side of the

demand equations, see (5.6). We present all of the parameter estimatesg for the

)

14 ps far as we are aware no one else has ever estimated a demand system for
singles on their own. Usually they are pooled with many person households wit

some dummies to allow for their differences. Significantly this pooling
involves imposing that singles and couples have the same price responses. Thu

the restriction that singles satisfy S5lutsky symmetry implies that couples
have to as well.
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unre=stricted demand system in the Appendix.

are presented in Table 2.

The tests of partlcular interest

TABLE Z: TEST OF THE COLLECTIVE MODEL

COUPLES
Test for: ¥ = 1758
47 .80
overidentification (30)
[2.07%]
euclusion of 30.75
individual lncome (12)
variables [0.224]
40,57
symmetry (15)
[0.04%]
6.86
SR1 (&)
[33.38%]
distribution factor 7.99
proportionality (5)
[15.67%]
SR1 and distributien 23.27
factor linearity and (15)
proportionality [7.85]

As can be seen, the test of the over-identification restrictions stili
indicates that there may be some scope for including yet more of the
instruments on the right hand side of the system. Despite this, the wvalue of
the probability under the null that the instruments are orthogonal to the
error terms 1s a good deal higher than in Table 2. Put another way, the fall
in the test statistic for the over-identifying restrictions implies that the
two indlividual Income variables should be included in the system. The next row
of Table 2 presents direct evidence on this: this is a test for excluding the
two Income measures from the zystem. We conclude that individual incomes are

important in the demands by couples. Referring back to Table 1 we see that
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this is not the case for singles since income ig one of the excluded varjabled
used to identify the model and the over-identification restrictions are not

rejected for singles.

The next two rows in Table 2 test for symmetry and ’symmetry plus rank
one’. Comparing the test statistics‘for symmetry in Tables 1 and 2 we see that -
adding the individual income variables actually increases the test statistic.
The SRl condition, however, is not rejected. Thus the pfice résponses are
consistent with the collective model. One objecticn to this non-rejection
might bs that there is not sufficient price variation to estimate the T
parameters precisely enough to reject SR1. This is not, however, consistent

with the fairiy decizive rejection of symmetry.

The next row presentslthe test for distribuiion factor proportionality.
As already discussed this restriction iz independent of the test for SR1. The
proportionality test does not reject. Finally, then, we can go on to testing
far SR1, distribution factor proportionality and distribution factor linearity
together. The test statistic for this is given in the final row of table 2. As
can bé geen these restrictions are not rejected. We cnncludé that the

collective setting is consistent with these data.

VI. CONCLUSIONS

In the above we presented a general characterisation of the collective
model. We showed that the collective model can be be completely captured by
using a household utility function v(.)} that depends on houszehold purchases q
and a distribution index m{.). If the latter is a constant then we have the
usual ﬁnitary model. Generally, however, the function p(.) depends on prices
p., total expenditure x and distribution factors y: w{p.x,y). The fact that all
non-preference influences have to act through this index puts étrong
restrictions on household behaviour. In sections II and III we presented some

of these restrictions.
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In the empirical section we estimated the parameters of a demand system
and then teszted for some of the predictions of the unitary and collective
models. Although we made minimal assumptions in the theery section we
necessarily had to make stronger assumptions in this empirical work. For
example, we have assumed that preferences over the non-durables modeled are
separable from other goods (except lelsure and the ownership of a car). We
have also assumed that the labour =supply decision is exogenous for the demand
system. More fundamentally, we have assumed that the marriage deciszion i=
given:; that is we do not contrel for selection in to couplez or slngles,
Conditional on these reservations the results are unambiguous: the predictions
of the unitary model are not rejected for single people but they are rejected
for couples.‘The predictions of the collective model are not rejected by the
data for couples. This encourages us that the collective setting is worth

further investigation.

As mentioned in the introduction, one of the other important areas where
the results presented here can be applied directly ig te the Joilnt labour
supply declslon of husband and wife. The theoretical results presented in
gsection Il and IIl1 have implications for such work on crosgs-sectional data.
Since there is no cross—section variation in prices for goods we can only
define a single composite commodity, consumption, and then analyse the three
‘good’ system for male and female labour supply and consumption. The cross-
section variation in wages gives the (relative) 'price’ variation that we have
exploited in this paper. Referring back to the discussion following ceorellary
1, however, we see that without further restrictions, the collective setting
does not have any implications for price responses in a three good model.
Essentially any Slutsky responses are consistent with the collective setting.
Thus the restrictions from proposition 7 (the factor proportionality
restrictions) are the opnly restrictions that the collectlve model imposes in
this context (gee also Chiappori (1990)). Additional restrictlonsg (see, for
example, Chilapporl (1988, 1992)) may be derived, but only under additlenal
assumptions (typically, privateness of leisure and consumptlon and

restrictions on preferences).
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The power of thinking about the collective model in terms of a
distribution function is shown by the ease with which we derived the results
in sections II and III. Just as importantly, this way of looking at things is
likely to facilitate future work that undertakes.more structural analyses of

household ®ehaviour., In particular, there are important decisions that

individuals make that pre-date the allocation decisions within marriage. This

obviougly includes the marriage decision itself but also education and human
capital decisions. If the collective setting is indeed appropriate for
decision making once a union is formed then the distribution fuaction iz a
useful *sufficient statistic’ for the importance of these earlier decisions in

the division of the gaing to marriage.

It‘may also be the case that assuﬁing the collective setiing allows a
more precise determination of empirical effects. To give an example, suppose
that it is posited that changes in law governing the division of assets on
divorce leads to shifts in ’'power’ within the househeold. If we have households
that are observed in different policy regimes then it may be poﬁéible to
incorporate a variable capturing these differehcas in environment in the pt.)
function. The fact that'feactidns‘to this variable are clogely related to
reactions to other distribution factors and to'price effects means that wé may
be able to‘determine the effects of such changes more precisely. 0Of course,
thisz gain in precision comes at the expense of maintaining the collective

model but we regard thiz az being acceptable given the foregoing.

Another area that deservesz =zystematic exploration is the use of the
distribution function in the analysis of intra-household welfare. Once we
accept that households do not have a single welfare index we need to allow for
differences in distribution within the household. It is likely that any such
extensions that maintain the collective setting will use the distribution
function even though at present it is unclear how thiz will be achieved since
the distribution function depends on the normalisation of the utility

functions used.

As emphasised in the introduction we regard the collective seiting as a
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tractable and plausible next step in the analysis of the behaviour and welfare
of many person households. The Implications of the collective model are
significantly weaker than thase of the unitary model but not so weak as to
impose no restrictions on observables. In this paper we have restricted
attention to demand behaviour but it is clear that the collective framework
can be extended teo the analysls of labour supply; fertility; savings:

portfolic choice and other areas of household behaviour.
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AFPENDIX

Proof of Proposition 1.

if (qA,qB,Q) satisfies the collective =etting conditions then it a
golution to:
‘ A, A B B, A B
&+
max(qA’qB,Q) viiqg,qg,Q) +Aav (g ,q9 ,0Q)
sub ject to p'(qA + QB + Q) = X,
for some Al(p,%) = 0, If we multiply the maximand by p = (1+?¥.J—1 the program is

unchanged and we have the form given in the propositien.

Proof of Froposition 2.

For any positive scalar ¢ we have:
g(op,ox) = £lop,ox,plop,ox)) = £p,x,ulp,x))
zince f(p,x,.) is zero homogeneous in (p,x) for fixed p and p(.) is zero

homogeneous by assumption.

Proof of Proposition 3.
Since £(p,x) = £{p,x,u(p,x)) we have:

— I

3= EP + £ 8

F
f +fp’ + (£ +f Ik 3
p o Py x  Cuf'x

F
(f +f£F )+ f ( + u F)’
p X plip * S

il

Since flp,x,u) is a conventional uncompensated demand function for fixed p we

I
have that I' = (fp + fxf } is symmetric and negative gemi-definite, Denoting u

= f” and v = (up + uxf) we have the result given in the proposition.

Proof of Lemma 1.

Let S bé any nxn real matrix. Let (a+ib) be an eigen-root of M = (5-5')
(where i = ¥-1). Let x+iy be a corresponding eigen-vector; note that at least
one element of ¥ or ¥ is non—=zero. We have:

M(x+iy) = (a+ib)(x+iy)
Pre-multiply both szides by (x-iy). Some calculation gives that thé left hand
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side equals:
zjtmlztyle—ylxz) + ...+ mln(ynxl—ylxn) + ... m(n—l)n(ynxn—Iuyn—lxn)J

vhere m, is the (i, j)th element of M (= _mji)' Thus the left hand side has no

real part. The right hand side equals:

(a+ib)(x'x + y'y).
Since (x'x + y'y) > 0 equating the real part of the two sides implies that a =
0.

Proof of lLemma 2.
let € be any real nxn matrix. The eigen-values of any matrix come in
conjugate pairs a¥ib. Since a = 0 for {5-5‘) (by lemma 1) this implies that we

have an even number of non-zero eigen—values. Hence (5-5’) has even rank.

Proof of Lemma 3.
Given any symmetric difference matrix M, if m, * 0 and
P1iMok ~ MkM2i
m. )
ik
M2
for all (i,k) such that ¥ > 1 > 2 then row 1 for i > 2 can be written:

2 1
gt = Myl )/my,

where m1 is the 1 th. row of M. Hence M has rank 2.

(m1

Conversely, if M has rank 2 then (taking M, # 0} the i th. row of m can
be written:

m1 = Aml + pmz.

Since M is a symmetric difference matrix we have My, = "My, and M,y = My, SO
that:
M1 Myi
A== w— and p= —
™2 "2
Thiz vields
N Mok 7 MiM2i
Mk T AMg Y HMy T -

12
for all (i,k} such that k > i » 2.
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Proof of Lemma 4.

Let S be SR1, so that § = £ 4+ uv’ for szome vectors u and v. The
symmetric difference (5-5') = uv’ - vu’ has even rank by lemma 2. Since it is
the sum of two outer products it has at most rank 2. Thus it has rank zero or
two. .

Conversely, suppose that for a given real square matrix 5, (5-5°) has
rank zero or two. If this has rank zero then S is symmetric and hence is SR1.
If (5-8°) has rank 2, take m,. # 0 and define £ =2 § — uv’ where:

12
o -1
M2 2m
. I e )
u = and v = .
™Mn Mon ™12
where m, . = (5. .-s5..). We now prove that £ ig symmetric se that § is SRI.

ij ij o ji
Let wij be the (i,j)th. element of EZ. Clearly the diagonal of £ is

irrelevant for the symmetry of £ so that we need only consider the off-

diagonal element=s of ¥. For the first column we have:

For 1 > 1: oo., = 5

i1 11 = S3qT(8y57850) =8 = oy
For the second row we have:
F?r 1220 0p; = 8y My = 8,,7(8,;78;5) =8, = 040
For all other rows and columns we have:
s s ( ™ 1"2k ( mlkai) _
FQ!“ i ‘ H G‘ik—ﬁ"ki = Sik m— ski -'—'n;---"-“ =
12 : 12
gince for i > k > 2 we have:
MyyMo; = My 3Moy
Ski T ®Fix T .

12
by lemma 3. Hence £ is symmetric and S iz SRI.

Proof of Lemma 5. ‘
(i) Let S = T' + uv’ where I' is symmetric. If u and v ate not co-linear

then choose some vector A that is orthogonal to u but not to v. We have:
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(S=8)A = MA = uv’'A — vu'A = (v'Alu.
Thus u is in the column space of M. Similar reascning establishes that v is
also in Im(M).

(ii) M is symmetric difference and rank 2, with m, . # 0. Thus the first

two columns of M are linearly independent. We first show that M = (1/m, ,)D

12
21, 12 (

= ’ = -
where D = ( mm ). We have d1J mizmji milmjz)'

1;: d =m

For j i1 i2™11 7 ™M™z T MM T PiiMore

2: d

For ] 12 T Miplyy ~ WyyMyy = Moy, .

g = Mgy +omggmo)/my,

from lemma 4. Thus mij = dij/m21 for all i,].

For j > 2: m

Now take arbitrary linearly independent vecters u and v in the column

space of M., Since u and v are linearly independent and are in Im(M) we can

mzml’ - mlmz')/m and

write m1 = HutB.v and mz = p2u+9 v. Using M = ( 21

1 2

zsubstituting for m1 and m2 we have (after some manipulation):

M= (”192 -8 uz)(uv’ - vu’)/m,. = aluv’ - vu’).

1 12

Proaf of Proposition 3'.

(1) Followz Immediately from cereollary 1 and lemma 4.
(ii) If M has rank 2 then u and v are not co-linear. For any x such that

Mz = 0 we have (5-8')x = 0 which in turn implies uv'x — vu'x = 0. Now v'x = O

I

u x
since otherwise we can write v = u(—) which contradicts v and v not co-
v'x

linear. Thus:
XS = x'I'x + x'uv'x=xTx =0

since I' is negative semi-definite.

FProof of Froposition 4.

k
If the household has (k+1) members then £(p,x) = £(p,x,ul(p,x),..u (p,x))

J

where the u“'s are the weights on the utility functions. We have
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— Fl
5= v 68
1, K 1
=f + f £+ ..+ f Y+ f O+ F
p Tmfp pkMp x uikyx
1

- ! . 1 ’
= (fp + fxf )+ fpi(”p * ufo + L.

k 4
....fukuxf

k K.\,
(pp + uxf)

I .
f +

- 3
Mk
r= (fp + fxf ) is symmetric and negative semi-definite., Thus S i= the sum of

I' and k outer products and hence ERk.

Proof of Proposition 6

(i} From the proof of proposgition 3 we have:
; S =T+ fn(up + pxq]
From £(p,x,y) = £(p,x,u(p,x,y}) we have:

=f .
EY FFY

Thus:
-1
S=T+ + ! =T + & v’
£ by + 1)y &
(ii1) If (5-5’) has rank 2 then Ey and v in part (i) are not co-linear.
Thus we can find a vector A that i= orthogonal te Ey but not to v. We have:
S-S')A = v'A - vE ‘A= v/ A
! Sy Sy &

since gy’h = 0. Thus ﬁy is in the column space of (5-5').

Proof of Propositioﬁ 7.
From E(p,x,yl,...ym) = f(p,x,p(p,x,yl,...ym]) we have:
g =t

v, KUY
Hence:
K
g - _te
i, N
1

Proof of Proposition 8.
Simply note that if p = u{x,y) then v = (pp + pxq) = g so that v is

co-linear te q.
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Derivation of (5.3)
Starting with the terms on the right hand side of (5.4) and (5.1}-(5.3)
we have (=zettling y = ln(x)-a(p)):

2
u=l""Ba'—2L3\a'—""y“-;\b'
P P b(p) P b(p) P
1 y Yz
=T = -4 +2 — Apla’ + p'([+')) -~ ——AB’ (A1)
2 bip) b(p)
and
y 2
w w’ = B + 2 —_ ;\ [“-’ + pirl + Bl + A’) (AZ)
X b(p) i’ b(p)

Combining (A1), (A2) and (5.4) and re-arranging, we have (5.5).

Proof of Proposition 9.

From (5.5) we have that S takes the form:
S=T-R(-I'"} +

1 y
where R = E(B + EET_TAJPI and £ is symmetric., Note that R is an ocuter product
P

and hence has at most rank 1.

(i) If 5 1s symmetric for all (p,x), set prices equal to unity so that R
ig the zero matrix (remember that p are log prices). This gives 5 = (I' + )
and hence ' is also symmetric.

Conversely, S is cobviously symmetric If I is symmetric.

(11) Suppose now that S is SRl for all (p,x). Set R equal to the zero
matriz by taking unity prices. Thus S =T + Z and hence I' i also SR1.

Conversely, suppose that ' is SRl =0 that T = ¥ + uv’ where I* is
symmetric. Then:

M= (5-5) = uv' - va’ - Ruv' + Rvuw’ + vu'R’ - uvR’
= (I-R) (uwv’'-vu’) - (uv’'-vu’)R’
Since R has at most rank 1, (uv/-vu’ )R’ has at most rank 1 (since rank(AB) =
min(rank(A},rank(B))). Thus M is the sum of matrices with at most rank 2 and 1
respectively (since (uv’-vu’) has at mest rank 2) and hence M has at most rank

three. But M is a symmetric difference matrix so that by lemma 2 it has even
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rank. Hence the rank of M is at most 2. Consequently, by lemma 4, S5 is an ER1

matrix.




DATA APPENDIX

TABLE D1: DEMOGRAPHICS FOR COUPLES

Variable Mean [Minimum|Maximum
Living in Atlantic provinces 0.14 g 1
Living in Quebec 0.19 G 1
Living in Ontario 0.265 0 1
Living in Prairie provinces 0.30 G 1
Living in British Columbia 0.105 0 1
Living in city 0.80 Q 1
(urban area with populatien > 30,000)
Owning a house 0.66 0 1
Owning a car 0.94 ) 1
Age of husband 37.0 20 64
Age of wife 34.8 18 64
Husband has more then high schoecl education 0.18 0 1
Wife has more then high school education 0.16 0 1
Husband has white eollar job 0.36 0 1
Wife has white collar job 0.32 0 1
Husband' s mother tongue is French 0.20 n] 1
Wife's mother tongue iz French 0.20 0 1
Husband’s mother tongue is neither English ner French! 0.11 0 1
Wife's mother tongue is nelither English nor French 0.10 0 1
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TABLE D2:

INCOMES AND BUDGET SHARES FOR COUFLES

Variable Mean |Minimum|Maximum|Number of
Zeros

Net real income 51,965 9,787 (176,183 0
Real total expenditure 22,514| 3,579 | 67,720 0
Hughand’ s gross income 38,520 774 |221,887 | 0
Wife's gross income 27,404 264 95,135 0
Food budget share 0.307 ( 0.07 0.78 0
Men's clothing budget share | 0.055 .0 0.28 7
Women’s clothing budget share| 0.0286 0 0.37 2
Services budget share 0.125 0 0.34 1
Recreation budget share .0.107 0 0.58 7
Transpoljt budget share . 0.244 a 0.72 7
Vices budget share 0.077 0 0.44 57

Note: all expenditures and incomes are given in
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1990 dollars.




TABLE D3: DEMOGRAPHICS FOR SINGLE FEMALES

Varlable Mean |Minimum|Maximum

Living in Atlantic provinces 0.15 0 1
Living in Quebec 0.18 0 1
Living in Ontario 0.24 0 1
Living in Prairie provinces 0.33 0 1
Living in British Celumbia 0.11 0 1
Living in city 0.84 0 1

(urban area with population > 30,000)
Owning a house 0.22 a 1.
Owning & car 0.64 0 1
Age 371.9 17 64
Has more then high school education 0.18 0 i
Has white collar Job 0.41 0 1
Mother tongue is French 0.18 0 1
Mother tongue 1s neither English nor French [0.09 0 1
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TABLE D4: INCOMES AND BUDGET SHARES FOR SINGLE FEMALES

Variable Mean |Minimum|Maximum|Number of

Zeros
Net real income 124,528 4,037 | 92,491 0
Real tbtal expenditure 11,457| 2,152 | 38,918 4]
Food Budget share 0.306 | 0.01 0.82 0
Women's clothing budget share| 0.151 0 Q.62 2
Services budgel share 0.170} 0.03 0.64 0.
Recreation budget share 0.099 0 0.61 19
Transport budget share l0.209 0. 0.61 3
Vices budget share 0.065 0 0.49 175

Note: 'all expenditures and incomes are given in
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1990 dollars.




TABLE D5: DEMOGRAFHICS FOR SINGLE MALES

Variable Mean |Minimum|Maximuam

Living in Atlantic provinces 0.14 ¥ 1
Living in Quebec 0.15 0 1
Living in Ontario 0.25 0 1
Living in Prairie provinces 0.32 0 1
Living in British Columbia 0.14 0 1
Living In city 0.81 0 1

(urban area with population > 30,000)
Owning a house 0.28 0 1
Owning a car 0.79 0 1
Age 35.8 19 64
Has more then high school education 0.23 0 ‘i
Has white collar job 0.38 0 1
Mother tengue is French 0.16 0 1
Mother tongue is neither English nor French |0.10 0 1
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TARLE D&: INCOMES AND BUDGET SHARES FOR SINGLE MALES

Variable Mean |Minimum|Maximum Number of
ZEeros

J . Net l‘elal income 29,495 3,036 |175,572 0
Real total expenditure 14,181 2,247 | 48,962 0
j

jl Food budget share 0.323| 0.02 0.89 0
1 Men's clothing budget share|0.084| O 0.49 20
% Services budget share 0.102 | 0.005 0.45 0
Recreation budget share 0.123 0 0.64 21
Transport budget share 0.248 0 0.75 16
g‘ Vices budget share -07120 Q 0.63 81

Note: all expenditures and incomes are givenh in 1990 dollars.
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