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A bstract

A versionofSpence's\ jobmarket"modelisconstructedandstud-
ied:T herearetwogroups ofindividuals,thejobapplicants (thein-
formed),andtheincumbents (theuninformed).T heapplicantshave
privateinformationabouttheirtypes,andtheiractions(choiceofed-
ucationlevels)serveasmessages.T heincumbents (employers)have
onlyonetype,andareendowedwithdi®erentiatedinformationstruc-
turesonactionsoftheinformed.A contractisapairofaneducation
levelandawagelevel,andawageschedulespecī esacontractforeach
educationlevel.T heincumbentsetis n̄ite,andis x̄edthroughout
theanalysis(sofreeentry/exitisexcluded).T hepaperstudiesendoge-
nousdeterminationofthewagescheduleso®eredbytheincumbents.
Theapplicants behavenoncooperatively.Twoequilibrium concepts
are proposed: a noncooperative equilibrium, a version ofthe N ash
equilibriumwhichpostulatesnoncooperativeandpassivebehaviorof
theincumbents,andacooperativeequilibrium,aversionofthestrong
equilibriumwhichpostulatescooperativeandpassivebehaviorofthe
incumbents.Itisshownthatacooperativeequilibriumdoesnotexist.
Bystudyingnoncooperativeequilibria,whichdoexistinmanycases,
itisconcludedthatitis nottheinformationaladvantage(dē nedas
theabundanceofmeasurablesets),butratherpossessionoftheright
information(inthesensethatitbestservestheneedsofapplicants)
thatenablesanincumbenttowin.
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1 IN T R O D U CT IO N
T he role ofasymmetric informationinallocationofresources,together w ith
the associated information-revelationprocess,haslongb eena centralfocus
ofeconomic research. W hile the bulk ofthe literature ad d ressesthese is-
suesw ithinthe framew orkofprincipal-agent relationship,w hich essentially
red ucesthe problem to the sole principal's(the sole Stackelb erg lead er's)
optimizationproblem sub jec t to the agents'(the Stackelb ergfollow ers') re-
sponses,there are rec ent attemptsto extend analysisto other ec onomic se-
tupscharac terized by d i®erent relationshipsamongd ecision-makers.

A notable strand ofsuch attemptsisthe c ore analysisofincomplete in-
formation.Here,there isno Stackelb erg-type relationship,and more impor-
tantlythe playerscantalkto each other for coord inated choice ofstrategies.
See,e.g.,W ilson(1978) for a pioneeringw ork; Y annelis(1991) for formula-
tionoffeasib ilityofa strategyasitsmeasurab ility;Ichiishiand Id zik(1996)
for introd uc tionofB ayesianincentive-c ompatib ility to thisstrand ;Ichiishi,
Id zikand Zhao (199 4 ) for informationrevelation(that is,end ogenousd eter-
minationofupd ated informationstruc tures);Ichiishiand R ad ner (1997) and
Ichiishi and Sertel(1998) for stud iesofa spec ī c mod elofChand ler's¯rm
inmultid ivisionalform for sharper results; and Vohra (1999) for a recent
w ork.It isa c ommonpostulate inthese w orksthat every player takespart
ind esignofa mechanism and also inexecutionofthe signed contrac t.

T he present paper provid esananalysisofthe role ofasymmetric infor-
mation,givenyet another player relationship:We retainthe principal-agent
relationship, but allow for severalprincipalsinad d itionto severalagents.
Interac tionofthe principalsisa focusofthe paper. It istrue that the
trad itionalprincipal-agent literature frequentlypostulatesexistence ofmany
principals,infac t in̄nitelymanypotentialprincipalsasrequired bythe pure
competitionassumption(spec ī c ally,bythe free entryand exit assumption),
but thisassumptionina nutshellred ucesthe mod elto the one-principalcase
inw hich the principal'sonlyeconomicallyfeasible strategyisthe competitive
strategy;thispoint w asemphasized inIchiishi(1997,Sec tions7.4 and 7.6).

G ivena multi-principal,multi-agent setup,w e intend to stud ythe rolesof
incomplete informationab out exogenousd ata and ofincomplete information
ab out end ogenousvariables.A generaltheoryisyet to b e d eveloped ,and our
w ork reported inthispaper ismod est: Asthe ¯rst step tow ard sa healthy
generaltheory, w e construc t and stud y a very spec ī c mod el, a variant of
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Spence's(1974 ) ed ucationmod el.T here are tw o groupsofind ivid uals,the
job applicants (the informed ), and the incumbents (the uninformed ). T he
applic antshave private informationab out their types(prod uc tivity levels),
and their ac tions(choice ofed ucationlevels)serve asmessagesto the incum-
b ents.T he incumb ents(employers) have onlyone type,have no information
ab out applicants'types,onlypartiallyobserve applic ants'ac tions,and their
strategiesare to d etermine w age sched ules.We are follow ingSpence inmod -
elling incomplete informationab out exogenousd ata, namely ab out types
ofapplicants. O ur mod ellingofincomplete informationab out end ogenous
variables,namely ab out applicants'ac tions,onthe other hand ,isquite d if-
ferent from the w ay the trad itionalliterature onmoralhazard hasmod elled
unobservab ility,but issuited to the nature ofthe present setup.

Inour mod el,the principalsare the incumb ents,and the agentsare the
job applic ants. T he game isplayed inthe follow ing sequence: (1) E ach
incumb ent ¯rst d esignsa w age sched ule ashisstrategy.(2 ) E ach applic ant
thenchoosesaned ucationlevel, and (3) ¯nally choosesthe b est c ontrac t
for him.Antic ipatingoptimalreac tionsofthe applic antsin(2 ) and (3),the
incumb entsplaya game inthe ab ove stage (1) (c alled the ¯rst-stage game).3
We analyze the ¯rst-stage game;analysisofthe subsequent stagesistrivial.

We consid er tw o situations: one inw hich the incumb entsb ehave non-
cooperatively and passively,and the other inw hich the incumb entsb ehave
cooperatively and passively.Associated w ith each situation,w e propose an
equilib rium concept: a noncooperative equilibrium , a versionofthe Nash
equilib rium for the noncooperative b ehavioralprinciple, and a cooperative
equilibrium ,a versionofthestrongequilib rium for the cooperative b ehavioral
principle.O ur ¯rst observationisnegative: a cooperative equilib rium d oes
not exist.O nthe other hand ,w e ob tainpositive resultsonnoncooperative
equilib ria; they d o exist inmany cases.B ystud yingtypicalnoncooperative
equilib ria,w e conclud e that it isnot the informationalad vantage (d e¯ned as
the abund ance ofmeasurable sets),but rather possessionofthe right infor-
mation(inthe sense that it b est servesthe need sofapplic ants) that enables
anincumb ent to w in.

T he negative result ona cooperative equilib rium isanalogousto the
3O urtheoryinthepresentpaperisinlinewiththemechanismtheory,whichpostulates

thattheuninformedmove r̄standtheinformedmovesecond,ratherthanthesignalling
game,whichpostulatesthattheinformedmove r̄standtheuninformedmovesecond.
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nonexistence ofa strong equilib rium inthe prisoner'sd ilemma game. As
Ichiishi and Id zik (1996) stressed , thisisd ue to the very struc ture ofthe
mod el(w hich issimplistic). For a c ooperative equilib rium to exist, there
have to b e meritsofcoord inationofstrategies.Let FS b e the set ofallfeasi-
ble strategiesavailable to c oalitionS,coord inated and uncoord inated .T here
w ould b e meritsifFS stric tly contains

Q
j2SFj.R oughly stated ,how ever,

our present mod elpostulatesthat FS isid enticalto
Q
j2SFj(apart from the

informationalaspec t),asinthe prisoner'sd ilemma game,hence the nonexis-
tence result.T here are countlesssituationsinthe realec onomyinw hich the
ab ove stric t inclusionhold strue (includ ingthe b asic situations,like the pure
exchange ec onomy).We expec t that future research w illestablish positive
resultsona cooperative equilib rium,givensuch situations.

O ur conclusionthat possessionofthe right informationenablesanincum-
b ent to w inappearsto b e robust.We expec t that thiscanb e takenasone
ofthe generalprinciplesthat prevailinmost mod els.

2 M O D EL
T he player set c onsistsofthe applicants,w ho ¯rst go through ed ucationand
thenlookfor a job ,and the incumbents,w ho o®er jobsto applicants.

T here are tw o typesofapplicants,type L (low quality) and type H (high
quality).Anapplicant'stype ishisprivate information.Anapplicant oftype
t,w henemployed by anincumb ent,b ringsinto the employer the marginal
revenue rt, t= L;H . Denote by M the set ofpossible ed uc ationlevels;
for simplicity, w e assume that M = [0 ; m ], a nond egenerate interval. A
pair (m ;w )2 M £R + thensignī esthe ed uc ationleveland the w age level
ofanapplic ant; the pair iscalled a contrac t.T he preference relationofan
applic ant oftypetisd e¯ned onthe contrac t space M £R + ,and isrepresented
by a c ontinuousutilityfunctionu(¢jt) :M £R + ! R ,w hich isd ec reasing
inm 2 M and isincreasinginw 2 R + .We postulate that each applic ant
hasa reservationw age level,w ,that is,he w illleave this\job market"4 ifno
incumb ent o®ersa job w ith a w age greater thanor equalto w ;for simplicity
w e assume that thislevelisthe same regard lessofa type and also regard less
ofaned ucationlevel.Since anycontrac t (m ;w ) givesthe w orst utilitylevel,

4A lthoughweadopttheconventionalterminologyof\ jobmarket"forconvenience,the
gameplayedbytheapplicantsandtheincumbents isfarfrom theneoclassicalmarket.
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for any contrac t (m ;w ) such that w > w , there existsw 0 > w such that
u(0 ;w 0jt) = u(m ;w jt).We postulate

0 ·w < rL < rH :

We also postulate that the high-qualityapplicant canend ure ed uc ationmore
thanthe low -quality applicant.T hisisprec iselyformulated by the assump-
tionthat at anycontrac t (m ;w )for w hich w > w ,theslope ofthe ind i®erence
curve ofthe type-H applicantsislow er thanthat ofthe type-L applicants.
Inthe c aseu(¢jt) isd i®erentiable,it meansthat the high-qualityapplicant's
marginalrate ofsubstitutionofw age for ed uc ationislow er thanthat ofthe
low -quality applic ant:

¯̄
¯̄
¯̄
@u(m ;wjH )

@m
@u(m ;wjH )

@w

¯̄
¯̄
¯̄<

¯̄
¯̄
¯̄
@u(m ;wjL)

@m
@u(m ;wjL)

@w

¯̄
¯̄
¯̄:

T here are ntapplicantsoftype t.Set n := nL + nH .
Let I b e the ¯nite set ofincumb ents.Anapplic ant'sed ucationlevelmay

serve asa signalofhistype,hence set M isconsid ered a message space.How -
ever,each incumb ent c anobserve messagesonlyimperfec tly.W hile he may
d iscerna college grad uate from a high schoolgrad uate,he maynot b e able
to d iscernd i®erent intensitiesofthe ed ucationthat tw o c ollege grad uates
have gone through.O nthe other hand ,he may b e able to d iscernd i®erent
intensities,perhapsd ue to the personalcontac t he hasw ith the faculty ofa
college.T hustw o incumb entsmayhave d i®erent ab ilitiesto d iscerned uca-
tionlevels.Incumb ent i'sd iscerningab ility isformulated asaninformation
struc ture,formally d e¯ned asa ¯nite algeb ra M i onM ; incumb ent ic an
d iscerned ucationlevelsm and m 0,i® there existsA2M ifor w hich m 2A
and m 062 A.For simplicity w e assume that each minimalmemb er ofM i

isofthe form, [m ; m 0), a half-closed and half-openintervalinM , incase
m 06= m ,or ofthe form [m 00;m ].

3 EN D O G EN O U S D ETER M IN A T IO N O F
W A G ESCH ED U L ES

We analyze the \job market" inw hich (1) each incumb ent i¯rst d ec id es
either to stay inthe \market"or to quit, and ifhe stays, he announcesa
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w age sched ule, gi :M ! R + , w hich o®ersa job w ith w age levelgi(m ) to
the applic antsofeverypossible ed uc ationlevelm ,(2 ) each applic ant jthen
chooseshised ucationlevel~m 2 M ,and (3) applicant jac c eptsa job from
amongthose o®ered to the applic antsofhised ucationlevel,therebychoosing
hisw age levelfrom fgi(~m )gi2I + ,w here I + isthe set ofallincumb entsw ho
stayinthe \job market."A w age sched ule isconsid ered a mechanism.

T he applicantsb ehave noncooperatively inthe ab ove stages(2 ) and (3)
asthe Stackelb ergfollow ers. T he incumb entsare the Stackelb erglead ers:
Anticipatingoptimalreac tionsofthe applicants,the incumb entsplaya game
(w ith the player set I ) inthe ab ove stage (1); thisgame w illhenceforth b e
called the ¯rst-stage game. We w illanalyze tw o situations: one inw hich
the incumb entsalso b ehave noncooperatively, and the other inw hich the
incumb entsb ehave cooperatively,that is,theymaymerge into a larger ¯rm
and jointlyd esigntheir mechanism.T he overallgame is,therefore,a spec ī c
instance ofa multi-principal,multi-agent problem.

O ur mainfocushere isanalysisofthe ¯rst-stage game.T he subsequent
subgame played by the applic ants, (2 ) and (3), istrivial. Ind eed , ifeach
remainingincumb ent i(2 I + ) choosesa w agesched ule gi,thenthe applicants
oftype tchoose ed uc ationlevelm tand signthe employment contrac t w ith
anyofthe incumb entsit,hence receive w age git(m t),so that m tisa solution
to

M aximize u

0
@m ;

_

i2I +
gi(m )

¯̄
¯̄
¯̄t

1
A

sub jec t to m 2 M ;

w here _

i2I +
gi(m ) := max

i2I+
gi(m );

and itsatis̄ es
git(m t) =

_

i2I +
gi(m t):

A strategy ofincumb ent iinthe ¯rst-stage game isa w age-sched ule gi:
M ! R + .It isfeasible ifit takesthe same value for any tw o und iscernible
messages,that is,ifit isM i-measurable.It keepsthe applic antsinthe \job
market" ifthe o®ered w agesare no low er thanthe reservationw age, that
is,ifgi(m )¸w for allm 2 M .Anoutcome ofa strategy bund le fgigi2I +
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isthe applicants'strategy-choice inthe subgame (2 ) and (3) inac cord ance
w ith the o®ered w age sched ulesfgigi2I+ ;it isthe ed ucationlevel~m tand the
numb er nitofapplic antsoftype tw ho ac c ept a c ontrac t w ith incumb ent i,
t2fL;H g; i2 I + .T he 2 #I + nonnegative integersfniL;niH gi2I + are called
assignment.T he gainofincumb ent iisthend e¯ned asthe pro¯t,

niL
³
rL ¡gi(~m L)

´
+ niH

³
rH ¡gi(~m H )

´
:

Ifianticipatesinthe ¯rst-stage game that hisgainw illb e negative,he w ill
change hisstrategy,or else quit from the \job market." P rospec t for a gain
thusend ogenouslyd eterminesthe set I + ofincumb entsinthe \market."T he
prospec t inturnisd etermined by strategiescurrently chosenby the other
incumb ents. We postulate that w henb ehavingnoncooperatively, each in-
cumb ent ispassive vis-µa-visthe other incumb ents'strategy-choice.G ivena
strategy bund le fgigi2I w ith the associated assignment fniL;niH gi2I ,incum-
b ent iiscalled ac tive ifniL > 0 or niH > 0.A noncooperative equilibrium of
the ¯rst-stage game isan#I -tuple ofmechanismsfg¤igi2I together w ith the
assoc iated assignment fn¤iL ;n¤iH gi2I such that

²eachmechanism g¤iisfeasible,keepsthe applicantsinthe \job market,"
and receivesa nonnegative gain;and

²it isnot true that there isanincumb ent w ho canimprove uponthe
outcome offg¤igi2I , that is, it isnot true that there are incumb ent
j2 I and hisfeasible strategygj:M ! R + such that jremainsac tive
and receivesa nonnegativegaingivenstrategybund le

n
gj;fg¤igi2Infjg

o
,

and such that d enotingbyI + theset ofthe incumb entsremaininginthe
\market,"j'sgainfrom the remainingstrategybund lefgj;fg¤igi2I + nfjgg
isgreater thanhisgainfrom the outcome ofthestrategybund lefg¤igi2I.

Asanalternative to the passive noncooperative b ehavior ofthe incum-
b ents,w e also mod ela passive cooperative b ehavior.Denote byIthe family
ofnonempty coalitionsofincumb ents, 2 I nf;g.A coalitionstruc ture isa
partitionofI. T he memb ersofa coalitionT jointly d esigna mechanism
gT :M ! R + ;inso d oing,they canpooltheir private information,so gT is
feasible ifit is

W
i2TM i-measurable.Suppose c oalitionstruc ture P isrealized

and each c oalitionT 2 P choosesa w age sched ule gT.T he applicantsthen
play the subsequent subgame, inac cord ance w ith the most ad vantageous
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sched ule,
W
T2P gT.T he outc ome inturnd eterminesa gainofeach coalition

inP .Asa part ofthe ¯rst-stage game,the memb ersofa c oalitioninP agree
inthe ¯rst stage ond istributionofthe anticipated c oalitionalgainamong
themselves.A cooperative equilibrium ofthe ¯rst-stage game isa triple of
a c oalitionstruc ture P ¤,a #P ¤-tuple ofmechanismsfg¤TgT2P¤,and a gain
d istributionamongthe incumb entsf¼¤igi2I ,such that

²for each realized c oalitionT 2 P ¤, itsmechanism g¤T isfeasible and
keepsthe applic antsinthe \job market," and the nonnegative gain
d istributionisfeasible, that is, ¼¤i¸ 0 , and

P
i2T ¼¤i islessthanor

equalto T'scoalitionalgain;and

²it isnot true that there isa coalitionofincumb entsw hich canimprove
uponthe gaind istributionf¼¤igi2I ,that is,it isnot true that there are
coalitionS2I,itsfeasible strategygS:M ! R + and itsfeasible gain
d istributionf¼igi2S,such that ¼i> ¼¤ifor everyi2S.

Here, the second equilib rium cond ition(the coalitionalstab ility c ond ition)
isamb iguous,and there are ac tuallymany prec ise versions.T he amb iguity
arises, b ecause inanalyzingthe e®ec tsofa d eviatingcoalition,w e need to
specify ac tionsofthe non-d eviating incumb ents: We postulate that w hen
b ehaving cooperatively, the memb ersofeach coalitionispassive vis-µa-vis
the other coalitions'strategy-choice.T he memb ersofa d eviatingcoalition
S perc eive, therefore, that those c oalitionsT inP ¤ that d o not lose their
memb ersto S(those T 2 P ¤for w hich T T

S= ;) keep the same strategies
g¤T.We need to specify,how ever,strategieschosenby the incumb entsw ho
lose some c olleaguesto S (for the coalitionsT nSfor T 2 P ¤ for w hich
;6= T nS6= T,w e need to specifytheir strategiesperc eived by the memb ers
ofS).T here are manyspec ī c ations,hence manyversionsofthe coalitional
stab ility cond ition.O ne scenario for the d eviatingcoalitionS'sperception
isthat for each T 2 P ¤,the memb ersofT w ho are left b ehind at the time
offormationofSstay together afterw ard s, that is, the coalitionstruc ture
fSgSfT nS jT 2 P ¤; T nS6= ;g isrealized asa result offormationof
S, and that, for each T 2 P ¤ for w hich T nS 6= ;, the c oalitionofthe
remainingplayersT nSkeep choosingg¤T asitsfeasible strategy,since each
memb er inT nShaslearnt the informationstruc ture W

i2TM i through the
earlier cooperationofthe memb ersofT. T he gainofeach coalitionthat
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c o-existsafter formationofS isthend etermined by the subgame giventhe
w age sched ule:

gS
_

0
@ _

T2P¤:TnS6= ;
g¤T

1
A :

T here are other scenarios; inparticular,w e may allow some incumb entsto
leave the \job market,"asw e d id informulatingthe noncooperative equilib -
rium.It w illturnout that the resultsonthe c ooperative equilib rium inthis
paper are ob tained for a w id e classofscenarios.T he onlypostulate w e make
is:

²Suppose that each coalitionT inthe prevailingcoalitionstruc ture P ¤
ischoosingstrategyg¤T,and that c oalitionSisformed against P ¤and
choosesstrategy gS.T hen, coalitionS c anattrac t allthe applicants
w ho have ed uc ationlevelm ,onlyifgS(m ) >

W
T2P¤:TnS6= ; g¤T(m ).

Inthe follow inganalysis, w e w illconcentrate onthe nontrivialcase of
multi-principals,#I ¸ 2 .Inthe trivialcase of# I = 1,say I = fig, the
w age sched ule g¤i:m 7! w isanequilib rium.

We ¯rst state a b asic negative result onthe cooperative equilib rium:

P R O P O SIT IO N3.1 Assume #I ¸ 2. Ifthe grand coalitionI and the
singletoncoalitionscanform, thenthere isno cooperative equilibrium.

T he rest ofthissec tionisd evoted to stud yofthenoncooperative equilib -
rium.We establish existence resultsfor severalcasesbyconstruc tingspec ī c
noncooperative equilib ria.T he spec ī c formula ofequilib ria provid esanin-
sight into the role that informationstruc turesM i,i2 I , play inthe \job
market."

De¯ne w 0 2R + by

nL (rL ¡w 0 )+ nH (rH ¡w 0 ) = 0 ;

and let UH 0 b e the ind i®erence curve ofthe type-H applic antsthat passes
through the c ontrac t (0 ;w 0 ).See ¯gure 1.

Insert ¯gure 1 here.
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Let Utb e anind i®erence curve ofthe type-tapplicantst= H ;L.B yabuse
ofnotation,Utand rtalso d enote the functionsfrom M to R + w hose graphs
are Ut and the horizontalline ofheight rt, respec tively. T hus, (m ;w ) 2
Ut i® w = Ut(m ). T he functionUL

V
rH : M ! R + isthend e¯ned by

(UL
V
rH )(m ) := minfUL(m );rH (m )g.

For h = 1;2 ;...,d e¯ne m h 2 M so that [0 ; m h ) isthe h th smallest non-
d egenerate intervalthat c anb e d istinguished bysome incumb ents.Clearly,

0 < m 1 < m 2 < ...:

For each h,choose w L;h and w H ;h so that

nL (rL ¡wL;h )+ nH (rH ¡w H ;h ) = 0
u(0 ;wL;h jL) = u(m h ;w H ;h jL):

T he pair (wL;h ;w H ;h )isuniquelyd etermined .Denote byUL;h the ind i®erence
curve ofthe type-L applicantsthat passesthrough (0 ;wL;h ) and (m h ;w H ;h ).
Denote also by UH ;h the ind i®erence curve ofthe type-H applicantsthat
passesthrough (m h ;w H ;h ).See ¯gure 2 .Let I h b e the set ofallincumb ents
w ho cand istinguish the interval[0 ; m h); I h := fi2 I j[0 ; m h )2M ig.

Insert ¯gure 2 here.

Let k b e the positive integer for w hich u(m k;w H ;k jH ) isthe highest,
that is,

u(m k;w H ;kjH )¸u(m h ;w H ;h jH ); for allh:

Ifthere isa tie,choose kso that w L;k isthe highest amongsuch maximizers
ofu(m h ;w H ;h jH ) (or equivalently,m k isthe smallest amongsuch maximiz-
ers).For the required charac terizations,w eneed to c onsid er severalmutually
exclusive and exhaustive c ases:

Case (1): w H ;k·UH 0 (m k),

Case (2 ): rH ¸w H ;k > UH 0 (m k),

Case (3): rH < w H ;k,and w H ;k > UH 0 (m k).
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Notice that w L;k¸rL (w L;k < rL,resp.) incase (2 ) (incase (3),resp.).

T HE O R E M 3.2 Assume # I ¸ 2 , and consid er case (1).Strategy bund le
fg¤igi2I isa noncooperative equilibrium, if

g¤i(m ) = w 0 ; for alli2 I and allm 2 M :

Anyassignment fniL;niH gi2I mayprevailwith thisequilibrium, provid ed that
the gainofeach incumbent iszero,

niL (rL ¡w 0 )+ niH (rH ¡w 0 ) = 0 ; for alli2 I :

Case (2 ) isd ivid ed into three sub cases:

Subcase (2 .1): #Ik¸2 ,
Subcase (2 .2 ): #Ik = 1,say Ik = fikg,there isa tie inob tain-
ingmaxh u(m h ;w H ;h jH ), that is, there isk0 (6= k) such that
u(m k0;w H ;k0jH ) = u(m k;w H ;kjH ),and for at least one such k0,
Ik0nfikg6= ;,
Subcase (2 .3): # Ik = 1,say Ik = fikg,and for anyi2 I nfikg
and any h for w hich I h 3i,u(m h ;w H ;h jH ) < u(m k;w H ;kjH ).

See ¯gure 3.

Insert ¯gure 3here.

T HE O R E M 3.3 Consid er subcase (2 .1). T hen, feasible strategy bund le
fg¤igi2I isa noncooperative equilibrium, if

g¤i(¢)·
³
UL;k

^
UH ;k

´
(¢); for all i2 I ;

and for at least tw o d istinct membersi1 and i2 inIk,

g¤i1(m ) = g¤i2 (m ) =
(
w L;k if m = 0
w H ;k if m = m k:

G iventhisfg¤igi2I , the applicantsoftype L signthe contrac t (0 ;wL;k), and
the applicantsoftype H signthe contrac t (m k;w H ;k).Anyassignment (niL;niH )
mayprevailto those incumbentsi2 Ikfor whom g¤i(0 ) = wL;k and g¤i(m k) =
w H ;k, provid ed that i'sgainiszero, i.e., niL=niH = nL=nH .
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T HE O R E M 3.4 Consid er subcase (2 .2 ).Feasible strategy bund le fg¤igi2I
isa noncooperative equilibrium, if

g¤i(¢)·
³
UL;k

^
UH ;k

´
(¢); for all i2 I ;

g¤ik(m ) =
(
w L;k if m = 0
w H ;k if m = m k;

and for some k0(6= k) for whichu(m k0;w H ;k0jH ) = u(m k;w H ;kjH ),

9i02 Ik0nfikg : g¤i
0
(m ) =

(
w L;k if m = 0
w H ;k0 if m = m k0:

G iventhisfg¤igi2I , the applicantsoftype L signik'scontrac t (0 ;w L;k), and
the applicantsoftype H signik'scontrac t (m k;w H ;k).

For sub c ase (2 .3),let l b e any positive integer such that u(m l;w H ;l jH ) is
the highest levelachievable by the incumb entsother thanik,i.e.,

u(m l;w H ;ljH ) = max fu(m h ;w H ;h jH ) j I h nfikg6= ;g;
and d enote byUH ;l the ind i®erence curve ofthe type-H applicantsthat passes
through(m l;w H ;l).For each h,let U0L;h b e the ind i®erence curve ofthe type-L
applic antsthat passesthrough (m h ;UH ;l(m h )),and set w 0L;h := U0L;h (0 ).Let
U00L;h b e the ind i®erence curve ofthe type-L applic antsthat passesthrough
(0 ;maxfrL;w 0L;hg).See ¯gure 4 .Let Jik b e the set ofallintegersh such that
the interval[0 ;m h )isd iscernable to incumb ent ik,fh jI h 3ikg.We aregoing
to c ompare mechanismsparameterized by h 2 Jik,so that the mechanism
for h isintend ed to o®er contrac t (0 ;maxfrL;w 0L;hg) to type-L applicants
and contrac t (m h ;UH ;l(m h )) to type-H applic ants. Let k¤ 2 Jik b e the
parameter that maximizesik'sgain,ofallsuch parameterized mechanisms:
the parameter k¤solves

M aximize nL
³
rL ¡maxfrL;w 0L;hg

´
+ nH (rH ¡UH ;l(m h ));

sub jec t to h 2Jik:

Set w 0¤L := w 0L;k¤,U0¤L := U0L;k¤,and U00¤L := U00L;k¤.

Insert ¯gure 4 here.

13



T HE O R E M 3.5 Assume #I ¸3,and consid er subcase (2 .3).Assume that
there existsaninteger p for which m k¤ · m p, and I p nfikg 6= ;. Feasible
strategybund le fg¤igi2I isa noncooperative equilibrium, if

g¤i(¢)·
³
U00¤L

^
UH ;l

´
(¢); for all i2 I ;

g¤ik(m ) =
(
maxfrL;w 0¤Lg if m = 0
UH ;l(m k¤) if m = m k¤;

9ip 2 I p nfikg : g¤ip(m ) =
(
maxfrL;w 0¤Lg if m = 0
UH ;l(m p) if m = m p;

and
9i02 I nfik;ipg : g¤i

0
(m ) = rL for allm 2 M :

G iventhisfg¤igi2I ,the applicantsoftype L signik'scontrac t (0 ;maxfrL;w 0¤L g),
and the applicantsoftype H signik'scontrac t (m k¤;H H ;l(m k¤)).

R E M AR K 3.6 A typicalequilib rium for sub case (2 .1) isgivenby: for all
i2 Ik,

g¤i(m ) =
(
wL;k if 0 ·m < m k

w H ;k if m k·m :

Insub c ase (2 .2 ),incumb ent ikseeminglyhasa stric t informationalad vantage
since w L;k > w L;k0,but by ad optingthe strategy gik d e¯ned by

gik(m ) =
(
wL;k0 if 0 ·m < m k

w H ;k if m k·m ;

he c ould not separate applic antsofd i®erent types(allapplicantsw ould sign
the contrac t (m k;w H ;k)).A typicalequilib rium for sub case (2 .3) isgivenby

g¤ik(m ) =
(
maxfrL;w 0L;kg if 0 ·m < m k

UH ;l(m k) if m k·m :

T he equilib rium ofT heorem 3.2 isa poolingequilib rium.T he equilib ria of
T heorems3.3-3.5are separatingequilib ria.

14



Inord er to analyze case (3),d e¯ne for each h = 1;2 ;...,

w H ;h := minfrH ;w H ;hg;
w L;h := maxfrL;wL;hg;

and d enote by U H ;h (U L;h, resp.) the ind i®erence curve ofthe type-H ap-
plic ants(ofthe type-L applic ants, resp.) that passesthrough (m h ;w H ;h )
(through (0 ;w L;h ),resp.) Notice that w H ;h = w H ;h i® w L;h = wL;h,and that
u(0 ;w L;h jL)¸u(m h ;w H ;h jL).R e-d e¯nekasthe positive integerfor w hich
u(m k;w H ;kjH ) isthe highest,that is,

u(m k;w H ;kjH )¸u(m h ;w H ;h jH ); for allh:

Ifthere isa tie,choose kso that w L;k isthe highest amongsuch maximizers
ofu(m h ;w H ;h jH ).We consid er mutuallyexclusive and exhaustive sub c ases:

Subcase (3.1): w H ;k·UH 0 (m k),

Subcase (3.2 ): w H ;k > UH 0 (m k).

B y d e¯nition,rH ¸w H ;k.Sub c ase (3.2 ) isd ivid ed into three subsub cases:

Subcase (3.2 .1): #Ik¸2 ,
Subcase (3.2 .2 ): # Ik = 1,say Ik = fikg,and there isk0(6= k)
such that u(m k0;w H ;k0jH ) = u(m k;w H ;kjH ) and Ik0nfikg6= ;.
Subcase (3.2 .3): #Ik = 1,say Ik = fikg,and for anyi2 I nfikg
and any h for w hich I h 3i,u(m h ;w H ;h jH ) < u(m k;w H ;kjH ).

For sub case (3.2 .3), d e¯ne U H ;l,k¤, w 0¤L,U
0¤
L and U00¤L asinsub case (2 .3).5

T he next theorem saysthat incase (3),essentially the same conclusionsas
incases(1)-(2 ) hold true by substitutingw H ;k,w L;k,U H ;k,U L;k,U H ;l,w 0¤L,
U0¤L and U

00¤
L for w H ;k,w L;k,UH ;k,UL;k,UH ;l,w 0¤L ,U0¤L and U00¤L ,respec tively.

5T he numberl is dē ned as any positive integersuch thatu(ml;wH;l jH)is the
highestlevelachievablebythe incumbents otherthan ik,U H;l is the indi®erencecurve
ofthe type-H applicants thatpasses through (ml;wH;l). Foreach h, U 0L ;h is the in-
di®erence curveofthe type-L applicants thatpasses through (mh;U H;l(mh)),w0L ;h is
dē ned as U 0L ;h(0 ), and U 00L ;h is the indi®erence curve ofthe type-L applicants that
passes through (0 ;max frL ;w0L ;hg). T he integerk¤ is the specī ch 2 Jik atwhich

nL
³
rL ¡maxfrL ;w0L ;hg

´
+ nH

¡
rH¡U H;l(mh)

¢
is maximized. T hen,w0¤L := w0L ;k¤,

U 0¤L :=U 0L ;k¤,andU
00¤
L :=U 00L ;k¤.

15



T HE O R E M 3.7Consid er case (3), and let fg¤igi2I be a feasible strategy
bund le.
(i) Insubcase (3.1), suppose # I ¸2 , and

g¤i(m ) = w 0 ; for alli2 I and allm 2 M :

(ii) Insubcases(3.2 .1) and (3.2 .2 ), suppose

g¤i(¢)·
³
UL;k

^
U H ;k

´
(¢); for alli2 I :

(iii) Insubcase (3.2 .1), suppose for at least two d istinct membersi1 and i2
inIk,

g¤i1(m ) = g¤i2 (m ) =
(
w L;k if m = 0
w H ;k if m = m k:

(iv) Insubcase (3.2 .2 ), suppose

g¤ik(m ) =
(
w L;k if m = 0
w H ;k if m = m k;

and for some k0(6= k) for whichu(m k0;w H ;k0jH ) = u(m k;w H ;kjH ),

9ik02 Ik0nfikg : g¤ik0(m ) =
(
w L;k if m = 0
w H ;k0 if m = m k0;

9i02 I nfik;ik0g : g¤i
0
(m ) = rL for allm 2 M :

(v) Insubcase (3.2 .3),suppose that there existsaninteger p for which m k¤·
m p, and I p nfikg6= ;, and that

g¤i(¢)·
³
U00¤L

^
U H ;l

´
(¢); for alli2 I ;

g¤ik(m ) =
(
maxfrL;w 0¤Lg if m = 0
U H ;l(m k¤) if m = m k¤;

9ip 2 I p nfikg : g¤ip(m ) =
(
maxfrL;w 0¤Lg if m = 0
U H ;l(m p) if m = m p;

9i02 I nfik;ipg : g¤i
0
(m ) = rL for allm 2 M :

T hen,fg¤igi2I isa noncooperative equilibrium.
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T he ¯nalpropositioninthispaper isintend ed to b e the ¯rst step tow ard s
charac terizingthe noncooperative equilib ria.Let k b e the positive integer
for w hichu(m k;w H ;kjH ) isthe highest (thisd e¯nitionisthe same asb efore
for c ases(1) and (2 ),but isd i®erent from the earlier d e¯nitionfor c ase (3)).

P R O P O SIT IO N3.8 Let fgigi2I be a noncooperative equilibrium.T hen,

gi(¢)·
³
UH 0

_
UH ;k

´
(¢); for all i2 I :

4 P R O O FS
P roofofP roposition3.1 Choose any coalitionstruc ture ¹P and anyfeasible
strategy ¹gT for each T 2 ¹P w hich keepsthe applicantsonthe \job market,"
and d e¯ne ¹g :=

W
T2¹P ¹gT.Let ¹m tb e the message that the applic antsoftype

tsend ,given¹g,and let ¹¼i b e a gaind istributed to incumb ent i.We need to
show that some c oalitionimprovesupon(¹P ; f¹gTgT2P; f¹¼igi2I ).

If¹g(¹m t) > w for some type t2fL;H g,then
X

i2I
¹¼i · nL (rL ¡¹g(¹m L))+ nH (rH ¡¹g(¹m H ))

< nL (rL ¡w )+ nH (rH ¡w ):

So the grand coalitionI c animprove by ad optinggI :m 7! w.
Ifonthe other hand ¹g(¹m t) = w for each type t2fL;H g,

X

i2I
¹¼i·nL (rL ¡w )+ nH (rH ¡w ):

Ifstric t inequality hold strue here,thenthe grand coalitioncanimprove by
ad opting¹g and a more e± cient gaind istribution.So assume that equality
hold strue.T hen,there existsi0 2 I for w hom ¹¼i0 > 0 ,and c onsequentlyfor
each i2 I nfi0g (6= ;),

¹¼i·nL (rL ¡w )+ nH (rH ¡w )¡¹¼i0:

T herefore the singletonfig forms,ad optsstrategy gi:m 7! w + ",w here "
isa positive realnumb er,attrac tsallthe applic ants,and ob tainsthe entire
gain

nL (rL ¡w ¡")+ nH (rH ¡w ¡"):

17



For " smallenough,thisgainisgreater than¹¼i.

Inord er to prove T heorems3.2 -3.5and 3.7,w e ¯rst establish lemmas:

LE M M A 4 .1 Assume # I ¸ 2. Let fg¤igi2I be a noncooperative equilib-
rium, and let fn¤iL ;n¤iH gi2I be the associated assignment. For i2 I and
t2 fL;H g for which n¤it > 0 , let (m ¤i

t;g¤i(m ¤i
t)) be i'so®ered contrac t that

issigned bytype-tapplicants.
(i) Ifn¤iL > 0 , theng¤i(m ¤i

L )¸rL.
(ii) Ifn¤iL > 0 , thenm ¤i

L = 0.
(iii) Ifn¤iL > 0 and n¤jL > 0 , theng¤i(0 ) = g¤j(0 ).
(iv) Ifn¤iH > 0 , theng¤i(m ¤i

H )·rH .

P roof (i) Suppose the contrary,i.e.,suppose

9i0 : n¤i0L > 0 ; and g¤i0 (m ¤i0
L ) < rL:

Denote by U¤L the ind i®erence curve ofthe type-L applic antsthat passes
through the contrac t (m ¤i0

L ;g¤i0 (m ¤i0
L )).Notic e that g¤i0 (m

¤i0
L )¸U¤L(0 ),and

that the equality hold strue i® m ¤i0
L = 0. Choose any " > 0 , and d e¯ne

w " := U¤L(0 )+ ".Choose anyi2 I nfi0g,and c onsid er i'sstrategygi" d e¯ned
by

gi"(m ) := maxfg¤i(m );w "g:
It su± cesto show that i c antake aw ay applicantsfrom i0 and improve
uponthe outcome offg¤jgj2I.Since g¤i isM i-measurable,so isgi".Since
U¤L(m )¸g¤i(m ) for allm ,it follow sthat

gi"(0 ) = w ":

Ifichangeshisstrategy from g¤i to gi" w hile the other incumb entsh keep
their strategiesg¤h,alltype-L applicantsw illchoose i'snew c ontrac t (0 ;w "),
since

8m : u(0 ;w " jL) > u
³
m ¤i0

L ;g¤i0 (m ¤i0
L )

¯̄
¯L

´
¸u

³
m ;g¤h (m )

¯̄
¯L

´
:

So iincreaseshisgainfrom the type-L applic antsat least by
(
(nL ¡n¤iL )(rL ¡w ")+ n¤iL (¡"); if n¤iL > 0 ;
nL (rL ¡w "); if n¤iL = 0:

18



If, onthe one hand , alltype-H applicantsalso choose i'scontrac t (0 ;w "),
iincreaseshisgainfrom the type-H applic antsat least by nH (¡"), since
gj(m ¤j

H ) ¸ U¤L(0 ) for alljfor w hich njH > 0. If, onthe other hand , no
applic ant oftype H sw itcheshiscontrac t, theni'sgainfrom the type-H
applic antsremainsconstant.T herefore,by changinga strategyfrom g¤i to
gi",iincreaseshisgainat least by

(
(nL ¡n¤iL )(rL ¡w ")+ (n¤iL + nH )(¡"); if n¤iL > 0 ;
nL(rL ¡w ")+ nH (¡"); if n¤iL = 0:

Since nL¡n¤iL ¸n¤i0L > 0 ,istric tlyincreaseshisgainfor all"su± cientlyclose
to 0 ,c ontrad ic tingthe d e¯nitionoffg¤hgh2I asa noncooperative equilib rium.

(ii) Suppose the c ontrary,i.e.,suppose

9i0 : n¤i0L > 0 ; and m ¤i0
L > 0:

Let U¤L b e the ind i®erence curve ofthe type-L applicantsthat passesthrough
the c ontrac t (m ¤i0

L ;g¤i0 (m ¤i0
L )).For each type t2fL;H g,let I ¤t b e the set of

incumb entsw hose contrac t issigned by type-tapplicants,fi2 I jn¤it > 0g.
Since alltype-L applic antssigncontrac tsonU¤L,

g¤i(m ¤i
L ) ¸ U¤L(0 ) for alli2 I ¤L;

g¤i0 (m ¤i0
L ) > U¤L(0 ):

Let k2 I ¤H b e the incumb ent w hose c ontrac t signed by type-H applicants
requiresthe least amount ofed ucation:

8i2 I ¤H : m
¤k
H ·m ¤i

H :

T hen,
8i2 I ¤H : g

¤k
³
m ¤k

H

´
·g¤i

³
m ¤i

H

´
:

M oreover,inview ofthe fac ts,u(m ¤i0
L ;g¤i0 (m ¤i0

L )jL)¸u(m ¤k
H ;g¤k(m ¤k

H )jL)
and u(m ¤i0

L ;g¤i0 (m ¤i0
L ) jH )·u(m ¤k

H ;g¤k(m ¤k
H ) jH ), the assumptiononthe

slopesofthe tw o typesofind i®erence curvesimplies

m ¤i0
L ·m ¤k

H :
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Since each applic ant triesto minimize hised uc ationlevelgivena w age
level, it follow sthat [m ¤i

t;m ] 2 M i. For tw o positive realnumb ers" :=
("L;"H )À 0 ,d e¯ne incumb ent k'sstrategy gk" by

gk"(m ) :=
(
U¤L(0 )+ "L if 0 ·m < m ¤k

H ;
g¤k(m ¤k

H )+ "H if m ¤k
H ·m :

Strategy gk" isM k-measurable. For any ± > 0 su± ciently small, w e may
choose "¿ (±;±) so that

u(0 ;gk"(0 )jL) > u(m ¤k
H ;g

k
"(m

¤k
H )jL)

u(0 ;gk"(0 )jH ) < u(m ¤k
H ;g

k
"(m

¤k
H )jH ):

Strategy gk" isintend ed to o®er c ontrac t (0 ;gk"(0 )) to type-L applicants,and
contrac t (m ¤k

H ;gk"(m ¤k
H )) to type-H applic ants.T he prec ed ingtw o inequalities

say that gk" isind eed incentive-c ompatible.Inthe follow ing,w e choose such
".

Now ,givenfg¤igi2I ,incumb ent i'sgainis

¼¤i:= n¤iL
³
rL ¡g¤i(m ¤i

L )
´
+ n¤iH

³
rH ¡g¤i(m ¤i

H )
´
¸0 ;

w here n¤it := 0 and m ¤i
t isarb itrary ifi62 I ¤t.W henk changeshisstrategy

from g¤k to gk",w hile the otherskeep theirstrategies,allthe type-L applicants
come to kto signcontrac t (0 ;gk"(0 )) and allthe type-H applic antsalso come
to kto signcontrac t (m ¤k

H ;gk"(m ¤k
H )),so k'sgainb ec omes

¼k" := nL (rL ¡U¤L(0 )¡"L)+ nH
³
rH ¡g¤k(m ¤k

H )¡"H
´

=
³
nL ¡n¤i0L

´
(rL ¡U¤L(0 ))+ n¤i0L

³
rL ¡g¤i0 (m ¤i0

L )
´

+ nH
³
rH ¡g¤k(m ¤k

H )
´

+ A"

w here
A" := n¤i0L

³
g¤i0 (m ¤i0

L )¡U¤L(0 )
´
¡nL"L ¡nH "H :

B ut
³
nL ¡n¤i0L

´
(rL ¡U¤L(0 ))+ n¤i0L

³
rL ¡g¤i0 (m ¤i0

L )
´

2 0



+ nH
³
rH ¡g¤k(m ¤k

H )
´

¸
X

i2I ¤L
n¤iL

³
rL ¡g¤i(m ¤i

L )
´
+

X

i2I¤H
n¤iH

³
rH ¡g¤i(m ¤i

H )
´

=
X

i2I
¼¤i

¸ ¼¤k:

T hus,
¼k" ¸¼¤k+ A":

For"su± cientlysmall,A" > 0 ,sok'sgainincreasesashe changeshisstrategy
from g¤k to gk",contrad ic tingthe d e¯nitionoffg¤igi2I asanequilib rium.

(iii) Ifn¤iL > 0 and n¤jL > 0 ,theninview of(ii),

u
³
0 ;g¤i(0 )

¯̄
¯L

´
= u

³
0 ;g¤j(0 )

¯̄
¯L

´
;

so g¤i(0 ) = g¤j(0 )
(iv) Ifthere existsifor w hom n¤iH > 0 and g¤i(m ¤i

H ) > rH ,thenfor thisi
to survive,

n¤iL > 0 and g¤i(m ¤i
L ) < rL;

w hich contrad ic ts(i).

LE M M A 4 .2 Assume #I ¸2 ,and let fg¤igi2I be a feasible strategybund le.
Incase (1), assume

8i2 I : g¤i(¢)·UH 0 (¢);
9ik2 I : g¤ik(0 ) = w 0:

Insubcases(2 .1) and (2 .2 ), assume

8i2 I : g¤i(¢)·
³
UL;k

^
UH k

´
(¢);

9ik2 Ik: g¤ik(m ) =
(
w L;k; if m = 0
w H ;k; if m = m k:

Insubcase (2 .3), assume

8i2 I : g¤i(¢)·
³
U00¤L

^
UH l

´
(¢);

9ik2 Ik: g¤ik(m ) =
(
max frL;w 0¤Lg; if m = 0
UH ;l(m k¤); if m = m k¤:
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T hen, incases(1) and (2 ),no incumbent i6= ik canad opt a feasible strategy
g which takesapplicantsawayfrom ik, and theneventuallyreceive a nonneg-
ative gain.

P roof Let fg¤igi2I b e the strategy bund le and let ik b e the incumb ent
giveninthe statement ofthe lemma.Suppose there exist i2 I nfikg and
i'sfeasible strategy g such that itakesapplicantsaw ay from ik, and then
eventuallyrec eivesa nonnegative gain.

We ¯rst claim that g c annot attrac t only type-L applic ants.Ind eed ,d e-
note by(m i

L;g(m i
L))the incumb ent i'so®ered c ontrac t that type-L applicants

w ould sign.Incase (1) w e have

u
³
m i

L;g(m
i
L)

¯̄
¯L

´
> u(0 ;w 0 jL);

so g(m i
L) > w 0 > rL.Insub cases(2 .1) and (2 .2 ) w e have

u
³
m i

L;g(m
i
L)

¯̄
¯L

´
> u(0 ;w L;kjL);

so g(m i
L) > wL;k¸rL.Insub c ase (2 .3) w e have

u
³
m i

L;g(m
i
L)

¯̄
¯L

´
> u(0 ;maxfrL;w 0¤Lg jL);

so g(m i
L) > rL. Inb oth c ases(1) and (2 ), therefore, g(m i

L) > rL, conse-
quently(m i

L;g(m i
L)) yield sa negative gain,and the claim w asproved .

T herefore, g attrac tssome type-H applicants; let (m i
H ;g(m i

H )) b e i's
o®ered c ontrac t w hich issigned by type-H applic ants.T hen,

u
³
m i

H ;g(m
i
H )

¯̄
¯H

´

>

8
><
>:

u(0 ;w 0 jH ); incase (1);
u(m k;w H ;kjH ); insub cases(2 .1) and (2 .2 );
u(m k¤;UH ;l(m k¤)jH ); insub case (2 .3):

T he contrac t (m i
H ;g(m i

H )) thenattrac tsallthe type-H applicantsinb oth
cases(1) and (2 ).Let UL b e the ind i®erence curve ofthe type-L applicants
that passesthrough (m i

H ;g(m i
H )).

Denote by niL the numb er oftype-L applic antsw ho eventually signa
contrac t w ith iafter instituting

n
g;fg¤jgj2Infig

o
.T hen,0 ·niL ·nL.We
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claim that niL < nL.IfniL = nL,thend enotingby(m i
L;g(m i

L)) the c ontrac t
eventuallysigned by type-L applicants,

u
³
m i

L;g(m
i
L)

¯̄
¯L

´
¸ u

³
m i

H ;g(m
i
H )

¯̄
¯L

´

= u(0 ;UL(0 ) jL);

so that g(m i
L)¸UL(0 ),and consequently

nL
³
rL ¡g(m i

L)
´
+ nH

³
rH ¡g(m i

H )
´

· nL (rL ¡UL(0 ))+ nH
³
rH ¡g(m i

H )
´

< 0:

Here, the last inequality is: a c onsequence ofg(m i
H ) > UH 0 (m i

H ) incase
(1);a consequence ofg(m i

H ) > UH ;k(m i
H ) insub cases(2 .1) and (2 .2 );and a

consequence ofg(m i
H ) > UH ;l(m i

H ) and i2 I nfikg insub c ase (2 .3).T husg
w ould eventuallyreceive a negative gain,and the claim w asproved .

Due to the claim,there existsj6= iw ho eventually rec eivessome type-
L applic antsonly; let (m j

L;w
j
L) b e j'so®ered c ontrac t signed by type-L

applic ants.For jto survive,rL ¸wj
L.T hen,

u(0 ;rL jL) ¸ u
³
m j

L;w
j
L

¯̄
¯L

´

¸ u
³
m i

H ;g(m
i
H )

¯̄
¯L

´

= u(0 ;UL(0 ) jL);

so that rL ¸UL(0 ).T hen,the three inequalities,

nL (rL ¡UL(0 ))+ nH
³
rH ¡g(m i

H )
´

< 0

niL (rL ¡UL(0 ))+ nH
³
rH ¡g(m i

H )
´
¸ 0

nL ¸ niL

are inconsistent.T hus,no incumb ent i(6= ik) canchoose a strategy w hich
takesapplic antsaw ayfrom ikand theneventuallyrec eive a nonnegative gain.

P roofofT heorem 3.2 Let fg¤igi2I b e the strategy bund le giveninthe
statement ofthe theorem.Choose i1 2 I.We need to show that i1 c annot
improve uponfg¤igi2I.Suppose that i1 changeshisstrategyfrom g¤i1 to gi1.
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Ingeneral, ifanincumb ent i d esignsa mechanism g to ind uce type-L
applic antsto signcontrac t (m L;g(m L)) givenfg;fg¤jgj6= ig,and ifm L > 0 ,
thenic and o b etter byanother mechanism g0such that the type-L applicants
w ould choose c ontrac t (0 ;g0(0 )) and g0(0 ) < g(m L).Ind eed ,let UL b e the
ind i®erence curve ofthe type-L applicantsw hichpassesthrough(m L;g(m L)).
Since each applicant w antsto minimize hised ucationlevelgivena w age
level, w e may assume [m L;m ] 2 M i. Inview ofthe assumptiononthe
slopesofthe tw o typesofind i®erence curves,iftype-H applicantsalso sign
i'so®ered c ontrac t (m H ;g(m H )), then(m L;g(m L)) · (m H ;g(m H )). T he
required mechanism g0isgivenas

g0(m ) :=
(
UL(0 ) if 0 ·m < m L

g(m ) if m L ·m :

If, onthe other hand ,iisto ind uce only type-H applicantsw ith hiscon-
trac t (m H ;g(m H )), thenagainw ithout lossofgenerality,u(0 ;g(0 ) jL) ¸
u(m H ;g(m H )jL).

T hus,w e mayassume w ithout lossofgenerality that

8m 2 M : u(0 ;gi1(0 )jL)¸u(m ;gi1(m )jL):

We canre-d e¯ne UL asthe ind i®erence curve ofthe type-L applic antsthat
passesthrough (0 ;gi1(0 )).T he ab ove inequalitymeansUL(¢)¸gi1(¢).

Now ,ifgi1(0 ) > w 0,theni1 attrac tsallthe applicantsofb oth typesand
the gainb ecomesnegative,so i1 c annot improve uponfg¤igi2I.

Ifgi1(0 ) < w 0,theninview ofUL(¢)¸gi1(¢),i1 losesalltype-L applicants.
Ifi1 also losestype-H applicants,he b ecomesinac tive,so he cannot improve
uponfg¤igi2I. T herefore, suppose there existsm H for w hich gi1(m H ) >
UH 0 (m H ). T heni1 attrac tsalltype-H applic ants, the other incumb ents
su®er a lossfrom type-L applicantsso d rop out ofthe \market," and i1
eventually getsallapplicants.But thenhe cannot make a positive gainin
case (1).

Suppose gi1(0 ) = w 0.Ifi1 isto have a positive eventualgain,he hasto
attrac t allthe type-H applicantsgivenfgi1;fg¤igi6= i1g.thismeans:

9m H 2 M : gi1(m H ) > UH 0 (m H ):

B ut theni1 attrac tsalltype-H applicants,the other incumb ents,aslongas
theykeep type-L applic ants,su®er from a lossand d rop out,so i1 eventually

2 4



getsallthe applic antsofb oth types.Incase (1),i1'seventualgainb ecomes
negative.

P roofofT heorem 3.3 Let fg¤igi2I b e the strategy bund le giveninthe
statement ofthe theorem.Choose i1 2 Ik.Inview ofLemma 4.2 ,it su± ces
to show that i1 c annot improve uponfg¤igi2I.Suppose that i1 changeshis
strategy from g¤i1 to gi1. Let UL b e the ind i®erence curve ofthe type-L
applic antsthat passesthrough (0 ;gi1(0 )).B y the same argument asinthe
second paragraph ofthe proofofT heorem 3.2 ,w e mayassume w ithout loss
ofgenerality that UL(¢)¸gi1(¢).

Ifgi1(0 ) > w L;k,theni1 attrac tsallthe applicantsoftype L,and the gain
b ec omesnegative (regard lessw hether i1 attrac tstype-H applic antsor not)
b ec ause ofthe d e¯nitionofk,so i1 c annot improve uponfg¤igi2I.

Ifgi1(0 ) < w L;k,theni1 losesalltype-L applicants.So inord er for him
to stay ac tive, gi1 hasto attrac t alltype-H applic ants. Ifgi1(0 ) = wL;k,
inord er to make a change for increase inhisgain,i1 hasto attrac t allthe
type-H applicants.T hus,ifgi1(0 )·w L;k,w hich w e assume inthe rest ofthe
proof,i1 hasto attrac t alltype-H applicantsgivenfg;fg¤igi6= i1g.Someb od y
other thani1,say i2 , istakingstrategy g¤i2 , w hich guaranteesutility level
u(m k;w H ;kjH ) to the type-H applicants,and utilitylevelu(0 ;w L;kjL) to
the type-L applic ants.Since i1 hasto superc ed e i2 'sguarantee to the type-H
applic ants,

9h : I h 3i1; and gi1(m h ) > UH ;k(m h):

Incumb ent i2 ,and possiblysome memb ersi2 I nfi1;i2 g,receive onlytype-L
applic ants(alltype-L applic ants, incase gi1(0 ) < w L;k).We consid er tw o
casesseparately: (A) rL < wL;k,and (B ) rL = wL;k.

Suppose (A).T henthose incumb entsw ho received type-L applic antssuf-
fer from a lossand d rop out ofthe \market."Aslongasgi1(0 ) > rL,incum-
b ent i1 eventuallygetsallapplic ants.But theni1'seventualgainb ecomes
negative,inview ofthe d e¯nitionofk.Ifgi1(0 )·rL,theni1 may or may
not get alltype-L applicantseventually,since someb od yother thani1 and i2
may b e able to keep type-L applicants.Incase i1 eventuallygetsalltype-L
applic ants,hiseventualgainisnegative, inview ofthe d e¯nitionofk.In
case i1 d oesnot get alltype-L applicantseventually,hiseventualgainiseven
low er thaninthe situationinw hich he getsalltype-L applicants,since each
type-L applicant b ringsinnonnegative gain.T hus,i1 c annot improve upon
fg¤igi2I incase (A).
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Suppose (B ).T henw H ;k= rH ,and the cond itions,

UL(¢)¸gi1(¢) and gi1(m h ) > UH ;k(m h );

meanthat i1 rec eivesa negative gaingivenfg;fg¤igi6= i1g,so he c annot sur-
vive.

P roofofT heorem 3.4 Let fg¤igi2I b e the strategy bund le giveninthe
statement ofthe theorem.It su± cesto show that ik c annot improve upon
fg¤igi2I.Literallythe same proofasthe proofoftheorem 3.3(except that ik
replac esi1) applies.

P roofofT heorem 3.5 Let fg¤igi2I b e the strategy bund le giveninthe
statement ofthe theorem.It su± cesto show that ik c annot improve upon
fg¤igi2I.Suppose ik changeshisstrategy from g¤ik to gik.Let UL b e the
ind i®erence curve ofthe type-L applic antsthat passesthrough (0 ;gik(0 )).
W ithout lossofgenerality,UL(¢)¸gik(¢).

Ifgik(0 ) ¸ g¤ik(0 ) ¸ rL, thenalltype-L applic antsstay w ith ik, con-
tributinga nonpositive gain,so ik hasto keep alltype-H applicants.T hen
ik'seventualgainisno higher thanthat b efore hischange ofa strategy,in
view ofthe d e¯nitionofk¤.So ik c annot improve uponfg¤igi2I.

Ifgik(0 ) < g¤ik(0 ),theniklosesalltype-L applicants,so inord er to stay
ac tive,the mechanism gik isd esigned so that it keepsalltype-H applicants
givenfgik;fg¤igi6= ikg.We consid er tw o c asesseparately: (A) rL < w 0¤L (so
that g¤ik(0 ) = w 0¤L > rL),and (B ) rL ¸w 0¤L (so that g¤ik(0 ) = rL).

Suppose (A).T henincumb ent ip, and possibly some memb ersi2 I n
fik;ipg, get allthe type-L applicants, w ho b ring inonly a loss, so those
incumb entsw ho rec eive type-L applic antseventually d rop.

Ifgik(0 ) > rL,incumb ent ik eventually takesb ack allthe type-L appli-
c ants.But thenik'seventualgainb ec omesno greater thanhisoriginalgain
givenfg¤igi2I ,inview ofthe d e¯nitionofk¤.

Ifgik(0 ) < rL,thenincumb ent i0eventuallygetsallthe type-L applicants.
Incumb ent ik eventually end sup only w ith the type-H applic antsw ith a
contrac t (m h ;gik(m h ))forsome h 2Jik.But thenik'seventualgainb ec omes:

nH
³
rH ¡gik(m h )

´

· nH (rH ¡UH ;l(m h ))
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= nL
³
rL ¡maxfrL;gik(0 )g

´
+ nH (rH ¡UH ;l(m h ))

· (rL ¡maxfrL;w 0¤Lg)+ nH (rH L ¡UH ;l(m k¤));

so ik c annot improve uponfg¤igi2I.
Ifgik(0 ) = rL,incumb ent ikmayget b acksome ofthe type-L applicants,

but theyb ringinonlyzero gain,so the ab ove inequalitiesapplyhere asw ell;
ik'seventualgainb ecomesno greater thanhisoriginalgaingivenfg¤igi2I.

Suppose (B ).T hen,ik,ifhe survives,eventually end sup only w ith the
type-H applic ants.But ik'sgaingivenfg¤igi2I c omesonlyfrom the type-H
applic ants,so asinthe preced ingtw o paragraphs,ik c annot improve upon
fg¤igi2I.

Sketch ofP roofofT heorem 3.7 Let fg¤igi2I b e the strategybund le given
inthe theorem.For sub case (3.1),choose anyik2 I ;for sub case (3.2 .1),set
ik:= i1;for the other sub cases,ik isalread y d e¯ned .

We ¯rst establish that no incumb ent i6= ik c anad opt a feasible strategy
g w hich takesapplic antsaw ayfrom ik,and eventuallyrec eive a nonnegative
gain.T he prooffollow sclosely the proofofLemma 4 .2 .Here isanoutline:
Suppose there exist anincumb ent i6= ik and hisfeasible strategyg such that
itakesapplicantsaw ayfrom ik,and eventually rec eivesa nonnegative gain.
Asinthe proofofLemma 4 .2 , w e claim that ic annot attrac t only type-L
applic ants,so g attrac tsalltype-H applicants,that is,there existsm i

H 2 M
such that

u(m i
H ;g(m

i
H )jH )

>

8
><
>:

u(0 ;w 0 jH ); insub c ase (3.1);
u(m k;w H ;kjH ); insub c ases(3.2 .1)-(3.2 .2 );
u(m k¤;U H ;l(m k¤)jH ); insub c ase (3.2 .3).

W ithout lossofgenerality, [m i
H ;m ]2 M i. B y d e¯nitionofk and by the

fac t that i6= ik, either (A) g(m i
H ) > rH or else (B ) nL (rL ¡UL(0 )) +

nH (rH ¡g(m i
H )) < 0. If(A) isthe c ase, i receivesa lossfrom type-H

applic ants,so he hasto attrac t type-L applicantsalso.But the onlyw ay to
attrac t type-L applicantsisto o®er a w age higher thanrL (therebyrec eiving
a lossalso from type-L applicants), inview ofg¤ik(0 ) ¸ rL. So,ic annot
survive.If(B ) isthe case,the same argument asinthe proofofLemma 4 .2
applies.
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We onlyneed to show that ik c annot improve uponfg¤igi2I.Suppose ik
changeshisstrategyfrom g¤ik to gik.Let UL b e the ind i®erence curve ofthe
type-L applicantsthat passesthrough (0 ;gik(0 )).W ithout lossofgenerality,
UL(¢)¸gik(¢).

Consid er sub case (3.1).Ifgik(0 ) > w 0, thenthe proofofT heorem 3.2
applies.Ifgik(0 )· w 0, then, asinthe proofofT heorem 3.2 , there exists
m H 2 M such that gik(m H ) > UH 0 (m H ).Insub case (3.1),thismeanseither
(A) gik(m H ) > rH ,or else (B ) nL (rL ¡gik(0 ))+ nH (rH ¡gik(m H )) < 0.If
(A)isthe case,ik receivesa lossfrom type-H applicants.Inord er to survive,
therefore,ikhasto attrac t type-L applicantsw ith w age gik(0 )low er thanrL,
but thisisimpossible inview ofthe fac t that g¤i(0 ) = w 0 ¸rL for alli6= ik.
If(B ) isthe case,the proofofT heorem 3.2 applies.

T he id ea ofthe proofsofthe theorem for sub c ases(3.2 .1)-(3.2 .3) are the
same asab ove:We follow the proofsofT heorems3.3-3.5.T he onlysituation
inw hich w e have to mod ify the proofisthe case gik(m H ) > rH (inw hich
case,it ispossible that nL (rL ¡gik(0 )) + nH (rH ¡gik(m H ))¸ 0 ).B ut in
thissituationik rec eivesa lossfrom type-H applic ants,so inord er for him
to receive a nonnegative eventualgain,he hasto attrac t type-L applicants
w ith low er w age thanrL,w hich isimpossible inthe presence ofi0.

P roofofP roposition3.8 Suppose that there existsa noncooperative
equilib rium fgigi2I for w hich

9i¤2 I : 9m ¤2 M : gi
¤
(m ¤) >

³
UH 0

_
UH ;k

´
(m ¤):

Let f(niL;niH )gi2I b e the assoc iated assignment,and let It b e the set ofin-
cumb entsiw hose c ontrac t (m i

t;gi(m i
t)) isac tuallysigned bysome applicants

oftype t2fL;H g.B yLemma 4.1,gi(m i
H )·rH for alli2 I H ,m i

L = 0 for
alli2 I L,and w L := gi(0 ) = gj(0 ) for alli;j2 I L.

For i2 I H ,type-H applic antssignthe contrac t (m i
H ;gi(m i

H )),w henthey
could signthe contrac t (m ¤;gi¤(m ¤)),so

8i2 I H : u
³
m i

H ;g
i(m i

H )
¯̄
¯H

´
¸u

³
m ¤;gi

¤
(m ¤)

¯̄
¯H

´
;

inshort,each contrac t (m i
H ;gi(m i

H )) isstric tlyab ove the ind i®erence curves
UH ;k and UH 0,for alli2 I H .For each i2 I H ,m i

H 2f0 ;m 1;m 2 ;¢¢¢g,since
every applicant minimizesthe need ed ed uc ationlevel.De¯ne w 0iL 2R + by

u
³
0 ;w 0iL

¯̄
¯L

´
= u

³
m i

H ;g
i(m i

H )
¯̄
¯L

´
:
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Choose any j2 I L. Since type-L applic antssignthe contrac t (0 ;w L)
rather thanthe c ontrac t (m i

H ;gi(m i
H )) for anyi2 I H ,

u(0 ;w L jL) ¸ u
³
m i

H ;g
i(m i

H )
¯̄
L̄

´

= u
³
0 ;w 0iL

¯̄
¯L

´
;

c onsequently,
w L ¸w 0iL:

T herefore,

X

j2IL
njL (rL ¡wL) =

X

i2I H

niH
nH

nL (rL ¡w L)

·
X

i2I H

niH
nH

nL
³
rL ¡w 0iL

´
:

Inview ofthe present assumption,gi(m i
H ) > maxfUH ;k(m i

H );UH 0 (m i
H )gfor

alli2 I H ,and the d e¯nitionofk,
X

j2IL
njL (rL ¡w L)+

X

i2I H
niH

³
rH ¡gi(m i

H )
´

·
X

i2I H

niH
nH

h
nL

³
rL ¡w 0iL

´
+ nH

³
rH ¡gi(m i

H )
í

< 0:

T hus,some ac tive incumb entssu®er from a loss,contrad ic tingthe d e¯nition
offgigi2I asa noncooperative equilib rium.
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